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INTRODUCTION

Our study is in the framework of the nonlinear differential equations with boundary condi-
tions. The mathematical models try to reproduce in quantitative mode the experimental
observations and make qualitatively possible to describe certain phenomena such as for
example the transmission of information at the neural level. A neuron is an electrically
active cell and its activity is manifested by the emission of variation in its membrane
potential, called the action potential. The action potential results from intermembrane
currents mainly made up of sodium ions and potassium ions. In 1952 A.LL Hodgkin and
A F. Huxley developed a mathematical model which describes the initiation and the prop-
agation of action potential. The Hodgkin and Huxley model is represented by a system
of four equations with four unknowns which are the action potential, the activation func-
tion of potassium current, the activation function of sodium current and a variable which
measures the inactivation of the sodium current. For more information in this subject,
see [33, 57]. This model consists in reproducing the different behaviors of the action
potential observed experimentally. Hodgkin and Huxley have obtained a solution by the
numerical Euler’s method. Many research led to the reduction of the number of variables
and the one of the most famous reduced models is the FitzHugh-Nagumo (1961) model,
with only two dimension. The scientist’s goal is to establish a rigorous mathematical link
between mathematical solving tools and the activity in a neuron through a model which
reproduces the activity of a neuron to predict anomalies. As an example, Danziger and

Elemergreen (see [31] p.133) have obtained the third-order linear differential equations:
sl + g’ + a0+ (1 4+ k)f =ke, 6 <c and

a0 + a0 + a0 +0=ke, 0>c
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These equations describe the variation of thyroid hormone with time. Here 6 = 6(t) is
the concentration of thyroid hormone at time ¢ and as, as, a1, k and ¢ are constants. One
of the reduced models of Hodgkin and Huxley model is that of Nagumo, he suggested a

class of the third-order differential equations
n 1 ! / b
u" —cu + fl(u)u’ — -u=0.
c
And in the field of physical phenomena, we will quote the Kuramoto-Sivashinsky equation

1 2

which is introduced to describe pattern formulation in reaction-diffusion systems and to
model the instability of flame front propagation ( see Y.Kuramoto and T.Yamada [46] and
D.Michelson [52]). A traveling wave solutions u = ¢(z — ct) satisfies, after one integration,

the third-order equation
A" (x) + ¢'(x) + f(¢) =0,

where A is a parameter and f is an even function. A three-layered beam is formed from
parallel layers of different materials. For a loaded beam of this type, Krajcinovic in [44]

has proved that the vector u is governed by the third-differential equation
—u"’+k2u’ —a

where k£ and a are the physical parameters which depend on the elasticity of the layers.
Study of existence of positive solutions for third-order bvps has received a great deal of
attention and was the subject of many articles, see, for instance, [29, 30, 32, 38, 37, 50, 58,
61, 65, 66, 67, 72|, for third-order bvps posed on finite intervals and |1, 7, 16, 24, 25, 26,
27, 41, 43, 48, 49, 55, 60| for such bvp’s posed on the half-line. Our goal in this work is to
explain how the Hypothesis we have imposed on the nonlinearity term could have led to
solve the third-order value problem in each of cases we studied with the same boundary
conditions. For this, we divide our work in four chapters.

The first Chapter is devoted for the needed background, where we recall some basic
facts of fixed point theory in cones, from the reminder of cones and properties, the posi-

tivity and compactness of operators, the spectral theory which we exhibit the importance
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of the first eigenvalue to the fixed point theorems to the bounded value problems under
different conditions on the nonlinear operator.

In Chapter 2, we consider the problem

—u"(t) + E*/(t) = f(t,u(t)), t >0 0
u(0) = u/(0) = u/(4+00) = 0,
where f : RT x Rt — R" is continuous. We use the technique of Strongly Index-Jump
Property(SIJP for short) developed in [10], to prove under eigenvalue criteria existence
and non existence of positive solution to the bvp (1), (see Theorems 1.2, 1.3 and 1.4 in
[13]). More precisely, we first begin by proving in Proposition 1.1 in [13] existence of
the positive eigenvalue p of the linear problem associated to the bvp (1) under a suitable

hypothesis. To prove the solvability results, namely Theorems 1.3 and 1.4 to the fixed

point equation, we assume that the nonlinearity f is controlled by the limits

Y T g(t, pi(H)u) T - g(t,pi(t)u)
%Ag) = lmeup (I?%X pit)a(t)u ) -+ 9l0) =T nf (rggl pi(t)q(t)u ) !

with respect to the positive eigenvalue p, this leads to assumptions of Theorems 1.19 and

1.20 cited in Abstract background. In Theorem 1.2 in [13] we prove that bvp (1) has
no solution. Particularly, we prove that depending on whether f takes a particular form
given in Corollaries 1.5, 1.6 and 1.7, the nonexistence and existence of a positive solution.
We use the main tool which is the SIJP of the positive compact operator to prove the
existence of a positive solution to the bvp (1) in the Theorems cited above. Also, the
additional interest in this work is to demonstrate under which condition, the problem (1)
has the positive and bounded solution. We give an example of a nonlinearity f which
satisfies the assumptions of the Theorems 1.3 and 1.4 and we discuss the different cases
of obtaining a bounded solution and an unbounded solution.

In Chapter 3, we consider the case where the nonlinearity is positive and additionally

depends on the derivative of the solution u. Namely, we consider the problem
—u"(t) + k() = ¢(t) f (£, u(t), W' (1)), ¢t >0 @
u(0) = u/(0) = v/ (+00) =0,

where ¢ € L'(0,+00) and doesn’t vanish identically on (0,00) and the function f :

R* x (0,400) x (0,4+00) — R* may be singular at u = 0 and v’ = 0. Naturally, in such
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boundary value problems, the nonlinearity may have a singular dependence on time or
on the space variable. This was the case in the papers [8, 24, 25, 26, 49, 50, 61, 65, 66],
which motivated this work. We use the Theorem "Fixed point theorem of cone expansion
and compression" under conditions (6) in [11] about the nonlinearity f to prove existence
of a positive solution to the bvp (2) (see Theorem 1 in [11]). We give a detail in Remark
1 in [11] to explain why we impose the two conditions separately on the limit and the
integral on the function ¢. Also the polynomial growth condition on f given in Remark 2,
is the particular case where condition (6) is satisfied. About Remark 3 in [11], we prove
that the integral of ¢ is finite. This result plays a role in the proof of the main Theorem
in [11]. To illustrate our results, we give an example where the functions f and ¢ verify
conditions of Theorem 1 and we tack under the calculations at the existence of a positive
solution to the bvp (2). We complete this chapter by some comments at first by proving
that our positive solution of the problem (2) is bounded and in other hand we discuss
the possibility to find constants in order to optimize the interval of location of the limits

respectively

o qm TGwet) e S ey
[(w,2)|—0 w—+ z [(w,2)|—o0 w—+ z

with as a reminder that we have found the constants which represent the bounds of these
limits, are important to achieve existence of a positive solution for the problem (2).

In Chapter 4, we investigate the existence of a positive solution to the singular problem

—u"(t) + K2/ (t) = f(t,u(t),u/'(t), t >0
u(0) = u/(0) = v/ (+00) =0,

(3)

where the function f : (0, 4+00) x (0,+00) x (0,4+00) — R is a Carathéodory function,
that is
e f(.,u,v) is mesurable function for all u,v € I(I := (0, 4+00), and

e f(t,.,.) is continuous for a.e. t € I,

semipositone and may be singular at ¢t = 0,4 = 0 and «' = 0. We use the Theorem 1.1

in [12]) namely the "Fixed point theorem of cone expansion and compression" to prove
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under a suitable Hypothesis of the nonlinearity f the existence of a positive solution to
the bvp (3) (see Theorem 3.1 in [12]). We prove by the two Lemmas 2.3 and 2.4 the
existence of the radii of the open bounded sets of the Banach space which are necessary
to use the Theorem 1.1 in [12]), and by the Lemma 1.4 we demonstrate that the solution
is positive and bounded. We prove that the bvp (3) admits a positive solution in the
Corollary 3.1 under suitable Hypothesis which permit us to use the Theorem 3.1. To
illustrate our results, we build an example and proved that Hypothesis in Corollary 3.1
are the sufficient conditions to demonstrate that the bvp (3) with a given nonlinearity f
admits a positive solution with k large enough and a special radius R.

This thesis is ended by a conclusion.



Chapter 1

Abstract background

1.1 Preliminaries

1.1.1 Compactness

First, recall some basic facts of compactness whose importance will be seen throughout

this work.

Definition 1.1. Let E be a topological space. A subset M C E is called compact if every
open covering of M has an finite covering, i.e., if M C |J,c; Vi, where V; is an open subset

of E for all i € I, then there exist i; € 1,7 =1,2,...,k, such that M C U§:1 Vi,

In case of a normed space E, M C E is compact if every sequence (x,) C M has a
convergent subsequence with limit in M.

Let us recall by way of example the subsets in R which are compact.
Example 1.1.
A subset A C R is compact if and only if it is closed and bounded.
Therefore, R is not compact because not bounded.
Definition 1.2. M is called relatively compact if M is compact.

In what follows, we consider £ and F' are Banach spaces and {2 a subset of E.
In general, an application which maps bounded sets into relatively compact sets is not

necessarily continuous, hence the following definitions.

9
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Definition 1.3 ([21]). Let T : Q — F. T is said to be compact if it is continuous and

such that T(Q) is relatively compact.

Definition 1.4. Let T : Q) — F'. T 1s said to be completely continuous if it is continuous

and maps bounded subsets of €2 into relatively compact sets.
Theorem 1.1. If M is a compact set of E, then Id : M — M s compact.

In other words, M is compact if and only if I'd : M — M is compact map. This
equivalence shows that the notion of compactness joins the sets and maps.

It is well known that if L : E — F'is a linear operator, then L is continuous if and
only if L is bounded.

We have grouped together some assertions in the following Remark which connects

the definitions of the compactness cited above .

Remark 1.1. Let T : Q — E an operator.

1. If T is compact, then T is completely continuous.

2. If T is a linear operator and maps bounded subsets of ) into relatively compact sets
then T is continuous.

3. If T is a linear compact operator then T is continuous.

4. If T 1s a linear operator, the two concepts compactness and completely continuous
coincide.

5. If Q) is a bounded subset of E, T is compact then T 1is completely continuous and

vice versa.

Remark that the compact subsets in £ with dim £ = oo are scarce or rare, hence the
interest of the compactness criteria that we will state in the following Theorems which
are based on the two notions of equicontinuity and equiconvergence. These are Cesar
Arzela and Giulio Ascoli who introduced the notion of equicontinuity in the late 19th.
The equicontinuity of a family of continuous functions is certainly important to prove
these Theorems, this is why we recall here the Definition of this notion and we continue

with Remarks.
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Let (E,d) a compact metric space, F' a Banach space and denote by C(E, F) the

Banach space of continuous functions f from E to F, endowed with the norm:

11l = sup [l f (@) ¢
el

and let H the subset of C(E, F).
Let’s look now from a topological point of view the definition of equicontinuity of H

before stating it in metric space to avoid confusion with the well-known continuity notion.
Definition 1.5. H s said to be equicontinuous at a point xy in E if,
Ve > 0,30, € V(z),Vx € E,

(r e U.= f(x) € B(f(x0),€)),Vf € H.

H is equicontinuous if it is equicontinuous at every point xo € FE, where V(xg) is the

neighborhood of xg.

Note that continuity of the function f at xy means that given f and given € > 0, there
exists a neighborhood U of xy such that || f(z) — f(z0)|| < € for z € U. Equicontinuity of
H means that a single neighborhood U can be chosen that will work for all the functions

feH.

Remark 1.2. H is equicontinuous if and only if (it is uniformly equicontinuous) :
Ve >0, 30, Vz,yeF,

|z —yll <o =[f(x) = fW)llr <€), VfeH

Counterexample: The sequence of functions f,(z) = arctan(nz), is not equicontin-

uous because the definition is violated at z¢y = 0.

The Ascoli-Arzela Theorem which we will state hereafter, is a fundamental result of
mathematical analysis to prove the compactness of subsets of C'(E, F'). This Theorem
characterize the relatively compact sets of continuous functions space from a compact
space to a metric space. The equicontinuity of the family of functions is the main condition
in this Theorem which is the basis of many proofs for instance the ordinary differential

equations theory.
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Theorem 1.2 (Ascoli-Arzela’s Theorem|28|). A subset H of C(E,F) is relatively
compact if and only if
(1)H is equicontinuous,

(2)Vx € E, the set H(x) = {f(z), f € H} is relatively compact.

Example 1.2. Set f,(t) = sin(nz),x € [0,27] and H = {f.(.) : n € N}. Then H is
bounded; however it is not equicontinuous in C([0,2x],R) (for this, consider the sequence
Ty, = T+ %) Hence H s not relatively compact, i.e. we cannot extract a convergent

subsequence.

Denote by Cy(R,R) the vector space of all bounded and continuous functions defined

on R, Ci([te, T),R™) the space of all continuous maps from [ty,T") to R™ such that

lim =27 € R"
t—T

and the subset C; of Cp(R, R), where

C = {u € C(R,R): lim wu(?) exist}.

t—=to0
To the question of the compactness of a subset H of C)([to, T'), R™), first, the idea was to
identify an element z(t) € Ci([ty, T),R") to Z(t) € Cy([to, T],R") as follows: T(t) = x(¢)
for t € [ty,T) and T(T) = wr, and this leads to an isomorphism between the spaces
Ci([to, T),R™) and Cy([to, T],R™), when T < 4+00. The same approach is used if T' = +oc.

Hence the condition of equiconvergence of H

thn% x(t) = xr exists uniformly with respect to = € H
%

which is the necessary and sufficient condition which, together with the two conditions
already mentioned in the Ascoli-Arzela Theorem constitute, the compactness criterion in
Ci([to, T),R™), namely Corduneanu Compactness Criterion. Introduced by Constantin
Corduneanu, this Theorem provide the characterization of the relatively compact sets of
continuous and bounded functions space from the whole real line R to R. Unlike the
Ascoli-Arzela Theorem, the Corduneanu Compactness Criterion does not require that F
be compact, it is an unavoidable way to prove the compactness of the subsets of C'(E, F).

We recall here the definition of equiconvergence before to state the Corduneanu Theorem

in Cl.
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Definition 1.6. A family H C C; is called equiconvergent if
Ve > O,HT =T > O,th,tg € R,
|t1| > T, |t2| >T = ||f(t1) — f(tg)“ < E,Vf € H.

Remark 1.3. FEquivalently, H is equiconvergent if for any € > 0, there exists some T =

T(e) > 0 such that || f(t) = I7]| < e and |[f(t) =1 || < e for all [t| > T for all f € H; here

l;[ = limy 4o f(t) and ;= lmy, o f(t).

Theorem 1.3 (Corduneanu’s compactness criterion in C,(R, R)[19, 20]). A nonempty

subset H of Cj is relatively compact if the following conditions hold:
(a) H is uniformly bounded in C.
(b) H is equicontinuous on every compact interval of R.

(¢) H is equiconvergent.

1.1.2 Elementary spectral theory

In this part, let £ a Banach space, we denote by L (E) the set of all linear bounded
self-mapping defined on E and Id is the Identity operator x — x in F.

It is well known that each linear operator on a finite dimensional space can be rep-
resented by a matrix A = (a;j)i=, n;j=.n. The spectrum of A is the set of 1 such that
puld — A is not invertible. The spectrum contains the roots of det(uld — A) which are
the eigenvalues of A. In the infinite dimension, the definition of the spectrum of a linear
bounded operator is not the same at in finite dimension. The object of the spectral theory
is the study the properties of the inverse of uld — A, if it exists, which called the resolvent
operator. For this, we recall first some needed definitions and some results about the

existence of the inverse of a linear bounded operator and its properties.

Definition 1.7. An operator L € L(FE) is said to be continuously invertible (or just
invertible) if there exists an operator L™ € L(E) (the inverse of L) such that

L'L=LL"'=1Id.
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In the case of the operator I'd — T with T" € L(F), the Theorem cited below shows
under which condition the inverse of Id—T exists. Before this, we remember the definition

of the norm of a linear operator.

Definition 1.8. The norm of linear operator T' : E — F between normed spaces is

nonnegative extended real number ||T|| defined by

||T)| = sup ||Tz|| =min{M >0 ||Tx|| < M||z|| forall z¢€E}.

|lzl|<1
Theorem 1.4 (Lemma 1.1 [59]). Let T € L(E), have a norm strictly less that 1, i.e.

|T|| < 1. Then A = Id — T is continuously invertible. Moreover,

AN = (Id-T)™") = iT" (1.1)

where the sum on the right-hand side is defined as the uniform limit of the polynomials

Sy,=Id+T+T?+ ...+ T". Moreover, ||(Id—T)7!| < m
We give hereafter the definition of the spectrum of an operator L € L € L(F) and

fundamental properties.

Definition 1.9. The spectrum of L is defined by
o(L)y={peC, wuld—L isnotinvertible} (1.2)
Theorem 1.5. The spectrum o(L) of L is a nonempty and closed subset of C.

Proposition 1.1 (Proposition 1.16. [59] ). Let L € L(FE). Then A € (L) if and only if

there is a sequence {x,} C E, ||xz,|| = 1, such that
lim ||Az, — Lz,|| = 0. (1.3)
n—oo

The complement 2 of o(L) is called the resolvent set of L; it consists of values of C
for which the operator (uld — L)~ =: R(u, L) is well defined and belongs to £(E). The
operator R(u, L) is called the resolvent of L. The study of the operator Ry(A) considerably
simplifies that of A, so we will remember the definition of the resolvent operator as a map
A — Ry(A) from C to the set of linear operator and the resolvent properties. These
reminders lead us to the definition of the spectral radius which plays an important role

in the fixed point theory.
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Theorem 1.6 ((The resolvent identity) Theorem 1.5 [59]). Let A\, u & o(L). Then
Md—L)™"' = (uld— L)' = (p— N (Md— L) *(uld — L)~ ". (1.4)
The spectrum o (L) of L can be divided into three disjoints pieces:
o(L) = P,y U Cory U Ro(r (1.5)
where

e P,(L) is the set of all complex numbers A € C such that AId — L has no inverse

(neither bounded or not bounded) on E; P,(L) is called the point spectrum of L.

e C,(L) is the set of A\ € L(FE) such that AId — L has an inverse operator which is
defined on a dense subset of £, but the operator (\Id — L)~ is not bounded; C, (L)

is called the continuous spectrum of L.

e R,(L) is the set of A € C such that the operator (\[d— L)™! is defined on a domain

which is not dense in E; R, (L) is the residual spectrum of L.

From the next result we will know what an eigenvalue of the operator is. The interest of

the eigenvalue and its use will intervene throughout this study.

Proposition 1.2 (Proposition 1.15 [59] ). A complex number \ belongs to P,(L) if and
only if the equation

Lz = \x (1.6)
has a nonzero solution x # 0 in E.

In this case the number \ € C is called an eigenvalue of L and the solution of the
equation Lx = Az is called an eigenvector of L corresponding to .
The subspace
N(Ad—L)={x € E;(AMd—- L)z =0} (1.7)
is called an eigensubspace of L corresponding to the eigenvalue \.
Note that A is an eigenvalue of L if N(Ad — L) # {0}. And if L is compact linear

operator, the following proposition provide the results of the sets N(Id— L) and the range
of L R(L)(:={Lx:xz € E}).
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Proposition 1.3. Let L € L(E) be compact, the set N(Id — L) has a finite dimension
and the set R(L) is closed.

We illustrate these notions by examples on a concrete sets.

Example 1.3. Let E = L?[0,1] be the Hilbert space of equivalence classes of complex-
valued square integrable functions on [0,1], and let A: E — E be defined by

Az(t) = tx(t), xz(==xz(t)) € E. (1.8)
Then A has no eigenvalues, since the equation
Md—A)z=N—-1)z(t) =0 (1.9)

is satisfied for allt € [0,1] if and only if x(t) = 0 almost everywhere.
Thus P,(A) = (). Nevertheless, the spectrum o(A) is no empty and consists of the

elements of the continuous spectrum, i.e.
o(A)=C,(A)=[0,1]. (1.10)

Indeed, if \ ¢ [0,1], then (\[d—A)~" € L(E). On the other hand, if \ € [0, 1], the one can
show that there is a sequence {x,} C E,||z,|| =1, such that (A\Id—A)x,, — 0 asn — 0.

Thus (AMd — A)~' is not bounded for such M.

And now, let give some properties which verified by the spectrum to introduce the

spectral radius.

Proposition 1.4. Let L € L(E). Then o(L) is compact in C and
(L) < [=[IL]] LA

Proof. Let A\ € C with |A| > ||L||; let prove that L — AId is bijective - which proves that
o(L) C [—||L]|],||L||]- Let f € E the equation

Lu—Mu=f (1.11)
has a unique solution because (1.11) is the same equation as

1
u:X(Lu—f) (1.12)
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and we can apply Banach Fixed point Theorem.Prove now that resolvent the set
Q={NeR,(L—AId) is bijective from £ into FE}

is open. Let Ao € p(L). Let A € R (neighborhood of \g) and f € E we want to solve
(1.11). And (1.11) is written Lu — Au = f + (A — Xo)u .ie.

u=(L—XId)"'(f + (X = Xo)u) (1.13)

We apply again Banach Fixed point Theorem and we see that (1.13) has a unique fixed
point if [(A — Xo)||[(L — AoId)7 Y| < 1. O

The spectrum of L is bounded then we can set the definition of the spectral radius of

L e L(E).
Definition 1.10. The spectral radius of L is the number
r(L) =sup{|\|: Ae€oa(L)}. (1.14)
The following Theorem precise r(T).
Theorem 1.7 (Spectral radius formula). If L € L(E), then
r(L) = Jim (277 = inf 1L7]] (1.15)
Note that equation (1.15) implies that
r(L) < |[L]]. (1.16)

And in the case of a compact linear bounded operator, some properties which verified

by the spectrum are collected in the following Proposition.

Proposition 1.5 (Proposition 3.24.[47]). Let L € L(E) be compact. Then
(i) 0 € o(L),
(ii) if X £ 0 then X € o(L) if and only if X is an eigenvalue of L,

(i) o(L) is finite or o(L) is a sequence which converge to 0.
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Proof. (i)By contrary, suppose that 0 ¢ o(L), then L is bijective and Id = LoL™! is
compact (because L is compact ) and the unit ball B(0,1) is compact then dimFE < oo.

