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Notation

The following notation will be used throughout this thesis.

1

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

. N : the set of all natural numbers.

. p : denotes a fixed prime.

. Z : the ring of integers.

Z, : the ring of integers modulo p.

. [F, : finite field of size gq.

. F,[X] : polynomials over I, in the variable X.
Vo(F,) : set of n-tuples over F,,.

. F,[X]/{f(X)) : equivalence classes in F,[X]| under congruence modulo the poly-
nomial f(X).

f(X) : generator matrix of a cyclic code.

0 : all zero vector.

I : identity matrix.

a|b: adivided b.

a mod b : remainder of « when divided by b.

a =b( mod ¢) : ais congruent to b modulo c.

|S| : size of a set S.

|{(a)| : order of a field element.

(n, M')-code : code of length n and M codewords.

[n, M]-code : linear code of length n and M codewords.

[n, k, d]-code : linear code of length n and dimension £ with minimum distance d.



20.

21.

22.

23.

24.

25.

26.

C* : orthogonal element of linear code C.
gcld : greatest common left divisor.

gerd : greatest common right divisor.

lclm : least common left multiple.

lerm : least common right multiple.

LCD : linear complementary dual.

ACD : Additive complementary dual.



Abstract

The overarching theme of this thesis is an algebraic coding and rings. At the beginning,
we improve our knowledge in the field of skew polynomial ring F, R[z, §] where 6 is an
automorphism of ring F,R. We denote by R the commutative ring, with 16 elements,
Fy + vFy := {a+vb: a,b € F,} where v = v.

We merge the topic of skew cyclic codes with that of codes over a new alphabet
set F,R. In the first aspect, if 6 is identity, we then derive the systematic form of the
respective generator matrices in the standard form of the codes and their dual codes. In
three examples, we provide F,R-linear code under the Gray map is an optimal [F,-linear
code. We wrap the concept up by proving the MacWilliams identity for linear codes
over [, R.

In the other aspect, we progress to classify all F, R-skew cyclic codes, by proposing
a method to determine a generator polynomial and establish interesting results that
relate these codes to cyclic and quasi-cyclic (QC) codes over F,R. We highlight several
ways of obtaining FF,-linear codes with good parameters from [F,R-skew cyclic codes.
Our setup provides a natural connection to DNA codes. We present a characterization
of R-skew cyclic codes which are reversible complement.

Key-words : Linear codes, Codes over rings, Mixed alphabets, Skew cyclic



Résumeé

Les codes algébriques ont un lien avec les anneaux finis dans différents concepts. Cette
thése a pour objetif d’améliorer les performances des codes correcteurs d’erreurs con-
struits a partir des polynémes tordus "skew polynomial" F,R[X, ] ou € est un automor-
phisme de I'anneau F,R. On note R 'anneau commutatif contenant 16 éléments,
Fy+vF,; = {a+vb:a,be F,} avec v? = v.

Nous donnons le concept des codes #-cycliques avec celui des codes sur un nouvel en-
semble d’alphabets [F, R. Dans le premier aspect, si ¢ est 'automorphisme identité, nous
dérivons alors la forme systématique des matrices génératrices respectives des codes et
de leurs codes duaux. Ensuite, nous avons construit trois F, R-codes linéaires en util-
isant I'image de Gray, qui sont des F,-codes linéaires optimaux. De plus, nous avons
présenté I'identité de MacWilliams pour les codes linéaires sur F, R.

Dans le second aspect, nous avons classifié tous les codes cycliques tordus sur 'anneau
F,R, aboutissant a I'identification de leurs générateurs. Nous avons montré que, sous
certaines conditions sur la longueur de ces codes, ils sont équivalents a des codes cy-
cliques ou bien a des code 2-quasi-cycliques sur le méme anneau. Nous avons procédé
de différentes manieres pour obtenir des codes FF,-linéaires avec de bons parameétres
comme images de codes. Cycliques tordus sur F4R sous I'application Gray. A la fin de
cette de nos travaux, nous avons appliqué les codes construits au DNA computing.
Mots-clés : Codes linéaires, Codes sur les anneaux, Alphabets mixtes, Codes 6-

cyclique .



Introduction

Theory of non-commutative polynomial rings were introduced in 1933 by Oystein Ore
?. He gave fundamental properties of them. Since then, many mathematicians have
studied the structural theory of the skew polynomial rings, that was developed by N.
Jacobson ?, A. Leroy ? and others. Since, algebraic codes and rings are closely con-
nected in at least two fundamental ways. The code alphabets often has a ring structure,
instead of just a set. The code itself can often be constructed and then studied as a
module over some rings. A recent book ? by Shi et al. highlights these facts. When the
rings are finite fields, numerous studies have been done and are still being carried out
actively on the constructions and properties of error-control codes since the pioneering
works of Shannon, Hamming, and their contemporaries in the 1940s ?. In terms of
error-correcting capabilities, most codes over general rings do not surpass the perfor-
mance of their finite fields cousins. Fortunately, useful applications remain abounds.
Many codes over rings lead to good pseudo-random sequences, for example. Studies
on codes over Galois rings are naturally built on results on the main structures of the
underlying rings. The latter can be found, for example, in the collection of lectures by
Z. X. Wan in ?. Extensions beyond Galois, for instance, to chain rings have also been
looked into.

Based on what Oystein Ore ? brought, Boucher et al. ? used this non-commutative
ring to generalize the linear cyclic codes to be called later the skew cyclic codes. They
identified skew cyclic codes of length n over a finite field IF,, and 6 be an automorphism
of F, with left ideal in the ring IF,[ X, 6] /(X" —1). The richness of code theory came from
non-commutative rings that motivated many researchers to construct new codes with
good parameters. Abualrub et al. ?, and on the basis of Boucher et al. results ??, they

generalized the skew cyclic codes to skew quasi-cyclic codes under the property that, in



all cases, ¢ is an automorphism of F, must divide the length n of codes. In 2011, Siap et
al. ? studied skew-cyclic codes without any restrictions about the length. A linear code
of length n over F, is skew cyclic codes if it is a left submodule of F,[X,6]/(X" — 1).
After that, Abualrub et al. in 2012 ?, they described skew-cyclic codes over the ring
Fy + vFy = {0,1,v,v + 1} where v? = v. This is the only ring of order four and has a
non-trivial ring automorphism. On the other hand, topics of error-correcting codes are
additive codes over mixed alphabets. These codes were first introduced in 1997 ?. Two
rather recent works that provide some initial inspiration for our set up below are done
over Z»Z, by Borges et al. ? and over Z,Z,|u| by Aydogdu et al. ?. This class generalizes
binary and quaternary linear codes. Later, an exhaustive description of Z,Z,-additive

codes was done ?, ?, ?, ? and ?. The structure and properties of Z,Z4-additive codes

codes to additive complementary dual (ACD) codes in Z$Z?. We constructed infinite
families of codes that are ACD. We used the ACD codes to construct infinite families of

binary LCD codes via the Gray map. We gave conditions for the case when the image of

constacyclic codes over the ring Z,R where R = Z, + uZ,, q¢ = p° for a prime p and
u? = 0. By using the Gray images of skew constacyclic codes over Z,R they obtained
some new linear codes over Zj,.

The aim of this thesis is to construct error control codes. We focus on linear codes over
finite rings. Our purpose is to merge the topic of skew cyclic codes with that of codes
over mixed alphabets. In particular, we study the structure of linear skew cyclic codes
over the ring F, R, where [, is the field of four elements and R = {a + vb|a,b € F4} is
the commutative ring with 16 elements where v? = v. An F,R-linear code C is defined
to be a submodule of F§ R, If 3 = 0, then C is a quaternary linear code. If o = 0, then C
is an R-submodule of a finite non-chain ring. We classify all F, R-skew cyclic codes. This
thesis is divided into three chapters. Chapter 1 is divided into three sections. Firstly, we
give basic definitions related to linear codes over finite field F,. We note that a code-
word x = (x1, 29, ..., x,) of length n can be viewed as an n-dimensional vector over F,,.
An (n, k) linear code over F, is a k-dimensional subspace of the n-dimensional vector
space

Vilg) = {(z1, 29, ..., 2,) 1 2; € F};



where n is called the length of the code, % the dimension.

In this section, we present generator, parity check matrix and dual of an [n, k]-linear
code. Also, we define the Hamming distance between any codewords. In the next
section, we generalize the notion of cyclic codes from commutative to non-commutative
ring. A linear code C' over F, is a left IF,-submodule of V,,(F,). Also, is said to be IF,-skew

cyclic codes if
(coyc1y.vyCn1) € C = (0(cn-1),0(co),...,0(ch2)) € C. (1)

Where 6 is an automorphism over F,. Finally, we extend the above concepts from finite
field F, to finite ring R = F, + vF, = {a + vb|a,b € F,} with ¢ elements where v* = v.
A subset C' of R™ is a linear code over R if C is an R-submodule. For any codeword

¢ = (ag,a1,...,a,_1) € R" can be identified by polynomial such that
c(X)=a+auX+.. . +a,1 X € RIX]/(X" —-1)
This identification gives a one-to-one correspondence between R" and
Ry = RIX]/{(X" = 1)

The product of ¢(X) =ag+ a1 X +... +ap 1 X" tand r(X) = by + 0y X +...+ b, 1 X}
in R, is given by

c(X).r(X) mod (X" —1). (2)
The interested reader may consult ?, ?, ? and ?.
In chapter 2, we consider codes whose alphabets come from a finite non-chain ring that
we call F, R, with R soon to be formally defined. We obtain results on the structure of
linear codes over the ring, define a suitable inner product to derive the dual codes, and

obtain the systematic form of their respective generator matrices. The followings are

our contributions.
1. We construct the respective generator matrices for any F, R-linear code C.
2. We derive the parity-check matrices for an F,R-linear code C.

3. We provide the MacWilliams identity for linear codes over F,R.



In chapter 3, we consider a new alphabet set, which is a ring that we call F,R, to con-
struct linear error-control codes. Skew cyclic codes over this ring are then investigated
in details. We define a nondegenerate inner product and provide a criteria to test for

self-orthogonality.
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Results on the algebraic structures lead us to characterize F,R-skew cyclic codes.
Interesting connections between the image of such codes under the Gray map to linear
cyclic and skew-cyclic codes over F, are shown. These allow us to learn about the
relative dimension and distance profile of the resulting codes. Our setup provides a
natural connection to DNA codes where additional biomolecular constraints must be
incorporated into the design. We present a characterization of R-skew cyclic codes

which are reversible complement. The followings are our contributions ?,? and ?.

1. We show that the dual of a skew cyclic code over F,R is also a skew cyclic
code. In fact, skew cyclic codes over F,R are left R[X, f]-submodules of R, 3 :=

F4[X]/(X® 1) x R[X,0)/ (X - 1).

2. We determine their generator polynomials and establish interesting results that
relate these codes to cyclic and quasi-cyclic (QC) codes over F,R. First, we show
that a skew cyclic code over 4R is equivalent to an [F, R-cyclic code if « and 3 are
both odd integers. Second, we establish that if « and g are both even integers,
then an F, R-skew cyclic code C' is equivalent to an F, R quasi-cyclic code of index

2.
3. Conditions for skew cyclic codes over F4R to be self-orthogonal are studied.

4. We use the Gray mapping to associate these codes to codes over I, of length a+24
and exhibit a nice relationship between these codes and their images over F,. The
Gray image of any skew cyclic code over 4R is the product of a cyclic code over
F, of length « and two skew cyclic codes, each of length 3, over F,. We supply
examples of good skew cyclic codes over F, R and their respective Gray images for

different lengths.

5. We construct optimal linear codes over F, as images of skew cyclic code over F,R

under the Gray mapping.
6. Applications of these codes to DNA computing are included in our treatment.

This thesis has been the subject of publications [chap 2 ?, chap 4 ?] and results

submitted [chap 3 ?].
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Chapter 1

Fundamental background

In this chapter, we provide basic definitions and results to linear codes over F,, and
then, we generalize them to linear codes over the ring I, + vF,.
Let F, be the finite fields with ¢ elements. Let n be a nonnegative integers, and

V.(F,) be the set of n-tuples over F, i.e.,

Vo)) ={(x1,...,2n)|x; € Fyfori=1,....,n}

This set is an n-dimensional vector space over F,. If ¢ is a prime, [, accords with Z,
which is the ring of integer residues modulo gq.

Let [, be the identity n x n matrix. Let O denote either the zero vector or the all-zero
matrix whose dimension is clear from the context. A nonempty subset C of [F}; is called
a g-ary code or, easily and more accurately, a code over F, or a F,-code, and n is called
the length of the code. This code is also denoted by (n, M)-code, where M is the size of

Vo(F,), and the elements of the code are called codewords.

1.1 Linear codes over F,

Definition 1. A linear [n, k]-code over F, is a k-dimensional subspace of V,,(F,). The
parameter n is called the length of the code and k is the dimension of the code. Moreover,

|IC| =M = ¢~.

