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Abstract

In this thesis, we are interested in the study of LCD and formally self dual codes over finite
chain rings. Recently, it has been proven that a non free LCD code over finite local Frobenius
rings does not exist, which motivated and encouraged us to look for free LCD codes on these
rings. We have established necessary and sufficient conditions for which all free cyclic codes
defined over finite chain rings are LCD codes and this by using only algebraic properties
of positive integers which represent the length of these codes. Further, we have provided
necessary and sufficient conditions on the existence of non trivial self dual cyclic codes of
arbitrary lengths on finite chain rings. Moreover, several constructions of isodual cyclic
codes of length 2%m over finite chain rings are given according to the factorization of the
polynomial ™ — 1 . Although our work has mainly a theoretical motivation, we hope that
this study will serve as a basis on which results in information theory can be established.
Key-words : LCD codes, Self dual codes, Isodual codes, Chain rings, Principal ideal

rings.
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Notations

Symbol Meaning

N The set of natural numbers.

|A| The cardinality of the set A.

R A finite chain ring.

() The maximal ideal of R.

e The nilpotency index of ~.

F, A finite field of ¢ elements and the residue field of R.
Loy The residue ring of the integer ring Z modulo m.
alb a divides b.

atb a does not divide b.

2% || n a is the highest power of 2 dividing n.

a=b modn a is congruent to b modulo n, ( (a —b) | n) .
ord,(q) The smallest integer [ such that ¢/ =1 mod n.
f*(z) The reciprocal polynomial of a polynomial f.

13 A primitive 2%-th root of unity.

AT The transpose of a matrix A.

P A permutation matrix.
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Introduction

Rings form an important topic in Algebra, both pure and applied, from Number Theory to
Algebraic Geometry. Coding theory, on the other hand, is present in our daily life, from
mobile phones to flash memories. It is the art of protecting messages from a natural noise.
Constructing codes that are easy to encode and decode, can detect and correct many errors
and have a sufficiently large number of codewords is the principal aim of coding theory.
Rings can interact with codes in two fundamental ways. Firstly, the alphabet of the codes
can have a ring structure, a finite field, for instance. Secondly, the code itself can be an
ideal of, or a module over, some rings. Until the 1990s the usual alphabet chosen by coding
theorist was a finite field. Thereafter, it began the study of codes over rings. This study has
grown enormously since the seminal work of Hammons et al [33], which gives an arithmetic
explanation of the formal duality of Kerdock and Preparata’codes. They showed that some
of the best nonlinear codes over 5 can be viewed as linear codes over Z4. These findings
further motivated the study of codes over different classes of rings.

Linear complementary dual or LCD codes are linear codes that intersect with their dual
trivially. LCD codes have been widely applied in data storage, communications systems,
consumer electronics, and cryptography [12,18,28|. Carlet et al. [16,17] and Bringer et
al. [15] used LCD codes in counter measures to side channel attacks and fault non invasive
attacks. Since then, a lot of works has been devoted to constructing LCD codes. In [43],
Li et al. constructed several families of Euclidean LCD cyclic codes over finite fields and
analyzed their parameters. In [44] Li et al. studied two special families of LCD BCH codes.
Mesnager et al. [55] presented a construction of algebraic geometry Euclidean LCD codes.
In [18], Carlet et al. completely determined all g-ary (¢ > 3) and ¢*-ary (¢ > 2) Euclidean
LCD codes. In their most recent paper, Carlet et al. [19] introduced the concept of linear

codes with o complementary dual (¢ — LC'D), which includes known Euclidien LCD codes,
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Hermitian LCD codes, and Galois LCD codes. Their results extend those on the classical
LCD codes and show that o— LCD codes allow the construction of linear complementary
pairs of codes more easily and with more flexibility. An LCD code defined over a finite field
[F, was first introduced by Massey [53], he showed the existence of asymptotically good LCD
codes. In [62], Yang and Massey provided a necessary and sufficient condition under which
a cyclic code has a complementary dual. Later, Liu and Liu in [47] studied LCD codes over
finite chain rings and provided a necessary and sufficient condition for a free linear code to
be LCD. Recently, in [13], Bhowmnick et al. proved that there are no non-free LCD codes
over finite commutative local Frobenius rings. They were also shown that a free simple root
cyclic code C over any finite chain ring is LCD code if and only if C' is reversible.

Formally self dual codes are also an important class of codes that have generated a lot
of interest since they have weight enumerators that are invariant under the MacWilliams
transform and sometimes have better parameters than self dual codes. This gives them a
potential for applications in areas such as invariant theory, lattices and designs [26]. Self dual
and isodual codes form a sub family of formally self dual codes. They have been studied over
a wide variety of rings, including finite fields, Galois rings, chain rings, and principal ideal
rings [22,32,56]. These last years, in [5-7,9| the authors gave some specific constructions
of self dual and isodual codes over finite fields and finite chain rings. In [24,27,48|, the
authors used the Chinese Remainder Theorem to generalize the structure of LCD and self
dual codes defined on chain rings to codes defined over principal ideal rings.

In this thesis we provide some new constructions of LCD, self dual and isodual cyclic
codes over finite chain rings. We summarize our realized works as follows: In Chapter 1,
we give a brief introduction with elementary definitions and properties of linear and cyclic
codes over finite fields and rings. Based on algebraic number theory properties, conditions
under which all free cyclic codes over finite chain rings are LCD codes are given in Chapter
2. In Chapter 3, we provide conditions on the existence of non trivial self dual cyclic codes
over finite chain rings of arbitrary lengths. In Chapter 4, some new constructions of free
isodual cyclic codes over finite chain rings are given. We finish this thesis with a conclusion,

some comments and possible directions for future research.



Chapter

Preliminaries

In this chapter, we have summarized some fundamental notions on error correcting codes
defined over finite fields and commutative rings. For more details we refer the reader to
consult the references [2,14,23,34,37,46,49,51,59,61,63|.

1 Basic Concepts of Codes over Finite Fields

In this section, we shall briefly recall some fundamental definitions in Coding Theory and
give some examples of codes over F, the finite field of order ¢. (see the Appendix). Since
some very interesting results can be obtained by simply taking any set as an alphabet. This

is how we will start by taking the most general definition of a code
Definition 1.1 Let A be any finite set. A code C' over A of length n is a subset of A™.

Coding theory is concerned with the following problem. Consider an information in the form
of sequences aq, ao, ..., a,, over a g-element set A. We wish to find a function f encoding
ai, as, ..., a,, as another sequence by, b, ..., b, such that, if an error of specified type occurs
in the sequence (b;), the sequence (a;) can still be recovered. There should also be a readily
computable function g giving ay, as, ..., a,, from by, bs, ..., b, with possible errors.

In terms of classical coding theory, the elements of the code are called codewords and

the underlying set A is called an alphabet.

1.1 Weights and Distances

An important invariant of a code is the minimum distance between codewords. The principal

distance used in coding theory is known as the Hamming distance
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Definition 1.2 Let v = (vq, vy, ..., v,), w = (w1, We, ..., wy,) in A™ where A is any set. Then
the Hamming distance dg(v,w) is defined to be the number of coordinates in which v and w
differ.

d (v, w) = [{i, [v; # w;}|

The minimum Hamming distance of a code C' defined over A is the smallest distance between

distinct codewords of C'
dy(C) = min{dy (v, w)|v,w € C,v # w}

Definition 1.3 The Hamming weight wty(v) of a vector v of A™ is the number of nonzero

coordinates in v.

wtp (v) = [{ifvi # 0}

The minimum Hamming weight of a code C' is
min{wty(v)jv € C,v # 0}

Example 1.1 Consider the code C' = {co, c1, ca, c3} where ¢g = (00000), ¢; = (10110), ¢ =
(01011), ¢5 = (11101). Then

d(Co, Cl) = 3, d(Co, Cg) = 3, d(Cg, 03) = 4, d(Cl, CQ) = 4, d(Cl, 03) = 3, d(CQ, Cg) =3
Hence, the minimum distance of C' is d = 3.

During coding the channel, some sensitive letters of the received word can be badly transmit-
ted. The number of errors is the number of those letters and decoding the channel consists

of associating the received word to a word of C' in order to find the initial submitted word.
Theorem 1.1 [51] Let C be a code over A of length n and minimum distance d, then

1. C' has detection capability | =d — 1;

1. C has correction capability t = %

Proposition 1.1 /23] (Singleton Bound) Let C' be a code of length n over an alphabet of

size q with minimum Hamming distance d. Then

log,(|C]) <n—d+1
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Definition 1.4 A mazimum distance separable code (MDS code) is a code C' for which
’C‘ — ’A‘n—d—i-l.

Thus, an MDS code C has the property that for any k-tuple (k =n — d + 1) of elements of
A on any k coordinates, there is a unique codeword of C' which agrees with the k-tuple on

these k coordinates.

1.2 Linear Codes over Finite Fields

A general code might have no structure and not admit any representation other than listing
the entire codebook. We now focus on an important subclass of codes with additional
structure called linear codes. Many of the important and widely used codes are linear.

Throughout, we will denote by F, the finite field with ¢ elements, where ¢ is a prime power.

Definition 1.5 A linear code of length n and dimension k is a linear subspace C with
dimension k of the vector space Fy. Such a code is called a q-ary code. If ¢ =2 or q = 3,
the code is described as a binary code, or a ternary code respectively. The size of a code is

the number of codewords and equals ¢~.

In general, finding the minimum distance of a code requires comparing every pair of distinct

elements. For a linear code however this is not necessary.

Theorem 1.2 [34] For v,w € F}, we have dy(v,w) = wty(v—w). Hence, if C is a linear
code over F,, the minimum distance d is the same as the minimum weight of the nonzero
codewords of C'.

As a result of this theorem, for linear codes, the minimum distance is also called the minimum
weight of the code. If the minimum weight d of a code C' is known, then we refer to the

code as an [n, k, d| code.

Example 1.2 Consider
Cy = {(0000), (1000), (0100), (1100) }

and
Cy = {(0000), (1100), (0011), (1111)}

Cy and Cy are both 2-dimensional subspaces of Fy. The Hamming distance and weight of Cy
are both 1, whereas for Cy they are both 2.
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There is an important bound on the linear codes parameters, the Gilbert-Varshamov bound

which give condition on the existence of a linear code.

Proposition 1.2 [59] There exist an [n, k,d| linear code over F, if the following inequality
holds:

¢F-1=3 0 @1y

Definition 1.6 Two linear codes are said to be equivalent if one can be obtained from the

other by a series of operations of the following two types:
i. An arbitrary permutation of the coordinate positions, and

1. In any coordinate position, multiplication by any non-zero scalar.

In such case we say that the codes are monomially equivalent and so, they have the same

parameters.

1.3 Generator and Parity Check Matrices

Definition 1.7 A generator matriz for an [n,k,d] linear code C is any k x n matric G

whose rows form a basis for C. The matriz G completely defines the code C' :
C = {2G;z € F:}

Since the basis of a k-dimensional vector space is not unique, neither is the generator matrix
G of a linear code C. For any set of k independent columns of a generator matrix G, the
corresponding set of coordinates forms an information set for C'. The remaining r = n — k
coordinates are termed a redundancy set and r is called the redundancy of C'. If the first
k coordinates form an information set, the code has a unique generator matrix of the form
[I), | A] where I} is the k X k identity matrix and A is a k X (n — k) matrix. Such a generator
matrix is in standard form. If a generator matrix in standard form exists for a linear code
C, it is unique, and any other generator matrix can be brought to the standard from by the

following operations:
e Permutation of the rows;
e Multiplication of a row by a non-zero element in [F;

e Addition of a scalar multiple of one row to another.
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Example 1.3 Let the code C defined over Fy by its matrix

01 1101
100110

110101

101111

apply row operations to find the generator matrix of C' in standard form .

01 1101 100 1 10
100110 o 01 1101
T2l

110101 110101

101 111 101 111
Ty T4+ T 01 1101 01 1101

r3—1r3+12

01 0011 001110
001001 001001

T —1T1+71ra
1001 10) pysspyer, (100001

011101 T3> T3+ Ty 010011

r4—7r4+73
IALRELN _ )

000111 000111

Definition 1.8 A monomial matriz P is a square matriz with exactly one nonzero entry in
each row and column. If all of its no zero elements are equal to 1, then P is said to be a

permutation matrix.