(ii)Let A € o(L), A # .0 Prove that A is an eigenvalue of L. By contrary, suppose that
KerL — Md = {0}. Then R(L — A d) = FE and X € p(L) which is absurd.

For (iii), let us prove this lemma:

Lemma 1.1 (Lemma VI.2[18]). Let (\,)n > 1 a sequence of distinct reals with \, — A
and A\, € o(L)\{0}V n. Then A = 0 which means that the points of o(L)\{0} are clusters.

Proof. We know that )\, are eigenvalues of L. Let e, # 0 such that (L — A\,)e, = 0. Let
E, = spanley,es, ....e,]. Prove that F,, & E,.; for all n. It sufficient to prove that all
vectors eg, es, ....e, are linearly independents. By induction with respect to n. We admit
the result true at n and suppose e, = Z;;l ;6;.

Then Le,i1 = > 1 aihie; = > aidprre;. Hence, a(A; — Apy1) = 0 for all i = 1,2..n
and then a; = 0 for all © = 1,2...n which is absurd. Then E, & E, 1 for all n.

In the other hand, it is clear that (L — \,)E,, C E,,_1. By the Riesz Theorem we construct
a sequence (u,)n>1 such that u, € E,, ||u,|| =1 and dist(u,, F,—1) > 1/2 for all n > 2.
Let 2 < m < n such that

E, .CFE,CFE,1CE,

We have
j E Ly (Bt = Atn) (ot = 2ot ) dist(a, Baa) 2 12

If A, = A # 0 we end up with a contradiction since (T'u,) has a convergent subsequence,

ending Lemma. [

For all n > 1 the set o(L) N{\ € R;|A| >} is empty or finite (if the set contains an
infinity of distinct points, we would have a cluster point-since o(L) is compact- and we
end up with a contradiction.When ¢(L)\{0} contains an infinity distinct points which we

can tidy in a sequence which converge to 0. O
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1.2 Topological degree

1.2.1 The Leray Schauder degree

Let E be a Banach space, Q C E an open bounded and denote by Q, 9Q be the closure
and the boundary of Q C E respectively, f : 2 — E a compact perturbation of Identity (f
=1Id-K). Set yo € E\ f(99Q) and we let § = dist(yo, f(952)). Let K, : Q — X a continuous
function, compact with values in a space N, which contains yy and dim(N.) < oo such

that sup || K.(z) — K(2)|| < 3. Then, we have

Proposition 1.6. Let FF C X be a closed and bounded, A function f : FF — X. f is

compact if and only if f is a limit of a sequence of compact functions (f,) of finite rank.

Recall the definition of the Brouwer degree in order to define the Leray-Schauder

degree.
Definition 1.11. The Brouwer degree d((1d — K.)|gny,, 2N Ne,yo) is well defined.

Let K. the approximation of K (see Proposition 1.6), then the following definition of
the Leray-Schauder degree.

Definition 1.12. d(Id — K,Q,y) = d(Id — K,, yo)

This definition permits to state the following theorem to define the Leray-Schauder

degree and some properties related to this degree.

Theorem 1.8 (Theorem 8.1.[21]). Let A. the set of triplets (Id — A,Q,y) where Q an
open bounded subset of E, y € E and A: Q — E is compact such that y ¢ (Id — A)(05).

Then there exists exactly one function d : A. — Z such that:
e Normality. d(1d,Q),y) =1 for any y € QL.

o Additivity. Ify ¢ (Id — A)(Q\ (4 U Qy)), whenever Q1,8 are two disjoint open
subsets of Q) then,

d([d—A,Q,y) = d(Id_Aan>y> +d<[d_A7927y)



Abstract background 20

e Homotopy invariance. Let H : [0,1] x Q — E is a compact function and,

y(t) continuous function such that y : [0,1] — E and for all t € [0,1],y(t) ¢
(Id— H(t,.))(0R2) then

d(Id — H(0,.))2,y(0)) = d(Id — H(1,.))8,y(1))

This property is interest because we say that two functions are homotopic if they

have the same degree.

e Translation invariance. d(Id — A,Q,y) =d(Id — A —y,Q,0),

d is called a topological degree of Leray-Schauder.

1.2.2 Some properties of the degree

The Leray Schauder degree verify the following properties:

1.

Solution property. If d(Id— A, 2, y) # 0 then it exists z € Q such that x — A(x) =

Y.

Excision property. d(/d — A,Q,y) = d(Id — A,Qp,y) whenever y is an open
subset of Q and y ¢ (Id — A)(Q\Qp).

For all z € E,d(Id — A,Q,y) =d(Id— A,Q,y — z).
d(Id— A,€,.) is constant on the connected component of E\(I/d — A)(99).

Boundary value property. d(Id — A,Q,y) = d(Id — G,Q,y) whenever A(x) =
G(x) for any x € 01.

The following Proposition states en important property of the degree.

Proposition 1.7. Let L € L(E) and L is compact, ¢ = Id— L. If 1 is not a characteristic
value of L then, for all R > 0,

d(¢, Br(0),0) = (-1)°,

where (B is the sum algebraic multiplicities of the characteristic values of L which are

between 0 and 1.
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Proof. First, Recall the definition of the algebraic multiplicities of the eigenvalue p:

m(p) = dim | J{x € E: (uld— L)*z = 0}.

k=0
The degree is well defined because 0 is a unique solution of ¢(u) = 0 (1 is not a character-
istic value of L). By Proposition 1.5 the set of characteristic values y; is at most countable
and its unique cluster point is +oc.
This implies that the number of characteristic values of L in the bounded set of R is finite.
Say fu1, fa..., i, as characteristic values of L in (0, 1).
Let .

N; = N(uL - Id)" = N(u; L — 1d)™

n=1

where a; € N,7 =1,2....p et let N is the direct sum of /V;. From the Fredholm alternative
N is invariant by L and the dim(N) < co. Since N @ F = E by the product formulation

of degree (see proposition 8.4 [21])
d(Id - L,B,(0),0) =d(Id — Ln, B,(0) " N,0)d(Id — Lp, B,(0) N F,0)

In B,.(0) N F we consider the deformation Id —tL,0 <t <1 (if (Id—tL)(z) =0,z €
F then 2 =0). Then

d(Id — L, B,(0),0) = d(Id — Ljx, B,(0) N N,0) = (—1)° (1.17)
O

As an application of the degree we recall this Theorem.

Theorem 1.9 (Schauder’s fixed point|21|). Let E be a real Banach space. K C E
nonempty closed bounded and convez, and A : K — K compact. Then A has a fized point:
it exists x € K such that A(x) = .

Proof. If there exists a fixed point on 0K then we are done. Otherwise we suppose that
A(z) # « for all x € OK. Since A doesn’t have a fixed point on 0K, we have d(/d —
A, K,0) € A, which A, is defined in Theorem 1.8, we will prove that d(Id — A, K,0) =1
and by solvability property we conclude that Id — A has at least one zero in K and then
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A has fixed point in K. Let H(t,x) = tA(z), which is compact on [0,1] x K. If for
to € [0,1] and 2o € 0K we have xy — H (to, o) = 0 then tgA(z¢) = xo; since |zo| = 1 and
|A(zo)| <1 (A: K — K) this implies that ty = 1 and o = A(zy), then z; is a fixed point
on 0K contradicts our supposition. We can use normality and homotopy properties (for

t =0 and t = 1) of degree whose give
1=d(Id— H(0,.),K,0)=d(Id— H(1,.), K,0)

since (H(0,.) =0 and H(1,.) = A) ending the proof. [

1.3 Cones and ordered Banach space

1.3.1 Cones

As the real numbers, the comparison between the functions needs an order on the set
of functions. That is why we recall the definition of the order. First, we begin by the

definition of the set which induces this order.

Definition 1.13. A nonempty closed convex (A\x + py € K,YA > 0,u > 0,2,y € K)
subset of E such that K N (—K) = {0} and tK C K for allt > 0 is called a cone in E.

A cone K induces a partial order in the Banach space E. We write for all z,y € F, x <
yify—reKrx<yify—reKandae#y, x Ayif y—a ¢ K and © << y represents
y—x € int(K) if int(K) # 0 (int(K) is the interior of K'). Notations =, >, % and >
denote the inverse situations.

We give an example of a cone.

Example 1.4. Let X = C(M), space of continuous functions on a bounded set M in R™.
Weset K={f€X:f(x)>0 on M}. Then K is an order cone in X and we have

f<g ifandonlyif f(z)<g(x) forallze M (1.18)

f<<g ifandonlyif f(z)<g(x) foralezecM (1.19)
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In what follows, K is a cone on the Banach space E.
We introduce in the following definitions some characteristics and the basic properties

of the cone.

Definition 1.14. K s said to be normal cone with a constant ng > 0 if for all u,v €

K, u = v implies ||u]| < ngl|v]].

Geometrically, normality means that the angle between two positive unit vectors has
to be bounded away from 7. In other words, a normal cone cannot be too large.
Recall the result which is useful in case of a normal cone K | for this let’s begin by

this definition.
Definition 1.15. The set [x,y] ={z € E,x < z <y} is called the order interval.

Proposition 1.8 (Proposition 7.11 [71]). If K is normal, then every order interval [z, y]

s bounded.

Proof. If v <w <y then 0 X w — 2z <y — 2 and hence ||w — z|| < ||y — z||. O

Definition 1.16. K is said to be solid if int(K) # 0 where int(K) is the interior of K.
We give some examples of a cone having some of these properties.

Example 1.5. Let E = L*(Q2), the space of Lebesgue mesurable functions which are pth
power summable on Q@ C R", where p > 1 and 0 < mesQ < +oo. Let P = {x(t) €
LP(Q)\z(t) > 0} is a normal cone in LP(Y) but P is not solid.

Example 1.6. Let E = C(G), space of continuous functions on a bounded closed set G
in R" and P = {x(t) € E: z(t) >0 and fGo z(t)dt > el|x||g} where Gy is a closed
subset of G and €y is a given number satisfying 0 < ¢g < 1. P s a solid and normal cone
n E.

Definition 1.17. K is said to be reproducing if K — K = F.

If int(K) # (), then K is reproducing, in fact, take zo € int(K) and r > 0 such that
B(wo,2r) C K, where B(xo,2r) = {y, ||y — xo|| < 2r}. For any x € E with 2 # 0, we

have xq + r||z||"'z € K. Moreover,

x = ||z||r(zo + 7||2||t2) — ||z||r e € K — K,
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thus K is reproducing, ending the proof.

Definition 1.18. K is said to be total if K — K = E, i.e., the set {v —y, z,y€ K} is

dense in E.

1.3.2 Positive operators

Let E, F' two ordered Banach spaces and K is a cone on FE.

Recall the definitions of the positive and monotone mapping 7' : D(T) C E — F.

Definition 1.19. T is said to be positive if and only if both T'(0) = 0 and for allz € D(T),

x =0 amplies Tx > 0.
T is strongly positive as the symbol = is replaced by = .
Definition 1.20. T is said to be monotone increasing if and only if it is true for all

x,y € D(T) that

x <y implies Tx X Ty.

T s called strictly, strongly monotone increasing if and only if the symbol = is replaced

by < or << respectively.

Definition 1.21. T is said to be monotone decreasing if and only if it is true for all
x,y € D(T) that

x <y imples Tx <XTy.

T s called strictly, strongly monotone decreasing if and only if the symbol = is replaced

by = or >=> respectively.
Remark that in case of linear operators, positivity is equivalent to monotonicity.

Definition 1.22. Let T : E — FE be a positive operator. T is said to be lower bounded
on the cone K, if
c=1inf{||Tul|| : v € KNIB(0g,1)} > 0.

In this case we have ||Tu|| > c||u|| for allu € K.
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We remember in the following definitions the minorant (resp. the majorant) for an

operator, for this let K be a subset in £ and T},75 : K — K be continuous mappings.
Definition 1.23. We write Ty <X Ty if Tix <X Thx for all x € K.

Definition 1.24. If T'x < Tyx for x € K, then 11 s called a minorant for Ty on K, T,

15 called a magjorant for T;.

The interest of the recalling of cones, properties of cone and positivity of operator

materializes in the study of the equations
X —Ter=y, y=0, (1.20)
and the corresponding homogeneous equation
Te =Xx, x>0. (1.21)

and the existence of a positive solution x # 0 for the homogeneous equation (1.21) was
facilitated by the Krein-Rutman Theorem by proving under conditions of 7" and the cone
K, existence of a positive eigenvalue of T which is the spectral radius of L. The notion of
the spectral radius is evoked in the section Elementary spectral theory. The well known
Krein-Rutman theorems, which we will state hereafter, are the famous result in the linear
positive compact operator theory. Those theorems are a generalization of the Perron-
Frobenius Theorem to infinite Banach spaces. They were proved in 1948 and since then
they haven’t stopped being mentioned. The various applications of those theorems are in
Bifurcation theory, the investigation of nonlinear problems, stability analysis of solutions
to elliptic equations and steady-state of the corresponding parabolic equations ...

Hereafter, the first version of those Theorems.

Theorem 1.10 (Krein-Rutman Theorem.Theorem 19.2. [21]). Assume that the cone
K is total and L € L(E) compact and positive with v (L) > 0. Then r (L) is a positive

ergenvalue of L.

The second version of the Krein-Rutman Theorem require more than the positivity of

T with the cone which is not total.
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Theorem 1.11 (Krein-Rutman Theorem.Theorem 19.3. [21]). Assume that K C E
a cone with int(K) # 0 and L € L(E) compact and strongly positive. Then we have
(a) r(L) > 0,7(L) is a algebraically simple eigenvalue with an eigenvector v € int(K) and

there is no other eigenvalue with a positive eigenvector.

(b) |\ < r(L) for all eigenvalues A # r(L).

The following result answers about existence of a positive solution of the inhomoge-

neous problem (1.20) in the form of consequence of the Theorems cited above.

Corollary 1.1 (Corollary 7.27 [71]). For everyy > 0, the equation (1.20) has exactly one
solution x > 0 if A > r(T) and no solution if X < r(T).
At — Tz = py and x > 0,y > 0 implies sgn(p) = sgn(A — r(T')). Here A and p are

real numbers.

1.3.3 Fixed point Index

The notion of the fixed point index was introduced and discussed by Nussbaum [54|(see
also [3, 5]). The purpose being to investigate the fixed points of some nonlinear operators,
we combine the properties of cones with the fixed point index. We take back the properties
of the Leray-Schauder degree for the fixed point index in the following Theorem because
the definition of the index emanates from the Leray-Schauder degree theory.

A subset K C F is called a retract of F if there exists a continuous mapping r : £ — K,
and a retraction, when r(x) = z,z € K. From a Theorem due to Dugundji (see Dugundji

[1]), and particularly, every cone of FE is a retract of E.

Theorem 1.12 (Theorem 2.3.1,[34]). Let K be a retract of E, then for every relatively
bounded open subset U of K and every compact operator A : U — K which has no fized
point on OU, there exists an integer i(A, U, K) satisfying the following conditions:

1. Normality: i (AU K)=1 if Av =20 € U for allx € U.

2. Homotopy invariance: Let H : [0,1] x U — K be a compact mapping such that
H (t,x) # x for all (t,x) € [0,1] x OU. The integer i(H (t,-),U, K) is independent
of t.
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3. Additivity:
i(AUK)=1i(AU,L,K)+i(A U, K)

whenever Uy and U, are two disjoint open subsets of U such that A has no fized

point in U~ (U UUy) .
4. Permanence: If P is a retract of K with A (U) C P then

i(A,U,K)=i(A,UNP,P).

5. Solution property: If i (A, U, K) # 0 then A admits a fized point in U.

6. Excision property: i (A, U, K) =1i(A,Uy, K) whenever Uy is an open subset of U
such that A has no fized points in U\Up.

Moreover, let
{(A,U,K) where K retract of E, U open bounded in K,

A:U— K compact and Az #x on OU}.

Then there exists exactly one function d : M — Z satisfying 1 — 4. In other words,
i(A, U, K) is uniquely defined. i(A,U, K) is called the fized point index of A on U with
respect to K.

Proof. First we prove the uniqueness of the fixed point index. Let {i(A,U, K)} be any
family satisfying conditions 1 — 4. We define

d(Id—AU,p) =i(A+p,UE) (1.22)

where U bounded open of E, f(x) # p on 9U, i.e. A+ p has no fixed point on OU. From
the conditions 1 —4 and (1.22) it is easy to show that the function d(f, U, p) has the four
properties which characterize the Leray-Schauder degree and hence, by the uniqueness of

the Leray-Schauder degree, we have

d(f,Uyp) =d(Id— A,U,p) (1.23)
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Taking p = 0 in (1.22) and (1.23), we get
i(A,U,E) = d(Id — A,U,0) (1.24)

Suppose now that K is an arbitrary retract of £ and denote by r : E — K an arbitrary
retraction. For open subset U of K, we choose a ball Bp = {x € E such that ||z|| < R}

such that Bgr D U. Then, by the Permanence property and (1.24) we have
i(A,U,E) =i(Aor, BgNr Y (U), E) = d(Id — Aor, Bg N r~'(U),0) (1.25)

Hence, (1.25) and the uniqueness of the Leray-Schauder degree imply the uniqueness of
the fixed point index.

By the above uniqueness proof we are led to define
i(A,U,K) = d(Id — Aor, By N r~1(U),0) (1.26)

where r : F — K an arbitrary retraction and Bg D U. Evidently, Bx N r~'(U) is a

bounded open set of E and

BrNr=Y(U) c r—1(U) c v (V).

It is easy to see that

xo € r 1 (U), Aor(xg) = 2o implies 7¢ € U, Ay = w0 (1.27)

Now, we prove that i(A, U, K') defined by (1.26) is independent of the choice of R and r.
Let Ry > R. Since
UcC Bgnr*(U) C Bg, N1 *(U),

by (1.27) we know that Aor has no fixed point in Bg, N r~(U)\(Bg, Nr~1(U)), and

consequently, by the excision property of Leray-Schauder degree
d(Id — Aor, BN r~Y(U),0) = d(Id — Aor, B, Nr*(U),0),

ie. (AU, K) is independent of the choice of R. Next, let r; : E — K be another
retraction of E and let V = Br N7~ (U) N7 ' (U). Then V is a bounded open set of F
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and V' D U. By (1.27) we know that Aor has no fixed points in Bg N r=1(U)\V and Aor
has no fixed points in Br N7y (U)\V. Hence,

d(Id — Aor, Bg N7 *(U),0) = d(Id — Aor,V,0) (1.28)

and

d(Id — Aori, BN rY(U),0) = d(Id — Aory,V,0) (1.29)

Now, let h(t,x) = x — H(t,z) where H(t,x) = r(tAor(z) + (1 — t)Aori(z)).

Clearly, H : [0,1] x V — E is compact. We now prove 0 ¢ h(t,0V) for any ¢ € [0, 1]. In
fact, if there exists ¢y € [0, 1] and zq € OV such that h(ty, xy) = 0 then zq = r(toAor(zg) +
(1 —ty)Aori(xp)) € K.

As a result, r(xg) = xo,71(20) = zoandzy = Axy.

And so, by (1.27),xy € U C V, in contradiction with zq € OV. Thus, using the homotopy

invariance property of the Leray-Schauder degree and observing that that
H(0,z) = r(Aori(x)) = Aory(x)
and
H(1,z) = r(Aor(z)) = Aor(x)
we have
d(Id — Aory,V,0) = d(Id — Aor,V,0). (1.30)

It follows from (3.7),(1.29) and (1.30) that
d(Id — Aor, B N1~ (U),0) = d(Id — Aory, BN ry 1 (U),0) (1.31)

which shows that i(A, U, F) is dependent of the choice of r.
The conditions 1 — 4 are the same basic conditions as the Leray-Schauder degree. We
prove the conditions 5 — 6.

Let U; = U and Uy = () in additivity property; we get i (A,), K) = 0. From this and
setting U; = Uy and Uy = () in additivity, we obtain i (A, U, K) = i (A, Uy, K) then the
property 6 is proved.

If A has no fixed point in U, letting Uy = () in excision property, we get

i(AUK)=1i(A,0,K)=0.
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and hence property 5 is proved. O]

Using properties of the index cited below, the following Lemmas provide computations
of the index useful for the next Theorems. For this, let A : Kp — K be compact,
where Kr = K N B(0,R) , B(0, R) the unit ball in E. Kp is bounded, its boundary is

0Kr=KnNoB(0,R) and KN B(0,R) = KN B(0,R).
Lemma 1.2 (Lemma 2.3.1[34]). If Az # Az for all v € 0Kg and X\ > 1 then

i (A Kp, K) = 1. (1.32)

Proof. Let H(t,z) = tAz. Then H : [0,1] x (K N B(0,R)) — K is continuous, and the
continuity of H(t,z) in ¢ is uniform with respect to x € Kr. We have H(t,.) : Kp — K
is compact for all ¢ € [0, 1] because A is compact. We have H(t,z) # « for all z € Kg

and 0 <t < 1. Hence by the homotopy invariance and normality of fixed point, we have

(A, Kp, K) = i(H(1,.), Kp, K) = i(H(0,.), Kp, K) = i(0, Kp, K) = 1 O

Lemma 1.3 (Lemma 2.3.2[34]). Suppose that B : K N 0B(0, R) — K is compact and
(a) inf ||Bzl| >0
(b)r — Az # tBx  for all x € 0Kg,t >0,
Then
i(A, Kp, K) =0

Lemma 1.4 (see Corollary 2.3.1, page 91(34]). Let operator A : Kr — K be compact. If

there exists a ug > 0 such that
x — Az # tug Vo € OKpg, t>0, (1.33)
then i(A, Kgr, K) =0

Proof. This Lemma follows directly from Lemma 1.3 by putting Bx = ug for any x €
OKg. O

Lemma 1.5 (Lemma 2.3.3[34]). Let A: Kr — K be compact and suppose that
) inf ||A
(i) jnf [lAe]] >0
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(ii)Ax # px  for all x € Kg,t >0,
Then
Z(A, KR,K> =0

Proof. Taking B = A in Lemmal.3, we see that condition (a) of Lemma 1.3 is the same at
condition (i) in Lemmal.5. Also, condition (b)of Lemma 1.3 is true. In fact, if there exist
1o € Kg and t > 0 such that xg — Az = tgAxg, then Az = pozo where po = (1 + )L
Evidently, 0 < u < 1, which contradicts the condition (ii). Thus,

i(A, Kp, K) =0
follows from Lemma 1.3. ]
Lemma 1.6. If Az x for all x € 0Ky then i (A, Kg, K) = 1.
Lemma 1.7. If Az £ x for all x € 0Ky then i (A, Kg, K) = 0.