Definition 2. Let C, and C; be two codes over IF,.. C, is equivalent to C' if there exists a

fixed permutation of the positions to all codewords of C; to obtain Cs.
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An important parameter to take into account is the Hamming distance for (n, k)-

code. The Hamming distance between two codewords x and y in F} is defined by

dxy) =i | 1<i<n#uy)

For any codewords x,y and z in F,, it is easy to confirm that the Hamming distance

satisfies the following properties of a metric.
* dix,y)=0ifandonlyifx =y
* d(xy) 20

* Symmetry: d(x,y) = d(y,x)

Triangle inequality: d(x,z) < d(x,y) + d(y, z).
We will now describe the Hamming distance of a code.

Definition 3. Let C be an [n, k|-code. The minimum distance d of the code C'is
d:=min{d(x,y) : x,y € C,x £ y}. 1.1

The Hamming weight of vector x € V,,(F,); denoted, wy(x) is the Hamming distance

between x and the zero vector, i.e.,
wi(x) := d(x,0)
Definition 4. ? The Hamming weight of an [n, k]-code C'is
wi(C) = min{wy(x) : x € C,x # 0}

From the Definition and , observe that for any two codewords x,y in V,(F,), we

have
d(x,y) = wu(x —y)

A close relationship has been demonstrated in ?.

Theorem 1. Let d be the distance in a linear code [n, k]-code. Then

d = wy(C) (1.2)
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Since C'is a linear code, then the minimum distance and the minimum weight of any
non-zero codewords of C' are similar. From now, we reserve the notation [n, k, d]-code
to refer a k-dimensional linear code of length n with minimum distance d. Next, we

derive the generator matrix of a linear code.

Definition 5. ? A generator matrix for an [n, k]-code C'is any k x n-matrix G whose rows

form a basis for C.

In general, we introduce a standard form of a generator matrix of a linear code by

G=[I, A (1.3)

where A is a k x (n — k)-matrix. The difference n — k is called the redundancy of C.

Definition 6. ? Two [n, k]-codes C' and C" over I, are said to be equivalent codes if there
exist generator matrices G and G’ for C and C' respectively and an n x n permutation
matrix P such that

G' =GP

The matrix P permutes the columns of G, and thus permutes the coordinate posi-
tions in C' to produce the the code C’. The above definition useful to the following

result.

Theorem 2. ? If C is an [n, k|-linear code over F,, then there exists a generator matrix G

for C or for an equivalent code C' such that

G=1[I A.

1.1.1 Dual code

Let C be a linear code [n, k, d]-code over F,. The standard Euclidean inner product

of x and y in V,,(F,), denoted by (x,y),, is given as usual by

(X,¥)q = inyi eF,.
i=1

From the definition of inner product we have the following properties.
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Proposition 1. ? Let x,y and z in V,,(F,), then

* (xX+y,z)g = (X2)+ (Y, 2)

e Forany A € F,, (Ax,y), = A\(X,¥),

If (y,z), = 0, we say that the vectors x and y are orthogonal to each other.
Definition 7. If C is a linear code over F,, then the dual of C, denoted by C*, is

C+ = {y € V,,(F,)|(x,y) = 0 for all x € C}

If C = C* then C is called a self-dual codes.
Theorem 3. ? If C is an [n, k]-linear code over F,, then C* is an [n, k]-linear code over F,.

Corollary 1. ? If G = [I; A] is a generator matrix for C, then H = [-AT I, 4] isa

generator matrix for C*.
The following results construct the parity-check matrix for any FF,-linear code.

Definition 8. Let C be an [n, k]-linear code over F,. If H is a generator matrix for C*,

then H is called a parity-check matrix for C.

The next theorem gives a description of the minimum distance of a linear via any

parity-check matrix of the code.

Theorem 4. ? Let H be a parity-check matrix of a linear code C # 0. The minimum
distance of C' is the largest integer d such that every set of d — 1 columns in H is linearly

independent.

1.1.2 Cyclic codes

Cyclic codes are the important classes of linear codes. Next, we introduce some

definitions and notations for the cyclic codes.

Definition 9. A subset C of V,,(F,) is said to be an [ ,-cyclic code of length n if two condi-

tions are satisfied.

1. C'is an F-subspace of V,(IF,).
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2. Ifc=(cg,c1,...,cn1) € C then the cyclic shift of c over F,, denoted by

T(c) := (cn-1,C0s- -+ Cn-2), isalso in C
It is often convenient to associate a vector a = (ag, a1, . . . , a,—1) With a polynomial
a(X) = Q + CZ1X 4+ ...+ ananil

in an indeterminate X . This allows for conditions of codes using results from the algebra
of polynomial rings. More formally, a code C' is said to be a cyclic code of length n if it
is invariant under the cyclic shift implies that if ¢(X) € C, then Xc¢(X) mod (X" — 1)

is also in C'. From now, we represent any vector (ag, a1, . . ., a,—1) in V,,(F,) by
ag+a X +...+a,_1 X" mod (X" —1)
Theorem 5. ? F,[X]|/(X" — 1) is a principal ideal ring.

Proof. Let I be an ideal in F,[X]/(X™ — 1). If I = (0), then [ is generated by 0. Else,
let f(X) be a monic polynomial of least degree in I. Let g(X) € I, by the division

algorithm, we have

9(X) = ¢(X)f(X) + r(X),

where deg(r(X)) < deg(f(X)) or r(X) = 0. Since ¢(X)f(X) € I, it follows that
r(X) =g(X) —q(Xf(X)) el

since g(X) is a polynomial of least degree in /, we must have »(X) = 0. Hence, f(X)

divides ¢g(X), so [ is generated by g(X). O
The following result establishes a fundamental theorem of cyclic codes.

Theorem 6. ? A linear code C'in V,,(F,) is cyclic if and only if C'is an ideal in F,[X] /(X" —
1).

Proof. Suppose that C is cyclic, then for any codeword ¢(X) € C the word X.c(X) is
also in C. Therefore, X' is in C for every i > 0. By linearity, a(X)c(X) is in C for every
polynomial a(X). Hence, C' is an ideal in the ring F [ X]/(X™ — 1).

Conversely, if C'is an ideal in F,[X]/(X™ —1). let ¢(X) be any codeword, then X¢(X) is

also codeword. Hence, by a linear code C' is cyclic. O]
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1.2 Skew polynomial rings

Ore ring or skew polynomial ring is introduced by Oystein Ore ?. In this section, we
study a brief account of a particular kind of non-commutative ring. Let F, be a finite
field with ¢ = p" elements where p is prime number and r is a non-negative integer. Let
0 be an automorphism of F,. i.e., § € Aut(F,) := {Id,x +> 2,z 2¥" ... x> 2 '}
Hence, |(f)| = r, denoted, the order of automorphism . The skew polynomial ring

F,[X, 0] is defined by
F,[X,0] ={ag+a X+...4+a, X" a0, €F,foralli =0,1,...,n},

where addition of these polynomials is defined in the usual way while multiplication is

defined using the distributive (associativity) laws and the rule
(aX").(bX7) = af'(b) X"+

The ring IF,[X, 0] is not commutative. If § is the identity automorphism we back to the
concept of commutative ring. In the next step, we derive some fundamental properties
of a non-commutative ring over F,[X,0]. Let P = > ;X" and Q = 37" (b; X7 in
[F,[X, 0], then the multiplication of P and () defined by
PQ = zn: i a0 (b;) X"
i=1 j=0
0 is the composition of # i-times. We essential to state left or right divisibility, when
we talk about divisibility, and when discuss ideals we need to talk fixed a left, right or

two-sided i.e., a left and a right ideal.

Definition 10. The degree of skew polynomial is defined in the usual way as the largest
exponent of X appearing in the polynomial, and deg(0) := —oo. This does not depend on

the side where we place the coefficients because 0 is an automorphism
The next proposition follows immediately from the definition.
Proposition 2. ? Let f and g two polynomials in F,[X, 6], then
1. deg(f + g) < max{deg(f),deg(g)}

2. deg(fg) = deg(f) + deg(g)
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The above Proposition implies that F,[X, 0] is a domain which has non-zero divisors

different to zero. Next, we derive the right division algorithm in F,[X, 6].

Theorem 7. ? Let f(X) and g(X) in F,[X, 0] with g(X) # 0. There exist unique ¢(X ) and
r(X) in F,[X, 0] such that

with deg(r(X)) < deg(g(X))

Proof. f(X)=ay+a; X+...+a,X"and g(X) =by+b, X +...+b,X™ two polynomials
in F,[X, 6] with b,, # 0. If n < m then we have to take ¢(X) = 0 and r(X) = f(X).
Otherwise, we have

F(X) = anf" " (b, ) X" Mg
By induction on n and the degree we get the existence, and the uniqueness of ¢(X) and

r(X). O

If f =gh (resp. f = hg) for some h € F X, 0], then we say that ¢ is a left multi-

plicative (resp. multiplication) of f, denoted, g|,f (resp. g|.f). For any two non-zero
polynomials f and g in IF,[ X, 6], not boths zero, we have the following results.
The polynomial d = gcld(f,g) € F,[X, 6] is called the greatest common left divisor of f
and g, if d|,f, d|;g and for any polynomial h € F,[X, 0] satisfies h|;f and h|,g then h|,d.
The polynomial | = lclm(f,g) € F,[X,0] is called the least common left multiple of f
and g, if f|,/, g|.! and for any polynomial h € F,[X, 0] satisfies f|.h and g|.h then [|,h.
For all non-zero f,g € F,[X, 0]

deg(gerd(f, g)) + deg(lelm(f, g)) = deg(f) + deg(g). (1.4)
Theorem 8. ? F [ X, 0] is a left and a right Euclidean ring.
In particular, we can also define a left (resp. a right) Bezout identity.

Theorem 9. ? F [ X, 0] is a left (resp. right) principal ideal ring. Moreover, any two-sided

ideal must be generated by
f(X) = (CLO + alX’" + azXZT + ...+ G,anT)_Xt

where |(0)| = r and t are positive integer.
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1.2.1 Skew cyclic codes over [,

Lemma 1. ? X" — 1 is two-sided if and only if r | n.

Proof If X™ — 1 is two-sided, then by definition X™ — 1 commutes with a X", for any «
in F,, this implies that (X™ — 1).a X" = aX".(X™ — 1). Then

(X" —1).aX" =0(a)" X" —aX",

and

aX" (X" —1)=aX"" —aX",

Thus, #(a)" = a for all  in F,, hence r | n.

Conversely, let f(X) =ay+ a1 X +...+a, X" € F,[X,0]. Then

(X" =1).f(X) = X" f(X) = f(X)
=X"(ap+ a1 X +...+aX")— f(X)

= 0(ao)" X" +0(a1)" X" + ...+ 0(a,)" X" — f(X)
If r | n then §(a)" = a for all a € F,, we have
(X" =1.f(X)=(av+auX+...+aX").X"— f(X)
— FOO.(X" = 1)
This concludes the proof. O
The previous lemma shows that the quotient F,[X, 8] /(X" — 1) is a ring.
Lemma 2. ? If r |n. Then the ring F,[ X, 0]/(X™ — 1) is a principal left ideal ring.

Now, if r { n then we need to verify that S,, := F,[X,0]/(X™ — 1) is a left F,[X, 0]-

module under the multiplication
d(X).(f(X) + (X" = 1)) = d(X).f(X) + (X" = 1) (1.5)
Where f(X) € S, and for all d(X) € F,[X,0].

Theorem 10. ? S, is a left F,[X, 6]-module with respect to the multiplication in Equation

(??).

Proof. It is clear that the properties of a left module are satisfied over .S,,. ]
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The following results establish a fundamental theorem of #-cyclic codes. For the

proof of the next results see ?, ?.

Theorem 11. Let C' = (f(X)) be a linear code over F, of length n, where f(X) is the

generator polynomial of C.

1. Ifr|n, then C'is a f-cyclic code if and only if C' = (f(X)) is a left ideal of F,[ X, 0] /(X" —
1), where f(X) is right divisor of X" — 1 in F,[X, 0].

2. r{n, then Cis a left F [ X, 0]-submodule of S,, with respect to the multiplication in
Equation (??).

In general, we consider an arbitrary length without any restriction. In this case, a
linear code C' over F, is a left F,-submodule of V,(F,). Also, is said to be F,-skew cyclic
codes if

(Co, Cly.n. ,Cnfl) c(C = (Q(Cnfl), 9(00), ce ,(9(671,2)) eC. (1.6)

Let f(X) = fo+ X + ...+ fi X!, let C = (f(X)) be a left F,[X, §]-submodule of S,

generated f(X). From ?, the generator matrix of C' is given by

T A £ 0 - 0
0 6(f) ... O(fi)) O(F) ... 0
. . . . .