Thus two codes C; and Cy are monomially equivalent provided that there exists a monomial

matrix P such that if GGy is a generator matrix of C'; then GG P is a generator matrix of Cj.
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Theorem 1.3 [3/] Let C' be a linear code. Then C' is permutation equivalent to a code

which has generator matrixz in standard form.
Example 1.4 Let C and C’ be the binary codes with generator matrices respectively
0011 1 001

G=l0110]| adG =010 1

1 011 0010

We will show that C' and C' are equivalent codes as follows. By row operations on G (add

row 1 to rows 2 and 3), another generating matriz for C is

)

Il
]
—
=]
—

1000
Now, if we select the permutation matriz
0010
0100
P=
1 000
0001

then G' = GP. P interchanges columns 1 and 3 of C/;\, and hence interchanges coordinates 1
and 3 in each codeword of C. Thus the two codes are equivalent. Note, however, that these

codes are not identical.

Since a linear code is a subspace of Fy, it is the kernel of some linear application. In
particular, there is an (n — k) x n matrix H, called a parity check matrix for the [n, k, d]
code C, defined by

C=kerH ={z €F; | Hz" =0}

In general, there are also several possible parity check matrices for C. The next theorem

gives one of them when C has a generator matrix in standard form.
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Theorem 1.4 [34] If G = [I | A] is a generator matriz for the [n, k,d] code C' in standard
form, then H = [—AT | Iy is a parity check matriz for C.

Example 1.5 The matriz

G=[L]Al=

is a generator matriz in standard form for a [7,4,3] binary code C. By Theorem 1.4, a

parity check matrixz for C' is

0111100
H=A"|L=|1011010

1101001

There is an elementary relationship between the weight of a codeword and a parity check

matrix for a linear code. This is presented by the following theorem .

Theorem 1.5 [3/] Let C' be a linear code with parity check matriz H. If ¢ is in C, the
columns of H corresponding to the monzero coordinates of ¢ are linearly dependent. Con-
versely, if a linear dependence relation with nonzero coefficients exists among m columns of
H, then there is a codeword in C of weight m whose nonzero coordinates correspond to these

columnes.

One way to find the minimum weight d of a linear code is to examine all the nonzero

codewords. The following corollary shows how to use the parity check matrix to find d.

Corollary 1.1 [34] A linear code has minimum weight d if and only if its parity check
matrix H has a set of d linearly dependent columns but no set of d — 1 linearly dependent

columnes.

1.4 Dual Codes

The generator matrix G of an [n, k,d] linear code C' is simply a matrix whose rows are

independent and span the code. The rows of the parity check matrix H are independent;
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hence H is the generator matrix of some code, called the dual or orthogonal of C' and
denoted C+. An alternate way to define the dual code is by using the inner product. For
x = (21,22, ..., Tn),y = (Y1, Y2, .-, Yn) in A", (A any alphabet ), the euclidien inner product
is defined by

T-y= Z%yz
i=1

We say that z is orthogonal to y if and only if z - y = 0. The Euclidean dual code C*+ of C
is defined as
Ct={zecA":VyeC;z-y=0}

Theorem 1.6 [63] If C is an [n, k] code, then C*+ is an [n,n — k] code .

It is easy to show that if G and H are generator and parity check matrices, respectively, for
C, then H and G are generator and parity check matrices, respectively, for C*.

A code C is said to be self dual if C = C* and it is isodual if C is equivalent to C+ . It is
called LCD or linear complementary dual if C'N C*+ = {0}.

n

y» We can easily

For an [n, k,d] linear code C' with generator matrix G and a vector v in F

show that v belongs to C* if and only if v is orthogonal to every row of G;

velCte Gl =0

Example 1.6 Let C' be the ternary linear code C' with generator matriz G, in standard

form, given by

1 01 1
G =

011 -1

Since C = (v; = (1,0,1,1),v3 = (0,1,1,—1)) and

1 0 0
101 1 0 101 1 1 0
GU]_ - = G’U2 = =
011 -1 1 011 -1 1 0
1 —1 0
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This code is self-dual.

1.5 Weight Distribution and Weight Enumerators

Let C be an [n, k,d] over F, and let A; = A;(C') be the number of codewords of weight 7 in C.
The list A; for 0 < i < n is called the weight distribution or weight spectrum of C'. Certain

elementary facts about the weight distribution are gathered in the following theorem.
Theorem 1.7 [34] Let C be an [n, k,d] code over F,. Then:
i. Ag(C) + A1(C) + ... + A, (C) = ¢F
it. Ao(C) =1 and A1(C) = Ay(C) = ... = A31(C) =0
iii. If C' is a binary code containing the codeword 1 = (111...1), then A;(C) = A,,—;(C) for
0<i<n.

The most fundamental result about weight distributions is a set of linear relations between
the weight distributions of C' and C* which imply, that if we know the weight distribution of
C we can determine the weight distribution of O without knowing specifically the codewords

of C*+ or anything else about its structure.

Lemma 1.1 [51] Let C be an [n,k,d] linear code over F, with weight distribution A; =
A;(C) for 0 <i < n, and let the weight distribution of C+ be A+ = A;(Ct). We have
i S (n— i) A = ¢ (nAF + AL).
o n— . n-—1
iy g A =g, Af; for 0<j <n.
J n—j
Definition 1.9 For a code C of length n, we call Hamming weight enumerator the polyno-
maal

We(x) = Z A(C)a

By replacing x by x/y and then multiplying by 3", W (z) can be converted to the two

variables weight enumerator
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Proposition 1.3 /20 Two equivalent linear codes have the same weight enumerator. but

the converse does not always hold.

Example 1.7 Consider the two binary codes Cy and Cy with generator matrices Gy and Gy

respectively, where

110000 110000
Gi=l01 1000 adGa=1]001100
111111 0000T1°1

Both of the codes have weight distribution Ay =1, As = 3, Ay = 3, and Ag = 1. Hence their

weight enumerator is
We, (2,y) = Wey (2, y) = 4° + 32%y* + 32"y +2° = (y° +2°)°

But Cy and Cy are not monomially equivalent since Cy 1s self dual code while C is not.

One of the most important results in this area is the MacWilliams identity which, relates

the weight enumerator of a linear code C' to the weight enumerator of C*.

Theorem 1.8 [51] If C is an [n, k,d] code over F,, and C* is the dual of C, then

1
Wei(z,y) = @Wo(x +(q¢—1y,z—y)

Definition 1.10 A code C is said to be formally self dual code if it has the same weight

enumerators as its dual.

Remark 1.1 Self dual codes are both isodual and formally self dual codes, but the converse
is not true. Formally self dual codes can have better minimum distances than self dual codes

of the same lengths.

1.6 Cyclic codes over finite fields

Linear codes are nice to study and implement, because they have algebraic structures that
ensure easy encoding and decoding. However, we can do more to simplify the implementation
of codes if we require a cyclic shift of a codeword in C to still be a codeword. This requirement
smells like a combinatorial structure, but we shall combine the works of the previous section

to show that this has an algebraic structure.
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Definition 1.11 A linear code C' of length n over F, is called cyclic if (ch—1,co, ..., Cn2) 1S

in C'" whenever (co, ¢y, ..., Cn1) s in C.

Since a cyclic code is invariant under a cyclic shift we conclude that a cyclic code contains
all cyclic shifts of any codeword. We can describe these codes in algebraic terms since any
element (cy, ¢y, ..., 1) of the vector space [Fy can be identified by the residue class of the
polynomial ¢y + c12 + ... + ¢,_12"( mod (2" — 1)) over F,, by the bijection

F? — F,z]/ (z™—1)

q

(Co,ClyensCno1) — o+ 1T+ oo+ g™t mod (2" — 1)

Therefore, any codeword is identified as a vector or as a polynomial. It is clear that if C is

a cyclic code and c(z) = ¢ + c12 + ... + ¢,_12" ' in C then
we(z) = cor + c12® 4+ oo Cu18" = Cp T et o F ™t EC

Hence, multiplying the polynomial ¢(x) by x corresponds to a right shift of the vector c. It
follows that cyclic codes over F, are precisely the ideals of the ring R, = F,[z]|/ (z" — 1),
and vice versa. Therefore, the study of cyclic codes over [, is equivalent to the study of
ideals in R,,. It is known that R, is a princiapl ideal ring and hence cyclic codes are the
principal ideals of R,. More precisely, C is generated by the monic polynomial of least
degree g(x) in C, called the generator polynomial. Then, g(x) is a divisor of 2 — 1 in F,.
Any codeword ¢(x) in C' can be uniquely written as ¢(z) = A(z)g(x), where A(z) has degree
less than n deg(g(x)) and the dimension of C'is k = n — deg g(x). This discussion gives the

following theorem.

Theorem 1.9 [34] Let C' be a nonzero cyclic code in R,. There exists a polynomial

g(x) in C with the following properties:
i. g(x) is the unique monic polynomial of minimum degree in C,
it. C'={(g(x)) and g(x)|z" — 1.

k—1

i11. The dimension of C is k =n — degg(x) and g(x),xg(x),...,x" 'g(x) is a basis for C,

iv. Bvery element of C' is uniquely expressible as a product g(zx)f(x), where f(z) =0 or

deg f(x) < k,
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v. Assume that g(x) = E;:Ok gix®, where g,_, = 1. Then:

g 91 92 - Gn-k 0 9x)

0 g9 91 -+ Gn—k-1 Gn-k xg(x)
G = >

0 9o g1 Gn—k l'k_lg(iU)

is a generator matriz for C,

vi. If a is a primitive n-th root of unity in some extension field of F,, then g(x) =
[1, mas(x), where the product is over a subset of representatives of the g-cyclotomic

cosets modulo n.

So there is a one-to-one correspondence between the nonzero cyclic codes and the divisors
of ™ — 1, not equal to ™ — 1. In order to have a bijective correspondence between all the
cyclic codes in R,, and all the monic divisors of " — 1, we define the generator polynomial
of the zero cyclic code {0} to be 2" — 1.

Theorem 1.10 [3// The dual code of a cyclic code is cyclic.

Recall that the annihilator of an ideal C, denoted Ann(C'), is the ideal whose elements

cancel out all the elements in the ideal C. In our case, let C' be an [n, k, d| cyclic code with
"—1

generator polynomial g(x), and let h(z) = - ho + hix + ... + hpa® . Then h(x) is
g(x

called the parity check polynomial of C' and Ann(C) = (h(x)).

Definition 1.12 Let f(z) = ap + a1 + ... + a,x" be a polynomial of R|x] of degree r such
that f(0) = ap is a unit in R ( where R is a finite commutative ring). The monic reciprocal

polynomial of f(x) is defined by
f(x) = f(0) 2" f(a™)

If f*(x) = f(x), the polynomial f(x) is called self reciprocal.
The following Lemma is easily deduced.

Lemma 1.2 Let f(x) and g(x) be two polynomials in R[x] with degf(x) > degg(x) and

with constants terms are units. Then the following holds.
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i /() + g(@)" = f(o) + a0l g )"

*

iii. If f(x) is monic, then f(x)* = f(x) .

Theorem 1.11 /3] Let C be an [n,k,d] cyclic code with generator polynomial g(z). Let
h(z) = ho + hix + ... + hpa® be the parity check polynomial of C. Then the generator
polynomial of C* is h*(x). Furthermore, a generator matriz for C*+, and hence a parity

check matrix for C, is

he hx—1 hio ho 0

O hk hk,1 hl hO
H =

0 hp hg_1 ... ho

Example 1.8 Let C be the binary cyclic code generated by the linear combination of all
cyclic shifts of the vector (1,1,0,1,0,0,0) . Clearly, C = {g(z)) where g(z) = 1 + z + 23,
and then h(z) =1+ x + z* + 2*. A generator matriz for C is

The generator polynomial of C+ is h*(z) = 1+ 2® + 2° + 2. Hence a generator matriz for

C* which is a parity matriz check of C' is given by

1011100

H=fo 101110

0010111
Besides the generator polynomial, there are many polynomials that can be used to generate
a cyclic code. There is a very specific polynomial, called an idempotent generator, which

can be used to generate a cyclic code. (Recall that an idempotent element of a ring is an

element e such that e? = ¢)
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Theorem 1.12 [34] Let C be a cyclic code in R,,. Then:
i. There exists a unique idempotent e(x) in C such that C' = (e(x)),

it. If e(z) is a nonzero idempotent in C, then C' = (e(x)) if and only if e(x) is a unity of
c,

iii. If C' = (e(x)). Then the generator polynomial of C' is g(x) = ged(e(x),x"—1) computed
in F,lz].