The proof of these two Lemmas are part of the proof of theorem cited below.

1.3.4 Fixed point of cone expansion and compression

The two following theorems are the fundamental theorems in fixed point theory. The
Theorem 1.13, namely The fixed point of cone expansion and compression, is due to
Krasnoselskii (see [45]) and the Theorem 1.14, namely The fixed point of cone expansion
and compression with norm type, is due to Guo (see 35, 36]). Those Theorems are used
on the ordered Banach spaces to prove that a compact operator under conditions which
called expansion and compression of the cone has a fixed point. The fixed point index
computations have been used a lot to prove these Theorems. Known to be difficult to
apply, it is an unavoidable way for a lot of fixed point on a cone problems also for the
location of the fixed point in the space. To state these Theorems, let 2; and €25 be two
bounded open sets in E such that 0 € €; and ©; C Qy. Let operator A : KN(Q\Qy) — K

be compact.

Theorem 1.13 (Theorem 2.3.3.[34]). Suppose that one of the two conditions:

(Hi) Az} ax,Nre KNdQy and Az ALz Vre KNoQy (expansion of the cone)
(1.34)
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(Hy) Ax La,Vre KN and Az x,Vx e KNOQy (compression of the cone).
(1.35)
is satisfied. Then A has at least one fived point in K N (Q2\Q).

Proof. First we assume that (H;) is satisfied, i.e., it is the case of cone expansion. It is
easy to see that

Ax # ux Ve € K NoSYy, w>1 (1.36)

since, otherwise, there exist zo € K N0}y and pg > 1 such that Axg = pore > x9, in

contradiction with (H;). Now from (1.36) and Lemma 1.2, we obtain
(A KNQ,K) =1 (1.37)
On the other hand, choosing an arbitrary ug > 0, we have
r — Az # tug Vo € K N oSy, t>0. (1.38)

In fact, if there exist x1 € K N0y and t > 0 such that x; — Arqy = tug > 0 then 21 > Axy

in contradiction with (Hj). Hence, by (1.38) and Lemma 1.4 we have
(A, KNQ K) =0 (1.39)

It follows therefore from additivity property of fixed point that

i(A, K0 (Q\Q), K) = i(A, KN Qe K) —i(A, KN Qy, K) = —1 0. (1.40)

Hence, by the solution property of fixed point index, A has at least one fixed point in
(\).
Similarly, when H, is satisfied, instead of (1.37), (1.39) and (1.40), we have i(A, K N
0, K)=0,i(A, KNQy, K) =1, and i(4, K N (2\Q1), K) = 1. As a result we also can
assert that A has at least one fixed point in QQ\Q_l O

Theorem 1.14 (Theorem 2.3.4.[34|). Suppose that one of the two conditions:
(H3) ||Az|| <||z||,Vx € KN and ||Az|| > ||z||,Vz € K N 0Qy. (1.41)

(Hy) ||Az|| > ||z]|, Ve € K N0 and ||Az|| < ||z]|,Ve € KN OQ.  (1.42)

is satisfied. Then A has at least one fived point in K N (Q2\Q).
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Proof. We only need to prove this theorem under condition (H3), since the proof is similar
when (Hy) is satisfied. By the extension theorem, A can be extended to a compact
operator from (K M )y) into K. We may assume that A has no fixed points on (K N ;)
and (KN$y). It is easy to see that (1.36) holds, since otherwise, there exists 2o € (KNQ;)
and o > 1 such that Azg = pozo and hence ||Axo|| = pol|zol| > ||xo|| in contradiction
with (H3). Thus, by (1.36) and Lemma 1.2, (1.37) holds. On the other hand, it is also
easy to verify

Ax # px Ve € K N oy, 0>pu>1 (1.43)

In fact, if there are 1 € K N9y and 0 < py < 1 such that Az = pyay, then ||Azy|| =

||paz1|| < ||z1]], in contradiction with (Hj3). In addition, by (Hj) we have

inf ||Az|| > inf |[|z|| >0 (1.44)

€ KNONs e KNONs

It follows from (1.43), (1.44) and Lemma 2.3.2 in [34] that i(A, K N 0y, K) = 0 holds.
As before,

i(A, KN (Q\),K)=i(ALKNQy, K)—i(A, KN, K)=0—1=-1#0 (1.45)

and therefore A has at least one fixed point in QQ\Q_l O

1.3.5 Index jump property

The previous Theorems 1.13 and 1.14 are useful for demonstrating, by means of the
concept of fixed point index and compactness of a nonlinear operator, existence of a
positive solution in a cone of the boundary value problem, but their assumptions are
difficult to show. In order to overcome this difficulty and drawing inspiration from the
work of Webb in [64] (see Theorems 4.4, 4.5 and 4.7) which gives the different results of
the fixed point index, assuming that in addition to the fact of the comparison between the
nonlinear mapping 7" and the linear operator L, together with according to the position
of (L) with respect to 1, Benmezai in his work [10](see Theorems 3.24 and 3.25) use the
hypothesis of the comparison of 7" and the approximative L by introducing the condition
of the Strongly Index-Jump Property (SIJP for short) that should check by the minorant L

of T', with according the positive spectrums respectively of the minorant and the majorant
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of T', which located oppositely by 1 (not necessarily r(L) as cited in previous Theorems in
[64] ) gives different results of fixed point index by exploiting its properties. In practice,
it is often difficult to prove existence of SIJP of L, this is why we resort to prove that
L is a limit for a nondecreasing sequence of operators having the SIJP (see the proof of
Theorem 1.16), that is another advantage of using the SIJP. It turns out to be a powerful
tool to prove for applications to the bvp’s. Before developed the notion of the SIJP, let
introduce the sets I';, and Aj for a linear compact operator on a Banach space E. For

this, let K, P be two cones in F with P C K and the set
LY (E)={L € L(E) compact operator : L(K) C P},

where for all L € LY (E), V Py, x denotes the set of all positive eigenvalues of L and we

set so,
sup VP if VP, g # 0,

Mg =infVPr g and  Af .=
0if VP = 0.

If L € LY (E) then L is positive because L(K) C P C K . In the case of P = K, we
denote Lk (E) instead of L (E).

The cone K is a natural cone which is related to the space E and the cone P is related
to the operator L and it represents in some manner, the regularity of L. The permanence
property of the fixed point index allows to have for all compact mapping, L : Kr — K
with L (z) # « for all x € 0K, i(L, Kg, K) = i(L, Pg, P).

Also, for L € LE (E), we define the subsets

'y ={0>0: there exists u € P\ {0g} such that Lu < 6u },

AL ={0>0: there exists u € P\ {Og} such that Lu > Qu}.

Observe that

e 0 Ay and if @ € Ay, then [0,0] C AyL.
e if 0 € I'y then [0, +oo] C T'y.

When these two quantities exists, we set

07 p =infI'y and 6] p =sup Ay
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The following results show the properties of these quantities and the sets that contain

them.

Lemma 1.8 (Lemma 3.1. [10]). Assume that 0 < 0} p,0] p < 0o then for all R > 0 we

have

(/D K, K) — L, if v p <1,
0, if 70}:]3 > 1.

Proof. Let v > 0 be such that v, p, < 1. Suppose that for some v € 0P, yvLu = u

then we have Lu = u/vy and 1/ € Az, leading to the contradiction 70} , > 1 because

1/v <0, p- So, we have proved that yLu # u for all u € 9Pg and Lemma 1.6 leads to,

i(vL,Kg,K)=1(yL,Pg, P)=1.

The case 7(9; p > 1 is checked similarly by means of Lemma 1.7. O

Lemma 1.9 (Lemma 3.2. [10]). For all L € L% (F) we have
0f p < 07 . (1.46)

Proof. Indeed, if 0} » > 0 p we have from Lemma 1.8, for v € (1/6} p,1/07 p) , the

contradiction
1, if 07, < 1,
Z(’yLaKI%K): ! -
0, if 79;13 > 1.
[l
Remark 1.4. Clearly, we have for all L € LY (E), VP C [0] p,07 p] -
Lemma 1.10 ([15]). For all L € L% (E), the set I'y, is not empty.
Proof. Let A > |[L|| = supy, =1 || Lu|| and e € P\{Og} and consider the equation
u= Ly(u,t) (1.47)

where for all w € P and t € [0,1] Ly(u,t) = (t/\)Lu + e. Clearly, L (P x [0,1]) C P
and equation (1.47) has no solution in dPg with R > max(A||e||/A —||L||, ||e]|]). Thus, by

homotopoy and normality properties of the fixed point index, we conclude that
i(L(., 1), Pg, P) = i(Lx(.,0), Pg, P) =1 (1.48)

then, equation Ly(u, 1) = u admits a solution uy € Pg\{0} and A € T'y. O
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The following result shows once again the importance of r(L).

Lemma 1.11 (Theorem 2.7 in [63]). For all operator L € LY. (E) the set Ay is bounded

from above by r (L).

Proof. Let 0 > (L) and Ry = Y, é’—: and note that Ry = Id + Ry(L/6). Moreover,
we have Ry(P) C P since for all k, L*(P) C P. Now, by the contrary, suppose that there

exits u € P such that Lu > Ou and set v = §~'Lu. We have then the contradiction
Ry(v) > Ry(u) = u+ Ry(v) > Ry(v). (1.49)
This shows that Ay is bounded by r(L). O

The Proposition below shows the relation between the sets I'y, and Ay, where L; €

LE(E)(i=1,2).
Proposition 1.9. Let Ly, Ly € L}Z (E) and assume that Ly < Ly. Then we have
Ap, CAp, and ', CTp,.
and
07, p <05, p and 07, p < OL..p

Proof. By Definition 1.23, L; < L, means that Lyu = Lou for all w € P. If § € Ay, then
it exists u € P\{0} such that Liu > Ou and this implies u < Liu < Lou and we get
0 € Ar,. The same proof for 'y, C I'z,.

It exists u € P\{0} such that 0 u < Lyu =X Lou, then 0 € Ap, hence 07 , <0, p.

The same proof for 6F , <0 . O
The following proposition shows the importance of the constant 9; P,

Proposition 1.10 ( Proposition 3.6 [10]). Let L € Ly (E) with 67 , > 0 and consider
fory € P~ {0g} the equation
A — Lu =y. (1.50)

Then Equation (1.50) has no solution in P~ {0g} for all X € (0, Q;P) :
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The condition for nonexistence of positive solutions to Equation (1.50) in Proposition

1.10 is more naturel to that given in Theorem 2.16 in [45].

Remark 1.5. Let L € LY. (E) and set
07 i = inf {0 > 0 there exists u = Op such that Lu < fu}

and

0r 1 = sup {0 > 0 there exists u > O such that Lu = Qu} .
Note that if QZ,K > 0 then for all y = Og, Equation (1.50) has no positive solution.
Let L € LE(E) and v € (0,400) \ V Pp x. The integer i (yL, Kg, K) is defined for all

R > 0 and the excision property of the fixed point index, make it independent of R. This

justifies the following definition.

Definition 1.25. An operator L € LY. (E) is said to have the LJP if there exists uy > 0
such that for all R > 0 and all v € (0,+00) N\ V Py i, we have

17 Zf YL < 17
07 Zf YL > 1.

Z(7L7KR7K) =

Clearly the real number p in Definition 1.25 is unique.

The following Theorem give the condition under which L has an 1JP.

Theorem 1.15 ( Theorem 3.9.[10]). Let L € L (E). Then L has the IJP if and only if
V Pk # 0. Moreover, we have that yuj, = )\JLF,K.

Proof. Let L € LY. (F) having the IJP at uz and by the contrary suppose that sy, is not
an eigenvalue. Then ¢ (;%LL’ Kgr, K ) is defined and from the continuity property of the

fixed point index, yields the contradiction

1

i(—L,KR,K> = lim i(yL, K, K)=1
KL vS1/pr
1

i(—L,KR,K) = lim i(yL,Kg,K)=0.
KL v31/pL

Thus, we have proved that V P # 0.
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Now, we need to prove that if pg is a positive eigenvalue of L, Then i (yL, Kr, K) =0
for all v € (1/pp, +00) N VP and R > 0. To this aim, let e > O0g be the eigenvector
associated with the eigenvalue py. We claim that for all A € (0, po) ~ o (L) and all ¢ > 0
equation

A — Lu = te (1.51)

admits no positive solution. Indeed, from the Riesz-Schauder theory, there is two sub-

spaces N () and R (10) such that

dim (N (p0)) < 00, R (p0) is closed,
E = N (1) ® R (o) ,
L (N (o)) € N (po), L(R (ko)) C R (ko)

and o is the unique eigenvalue of L, the restriction of L to N (o). Moreover, if P, Q

Mo

are respectively the projections of E on N (uo) and R (po), we have that PL = LP and

QL = LQ.
Thus, Equation (1.51) is equivalent to the system

A — Lv =te
2w — Lw = 0.

(1.52)

where v = Pu and w = Qu. Since A ¢ o (L), the second equation in System (1.52)

has w = Qu = 0 as a unique solution.

For the first equation in System (1.52), there exists a basis B = {e;}'_} where n =

1=

dim (N (uo)) and e; = e in which the matrix M, of L,, has the Jordan form

Mo M2 0 - 0
0 po ma3 0O
0
0
Mp—1n
0 0 . -0 o

where for i =1,---,n —1, m; ;41 =1 or 0.
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Therefore, if X and b are respectively the coordinate matrices of v = P(u) and te in

the basis B, then, the first equation in System (1.52) take the matricial form
(M = M,) X =b

having the unique solution

t/ (A = po)
0
X =
0
and so, u = )\%M)e ¢ K is the unique solution of Equation (1.51). The claim is proved.

Let v € (1/p0, +00) with 1/ ¢ A k and let us compute i (yL, Kg, K). We distinguish
two cases:

-) 1/y € (0,u0) ~ o (L), in this case if (T},) is a sequence of positive operators such
that T,,(u) = yvL(u)+t,e where (t,) is a sequence of positive real numbers with lim¢,, = 0,
then we have since the equation

u—vyLu =t,e

has no solution in Kpg,
i(vL, Kr, K) =limi(T,, Kg, K) =0.

=) 1/v € (o (L)~ AL k) N(0,pp), then there is a sequence (v,) such that 1/v, €

(0, pto) ~ o (L) and lim ~y,, = ~; thus, we have
i(yL,Kg,K) =1limi(v,L, Kg, K) = 0.

Reciprocally, suppose that V Pp i # 0 and let v > 0. We have from the above that
i(yL,Kg, K)=0if1/v € (0, )\JLF,K) N ALk, s0, let us discuss the case 1/ € ()\JLF’K, +oo).
Assume that for some A > 1 and u € 0K, vLu = Au. Then A/~ is a positive eigenvalue

of L and we have the contradiction

1y SNy <A <1/v.
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Therefore, Lemma 1.2 leads to i (yL, Kg, K) = 1. Thus, we have proved that L has the

IJP at A} ; and by uniqueness, we have A} ;- = piz, ending the proof. O

Remark 1.6. Let L € LE(E) and assume that the cone K is total and r(L) > 0. We
have from Lemma 1 in [53] that L has the IJP at r(L). Clearly, Theorem 1.15 generalize

this lemma to the case where the cone K is not total.

Remark 1.7. Let L € LE(E), the Schauder index has the jump property (see Corollary
14.6 in [71]) and the jump happens at any eigenvalue of L having an odd algebraic mul-
tiplicity. This means that the Schauder index can jumps infinitely many times. However,
for the fixed point index, the jump can happens at most one time and this happens only

at the largest positive eigenvalue of L.

Corollary 1.2 (Corollary 3.12 [10]). Assume that L€ LY. (E). Then VP g # 0 if and

only if 07 ;o > 0 (i.e. there exists 0 > 0 and u = Op such that Lu = u).

Proof. Let 0y > 0 and e = Og be such that Le > 0ye and consider the cone
K'={u¢c K : Lu = 6yu} .

Since K° # {0z} and L (K°) C K°, the constants 0] ., 0, xo are well defined and one
can check easily that
0 <0 <0 o <07 o <7(L).

Thus, we understand from Lemma 1.8 that L has the IJP on the cone K°, then we have

from Theorem 1.15 that oo (L) # . Ending the proof. O

The properties of the limit of a sequence of operators having an IJP are given in the

Proposition below.

Proposition 1.11 (Proposition 3.13. [10]). Let (L,) C L% (E) be such that for all integer

n, L, has the IJP at u, and assume that L, — L in operator norm. Then either

o limyu, =0 or

e L has the IJP at some p > 0.
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Proof. First, since lim || L, || = || L||, there exists ¢ > 0 such that
0 < pin <[ L]l < LI+ ¢

Clearly if lim p,, # 0, the real number p = limsup p, is positive. Assume that is the
case and let (u,,) be a subsequence of (u,,) converging to u. We have from Lemma 1.12
that p is a positive eigenvalue of L. So, let us compute i (yL, Pgr, P) for any R > 0 and
v € (0,400) N ok (L). If v € (0,1/u) \ ok (L), then there exists ky € N such that
v < 1/py, for all k > ko and in this case, ¢ (YL, , Pr, P) = 1 for all k > ky and we have

i (YL, Pg, P) =limi (YL,,, P, P) = 1.

If v € (1/u, +00) N\ ok (L) then there exists k; € N such that v > 1/u,, for all k > ko
and in this case i (yL,,, P, P) = 0 for all £k > ko and we have

i (yL, Pg, P) =limi (yL,,, Pgr, P) = 0.
So, L has the IJP at its largest positive eigenvalue p and this ends the proof. O]

In order to state the Theorems of existence and non existence of the fixed point of a

non linear operator, we introduce the SIJP for this purpose.

Definition 1.26. An operator L € Ly (E) is said to have the SIJP if 0 p > 0. In the

particular case where 0} , = 07 p = > 0 we say that L has the SLIP at p.
Remark 1.8. Clearly, If L € LY (E) has the SIJP, then L has the IJP.

In the following, we look for the sufficient conditions for operators LY. (E) having the

SILJP.

Proposition 1.12 (Proposition 3.16. [10]). Let L € LY. (E) be strongly positive. Then
L has the SIJP at r (L).

Proof. First, we have from Theorem 1.11, Remark 1.4 and Lemma 1.11 that
0<0pp<r(L)<Opp<r(L)

that is 0 < 0, p =7 (L).
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Now, assume that 0} , < r (L) and let 6y € (0] p,r (L)) and ug € P\ {Og} be such
that L(up) < Ogup. In fact, we have that L(ug) < pug indeed, if L(ug) = 6Ooup, then
uniqueness in Theorem 1.11 leads to the contradiction r(L) = 6y < r(L). Thus, one has
that the equation

A — Lu =y

has a positive solution for A = 6y < r(L) and y = 0yug — Lug, contradicting Corollary 1.1.

This completes the proof. n

Proposition 1.13 (Proposition 3.17. [10]). Let L € L% (E) and assume that L is lower
bounded on the cone P. Then L has the SIJP.

Proof. Because of definition of the SIJP, we have to show that 6} , > 0. Set c;p =
inf {||Lu|| : v € 9P} > 0 and suppose that there exists sequences (6,,) and (u,,) C P~{0g}
with lim#,, = 0 and ||u,|| = 1 such that

Lu, =< 0,u,,. (1.53)

Since ||0,u,| = 6, we have that lim#6,u, = Op. Consequently up to a subsequence

lim Lu,, = Og. So the contradiction
0 <cpp <lim|Lu,| =0.
This shows that 67 » > 0, ending the proof. O

Proposition 1.14 (Proposition 3.18. [10]). Let L € LY. (E) and assume that there exists
Ly, Ly € LY (E) having the SIJP such that Ly < L < Lo. Then L has the SLJP.

Proof. Indeed, we have from Proposition 1.9 that
FL2 cIl'y C PLl and AL1 C AL - AL2

and so

+ + + - - -
0< 9L27P < 9L7P < 9L1’P and 9L17P < 0L7P < 9L27P < 00.
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A sufficient condition that a compact positive operator admits an eigenvalue is given

in the Lemma below.

Lemma 1.12. Let for all integer n, L, be a compact operator in L (E) and positive
having a positive eigenvalue \,. If L, — L in operator norm and (\,) converges to some

real number A > 0 then X is a positive eigenvalue of L.

Proof. Let ¢, be the eigenvector associated with A, such that ||¢,|| = 1 and set ¢, = L¢,,.
Since L is compact and the sequence (¢,) is bounded, we have up to a subsequence

¥, — 1 € K . Thus, we obtain the following estimates,

[Ln = LI + llvon = 4|

IN

leading to
lim A\, ¢, = ¥ and ||¢| = lim || \n¢y|| = lim A, = A > 0.

Also, we have

Ly (M) = 2Ly M) || + || 2L M) = 2L o) || + | 2L (M) — 2L
< Mo | Lnll + 32 1w = LI + 5 L] [ Ann — ¢l

<

S
An A

leading to
1
lim L, ¢, = XLQ/J.

Thus, letting n — oo in equation L,¢, = \,¢, we obtain Li) = A\ that is A is a positive
eigenvalue of L. This ends the proof. m

In what remains, we let I' (E) be the class of operators L € L% (E) such that there
exists a sequence of cones (P") and an increasing sequence of operators (L), such that
for alln € N, P* C P, L, has the SIJP at A\, and L, — L in operator norm.

Clearly, all the above classes of positive operators considered in Propositions 1.12, 1.13

are contained in I' (E) . So, let us prove that operators in I" (F) have also the SIJP.
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Theorem 1.16 (Theorem 3.23.[10]). Assume that L € T'(E). Then L has the SIJP and
9;]3 is the unique positive eigenvalue of L (at which it has the IJP). Moreover if the cone

K s total then L has the SIJP at r (L).

Proof. Let (P™),(L,) and ()\,) be the sequences making of L an operator in the class
['(F) and let ¢,, be the normalized eigenvector associated with A,,.

First, we have that {# > 0: Ju € P*"\{0} such that L,u > 0u} = Ap,. Indeed; it
is obvious that {# > 0 : Ju € P"\{0} such that L,u > 6u} C A, andif 0 > 0, u €
P~ {0g} are such that L,u > Ou then L, (u) € P" ~{0g} and L, (L,u) > 0L,u. This
shows that # € {6 > 0: Ju € P"\{0} such that L,u > 6u}and Ay, C {0 >0:3Juc€
P™\{0} such that L,u > 6u}.