0 ... 0 7N fo) ... THA) NS
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1.3 Codes over finite ring F, + vF,

In this section, we generalize the concept of linear codes over finite fields I, to the
linear codes over non-chain ring F,+vF,. We give some definitions and characterization

related to main results.

1.3.1 Introduction

Let R :=F, + vF, := {a +vb: a,b € F,} is the commutative ring with ¢* elements
where v? = v, this ring are isomorphic to the quotient ring F,[v]/{v — v?). It is well

known that R is a finite non-chain ring with two maximal ideals
(v) :={av:a € F,} and (v —1) :={b(1 —v):beF,},

making each R/(v) and R/(1 — v) isomorphic to F,. The Chinese Remainder Theorem
then implies that
R = (v) x (1 —wv).

Let R" denote the R-module of n-tuples over R. Any element in R can be uniquely
expressed as

a+vb=(b+a)v+a(l—v)fora,bel,
Lemma 3. ? Let R* denote the group of units of R then R* = vIF; © (1 — v)F}.

Definition 11. A subset C of R™ is a linear code over R if C is an R-submodule.

For any codeword ¢ = (ag, a4, ...,a,_1) € R" we can identified by polynomial such
that
oX)=a+a+...+a,1 € RX]/(X"-1)

This identification gives a one-to-one correspondence between R" and
R, = RIX]/(X" 1)

The product of ¢(X) =ag+ a1 X +... +ap, 1 X" tand r(X) = by + 0y X +... + b, 1 X!
in R, is given by

c¢(X).r(X) mod (X" —1). (1.7)
For a +vb € R, the classical Gray map ¢ : R — F} sends a + vb to (a + b,a). The Lee

weight of any element in R is the Hamming weight of its image under ¢.
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Lemma 4. ? The mapping ¢ : R — Fg is a bijection.

Proof. It is easy to verify that ¢ is one-to-one. Let (v, v5) € Iﬁ‘g such that v; and v, are in
F,. Let b = v; 4+ vy, and a = vy. Then, ¢(a + vb) = (v, v2) and, hence, the mapping ¢ is

onto. O]

This map extends naturally to R". For any ¢ = (a+wvb) = (a; +vby, as +vbs, ..., a, +
vy,) € R" with a = (a1,as,...,a,) and b = (b1, by, ...,b,) in Fy. Then the Gray map
over R" is defined by

¢ : R" — F2" with ¢(c) = ¢(a+vb) = (a+b,a). (1.8)

The map ¢ is an isometry which transforms the Lee distance in R™ to the Hamming
distance in [F;". For any R-linear code C, the code ¢(C') is IF-linear. Furthermore, since
the inner product in Equation (??) is nondegenerate, we have |C|-|C*| = |¢(C)|-|¢(C)*| =

q2n .

1.3.2 Linear codes over R = F, + vF,

Let A@B={a+bla€c Abe B}and A® B = {(a,b) | a € A,b € B} as defined

in ?. Given a linear code C over R, let

Cr={x+yelF,|(x+y)v+x(v+1) € C for some x,y € F;} and
Cyi={xeFy | (x+y)v+x(v+1)e€C forsomey € F}.
One can quickly verify that C and C are linear codes over F,. Let r = a + vb € R and

c=(c1,¢0,...,¢,) € C,le., ¢j = aj+vb; with a;,b; € F, for 1 < j <n.

The j-th entry of rc is

(a+wb)(a; +vb;) = ((b+ a)v + a(l —v))(a; + vb;)
= aa; +v(ab; + ba; + bb;) = (v + y)v + (1 —v).
—_—

~—
x Y

Hence, rc can be written in terms of ¢, and C, with

x = a(ay, as,...,a,) andy = (a + b)(by, ba, ..., b,) + b(ay, as, ..., ay,).

The Gray map can be restricted from R" to a linear code C over R. The next results

can be concluded by a slight modification from ?, with 2 extends to q.
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Theorem 12. ? Let C be a R-submodule of R". Then ®(C) = C; ® Cy and
| C =l Cl Ca .

Proof. For any codeword c; = a; +vb; in C can be expressed as c¢; = (b; + a;) +a;(1 —v)
with a;,b; € Fy for 1 < j < n. It suffices to show that, ®(cj) € C; ® Cy. Since @ is
bijection, ®(c;) = (b; + a;, a;). By definition of C; and C; we obtain b; + a; € C; and
a; € Cy, therefore, (c;) C € ® Cs.

Conversely, let (vq,vg,...,vn, wi,wy, ..., w,) € C; ® Cy, where (vy,v,...,v,)C; and
(wi,ws,...,w,) € Cy such that v; = b; + a; and w; = a; for 1 < j < n. There are
¢ = (co,¢1,...,¢,) € C with ¢; = a; +vb; for 1 < j < n, then we obtain ®(c) =
(b + ag, by + ag, ..., by + ap,a1,as,...,a,) € C; ® Cy, therefore, C; ® Cy C O(C).

Moreover, it is easy to see that |C,].|Cy| = ¢** = |C]. O

Let C; and C, be two codes over F,, by the definition ??, then they are equivalent to

a codes that has a generator matrices (G; and G, respectively.

Gy 0
(1.9)
0 G
Let C be a linear code of length n over R. If G; and G, are the generator matrices of a

[F,-linear codes C and Cs, respectively, then the generator matrix of C'is

’UGl
(1 — U)G2

(1.10)

It is clear that, if G; = G5 then G = G;.
The following Proposition shown that any linear code C' over R can be uniquely

expressed as a direct sum of two F -linear codes.

Proposition 3. ? Let C' be a R-submodule of R". Then C' can be written as
C=vCy & (1—v)Cs. (1.1

Proof. Letc = (¢, c1,...,c,) be codeword in C, where ¢; = a; +vb; for 1 < j < n. Then

(co, 1, - .., ) €xpressed as

((bg + ag)v + aog(1 — v), (by + a1)v + a1 (1 —v), ..., (by + an)v + an(l — v)),
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this implies that
c=uv(bo+ai,by +a,...,b, +a,) ® (1 —v)(ag,ai,...,a,) € vC; & (1 —v)Cs.

Completing the proof. O

Since ¢ is preserving distance between the lee distance in R™ to the Hamming distance

in F7. Then
dp(C) = du(P(C)) = du(C1 ® C). (1.12)
One gets d, = dy = min{dy(C"),dy(Cs)}. This result it follows from the next proposi-

tion.

Proposition 4. ? Let C' be a R-submodule of R". Let d; and dy be the minimum
Lee distance and minimum Hamming distance of C, respectively. Then d; = dy =
min{d(C); d(Cs)}, where d(C}) and d(C5) denotes the minimum Hamming distance of
C1 and Cy over F, defined in (??), respectively.

By Equation (??) and above Proposition it is easy to verify the following Corollary.

Corollary 2. ? Let C' = vC; @ (1 — v)C; be a R-submodule of R™. Let C (respectively Cs
) be [n, ky,d(Ch)] (respectively [n, ks, d(Cs)] ) linear code over F,. Then ®(C) is [2n, k; +
ko, min{d(C), d(C5)}| linear code over IF,,.

Now, we are ready to introduce the generator matrix over the ring R. It follows from

the next Theorem.

Theorem 13. ? Let C be a R-linear code of length n. Then C'is permutation equivalent to

an R-linear code with a generator matrix in the standard form

]kl A B D1 + UDQ
0 vl 0 vC (1.13)
0 0 (1—-v)l (1-v)E

where A, B, C, Dy, D,, and E are F,-matrices.

Proof Similar to (?, Proposition 1.1). It analogue to obtain the generator matrix over

quaternary codes. ]
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A inner product between x = (ag,a1,...,a,-1) and y = (by,b1,...,b,—1) in R" is
given by
n—1
(x,y) = Zaibi € R. (1.19)
i=0

The dual code of an R-linear code C, denoted by C*, is also R-linear code and is defined

by
Ct={yeR"|{x,y)=0forallx € C}. (1.15)

As for F,-codes, we say that a R-linear code C'is self-orthogonal if C = C* and self-dual
if C = C+.

Lemma 5. ? Let C be a R-linear code. Then ¢(C)*+ = ¢(C*) and we have the commutative

diagram
C — ¢C)
\J \J
Ct — ¢(Ch)

Proof Letu = (b + a,a) € ¢(Ct) where (a + vb) € Ct with a = (ay,as,...,a,) and
b = (b1, by, ...,b,) in F;. Suppose that

v =g(r+vp) = (p+1.1) € 6(C),

where (r +wvp) € C withr = (r;,72,...,7,) and p = (p1,p2, . .., pn) in F}. Then,

by Equation (??), we have

((a+vb), (r+wvp)) = (a,r)y + v[{a,p)g + (b,1)g + (b, )]

=0+v0.

This implies that (a,r), = 0 and (a, p), + (b,r), + (b,p), = 0.
Hence, u = (b +a,a) € ¢(C)* and ¢(C*) C ¢(C)*. Since ¢ is bijective, we have
2n 2n

G4 = 10(C)| = 1y = gy = 14O

Thus, ¢(Ct) = ¢(C)*. O

For the proof of the following Theorem is immediately from the previous Lemma,

and by Equation (??)
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Theorem 14. ? Let C be a R-linear code of length n. Then ®(C+) = Cf ® Cy. Moreover,
C* is also uniquely expressed as
vCT @ (1—0v)Cy (1.16)
Next, we derive the generator matrix of the dual C* of a R-linear code C.

Proposition 5. ? Let C be a F, + vF,-linear code of length n. Then, he dual code C*,

under the inner product in Equation (??), has as generator the matrix H given by
— (Dy+vDy)" +CTAT + ETBT c’ E" Lk hyts
—vBT 0 v, 0 (1.17)
—(1—-v)AT (1—wv)ly, O 0

where A, B, C, Dy, D,, and E are F,matrices.

1.3.3 Cyclic codes over R = F, + o[,

Now, we present a description of R-cyclic codes. Also, we give some definitions and
results to define the most important class of linear codes. A subset C' of R" is said to be

an R-cyclic code of length n if two conditions are satisfied:

1. Cis an R-submodule of R".
2. (¢y_1,C0,-..,Cn2) € C, for any codeword (¢, ¢1,...,¢,—1) € C.
For the proof of the following theorems are introduced and generalized in ??.

Theorem 15. ? Let C' = v(C; @ (1 — v) be a linear code of length n over R then C'is cyclic
code of length n over R if and only if Cy and Cy are cyclic codes of length n over IF,,.

Proof Similar to (?, Theorem 4.1). Here, we extends proof from Fy + v, to R. O

The following results classify all cyclic codes over R.

Theorem 16. ? Let C' = v & (1 — v)Cs be a cyclic code of length n over R. There exist a
unique polynomial f(X) such that C = (f(X)), where f(X) = vfi(X) + (1 —v) fo(X)

Corollary 3. ? Let C' = vC; & (1—v)Cy be a cyclic code of length n over R and f1(X), fo(X)

are the generator polynomials of C| and Cs respectively. Then

C] = g dea(f1(X))—deg(f2(X))
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Next, we derive the generator polynomial of the dual code C* of an R-cyclic code C.

Theorem 17. ? Let C' = v & (1 — v)Cy be a cyclic code of length n over R, then its dual

code C* is also cyclic code. Moreover, we have C*+ = vCi- & (1 — v)Cy-.

Corollary 4. ? Let C = (vfi(X), (1 —v)f2(X) be a cyclic code of length n over R, with
fi(X) and f2(X) as the generator polynomials of C and C, respectively such that
X" — 1= fi(X)hi(X) and X" — 1 = f(X)ho(X). Then

1. C* = (vhi(X), (1 —v)h3(X)) and |C*| = gdeslf1(X))+deg(£2(X))
2. C* = (h(X)) where h(X) = vhj(X) + (1 — v)ha(X).
The interested reader may consult ?, for more details and proofs.

Lemma 6. ? A linear cyclic code over F, with generator polynomial f(X) is self-orthogonal
if and only if h(X)h*(X)|(X™ — 1), where h*(X) = XXX s the reciprocal poly-
nomial of h(X) with h(X) = (X" —1)/f(X).

Theorem 18. ? Suppose C' = (f (X)) is cyclic code over R, where

F(X)=vfi(X)+ (1 —v)fo(X), then C C C*+ ifand only if C; C Cf and Cy C Cy
where Cy = (f1(X)) and Cy = (f2(X)).

Corollary 5. ? Suppose C = vC; @ (1 — v)Cy is a cyclic code of arbitrary length n over R
then C C C+, ifand only if C; C Ci+ and C, C C5-.

Lemma 7. ? Let C, and C; be two linear codes if length n over F, and
C=vC)® (1 —-v)Cy={(ve; + (1 —v)e3),c1 € Cy, 0 € Ca},
we have
Ct=vCi @ (1 —v)C5 ={(vey + (1 —v)ep), 1 € CF, 0 € Cy ),
C' is self-dual if and only if C and Cs are self-dual.