Theorem 1.13 [34] Let Cy and Cy be cyclic codes of length n over F, with generator
polynomial g1(x), g2(x) and generating idempotent e1(x), ea(x) . Then CyNCy has generator

polynomial Iem(gi(x), g2(x)) and generating idempotent ey (x)es(x).

Example 1.9 Consider the ternary cyclic codes Cy and Cs of length n = 11 generated by
the polynomials gi(x) = 1 —x — 2> — 2% + 2 + 2% and go(x) = —1 — z + 2* — 23 + 27,

respectively. A simple calcul shows that

er(@) = —z+Dg(z) =1+a+2°+ 2" +2° +2° and e}(z) = e;(2)

ex(7) = (—2° + 2t + 2%)go(x) = —2® — 2° — 27 — 2% — 2™ and €3(z) = ex(2)

Hence ey(x) and ex(x) are idempotent generator for the codes Cy and Cy respectively. Further

since we have

#'' = 1= gi(2)g2(x) and ged(gi(x), ga(x)) = 1

then C; N Cy = {0}. On the other words, Cy and Cy are LCD codes.

2 Basic Concepts of Codes over Finite Rings

This section is dedicated to introduce the necessary notions and terminology from classical
coding theory over rings that will be needed later. Throughout this thesis, all considered

rings are assumed to be commutative and with identity.

2.1 Linear Code over Finite Rings

Definition 2.1 A linear code over a ring R of length n is a submodule C' of R". If C is
isomorphic to a free R-module, then we say that C' is a free code and we define the dimension
of C to be dim C' = rankgr(C').
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Since a module over a ring R is a generalization of the notion of vector space over a field.
So, much of the theory of codes over rings consists of extending as many as possible the
desirable properties of codes over fields. However, codes over rings can be quite a bit more
complicated than codes over fields; for instance, since not all modules have bases, then the

definition of a generator matrix for example is not trivial.

Definition 2.2 Let C' in R™ be a linear code over any finite ring R. Define a generator

matriz of C' as a matriz G with rows being a generating set of C' with the smallest size.

This means that the rows of G span C' and none of them can be written as a linear com-
bination of the other rows of G. In particular, when C'is a free code, then the rows of any
generator matrix G are a group of basis elements of C', and so the number of rows of any

generator matrix of a free code C' is uniquely determined.

Definition 2.3 Two codes C' and C' in R™, are said to be equivalent if C' can be obtained
from C' by a combination of a permutation of the coordinates and multiplication of a coordi-

nate by a unit in the underlying ring.
As for codes defined over finite fields we have :

Theorem 2.1 /23] If C is a linear code over a ring R, then the minimum Hamming distance

and the minimum Hamming weight are equal.

The following was first proven by F. MacWilliams in [51]. There, it was proven for codes
over finite fields. Later it was proven that we can extend the proof to codes over finite

commutative Frobenius rings.
Theorem 2.2 /23] Let R be a finite commutative Frobenius ring with |R| =r. Let C be a
linear code over R. Then

1

WCi<x7y) - ’C|

We(z + (r— Dy, —y)

One of the most important consequences of the MacWilliams relations is the following:

Corollary 2.1 If C' is a linear code over a finite commutative Frobenius ring R, then
ClICH =R

2. 1.1 Linear codes over finite chain rings

A finite chain ring is a local Frobenius ring, so the identity above holds for codes over finite
chain rings. Further we have many nice results on codes over this class of rings. (For more

detail of finite chain rings and Frobenius rings, we refer the reader to see the appendix ).
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Definition 2.4 Let R be a finite chain ring with maximal ideal () of nilpotency index e
and C' be a code over R with generator matrix G. We say that G is a generator matriz in

standard form if after a suitable permutation of the coordinates, we have

Iy Aoqp Aoz Aoz - Age Ape
0 Al YA YAz - YAl VAL,
G=1|o0 0 2, ~*Ass -0 Y*Ase Y2 Az
0 0 0 0 e ’ye_lfke_l ’ye_lAe_Le

Where the columns are grouped into blocks of sizes ko, ki, ....;ke_1,n — Zf;é k;. A code with

generator matriz of this form is said to be have type {ko, ki, ..., ke_1}.

Theorem 2.3 [57] Any linear code C' defined over a finite chain ring has a generator
matriz in standard form. Further, all generator matrices in standard form for the code C

have the same parameters ko, kq, ..., ke—1 and |C| = qzj;é(e’j)kf.

Theorem 2.4 [57] Let C be a code with generator matriz G in standard form. For 0 <

i<j<e let Bij=— Z:;:—i-l Bik Al ek — Al je_i- Then
Bﬂ,e BO,efl T BO,l [nfk(C)
' VBie YBie-1 -+ ko) 0
’VeilBe—l,e 7671[k1(0) T 0 0

is a generator matrixz for C+ and a parity check matrixz for C.

Let C be a linear code. We denote by k(C) the number of rows of a generating matrix G in

standard form for C', and for i = 0,1, ...,e — 1 we denote by k;(C) the number of rows of G
that are divisible by (7%) but not by (y"+!). Clearly, k(C) = 327 k;(C).

Proposition 2.1 [57] Let C be a linear code. The following assertions are equivalent:

1. C'1s a free code.
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. Any generator matriz in standard form for C' is of the form [Iycy|M] for some matrix

M.
iti. k(C) = ko(C).
w. C* is free.

Example 2.1 Let R = Z4 and C the code of length 4 defined over R by the vectors

0000 1113 2222 3331 0202 1311 2020 3133

0022 1131 2200 3313 0220 1333 2002 3111

Then C is a linear code over Zy. A generator matrix of C in the standard form is given by

1113
G=1(020 2
00 2 2
Hence we have ko(C) = 1,k (C) =2 and k(C) = 3, so C is not a free code. A parity check

matriz of C s given by

1 3 31
H=12 2 0 0
2.0 20

Clearly HGT = 0. Since G.GT = 0, we deduce that C is a self dual code.

2.2 Cyclic Codes over Finite Chain Rings

As we have already seen, much of the theory of codes over rings consists of generalizing
concepts and properties of codes over finite fields. Cyclic codes over rings has not been
studied in depth for a general ring. In this thesis, we will mainly focus on codes over finite
chain rings and finite principal ideal rings. As usual, cyclic codes of length n over a ring R

are linear codes with the property that the cyclic shift of any codeword is again a codeword.

Proposition 2.2 [57] A linear code C of length n is a cyclic over R if and only if C' is an
ideal of R[z]/ (z™ — 1) .
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Proposition 2.3 [57] The dual of a cyclic code over R is cyclic.

Let R be a finite chain ring with maximal ideal (7) of nilpotency index e, and residue field
F, . In this section, we assume n to be a positive integer coprime to g, so that 2" — 1 is
square free in F,[x]. Therefore, 2™ — 1 has a unique decomposition as a product of basic
irreducible pairwise coprime polynomials in R[z]. A natural way of constructing a cyclic

code over R is by lifting the generator polynomial of a cyclic code over IF,,.

Definition 2.5 (Hensel lift of a cyclic code) Let f in F [z] be monic such that f|(z™ —1).
The cyclic code (g) where g is the Hensel lift of f is called the Hensel lift of the cyclic code

(f)-

If C is the Hensel lift of a code E then C = E, but C is not the only cyclic code whose

projection is F.
Proposition 2.4 [57] Let C be a code over R. The following properties are equivalent:
1. C' is the Hensel lift of a cyclic code;
1. C s cyclic and free;
iti. There is a g in R[x] such that C = (g) and g|(z" — 1);
w. C* is the Hensel lift of a cyclic code.

In general for non-free cyclic codes over a chain ring R, Din et al [22] gave a specific structure

of these codes. We have the following Theorems

Theorem 2.5 [22] Let C' be a cyclic code over R of length n. Then there exists a unique
family of pairwise coprime polynomials Fi(x),0 < i < e in R[x] satisfying Fo(z)Fi(x)...Fe(x) =
x™ — 1 such that

o < ()7 B (), ‘_'775—1Fe(x)> _ <F1 +yEy + ..,76_1F6>

R n_1
where Fy(x) = xF( ] for 0 <i <e. Moreover
I\

e

IC| = przi;&(e—i) deg Fy11

Rlz]

Corollary 2.2 [22] e
xn —

is a principal ideal ring. (with ged(n,q) =1).
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Theorem 2.6 [22] Let C be a cyclic code of length n over R. Then there exist polynomials
9o, 915 -5 Je—1 in R[[B] such that C' = <g07ﬁ)/gl> "'776_lgefl> and gefl‘9672"-"90‘337I — 1.

Theorem 2.7 [22] Let C be a cyclic code of length n, with notation as in Theorem 2.5, we

have
ct= <F§(:C),fyﬁ:(iv), ---,’76711%;(37)>

and
|OL| — p'r Zf:l idegFi_H

Where F} is the reciprocal polynomial of F;,0 < i <e.



Chapter 2

Construction of LCD Cyeclic Codes over Finite

Rings

The aim of this chapter is to present some new constructions of LCD cyclic codes, provide
necessary and sufficient conditions for which all free cyclic codes over finite chain rings are

LCD. We start with some known basic results on LCD codes over finite fields.

1 Generalities on LCD Codes over Finite Fields

Recall that a linear code C' over a field IF, is called an LCD code (linear code with comple-

mentary dual) if C'N C* = {0}, which is equivalent to C' & C* = F}.

Proposition 1.1 [53] Let C be a linear code with a generator matriz G- and a parity-check

matriz H. Then the three following properties are equivalent:
1. C'is an LCD code;
ii. The matrix GGT is invertible;

iti. The matriz HHT is invertible.

Corollary 1.1 Let C be a linear code with generator matriz in standard form G = [I;|A].
Then C' is an LCD code if and only if —1 is not an eigen value of AAT,

Proof. By a simple calculation we have

I
GGT = [I,]A] {A—‘;} — AAT + 1,

20
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The matrix GG is invertible if and only if —1 is not an eigen value of AAT. a

Example 1.1 Let C be the binary code with generator matriz

=
I

— —
— —
— —
— —
o —_
—_ o
(@] (@]

o
—_
—_
(@)
(@)
(@)
—_

Since

det GGT = det #0
01 00

0001

Then this code is an LCD code. we can see also that we have
1 00
det HH' =det |9 1 o] #0

0 01

Definition 1.1 A code C is called reversible if for each code word (co, ¢y, ..., cn—1) in C, the
reverse code word (C,_1,Cn_2,...,Co) 1s also in C. This means that reversing the order of the

components of any codeword gives always again a codeword.

Proposition 1.2 [62] A cyclic code is reversible if and only if its generator polynomial is

self reciprocal.
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Theorem 1.1 [62] Let C be a cyclic code of length n over F, with generator polynomial
g(x) such that ged(n,q) = 1. Then the following statements are equivalent.
1. C'is an LCD code.
1. g 18 self-reciprocal.
iii. S~ is a root of g(x) for every root 5 of g(x) over the splitting field of g.

Furthermore, if —1 is a power of ¢ mod n, then every cyclic code over F, of length n is

reversible.

More generally, if n is not coprime to ¢, In [62] again Massey et al gave conditions on cyclic
codes to be LCD.

Theorem 1.2 [62] If g(x) is the generator polynomial of a cyclic code C' of length n over
F,, then C is an LCD code if and only if g(x) is self-reciprocal and all the monic irreducible

factors of g(x) have the same multiplicity in g(x) as in z™ — 1.