Since L, has the SIJP at A,, we have A\, = 0 p. = 0, p then from Proposition
1.11, (\,) is a nondecreasing bounded sequence (A, < ||L|| + C for some C' > 0). Set
Ar = lim \,,. We have from Proposition 1.11 that Ay is the largest positive eigenvalue of

L. Also, we have from Proposition 1.10 that
an,P < GI,L,P" = A < QZP
in which letting n — oo we get since Ay, is an eigenvalue of L,
00 p < Ap=lim\, =1lim6; ,. <67 p

that is A\p, = 0;]3.
We conclude from all the above that

0<0;p=A <0, p<r(L)

that is L has the SIJP and 9; p = Ar is the unique positive eigenvalue of L.
Moreover, if the cone K is total then we have from Theorem 1.10 that (L) is a positive
eigenvalue of L and so,

This ends the proof. m

Let introduce the following class of operators. Set

SIJP(E) ={L € L} (E): L has the SIJP} .
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In the following two theorems, we make a new control of the mapping 7" which has
asymptotically a majorant and a minorant in special classes of operators in SIJP(FE).

Theorem 1.17 (Theorem 3.24[10]). Let T : K — K be a completely continuous mapping
and assume that the cone K is normal and there exists three operators Ly, Ly, Ly € LY. (E)

and three continuous functions Fy, Fy, F3 : K — K such that

and for allu € K
Tu = Liu+ Fiu,

Lou — Fou < Tu =< Lyu + F3u. (1.54)
If either
Fru=o(||lul]) asu— 0 and Fyu = o (JJul]) asu— oo, i =2,3 (1.55)
or
Fru=o(||lul|) asu— oo and Fyu = o (||u]]) asu—0, i =2,3, (1.56)

then T' has a positive fixed point.

Proof. We present the proof in the case where (1.55) holds, the other case is checked

similarly. We have to prove existence of 0 < r < R such that
i(T, P,, P) =1 and i(T, Pg, P) = 0.
In such a situation, additivity and solution properties of the fixed point index imply that
i(T, Pg ~ P.,P) = i(T, Pg, P) —i(T,P., P) = —1

and T has a positive fixed point u with r < ||u|| < R.

Now, consider the function H; : [0,1] x K — K defined by H;(t,u) = (1 —t)Tu+tLou
and let us prove existence of R > 0 large enough, such that for all ¢ € [0,1] equation
H,(t,u) = u has no solution in dPg. By the contrary, suppose that for all integer n > 1
there exist t,, € [0,1] and wu,, € 9P, such that

Up = (1 = t,)Tuy + t, Lou,.
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Note that v, = u,/ ||u,| € 0P, and satisfies

Tu,
v, = (1 — tn)i + t,Lov,,.

Thus, the inequalities
E T F
[unl = unl [ |

combined with the normality of the cone K and the fact that F;(u,) = o (||u,||) asn — oo
for i = 2,3, implies that the sequence (T'u,/ ||u,||) is bounded. This and because of the
compactness of Ly, there exists a subsequence denoted also (v,) converging to v € dP;,
satisfying v >~ Lyv. Therefore, we have 1 > 92’27 p» contradicting 67 , > 1.

For such a radius R > 0, homotopy property of the fixed point index leads to
i(T, Pg, P) = 1(H1(0,-), Pr, P) =i(H:(1,-), P, P) = i(Lo, Pr, P) = 0.

In similar way, consider the function Hy : [0,1] x K — K defined by H(t,u) =
(1 — t)Tu + tLyu and let us prove existence of r > 0 small enough, such that for all
t € [0,1] equation Hy(t,u) = u has no solution in P,. By the contrary suppose that for

all integer n > 1 there exist ¢,, € [0, 1] and u,, € JP, such that
Up = (1 = t,)Tup + t, Ly,

Note that v, = u,/ ||u,| € 0P, and satisfies

v, = (1 —1,) + tnLyvy,
Thus, the inequality
Tun Flun
- Ll (Un) +
[[tn]| [

combined with the normality of the cone K and the fact that F(u,) = o (||u,||) asn — oo
implies that the sequence (Fiu,/ ||u,||) is bounded. This and because of the compactness
of Ly, there exists a subsequence denoted also (v,) which converges to v € P, satisfying
v = Lyv. Therefore, we havel < 0 , contradicting 07 p < 1.

For such a radius r > 0, homotopy property of the fixed point index leads to
i(T, P,, P) =i(Hy(0,-), P, P) = i(Hs(1,-), P,, P) = i(L, P,, P) = 1.

This completes the proof n
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Theorem 1.18 ( Theorem 3.25[10]). Let T : K — K be a completely continuous mapping

and assume that there exists two operators Ly, Lo € LY. (E) and two continuous functions

F,F: K — K such that

L1 is lower bounded on P,
0, p <1<07 p
and for allu € K
Liyu— Fiu <X Tu =< Lou + Fhu.

If either

Fiu=o(||ul]]) asu— o0 and Fou = o (||ul|) asu— 0 (1.57)

or

Fiu=o(||ul]]) asu— 0 and Fyu = o (||u|]) as u — oo, (1.58)

then T has a positive fixed point.

Proof. We present the proof in the case where (1.57) holds, the other case is checked

similarly. We have to prove existence of 0 < r < R such that
i(T, P, P) =1 and i(T, Pg, P) = 0.
In such a situation, additivity and solution properties of the fixed point index imply that
i(T, Pgp ~ P,, P) = i(T, Pg, P) —i(T, P,, P) = —1

and T has a positive fixed point u with r < ||ul| < R.

Now consider the function Hy : [0,1] x K — K defined by Hs(t,u) = (1 —t)Tu+tLiu
and let us prove existence of R > 0 large enough, such that for all ¢ € [0, 1], equation
Hj3(t,u) = u has no solution in dPg. By the contrary, suppose that for all integer n > 1
there exist t,, € [0,1] and w,, € 0P, such that

Up = (1 = t,)Tup + t, Liuy,.
Note that v, = u,/ ||u,|| € OP; satisfies

Tu,,
Uy = (1 — tn)m + tnlen
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then
Tu,

[

Because of the lower boundedness of L; we have

Liv, = (1 —t,)Ly ( ) +toLy (Lyvy) . (1.59)

| Livy|| > cp,p >0

where cp, p = inf {||Lyu|| ,u € 0P, }. We distinguish two cases.
Either (¢,) admits a subsequence denoted also (t,) such that ¢, — 1. In this case
letting n — oo in (1.59), we get from the compactness of L; and the boundedness of

(Lyvy,) that v = lim Lyv, satisfies
v=Lyvand ||v| = lim|Liv,|| > cL, p > 0.
This leads to the contradiction
1<0f x <ALk ST

Or there exists € € (0,1) such that ¢, < 1 — € for all n € N. In this case we have from
(1.59)

and the sequence (T'u,/ ||u,||) is bounded. As above, v = lim Lyv, satisfies

Tu,

il (1 =tn) " (L4 Lo || L)) < e (14 [|La]))

v > Lyv and ||v|| = lim ||L1v,|| > ¢, p > 0

leading to (9;{1’ p < 1 which contradicts the hypothesis 1 < 02’17 P
Thus, there exists R > 0 large such that Hy (t,u) # u for all ¢t € [0,1] and u € OPg

and for such a radius R > 0, homotopy property of the fixed point index implies that
i(T, Pgr, P) = i(H3(0,-), Pg, P) = i(Hs(1,"), Pg, P) = i(Ly, Pr, P) = 0.

Arguing as in proof of Theorem 1.17, we prove existence of » > 0 small enough, such

that (T, P,, P) = 1 and this completes the proof O

The following two theorems are respectively adapted versions of the two Theorems

above. They provide solvability results to the equation v = T'u under eigenvalue criteria.
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Theorem 1.19. Assume that the cone K is normal and there exists three operators

Ly, Lo, Ly in L (E) and three functions Fy, Fy, F3 : K — K such that

;

Ly has the SIJP at r(Ly),

0<r(Ly) <l<r(Ly) and

Tu = Liu+ Fiu,

Lou — Fou 2 Tu =X Lyu + Fzu for all u € K.

If either
Fiu=o(ljul]]) asu — 0 and Fyu = o (||u||) asu — oo fori=2,3 (1.60)

or

Fiu=o(||ul]]) asu — oo and Fyu=o(|ul]|) asu — 0 fori=2,3, (1.61)
then T' has a positive fixed point.

Theorem 1.20. Assume that there ezists two operators Ly, Ly € in Lk (E) and two

continuous functions Fy, Fy : K — K such that

;

Ly has the SIJP at r (L)

Ly is lower bounded on K,

r(Ls) <1<r(Ly) and

Liyu — Flu 2 Tu =X Lou + Fyu for all u € K.

If either

Flu=o(||lul|) asu— oo and Fou=o(||ul|) asu— 0 (1.62)

or

Fiu=o(||ul]]) asu— 0 and Fyu = o (||u|]) as u — oo, (1.63)

then T' has a positive fixed point.

Let T : K — K be a completely continuous mapping. The following proposition

provide under eigenvalue criteria a nonexistence result for fixed point to the mapping 7.

Proposition 1.15. Assume that there exists L € Lx(F) having the SIJP at i such that
one of the following conditions (1.64) and (1.65) holds true,

p>1and Tu > Lu for allu € K (1.64)
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w<1and Tu =< Lu for allu € K. (1.65)

Then T has no positive fixed point.

Proof. We present the proof in the case of (1.64) holds, the other case is checked similarly.
To the contrary, suppose there exists u > Oy such that T'u = u. In this case we have that
u="Tu > Lu,

1€ {0 >0:3u> 0x such that Lu < fu}

and

pw=inf Ay <1.

This contradicts the hypothesis ¢ > 1 in (1.64). O



Chapter 2

Eigenvalue criteria for existence and
nonexistence of bounded and

unbounded positive solution to a

third-order BVP on the half line

2.1 Introduction and main results

Because they arise in modeling various physical phenomenons, the study of existence
of solutions to boundary value problems (bvp for short) associated with third-order or-
dinary differential equations, has becomed an important area of applied mathematics.
For instance, Danziger and Elemergreen (see [31], p. 133) have obtained the following
third-order linear differential equations:
azu” + agu” + aqu’ + (1 4+ k)u = ke, 6 < ¢, and 2.1)
asu” + aou” + o’ +u =10, 6 > c.
These equations describe the variation of thyroid hormone with time. Here u = u(t)
is the concentration of thyroid hormone at time t and ag, as, as, k and ¢ are constants.
In [42], Jackiewicz et al. have investigated the asymptotic behaviour of the solutions

of Volterra integro-differential equations of the form

o1
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' (t) = yu(t) + fol (A + pt +9Js)u(s)ds t > 0,
u(0) =1,
with the help of third-order differential equations of the type

W =+ (A (o D))+ (24 D), (22)

where A, v, u and 9 are real parameters and p + 9 = 0.
A reduced version of the Hodgkin-Huxley model was proposed by Nagumo. He sug-

gested the class of third-order differential equation

u" —cu" + fu)u’ — gu =0 (2.3)
as a model exhibiting many of the features of the Hodgkin—Huxley equations, where f is a
regular function. Recall that the Hodgkin—Huxley model describes the ionic mechanisms
underlying the initiation and propagation of action potentials in the squid giant axon.The
model has played a vital role in biophysics and neuronal modeling. For more details of
Nagumo’s equations, we refer to the paper by McKeen [51].

The Kuramoto—Sivashinsky equation

1 2

arises in a wide variety of physical phenomena. It was introduced to describe pattern
formulation in reaction diffusion systems, and to model the instability of flame front
propagation (see Y. Kuramoto and T. Yamada [46] and D. Michelson [52]). A traveling

wave solutions u = ¢(x — ct) satisfies, after one integration, the third-order equation

A" () + ¢'(x) + f(9) =0, (2.4)

where ) is a parameter depend on the constant ¢ and f is an even function.

A three-layer beam is formed by parallel layers of different materials. For an equally
loaded beam of this type, Krajcinovic in [44] proved that the deflection u is governed by
the third order differential equation

—u" + k* = a, (2.5)
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where k and a are physical parameters depending on the elasticity of the layers.
Especially, study of existence of positive solutions for third-order bvps has received a
great deal of attention and was the subject of many articles, see, for instance, [29, 30,
32, 38, 37, 50, 58, 61, 65, 66, 67, 72|, for third-order bvps posed on finite intervals and
[1, 7, 16, 24, 25, 26, 27, 41, 43, 48, 49, 55, 60| for such bvp’s posed on the half-line.
In this chapter, we establish under eigenvalue criteria, nonexistence and existence

results for positive solutions to the third-order bvp:

—u"(t) + K2/ (t) = f(t,u(t)), t >0

u(0) = u/(0) = /(+00) = 0, 20

where k is a positive constant, the function f : RT x R — R* is continuous (R :=
[0, +00)) and observe that the form of the differential equation in (2.6) is more general
to those of (2.1)-(2.4). Here the constant k& which may have a physical signification as
in (2.5), will play an important role in finding a suitable framework for a fixed point
formulation of bvp (2.6).

By a positive solution to the bvp (2.6), we mean a function u € C? (R*,RT) with
u(t,) > 0 for some t, > 0 satisfying all equations in the bvp (2.6).

When looking for positive solutions by means of the fixed point theory in cones, authors
often make use of the compression and expansion of a cone principle in a Banach space.
This principle states that if P is a cone in a Banach space (B, ||-||), T : P,g — P is a
compact mapping where P, g = {u € P : 7 < ||u|| < R} and one of the following situations
a) and b) holds:

a) [|[Tul| > [Ju]| for all uw € P, ||u|| = r and ||T'u|| < ||u|| for all u € P, ||u]| = R,

b) ||[Tul| < ||u|| for all w € P, ||u]| = r and ||Tu|| > ||u| for all uw € P, ||u|| = R,

then T has a fixed point w such that r < ||w|| < R.

This principle has advantage to be applicable on any region of the cone P and it has
the flaw that the realization of the inequality ||Tu|| > ||lu|| requires a specific cone, see,
for instance (30, 32, 50, 66, 67|.

Also we will use in this work the fixed point theory in cones. The operator of our
fixed point formulation associated to bvp (2.6) is defined on the Banach space of con-

tinuous functions w satisfying lim; o @ = 0. Notice that this space is imposed
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by the boundary condition in (2.6) lim; ;. u'(t) = 0, since by the L’Hopital’s rule
limy 4 o0 @ = limy, o v/'(t) = 0. Unfortunately, the cone of nonnegative function ly-
ing in the above space does not offer the possibility to realize the inequality ||Tu|| > |jul| .
To overcome this difficulty we use the approach exposed in Section 3. This approach
gives a necessary condition for existence of positive solution (see Proposition 1.15), and
has the advantage to be applicable in any cone. However, it has the inconvenient that
the radii » and R must be taken near 0 and +oo respectively. In other words we loss the
localization established in the compression and expansion of a cone principle in a Banach
space, r < |jw| < R.

Since a function u satisfying lim;_, . @ = 0 may be bounded or unbounded (as
u(t) = In(1 + t)), we provide in each existence result established in this paper sufficient

conditions for the boundedness or unboundedness of the obtained positive solution.

In all this paper, we let :

I'={qe C(R",RT):q(s) >0ae s>0},

To={geT :supqq(s) < oo},

Iy ={qel:lims,, q(s)=0},

Iy, = {q €l :lim,. o q(s) =0 and f0+oo q(s)ds < oo} ,
A;={qeTl:qp, e} fori=0,1,2,
Azy={qeTl:qps eI},

A=A UA,,

where
pi(t) =1+t po(t) =pa(t) =1 ps(t) = ekt
Notice that FQ C Fl C Fo, Ag :FQ, Ag C AlﬂAg, Al \AQ #(Z)and AQ\Al 7&@

Indeed, for
1 m(s)
1+s)In(4+s) a:(s) =

q(s) =
(
where
2n*s —n(2n* — 1) if s € [n — 55,n],
m(s) = ¢ —2n*s+n2n* +1)if s € [n,n + #] ,
0 if not,
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we have q; € A1~ As and ¢» € Ay Ay
A continuous mapping g : R x R — R is said to be a:

e [';-Caratheodory function for + = 0,1,2, if for all » > 0 there exists a function

1, € I'; such that

lg(t, ps(t)u)| < 4, (t) for all t > 0 and u € [—r,r].

e ['5,;-Caratheodory function for ¢ = 1,2, if for all » > 0 there exists a function

Y, € I'; such that

lg(t, p3(t)u)| < 4, (t) for allt >0 and u € [—r,7].

Consider for ¢ € A, the linear eigenvalue problem associated with the bvp (2.6)

—u"(t) + k*u'(t) = pq(t)u(t), t >0 @27
u(0) = u/(0) = u/(+00) = 0,
where g is a real parameter.
A positive real number p is said to be a positive eigenvalue of the bvp (2.7), if there
exists a function ¢ € C? (RT,R™) such that ¢(ty) > 0 for some ¢, > 0 and the pair (10, @)
satisfies all equations in the bvp (2.7).

The first result of this paper concerns existence of the positive eigenvalue of the bvp

(2.7).

Proposition 2.1. For all ¢ € A, the eigenvalue problem (2.7) admits a unique positive
eigenvalue p1(q) > 0 having an eigenfunction ¢. Moreover, if ¢ € As then ¢ is bounded

+o0

and if not (i.e. [ q(s)ds = 4+00), then ¢ is unbounded, i.e. lim;_, o ¢(t) = +00.

Theorem 2.1. Assume for 1 =1 or 2, the nonlinearity f is a I';-Caratheodory function

and there exists a function q in A; such that either

S >0} > 0 >
o { S > 0} <10 >

Then the bup (2.6) admits no positive solution.
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The statements of the following existence results need additional notations. Let ¢ :
R* x R — R be a function. If ¢ is a I';-Caratheodory function we set for ¢ € A; with
i€{0,1,2,3} and v = 0, +00,

g(tp z(t)U))

_l’_ .

9;,(¢) = limsup,,_,, | max;>

A0 AT, (g
(t)u

- = limin min g(t pilt)u)
gi,u(Q) =1 | >0 N N () (t) )

Theorem 2.2. Assume for i = 1 or 2 the nonlinearity f is a I';-Caratheodory function

and there exist two functions qy and g, in A; such that either

:roo(%o) fiT()(QO) f;,ro(%)
(oo) <h< 1(qo0) = 1(qo0) = (2.10)

" @) Fr(as) | fr(ae)
w@) T Talen) S ) (2.11)

Then the bup (2.6) admits a solution u in K;. Moreover, if i = 2 then u is bounded and
ifi1=1 and

limy 4 oo fltf(s,pl(s))\)ds = +o0 uniformly (2.12)
for X in compact intervals of (0,400),

then u is unbounded.

In Theorem 2.2 Conditions (2.10) and (2.11) impose to the nonlinearity f to be sub
linear at +oo, that is there is a positive constants d and a function ¢ € I'; such that
flt,u) < c(t)u for all u > d and t > 0. To avoid such a condition, we have been led to
look for positive solutions in a largest Banach space. We have obtained then the following

result.

Theorem 2.3. Assume that the nonlinearity f is a I's-Caratheodory function and there

exist two functions qo and g, in Az such that either

5o (00) f30(q0)
11(q0) <ls 11(qo)

, (2.13)

. o) i)
pao) 1 ) 21
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Then the bvp (2.6) admits a positive solution u. Moreover, if the nonlinearity f is a

['y-Caratheodory function then the solution u is bounded, and if

I; o [Ff(s, Ads = + ' l
imy 400 [; f(5,p3(s)A\)ds oo uniformly (2.15)

for X in compact intervals of (0,+00),

then u is unbounded.

Consider now, the particular version of the bvp (2.6) where the nonlinearity f takes

the form f(t,u) = q.(t)h(t,u); Namely, we consider the bvp

—u" (t) + k*u'(t) = ¢.(t)h(t,u(t)), t >0
u(0) =4/ (0) = u/(+00) = 0,

(2.16)

where ¢, € I" and h : RT x R — R* is a continuous function.

If h/p; is a I'p-Caratheodory function for ¢ = 1,2 or 3, we set then for v = 0, +00

h;jy = hify(l) hi, = hi,(1).

We obtain respectively from Theorems 2.1, 2.2 and 2.3 the following corollaries:

Corollary 2.1. Assume fori =1 or2 that q. € A;, the function h/p; is I'o-Caratheodory

and either

_ h(t, pi(t)u) "
inf {W ctu > 0} > u(q),

£(t, pi()u)
S“p{ pit)u

Then the bup (2.16) has no positive solution.

ctou > 0} < u(q).

Corollary 2.2. Assume fori =1 or2 that q. € A;, the function h/p; is T'o-Caratheodory
and either

hz—'i_oo < p(g) < hig < h;,ro < 00,

or

hifo < i(ge) < hiy < hif, < oo.
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Then the bup (2.16) admits a positive solution. Moreover, if i = 2 then u is bounded and
ifi =1 and

limy oo flt q«(8)h(s,p1(s)\)ds = +o0 uniformly

for X in compact intervals of (0,+00),

then u is unbounded.

Corollary 2.3. Suppose that q. € As, the function h/ps is I'g-Caratheodory and either

h3 oo < 1(qs) < hig,

or
B < () < By
Then the bup (2.16) admits a positive solution. Moreover, if q. € Ay then u is bounded

and if and
limy s 4 oo flt q«(8)h(s, p3(s)\)ds = 400 uniformly
for X in compact intervals of (0,+00),

then u is unbounded.

2.2 Example

Consider for ¢ = 1,2, 3 the bvp (2.6) with

pi(t)u u?
(pi(t))2 +u2‘ +quo(t)pi(t) +u

where A and B are positive real numbers and qg, g € A;.

ftu) = Fi(t,u) = Aqo(t)

Y

It is easy to see that F; is a I';-Caratheodory function and if

- Ooo(t) (oo (1)
0 < inf <'g
20 q(t) — tgg qo(t)

< 00,

then
fi,_o(qo) = f;“o(qo) = A and fi,_oo(qoo) = ;,roo(%o) = B.

We deduce from Theorems 2.2 and 2.3 that for such a nonlinearity f, the bvp (2.6) admits

a solution if either

A < p(go) and B > pi(go)
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or

A> p(go) and B < pi(geo)-

Evidently for ¢« = 2, the obtained solution u is bounded and for ¢ = 1, if f0+°° qoprds =
+00 then u is unbounded. Indeed, for any interval [a,b] C (0, +00) we have

/lf(s,pQ(s))\)ds > A/1 qo(s)pl(s)l_:\)\zds

Aa
1+ a?

t
/ qo(s)p1(s)ds — 400 as t — +o0.
1

For instance if go(t) = goo(t) = (1 +t) ™~ the obtained solution is unbounded.
In the case i = 3, if f;roo qo($)p3(s)ds < 4oo then the solution is bounded and if
f;roo qo(8)p3(s)ds = +o0, the same computations as above lead to u is unbounded. For

example if go(t) = goo(t) = (1 + )" e ¥, then the obtained solution is unbounded.