Proposition 6. ? Let C, Cy, C] and C} be four linear codes of length n over F,.
Then
C=vC] @ (1 — U)Cg = {(’UCl + (1 — ’U)CQ),Cl S 01702 S 02},

is equivalent to
C'=v0; 8 (1 —0v)Cy = {(ve] + (1 —v)dy), ¢} € Cp,dy € Oy},

over R if and only if C) and C, are equivalent respectively to C| and CY,.



Chapter 2

Linear codes over F,R and their

MacWilliams identity

In this chapter, we construct error control codes over a new alphabet set, we focus
on linear codes over mixed alphabets. In particular, we study the structure of linear
codes over the ring F,R, where F, be the field of four elements. We denote by R the
commutative ring, with 16 elements, Fy + vFy = {a + vb | a,b € Fy} with v* = v.
First, we define linear codes over the ring of mixed alphabets F,R as well as their dual
codes under a nondegenerate inner product. Next, we derive the systematic form of the
respective generator matrices of the codes and their dual codes. Finally, we establish

the MacWilliams identity for linear codes over 4 R. We refer to see ???

2.1 Introduction

We recall some definitions and notations to describe our results.
Let I,, be the identity n x n matrix. Let O denote either the zero vector or the all-zero
matrix whose dimension is clear from the context. Vectors are denoted by bold lower
case letters. For example, (x,,y,) denotes (z1,Z2,...,Tn,Y1,Y2, - - -, Ym) fOr
Xy = (21, T, ..., x,) a0d ¥, := (Y1, Y2, - -+ YUm)-

We write the finite field with four elements as F, = {0, 1, w,w? = 1 + w} and denote
by R the commutative ring R := F4 + vF, := {a+vb: a,b € F,} with 16 elements where
v?> = v. It is well-known that R is a finite non-chain ring with two maximal ideals (v)

and (v + 1), making each of R/(v) and R/(v + 1) isomorphic to F,.
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Definition 12. Let R be any commutative ring and let # be an automorphism of S. The
skew polynomial ring R[X, 0] is defined by
X)=ap+au X +aX?+...+a,X"
S s
a; € Rforalli=0,1,...,n
where addition of these polynomials is defined in the usual way while multiplication is

defined using the distributive law and the rule
(aX") - (bX7) = al' (b) X"

The ring R[X, 6] is not commutative even when R is. Therefore, when we talk about
divisibility, we need to specify left or right divisibility, and when we discuss ideals we
need to talk about left, right, or two-sided ideals. For example, we say that f(X) is a left
divisor of g(X) in R[X, 0] if there exists h(X) € R[X, 0] such that g(X) = f(X) - h(X)
with skew multiplication of polynomials. Please note that, given a ring 5, the notation
R[X, 6]/ (X? — 1) does not automatically imply that a quotient ring structure is defined.

It denotes the quotient space, that is, the set of cosets of the additive group (X” — 1).

Definition 13. Let an automorphism 6 over R be defined by
0 : R+~ Rsending a + vb+— a® + (v + 1) b°. (2.1)

Restricted to Fy, it interchanges w and w? while keeping {0, 1} fixed. Note that our
6 here is equal to the composition of automorphisms ¢ o 6; in ?. If § be an identity, then
the skew polynomial ring R[X, 6] is equal to the commutative ring R[X]. We use the
identity automorphism 6 throughout the chapter.
Let o and 3 be nonnegative integers. A linear code C, of length « over F, is a subspace
of F¢. The number of codewords in a k,-dimensional code C; of F§ is 4%. Analogously,
a linear code C, over R has been defined to be a submodule of R?. The discussion in (?,
Section 2), using the results established in (?, Sections 2 and 3), showed that if C; is a
linear code over R, then it has 4%1+*2+ks codewords for some nonnegative integers k;,

ks, and k3. For any element in R, we introduce a new ring homomorphism

n: R+— F, sending a + vb to a. (2.2)
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Let F4R := {(a,b) : « € Fyand b € R}. It is straightforward to verify that F,R is an

R-module under the multiplication
d* (a,b) = (n(d)a,db) with d € R and (a, b) € F4R. (2.3)

Let x := (ay,ag,...,a0,b1,b9,....,05) € FYR® and d € R. The multiplication extends
naturally to

d*x = (n(d)ay,n(d)as,...,n(d)as,dby,dbs, ..., dbs). 2.9

Definition 14. A nonempty subset C of F¢ R® is an F4R-linear code if it is an R-submodule
of F§ R? with respect to the scalar multiplication * in Equation (??). An F$ R°-linear code
is a generalization of a linear code over Fy when = 0 and a linear code over a finite

non-chain ring over R when o = 0.

Two F,R-linear codes of the same length and cardinality are equivalent if one can
be obtained from the other by a composition of operations of the following types: (a)
any permutation of the first « positions, (b) any permutation of the last 5 positions, and
(c) multiplication of the symbols appearing in a fixed position by a nonzero scalar. An
F,R-linear code C, seen as a group, is isomorphic to F% x 2" x % x F% and we say

that C has type («, ; ko, k1, ka2, k3).

2.2 Generator Matrices

Obtaining a standard form of the generator matrix of a linear code is useful. It helps
in constructing or searching for codes with some desired properties. When the search
space is large, a standard form often leads to algorithmic tools with least time and or

memory complexities.

Theorem 19. Let C be a IF, R-linear code of type («, [3; ko, k1, k2, k3) Then C is permutation

equivalent to an F,R-linear code with a generator matrix in the standard form

Ly M| 0 0 0 oT
0 S | L, A B Dy +vD;y

G = (2.5)
0 0 | 0 vl 0 vC
0 0| 0 0 (140 (1+0)E

where M, A, B, C, Dy, Do, E, S, and T are F,-matrices.
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Proof. It is well-known that any linear code over [, is equivalent to one that has a
generator matrix of the form G; := ( Iy, M > where M’ is an F, matrix. We know
from (?, Section 3) that any linear code over [, + vIF, is equivalent to a code that has a

generator matrix of the form
L, A B D, +vD,
Gy:=| 0 wl, 0 vC' (2.6)
0 0 (I+4+v)l (1+v)FE
where A', B, C’, D!, D), and E’ are F,-matrices. We can now combine the two matrices

by putting the matrix (G; on the first « coordinates and the matrix G5 on the last

coordinates before filling up the other entries to arrive at the matrix

L, M | M, My M, M,
PO | L, A B D,+D,
P, Qs 0 vl 0 vC’
Py Qs 0 0 (14v)l (I1+v)E

where P, )y, and M, are suitable F,-matrices for 1 < ¢ < 3 and 1 < k < 4. By applying

the necessary row and column operations to the matrix we obtain, as promised,

Ly M| 0 0 0 oT

. 0 S | I, A B D; +vD,
o o] 0 o, 0 vC

0 0| 0 0 (140 (1+0)E

]

We can now repeat the analysis for the dual codes. The standard Euclidean inner
product of a = (ay,...,a,) and b = (by,...,b,) in F}, denoted by (a, b),, is given, as

usual, by

<a, b>4 = Z&jbj € F4.

j=1

Given two elements x,y € F§ x (F, + vF,)? with

X = (T1,%2, ..., Ta, Tat1, Tat2s - - - Tatpg) and

y = (y17y27 ey Yar Yat1s Yat2, - - - 7ya+ﬁ)7
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we define their inner product to be

a+ a
(x,y) = LZ xy; +v (Z mzyz>] e Fy+ ovFy. 2.7)
j 1

=a+1 i=
It is immediate to verify that the inner product is nondegenerate. If C is a linear code

over F, R, then the dual of C, denoted by C*, is
Ct2 {y cF¢R° | (x,y) =0forallx € C} (2.8)

For a + vb € R, the classical Gray map ¢* : R +— F? sends a + vb to (a + b,a).
The Lee weight of any element in R is the Hamming weight of its image under ¢*. This
map extends naturally to R". For any x = (z1,%2,...,2,) € F§ and b = (z + vy) =

(21 +vy1, 22 + VY2, . . ., 25 + vyg) € RP the Gray map over F,R is defined by
¢ : FYR® — F$™° with ¢(x,b) = ¢(x, 2+ vy) = (X, 2+ y,2). (2.9)

The map ¢ is an isometry which transforms the Lee distance in F¢R? to the Hamming
distance in F$"’. For any F,R-linear code C, the code ¢(C) is F4-linear. Furthermore,
since the inner product in Equation (??) is nondegenerate, we have |C| - |[C*| = |¢(C)| -

C)*| = 4.
Lemma 8. The mapping ¢ : F¢R° — F$™? is a bijection.

Proof It is clear that ¢ is one-to-one. Let (x,vy,vs) € F$"?’ be such that x € F¢ and
both v; and v, are in Ff. Lety = vy + vy, and z = vy. Then, ¢(x,z + vy) = (x, vy, Va)

and, hence, the mapping ¢ is onto. O

There are numerous occasions where the Gray image of an F,R-linear code, seen
now as an Fy-linear code, has good parameters. In the next three examples, we provide
F,R-linear codes whose Gray images yield F,-linear codes with good parameters, based

on the corresponding entries in the Grassl Table ?.
Example 1. Let C be an F,R-linear code generated by

1 0 1| w+ow? 0 wr+v 14w

0 1 1 0 wFovw? 14w w4
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The Gray image ¢(C) is an optimal F,-linear code of length 11, dimension 2, and minimum

distance 8. Its generator matrix, as a code over [F, is

1 0 1 1 0 w w? w0 w? 1
o(Gh) =

o 1 1 0 1 w w 0 w 1 w

Example 2. Let C be an an F,R-linear code generated by a single codeword

v=|1,1,...,1 | 1+ow* 1+ovw? ... 1+0w

a B

The image under the Gray map is, therefore, an F,-linear code generated by

o(v)=111,....1, wow,...,w, 1,1,...,1

/
' ' ~~

«a B B

The latter is a maximal distance separable (MDS) code of length n = « + 23, dimension 1,
and minimum distance n. Its dual, under the usual Euclidean or Hermitian inner product,

is an MDS code of dimension n — 1 and minimum distance 2.

Example 3. Let C be an F,R-linear code generated by

2

100 1 w? /| w+ow? 0 0 w+vw? 14w 1+ vw
Gy = 01 0 w? w? 0 w + vw? 0 1+ vw l14+vw w+ovw
00 1 w? 1 0 0 w+vw? 14w wHow? 1+ ow

The Gray image ¢(C) is an Fy-linear code of length 17, dimension 3, and minimum distance

11. As a code over IFy, it is generated by

The optimal minimum distance of an F,-linear code of length 17 and dimension 3 is 12.
Our code ¢(C) here has distance one less than optimal. It corrects the same number of

errors, which is 5, as the optimal one.
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2.3 Parity-check Matrices

Lemma 9. Let C be an F, R-linear code. Then ¢(C)* = ¢(C*+) and we have the commutative

diagram
C = ¢
3 3
Ct = ¢

Proof. Letu = (x,y +2,2) € ¢(C*) where (x,z +vy) € C*. Suppose that ¢(e,r + vp) =
v =(e,p+r,r) € ¢(C) where (e,r + vp) € C. Then, by Equation (??), we have

((x,z +vy),(e,r +vp)) = v(x,€)s + (2,T)s + v(z,P)s + v(y,T)s +v(y,P)s

=v[(x,€e)s+ (z,p)s + (y,r)s + (y,P)a] + (z,r)s = 0+ v 0.

This implies that (x,e), + (z,p)s + (y,1)s + (¥, P)s = 0 and (z,r), = 0. It is now clear

that

<u7 V>4 = <X7 e>4 + <y +z,p+ I‘>4 + <Z7 I‘>4 =

(x,€)s +(y,P)a+(y,r)a+ (z,p)a + (z,1)s + (z,1)1 = 0.

Hence, u = (x,y + z,2) € ¢(C)* and ¢(C*) C ¢(C)*. Since ¢ is bijective, we have
fo+28  gat2s

el 16©)]
Thus, ¢(Ct) = ¢(C)*. O

CH = le(CH)] = = |6(C)7-

Example 4. Let C be the code in Example ??. We have that ¢(Ct) is an Fy-linear code of

length 5 and dimension 4 with generator matrix

1 00 00
01 0 w0
001 00

000 01

There are 4* codewords in ¢(C*) = ¢(C)*.

We now derive the generator matrix of the dual code C* of a linear code C of a given

type.
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Theorem 20. Let C be an 4 R-linear code of type («, 3; ko, k1, k2, k3). Then, the dual code

C*, under the inner product in Equation (??), has as generator the matrix H given by

MT Iy g, — ST 0 0 0

T 0 — (D1 4+vDy)" +CTAT + ETBT c’ ET I gy ki
0 0 —vBT 0 vy, 0
0 0 —(1+v)AT (1+v), 0 0

(2.10)

Proof. Let C' be an F4R-linear code generated by H given in Equation (??). It is clear
that ¢’ C C+ since HG = 0.