Corollary 1.2 [62] A cyclic code C, whose length n is relatively prime to the characteristic

of Fy, is an LCD code if and only if it is a reversible code.

2 On LCD Codes over Finite Rings

In this part, we will present some judging criterions for cyclic codes over some finite rings to
be LCD codes. For linear codes over rings, some structures of LCD codes using generating

matrices have been given in [23,47] .

Lemma 2.1 /23] Let vy, v, ..., v; be vectors over a finite commutative Frobenius ring
such that v;.v; = 1 for each i and v;.v; = 0 for i # j. Then C = (v, va,...,vg) is an LCD

code over R.

Theorem 2.1 [47] Let C be a code over a finite chain ring R with generator matriz G
in standard form. If the k x k matrizx GGT is invertible, then C is an LCD code, where k is

the number of rows of G.

Liu et al [48] generalized this result to free codes over any finite ring.

Theorem 2.2 [/8] Assume R is any finite commutative ring, and assume C' is a free code,

then C is an LCD code if and only if GG is nonsingular.
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Bhowmick et al in [13| proved that there does not exist a non-free LCD code over finite
commutative local Frobenius rings.

Theorem 2.3 [13] Over finite commutative local Frobenius rings, any LCD code is free.

Note that the converse of Theorem 2.3 does not hold in general. To show this we cite the

following example.

Example 2.1 Let C be a linear code over Z, with generator matriz

We have that C'is free code, but C is not LCD, since (0,0,0,2,2,0,0) € C N C*.

Cyclic codes have more interesting structures than general linear codes. In [13], Bhowmick

et al, generalized the characterization of LCD cyclic codes over finite chain rings.

Lemma 2.2 [13] Let C be a cyclic code over a finite chain ring R with residue field F, of
length n such that ged(n,q) = 1. Let g be a generator polynomial of C'. Then C' is an LCD

code if and only if C is reversible if and only if the polynomial g is self reciprocal .

Liu and Wang in [48| generalized Massey’s criterion for LCD codes over finite field of any
length to finite chain rings.

Lemma 2.3 [}8] A cyclic code C' of length n over a finite chain ring R with the residue
field T, is an LCD code if and only if C' = (g(x)), where g(x) is a monic divisor of "™ — 1
such that g(x) = g*(z), and g(z) and (" — 1)/g(z) are coprime.

Let ¢ = p® and n = mp", where ged(m,p) = 1. Thus the polynomial 2™ — 1 is a monic
square free, hence it factors uniquely as a product of pairwise coprime monic irreducible

polynomials fi(x), ..., fi(xz). Hence the factorization of ™ — 1 over F, is given by
" —1=a"" —1= (2™ - 1) = fi(z)? ...fi(z)" (2.1)

Denote the factors f;(x) in the factorization of 2™ —1 which are self reciprocal by g;(z), . . ., gs(x)

and the remaining f;(z) grouped in pairs by hy(z), hi(x), ..., h(z), hi(z). Hence | = s+ 2t,
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and the factorization given in (2.1) becomes
27— 1 = (2 ga(0) - ga(@)” a(@) (@ () B ()

Using Hensel’s Lemma and the properties of the reciprocal polynomial, we get a factorization

of 2™ — 1 over R, which is given by
2" —1=G(2)Go(x)..Gy(x)Hy (2) Hy (x)...Hy(z) H] (x),

where G;(z), H; () are monic coprime polynomials such that G(z) = ¢ (z), H;(z) = hfr (x).
By Lemma 2.3, we obtain a characterization of LCD cyclic codes over finite chain rings.

Those are codes generated by
C = (G1(z)" Ga(x)™...Gy(x)" Hy (x)" Hy ()™ ... Hy ()" H (2)™)

where k;,r; € {0,1} forall 1 <i<lI, 1<j<t.

2.1 Some Properties of Positive Integers

In this section, we give some properties of positive integers which are the tools used to
prove our results given in [10]. Recall that the multiplicative order of an integer ¢ modulo
p denoted by 7 = ord,(q) is the smallest integer [ such that ¢/ =1 mod p. (Note that the

first result of the following Lemma is given in [6]).
Lemma 2.4 Let g be a prime power, p an odd prime number coprime to q, then we have
(i) If ord,(q) is even then for all k in N*, ord,(q) are even.

(ii) If there is k in N* such that ord,.(q) is even, then ord,(q) is also even.

(9) ordp;C (9) =1

Proof. Since p divides p*, the congruence qordp’“ =1 mod p* implies that ¢
mod p. Hence ordy,(q) | ord,(q) Therefore, if ord,(q) is even then ord,:(q) is even too.

To prove (ii), assume that there is k& in N* such that ord,(q) is even, and by way of
contradiction we suppose that ordy.-1(q) is odd. Therefore, there exist some integer i and

21 = 1+ mp"~1. Since p is a prime number, it divides the

there exists m in N, such that ¢
binomial coefficient (?) for all 1 < j < p—1. Hence we get (¢**')P = (1 + mpk_l)p =1
mod p*. It follows that ord,«(g) | (2i+1)p. Since (2i+1)pis odd, this leads to a contradiction.

So that ord,:-1(q) must be even, and by descending recurrence we get that ord,(q) is even.
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Lemma 2.5 Let q be a prime power and p an odd prime number such that ged(p,q) = 1.

The three following statements are equivalents.

(i) There exits | in N, such that ¢¢ = —1 mod p.

(ii) For all k in N, there exists Iy in N, such that ¢ = —1 mod p*.
(i) There is i in N* such that ord,:(q) is even.
Further, if ¢ = =1 mod p, then I = 5(1 + 2m)ord,(q) for some m in N.

Proof. Suppose that (i) is satisfied and we prove (i) by induction. For k£ = 1 we have

¢' = —1 mod p. Assume ¢’*' = —1 mod p*~! for k > 2. Since p is odd, we can write
k=1_1 k—1 k—1
A ey G 1 g
i=0 (—gq-1) —1 ¢+ 1

On the other hand, we have

kflil k*lil k*lil

p p

Sy = 3 (D) = S (—1)(=1) mod =0 mod pt!

=0 =0 =0

which means that pt~! | Zfigl_l(—qlkfl)i. Since p | p*~1 | g1 + 1, it follows that

k—l_l

P @+ DS (=) = g
1=0

1. we have that ¢’* = —1 mod p*. Note that when ¢ = —1 mod p,

k(k—1)

then I, = lp_q - p* ' = lj_o - p*72 - p¥~1. We obtain that I, = [-p~ =z . Conversely, if the

Thus, for I, = lj,_1 - p*~

statement (ii) holds, then the statement (i) follows immediately for k = 1.

Assume that (iii) is satisfied. So Lemma 2.4 shows that the integer ord,(q) is also even. We
have, ¢ %@ = 1 mod p if and only if p | (q%”dp(‘” — 1)(qéordp(q) + 1). Since p is prime it
must divide one of the factor and it can not divide (2% @ — 1) because of the definition
of the order of ¢, thus q%OTdP(Q) = —1 mod p.

Conversely, if (ii) is satisfied, then there exits [ in N* such that ¢ = —1 mod p, which means
¢® =1 mod p, so that ord,(q) | 21. If ord,(q) is odd, then ord,(q) | I, which contradicts
the fact that ¢/ = —1 mod p. Hence ord,(g) must be even and (iii) holds.
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It remains to prove that if there exists an integer [ such that ¢¢ = —1 mod p, then

Ordp (Q) and q.]

l = 3(142m)ord,(q) for some m in N. By the definition of order, the integers ¢
are distincts for all 1 < j < ord,(q). Since p is odd, we obtain that if /" is the smallest integer
such that ¢" = —1 mod p, then on the one hand 1 < I’ < ord,(q) and, on the other hand,
ordy(q) | 2U'. This gives 2I' = Xord,(q) and A\ > 1. Since I' < ord,(q), then I' = Jord,(q).
Further, if [ is an integer that satisfies ¢ = —1 mod p, then by division algorithm we can

write [ = sl’ + r with » < I’. Hence, we get

ql _ qsl’—l—r _ <ql’)sqr

(=1)°¢" mod p=—-1 mod p.
Which forces that s is odd and r = 0. Thus,

1
l=0C2m+ 1= 5(2m + 1)ord,(q).

Corollary 2.1 Let g be a prime power and p an odd prime number coprime to q. Let a be
a positive integer such that 2°||ord,(q). Then for all k in N*, we have 2%||ord,:(q), where
the notation 2*||ord,(q) means that 2*|ord,(q) but 2°t { ord,(q).

Proof. Let a be a positive integer such that 2%||ord,(¢). From Lemma 2.5, there exists [
in N*, such that ¢' = —1 mod p and | = 3(1 + 2m)ord,(q) for some m in N. On the other
hand, since ordy(q) is even, then ord,(q) is also even for all £ € N*. Hence, from Lemma

2.5 again, there exists I, in N*, such that ¢ = —1 mod p* and I}, = 3(1 + 2my)ord,x(q) for

k(k—1)

some my, in N. From the proof of Lemma 2.5, we have that [, =1-p . Therefore
1 1 k(k—1)
Iy = 5(1 + 2my)ord,.(q) = 5(1 +2m)ord,(q) - p 2
Since (1 + 2m)pk(k2_1) and (1 4 2my,) are both odd, we conclude that 2%|lord,(q). O

2.2 New Constructions of LCD Cyclic Codes over Finite Chain Rings

Let n be a positive integer and ¢ a prime power coprime to n. For s in {0,1,2,...,n— 1}, let
C, = {s, 5q,5q2, ..., sqls_l} be the ¢ cyclotomic coset of s modulo n and let 5 be a primitive

n-th root of unity. It is known that (see the appendix) the minimal polynomial mg(z) of 5*
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is given by

ms(z) = H (37 - ﬂj)

J€Cs

And hence the factorization of ™ — 1 into irreducible factors over I, is given by

at—1= H ms(z).

Sepn,q
where P, , is the set of the coset leaders of all cyclotomic cosets.

Definition 2.1 The cyclotomic coset Cy is said to be reversible if and only if C,,_s = Cy if

and only if n — s is in C.
Lemma 2.6 [29] If Cy is reversible then Cy is reversible for all s in P, .

Proof. Assume that the cyclotomic coset C is reversible. Then there exists a k,1 <
k < ord,(q), such that ¢* = —1 mod n. This means that s¢* = —s mod n, and hence
C,=C_,. O

Lemma 2.7 [30] The minimal polynomial mg(x) is self reciprocal if and only if the cyclo-

tomic coset associated Cy is reversible.

Now, using the algebraic properties of integers given in Section 2.1, and according to the de-
composition of n into products of powers of prime numbers, we give some new constructions

of LCD codes over the chain ring R given in [10].

Theorem 2.4 Let R be a finite chain ring with residue field F,, and p* an odd prime power
coprime to q. Then, all free cyclic codes of length p* over R are LCD if and only if ord,(q)

1S even.

Proof. Let p* be an odd prime power coprime to ¢. From Lemma 2.2 we have that a cyclic
code C' is an LCD code if it is generated by a self reciprocal polynomial g(x) which devide
27" — 1. On the other hand, Lemma 2.5 shows that if ord,(q) is even, then there exits [ in
N*, such that ¢ = —1 mod p*, which means that —1 is in the cyclotomic coset C;. Hence,
C; = C_; mod p*. In other words, C| is reversible, and so all the other cyclotomic cosets
are also reversible by Lemma 2.6. Therefore, all divisor of 2P — 1 are self reciprocal.
Conversely, assume that all free cyclic codes of length p* are LCD, then all divisors of

2P — 1 are self reciprocal. Hence all cyclotomic cosets are reversible and, in particular, the
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cyclotomic coset C) is reversible. This means that there is an integer [ such that ¢/ = —1

mod p*. Finally, Lemma 2.5 shows that in such case ord,(q) is even. O

Example 2.2 Let R = Zg with residue field F3 and n = 49. We have ord;(3) = 6 and the

factorization into irreducible polynomials is given by:

¥ -1 =(@+8) (@b +2°+ 2t + P+t +r+ )@+ ¥ +a® 4 + 2+ 274+ 1)

= g1(7)g2() g3 ()

So, all codes generated by <H?:1 gfz(a:)>, where 0 < k; < 1, are LCD codes over Zg of length
49.