2.3 Abstract background

Remark 2.1. We have from Proposition 3.14 and Proposition 3.15 in [14] that if L €

L (X) has the SIJP at p then p is the unique positive eigenvalue of L.

Remark 2.2. [t is easy to see that if L € L (X) has the SIJP at p and L (K) C P C K
where P is a cone in E, then L € Lp (X) has the SIJP at p.

In this work, the problem of existence and nonexistence of positive solutions to the
bvp (2.6) will be converted to that of existence and nonexistence of fixed point for a

completely continuous mapping defined on a cone of an appropriate functional space.

2.4 Fixed point formulation

In all this paper we let

s limy o u(t) = 0},
. hmt_>+oo 1;(__3 = O},

)
)
) s limy o u(t) =1 € R},
)

s limy oo e Fu(t) = 0},
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Endowed respectively with the norms

u(t _
full, = sup 4Ol = sup u(t)] and. Jully = supe* fu(@)]
>0 1+1 £>0 >0
FE,, E5; and E5 become Banach spaces.

We let also, K7, Ky and K3 be respectively the cones in F;, F5 and E3 defined by

Ky ={u€ FE;:u(t) >0 for all t > 0 and w is nondecreasing},
Ky ={ue€ Ey:u(t) >0 for all t > 0},
K3 ={u € E;s:u(t) > ~(t)||ul|s for all t > 0}

where

(t) = 3%,

Let G : RT x R™ — R be the function given by

(e*?)kt . 367kt 4 2) )

Gl s) 1 | e * (cosh(kt)—1) ift <s
yS) = 75
k2 ekt sinh(ks) + (1 — e %) if s < ¢.

oG . :
The functions G and — are continuous and they have the following properties:

ot
G(t,s) >0 for all t,s > 0, (2.17)
aa—(;(t, s) > 0 for all £, s > 0, (2.18)
G(0,s) = %(O, s) =0 for all s € R" (2.19)
: _ 1 —ks +
tLlerooG(t’ s) = E(l —e ") forallseR (2.20)
/+OO G(t,s)ds = it - i(1 —e ) forallt >0 (2.21)
0 ’ k2R3 - '
L Gt s)ds = - (2.22)
sup —— ,8)ds = —, :
1t 72
+o00 2
/ G(ts,5) — G(tr, )] ds < g |t — 1] for all o, >0 (2.23)
0

Properties (2.17)-(2.21) and (2.22) are obvious and Property (2.23) is obtained from
Property (2.21) for each of the cases ty > t; and t5 < t;.
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Lemma 2.1. For all functions v in Ey, u(t) = f;oo G(t,s)v(s)ds is the unique solution

of the bup
—u"(t) + k*u' = v, in (0,+00)

u(0) = v/ (0) = u'(+00) = 0.

(2.24)

Moreover u belongs to F.
Proof. Let v € Ey. For any t > 0 we have by Property (2.21),

“+o00
u(t)| = < H%/ G(t, s)ds < oo.
0

/0+0<> G(t,s)v(s)ds

Furthermore, for any ¢, ¢, > 0, we have by Property (2.23),

“+o00

/0 h G(ta, s)v(s)ds — G(t1,s)v(s)ds

0

Ju(ts) = u(tr)] =

“+o0
< / Gta, s) — Gltr, 9)| ds o],
0

<

The above estimates show that u is well defined and w is continuous on R.

Differentiating three times in the identity

—kt t 1 t h kt _ 1 “+o00
u(t) = —ek—2 sinh(ks)v (s) ds—l—ﬁ/ (1—e %) (s) ds+%/ e *v (s)ds,
0 0 ¢

we find

(e—kt /0 " sinh(ks)o () ds + sinh(kt) /t T e (s) ds) |

t +o00o
u'(t) = —e_kt/ sinh(ks)v (s) ds + cosh(kt) / e *5y () ds,
0 t

W) =k <e_kt /0 sinh(ks)o (s) ds + sinh(kt) /t e (s) ds> ()
= K/ (t) —v(t).

Hence, u satisfies —u"(t) + k?u’ = v. Since (4.4) gives u(0) = /(0) = 0, it remains to

prove that lim; ,, o v/(t) = lim;_, 4 11‘(—3 = 0. We have

/ +oo aG ]. —kt t . ]- . +oo —k
u'(t) = / —(t, 8)v(s)ds = 7€ / sinh(ks)v(s)ds + z smh(k:t)/ e "u(s)ds.
0 0 ¢
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Using L’Hopital’s formula, we obtain

t t . .
_ o ) L J, sinh(ks)v(s)ds .. sinh(kt) B
tl}erooe /0 sinh(ks)v(s)ds = t£+moo e = tlhmoo T v(t) =0
and
+00 inh(kt +t00 ks d
lim (sinh(kt)/ eksv(s)ds) ~  lim k(t ) S e k:}(s) i
t——+00 t t—+o00 e e
+too ks d
= hmft kt(s>szlim@—0
t——+o0 e t——+o0 k
This completes the proof. n

Lemma 2.2. Assume for i = 1 or 2 the function g : Rt x R — R is a I';-Caratheodory.
+o0o
Then the operator T} : E; — E; where for u € E;, Tiu(t) = / G(t, s)g(s,u(s))ds, is
0
well defined and if g(t,z) >0 for allt,x > 0 then T, (K;) C K;. Moreover, if u € E; is a

fixed point of Tg then u is a solution to the bup

—u"(t) + k*u' = g(t,u), in (0,+00) (2.25)
u(0) = v/ (0) = v/ (+00) = 0.
Proof. Since I'y; C I'y, in both the cases ¢ = 1 or 2, g is a I';-Caratheodory function.
Hence for any u € E;, g(t,u) belongs to Ey and Tgiu belongs to E; and satisfies the bvp
(2.24) within v = g(t,u). In the case i = 2, for u € Ey we have g(t,u) belongs to I's (i.e.
f0+°° g(s,u(s))ds < o0). Therefore, Lebesgues convergence theorem and Property (2.20)

lead to

lim T7u(t) = i/0 h (1—e ™) g(s,u(s))ds < %/ﬂ OOg(s,u(s))ds < 00.

t—-o0 k?
This shows that T is well defined.
At the end, it follows from Lemma 2.1 that if u € F; is a fixed point of Tg then u is a
solution to the bvp (2.25) and it is easy to see that if g is nonnegative then T}(K;) C K;
fori=1,2. O

Lemma 2.3. Assume for i =1 or 2 the function g : R™ x R — R is a I's-Caratheodory.
Then the operator T, : Es — Es where for u € Es, T;’u(t) = /+OO G(t,s)g(s,u(s))ds, is
well defined and if g(t,x) > 0 for all t,x > 0 then ng (K3) C Kog. Moreover, if u € E3 is
a fived point of T;) then u is a solution to the bvp (2.25).
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Proof. Since g is a I's-Caratheodory function, for any u € E3 we have |g(t,u)| belongs to
Iy (ie. lims i g(s,u(s)) = 0). Hence Lemma 2.1 guarantees that T;u € E; and and
satisfies the bvp (2.24) within v = ¢(t,u). Furthermore, for any u € FE3 we have

“+o00

ekt ‘Tg?’u(t)‘ < sup|g(s,u(s))] (ekt G(t, S)ds) — 0 ast — 4o00.
s>0

0
This shows that T, is well defined.

Clearly, if u € Fj3 is a fixed point of Tg3 then u is a solution to the bvp (2.25). So let
us prove that if ¢ is nonnegative then T;(Kg) C Ks.

Let u € Ej3, taking in consideration Lemma 2.3 in [27|, we obtain

Tou(t) = /Otd T5 ey ge = / /m G (¢ $)g(s,uls)dsde
-/ e / 4T gl uls)dsde
> / /+°° {5 (6)e™ 0 . $)g(s, u(s)dsde

> ([ e <f>d£)( [ S st

where 7(¢) = (e**¢ — 1) e~*¥¢. This leads to

t dT3

3
Tyu(t) > (/0 " (¢ d§> H ; (2.26)

Becaus we have

ng)u(t) _ fot dT u d£ f k¢ <e,k£dT u ) d£ < ft kfd{' HdT u
( H_1) || dT3u okt || dT3u
- H 3= k di 3
Leading to
dT3u
3

‘ y7 3 > k|| Tul, - (2.27)

Combining (2.26) with (2.27), we obtain

T3u(t) > v (1) ||T;uH3.

g

Ending the proof. O
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The following lemma is an adapted version for the case of the space E;, i = 1,2, 3, of
Cordeneanu’s compactness criterion ([19], p. 62). It will be used in this work to prove

that some operators are completely continuous.

Lemma 2.4. A nonempty subset M of E; i = 1,2, 3, is relatively compact if the following

conditions hold:

(a) M is bounded in E;,
z(t)

)
(c) the set {u cu(t) = ;((tt))

Lemma 2.5. Let g : R X R — R be a I'y-Caratheodory function. The operator Tg1 s

(b) the set {u s u(t)

, T € M} is locally equicontinuous on [0, +00), and

, T E M} 18 equiconvergent at 400.

completely continuous.

Proof. Let us prove first that the operator Tg1 is continuous. To this aim let (u,) be a
sequence in F; with limwu, = w in E;, and let R > 0 and ¥r € I's C I'y be such that
|lun|l; < R for all n > 1 and

‘g <t,p1(t) (p:(bt))) ‘ < r(t) for all £ > 0 and (p:ét)) €[-R,R].
We have then
.~ tul, = sup OO ),
where
0a(t) = — [ Gt gt ua(s) gl u(o)) s
oo (5) oo (1)

+o0
< 2 /0 G(t, 5)in(s)ds

2 [T 2|[¢r|l
< sup | —— G(t,s)ds | = ——=—2.
>~ ||¢R||2 tz%)) (pl(t)/o ( ) ) k2
Let (t,) be such that ®,(t,) = sup,o®,(t) and let (¢,,) be such that lim ®,, (t,,) =

lim sup ®,,(¢,,) . Therefore, we have to prove that lim ®,, (¢,,) = 0. We distinguish then

two cases:
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-) (t,,) is bounded by ¢ > 0; In this case we have
+o0
Oult) = (o [ 69 oo o)~ ats ) )
o 1
< / Gle,5) 195, tny (5)) — g5, u(s))] ds.
lim_G(e, ) g(s,un(s)) — gls,u(s))| =0

(5.5 = ats. )] = Jo (tm106) (22)) = (1) (5))]

S 2wR(S)7

for all s > 0 and by (2.21) 0+°° G(c, s)Yr(s)ds < oo. Hence the dominated convergence
theorem leads to lim @, (¢,,) = limsup ®,(¢,) = 0.

) limt,, = +00 (up to a subsequence); In this case we have from Lemma 2.2,
1 oo
Oult) = (o [ G oo o)~ ats. ) )
n (tm) 0

2 oo
— G(tn,,s s)ds — 0 as [ — oo.
s [ Gttt

Thus, we have proved that lim T, u,, = T,u in E, and T, is continuous.

Now we prove by means of Lemma 2.4 that Tg1 maps bounded sets of F; into relatively

compact sets of F;. To this aim, let €2 be a subset of £ bounded by R > 0 and let ¥5 € 'y
be such that

lg(s,p1(s)u)| < g(s) for all s >0 and all u € [—R, R].
For any u € Q we have by Property (2.22),

v G el (o (55))
< ), o)

Y |
< G(t, 5)d EERTN
< swp (s [T G ) ol = 5 o,
Hence T, (€2) is bounded in Ej.

I Tyul, = sup

>
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Let t1,ts € [,¢] C RT with ¢; < t5. For all u € 2 we have

Tglu (tz) B Tglu (tl) t
p1(t2) p1(t1) /0

G(tQ,S) G(thS)

p1(t2) pi(th)

Yr(s)ds

2 G(tQ,S) G(tl,S)

" /m pits)  pat) (5)ds
toe G(tQ,S) G(tl,S>

" /tz ‘ pits) i) (5)ds

G (ta,s) G (t1,s)

t1
/0 pi(ta) p1(th) (s)ds
1 e—ktl —ktz ¢
K2 p1(t1) Pl 752 ) / sinh(ks)¢r(s
1 ¢
- (1-
+ (pl (t1) p1 (t2) ) /0 ‘ wR( Jds

([ o)

G (ta,s) G (t1,s)

pi(t2) pi(th)

IN

IN

/ tQ
t1

Yr(s)ds

1 [? et 1—e™® cosh(kt;)—1 _, )
< — sinh(ks) + + e s)ds
L (pl(tz) (ks) pi(ta) pi(th) vrls)
Cy(k
< 2(2 ) (ta —t1)
and
oo G(tQ,S) G(tl,S)
— s)ds
L p1(t2) p1(th) (s)
1 |cosh (kts) —1  cosh(kt;) —1 /+°° K K
— - e " s)e "ds
Sl S nt) 1), 0
Cs(k
< j; ) (s — 1),
where

Oy (k) = (k + 1) sinh(k¢) + 1,

02<k) = (M + 1+ M) sup wR(3)7

L+n 1+¢ se[n,(]

Cy(k) = sup (M)

teln,c] L+t

66
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All the above calculations lead to

pits)  pit)

C1(k) + Co(k) + Cs(k)
k2

(tQ — tl) .

Hence Tg1 (Q) is equicontinuous on compact intervals of R™.
We have for all u € Q and t > 0

| Tu®] /+°° G(t,s)
0

1+t~ 1+t
1 [t

L ——
= 14t

l9(s, u(s))| ds

G(t, s)r(s)ds == H(t).
Since Lemma 2.2 guarantees that lim;_ ., H (t) = 0, we conclude that T, gl () is equicon-

vergent at +oo. This ends the proof. m

Lemma 2.6. Let g : RT X R — R be a I'y-Caratheodory function. Then the operator Tg2

15 completely continuous.

Proof. First, let us prove that T is continuous. To this aim let (u,) be a sequence in E,
with limu,, = w in E,, and let R > 0 and v be such that ||u,|, < R for all n > 1 and

lg(t, p2(t)u)| < Yg(t) for all t > 0 and v € [—R, R]. Hence we have
+o0
T2, — T;uH2 = stlig) T2, (t) — Tyu(t)] < /0 G(00, ) |g(s,un(s)) — g(s,u(s))|ds

with

lim {g(s, un(s)) = g(s, u(s))| = 0

n—-+o0o

and
|9(s,un(s)) — g(s,u(s))] = [g(s, p2(s)un(s)) — g(s,p2(s)u(s))| < 2¢r(s).

for all s > 0. Since ¥ € L'(RT), we conclude by means of the dominated convergence
theorem that lim 77 u,, = T, u in Es, proving the continuity of T},

Now we prove by means of Lemma 2.4 that Tg2 maps bounded sets of Fy into relatively
compact sets of Fy. To this aim, let 2 be a subset of E5 bounded by a constant R > 0
and let ¥ € I's be such that

lg(s,p2(s)u)| < g(s) for all s >0 and all u € [-R, R].
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Hence for all u € 2, we have by Property (2.18) and (2.20)
1720], < supiso ;™ G(t, 5) o(s, u(3))| ds = supyso 57 G(t,5) lg(s, pals)u(s))| ds
< 0+ G(00, $)Rr(s)ds < oo.
This estimate proves that T (€2) is bounded in FEj.

Let t1,t3 € [n,¢{] C RT and u € Q. We obtain from Property (2.23) of the function G
that

2[[¢rll,
k2

“+o00
T2 () — T ()] < / Gta,5) — G(tr, )| ds [|al, < ity — ]
0

Proving that T (Q) is equicontinuous on compact intervals of R*.

We have for all w € Q and ¢t > 0

| T2u(00) — Tyu(t)| < /0 h (G(oo,s) — G(t,s))Yr(s)ds := H(t).

Taking in account Property (2.20) and the fact that

(G0, 5) — G(t, 5)) tnls) < %wR(s) for all 5 > 0,

where ¥z € L' (R"), we obtain by means of the dominated convergence theorem that

limy_ 4o H(t) = 0. Thus T (Q) is equiconvergent at +oo and the proof is complete. [

Lemma 2.7. Let g : RY x R — R be a I's-Caratheodory function with i =1 or 2. Then

3 . .
the operator T, is completely continuous.

Proof. Observe that since g is ['3-Caratheodory, for all u € E3 we have Tg3u € E,. There-
fore considering the operator T, : E5 — Ey with T, *u(t) = T;u(t) and arguing as in the
proofs of Lemmas 2.5, we obtain that Tgl’3 is completely continuous. Since Tg3 =10 Tgl’g,
where [I; is the continuous embeding of F; in Fs3, we have that T; is completely continu-

ous. O

We obtain from Lemmas 2.5, 2.6 and 2.7 the following fixed point formulation for the
bvp (2.6).

Corollary 2.4. Assume that the nonlinearity f is a I';-Caratheodory function for some
i € {1,2,3}. Then u; € E; is a positive solution to the bvp (2.6) if and only if u; is a
fixed point of T} where T} - K; — K 1s completely continuous.
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2.5 Proofs of main results

2.5.1 Auxilliary results

Let for ¢ € A; with i = 1,2,3, L, : E; — E; be the linear operator defined by
. +m
Lyu(t) = /0 G(t,s)q(s)u(s)ds for u € E;.

We have from Lemmas 2.5, 2.6 and 2.7 that for ¢ = 1,2, 3, the linear operator Lfl is
compact. The main goal of this subsection is to prove that for ¢ = 1,2, 3, the operator Lfl
has the SIJP at its spectral radius r(Lf]) and in particular, Lg is lower bounded on Kj.
These results are requirement of Proposition 1.15, Theorem 1.19 and Theorem 1.20, and
so are needed for the proofs of the main results of this article. We start by introducing

some notations.

Let for T > 0, Gr : Rt x R™ — R be the function defined by

G(t,s)ift<T
G(T,s)ift >T.

GT(t, S) =

and for i =1, 2,

Er = {ueC(R"):u(0)=0and u(t)=u(T) fort > T},
Xr = {ue ErnC?0,T]:4(0)=0},

Yr = XprnC?0,T).
Equipped respectively with the norms

[ull; = supsep,r [u(t)| for all u € Er,
[ullx = max(|[ully, ||, [|u"[l;) for all w € X7 and

[ully = maz(|lullx , [[u"[l7) for all u € Yz,

Er, Xr and Yy become Banach spaces.
In what follows E and X7 denote respectively the cones of nonnegative functions in

the Banach spaces Er and X7.
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Let for ¢ € A and T > 0, L;T By — B, Lyr : BEr — Ep, Agr © Xp = Xp,
f[quT : Epr — Yr, and /Tq,T : X7 — Y7 be the linear bounded operators defined by

Ly pu(t) = f0+oo Gr(t, s)q(s)u(s)ds for u € E;,

Lyru = Lgru = L, 7u for u € Ep and

A, ru(t) = quTu = Ly ru for u € Xrp.

Let I, J be respectively the compact embedding of Y into Er and Yy into Xp. Since
L,r=1o0 Z,LT and A,p = Jo Avq’T, we have that L, and A, are compact operators.
Moreover, arguing as in the proofs of Lemmas 2.5 and 2.6, we obtain that for ¢+ = 1, 2,

LZ}T is a compact operator.
Lemma 2.8. The set Or defined by
Or={ue Xr:u >0in (0,7] and u"(0) > 0},
s open in the Banach space Xr.
Proof. We have O% = F} U F, where

Fi = {ue Xr: u(ty) <0 for some ty € (0,7]},

F2 = {U € XT . u”(O) S O}

Since F is a closed set in X, we have to show that F; C F}; U Fy. To this aim, let
(un) C Fy with limu, = v and let (x,) C (0,7] be such v/ (z,) < 0 and limz, = 7. We
distinguish the following two cases:

Case 1. T € (0,7); In this case we have
o (T) = limu, (x,) <0,

proving that u € F}.

Case 2. 7 = 0; In this case we have

proving that u € Fj. [
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Lemma 2.9. Fori =1 or2, ¢ in A; and T > 0, the operator Lf;,T has the SIJP at its

spectral radius (L, 7).

Proof. First, we prove that the operator A, r is strongly positive. Let u € X} \ {0} and
v = A, ru, we have from Property (2.18) of the function G that

T
V'(t) = aa%(t, s)q(s)u(s)ds > 0 for all t € (0,7). (2.28)
0
Moreover, we have
7 g 82GT
v"(0) = 5 (t,5)q(s)u(s)ds > 0. (2.29)
0

Clearly, (2.28) and (2.29) show that v = A,ru € Or C int (X;) , proving that
Agr (X7 ~{0}) € Or Cint (XF) and A,y is strongly positive. Therefore, we conclude
from Proposition 1.12 that the operator A, has the SIJP at (A, 7).

Now, we are able to prove that the operator L, has the SLJP at (L, r). Let po > 0
and v € Ef ~ {0} such that L,7u > pou, then U = L,7u € X7 ~ {0} and satisfies
LqrU = AqrU > poU. Hence, we have that py € Ay, and po < sup Ay, = r(Ag7).

Similarly if 7y > 0 and v € Ef \ {0} are such that L,7v < nov, then V = L, v €
X+ {0} and satisfies L,7V = A,rV < noV. Therefore, we have that 7y € r,, .and
no > inf'y, . = 7(Ag7).

Therefore, we have proved that
supAp, . <7 (Agr) =infly, , =supAy, , <infl'p

and this combined with (1.46) leads to infl'y , = supAp , = r(Agr) and L7 has
the SIJP at 7(A,r). Since the cone E; is total in the Banach space Er, we have that
r(Lgr) is a positive eigenvalue. Hence taking in consideration Remark 2.1, we obtain
that r (L, r) =7 (Ayr) and L, 1 has the SIJP at r(L, 7).