Let ¢ = (ay,ay,...,aq,b1,b,...,bs) € Ct. After adding some linear combination of
the first 5 — k; — ko — k3 rows of the matrix H in Equation (??) to c we obtain a codeword

of Ct of the form

/
CcC = (O, . ,O,Cl, e 3 Chyy Cly 41y - -+ 5 Chitka s Chitko+1s - -+ 5 Chit+ko+ks s 0, c. ,O)

Since ¢’ is orthogonal to the last k3 rows of the matrix G in Equation (??), the entries
Cky+ko+; Must be either O or v forall 1 < j < k3.

Next, we add some linear combination of the middle k3 rows of H to ¢’ to obtain a
codeword ¢” € C* of the form ¢” = (0,...,0,¢1,. .., Chys Chyt1s - - - » Chythss 0, - - ., 0). Since
c” is orthogonal to the middle &, rows of G, the entries ¢, +4,+; must be either 0 or 1 +v

forall 1 < j < k3. After adding some linear combination of the last k, rows of H to

c”, we get to a codeword c¢” € C* that has the form ¢ = (0,...,0,¢1,...,¢x,0,...,0).
Since ¢’ is orthogonal to the middle k; rows of G, we infer ¢; = ... = ¢, = 0, which
means 0 € C'. Thus, ¢ = (ay,¢a, ..., 0, b1,¢2,...,b5) € C'. ]

To illustrate the process explained above, we present two examples. Example ??
exhibits the steps taken to express the respective generator and parity check matrices
of a given code in the standard form. Example ?? present the Gray image ¢(C) of an

F,R-linear code C.
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Example 5. Let C be the type (3,5;1,2,1,0) linear code over F3 x R° generated by

2 w? |0
w? | 1
1 1
1 1

1 0
0 w
1 w
1 v+w

wv

vw
0
0

2

0

vw

vw?

vw

Now, applying elementary row operations to the above generator matrix, we obtain the

standard form

1 w 1
0 w? w
0 1 w
0 0 O

0
1
0
0

0 0

0 w vw vw?

1 0
0 v

The code C has |C| = 4' x 4%*% x 4! = 4096 codewords.

The parity-check matrix H of C, in the standard form, is

w

1

o o o o

0 vw?
1 VW
0 VW

v

vw

vw

0| wH+ovw? v

0| (I+v)w O

2

[

1+vw

)
o o O

00

Example 6. Let C be the linear code over F x R® of type (5,6;2,3,1,1) with

w + vw
v

w? +v
vw?

w + vw

w—l—vw2

vw

w

14w

wr4+ov w l1+v w?+ovw?

w

0

v

1
0

w + vw
v

v

vw?

’UU)2

w2+vw

w + vw
v

1+v

vw?

w + vw?
v

w




37

Now, applying elementary row and column operations to the above generator matrix, we

obtain the standard form

10 w 1 0 0 00O 0 v

01 w1 0 00O 0 v

0 0 w 0 1 001 1 1+v
G=1000 w w |0101 0 vw?

001 w w*|0011 w w+ow?

00 0 0 O 000 v 0 ()

000 0 00000 14+v (I+vw

The code C has |C| = 4% x 42%3 x 41 x 41 = 49 codewords.
The parity-check matrix H of C, in the standard form, is

w 0 1 0 0 VW 0 v 0 0 0
1 w 0 1 0 0 vw? vw 0 0 0
0 1 0 01 0 W vw? 0 0 0

1 1 000 14+v w+ovw? w?+ovw? w w 1
0 0 0 0O v 0 VW 0 v 0

0 000O0|1+v 14w 1+wv I1+v 0 0

2.4 MacWilliams identity over F,R

Let X = (1,72, -+, Tos Tat 1, Tat2s - - -y Tatp) = (Xa,Xg) € F§RP and recall that the
Lee weight of a + vb € F,R, denoted by wy,(a + vb), is given by wi(a + b, a). Hence, the
weight of x is defined to be wt(x) := wi(x,) + wi(x5). We consider F, as an extension
of degree 2 over F, with basis {1, w}, where w is a primitive element of F, such that
w3 = 1. We write any b € F, as b := by + byw, with by, b, € F,, and define the map

7:Fy — Fy tosend b — 7(b) = by.

Definition 15. The map y : R ~ C* that sends x(a + vb) — (—1)"® for all a + vb € R is

a nontrivial character of R.

The next lemma follows immediately from how the map y is defined.
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Lemma 10. Let y be the nontrivial character defined on R in Definition ??. Then the

following properties hold.

1. Forall x,y € R, we have x(z +y) = x(z) - x(v)-

2. For any fixed y € R, we have Z x(xy)

TER
Lemma 11. Let C be an F,R-linear code. Let x := (X,,Xs) and 'y := (ya,yps) be elements
in F¢RP. Then
0 ifyé¢c
D x((xy) = (2.11)
x€eC IC| ifyecCt.
Proof. If y € C*, then (x,y) = 0 for any x € C. This implies x((x,y)) = x(0) = 1.

Hence,

> xlxy)=> 1=l

xeC xeC

Now, let y ¢ C*. Then (x,y) # 0 for all x € C. Since Z x;y; € Fy, we write

=1

x(x.)) :X( a§ xjyj) X(”(é”))

ot . E:”WJ
= [H X(ﬂijj)] (=1) (izl : (2.12)

Summing up over all elements x € C, one arrives at
T (Z $zy1) a+p
IRCEOED B (SR INPANS | (IETD)

xeC xeC
T Z%%) a+p
(—1) ( > T xtm)

X €FY xg€RPB j=a+1

T(Z %yz) atp
= ) (1) \i= I D xtaw)
X €FY Zza—i-l z;€ER

=0
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Lemma 12. For any fixed b € R, we have

Z y(ab) x2-wt(a) ywi(a) — (X + 3y)2—wt(b) (X — Y)wt(b)‘

aER

Proof. We partition the set R \ {0} into

A= {v, wu, w?v, v+ 1, wv+w, w?v +w?} and

B:: {17 w, w27 U)U—l-l, w2v+1, U+w7 w%—i—w, U+U}2, wv+w2}.

By the definition of the Lee weight over R, we have wy,(a) € {0,1,2} for any a in R. If
b =0, then wr,(0) = 0 and x(0) = 1. Hence,

> x(ab) X2yl = X2 4 9Y? 4 6XY = (X +3Y)%.
a€ER
Next, for any b € A, we have wy,(b) = 1 and x(ab) = +1. Hence,
> x(ab) XPve@ y v — X2 49Xy - 3Y? = (X +3Y)(X - Y).
a€ER

Finally, for any b € B, we have wy,(b) = 2 and x(ab) = +1. Hence,

> xlab) X2y = X2 - 2XY 4V = (X - V)%

acR
Thus,
(
(X +3Y)? ifb=0
D x(ab) X2 @ Yy = fx L3y (X —Y) ifbe A
aeR (2.13)
(X —Y)? ifbe B

\

— (X + 3y>2fwt(b) (X . Y)Wt(b).

]

Theorem 21. Let z € F¢R® and N := o + 2. Let x be the character of R given in

Definition ??. Then

Z X((L z>)XN7wt(l)th(l) — (X + 3Y)N—wt(z) (X _ Y)wt(z)_
1eF§ RA
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Proof. We can rewrite
Z X((L Z>)fowt(l)th(l)

1€Fg RS

as

Z Z lmza XOé wi (Lo )YWH(la)X«]B’ZB>>X2/5—WL(15)YWL(15)

laeF lﬁERﬁ
(H Z 1 Z Xl wH (1 YWH > (H Z X l Zz X2 wr(L; )YWL( ))
i=11,€F, i=11ER

2 B
= (H(X + 3Y)tva@)(x — y)va( )> (H(X 4 3Y)2 ) (X — Y)WL(ZZ'))

=1 =1

— (X + 3y)N7wt(z) (X . Y)Wt(z).
]

The following Lemma gives the Discrete Fourier Transform (DFT) formula for our

setup, which will be useful in the proof of the MacWilliams identity.

Lemma 13. Let C be a linear code over F,R and C* be its dual code. Let the weight

enumerator of the codeword u € F{R? be f(u) := XN-"tWy Wt Let

Then

> f |C|Zf

ucCt zeC

Proof. Notice that

Y= 2 vz f)

zeC zeC ueF3RP
=> > x(uwz)f+) > x((uz
zeC ueCt zeC ugCt
= S x(wz)+ Y flw)) x((uz)
ueCt zeC ugCL zeC
By Lemma ??, we obtain Z f(u) = Z f(z O
ueCt zec

We are now finally ready to establish the MacWilliams identity.
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Theorem 22. Let C be an F4R code. The relation between the weight enumerators of C

and that of its dual is given by the identity

1
—We(X +3Y,X —Y).

WcJ_(X,Y) - |C|

Proof. We apply Lemma (??) with

flu) = XNyt and f(z) = Z ((u, 7)) XN -welw) ywecu)

uEFZ‘RB

Let us rewrite Z f(u) |C| Zf

ueC+ zeC
Z xN- wt(u th _ ‘C‘ Z Z X((‘L Z>)XN—wt(U)th(u)
ueC* zeC \ ueF¢RP

Applying Theorem ??, one obtains

Z XN—Wt(u)ywt(

ueCt

— X 3Y N—wt(z) X _V wt(z )

=1l o S 3V (X )
zeC

Thus,

1
—We(X +3Y,X —Y).

WCL(Xv Y) = |C|

]

Example 7. Let C be the linear code over F, R of type (1, 1; 1,0, 1,0) with generator matrix
Ge = ( 1 ‘ v ) The code C has |C| = 16 codewords. Its dual code has |C*| = 4 codewords.

The codewords of C and their respective weights are as follow.
zeC wt(z)| z€C wt(z)| ze€C wt(z) zeC  wt(z)

(0]0) 0 (0] v) 1 (0] vw) 1 (0 | vw?) 1
(1]0) 1 (1] w) 2 (1] vw) 2 (1| vw?) 2
(w | 0) 1 (wlv) 2 (w]ow) 2 (w | vw?) 2
(w?]0) 1 J(w|v) 2 @ [ow) 2 |(w’[ow?) 2

The weight distribution of C is W¢(X,Y) = X3 4+ 6X?Y + 9XY?2. By Theorem ??, the
weight distribution of C* is Wei (X,Y) = X3 + 3X?Y.

The presented results are publish in International Journal. See ?.



Chapter 3

Skew cyclic codes F, R

Recent topics in the studies of error correcting codes are additive codes over mixed
alphabets on one hand and codes using skew polynomial rings on the other. In this
chapter, we generalize different ways of building linear codes. We present our study on
skew cyclic codes over the ring 4R, resulting in the identification of their generators.
We have shown that, under some simple conditions on their length, they are equivalent
to cyclic or 2-quasi-cyclic codes over the same ring. We supplied several ways of obtain-
ing F,-linear codes with good parameters as images of F, R-skew cyclic codes under the
Gray mapping. Finally, Applications of these codes to DNA computing are included in

our treatment. We refer to see ?, ?, 2 and ?.

3.1 Introduction

Llet A B={a+blac Abe B}and A® B ={(a,b) | a € A,b € B} as defined
in ?. An F,-linear code of length n is a subspace of F};. A subset C' of R" is a linear code

over R if C'is an R-submodule. Given a linear code C over R, let

Cr={x+yeF}|(x+y)v+x(v+1) e C for some x,y € F;} and

Cy:={xeF}|(x+y)v+x(v+1) € C forsomey € F}}.

One can quickly verify that ¢, and C, are linear codes over F,. In fact, any linear
code C over R can be expressed as C' = v(Cy @ (v + 1)Cy. Let r = a + vb € R and

c=(c1,¢9,...,¢,) € C,le., ¢c; =a; +vb; with a;,b; € Fy for 1 < j <n.



43

The j-th entry of rc is

(a4 vb)(a; +vb;) = ((a+b)v+ a(v+1))(a; + vb))

= aa; +v(ab; + ba; + bb;) = (v + y)v + x(v + 1).
~ —_——
x y

Hence, rc can be written in terms of C; and C, with
x = a(ay,ag,...,a,) andy = (a+ b)(by, by, ..., b,) + b(ay, az, ..., a,).
We recall the definition of automorphim 6.

Definition 16. Let an automorphism 6 over R be defined by
0 : R+ Rsending a+ vb > a® + (v + 1) b (3.1)

it is clear that |(0)| = 2 i.e. forall cin R, 6(c) = c. A subset C of R" is said to be an

R-skew cyclic code of length n if two conditions are satisfied.
1. C'is an R-submodule of R™.

2. Ifc= (co,c1,...,cn1) € C then the skew cyclic shift of c over R, denoted by
Ty(c) == (0(cn-1),0(co), ... 0(cn—2)), is also in C.