Example 2.3 Let R = Z4, n = 17, we have

=1 = (2 +3)(a®+22°+32° + 2* + 323 + 222 + 1) (2® + 2" + 325 + 32 + 322 + x + 1)
= 91(2)g2(2)gs(x),

where g1(x), g2(x) and gs(x) are irreducible polynomials over Z, . Since ordi7(2) = 8, then
all cyclic codes generated by polynomials of the form <H?:1 g (), with 0 < k; < 1, are
LCD codes.

Lemma 2.8 Let g and n be positive integers coprime such that n is odd and the irreducible
factorization of n is given by n = pipk2 _pkt with ordy,(q) even for 1 <i <t. Let a; be the
ordy,(q), with 1 <i <t. Then we have

positive integers for which 2%
a1 =as = ... = a; = a if and only if there exists | in N*, such that ¢ = —1 mod n.

Further, 2*||ord,(q).

Proof. Assume that a; = as = ... = a; = a. Recall that if 2%||ord,, (¢) then 2‘1Hordpfi(q)
for all k; in N. Thus, we can write ordpfi(q) = 2%my;, with m; an odd integer for 1 < i < ¢.
From Lemma 2.5 and Corollary 2.1, we deduce that there exits /; € N*, such that ¢ = —1
mod p¥. The smallest integer I/ satisfying this congruence is I, = %ordpfi (q) =2tmy, for 1 <

i < t. Let m = [['_ym. Since m is odd, we get ¢* ™ = —1 mod p". Hence,
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pi ] ¢ 4 1foralll <i <t Therefore, n = [['_,p¥ | ¢ '™ + 1. In other words
¢ '™ =—-1 mod n.
Conversely, assume there is an integer [ such that ¢ = —1 mod n. Without loss of

generality, we suppose a; # as such that 2% |jord,, (¢) and 2%?|jord,,(q). Write ord,, (q) =

2'my and ord,,(q) = 2°2my for odd integers m; and m,. We have
¢ =—-1 mod n implies ¢ = —1 mod p; which give ¢?) =1 mod p;, for 1 <i < t.

Hence, 2%'m; | 21 and 2%2my | 2I. Since both of a; and ay are not null, we get 24~ 1m; | [
and 2%27'm, | . Since a; # as, we can suppose that a;)as. Consequently, 292my | I. In
other words, ¢/ =1 mod p,, which is a contradiction.

Further, we have n = p’flpgz...pft, SO
ord,(q) = lCTTl(Opokl (q), ord i, (q), -, ord x:(q)) = 2%(2k + 1), for some k € N
1 2 t
Thus, 2%||ord,(q). O
Theorem 2.5 Let R be a finite chain ring with residue field F, and n an odd integer coprime
to q such that the factorization of n is given by n = p’flpg?..pft with k; in N* for 1 <1 <t.

OTdPi(Q)’
Then all free cyclic codes of length n over R are LCD if and only if a1 = as = ... = a; = a

Assume that the integers ord,, (q),1 <1i <t are even and let a; in N* such that 2%

Proof. Assume that there is a positive integer a such that 2%||ord,,(¢),1 < i < t. From
Lemma 2.8, there exists an integer [ such that ¢¢ = —1 mod n. This means that the ¢
cyclotomic coset C is reversible. Hence, all the other cyclotomic cosets are reversible by
Lemma 2.6. Thus all divisor of the polynomial ™ — 1 are self reciprocal. Therefore, all free
cyclic codes of length n over R are LCD.

Conversely, suppose that all free cyclic codes are LCD. So that all divisor of 2™ — 1
are self reciprocal. We deduce that all cyclotomic cosets are reversible. In particular Cf is
reversible. Hence —1 is a power of ¢ mod n. The desired result follows immediately from
Lemma 2.8. O

As a corollary we construct LCD codes of oddly even length.

Corollary 2.2 Let R be a finite chain ring with residue field F, such that q is an odd integer.

Let n be an oddly even integer coprime to q such that the irreducible factorisation of n is
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given by n = 2p’f1p§2...pft with k; in N* for 1 < i < t. Assume that for all 1 < i <t the

integers ord,,(q) are even. Let a; in N* such that 2%

ordy,(q). Then ay =ay =...=a =a

if and only if all free cyclic codes of length n over R are LCD.

Proof. On the one hand and according to Lemma 2.8, we have a; = as = ... = a; = a if
and only if there exists [ in N*, such that H§:1 pfi
odd integer then 2 | ¢! +1. Hence n = 2[['_, p/

¢' + 1. On the other hand, since ¢ is an

¢'+1. This means ¢ = —1 mod n. Thus

the cyclotomic coset (] is reversible, so according to Lemma 2.6 all the other cyclotomic
cosets are reversibles. Hence, all free cyclic codes of length n are LCD codes.

Conversely, assume that all codes of length n are LCD. Then, the cyclotomic coset C}
is reversible. Hence there is an integer [ such that ¢! = —1 mod n. It follows that ¢' = —1

mod H§:1 pf Therefore, from Lemma 2.8, we get the desired result. O

Example 2.4 Let R = Zys, n = 2646 = 2 - 7% - 33. We have ord;(5) = 6 and ordz(5) = 2.
Since 2||ord;(5) and 2||ords(5), so all free cyclic codes of length 2646 are LCD codes.

In the remainder of this section, we provide necessary and sufficient conditions for cyclic

codes to be LCD when the lengths are divisible by 4. The following lemmas are needed.

Lemma 2.9 [35] The integer 28 has primitive roots for k = 1 or 2 but not for k > 3. If
k > 3, then {(=1)%5% a = 0,1 and 0 < b < 272} constitutes a reduced residue system
mod 2%. It follows that for k > 3, the group (Z/2*Z)* is not cyclic; it is the direct product

of two cyclic groups, one of order 2, the other of order 282

Lemma 2.10 Let g be an odd prime power. Assume that there is an integer | in N* such
that ¢ = —1 mod 2F with k > 2. Then ¢ = —1 mod 2*. Further, the integer | is odd and
ordy(q) = 2.

Proof. Assume that there is an integer [ such that ¢ = —1 mod 2*. If £ > 2, then from
Lemma 2.9, ¢ can be writen as ¢ = (—1)*-5/, with (4,7) in N2, Hence ¢/ = (—=1)%.5/!! = —1
mod 2*, which requires that the integer il must be odd and that the order ord,(5) of the
integer 5 which equal to 272 must divide jI. Thus [ is odd and then 2¥~2 divides j. Write
j =224 we get

g= (=15 =(=1)"-5*" = (=1) mod 2* = -1 mod 2"
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For k = 2 and since ¢ is odd we have clearly that ¢ = —1 mod 4 leads to ¢ = —1 mod 4.
Hence [ must be odd. Further, ¢ = —1 mod 2% implies ord,x(q) = 2. O

Theorem 2.6 Let R be a finite chain ring with residue field F,, and let n be a doubly even
integer coprime to q such that the factorization of n is given by n = 2k°plf1p§2...pft with

ki € N for all1 <1i <t and ky > 2. Then the following statements are equivalent:
i. 2|lord,,(q) for 1 <i <t and 2 | ¢+ 1.
1. All free cyclic codes over R of length n are LCD codes.

Proof. Suppose that (i) is satisfied. Proving (ii) is equivalent to proving the existence
of an integer | such that ¢/ = —1 mod n. The assumption 2|ord,,(¢q) and Corollary 2.1
give that ordpfi (q) = 2m;, with m; odd . Using Lemma 2.5, we get ¢™ = —1 mod pf
Therefore, qm:1 i = —1 mod pfl Hence, there exists [ = HZZI m; an odd integer such that

¢ = —1 mod Hﬁzlpfi. On the other hand, ¢ = —1 mod 2% implies ¢ = —1 mod 2*o.

ki
)

Consequently n = 2% []'_, p* devide ¢ + 1. Thus ¢ = —1 mod n.
Conversely, assume that all free cyclic codes over R are LCD. This means that all cyclo-
tomic cosets are reversible and, in particular, the cyclotomic coset C. Hence there exists [

in N* such that ¢ = —1 mod n. Therefore

¢ =—-1 modpli, for1<i<t (2.2)

and
¢'=—1 mod 2% (2.3)

Equation (2.2) and Lemma 2.5 give that [ = %(1 + 2m;)ord,,(q), for some integers m;.
Equation (2.3) and Lemma 2.10 give ¢ = —1 mod 2" and that the integer [ must be odd.
It follows that 2/ = (1 + 2m;)ord,,(¢). Which means that 2|jord,,(¢). This completes the
proof. O

Example 2.5 Let R = Zg, n = 3724 = 2% - 7*.19. We have ord;(3) = 6, ord;s(3) = 18.
Since 2||6, 2|18 and 2* | 4, so all free cyclic codes of length n = 3724 are LCD codes.



Chapter 3

Existence of Selt Dual Cyclic Codes over Rings

Self dual cyclic codes constitute an important class of linear codes due to their rich algebraic
structures and their wide applications. In this Chapter we focuse on the existence of self
dual cyclic codes over finite chain rings of arbitrary length as a generalization of the results

obtained in [6].

1 Generalities on Self Dual Codes over Finite Fields

Let C be a linear code over F,. Recall that C is said to be self dual if and only if C' = C*. Tt
is well know that a linear code C' and its dual C* verify the property dim C + dim C+ = n.

Hence, the following result is obvious.

Lemma 1.1 /58] Let F, be a finite field. If C is a self dual code over F, of length n, then

n must be even.

Of course, this is not true when the underlying alphabet is not a field. For example, the
code {0,2} is a self dual code of length 1 over Zj.

Lemma 1.2 [/1] Let C be a linear code of length n = 2n’ over F, with generator matric
G = [Iy|A]. Then C is a self dual code if and only if AAT = —1I,,.

Proof. Assume that C is self dual code, then C' = C*. Hence G is also a generator matrix

of C*. Therefore GGT = AAT + I, = 0. O

Proposition 1.1  [{1] Let C be a self dual code of length 2n’ over F, with a standard

32
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generator matriz G = [I,,|A]. Then
ATG = [AT| - In’]

1s also a generator matriz of C'.

Proof. Since C is self dual, then AAT = —J and A~! = —AT. Thus AT is not singular.
This implies that the rows of the matrix ATG form a basis of C' and

ATG = [ATL |ATA] = [AT| - I,,]

Corollary 1.1 [41] Let G = [I,y|A] and G' = [L,|AT] be generator matrices of self dual
codes C and C', respectively. Then C' and C' are equivalent.

Proof. From Proposition 1.1, we have that ATG = [AT] — I,/] generates also the code C
and it is a permutation equivalent to G’ = [I,s|AT] O
For cyclic codes, it was shown in [36] that self dual cyclic codes of length n over F, exist if
and only if g is a power of 2 and n is even. When these conditions are met, there is always

a self dual cyclic code with generator polynomial 22 — 1 called a trivial self dual code.

Proposition 1.2 [36] A cyclic code C of length n is self dual if and only if g(z) = h*(x);
where g(x) is the generator polynomial of C', h(x) is the check polynomial and h*(z) is the

reciprocal polynomial of h(x).

Theorem 1.1 [36] There exists at least one self dual cyclic code of length n = 2n’ over F,
of and only if q 1s a power of 2.