Noticing that for all u € K; ~ {0}, U = L} ;u € Ef ~ {0} and L} ;U = Ly rU, then
arguing as above we obtain that L ;. has the SIJP at 7(L! ;). Ending the proof, O

Theorem 2.4. For i =1 or 2 and q in A; the operator Lz has the SIJP at its spectral

radius r(L,).
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Proof. In order to make the use of Theorem 1.16 possible we prove that for a function ¢
in A;, T — L}, p is increasing and limy_, o L}, » = Li. Let ¢ in A; and Ty, Ty be such that

0< T <Ty < oo. For u € K; we have

“(G(t,s) — G(t,s)) q(s)u(s)ds = 0 if t < T}
L pu(t) — Ly pu(t) = (G(t,s) G(Ty, s)) q(s)u(s)ds > 0if Ty < t < Ty
(G(TQ,S) GTl(Th ))q(S) ( )dS >0 if T2 < 1,

proving that L u — L, u € K; and L}, 7 < L 15,
If i =1, for u € E; with |Jul|, = 1 we have

+oo

< i (Glts) = Galt ) als)ds

L}Zu(t) _L¢11,Tu(t)
p1(t)

oift<T

L [ (Glt,5) — G(T, ) q(s)ds if t > T.
Therefore,

Liu(t)—LY - u(t 0
SuptZO % = SuptZT (%—i—t f0+ (G(t, S) — G(T 3)) (3)d3)
< SUp;>y <1-1+t 0 G( s)q(s )d3>
Since
+00
) 1 _
tilfrnoo (1+t/0 G(t,s)q(s)ds) 5

we have

Léu(t)fL}LTu(t)
1+t

limr_, 4 o (SUPHUHI:1 HLcl]U - Lé,T“HJ = lim7, o (Sup||u|| =1 <Supt>0 >)
<limg oo (supy (7 fy™ Gt )g(s)ds ) ) = 0.

Hence we obtain by Theorem 1.16 that the operator L; has the SIJP at its spectral
radius 7(L}).

If i = 2, for u € Ey with |lul|, = 1 we have
+o0
L) = Lgut)] < [ (G5 = Galto)als)is
0ift<T

e (G(t,s) — G(T,s))q(s)dsif t > T.

0
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Hence we have

+o0o

12a = Laxll = su ([ 2w = Lozull, < / (G(t,5) = G(T5)) q(s)ds,
u 2=

then by Lebesgue dominated convergence theorem we conclude that L;T — Lg as T' —

~+00. By Theoerem 1.16 we obtain that the operator Li has the SIJP at its spectral radius
r(L2). O

Theorem 2.5. Fori =1 or 2 and q in As the operator Lg has the SIJP at its spectral

radius r(L}) and L} is lower bounded on the cone K.

Proof. Notice first that for all u € K3, Lgu € K;. Indeed, we have for u € K3 and for all
t>0

Laut) _ lulls [+
1+t — 1+t J,

since lim,_, o, €*q(s) = 0, and

G(t,s) (€*q(s)) ds — 0 as t — 400,

(L) () = /0 N aa—(j(t, $)q(s)u(s)ds > 0.

Let now, A\g > 0 and u € K3~ {0} be such that Lg’u < Au. Then U = Lgu satisfies
LU = LU < AU and we have A > inf Ip= r(Ly). Similarly if 6y > 0 and u € K3~\{0}
are such that Lzu > Qpu then U = Lgu € K ~ {0} and satisfies LéU = LgU > 0U and
we have 0y < sup Apy = r(L,).

The above leads to r(Lcll) = infI'y; = sup Agrand the operator Lg has the SIJP at
r(Lé). Since the cone Kj is total in the Banach space E3 and Remark 2.1 claims that (Lé)
is the unique positive eigenvalue of the positive operator L3, we have that r (L3) = r (L})
and L] has the SIJP at r(L?).

It remains to show that L? is lower bounded on K. Let u € Ks, with [ju|, = 1, we

have then for all ¢ > 0,

+00 +o0
Liu(t) :/o G(t, s)q(s)u(s)ds 2/0 G(t, s)q(s)y(s)ds,

leading to

“+o00

inf{HLguH3 cu € K3N9oB(0g,, 1)} > supe ™ G(t,s)q(s)y(s)ds > 0

t>0 0

and the operator Lg is lower bounded on the cone K3. This ends the proof. O
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2.5.2 Proof of Proposition 2.1

Let ¢ € A, we have from Lemma 2.2 that p is a positive eigenvalue of the linear eigenvalue
problem (2.7) if and only if p~" is a positive eigenvalue of the compact operator L/ for
= 1 or 2. Since Theorem 2.4 claims that sz has the SIJP at r(LfI), we have from
Remark 2.1 that T(Lf]) is the unique positive eigenvalue of Lfl. Therefore, we have that
1(q) = 1/r(L}) is the unique positive eigenvalue of the linear eigenvalue problem (2.7).
Now, let ¢ be the eigenfunction associated with u(q). Clearly if ¢ € Ay then ¢ is
bounded and if not then ¢ satisfies

o(t) = Ji Gt 5)g(s)e( w>111(e“mm%@+u_e“»«@w@@
= JTQ(S)¢(s)ds (2.30)
2“§Z>mnﬁw@ms

Thus, by the contrary if ¢ is bounded then passing to the limits in (2.30), we obtain the

contradiction

+oo > lim ¢(t) = lim wml) /ltq(s)ds = +00.

t——+oo t——+o0 2]{

Ending the proof.

2.5.3 Proof of Theorem 2.1

Assume that Hypothesis (2.8) holds true (the case where (2.9) holds is checked similarly).
Let € > 0 be small such that for i = 1,2,

i { L)

m@ﬁijW>O}ZWMny

Hence for all u € K;, we have

+oo
Tu(t) = /0 G(t,s)f(s,u(s))ds

= " S S, pils U(S) S
- 0 G(t7 )f( 7pl( )pz(5>)d
> (u(g) +e) G(t,s)q(s)u(s)ds

= (u(q) +€) Liu(t) == Liu(t),
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and

> 1.

2y _ plg) Fe
r(L!) =
R ()
Since Theorems 2.4 and 2.5 state that the operator Z?z has the SIJP at r(Zg), Hypothesis

(1.64) holds and Proposition 1.15 guarantees that the operator T} has no fixed point in
K;. At end, we conclude by Corollary 2.4 that the bvp (2.6) has no positive solution.

2.5.4 Proof of Theorem 2.2

Step 1. Existence in the case where (2.10) is satisfied:
Let € € (0, 11(goo) — fiF oo (4o0)) there is R large such that

ft,pi(t)u) < (1 (goo) — €) Pi(t) oo (t)u for all ¢ > 0 and u > R.
Since the nonlinearity f is a [';-Caratheodory function, there is ¢ € I'; such that

J(&,pi()u) < (1 (goo) — €) Pi(t)gos(t)u + ¥g (t) for all t,u >0,
and this leads to

ft,u) < (1 (goo) — €) goo(t)u + Yg (t) for all t,u > 0. (2.31)
Let e € (0, fio(q) — #(go)) there is 7 > 0 such that for all ¢ > 0 and u € [0, 7]
(fiolao) +¢) pi(t)qo(t)u > f(t, pi(t)u) > (1 (goo) + ) Pri(t)qo(t)u,
leading to
(fio(qo) +€) qo(t)u > f(t,u) > (11 (gos) +€) qo(t)u for all t > 0 and u € [0,7].

Therefore, for all ¢, u > 0 we have

o~ ~

(fio(a0) +&) ao()u+ f(t,u) > f(t,u) > (1 (q0) + &) qo(t)u — f(t,u) (2.32)

where

f(t,u) = sup (0, (1 (geo) +€) qo(t)u — f(t, u)),
flt,w) = sup (0, f(t,u) — (fo(q0) +€) qo(t)u) .
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Therefore, we obtain from (2.31) and (2.32) that
T}u < Lgmu + Fu for all u € K;

and
Lzou — Fou < T}u < Lflou + F\Ou for all u € K;
where
Fou(t) = [;7° G(t,s) f(t,u(s))ds,
Fyu(t) = fJ G(t, ) f(t,u(s))ds,

<<F°°>u(t)> o ?CES} )
i ~ (WGo) — r i) — Qo) + €
) = Sy <) =

76

We conclude from Theorem 2.4, Theorem 1.19 and Corollary 2.4 that the bvp (2.6)

admits a positive solution u € K.
Step 2. Existence in the case where (2.11) is satisfied:
Let € € (0, s(q0) — fi'5(q0)) there is 7 > 0 small such that

ft,pi(t)u) < (1 (goo) — €) Di(t)goo(t)u for all t > 0 and u < r,

leading to
flt,u) < (u(qo) —€)qo(t)u for all t > 0 and u < r.

Therefore, for all ¢, u > 0 we have

~

ftu) < (1 (q0) = €) go(t)u + f(t, )

with

(¢, u) = sup (0, f(t,u) = (1 (g0) = €) qo(t)u).

Let € € (O, fino(Go0) — ,ui(qoo)) there is R > 0 such that for all ¢ > 0 and u > R,

(1 (o) + &) Di(t)goo ()t < [ (£, pi(t)u) < (fifs (o) + €) Pi(t)goo (),

Since the nonlinearity f is a [';-Caratheodory function, there is ¢ € I'; such that

Ftu) < (fih(g00) +€) dos(O)pi(t)u + g () for all t,u >0 .

(2.33)
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Therefore, for all t,u > 0 we have

(ﬂz (qOO) + 5) qoo(t)u - f(t7 u) S f(ta U) S ( i—j—oo(qw) + 5) qOO(t)u + ,QZ)R (t) (234)

where

f(ta u) = sup (07 (:u (QOO) + 8) Qw(t)u - f(t> u)) .

Therefore, we obtain from (2.33) and (2.34) that
T}u < Lf;o“ + Fyu for all u € K;

and

szu —Fou< T}u < Lflwu + ﬁoou for all u € K;

where
Fou(t) = ;7 G(t,s) f(t,u(s))ds,
Feu(t) = [ G(t, s)r (s) ds,
Fou(t) = [7°G(t,5)f(t,u(s))ds,
iy (1(ge) —€) (1 (q0) +¢)
) = ) @
We conclude from Theorem 2.4, Theorem 1.19 and Corollary 2.4 that the bvp (2.6)

<1<r(Lf1®O):

admits a positive solution u € Kj.
Step 3. Boundedness and unboundedness of the solution:
Evidently, if i = 1 the solution u is bounded. If i = 2 and Hypothesis (2.12) is fulfilled,

then the solution u satisfies

u(t) = fOJrOO G(t,s)f(s,u(s))ds > (1;Z;k)2 fg f(s,u(s))ds
= 0 o) (242) s

(2.35)

Thus, by the contrary if the solution u is bounded then passing to the limits in (2.35), we

obtain the contradiction

too > lim u(t) = lim <1_2—;16)2/1%(5,;91(3) <u<s)))ds:+oo.

t——4o00 t——4o00 P1 (3)

Ending the proof.
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2.5.5 Proof of Theorem 2.3

Step 1. Existence in the case where (2.13) is satisfied:
Let € € (0, 1(gs0) — fi500(g0)), there is R large such that

1,3,00
f(t,ps(t)u) < (1 (goo) — €) P3(t)goo(t)u for all t > 0 and u > R.

Since the nonlinearity f is a ['s-Caratheodory function, there is ¢z € I'; such that

flt,p3s(t)u) < (1 (goo) — €) P3(t)qoo(t)u + Vg (t) for all t,u > 0,

and this leads to

Flt,u) < (1 (goo) — €) goo(t)u + g (t) forall t,u >0 (2.36)

Also, we have from f54(q0) > p(qo) that for e € (0, f54(q0) — #1(goc)) there is 7 > 0 such
that
f(t,ps(t)u) > (1 (go) + €) p3(t)qo(t)u for all ¢ > 0 and u € [0, 7],

leading to
flt,u) > (1 (goo) +€) qo(t)u for all t > 0 and u € [0, 7] .

Therefore we have
F(tu) = (1 (ao) + ) qoltyu — F(t, ) for all £,u > 0 (2.37)

where

St u) = sup (0, (1 (goo) +€) qo(t)u — f(t,u)) .

Hence, we obtain from (2.36) and (2.37) that
Liou — Fyu < T;’u < Lg’wu + Fou for all u € K3

where

Fou(t) = [ G(t,s)f(t,u(s))ds,
Fou(t) = [ G(t, s)1r (s) ds,

5\ (1(geo) =€) (13 _ (p(qo) +¢)
) = ) =



FEigenvalue criteria for existence and nonexistence of positive solutions

79

We conclude from Theorem 2.5, Theorem 1.20 and Corollary 2.4 that the bvp (2.6)

admits a positive solution.
Step 2. Existence in the case where (2.14) is satisfied:
Let € € (0, 1(q0) — f50(q0)), there is 7 > 0 small such that

ft,ps(t)u) < (p(qo) — €) p3(t)qo(t)u for all t > 0 and u < r.

Hence for all ¢,u > 0 we have

f(tu) < (1(q0) = € qo(t)u+ f(t, )

where

f(t,u) = sup (0, (f(t, u) = (1 (q0) =€) qo(t)u).

Let ¢ € (0, f3.5(q0) — #(gso)) there is R > 0 largr such that

ft,ps(t)u) > (1 (goo) +€) P3(t)goo(t)u for all t > 0 and u > R,

leading to
flt,u) > (1 (goo) +€) goo(t)u for all ¢ > 0 and u > R.

Therefore, we have

~

ft,u) > (1 (goo) +€) @oo(t)u — f(t,u) for all t,u >0

where
F(t.w) = sup(0, (1 (go) + €) goo(t)u — f(t, ).

Hence, we obtain from (2.38) and (2.39) that

ngu —Fou< T})’u < Lgou + Fyu for all u € K3

where
Fou(t) = [T G(t,s)f(t,u(s))ds,
Foou(t) = f G(t,s)f ( ( ))
T(Lg):(N(QO)_E) ) +5).

11 (qo) <t<ri qoo)

(2.38)

(2.39)

We conclude from Theorem 2.5, Theorem 1.20 and Corollary 2.4 that the bvp (2.6)

admits a positive solution.
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Step 3. Boundedness and unboundedness of the solution:
Evidently, if f is a [';-Caratheodory function the solution w is bounded. If Hypothesis
(2.15) is fulfilled, then the solution u satisfies

ult) = 7 Gt 0 st = 5 st
= O psuals) (29)) s

(2.40)

Thus, by the contrary if the solution u is bounded then passing to the limits in (2.40) we

obtain the contradiction

u(s)
ps(s)

lim u(t) = lim (1_2—;_@2/1%(8,193(8)(

t——+o0 t——+o0

))ds = +o00.

Ending the proof.



Chapter 3

Positive solution for singular
third-order BVPs on the half line with

first-order derivative dependence

3.1 Introduction and main results

Boundary value problems for third-order differential equations arise in many branches of
physics and engineering where, for physical considerations, the positivity of the solution
is required. For instance, Danziger and Elemergreen (see [31], p. 133) have studied the
following third-order linear differential equations:
azu” + aou” + aqu’ + (1 + k)u = ke, 0 < ¢ and (3.1)
asu” + au” + o’ +u =0, > c.
These equations describe the variation of thyroid hormone with time. Here u = u(t)
is the concentration of thyroid hormone at time t and ag, as, as, k and ¢ are constants.

A reduced version of the Hodgkin—Huxley model was proposed by Nagumo. He sug-

gested the class of third-order differential equation
b
u" —cu" + ff(u)u’ — —u=0 (3.2)
c

as a model exhibiting many of the features of the Hodgkin-Huxley equations, where f

is a regular function. The Hodgkin—Huxley model is a system of nonlinear differential

81
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equations that approximates the electrical characteristics of excitable cells such as neu-
rons and cardiac myocytes. Recall that the Hodgkin—-Huxley model describes the ionic
mechanisms underlying the initiation and propagation of action potentials in the squid
giant axon.The model has played a vital role in biophysics and neuronal modelling. For
more details of Nagumo’s equations, we refer to the paper by McKeen [51].

The Kuramoto—Sivashinsky equation

1 2

arises in a wide variety of physical phenomena. It was introduced to describe pattern
formulation in reaction diffusion systems, and to model the instability of flame front
propagation (see Y. Kuramoto and T. Yamada [46] and D. Michelson [52]). A traveling

wave solutions u = ¢(x — ct) satisfies, after one integration, the third-order equation

A" (x) + ¢'(x) + f(9) =0, (3-3)

where A is a parameter depend on the constant ¢ and f is an even function.
A three-layer beam is formed by parallel layers of different materials. For an equally
loaded beam of this type, Krajcinovic in [44] proved that the deflection u is governed by

the third order differential equation
—u" + k' = a, (3.4)

where k£ and a are physical parameters depending on the elasticity of the layers.

Study of existence of positive solutions for third-order bvps has received a great deal
of attention and was the subject of many articles, see, for instance, [29, 30, 32, 38, 37, 50,
58, 61, 65, 66, 67, 72|, for the case of finite intervals and [1, 7, 8, 16, 24, 25, 26, 27, 41, 48,
49, 55, 60] for the case posed on the half-line. Naturally, in such boundary value problems,
the nonlinearity may have a singular dependence on time or on the space variable. This
was the case in the papers [8, 24, 25, 26, 49, 50, 61, 65, 66|, which motivated this work.

We are concerned in this chapter by existence of a positive solution to the boundary
value problem (bvp for short),

—u"(t) + K2/ (t) = ¢ (t) f(t,u(t),u/(t)), t >0

u(0) = u/(0) = w/(+09) = 0, (3.5)
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where k is a positive constant, ¢ : (0,4+00) — R is a measurable function,

f:RT x(0,400) x (0,4+00) — R* is a continuous function and observe that the form of
the differential equation in (3.5) is more general to those of (3.1)-(3.4). Here the constant
k which may have a physical signification as in (3.4), will play an important role in finding
a suitable framework for a fixed point formulation of bvp (3.5).

By positive solution to the bvp (3.5), we mean a function u € C? (R*) N W31 (0, +00)
such that « > 0 in (0, +00) and u(0) = /(0) = lim;—, 1 ¢/ (t) = 0, satisfying the differen-
tial equation in (3.5).

In all this chapter, we let

(t) = (3 — e,
:}//(t) — k*ekt”}q(t) = k* (1 _ e—k:t) (1 4 e—kt)e—kt’
t~ k* _ _ kf* _ 2 _
v(t) :fov(s)ds: 3—k(2—3€ Mote 3“) =3 (1—6 kt) (2 + e H)
where k* = min(1, k)/2 and we assume that the functions ¢ and f satisfy the following

condition:

/

for all R > 0 there exists a function Wg : (0, +00) x (0,400) — (0, 400)

such that ¥x nonincreasing following its two variables,

[t eFw, ektz) < g (w, 2) for all t,w, 2z > 0 with |(w, 2)] < R, (3.6)
M,y 100 @ () Up (re " y(s), re7**3(s)) = 0 and

f0+oo ¢ (s) Ug (re ™ y(s),re *3(s)) ds < oo for all r € (0, R].

\

Remark 3.1. Notice that functions m in L' (0,+00) do not satisfy lim;_,, ., m(t) = 0.
Indeed, the function

2n't —n(2n* — 1) if t € [n — 55, 7]

mo(t) = ¢ —2n't +n(2n* +1) if t € [n,n+ 3]

2n3
0 of not

is integrable since f0+oo mo(t)dt < 3.5, # < 00, and lim, 1o mo(n) = lim,, on =
+00.
Hence, the condition f0+ooqb(s) g (re " y(s),re *3(s)) ds < oo in Hypothesis (3.6)

does not imply that limg_, o ¢ (s) Vg (re*ks'y(s), re*k‘s?(s)) =0.
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Remark 3.2. Observe that the case where the nonlinearity f satisfies the polynomial
growth condition

ft,u,v) < C(1+u” +oH)

with ¢,o,pu > 0, limg 1 ¢ (s) = 0 and f0+oo¢(s) ds < o0, 1s a particular case where

Condition (3.6) is satisfied.

Remark 3.3. Notice that if Hypothesis (3.6) holds then |¢|, = [" ¢ (s)ds < co. Indeed,

0
for R =1 we have
+o0 B
00 > / ¢ (s) W1 (e7(s),e7F(s)) ds > W1 (vF,77) 9], ,
0

where v = maxg o (€7 (y(s) +7(s))).

The statement of the main result needs to introduce the following notations. Let

g () = ()
o) = it (i ) )= i (25 ),
where |(w, 2)| = |w| + |z, for § > 0 I, = [0,0] and for 0 > 1 Jy =[1/6,0].
Let also,
=T, +0y)",
B0(0) = (©10(0) + O20(0)) " if 6 > 0,
O (0) = (01.00(0) + 20 (0)) " if 6 > 1,
where

Iy = sup,- (e‘kt 0+°O G(t,s)p(s ds) :
0
)

(

[y = sup,. (e_kt oo é(t, s)o(s)ds
)
)

O10(0) = sup,o (7 [} Gt 5)o(s)e ™57 (s) ds)
O90(0) = sup,~q (e foe G(t, s)p(s)e *v (s) ds) ,
O100(0) = suppog (€7 [1), Gt 5)o(s)e ™5 (s) ds)
Onc(0) = supysg (7 [, Gt 8)0()e ™ (s) ds )

and notice that Remark 3.3 guarantees that the constants I'y and I’y are finite.
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Theorem 3.1. Assume that Hypothesis (3.6) holds and one of the following conditions
fO<T, O,(0) < foo () for some § > 1 (3.7)

[ <T, ©y0) < fo(f) for somed >0 (3.8)

is satisfied. Then the bup (3.5) admits at least one positive solution.

Remark 3.4. For the particular case where f(t,u,v) = (e‘kt(u~|—v))g with o > 0 and
o # 1, we have f© = 0 and [ (0) = +oo for all @ > 0 if o > 1, and f~ = 0 and
fo(0) = +o0 for all @ > 0 if o < 1. Hence, Conditions (3.7) and (3.8) in Theorem 3.1

correspond to the superlinear case and the sublinear case of the nonlinearity f, respectively.

3.2 Example

Consider the case of the bvp (3.5) where ¢(t) = e, a > 0 and

U+ P u+v\*?
f(t’u’v)_A<e’“t—l—u+v) +B< ekt ) ’

with A, B >0,p<1andq>1.

Thus, for all ¢,w,z > 0 we have

w—+ z

t k’t k!t :A
f(t, e®w, e z) TTwiz

)p+B(w+z)q,

and if |(w, z)| = w + z < R, then

w—+ z

t kt k‘t :A
f(t, eFw,e%2) 1+w+2

)p+B(w+z)q§\IfR(w,z),

where
ARP + BR?if p > 0,
Ug(w,z) =
Aw+z)(1+R) "+ BR%if p < 0.
Thus, if p > 0 then

lim_(s)vn (Re ™y (), Re ™7 (s)) = (AR? + BR?) lim e~ =0,

s5—++00 §—+00

+oo » .
()R (Re "y (s), Re ™7 (s)) ds = ARP + BRI

0 (0%

< 00,
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and if p < 0 then
¢(s)¢r (Re™ 7 (s), Re™*5 (s)) = BRIe™*+
A (1 + R)ip (k'*R)p e*(oﬂ»pk)s (1 _ 6fks)pp(s>7

where
satisfies

Therefore, we have

lim @(s)r (Re ™y (s), Re™5 (s)) = 0 if and only if a > —pk

s—+00

and
f0+oo O(s)Vr (Refksv (s), Re Fy (s)) ds < oo if and only if
a > —pkand p > —1.