It is often convenient to associate a vector a = (ag, ay, ..., a,_1) with a polynomial
a(X):=ap+a; X +...+a, X" !in an indeterminate X. This allows for constructions
of codes using results from the algebra of polynomial rings.

The next two theorems can be inferred by a slight modification on the corresponding

theorems in ?, with ¢ restricted to 4. The respective proof is therefore omitted for brevity.

Theorem 23. (From (?, Theorem 3)) Let C' = vC; @ (v + 1)Cy be an R-linear code. Then

C'is an R-skew cyclic code if and only if C; and C, are skew cyclic codes over F,.

Theorem 24. (From (?, Theorem 5)) Let C' = vC & (v + 1)Cy be an R-skew cyclic code
of length n. Let ¢;(X) and g2(X) be the respective generator polynomials of C; and Cy as
[Fy-skew cyclic codes. Then C' = (vg;(X) + (v + 1)g2(X)).

For any element in R, we introduce a new ring homomorphism

n: R+— F, sending a + vb to a. (3.2)
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Let F4R := {(a,b) | « € Fyand b € R}. It is straightforward to verify that F,R is an

R-module under the multiplication
d* (a,b) = (n(d)a,db) with d € R and (a, b) € F4R. (3.3)

This extends naturally to F§R’. Let x = (ag, a1, ..., Ga—1,b0, b1, ..., bg_1) € FYRP, for o
and 5 € N, and d € R. Then

d*xx = (n(d)aoa U(d>a1> ceey W(d)aa—b db07 db17 sy dbﬁfl) (3-4)

Definition 17. A nonempty subset C' of F{R” is called an F,R-linear code if it is an R-

submodule of F¢ R® with respect to the scalar multiplication in Equation (??).

A nondegenerate inner product between x = (ag, a1, . . ., da—1, by, b1, ...,bs—1) and

y = (d()7 d1, - ,da_l, €0, €1, .-, 65_1) in FER’B is given by

a—1 -1
(x,y)=v Z a;d; + Z bjej € R. (3.5)
=0 =0

Note that if o = 0, then the inner product is well-defined for elements x,y € R®. The
dual code of an F,R-linear code C, denoted by C*, is also F,R-linear and is defined in
the usual way as

Ct ={y e F¢R’ | (x,y) =0forallx € C}.

Let

a(X)=ap+ a1 X + ... +a, 1 X' € F4[X]/(X*~— 1) and

b(X)=bo+bX+...+bs_1 X' € R[X,0]/(X" —1).

Then any codeword ¢ = (ag, ai, ..., da_1, bo, b1, ..., bs_1) € F{RP can be identified with a

module element consisting of two polynomials such that
¢(X) = (a(X),b(X)). (3.6)
This identification gives a one-to-one correspondence between F¢R” and
Rop = Fy[X]/(X* — 1) x R[X,0]/(X? —1). (3.7)
The product of r(X) =ro +m X + ...+ X" € R[X,0] and (a(X),b(X)) € R, p is

r(X) # (a(X), b(X)) = (n(r(X))a(X), r(X)b(X)), (3.8)
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where n(r(X)) = n(ro) + n(r))X + ... + n(r) X" € F4[X]. Here, n(r(X))a(X) is the
usual polynomial multiplication in F,[X]/(X* — 1) while r(X)b(X) is the polynomial
multiplication in R[X,0]/(X? — 1) where X (a + vb) = (a* + (v + 1)b?) X.

Theorem 25. R, s is a left R[X, 0]-module with respect to * in Equation (??).

Proof. Verifying that the required properties are satisfied over F,[X]/(X* — 1) is easy
since we do not have to deal with skewness. Verifying over R[X,0]/(X” — 1) is routine,

albeit tedious. It suffices to use the fact that # is a homomorphism with =1 = 6. O

We define skew cyclic codes to be left R[X, f]-submodule of
Rop = TF[X]/(X*—1) x R[X,0]/(X" —1).

This definition implies that the results are applied for any 5.

3.2 Generator Polynomials of [F,R-Skew Cyclic Codes

This section begins with a formal definition of an F, R-skew cyclic code and, then,
proposes a method to determine a generator polynomial of any F, R-skew cyclic code C'
in R, 3. We use a general notion of equivalence to say that two codes are equivalent if
one can be obtained from the other by a combination of the following operations: (a)
some composition of a permutation of the first o positions, a permutation of the last /3
positions, (b) multiplication of the scalars appearing in a chosen position by a nonzero

scalar, and (c) applying a ring (or field) automorphism to elements in a chosen position.

Definition 18. An F,R-linear code C of length n = o + (3 is said to be F,R-skew cyclic if,
for any codeword ¢ = (ag, a1, . ..,0n-1,b0,b1,...,bs_1) € C, its skew cyclic shift

Ty(c) :== (@a-1,C0; - - - s @a—2,0(bp_1),8(bo), - ..,0(bs—2)) is also in C.

Theorem 26. Let C be an F,R-skew cyclic code of length n = « + 3 such that (3 is an even
integer. Then C* is also an FyR-skew cyclic code of the same length.

Proof. 1t suffices to show that, for any x = (ag,ay,...,aa_1,b0,b1,...,b51) € C*+, we
have Ty(x) € C*. Lety = (do,dy, . ..,do_1,€0,€1,-..,e5_1) be any codeword in C. Then

we write (Ty(x),y) as

<(aa—17 ag, - -+, Ga—2, H(bﬁ—l)y Q(b()): KR e(bﬁ—Q))> (d07 dla s 7doc—17 €0,€1,- - 766—1)>

= U(aa_ldo —+ CLgd1 + ...+ (la_gda_l) + (8(1)5_1)60 + 0(()0)61 +...+ 8(65_2)65_1).
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Hence, one only needs to show that
aa_ldo + a0d1 + ...+ (la_gda_l = (0 and 9(()5_1)60 + Q(bo)el + ...+ 9(65_2)6,3_1 =0.

Now, let v := lem(a, $). Then 7 is an even integer since j is an even integer. Since
C' is F4R-skew cyclic, for any y € C we have T, (y) = y and T, '(y) € C. Hence,
(x,T; " (y)) = 0. Since T, '(y) = (di,...,do_1,do,0(e1),...,0(es_1),0(e0)), we then

obtain
a—1 B—1
v a5dii) mod a) + Y b 0 (€ 11) (mod 5)) = 0.
=0 =0

This implies

0= aa_ldo + a0d1 + a1d2 + ...+ aa_gda_l and

0 =bg_10(eg) + bob(e1) + b16(e2) + ... + bg_20(es-1).
Applying 6 to both sides of the last equation yields
6(0) = O(bg_1)eq + 0(bo)er + O(by)ea + ...+ 0(bs—2)es—1 =0,
completing the proof. O

Theorem 27. A code C' is F4R-skew cyclic if and only if C is a left R[X, §]-submodule of

R, 3 under the multiplication .

Proof. Let ¢(X) = (a(X),b(X)) be any codeword of an F, R-skew cyclic code C'. Hence,
(ag,ai,...,aq-1,b0,b1,...,bg_1) and all of it’s Ty-skew cyclic shifts are in C. We asso-
ciate, for each j € N, the polynomial

Xj * C(X) = (CLa_j + CLa_j+1X + ...+ (la_j_lXa_l,

07 (bs—j) + 67 (bs—j 1) X + ... + 6 (bs—;-1)X7)
with the vector
(Ga—js Gajits - s Qamjo1, 07 (D5—5), 07 (Dg—js1)s - - 07 (Dg—j-1))-

The indices of the first block (of length o) are taken modulo « and those of the second
block (of length ) are taken modulo 3. By the F4R-linearity of C, we have
r(X)*xc(X) € C for any r(X) € R[X,0]. Thus, C is a left R[X, #]-submodule of R, s.
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Conversely, let C be a left R[.X, f]-submodule of the left R[X, #]-module R, . Then,
for any ¢(X) € C, we have X7 x¢(X) € C for any j € N. Thus, C is indeed an F, R-skew

cyclic code. O

Let C be an F,R-skew cyclic code. Let ¢(X) = (a(X),b(X)) be an element in C.
Let /(X) be an element in F4[X]/(X* — 1). We use 0 to denote either the zero vector

(0,0,...,0) or the zero polynomial. Let
I:={b(X) e R[X,0]/(X’ 1) | ({(X),b(X)) € C, (X) € Fy[X]/(X*—1)} and
J :={a(X) € F4[X]/(X*—1) | (a(X),0) € C}.

The following results establish useful properties of the sets I and J

Lemma 14. J is an ideal in F4[X]/ (X — 1) generated by a divisor of X* — 1.

Proof. If a;(X) and a»(X) are in J, then (a;(X),0) and (a2(X), 0) are in C' by definition.
Hence, (a;(X),0)+ (a2(X),0) = (a1(X) +a2(X),0) € C, ensuring that a,(X) 4+ a2(X) €
J. Let s(X) € Fy[X]/(X*—1) and a(X) € J. Then (a(X),0) is in C. Because C' is a
left R[X, 6]-module, we have

s(X) * (a(X),0) = (s(X)a(X),0) € C = s(X)a(X) modulo (X*—1) € J.
Thus, J is an ideal in F4[X]/ (X — 1) generated by a divisor f(X) of X — 1. O
Lemma 15. [ is a principally generated left R[X, §]-submodule of R[X,0]/(X? —1).

Proof. Let b1(X) and by(X) be elements in /. Then there exist polynomials ¢;(X) and
l5(X) in Fy[X]/(X* — 1) such that (¢1(X),b1(X)), (¢2(X), b2(X)) € C. Hence,

(01(X), b1(X)) + (£2(X), 02(X)) = (41(X) + £o(X), b1 (X) + 02(X)) € C,

implying by (X) + by(X) € I. Let 7(X) € R[X,0]/(X”? — 1) and (¢(X),b(X)) € C. Since
C is a left R[X, #]-submodule of R, 3, we have

r(X) * (0(X),b(X)) = (n(r(X))¢(X) modulo (X* — 1),7(X)b(X) modulo (X* — 1))

in C, making r(X)b(X) modulo (X?—1) € I. Thus, I is a left submodule in R[X, 6] /(X" —
1) and, by Theorem ??, I = (g(X)) where

9(X) = vg1(X) + (v + D)gs(X). (3.9)

Our proof is now complete. O
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The following result classifies all F4 R-skew cyclic codes.

Theorem 28. Let g(X) be as defined in Equation (??). Let C be an F,R-skew cyclic code.
Then C'is generated as a left submodule of R, s by (f(X),0) and (¢(X), g(X)), where ¢(X)
is an element in Fy[X]/(X“ — 1) and f(X) divides X* — 1.

Proof. Let ¢ = (cy,cp) € C with ¢; € F¢ and ¢, € R°. Then ¢(X) € [ and we
write c»(X) = ¢(X)g(X) for some ¢(X) € R[X,0]/(X” — 1). There exists ((X) €
F4[X]/(X* — 1) such that (¢/(X), g(X)) € C, since g(X) € I. We have

c = (cq,¢) = (c1(X),0) + (0,9(X)g(X))

= (e1(X),0) + ¢(X) * ((((X), 9(X)) + (£(X), 0)).

Hence, (n(q(X))((X) + c1(X),0) € C, making n(q(X))¢(X) + ¢1(X) € J. By Lemma ??,
there exists p(X) € J satisfying n(q(X)){(X) + c1(X) = p(X)f(X). Thus, ¢(X) =
¢(X) * (((X), 9(X)) + (p(X) f(X), 0). [

Lemma 16. Let C be an F,R-skew cyclic code. Then, without loss of generality, we can

assume deg(¢(X)) < deg(f(X)), where f(X) is the divisor of X® — 1 as in Theorem ??.

Proof. Suppose that deg(¢(X)) — deg(f(X)) = k > 0. Consider the code D generated by
{(F(30), 0, (£0X), g(X)) +sX*# (F(X), 00} = {(F(X),0), (14(X), g(X))}, where £, (X) =
((X) + sX*f(X) for some s € Fy. Hence, D C C. On the other hand, (/(X),g(X)) =
(0(X),g(X))+sX*x(f(X),0)—sX"x(f(X),0). Hence, C C D, making C = D. Notice
here that deg(¢, (X)) < deg(¢(X)). We repeat the same process on ¢ (X) until we obtain
deg(£(X)) < deg(f(X)). 0

Theorem 29. An F,R-skew cyclic code is equivalent to an F4R-cyclic code if both o and /3

are odd integers.