Proof.  Suppose that C is a self dual cyclic code of length n = 2n’ over F,. Then
degg =degh =4 =n'. As g(x)h(r) = 2™ — 1, we have gohg = —1, where gy and hg are the

constant terms of g(x) and h(x), respectively. Therefore,

glz™YHh(z™) =2 -1
= (909" (x))(hoh™(x)) =1—a" (3.1)

= g (x)h*(x) =a2"—1
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By Proposition 1.2, we have

(3.2)

Therefore, we have g*(x)h*(x) = —g(z)h(x) = —(2™ — 1) . Then by equations (3.1) and
(3.2), we have
" —1=—(2"-1)

Hence, the following identity holds:
22" —-1)=0

which implies that the characteristic of the field F, is 2, i.e., ¢ is a power of 2. Conversely,

if ¢ is a power of 2 , then the polynomial 2™ — 1 can be written as follows over F,:
" —1=a"+1= (2" +1)

Hence, we get the trivial self dual cyclic code with generator polynomial z” + 1. a
Assume that ¢ = 2™ and n = 21/ such that n’ is an odd integer. Each cyclic code over

Fom is uniquely determined by its generator polynomial, a monic divisor of 2" — 1 over Fom.

In order to describe the generator polynomials of [n, §,d] self dual cyclic codes, we need to
know the factorization of the polynomial 2™ — 1 over Fom. The polynomial 2 — 1 can be

factorized into distinct irreducible polynomials as follows:

2" — 1= fi2) fo(@)e. fo(@)ha ()7 (). he(2) i ()

where f;(z), (1 < i < s) are monic irreducible self reciprocal polynomials over Fom while
hj(z) and its reciprocal polynomial (), (1 < j < t) are both monic irreducible polynomials

over Fym. Therefore

/

2" —1= (2" —1D* = fi(2)* fo(x)* ... fo(2)* hy(2)* B (2)* . he(2)? BF () (3.3)

Theorem 1.2 [36] Let " — 1 be factorized as in Equation (3.3). A cyclic code C' of length
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n 1s self dual over Fom if and only if its generator polynomial is of the form
Fi(@)® 7 () 7 fo(@)¥ T Ry ()P ()2 0 Ly ()P ()2 P (3.4)

where 0 < §; < 2% for each 1 <1 < t.

Proof. Let C be a cyclic code of length n over Fom and let g(z) be its generator polynomial.
We need to show that C' is self dual if and only if g(z) is of the form as in Equation (3.4).
Since the generator polynomial g(x) of a cyclic code of length n is monic and divides " — 1,

we may assume that

g(x) = fi(@)™ fa(2)*... f(@)* ha(@) " By ()™ B () Dy ()

where 0 < a; < 2% for each 1 < i <5, and 0 < f3;,7; < 2% for each 1 < j <¢. Then the

check polynomial is

h(x) = fu(w)® = fo() 70 fo(@) 7 b () P Ry () T B ()T R ()
Hence

P (@) = @) o) )P R )P () )P

since f;(z)(1 < i < s) are self-reciprocal while hj;(x) and h}(z)(1 < j < t) are reciprocal
polynomial pairs over Faom. By Proposition 1.2, C is self dual if and only if g(z) = h*(z),
ie.,

a;=2—q; foreach 1<i¢<s
vi=2*—=p; foreach 1<j<1t

or, equivalently,

a; =21  foreach 1<i<s

v =2—=p; foreach 1<j<t

Example 1.1 Consider the case: n = 14 and ¢ = 2. Now n’ = 7. The factorization of
' + 1 over Fy is

4+ 1= (2 + D2 + 2+ 1D (2® + 2% +1)?
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It is observed that the polynomial v + 1 is a self reciprocal polynomial and x> + x + 1 is the
reciprocal polynomial of x3 4+ x? + 1 over Fy. There are 3 binary self dual cyclic codes of

length 14 with the following generator polynomials respectively:

(z+1)(23 + 2+ 1) = '+ ++ o+ 1
(x+ D)2 +z+ D)@ +22+1) = 7+ 1;
(x+1)(z3 + 22 +1)2 = '+ +2 +at+r+1:

The one with generator polynomial x7 + 1 is the trivial self dual cyclic code.

2 Existence of Self Dual Cyclic codes over Finite Rings

2.1 Generalities of Self Dual Codes over Finite Frobenius Rings

We start this part with the following Lemmas which are standard tools to determine when

self dual codes exist.

Lemma 2.1 /23] Let R be a finite commutative Frobenius ring. If |R| is not a square and

there exists a self dual code C of length n, then n must be even.

Proof. We know from Corollary 2.1 that |C||C*| = |R|". This gives that |C| = |R|2. If
|R| is not a square, then |C| is not an integer, which is a contradiction. Hence n must be

even. 0

Lemma 2.2 /23] Let R be a finite commutative Frobenius ring and let C' and D be self
dual codes of length n and m respectively. Then the direct product C' X D 1is a self dual code
of length n +m over R.

Proof. Let (v,w), (v, w") € C x D. Then
(v,w).(v", ") = (vV') + (waw')=04+0=0
This gives that C' x D is a self orthogonal code. Since
n+m

€ x D| = |C|ID| = |RI* |R|* = |R|™*"

Therefore C' x D is a self-dual code of length n + m.



2. EXISTENCE OF SELF DUAL CYCLIC CODES OVER FINITE RINGS 37

Lemma 2.3 /23] Let R be a finite local commutative Frobenius ring with maximal ideal m
such that R/m is a field of characteristic p, where p is an odd prime. Let S; = R/m'. If

there exists o in S; with o® = —1, then there ewxists 3 in Si 1 with 32 = —1 .
Proof. Let ain S; with o> = —1. Let 8 = a + s; be an element in S;,;, where s; +
m* is in m’/m’™!. Then we have
(a+s)* = a®+2as;+s? mod mit!
= a? 4+ 2as; mod mH!

d—1+2as; mod mit!

for some ¢ in m’ since a? = —1 is in S;. Next we show that there exists an element s; such

that 6 — 1 4+ 2as; is in S;;1. We have

§—14+2as; =—1 mod m'™ < §=—2as; mod m"*!
Since p is odd, 2 is relatively prime to p. Hence the element 2 is a unit. Since a? = —1
mod m, this implies that « is a unit in R/m. Let s; = —§(2a)~!. Then s;+m*™! is in m’/m**!
and 32 = (a + 5;)2 = 8§ — 1 + 2as; = —1 is in S;y; since elements of m** are 0 in S;,;. O

Corollary 2.1 [23] Let R be a finite local commutative Frobenius ring with characteristic

congruent to 1 mod 4. Then there exists an o in R with o® = —1.

Proof. The field R/m has characteristic 1 mod 4 and hence has a square root of —1.
Then, by induction using Lemma 2.3, we have the result. a
Notice that this result does not necessarily hold when R/m has characteristic 2. For example,
Z4 is a local ring and Z,/ (2) = Fy, which has a square root of —1 | but the ring Z, does

not. We can use this result to get the following theorem

Theorem 2.1 /23] Let R be a finite local commutative Frobenius ring with characteristic

congruent to 1( mod 4). Then there exist self dual codes for all even lengths over R.

Proof. By Corollary 2.1, the ring R has an element o with o> = —1. Then the code
generated by (1, «) is a self dual code of length 2. Then, by applying Lemma 2.2, inductively,
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we have the result. O

Lemma 2.4 [23] Let R be a finite local commutative Frobenius ring with mazimal ideal m
such that R/m is a field of characteristic p, where p is an odd prime. Let S; = R/m'. If
there exist o, 8 in S; with o + 3% = —1, then there exist y,0 in Si.1 with v* + §% = —1.

Corollary 2.2 /23] Let R be a finite local commutative Frobenius ring with characteristic
congruent to 3( mod 4). Then there exist o, B in R with o® + 3% = —1.

Proof. The field R/m has characteristic 3( mod 4) and hence there exist 7, § with y244§% =
—1. Then by induction using Lemma 2.4 we have the result O

This result leads naturally to the following theorem.

Theorem 2.2 [23] Let R be a finite local commutative Frobenius ring with characteristic
congruent to 3( mod 4). Then there exist self dual codes for all lengths congruent to 0(
mod 4) over R.

Proof. By Corollary 2.2, the ring R has elements «, 8 with o® + 32 = —1. Then the code
C ={(1,0,a,0),(0,1,—53,—a)) is a self-dual code of length 4. Then, by applying Lemma

2.2 inductively, we have the result. O

2.2 Existence of Self Dual Cyclic Codes over Chain rings

Let R be a finite chain ring with maximal ideal (), residue field IF, and nilpotency index e

of the maximal ideal (), (Recall that R can be considered as a finite local frobenius ring).
We have |R| = |F,|¢ and if C is a code of length n over R, then |C||C*| = |R|".

Theorem 2.3 [23] If e is even, then a = <’y§> s a self dual code of length 1, called trivial
self dual code.

Proof. We have that (y2) (y2) = (7*) = 0 and so a C a*. Assume that a # a*. Then
at = (79) with j < £. Then <'y%> (v7) = 0 contradicting that e is minimal. Therefore
a = al and is a self dual code of length 1. 0
The following results give necessary and sufficient conditions for the existence of non trivial

self dual cyclic codes of length n over R .

Corollary 2.3 [23] If e is even, then there exists self dual codes of length n for all n.
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Proof. The result follows immediately by applying Lemma 2.2 to the self dual code of
length 1 in Theorem 2.3. O

Proposition 2.1 [22] Let C be a cyclic code of length n over R. Assume that " — 1 =
FF..F,_1F, and let C = <F1,7F2,...,76_1F€> be a cyclic code (as in Theorem 2.5 in

Chapter 1) such that Fi(z) = QSF (_)
i\

of F} for alli,j in {0,1,...;e} such thati+j =1 mod (e+1).

. Then C 1s self dual if and only iof F; is an associate

Cyclic codes of length n which is not divisible by the characteristic of R are called simple
root cyclic codes. Batoul et al. [6] proved that there are no simple root self dual cyclic codes

over finite chain rings when the nilpotency index of the generator of the maximal ideal is

odd.

Theorem 2.4 [6] If e is odd, then there are no non trivial self dual cyclic codes of length
n over R when ged(n,q) = 1.

Proof. If ¢ = 2%, then ged(n,q) = 1 and so n must be odd. Let C' be a non trivial cyclic
code of length n over R, so that there exist monic coprime polynomials Fy, Fi, .., F._1, F,
such that 2™ —1 = FyFy..F,_1F, and C' = <F’1,7F2, ...,76_1F6>. If C is self-dual, then from
Proposition 2.1, Fj is an associate of F} for 4,7 in {0,1,...,e} and i +j =1 mod (e + 1).
Hence F; = F; for some unit ¢ in R. Since e is odd, then i +i =2 # 1 mod (e + 1) and
F; # F; for all 0 <i <e. Therefore

"= 1= Ry R} FenFly

Thus none of the F; are self reciprocal. On the other hand, the polynomial (z —1) is a factor
of 2™ — 1, so there is an 0 < ig < e such that F;, = (z — 1)g(z) for some polynomial g(z).

Hence
F;T) = ((L’ - 1)*g($)* = (.23 - 1)9*(l') = F1,i0 mod (1+e)

which is impossible since the F; are coprime for all 0 < ¢ < e, and 2™ — 1 has no repeated

roots since ged(n, q) = 1.

Throughout the rest of this section, we assume that e is even.

Theorem 2.5 [22] There exists a non trivial self dual cyclic code over R if and only if
there ezists a basic irreducible factor f(x) in R[z] of 2™ — 1 such that f(x) and f*(x) are
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not associate.

Theorem 2.6 [6/ Non trivial self dual cyclic codes of length n over R exist if and only if
for all i in N, we have ¢ Z —1 mod n.

Proof. Recall that if f(z) is a monic basic irreducible polynomial which divides ™ —1, then

f(z) is the minimal irreducible polynomial over F,[z]. And hence there exists a cyclotomic
h

coset O, associated with f(x). Therefore f(z) = [[,cc, (z — '), where a is a primitive n’

root of unity. The reciprocal polynomial of f(x) is the polynomial

f@) =(J[@-a) = [[a"—a) = ] (@-a)

1€Cy 1€Cy 1€CH—u

P —t _—

Since we have f(z) = f*(x), then by Theorems 2.5, a non trivial self dual cyclic code exists
if and only if there is a basic irreducible polynomial f(x) which is a factor of 2™ — 1 such
that f(z) and f*(x) are not associate. We show that this can occur if and only if ¢' # —1
mod n for all positive integers i.