Straightforward computations lead to

+oosiqg>1,
[P =fol) = foo = for all 6 > 1
Bsig=1,
400 sip <1,
fP=f@)=fi=] Asip=1<gq, for all 6 > 0.

A+ Bsip=q=1,

We conclude from Theorem 3.1 and all the above calculations that this case of the

bvp (3.5) admits a positive solution in each of the following situations:
I.p=1,¢g=1, B<T and A+ B > 0O () for some 0 > 0,
2.p=1,¢>1, and A > O () for some 6 > 0,
3.p€l0,1), ¢g=1and B<T,

4. pe(-1,0), ¢=1, B<TI and a > —pk.
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3.3 Fixed point formulation

In all this paper, we let
E={uec C'R"R):limy_ e Mu(t) =0, lim;, o e *u'(t) = 0}.

Endowed with the norm [ju|| = ||ul], + |||, where |Ju]|, = sup,>q (e *|u(t)|), E becomes
a Banach space.

The following lemma is an adapted version for the case of the space E of Corduneanu’s
compactness criterion ([19], p. 62). It will be used in this work to prove that some operator

is completely continuous.

Lemma 3.1. A nonempty subset M of E is relatively compact if the following conditions

hold:

(a) M is bounded in E,

(b) the sets {u: u(t) = e *z(t), x € M} and {u:u(t) = e *'(t), z € M} are locally

equicontinuous on [0, +00), and

(¢) the sets {u: u(t) = e ™ x(t), x € M} and {u: u(t) = e *a'(t), x € M} are equicon-

vergent at +00.
In all this work, P denotes the cone in F defined by
P={ue E: u(t)>75(t)||ul]| and u(t) > ~(t)||u|| for all ¢ > 0}.
Let G, G : Rt x Rt — R" be the functions defined by

1 | e* (cosh(kt) —1) if t <s,

G(t,s) = —

k2 | —e*sinh (ks)+ (1 —e*) if s <t
~ oG 1| e *sinh(kt) ift <s,
G(t> S) = E(tS) =7

k| e sinh (ks) if s < t.
Lemma 3.2. The functions G and G satisfy:

(a) For allt,s € Rt we have G(t,s) > 0 and G(t,s) > 0.
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(b) The functions G and G are continuous and for all s > 0, we have
G(0,s) = G(0,s) = 0.
(c) Forallt,s> 0, we have
1 —k
G(t,s) < k‘_(l —e ") <
(d) For all s,t,7 >0, we have
Gty s)e™ > n(t)G(r, s)e .
(e) For all ty,t1 > 0, we have
—kt —kt 3
‘6 2G(t2,$)-€ 1G<t1,8)| < ﬁ“?_tl‘

‘e*mé(tz, s) — e MG, 3)‘ < ts — ]

88

(3.9)

(3.10)

(3.11)

Proof. Assertions (a), (b) and (c) are easy to prove, Assertion (d) is proved in [23].

Assertion (e) is obtained by the mean value theorem.

]

Lemma 3.3. Assume that Hypothesis (3.6) holds, then there exists a continuous operator

T : P~ {0} = P such that for all r,R with 0 < r < R, T (PN (B(0,R) \ B(0,7))) is

relatively compact and fized points of T are positive solutions to the bvp (8.5).

Proof. The proof is divided into four steps.

Step 1. Existence of the operator 7. To this aim let v € P~ {0} . By means of

Hypothesis (3.6) with R = ||u]|, for all £ > 0 we have

S Gt 9)¢ () f(s,uls), w/(s))ds

(s
< gz Jo T (s) f(s u(s), w/(s))ds

o
w o

and

S G, ) (5) F(s,uls),w(s))ds < e [ 6 (s) (s, uls), ' (5))ds
(

< 5 0+oo ¢ (s) U (Re*v(s), Re™™7(s)) ds < oo.

f(s,
¢ (5) f(s, e (e Fu(s)) ,e* (e F*u'(s)))ds
¢ (s) W (Re™%*7(s), Re™"7(s)) ds < o0
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Thus, let v and w be the functions defined by

o(t) = [T Gt ) () f(s,uls), w/(s))ds
w(t) = [, Gt ) (s) f(s,u(s), u/(s))ds.

Since for all £ > 0,

o(t) == [y sinh(ks)o (s) f(s,u(s), u'(s))ds
+7 fo (L =€) (s) f(s,u(s),u'(s))ds
+ESEL [ TR0 (5) f(s,uls), '/ (5))ds,

we see that v is differentiable on R™ and for all ¢ > 0,

V'(t) = smh (ks)o (s) f(s,u(s),d(s))ds
+s1nh(kt) f+00 —ks¢ (S) ( ( ) u’(s))ds ’
= [ Gt )6 (5) f(s,uls), w/(s))ds = w(t)

with w continuous on RT.

At this stage we have proved that v belongs to C'(R™,R) and we need to prove that
v € E. Thus, we have to show that lim;_, ;o e *v(t) = lim;_, ;o e ¥/(t) = 0. Clearly for

all £ > 0, v(t),v'(t) > 0 and we have

HE) = e [ Gl )0 (5) £, ulo) () ds
< — f0+oo ¢ (s) Wr (Re "(s), Re *3(s)) ds
and

e My(t) =e M 0 G, 8)¢ () fs,uls),u(s))ds

e 0+OO ¢ (s)Vpr (Re*ksv(s), Re*ksv(s)) ds.

<
- 2k
The above two estimates prove that limy ;. e ¥ (t) = lim;_,, o e %' (t) = 0.

Now for all ¢,7 > 0, we have from Assertion (d) in Lemma 3.2

V() = et [T e MGt 8)p(s) (s, u(s), u/(s))ds
> My (t) [, e G (7, 8)p(s) f (s, uls), u/(s))ds
= My (t)e Fm' (7).

Passing to the supremum on 7, we obtain

V' (t) > My (t) [|V]|,, for all > 0. (3.12)
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Since for all ¢t > 0
kt

o) = [ e ) s < [ agll < G

0

we have

[Vl = Kol - (3.13)
Therefore, (3.12) combined with (3.13) leads to
V' (t) > ket (t) |Jv]|, for all ¢ > 0,

then to
V'(t) = F(t) ||v]| for all ¢t > 0. (3.14)

Integrating (3.14), yields v(t) > ~(t) ||v|| for all ¢ > 0.

Thus, we have proved that v € P and the operator T' : P ~ {0} — P where for
u € P~ {0}

Tu(t) = [ 616,596 () £ uts)oal 5)ds.

is well defined. O

Step 2. The operator 7' is continuous. Let (u,) be a sequence in P ~ {0}
such that lim, . #, = Uy in E with uy in P\ {0} and let R > r > 0 be such that
(un) C B(0,R) ~ B(0,r). If U is the function given by Hypothesis (3.6), then for all
n > 1 we have

[Tun = Tucoll), = sup,so [Tun (t) = Tuco ()]
< Jo T 0 () f (s un(s), un(9)) — f (s, uoo(s), ule ()| ds
and
[(Tun) = (Tuso)'||, = suppo |(Tun)’ (t) — (Tuse)' ()]
< g Jo T D () (s un(s),up(9)) = f((5, oo (), ubo (5))] ds.

Because of
| f (55 un(8),u,(5)) — f((5,Uso(8), i ()] — 0, as n — 400
for all s > 0 and

¢ (8) [ (s, un(s), up(s)) — F((85 uoo(8), uls(s))]
< 20 (s) Vg (re‘ksv(s), re_ksv(s))
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with f0+oo¢(s) g (re *sy(s),re *v(s)) ds < oo, the Lebesgue dominated convergence
theorem guarantees that lim, o ||Tu, — Tus|| = 0. Hence, we have proved that T is
continuous.

Step 3. For R >r >0, T (Pﬂ (E(O, R) ~ B(O,r))) is relatively compact. Set
Q=Pn(B(0,R)~ B(0,r)) and let ®, » be defined by

Q, p(s) =Vg (re’ksﬂy(s), re’ksfy(s))

where W is the function given by Hypothesis (3.6). For all u € Q, we have

1 1 Foo
| Tu| < (ﬁ + %) i o (s) P, r(s)ds < oo,

proving that T2 is bounded in FE.
Now, let t1,ts € [n,¢], for all u € Q, we have from (3.10) and (3.11) the estimates
le FTu(ty) — e ™2 Tu(ty)| < 0+°O le *1G(t1, s) — e *2G (1, 8)|¢ (5) Dy r(s)ds
< g lto =] J§7 ¢ (5) @ r(s)ds
and
e 0 (Tu) (1) — e7M2(Tu) ()| < [ [e™™1Gtr, 5) — e G(ta, 5)[6 (5) Py, r(s)ds
<ty —ta] o7 ¢ (5) ®rals)ds.

Proving the equicontinuity of TQ2 on bounded intervals.

For all u € 2 and t > 0, we have
o e—kt +o0
le " Tu(t)] < = (s) @, r(s)ds

and
—kt +o00o

e Ty (O < = [ 6 (s) pls)ds.
0
Thus, the equiconvergence of T} follows from the fact that lim; ., e ¥ = 0. In view of
Lemma 3.1, T2 is relatively compact in E.
Step 4. Fixed points of T are positive solutions to the bvp (3.5). Let

u € P~ {0} be a fixed point of T, then for all £ > 0 we have

u(t) = /0OOG(t,s)gb(s)f((s,u(s),u’(s))ds and

u'(t) = G(t,5)¢ (s) f((s,uls), u'(s))ds.

0
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These with (3.9) lead to u(0) = v/ (0) = 0.
Differentiating twice in
u(t) = fo G(t,5)6 (s) (5, u(s), u/(s))ds
‘sinh(ks)o (s) £ (s, u(s), o (s
(s) (
)

+blnh(kt) f—‘rOO 7ks¢ s ( ( ) /
we see that —u” (t) + ku/(t) = ¢ (t) f(t,u(t),u/(t)) for all £ > 0.

U
It remains to prove that lim;, ., «'(t) = 0. We have

W) = e Jesinh(s)o (5) £ s, uls),u/()ds
+ 2 [T e (5) f(s,u(s), ' (5))ds.
By means of Hypothesis (3.6) with R = ||u|| and the L’Hopital’s rule, we obtain
: 1 :
limy 07— [ sinh(ks)o () £(s,u(s), u'(s))ds
< iMoo e fg sinh(ks)¢ (s) W (Re™*v(s), Re™"(s)) ds
= Timy oo 22D 6 (1) W (Re My (t), Re*4(t)) ds = 0.
Also, we have
) 152 s (5) (s, u5), (5))ds
< M [0 () f(s,u(s), ' (s))ds — 0 as t — +oo.

The above calculations show that lim; ;. /(t) = 0, completing the proof of the

lemma. O]

3.4 Proof of Theorem 3.1

Step 1. Existence in the case where (3.7) holds
Let ¢ > 0 be such that (f° 4+ ¢) < I'. For such a ¢, there exists R; > 0 such
that f(t,e"w,ef2) < (f° + €)(w + 2) for all w,z with |(w,2)] < Ry and let ; =
{ueE, ||lul| <Ri}.
Therefore, for all u € P N 0$2; and all ¢ > 0, we have
e MTu(t) =e ™ [TFG(t, s)¢( ) f (s, € (e7*su(s)) , e (e7"u/(s)))ds
< (f°+€) Lo T Gt s)p(s)e ™ (uls) + o/ (s)))ds
< lull (f° +e)e™ [ Gt $)p(s)ds
< Ty (f*+€) [lull,
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leading to
|Tul|, = Stlig (e™™Tut)) < (f°+€) Iy |lul. (3.15)
Similarly, we have
e F (Tw) (1) = e * [TG(t, s)¢( ) f (s, € (e7*u(s)) , e (e7"u/(s)))ds

<(f'+ 6) LT Gt s)d(s)e ™ (uls) + (5)))ds
< Jull (f° + €)™ [ G2, 5)(s)ds
<

(f*+e) T2 ull,
leading to
(Y|l = sup (7 (Tw) (1) < (° +€) T2 Jul (3.16)

Summing (3.15) with (3.16), we obtain
ITull < [lull (f* +€) T7F < [lul.

Now, suppose that f. (6) > O (6) for some § > 1 and let € > 0 be such that
(foo (0) — ) > O (0). There exists Ry, > Ry such that f(t,e"w, e z) ( foo (0) —
e) (w+ 2) for all t € Jp and all w, z with |(w, z)| > Rs. Let 79 = min {~(s) ts€Jpt,
Ry = Rg/’}/g and Qs = {u € F : |Ju|]| < Ry} . For all u € PN 0Qy, and all t > 0 we have

ITull, > e Tu(t) > e [} G(t,s)o(s)f (s, e (e u(s)) , e" (eFu/(s)))ds
> (for <e>—e>e*ktf§9c<t,s> (5) (e *u(s) + e *u/(s)) ds
> (foo (6) = £)e™ [ G(t, 5)d(s)e™*u(s)ds
> Jlull (foo (8) = )e™ [}y G(t, 8)d(s)e™ (s) ds

S

and

Cb

H(Tu)/Hk —kt fl/@ (t, 8)p(s) f(s, ks (e‘ksu(s)) ehs (e_ksu’(s)))ds
(foo (0) = )™ 1, G )925(8)( “u(s) + e u/(s)) ds
(foo (0) = £)e™ [1, G(t, ) (s)e ™ u(s)ds

lull (foo (8) = €)™ [} G(t, 8)b(s)e™" (s) ds.

The above estimates lead to

AVAR AVAR A VARV,

ITull, = (foo (0) = €)O100(0) [Jull,
[(Tw)']]), = (foo (8) = €)O2,00(6) ||l
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then to
ITu]l > (foo (0) =€) (Ooe(0) ™" [l > u]l -

We deduce from Assertion (Hj)of Theorem 1.14that T admits a fixed point u € P with

Ry < Ju|l; € R which is, by Lemma 3.3, a positive solution to Problem (3.5).

Step 2. Existence in the case where (3.8) holds

Suppose that fo (6) > O¢(f) for some 6 > 0 and let € > 0 be such that (fy(0) —¢) >
©0(#). There exists Ry such that f(t,e*w,erz) > (fy(0) — ) (w + 2) for all w, z with
|(w,z)| < Ry. Let Oy ={u € E: ||lul| < R}, for all u € PN 0Q, and all ¢ > 0, we have

ITull, = e ktTu( > > e ff (t,5)(s) f (s, < “u(s)) ek (e7Fu(s)) )ds
> (fo e M fo $)B(s) (e7*u(s) + e~**u/(s)) ds
> (fo e [ G(t, 5)(s)eu(s )
HuH (fo ) —e)e ™ fo (t,8)¢(s)e™ > (s) ds
and
[(Tw)|, >e ktm( ) > ekt fo" t,s)ng(S) f(s,e ( Bsu(s)) , e (e Fu/(s)))ds
> (fo(0) —¢) *ktfo ,$)o(s) (e *u(s) + e u/(s)) ds
> (fo e [V G(t 5)p(s)e u(s )
> [|ul (fo( )—8 o fo (t, 5)0(s)e "y (s) ds.

The above estimates lead to
[Tully = (fo (0) = €)©10(0) [[ull,
[(Tw)']],, = (fo (8) — €)©20(6) ||ull
then to
I Tull > (fo (6) =€) (©0(8)) " [lull = [Jull
Let € > 0 be such that (f*° +¢€) < T, there exists R. > 0 such that

ft,eMw, eMz) < (f°+e€)(w+2)+ Vg (w,2), forall t,w,z >0,

where Wg_ is the functions given by Hypothesis (3.6) for R = R..
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Let
O, (1) = Vg, (Ree_ks’y(s), Ree_ksﬁ(s))
~ 20U T
LT ([ e

with @, = sup,- ( R G(t, 8) D (s )ds)

0
and notice that I~'(f* 4+ ¢)R +2®. < R for all R > ﬁz.
Let Ry > max(Ry, Ry, R.) and Qs = {u € E, |ju|| < Ry} . For all u € P N9, and all

t > 0, we have

e MTu(t) = 0 G(t $)B(s) [ (s, € (e7*u(s)) , e (e7*u/(s)))ds
<e k[ Gt 5)B(s) ((f>~+¢€) (e™u(s) + e *u'(s))
(e u(e), et () d
< (S € llul e [5Gt 5)o(s)ds + Te
< (f*+e) lul Ty + ¥,

leading to
[ Tull, < (f +¢) ull Ty + Ve (3.17)

Similarly, we have

(T () = [y G(t $)o(s) (5,5 (e7Mu(s)) ek (e (s)))ds
<e ™ 0 * Gt 5)p(s) ((f>~+¢€) (e™u(s) + e *u'(s))
+0, (e Fsu(s), e *u'(s))) ds

< (f> o) [full e [ G(t, 5)¢(s)ds + T
< (f*+e) Jul| T2 + T,

leading to
[(Tw)'|[, < (f +€) Ta |Jul| + V.. (3.18)

Summing (3.17) with (3.18), we obtain
ITull < (f> + )T lufl + 29 < JJul.

We deduce from Assertion (H,)of Theorem 1.14that T admits a fixed point u € P with
Ry < |Ju|| € Ry which is, by Lemma 3.3, a positive solution to Problem (3.5).

Thus, the proof of Theorem 3.1 is complete.
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3.5 Comments

1. Notice that the obtained positive solution in Theorem 3.1 is nondecreasing and
bounded. Indeed, if u € P ~\ {0} is a fixed point of 7" with ||u|| = R, then for all
t>0

u'(t) = (Tu) (1) :/0 Oo@(t, s)o(s)f (s, u(s), u'(s))ds > 0

and Hypothesis (3.6) leads to

—+00

u(t) = Tu(t)= G(t,s)p(s)f(s,u(s),u'(s))ds

0

+oo
< /0 G(t, s)p(s)Ur((e ™ u(s)), (e7"u/(s)))ds

1 [t

< 5
k* Jo

(8)Wg(Re ™ v(s), Re™*7(s))ds < oo.

2. From the above comment arise the following question. Why we looked for solutions
in the space F instead of looking for them in the natural space
F={u € C"(R") : max (sup,. [u(t)], sup;s [/ (t)]) < 00}?
The answer is: There is no cone in F where we can realize the inequality ||Tu|| > ||u]

in Theorem 1.14.

3. Notice that for > 1, I' < ©y(0) < O, () and let the interval Z = (I', O (6)). In
the particular case where the limits

t kt kt
fOZ lim f( , €W, € Z) fOO: lim

f(t, e, ekt z)

|(w,z)|—=0 w+z |(w,z)|—00 w+z
exist, then Theorem 3.1 claims that the bvp (3.5) admits a positive solution if
f® and f* are oppositely located relatively to the interval Z, that is the ratio
( f(t, eFtw, ektz) fw + z) crosses the interval Z. Two questions arise from this observa-
tion; what happens if (f (¢, e*w, e¥2) /w + z) > ©(0) or (f(¢, " w, e¥2) jw + z) <

I' for all t,w,z > 07

The second question is: are the constants I', ©¢(), O (f) the best ones? In an
other manner, does exist two positive constants o and § with I' < a < f < 0¢(0)
such that if fO and f°° are oppositely located relatively to the interval (a, 3), then

the bvp (3.5) admits a positive solution?
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4. Let p > 1 and consider the case where E is equipped with the norm [jul|, =
Y/ Nullf + ||ull7. In this case, under Hypothesis (3.6), we prove by the same argu-
ments that the bvp (3.5) admits a positive solution if f < T, < ©F () < f (6)

for some § > 1 or f> < T < ©§(0) < fo () for some 6 > 0, where

T, = ((T1)" + (T2)") 7,
05(6) = ((©1,0(0))" + (820(0))") ™" for 6 > 0,
O2(0) = ((O1,00(6))" + (O200(6))") /7 for 6> 0.

Noticing that I'), > T', ©F(0) > ©¢() and ©2_(0) > O, - (#) we understand that the

problem posed in the above comment is a serious problem.



Chapter 4

Positive solution for third-order
singular semipositone BVPs on the half
line with first-order derivative

dependence

4.1 Introduction

This article deals with existence of positive solutions to the third-order boundary value

problem (bvp for short),

—u"(t) + K2/ (t) = f(t,u(t),u'(t)), ae. t €T (4.1)
u(0) = o/ (0) = u/(+00) = 0, '
where k is a positive constant, I = (0, +00) and f : I? — R is a Carathéodory function,

that is

e f(-,u,v) is a measurable function for all u,v € I, and

e f(t,-,+) is continuous for a.e. t € I.

Throughout, we assume that
{ There exists a measurable function ¢ : I — R™ such that (4.2)

0+°O eksq(s)ds < oo and f(t,u,v) + q(t) > 0 for all t,u,v > 0,

98
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for all p > 0 there exist two functions w, : (0, +00) — R*

and V¥, : (0,4+00) x (0,400) = (0,400) such that

V¥, is nonincreasing following its two variables, (4.3)
| f(t, e"w, e¥'2)| <w, (£) ¥, (w,z) for all t,w,z >0 with |(w,2)] < p,

for all 7 € (0, p], limy_yso0w, (5) ¥, (re *y(s),re™5(s)) = 0 and

fOJrOO w, (s) ¥, (7’6_’“7(8), re_ksfi(s)) ds < 00,

where
’71( ) ( 2kt 1)6—4kt’
( ) _ k*ekt’y ( ) k* (1 —kt) (1 + e—kt) —kt
k/.* *
) fO S_k (2 . 3e—kt T e—3kt> _
and k* = min(l,k:)/Q.

3% (1 — e‘ks) (2 + e,

By positive solution to the bvp (4.1), we mean a function u € C? (R*) N W31 (I) such
that « > 0 in [ and u(0) = v/(0) = limy_,; « /() = 0, satisfying the differential equation
n (4.1).

Notice that the nonlinearity f may exhibit singular at the solution and at its derivative.
It is well known that the bvp (4.1) is called positone if ¢(t) = 0 a.e. t € I , and
semipositone if ¢(t) > 0 a.e. t in some interval of I.