Proof. Let C be an IF4 R-skew cyclic code and ~y := lem(a, #). Then ged(7,2) = 1 since v is
odd. Then there exist integers k£ and j such that v£+2;5 = 1. Hence, 2j = 1 —~vk = 1+,
for some ¢t > 0 where ¢t = —k (mod ~). As in Equation (??), let ¢(X) = (a(X),b(X)) €
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C. Then

a—1 B—

1 a—1 B—1
XY 4 co(X) = X2 (Z aiXi’ Z bin’) _ (Z aiXiHj, Z 92j(bi)Xi+2j)
=0 0 1=0 i=0

=

a—1 B5—1
— Z CLiXi+1+7t7 Z 92j<bi)Xi+1+’yt>
=0

1=0

a—2 B—2
_ Z aiXi+1+'yt + aalea+7t, Z biXiJrlJr'yt + bﬁlXﬁJr’yt)
=0 =0

a—2 £B—2
= (> aX T taa, ) X+ bﬁ_l) eC.

i=0 i=0

The second to the last equation is due to 6%(r) = r for all » € R, while the last equation
follows because X® = X? = X7 = 1. This shows that X% x ¢(X) is the cyclic shift of
c(X) over F4R. Thus, C' is cyclic. O

Theorem 30. An F,R-skew cyclic code is equivalent to an IF, R-quasi-cyclic code of index 2

if both o and 3 are even integers.

Proof. Let C be an [F,R-skew cyclic code, « = 2N, and § = 2M for some N, M € N.

Then v = lem(a, ) is an even integer with ged(~,2) = 2. For any

c=(app,001,---,aN-1,0 an—1,1 5 boo,bo1,---,br—1,0, by-11) € C

there exist integers £ > 0 and j such that 2 = 2 + k. Consider

T2+ (&0,07 ap,1y---,AN-1,0,AN-1,1, bo,o, 50,1, e ,bM—1,0, bM—1,1) =
Ty~ (aN—l,O; aN-1,15---,AN-20,AN-21, bM—l,Oa bM—l,l: cee bM—2,07 bM—2,1) =
(aNfl,O; aN-1,15---,AN-2,0, AN—-21, bel,o, be1,1, ce e bez,oy bM72,1> € C,

since Tyr (c) = c for any ¢ € F{RP. Thus, C is equivalent to an F4R-quasi cyclic code of

length n = o + ( and index 2. O

3.3 The Gray Mapping

The classical Gray mapping ¢* : R — F? is defined by ¢*(a + vb) = (a + b, a) for any

a+vb € R. The Lee weight of any element in R is the Hamming weight of its image under
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¢*. This map extends naturally to vectors in R". For any x = (xg, z1,...,%4—1) € F{ and

y = (Yo,y1,---,ys_1) € R, the Gray map over F,R is defined by
¢ : F{R — F{™ sending (x,y) — (x, ¢*(y))-

The map ¢ is an isometry which transforms the Lee distance in F¢R® to the Hamming
distance in F{"*. For any F,R-linear code C, the code ¢(C) is F,-linear. Furthermore,
we have

wt(x,y) = wtg(x) + wtL(y) (3.10)
where wt(x) is the Hamming weight of x and wt, (y) is the Lee weight of y.

Theorem 31. Let C be a self-orthogonal F,R-linear code under the inner product defined

in Equation (??). Then ¢(C) is a Euclidean self-orthogonal code over F,.

Proof. It suffices to show that the Gray images of codewords are Euclidean orthogonal
whenever the codewords are orthogonal. Let C' be a self-orthogonal 4 R-linear code of
length o + 3. Let v = (a,b +vc),w = (d,u+ vs) € F§ x R? be codewords in C' with

a,d € F§ and b,c,u,s € ]Ff. Then, by Equation (??),
(v,w)=v(a-d)+b-u+v(b-s+c-u+c-s)=0+0 € R.

Hence,b-u=0anda-d+b-s+c-u+c-s = 0. Since ¢(v) = (a,b + c,b) and
¢(w) = (d,u+s,u), one gets

¢(v)-¢p(w)=a-d+b-u+b-s+c-u+c-s+b-u=0.
Therefore, the code ¢(C') is Euclidean self-orthogonal. O]
Theorem 32. Let C be an F,R-skew cyclic code of length n = o + (5. Then,

»(C) = Cy® Cy ® Cy, where Cy is a cyclic code of length o in Fy[X]/(X* — 1) and both C}
2

and Cs are skew cyclic codes of length 3 in R[X, 6]/ (X? —1). Moreover, |¢(C)| = HlCi\.

i=0
Proof. From {x = (ag,ay,...,aa-1,b0 + vco,by + vy, ... bg_1 + veg_y) : x € C}, we

construct the codes

Co :={(ao,a1,...,a0-1)},Cr :={(bo +co,b1 +c1,...,bg_1 + 1)},
and 02 = {(bo, bl, R ,bﬁ_l)}.
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A codeword u := (ag, ay,...,a,—1) € Cy corresponds to a codeword
x = (ag, a1, . .., Ga-1,bo + vco, by +vey, ... bg_1 +vegy) € C.
Since C'is an F,R-skew cyclic code, we know that 7y(x) is given by
(@a—1,00,0a1, ..., 00—2,0(bg—1 +vcg_1),0(bo + vCo), ..., 0(bg—a + veg_2)) € C.

Hence, (ay_1, 00,01, -.,0q4_2) € Cy. This implies that Cj is a cyclic code of length « in
Fy[X]/(X*> —1).

The proof that both C; and C, are skew cyclic codes of length 3 in R[X]/(X? — 1)
follows the same line of argument. Thus, ¢(C) = Co@C,®C; and |¢(C)| = [[7_,|Ci|. O

Lemma 17. Let C' = ((f(X),0),(0,g(X))) be an F,R-skew cyclic code with {(X) := 0.
Then C' = C; ® Cy where C is a skew cyclic code over F4 and C5 is a skew cyclic code over

R.

Proof. Note that ¢ = (¢, cy) € C'if and only if ¢; = ¢, f(X) and ¢y = ¢29(X) if and only
ifc; € Cy = (f(X))and ¢y € Cy = (¢9(X)) if and only if C' = C; ® Cy where C; = (f(X))
and ¢y € Cy = (g(X)). O

Lemma 18. Let C = () ® Cs where C; is an Fy-skew cyclic Euclidean self-orthogonal
code and C5 is an R-skew cyclic self-orthogonal code over R. Then C'is a self-orthogonal

F4 R-skew cyclic code.

Proof. Suppose C; C C+ and C; C C4. Let c = (¢, ¢;) € C and u = (c3,¢4) € C. Then
ci,c3 € Cp = (f(X)) and ca,¢q4 € Cy = (g(X)). This implies that ¢; - ¢c3 = 0 € F, and

(c2,¢4) = 0 € R. Hence,
(c,u) =v(cy - c3) + (cg,cq) =v-0+0=0.
Therefore, C' C O+, i.e., the F,R-skew cyclic code C is self-orthogonal. O

Note that the converse does not hold. In fact, C*+ # Cj ® Cy in general. For an
example, consider the following C' := C; ® C, € F{R3. Let C, be the Fy-skew cyclic
codes with parameters [6,3,4], generated by w + w?X + w?*X? + X3. This codes is

not self-dual although the dual, under the usual Euclidean inner product over F,, has
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the same parameters [6, 3,4],. The standard generator and parity check matrices are,

respectively,
1 00 w w w 1 00 w w w?
Go,=10 10 w w? w|andHe,=|0 1 0 w? w w?
001 w w w? 00 1 w? w?> w

For C3, we use the R-skew cyclic code generated by X + (w + v). As an R-code, its
standard generator and parity check matrices are, respectively,
1 0 w?+w

Ge, = andH02=<w2+v w4 v 1)-
01 w+Hw

Notice that z = (1,0, 0, w?, w, w, w?v, v, wv) is a codeword in C{ ®Cy and y = (w, w? w? 1,0,0, w+

v,v,wv) is a codeword in C, but x ¢ C*, since

5 2
(x,y) = UZ%?JMLZ%% =0v #0.
i=0 =0

3.4 [FF,-Codes with Good Parameters from F,R-Skew Cyclic Codes

This section highlights several ways of obtaining F,-linear codes with good parame-
ters from F, R-skew cyclic codes.

First, we consider the case of & = 0. This yields skew cyclic codes over R. We start
by finding a divisor gs(X) of X” —1 in the skew polynomial ring R[X, §]. Then the skew

cyclic code Cj over R has a generator matrix

9(X) g

o Xg.(X) _ Tng)

Xt 1g(X) ;7\ (g)
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where k£ =  — deg(g(X)) is the dimension of Cs. Its Gray image is an F,-linear code of

length 25 and dimension 2k with a generator matrix

¢(g)
o(To(g))
o(Ty () Glup
() I - =---1. (3.11)
p(vg) Gio
¢(Ty(vg))

S(1; (vg))
Note that G,, and G,,, individually, generate linear codes over [, of length 25. There

are some optimal codes that can be obtained in this way.

Example 8. For 3 = 6, the polynomial g(X) = X? + w?X? + w?X + w divides X# — 1
in R[X,0]. The matrix G,,, obtained from g(X), generates a [12,3, 8], quasi-cyclic code,
which is optimal according to the Grassl table ?. Moreover, checking the online database ?,
we see that it is a new code among the class of quasi-cyclic codes. Table ?? includes a few

more examples of optimal [, codes of length 2..

TABLE 3.1

Examples of Optimal [F4-Linear Codes from G,

No. Parameters g¢(X) € R[X, 0] Remark

1 [6,2,4]4 X+ (v+w)
8,2, 6]4 X2+ wX +w New as a QC code
(10,2, 8]4 X3+ (w+w)X?+ (v+w)X +1

[10,3,6]s,  X*+ (v+wH)X +1

g A W DN

(12,3, 8]4 X3+ w?X?2 +w?X +w New as a QC code

A number of high-rate optimal linear codes over F, from skew cyclic codes over R
(that is, & = 0) can be constructed from the full matrix ¢(G) in Equation (??). Table ??

provides a representative subset of such codes, each of length 2.
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TABLE 3.2

Examples of Optimal F-Linear Codes from ¢(G)

No. Parameter ¢(X) € R[X,0] | No. Parameter ¢(X) € R[X,¥0]

1 [8,6,2, X+ w? [16,14,2], X + w?

[10,8,2; X +1 [18,16,2]; X + v+ w?

5
6

[12,10,2]s X +w 7 [20,18,2]s X + w?
8

WD

[14,12,2), X +1 30,28,2] X + v+ w?

Finally, for o # 0 and § # 0, to maximize the minimum distance of the image of an
[F4 R skew cyclic code, one can consider codes with generators of the form (g,(X), g3(X))
where g¢,(X) divides X* — 1 over F, and gs(X) divides X? — 1 in R[X, 0] such that
a —deg gq(X) = 2(8 — deg gs(X)). This ensures that the dimension of the cyclic code
over F, generated by ¢,(X) is equal to the dimension of the Gray (F,)-image of the
skew cyclic code over R generated by ¢gz(X). A generator matrix of the Gray image is
of the form

(Gulo(@)
where G, is the circulant matrix obtained from g,(X), i.e., the standard generator of
the cyclic code generated by g,(X), and ¢(G) is as in Equation (??). Moreover, the
ranks of these two matrices are the same.

The main advantage of this construction is to enable us to find codes with min-
imum distances much higher than what we would have gotten from the direct sum
construction in Theorem ??. The codes in Table ?? have minimum distances that are
within 2 to 4 units of the minimum distances of the comparable best-known linear
codes in ?. We present the polynomials in a compact form by listing the coefficients
in the decreasing order of exponents. In Entry 1, for example, [lww?*w?w?| stands for
X+ wX3 +w?X? +w?X +w?. For brevity, since a cyclic code can also be defined by its
check polynomial ~(X) := (X" —1)/g(X), we give the check polynomial £, (X), instead
of g, (X), whenever deg(h,(X)) < deg(ga(X)).

We have thus shown that there are several possible ways to construct good quater-

nary codes via skew cyclic codes over F,R.
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TABLE 3.3

Examples of F-Linear Codes with Good Parameters

No. a [ h, 93 Parameters

1 10 5 [lwwl] [1(v +w)(v+w)l] [20,4,9],

2 15 3 [lww?w’w?] [1(v+w?)] 21,4,12),
3 17 3 [llwll] [1(v + w)] 23,4, 14],
4 15 5 [lww?w?w?] [L(v+w)(v+w)l] [25,4,14]
5 30 3 [lwww?w? [1(v+w)] 36, 4, 22],
6 34 3 [llwll] [11] 40, 4,26,
7 45 3 [lww*w?w? [1(v+w)] [51,4,32],
8 51 3 [llwll] [1(v + w?)] (57,4, 38,
9 63 3 [10w?lw?]  [l(v+w)] 69, 4,49],

3.5 DNA Skew Cyclic Code over [, R

The encoding and decoding systems to store or transfer information or data by mim-
icking DNA sequences are known collectively as DNA codes. The strands, i.e., DNA
strings, are preferred to be short to make the synthesis easy and cheap. They must,
however, satisfy numerous constraints to be useful for applications. The two most com-
mon applications are as basic tools for biomolecular computation and as biomolecular
barcoding-tagging system to identify and manipulate individual molecules in complex
libraries.