Assume now that ¢¢ 2 —1 mod n for all positive integers 4, then C; # C_;. Hence
f(x) # f(x)* where f(z) = []ice,(z — o). Hence the code (f(x)g(x),v2 f(2)f*(2)) is
a non trivial self dual code where f(z)f*(z)g(z) = 2" — 1. Conversely, if a non triv-

ial self dual cyclic code exists then by Theorem 2.5 there exists a factor f(x)[z" — 1 with

f(x) # f*(x). Hence C, # C_,, and then C} # C_; where f(z) = [];cc. (#—a') . Therefore

¢ Z —1 mod n for all positive integers i. O

In [6], the authors introduce a simple criterion for the existence of non trivial self dual
cyclic codes over R when the length of the code is an odd prime power and the nilpotency

index of the maximal ideal of the ring is even.

Lemma 2.5 [6] If n is an odd prime power coprime with q, then there exists a non trivial

self dual cyclic code of length n over R if and only if ord,(q) is odd.

Using Lemmas 2.8 and 2.6 in Chapter 2, we will generalize this result and provide conditions

on the existence of non trivial self dual codes of arbitrary length over R.

Theorem 2.7 Letn be an odd integer coprime to q such that the factorization of n is given
by n = plf1p§2...pft, with k; in N* for all1 <1 <t andt > 2. Denote by a; the integers of
N such that 2%||ord,,(q), for all 1 < i <t. Then non trivial self dual cyclic codes of length

n exist if and only if one of the following statements holds:
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(i) There exist at least iy, 1 < iy <t such that a;, = 0.

(11) For all1 <i<t, a; # 0, and there exist two distinct integers i1,is with 1 < iy,iy <t
such that a;, # a,.

Proof. Assume that there exists iy, 1 < i < ¢ such that a;, = 0. This means that
ordy, (q) is odd. Lemma 2.5 garanties that there is no integer [ such that ¢ = —1 mod p,,.
Hence, for all 7 in N we have ¢* Z —1 mod n. Thus, from Lemma 2.6, a non trivial self dual
cyclic code over R exists.
Assume now that (i7) is satisfied. Therefore, all ord,,(q), for 1 < i <'t, are even. Lemma
2.8 shows that if there exist two distinct integers iy, i, 1 < 41,72 < t such that a;, # a;,, then
there is no integer [ such that ¢ = —1 mod n. Hence, a non trivial self dual codes over R
exist. Conversely, assume that non trivial self dual codes exist. So for any integer [, ¢! # —1
mod n. We need to prove that either there exists ¢y such that a;, = 0 or every q; is different
to zero and at least two of them are distincts. Suppose that for all 1 <7 <t, a; # 0. This
implies that ord,,(q) is even for all 1 < i < ¢. Since there is no integer [ such that ¢ = —1
mod n, by Lemma 2.8, we have that there exists i1, i with 1 < 4q,49 <t such that a;, # a;,.
(I

Example 2.1 Let R = Zy and n = 3 -5, we have ords(2) = 2 and ords(2) = 4, and hence
2Y|ords(2) and 22||ords(2). So there exist non trivial self dual codes over Zs of length 15.

The factorization of x5 — 1 over Z, is given by
21" — 1= fi(z) fo(2) f3() fa(@) £ (),
where
fi =243, fo = 2% 4a+1, fy =223+ fa+1, fy = 24227430+ 1 and ff = 24323422741
Let g(z) = f1(z) fo(z) f3(x) and h(z) = fi(z). Then the following codes
(g(x)h(z), 2h(x)h*(x)) and (g(x)h"(x), 2h(x)h"(x))

are non trivial self dual cyclic codes of length 15.

Example 2.2 Let R = Zyg and n = 21. We have ords(2) = 2 and ord;(2) = 3. Then, there

exist non trivial self dual cyclic codes over R of length 21. The factorization of z** — 1 over
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R is equal to
2 — 1= fi(z) fola) f3(2) f3 (x) fal2) fi (@),

where
fil)=2—1, fo(z) =2+ +1, fs(x) = 2* + 62° + 52 — 1, fi(x) = 2° + 112% + 102 — 1,

fa(z) = 2% —62° —2* —2? + 52 + 1. and f(v) = 2° +52° —2* — 2? + 10z + 1

Let 2*' — 1 = g(z)h(x)h*(x), where g(x) = fi(x)fo() is a self reciprocal polynomial and
h(z) = fs(z) fa(x). Thus, for example, the code (g(x)h(z),2h(x)h*(x)) is self dual.

We give now the necessary and sufficient conditions for the existence of non trivial self dual

cyclic codes when the length is oddly even.

Theorem 2.8 Let n be an oddly even integer coprime to q such that the irreducible factor-
ization of n is given by n = 2.plf1p§2...pft, where t > 2, and k; in N* for all 1 < i <t. Let
a; € N such that 2%

and only if one of the following statements holds:

ordy,(q). Then a non trivial self dual cyclic code of length n ezists if

(1) There exists at least iy, 1 < ig <t such that a;, = 0.

(11) For all1 <1<t a; #0, there exist two distincts integers iy, is with 1 <iy,iy <t such
that a;, # a,.

Proof. Since ged(n,q) = 1, then ¢ must be an odd integer. Hence for all [ in N* we have
2| ¢ +1. Ifay =ay = ... = a; = a, and a # 0, by Lemma 2.8, we know that there exists
[ in N* such that ¢ = —1 mod H:Zl pf Therefore, ¢ = —1 mod n. Hence, there do not
exist non trivial self dual codes on R by Lemma 2.6.

Conversely, assume (i) holds. Thus, from Lemma 2.5, there is no integer ! such that
¢ = —1 mod p;,. Hence, there does not exist an integer [ in N, such that ¢ = —1 mod n.
This proves by Lemma 2.6 that non trivial self dual cyclic codes over R exist.
Assume now that (i) is satisfied. By Lemma 2.8, if there exist two distinct integers iy, s, 1 <
i1,79 < t such that a;, # a;,, then there is no integer [ such that ¢ = —1 mod Hle pf
Even if we have 2 divides ¢! 4+ 1 for all I € N*, we cannot find any integr [ such that ¢' = —

mod n. Hence by Lemma 2.6, non trivial self dual codes over R exist.
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Example 2.3 Let R =Zg andn =70 =2-5-7. We have ords(3) = 4, ord;(3) = 6, and
hence 2||ord;(3) and 2%||ords(3). So there exist non trivial self dual cyclic codes of length 70

over Zgy. The factorization of x™° — 1 over Zgy is given by

2 — 1= fi(@)fo(x) f3(x) f1(x) f5(2) fo () fr (2) f () fi (@) fi (),

where
filz)= z+1
folz)= z+38,
fa(z)= 2+ 3+ + a0 +1,
fi(x) = 2*+823 + 2% +8x+1,
fs(x)= 25+a5+at+ a3+ 2%+ 2+ 1,
fo(z) = 28+ 82° + 2% + 823 + 2% + 8z + 1,
fr(x) = 2 + 42" + 62° + 82® + 27 + 320 + 42® + Ba* + T2 + 5a? + 8z + 1,
fi(z) = 2"+ 8xM + 5210 + Ta% + 528 + 42" + 320 + 2% + 8 + 62° + 42 + 1

(
fs(z) = '+ 420 + 32 + 82® + 827 + 32° + 5a® + bat + 223 + 5t +x + 1.
fi(x) = 2+ a2t + 5210 + 229 + 52® 4 52" 4 32% + 82® + 8t + 33 + 42 + 1.
Let 27 —1 = g(x)h(z)h*(z), where g(x) = fi(x) f2(z) f3(x) f1(x) f5(2) f6(x) is a self reciprocal
7

polynomial and h(z) = f7(x)fs(x). Thus, for example, the code {g(x)h(x),3h(x)h*(z)) is
self dual.

Example 2.4 Let R = Zy9 and n =30 =2-3-5. We have ords(7) =1, ords(7) = 4. We
have that ords(7) is odd, so there exist non trivial self dual cyclic codes of length 30 over

Zag. The factorization of x3° — 1 over Zug is given by

v = 1= fi(2) fo(2) f3 (@) f3(2) 5 () fal@) f (@) fo (@) fo (2) f7 (@) fs () £5 (),
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where

filz) =2+ 1, fo(z) =2—-19 fo(x) =2+ 18
fs(x) =2 —18, @) =2+19 fao(z) =2 -1,
@)=+ 2*+ 2>+ 2 +1, fo(z) =t — 2+ 22— +1,

fr(x) =2t — 1923 + 1822 + 2 — 19, fi(z) = 2" + 1823 + 3022 + x + 18,

fe(x) =2t — 1823 — 1922 —x + 18, fi(x) = 2 + 1923 + 1822 + 48z + 30,

Let 2°—1 = g(z)h(x)h*(x), where g(x) = fi(x) fa(x) f5(x) fo(x) and h(x) = fo(x) fs(x) fr(2) fs(2).
Thus, for example, the code (g(z)h(z), Th(x)h*(x)) is self dual.

We determine now, necessary and sufficient conditions for the existence of non trivial self

dual cyclic codes over R for doubly even lengths.

Theorem 2.9 Let n be a doubly even integer coprime to q, such that the irreducible factori-
sation of n is given by n = 2k°p]f1p’§2...pff where k; in N* for all1 < i <t and kg > 2. Let
a; in N such that 2%

ordy, (q), for1 <i <t. The following statements are equivalent:
(1) Non trivial self dual cyclic codes over R exist.
(ii) There exits i, 1 <i <t, such that a; # 1 or 2* (g +1).

Proof. Assume that (77) is not satisfied. This implies that a; = as = ... = a; = 1
and 2% | (¢ + 1). Then from Lemma 2.8, there is an odd integer [ such that ¢' = —1
mod szl pf’ Since ¢ = —1 mod 2% and [ is odd, it follows that ¢ = —1 mod 2*. Thus
¢’ = —1 mod n. Lemma 2.6 shows that non trivial self dual cyclic code over R does not
exist.

Conversely, suppose that it does not exist any non trivial self dual cyclic codes of length n

over R. Then, by Lemma 2.6, there exist some positive integer [ such that ¢ = —1 mod n.
Thus, ¢ = —1 mod 2%. By Lemma 2.10, we have that ¢ = —1 mod 2% and that the
integer [ is odd. On the other hand ¢ = —1 mod n implies again that ¢ = —1 mod p;.

Lemma 2.5 gives that 2] = (1 + 2m;)ord,,(q), for some integers m;. Since [ is odd, it follows
that 2|lord,,(¢). This means that a; = 1 for each 1 <1i <t. O

Example 2.5 Let R = Zo5 and n = 84 = 2%-3-7. We have that 22 ¥ (5+ 1). Then there

are non trivial self dual cyclic codes of length 84 over Zos. The factorization of % — 1 over
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Zos s given by

84 _ 1 _ Hfi(a:) H fi(z) fi (),

=11

where

filz) =2 +1, fo(x) =z + 24,

f3(x) =22+ 2z +1, Ja(z) = 2% + 242 + 1,

fs(x) = 8 + 52 + 222* + 223 + 2222 + 52 + 1, fo(x) = 28 + 2025 + 222 + 2323 + 2222 + 20z + 1,
fr@)=ab + a5+ 2t + 23+ 22 + 2+ 1, fa(x) = 2% + 62° + 82 + 923 + 822 + 6z + 1,
fo(z) = 28 + 2425 + 2 + 2423 + 2% + 242 + 1, fro(z) = 25 + 1925 + 82 + 1623 + 822 + 192 + 1,
Julr)=z+7, () =2 +18

= =

(

( (

fra(a) = ® + 7w + 24, +(x) = 2% + 18z + 24

13(7) = 2% + 1025 + 3% + 1123 + 2222 + 1020 + 24,  f5(z) = 25 + 152° + 32 + 1423 + 2222 + 152 + 24,
( (
( (

~

fra(z) = 28 + 1725 + 172* + 1223 + 822 + 17z + 24,  f,(x) = 2® + 82° + 172* + 132% + 822 + 8z + 24,

fis(x) = 20 + 7% + 242* + 1827 4 22 4 7o + 24 fis(x) = 28 + 1825 + 242 + 72° + 22 + 182 + 24

Let 1% — 1 = g(x)h(z)h*(x) where g(x) =[] fi(z) and h(z) = [[,2,, fi(z). Thus for
example the code (g(x)h(x), Sh(x)h*(x)) is self dual.