BVPs for third-order differential equation originate from many applications in physics
and engineering. For example, the deflection of a curved beam having a constant or
varying cross section, a three layer beam, electromagnetic waves, gravity driven flows
produce third-order boundary-value problems. During the last two decades, there has
been many works dealing with several aspects of such BVPs; see, [1, 16, 30, 39, 56, 62|
and the references therein. Often, for physical considerations, the positivity of the solution
is required and many authors established existence and multiplicity results for positive
solutions to such bvps posed on bounded intervals, where the nonlinear term is positive
and satisfies either superlinear or sublinear growth conditions, see [17, 29, 32, 58, 70, 65,
66, 68, 69| and the references therein.

Because of a lack of compactness, the case where such bvps are posed on unbounded
intervals is somewhat complicated and they has not been so extensively investigated.

This case have been considered in |7, 8, 16, 24, 25, 26, 27, 41, 48, 49, 55, 60| and, to
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the authors’ knowledge, there are no papers in the literature considering the singular
semipositone version of such bvps. Thus, the purpose of this paper is to fill in the gap in
this area.

Our approach in this work is based on a fixed point formulation of the bvp (4.1) and
the main existence result in this work is then proved by the Guo-Krasnoselskii’s version

of expansion and compression of a cone principal in a Banach space.

4.2 Fixed point formulation
In all this chapter, we let
E={ue CYR" R) : lim o e Fut) =0, lim; o e ' (t) = 0}.

Endowed with the norm ||ul| = ||u||, + |||, where [|u||, = sup,q e *|u(t)|, E becomes a
Banach space.

The following lemma is an adapted version to the case of the space FE of Corduneanu’s
compactness criterion ([19], p. 62). It will be used in this work to prove that some

operator is compact.

Lemma 4.1. A nonempty subset M of E is relatively compact if the following conditions

hold:

(a) M is bounded in E,

(b) the sets {u :u(t) = e Ma(t), x € M} and {u:u(t) = e *a'(t), x € M} are locally

equicontinuous on [0, +00), and

(c) the sets {u : u(t) = e Fu(t), x € M} and {u : u(t) = e ¥2'(t), x € M} are

equiconvergent at +oo.
Throughout, P denotes the cone in E defined by

P={ue E: ut)>75)||ul]| and u(t) > v(¢)||u|| for all ¢ > 0}
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Let G, G :RT x Rt — R" be the functions defined by

1 | e * (cosh(kt)—1) if t <s,
G(t, S) = ﬁ ) )
—e M sinh (ks) 4+ (1 —e7*) if s <,

~ oG 1 | e sinh(kt) if t < s,
G(ta S) = W(ta‘S) = E . .
e " sinh (ks) if s < t.

Lemma 4.2. The functions G and G satisfy:
(a) For allt,s € Rt we have G(t,s) > 0 and G(t,s) > 0.

(b) The functions G and G are continuous and for all s > 0, we have

G(0,s) = G(0,s) = 0. (4.4)
(c) Forallt,s> 0, we have
Glts) < o (1—e ) < L G(ts) < Gls,5) < —
8) S 15 ) < o 8) S G(s,8) < o
(d) For all s,t,7 > 0, we have
e FG(s,s) > G(t, s)e ™ > F()G(r, s)e "
(e) For allty,ty > 0, we have
‘G_kt2G(t2, 8) - e_kth(tl, S)| S % |t2 - tl‘ (45)
‘e*ktzé@% s) — e MGt s)‘ <ty — 1] (4.6)

Proof. Assertions (a), (b) and (c) are easy to prove, Assertion (d) is proved in [26].

Assertion (e) is obtained by the mean value theorem. O

Lemma 4.3. Assume that Hypothesis (4.2) holds, then the function ¢ where for t €
I, ¢(t) = 0+°o G(t,s)q(s)ds, satisfies the following upper bound:

o) <O (1), @) <T@ foralltel

where

* = max | su o(t) su (AU
V= (t>10)’7(t)’t>(13);?(t>)'
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Proof. For all t > 0, we have

Gt) 3k TGt s)a(s)ds <§QUMG@@¢@@

F@t) kR (Q—eR)(I4e ekt =k (1—ekt)ekt

3 [y sinh (ks) g(s)ds  sinh (kt) [ e **q(s)ds

2k (1 —eH) (1 — e~Ft) e—ht

3 fg sinh (ks) e **ek*q(s)ds  sinh (kt) j:roo e 2kseksq(s)ds

T 9k (1 _ e—kt) + (1 _ e—kt) e—kt
3 sinh (kt)e * [T, 3 S [T

< s ds = — (1 t ks d

ST ="y /0 e*q(s)ds T ( +e )/0 e*q(s)ds
3 [T —

< e q(s)ds :== ¢.

k* Jo
This proves that sup,., (¢'(¢)/7 (t)) < oco.

Therefore, we have

o) _ Jo#s)ds _ Jy #(s)ds
v @ T ()

leading to sup,-q (¢(t)/v (t)) < co. The proof is complete. O

=9,

Lemma 4.4. Assume that Hypothesis (4.2) and (4.3) hold. Then for all r, R € R with
R > 1 > ¢* there exists a compact operator T, g : PN (E (0, R) \ B (0, 7“)) — P such that

if v is a fized point of T, g then uw = v — ¢ is a positive solution to the bup (4.1).

Proof. Let r, R be two real numbers such that R > r > ¢* and set

Q=Pn(B(0,R)~ B(0,r)).In all this proof, we let by ® the function defined by

O(s) = wr (s) Ur ((r = ¢") e™(s), (r — ¢") eF(s)) .

where wg and Wg are the functions given by Hypothesis (4.3) for p = R and ¢* is the

constant given by Lemma 4.3. The proof is divided into four steps.

Step 1. Existence of the operator 7, zp. We have from the definition of the cone

P and Lemma 4.3 that, for all v € 2 and all t > 0,

o(t) =6 (1) = (Joll = 67 () = (r — ")y (£) > 0.
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V) = (1) = (o] — 697 (1) = (r— )7 (1) > 0.

Therefore, for all v € 2 the expression

frrv () = [ (80 () — o (1) ,0'(t) — ¢ () + q (¢)
is well defined.
Let v € Q, for all s > 0 we have
frrv(s) = f(s,e" (€7 (v(s) = ¢ (5))) , €™ (e (W/(s) = & (5)))) +a (s)
< ®(s) +4q(s),
then
+o0 1 +oo 1 +oo
/0 G(t,s)frrv(t)ds < =iA frrv(s)ds < =y (®(s) +q(s))ds <
and
+oo 1 400 1 +oo
/0 G(t,s)frrv(s)ds < % J, frrv(s)ds < % J, ((s) 4+ q(s)) ds < 0.

Thus, let w and z be the function defined by

w(t) = f0+oo G(t,s)frrv(s)ds , z(t) = fOJrOO G(t, s) fr.rv(s)ds.

Since for all £ > 0,

—kt t ]_ t
w(t) = —ek—2 sinh(ks) f rv(s)ds + 2 (1 —e™™) frrv(s)ds
0 0
cosh(kt) —1 [t _ s
+%/0 e frrv(s)ds,

we see that w is differentiable on R™ and for all ¢t > 0

—kt t inh(kt 400
w'(t) = eT/ sinh(ks)fryptv(s)ds%—%/ e " f. ru(s)ds
0 t
+oo

= i G(t,s)frrv(s)ds = z(t)

with z continuous on R™.
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At this stage, we have proved that w belongs to C'(R™, R) and we need to prove that
w € E. Thus, we have to prove that lim; . e *v(t) = lim;_, o e *w'(t) = 0.. Clearly

for all £ > 0, w(t),w'(t) > 0 and we have

e Mw(t) = e_kt/o ooG(t,s)fr,Rv(s)dsg 61{;—2/0 oo(@(s)—l—q(s))ds

—kt, 1 e [ 5 A
e uw'(t) = e /0 G(t,s)fr,Rv(s)dsgﬁ i ((s) + q(s)) ds.

The above two estimates show that lim; o e *w(t) = lim;_,, o e *w'(t) = 0.

Now for all ¢,7 > 0, we have from Assertion (c) in Lemma 4.2
+oo -
w'(t) = ekt/ e MG(t,s)f.rv(s)ds
0

+o0 .
> ekt'yl(t)/ e_l”G(T, s) fr.rv(s)ds
0

= My (t)e (7).
Passing to the supremum on 7, we obtain
w'(t) > My (t) |||, for all ¢ > 0. (4.8)

Since for all ¢ > 0

k¢

t t
wit) = [ o) de < [ eag < Il
0 0
we have
/] 2 kel (4.9

Therefore, (4.8) Combined with (4.9) leads to
w'(t) > keF'y (t) |||, for all t >0

then to
w'(t) > 3(t) [Jw|| for all £ > 0. (4.10)

Integrating (4.10), yields w(t) > ~v(¢) ||w]|| for all £ > 0.
Thus, we have proved that w € P and the operator T, r : 2 — P where for v € ()
+oo

T, gu(t) = i G(t,s)frrv(s)ds,
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is well defined.

Step 2. The operator 7, p is continuous. Let (v,) be a sequence in 2 such that

lim, o v, = v in E. For all n > 1, we have

||T7“,Rvn - TT,RUHk = Ssup e_kt |T7",Rvn (t) - TU (t)|

t>0
1 +o00
< ﬁ |fT,Rvn(S) - fr,RU(3>| ds
0
and
H(TnRvn)/ - (TT,RU)/sz - Stg%)) e |(T7’7RU”)I (t) — (TT,RU)/ (t)‘
1 +oo
< ﬂ |fr,Rvn(S) - f’I’,RU(S)| ds.
0

Because of

‘fr,R'Un(S) - fr,RU(S)’ — 0, as n — 400

for all s > 0 and

+0o0
| fr.rUR(S) — frrv(S)] < 2P (s) with / ® (s)ds < oo,
0
Lebesgues dominated convergence theorem guarantees that

lim,, oo |77 RV — T gv|| = 0. Hence, we have proved that 7" is continuous.

Step 3. T, is compact. For all v € {2, we have

1 1 oo
T, ]l < max (k—%) [ @) asyis) <o
0

proving that 7" (€2) is bounded in F.
Now, let t1,t5 € [n,&] C RT, for all v € Q, we have from (4.5) and (4.6) the estimates

“+oo
’eiktlTnR’U(tl) — €7kt2TT7RU(t2)‘ S / ’eikth(tlv S) - eithG(t% S)‘(I) (S) dS
0

3 o0
< — —
% |to t1|/0 ® (s)ds
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and
+o0o - ~
e (T o) (1) — e ¥ (Thgv) ()] < / |7 G (1, 5) — M2 G (ta, 5)|® () ds
0

+oo
< ‘tg-tﬂ/ CID(s)ds
0

Proving the equicontinuity of 7' (€2) on bounded intervals.

For all v € 2 and ¢t > 0, we have

e—kt +oo
T < G [ @)+ alo)ds
and .
e (Tuy ()] < / (@ (s) + g(s)) ds.

Thus, the equiconvergence of T'(£2) follows from the fact that lim;_,., ekt = (.

In view of Lemma 4.1, the operator is compact.

Step 4. if v is a fixed point of 7' then u = v — ¢ is a positive solution to the

bvp (4.1). Let v € Q be a fixed point of T, then for all £ > 0

I
—
~
N—
I

o(t) = ¢ (t) = (vl = ¢") v (t) = (r = ¢7) v (£) > 0,
u'(t) =v'(t) = ¢ () = (lvl]l =¢) 7 () = (r—¢") 7 (t) >0,

and u = v — ¢ satisfies

+oo
ult) = —o(t)+ / G(t, ) (F((s,u(s), () + g(s)) ds

= [ Tt s)als)ds+ / "Gt 5) (f((s,uls), () + g (s)) ds

0

_ /0 "Gt ) F (s u(s), o (s))ds

and
—+o0

u'(t) = / G(t,s)f((s,u(s),u'(s))ds.

0
These with (4.4) lead to u(0) = u/(0) = 0.
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Differentiating twice in
oo _
W) = [ G50 () (s uls)al (o) ds
= —/ sinh(ks)¢ (s) f(s,u(s),u'(s))ds

sm};kt)/t e R (s) f(s, u(s), ' (s))ds,

we see that —u (t) + ku/(t) = f(t,u(t),u/'(t)) for all t > 0.

It remains to prove that tliin u'(t) = 0. We have
—+00

t

u'(t) < % ) sinh(ks) | f(s,u(s),u'(s))]ds + wz " e | f(s,u(s), /()| ds

I inh(kt) [*
< —kt/ sinh(ks)®rg (s) ds + sinh )/ e F5dp (s)ds,
ke*t J, k ¢

inh(kt) [+ 1 inh(kt) [+°°
- sinh(kt) / g (5)ds < - M / B () ds = 0
t t

lim
t—+oo k ot e—kt

and the L’Hopital’s rule leads to

1A _sinh(kt) [ e7FDp (s) ds
tl)grnoo ke’“/o sinh(ks)®g (s)ds = tggrnoo okt p—
1 .. sinh(kt) .
E tlg-noo ]{;ekt tl}}/l—noo (I)R (t) =0
The above calculations show that lim; ,, /(t) = 0, completing the proof of the
lemma. O

4.3 Main result

The main result of this paper needs to introduce the following notations. For o € L' (I)
with a () > 0 a.e. t >0 and o > 1, we let

“+oo “+o0 .
I' () = sup e_kt/ G (t,s)a(s)ds +supe ¥ / G (t,s) a(s)ds,
0 0

t>0 t>0

A(a,0) =supe ™ /(7 G(t,s)a (s) ds +supe ™ /U G(t, s)a(s) ds.

t>0 1/o t>0 1/o

Theorem 4.1. Suppose that Hypotheses (4.2) and (4.3) hold and
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(a) there exist a function a € L' (I) and Ry > max (¢*,T («)) such that
F(t, eMu,e'o) + q(t) < a(t)
for a.e. t >0 and all u,v € I with |(u,v)| < Ry,

(b) there exist ¢ > 1, a function § € L' (I) and Ry € (¢*, A (B,0)) with Ry # Ry such
that

f(t, e u, e o) +q(t) > B (1),
for a.e. t € [1/o,0], allu € [y, (Ry — ¢*), Ra] and all
v € Yo (Ry — ¢*), Ro], where v, = mingep1/0,0) (6777 (5)) and ¥, = minge/o.0] (€777 (s)) .

Then, the bup (4.1) admits a bounded positive solution.

Proof. Without loss of generality, assume that R; < Ry and let T' = T, g, be the operator
given by Lemma 4.4. The following estimates hold, for all v € PNOB (0, Ry) and all ¢ > 0,

e MTu(t) =

e 7 Gt ) (5,8 (0(5) — 0(5)) €74, ek (u1(5) — (5)) )
+eHt 0+°° G(t, s)q(s)ds

< ekt 0+°O G (t,s)a(s) ds

< supyge ™ f0+oo G (t,s)a(s)ds.

Passing to the supremum in the above estimates, we get
+oo
| Tv||x < supe™™ G (t,s)a(s)ds. (4.11)
t>0 0

Similarly, we have

oo _
e (T) () = 6‘“/0 G(t,s) (f(s,0(s) = d(s),0'(s) = &(s)) + q(s)) ds

+oo +oo
< e_kt/ G (t,s) a(s) ds < sup e_kt/ G (t,s)a(s)ds,
0 t>0 0
leading to
+oo
| (Tw) ||x < supe* G (t,s) a(s)ds. (4.12)

t>0 0
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Summing (4.11) with (4.12), we obtain

+oo +oo
|Tv|| < sup 6_'“/ G (t,s) a(s)ds + sup e_k’t/ G(t,s)a(s)ds
0 0

t>0 t>0

= ['(a) < Ry = [lvf|.
For all v € PNOB (0, Ry) and s € [1/0, 0],

> (v(s) = ¢(s)) e > (Ry — ¢") v(s)e™ = (Ry — ¢") s
> (V(t) = ¢(s) e = (Ry — ¢") F(s)e™ = (B2 — ¢") s
1

Assumption (b) and (4.13) lead to the following estimates

(4.13)

1 Tulls >
SUD;g (67'“ Ji)o G(t.5) £ (s, €5 (u(s) = d(s)) 7, 5 (v (s) — ¢/(s)) e7*)ds
et 7, Gl s)q(s)ds)
> supysg (€7 7, Gt )8 (s) ds)
and similarly

| (7o) [l > sup ( [ a6 ds) |

te>0 1/o0

Summing the above inequalities, we obtain
IT0]| > sup,-q (e—kt I3, G(t, )5 (s) ds> + Supg (e—kt [5Gt )5 (s) ds)
=A(B,0) 2 Ry = [|v]|.
Thus, it follows from Assertion (Hj) in Theorem 1.14 that T, g, admits a fixed point
v such that Ry < ||v]| < Ry. Then by Lemma 4.4, u = v — ¢ is a positive solution to the
bvp (4.1).
Now, we have to prove that u is bounded. Since for all £ > 0,
[l + 8]l = e™™u(t) = e™ (v(t) — &(2)) = (lv]l — ¢*) e™*(2),
[oll + [lpll = e~ u'(t) = e (v'(t) — ¢/(2)) = (|loll — ¢*) e*A (),
we obtain from Hypothesis (4.3) for p = [|ul| ,

+oo
u(t) = Tu(t) < /0 G(t,s)|f(s,u(s),u'(s))|ds

< % i Oow,,(s) U, ((e™u(s)), (e7*u'(s)))ds
< [ Ol - ) (), (ol - 6 T )ds < o
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The proof is complete. O

Set for o > 1

kt,  kt
fy = liminf ( min f(t, ew, e Z))

|(w,z)| =400 \ t€[l/0,0] w—+ z

We obtain from Theorem 4.1 the following corollary:

Corollary 4.1. Suppose that Hypotheses (4.2) and (4.3) hold and
(c) there exists Ry > ¢* such that I'(ay) < Ry where

a1 = wp, () Vg, (R — ¢*) e ™(s), (R1 — ¢*) e *3(s)) + q(s),
(d) there exists o > 1, such that f,A(By,0) > 1, where By(s) = e "~ (s).

Then, the bup (4.1) admits a positive solution.

Proof. Clearly, Condition (a) of in Theorem 4.1 is satisfied for a = ;. We have to prove
that Condition (b) also is satisfied. Let ¢ > 0 be such that (f, —)A (fp,0) > 1. There
exists Ry, such that f(t,eMw, et2) > (f, —¢) (w + 2) for all t € [1/0, 0] and all w, z with
|(w, z)| > Reo. Let

R s (4 o e B

Vo ’ (f0_5>A(5070-) -1
and

B(t)=(fo =€) (Ra—¢*) 7y (s)e™™ +q(s).

where 7, = minse(i/0.0] (€77 (s)) and notice that
(fo =€) A(Bo,0) (R2 — ¢*) > Ry.
We have then

A (B,0) =suppsg (e [7, G(t5) (fr — ) (Ry — 6) 7 (5) €™ + g(s)) ds)
supysg (7 f1, Gt s) (fr —2) (B2 = %) 7 (s) ™ +q(s)) ds)
> (f, =€) A (Bo,0) (o — 6°) > B

The proof is complete. O
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4.4 Example

Consider the case of the bvp (4.1) where

2
_ -6t u+v\’ B (u+v)
f(t,u,v)—e (( ekt ) +—Bekt+u+v_1

where § > (1 —p)k, p € (—1,0) and B > 0.

Clearly, Hypothesis (4.2) is satisfied for q(t) = e=°* and we have

B kt 2
f(t,eMw, efz) = e~ ((w + 2P+ —; —:Zi? - 1) ,

leading to

Kt kt _
| f(t, e"w,ez)| = ZER

2

2
o=k}t <€—kt (w + 2)° + B(w+ z) - e—kt)‘

B4+w+z

Therefore, Hypothesis (4.3) is satisfied for all p > 0 with

Bp?

w,(8) =e O and U, (w,2) = (w+ 2)” + B
p

+1

for all s > 0 and all w, z > 0 with |(w, 2)| = w+ z < p.
We have then

wp (5) 1y (e (5) , pe™7 (5)) = e 0= (14 22
+ (k?*p)p 67(5+pk72k)5 (1 _ efks)p Q(S)

where

and satisfies

1 p
<2+E> <f(s) <2 < 1.

Because of § > (1 —p) k and p € (—1,0), we have

lim, 4 oo wr(S)Vr (Re™ v (s), Re ™5 (s)) = 0 and
fo+oo wr(s)Yr (Re™™ vy (s), Re™*3 (s)) ds < o0.
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For
ar(t) = wr(t)r (R —¢") e ™y (1), (R — ¢*) e ™7 (1)) + q(1)

straightforward computations lead to

I (o) §A<R)=E(A(p,é,k)(R—d)*)”u(&k)BiR—_%+n<5,k)>

B+ (R
where o . . )
kJZE—F T w6, k)= [, wR(ls)ds:lé_—k,
n=J" (wr(s) + q(s)) ds = s—rts
and

A(p, o, k) k*y’j;*” ~OHph=R)s (1 — e=F2)” 9 (s)ds

k* pf0+°o —(6+pk—k)s (1_ —ks) ds

P (fl/k . —ks) ds + 1—6_1 f —(8+pk— k)sd8>

0
—lp

* k e
(k’ 2pf1/ p(2—k8)pd$—l—w

. 1/k (1—e1)" * (1= 1)
S (k )p 2 pkpf sPds + m) S (k )p (ka(;Jrl) + (6+pk—Fk) :

We have

AO+¢U::%(A@@k}HM&@E§T+n®ﬁO

< kOO k) 4+ p (8, k) +n(5 k).
The above calculations show that for k& large enough we have
Al+¢)<1<1+¢"

and Condition (c) in Corollary 4.1 is satisfied for R = 1 + ¢*.
Clearly, we have f, = 400 for all 0 > 1. Therefore, we conclude from Corollary 4.1
and all the above calculations that if & is large enough then this case of the bvp (4.1)

admits a positive solution.



CONCLUSION

The problem we studied is the existence of the positive solution for a certain class of the
third-order differential equations with the same boundary conditions. This problem is
converted to the problem of the fixed point and our work allowed us to give contributions
in the fixed point theory. We have imposed assumptions on the nonlinearity depending
on wether it depends on which variables and in order to extend the study to the class of
the third-order differential equations, other suitable hypothesis in the case of continuity
and singularity of the nonlinearity. In addition to the problem of the existence of the
positive solution and under suitable Hypotheses of the nonlinearity, we are interested
to the question of boundedness of the solution. The eigenvalue criteria used to prove
existence of a positive solution and the the behavior of the nonlinearity are the basis of
our results. This work will permit us to investigate of solution which is not necessarily
positive because the aim of any work is to develop other techniques to solve the differential

equations. This certainly will help to the future study for another class.
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