Numerous approaches to DNA codes have been extensively investigated. A recent
addition to several surveys that have appeared in the literature is the work of Lim-
bachiya et alin ?. Tools from algebraic coding theory, both from finite fields as well as
rings, have been fruitfully used since the inception. A relatively early work by Marathe
et alin ? discussed important design criteria and bounds derived from error-correcting
codes. We continue on this line of studies by constructing F, R-DNA skew cyclic codes.

The Watson-Crick complement of a strand is the strand obtained by replacing each A
by T and vice versa, and each G by C and vice versa. One writes A =T, T = A, C = G,

and G = C. Let x = (x1,79,...,2,) and y = (y1,¥s,...,y,) be distinct codewords in
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a DNA code D. The reverse of x is xrev = (2, Tn_1,...,21). The complement of x is
x¢ = (71,73, . .., Tn). Hence, Xfoy = (Tn, Tn_1, . . ., T1) is the reverse complement of x.
The process in which a strand and its complement bound to form a double-helix is
known as hybridization. Constraints on the codewords in a DNA code are imposed to
avoid it. Let D be a DNA code of fixed length n, cardinality //, and minimum distance

d. Then the constraints on the Hamming distances
wty(x,y) > d and wty(x®, yrev) > d for all x,y € D (3.12)

are imposed to prevent hybridization between any two strands as well as between a
strand and the reverse of any other strand. A reverse-complement DNA code D has pa-
rameters (n, M, d), that satisfies Equation (??).

Abualrub et alstudied F4-DNA codes of odd lengths in ?, using the bijection between
the set of DNA alphabets {A,T,C,G} and F, := {0, 1, w,w?}, in that respective ordering.
They also established that any F,-cyclic code with generator polynomial f(X) is reverse-
complement if and only if f(X) € F,[X] is a self-reciprocal polynomial, i.e., f(X) =
Xdeg(f(X)) . £(X 1), which is not divisible by X — 1 in (?, Theorem 11).

We now extend their bijection to a bijection between the elements of R and the 16
DNA codons in {A,C,G,T}?. Let a := a; + vb; € R, with a;,b; € F4. The complement a
of a is given by

a:=a+v=a; +v(b+1). (3.13)

The next lemma follows immediately from the definition.

Lemma 19. For all a,b € R, we have

a+b=a+b+v, (v+1)a=(v+1)a+ v, and va = va.

The bijection that we use here can be explicitly given as a list.

a € R Basepairs @& R Base pairs a€ R Basepairs a€ R Base pairs
0 AR v TT 1+ vw? CG 1+ vw GC
1 TA 1+ AT w? 4+ vw? AG w? 4 vw TC
w CA w+v GT vw? GG vw cC
w? GA w? + v CT w + vw? TG w + vw AC

Definition 19. An R-linear code C of length (3 is called DNA-skew cyclic if
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1. The code C'is R-skew cyclic of length f.
2. For any codeword x € C, X # Xfpy With X§e,, € C.
We adopt the following definition of reciprocal polynomials.

Definition 20. Let f(X) = Z a; X" be a polynomial in R[X,0]. The reciprocal polynomial
of f(X) is the polynomial f*( ) given by

FAX) = (fX) =X (X)) =) 0%a) X =D 0%(aai) X" (3.14)
=0 i=0
If f(X) = f*(X), then f(X) is skew self-reciprocal.

Lemma 20. Let f(X),g(X) € R[X, 0], with a = deg(f(X)) > deg(g(X)) = . Then the

following assertions hold.

1. The reciprocal of f(X) - g(X) is given by

) gy = R g s

O(f*(X)) - g*(X) if fis odd.

2. (f(X)+g(X)) = f(X) + X7 g*(X).

a B
Proof. Let f(X) = Y a; X" and g(X) = Y b; X7 be polynomials in R[X, 6] with a > p.

i=0 =0
Then,

™

f(X)- i > ait (b) X

=0 5=0

To prove the first assertion, we use Equation (??) to obtain

o« B
(f(X) - g(X)) = Z Z 0o (a;) o8 (b,) X o+Bi~d

07 (ag_i) 07T (bg_;) X . (3.16)

Mm

i=0 j=0

On the other hand, applying Equation (??) on f(X) and g(X), we get

o 8
Fr(X)-g"(X) = (Z HQ(%z)Xi) (Z Gﬁ(bﬂj)XJ)

o

B
Z (aai) 0P (bg_;) XH. (3.17)
j=0
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Since # has order 2, the expression in Equations (??) and (??) are equal when f is even.

When £ is odd, we can write the expression in Equation (??) as

a B
DD 0 () 07 (b )X = O(F(X)) - g ().
i=0 j=0
To prove the second assertion, we use Equation (??) to write

0% (a; + b)) X7+ 6%(a:) X" =
i=p

o B
D 0% (a0—) X1+ Y 0%(ba_) X7 = fH(X) + X7F . g*(X).
i=0 j=0

(f(X) +9(X))" =

.
I Mm
o

Example 9. Given f(X) =X + 1and g(X) = X +vin R[X, 0], we have
(f(X) - g(X)" =vX? +vX +1=0O(f*(X))  g"(X).

A code is reversible complement if cfey € C for any ¢ € C. The next theorem

characterizes reversible complement R-skew cyclic codes.

Theorem 33. Let g,(X) and go(X) divide X? — 1 in F4[X]. Let C = {g(X)) be R-skew
cyclic of odd length 3 with g(X) = vg1(X)+ (v+1)g2(X). Then C'is reversible complement
if and only if g(X) is skew self-reciprocal and v(X® —1)/(X — 1) € C.

Proof. Let g(X) = vg1(X) + (v + 1)g2(X) and C' = (g(X)) be an R-skew cyclic code
of odd length 5. Suppose that C' is reversible complement. Since 0 € C, we have
(0,0,...,0) = (v,v,...,v) =v(X? = 1)/(X — 1) € C. Let

gl(X) =g+nX+...+ gt_lXt_l + X' and
92(X> =hot+hX+...+ hkilxkfl + Xk’

where t < k. Then

9(X) = vg1(X) + (v +1)g2(X)
= (vgo + (v + 1)ho) + (vg1 + (v +1)h) X + . ..
+ (vgi1 + (v + Dhe ) X+ (v + (v + 1)hy) X*

+ (v + Dht X 4 (v + Dy X (0 4+ 1) XE
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Since C' is reversible complement, it contains

Gev(X) =v(l+ X 4+ ...+ X2 4 (v + DX 4 (v 4 1)y XOF

oo+ (O DR X2 (04 (v 4 1)k X!

+ (g1 + (v + D)X 4 (vgr + (v + 1)hy) X2

+ (vgo + (v + 1)hg) X1,
Using Lemma ?? we can write

Grev(X) =v(1+ X + ...+ X7 4 (v+ DX 4 (v + 1)hy XPF
o WA DR X2 o X (0 DR X XA
+ G X7 4 (v Dhe  XP X P b g XA

+ (v + DM X2 022 + 050X+ (0 + Dho XP71 40X P71
Because C' is R-linear, géey(X) + v(X? —1)/(X — 1) € C. This implies

grev(X) +v(XP —1)/(X — 1) =
((v

D4 0) X7 (v + Dy +0) XPF 4+

+
(W + Dl +0)XP72 4 (G 0) XA (0 4 Dhy +0) X1+

((v
@G+ 0) X7+ (0 + Dhyy +0) X7+ (o + o) X2
(

(0 + Dhy +0) X2 + (g5 + 0) X+ (v + 1) ho 4+ v) X1,
By Equation (??) we can write

(U + 1)Xf8*k—1 + (U + 1)hk,1Xf87k + ...+ (U + 1)ht+1Xﬁft72_|_
vXP o (0 DR XTI X (04 D X

v XP2 4 (0 + D XP2 4 ugo X+ (v 4 Dhe X!
as

(’U + 1)Xﬁ_k—1 + (U + 1)hk_1X5—/€ 4.+ (’U + 1)ht+1Xﬁ_t_2+
(v+ (v+Dh)X 7+ (g1 + (0 + D) X7 4+

(vgr + (v + 1)h1)Xﬁ’2 + (vgo + (v + 1)hO)X'B’1.
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Multiplying on the left by X*+1-# we obtain

0F(v4+1) + 0% (v + Dhe— ) X + ...+ 05((v + 1)k ) X
+ 08 (v 4 (v + Dh) X+ 0% (wgy + 05 (v + Dby ) X 4

+ 05 (vgy + (v + 1)h) X + 0% (vgo + (v + 1)ho) X"

Hence, ¢*(X) € C. Since C' = (g(X)), there exists ¢(X) € R[X, 0] such that ¢*(X) =
q(X) - g(X), which implies deg(g*(X)) = deg(¢(X)) and ¢(X) = 1. Thus, ¢*(X) = g(X),
as required.

Conversely, let C' = (g(X)) be an R-skew cyclic code of length 3 generated by g(X) =
vg1(X) + (v + 1)g2(X), where ¢;(X) and go(X) are two divisors of X? — 1 in F,[X].
Let ¢(X) = o+ 1 X + ... + xX* € C, then there exists ¢(X) € R[X, 6] such that
c¢(X) =q(X)-g(X). By Lemma ??, ¢*(X) = ¢*(X)-g*(X). Since C is skew self-reciprocal,
(X)) =q"(X)-g(X) € Cfor any ¢(X) € C. We have

(X)) = 0%(cp) + 0 (cro1) X + ...+ 0%(co) X" € C.

Hence,

v(XP—1)/(X -1 =v(l+...+ X HeC.
Since C'is R-linear,
XL (X)) +o(XP - 1) /(X —1) =
v A XPTR (e 4 0) XPTR L (g 4+ 0) XL
By Equation (??),
VA v XPTR XA X = (X)) ey € O
This concludes the proof. O

The theorem that we have just proved leads us from R-skew cyclic codes to the
definition and subsequent characterization of [F4R-skew cyclic codes in the context of

DNA coding.
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Definition 21. An F4R-linear code C' is DNA-skew cyclic if the following conditions hold.

1. C'is an FyR-skew cyclic code, i.e., C'is an R-left submodule of

FIX]/(X*—1) x R[X,0]/ (X" —1).
2. Any codeword c = (cy,c3) € C and its reverse complement

Ccrey = ((€1)Fev, (C2)Fey) € C
are distinct.
The characterization of reverse complement codes over F, R can now be established.

Theorem 34. Let C' = ((f(X),0), (0, g(X)) be an F4R-skew cyclic code. Note that {(X) :=
0 and C = C; ® Oy, with C; an Fy-cyclic code and Cy an R-skew cyclic code. Then C is
reversible complement if and only if C; and C; are reversible complement over F, and R,

respectively.

Proof. Let C be an 4 R-skew cyclic code generated by (f(X),0) and (0, g(X)). Lemma ??
shows how to find C' = C;®Cs. Let ¢ = (¢, ¢s) € C = C1®Cy with ¢y € C and ¢, € Cs.
Suppose that C; and C, are reversible complement over [, and R, respectively. Then

we have (c;)fey € C1 and (c2)gey € Co. Thus,

((c1)fev; (C2)tev) = Crev € C1 ® Cy = C.

Conversely, let ¢c; € C; and ¢, € C5. Then ¢ = (cy,¢cy) € C. If C is reversible

complement, then

crev = ((c1)fev, (C2)tey) € C = C1 @ Cy.

This implies ¢ ey € C1 and ¢ rey € Cy, as required. O

The presented results are publish in International Journal. See ?.
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3.6 Conclusion

In this thesis, in chapter 2 we have presented the generator matrices of linear codes
over 4R and those of their dual codes. This is a salient step in determining the pa-
rameters of such codes. As computational tools, the matrices can be used to search
for, or otherwise rule out the existence of, codes with specified parameter sets. Future
classification effort is likely to benefit as well. Towards the end, we established the
MacWilliams identity for linear codes over F,R.

Also, in chapter 3, we have presented our study on skew cyclic codes over the ring
F,R. Their algebraic structure as left submodules of a skew-polynomial ring is inves-
tigated, resulting in the identification of their generators. We have shown that, under
some simple conditions on their length, they are equivalent to cyclic or 2-quasi-cyclic
codes over the same ring. We supplied several ways of obtaining F,-linear codes with
good parameters as images of [F, R-skew cyclic codes under the Gray mapping.

Finally, In terms of practical applications, we are currently looking into DNA computing,
we have demonstrated how this setup leads naturally to DNA codes and proved a condi-
tion on the associated generator polynomial of an [F, R-skew cyclic code that guarantees
the code to be reversible complement. One of the interesting questions to explore in
this topic is to find out whether the class of codes that we propose here contains codes
with better relative minimum distances or sizes than known DNA codes. Usage as DNA
codes, which are encoding and decoding systems to store or transfer information by
mimicking DNA sequences. They are commonly used in biomolecular computation and

as biomolecular barcoding system.
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