Example 2.6 Let R = Zg; and n = 140 = 2% -5 - 7. We have that 2* | (3 + 1), ord;(3) = 6
and ords(3) = 4. Thus 2'||ord;(3) and 2?||ords(3). Therefore, there exist non trivial self

140

dual cyclic codes of length 140 over Zg,. The factorization of x**° — 1 over Zg, is given by

2140 _ H H fz ’

=1 =10

=
=
I
S
+
\‘I—‘
=R

xz

x) =22+ 1, falx) =2t + 23+ 2% + 2+ 1,

28 + 1325 + 3x* + 1323 + 322 + 13z + 1,

fa(x) = 25 — 132 + 32* — 1323 + 322 — 132 + 1,

(z) (z)
() ()
f5(x)=a* =¥+ 2* — x4+ 1, fo(z)
(z) (z)
(z)

fo(w)=a -2+ 2t =2+ 22 —x+1, fio(z) =2 — 2023 — 32 + 20z + 1,
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fi(z) = 212 — 242 + 9219 — 172° + 528 4 3127 — 4% + 112° — 122* + 423 — 822 + 372 + 1,

2'? + 242t + 9210 + 172° + 528 4 5027 — 42® — 1125 — 122* — 423 — 82?2 + 442 + 1,

fis(x) = 212 — 92 + 4219 + 152° + 5328 4+ 1927 + 1225 + 492° 4 232 — 223 — 1322 + 8z + 1,

()
fra()
()
()

212 4+ 921 4 4210 — 1529 4+ 5328 — 1927 + 1220 + 322° + 232 + 22% — 1322 — 8x + 1.

f14 X

Let 2™ — 1 = g(z)h(z)h*(x) where g(z) = [[i_y fi(x) and h(z) = [ty fi(z). Thus the
code (g(x)h(x), Ih(z)h*(x)) is self dual.



Chapter I

Construction of Isodual cyclic Codes over

Finite Rings

In this chapter we will present another class of formally self dual codes called isodual codes,
those are codes which are equivalent to their duals. For some parameters, one can prove
that there are no cyclic self dual codes over finite fields or finite rings, whereas isodual codes

can exist.

1 Generalities of Isodual codes over Finite Fields

For linear codes over finite fields, we have that if C' is an [n, k, d] isodual code, then n = 2k.

Proposition 1.1 [60] Let A be a matrix satisfying AT = QAQ, with Q a monomial matriz
that satisfies Q* = I, where I is identity of order n. The code C with generator matriz
G = [I]4] is an isodual code of length 2n.

Proof. The parity check matrix of C'is then H = [~ AT|I]. Recall that H spans C*. Using

_ _ Q 0 _
the hypothesis, we have HQ = [-QA|Q)], where ) = . Hence QHQ = [—All], is
0 @
a matrix which spans an equivalent code to C'. The result follows. O

Let a be an integer such that ged(a,n) = 1. The function p, defined on Z,, = {0, 1, ...,n—1}
by pa(i) = ia mod n is a permutation of the coordinate positions {0,1,2,...,n — 1} and

is called a multiplier. Multipliers also act on polynomials and this gives the following ring

47
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automorphism
pa: Fola]/(a" —1) —  Folz]/(a" — 1)

() — pa(f(2)) = f(27)

If C is a cyclic code generated by f(z), then p,(C) = (f(xz*)). Thus two cyclic codes
C1 = (f(z)) and Cy = (g(x)) are multiplier equivalent if there exists a multiplier yu, such

that g(z) = u(f(x)) = f(27).

Proposition 1.2 [31] Let C be a cyclic code of length n over F, generated by the polynomial
g(x) and X in F; such that \* = 1. Then the following holds

i. C is equivalent to the cyclic code generated by g*(x), and
it. C is equivalent to the cyclic code generated by g(Ax).

Proof. (i.) Consider the multiplier

po B/ —1) —  Bfalf@ - 1)
f(z) — pa(f(2) = fla™)

Assume that deg(g(z)) = r. If Cy is the code generated by ¢g*(z), then

Cr={2"g7 (0)u-1(9(2)) f(z) mod (2" — 1); f(x) € Fy[z]/(a" — 1)}
Clearly, we have
{27 f(27") mod (2"~1); f(x) € Fy[z]/(2"~1)} = {u-1(a(z)) mod (z"~1);a(z) € Fyla]/(2"~1)}
So that

{9(0) " pa(g(x)a(z)) mod (2" —1);a(x) € Fyfz]/(a" — 1)} = 1 (C)

Hence, C is equivalent to C because i is a permutation of the coordinates {1, z, z?, ..., " 1}.

(ii.) Suppose there exists A € F; such that A" =1 and let

¢ Folael/(a" =1) —  Fylz]/(2" = 1)

/() — ¢(f(2)) = f(Az)
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For polynomials f(x), g(z) in F,[z] we have that f(z) = g(x)mod(z™ —1) if and only if there

exists a polynomial h(z) in F,[z] such that

f(@) —g(x) = h(z)(z" - 1)
Thus, it must be that
fOx) —g(Ar) = h(Az)[(Az)" —1]
= h(Az)[(A)"a™ — 1]
= h(Ax)[z" —1]

Which is true if and only if f(Az) = g(Az)mod(z" —1). Hence for f(z), g(x) in F,[z]/(z"—1)

if and only if

Therefore ¢ is well defined and is a ring automorphism of F [z]/(z™ — 1). Let C5 be the
cyclic code generated by g(Az). Arguing as in part (i) we have that Cy = ¢(C'). So that C'

is equivalent to Cs.
Remark 1.1 With the same assumptions as in Proposition 1.2 we have :
i. C is equivalent to the cyclic code generated by g*(Ax) .

it. C is equivalent to the cyclic code generated by (g(Az))*.

Proposition 1.3 [31] Let n be a positive integer . If f(x) and g(x) are polynomials in
F,[z] such that 2™ —1 = g(x) f(x), then the cyclic code generated by g(x) is equivalent to the
dual of the cyclic code generated by f(x).

Proof. Let C be a cyclic code generated by g(z) and C” a cyclic code generated by f(x).
We have that the dual of C” is generated by g*(z). By Propostion 1.2, C' is equivalent to
O (I

Theorem 1.1 [31] Let m be an odd integer and f(x) a polynomial over F, such that
™ — 1= (x—1)f(x). Then the cyclic codes of length 2m generated by (x — 1) f(—z) and
(x +1)f(x) are isodual codes.



1. GENERALITIES OF ISODUAL CODES OVER FINITE FIELDS 50
Proof. If 2™ —1=(x—1)f(x), then 2™ +1= (z+1)f(—x) and
P 1 = (" = 1)@+ 1) = (= 1) f () (@ + 1) f(—a).

Let g(z) = (x — 1) f(—x) be the generator polynomial of a cyclic code C. Then the dual
code C* is generated by

h(z) = (z+1)f"(z) = g"(-2)

Hence from Proposition 1.2, C' is equivalent to the cyclic code generated by ¢*(z). Further,
from Proposition 1.2 again, the cyclic code generated by ¢*(z) is equivalent to the cyclic
code generated by g*(—xz) = h*(z), as the latter code is C*, so that C is isodual. The same
result holds for g(x) = (x 4+ 1) f(x) 0

The following theorem give a natural construction for cyclic isodual codes.

Theorem 1.2 Let n be a positive integer such that there exists A in F, verifying \" = 1. If
" —1=ag(x)g(\r) or 2™ — 1 = ag(x)g(Ar)* for some a in F}, then the code generated by

g(x) is isodual.

Proof. Assume that 2" —1 = ag(x)g(Az)*. Let C be a code generated by the polynomial
g(x). From Proposition 1.3, C' is equivalent to the dual of the cyclic code C” generated by
ag(Ar)*. Up to normalization and since A" = 1 and « in F}, we obtain that the code C" is
equivalent to the code generated by g(z) which is C itself. Therfore C is isodual. With the

same argument, we get the result for the second part. O

Remark 1.2 The dual of an isodual cyclic code is also isodual.

Let m be an odd integer and n = 2m. Write the factorization of ™ — 1 in F,[z] at the form
2™ —1=(z—Du(z)v(z)

where u, v are arbitrary in F,[z]. Therefrom we get immediately by the identity 2" — 1 =
(z™ —1)(x™ 4+ 1) the relation

2" — 1= (2* — Du(z)u(—z)v(x)v(—r).

Corollary 1.1 [1] Any cyclic code of length n and generated by one of the following poly-

nomial g(x) in the below table is isodual.
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Ne | g Ezs *
1 (z — Du(z)v(z) [—g(—2)]"
2 (z — Du(—z)v(z) [—g9(==)]"
3 (z = Du(—z)v(—x) [—g(=2)]"
4 (z — Du(z)v(—z) —9(—x)

Example 1.1 Let ¢ = 3,m = 25 and n = 2m. The factorization of x°° — 1 is given by

-1 = (z+1)(x+2)(a*+ 23+ 22+ + 1) (2" +22° + 22 + 22 + 1)

X($20 +$15 _l_l,lo _|_l.5 + 1)(1,20 _|_2:L.15 _{_1,10 +2x5 + 1)

Let f(x)=x—1L,h(z) =2 +23+ 22+ 2+ 1 and p(z) = 22 + 2 + 2% + 25 + 1 . Hence

the codes generated by g(x) are isodual, where

g(x) Minimum weight u(z) v(x)
f(@)h(x)p(z) 2 h(z) p(z)
f(@)h(z)p(—x) 4 h(x) p(x)
f(@)h(—z)p(x) 4 h(—=z) | p(z)
f(=z)h(z)p(z) 4 h(z) p(x)
f(@)h(—z)p(—x) 4 h(—=z) | p(-2)
f(=x)h(z)p(—x) 4 h(z) p(—x)
f(=z)h(=z)p(z) 4 h(=z) | p(z)
f(=z)h(=z)p(-2) | 2 h(—z) | p(-2)

As a special case, consider the factorization of 2 —1 in the form z" —1 = (2? — 1)u(z)u(—=z),

where u is an irreducible polynomial over I, and deg(u) = m — 1.

Corollary 1.2 [1] The cyclic codes over F, of parameters [2m,m,d|, are all isodual.

Example 1.2 Let ¢ =5 ,m = 3. The factorization of x° — 1 is given by
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2 —1=@+)(z+4) (2> +o+1)(2* +40 +1)

Let f(x) =x+1 and h(z) = 2> + x4+ 1. Then C = (g(x)) is isodual, where

g(z) Minimum weight | u(z)
f(x)h(z) 4 h(z)
f(x)h(—x) 2 h(—x)
f(=z)h(z) 2 h(z)
f(=z)h(-x) 4 h(—x)

2 Construction of Isodual cyclic Codes over Finite Chain Rings

In this section some constructions of monomial isodual free cyclic codes for odd character-

istics are presented as a generalization of those obtained in [5].

2.1 Structure of Free Cyclic Codes of Length 2°m over R

Let R be a finite chain ring with residue field IF, and m an odd integer such that ged(m, ¢) =
1. In the following we give the structure of cyclic codes of length 2°m where a > 1. We

begin with the following Lemmas

Lemma 2.1 [5] There exists a primitive 2*-th root of the unity & in R* if and only if ¢ = 1
mod 2¢. Further, ¥ — 1= [[o,(z — &) in R[z].

Proof. Since ¢ is an odd prime power, by [ [4], Proposition 4.2|, there exists a primitive
2°-th root of the unity in R* if and only if there exists a primitive 2-th root of unity in F,.
If there exists a primitive 2°-th root of unity ¢ in F,, then £2* = 1, so that 2¢ divides ¢ — 1.
Conversely, if 2¢ divides ¢ — 1 then there exists an integer k such that ¢ = k2 + 1. If { is a

primitive element of F}, then 1 =¢97! = (£%)*" and

a

d -1 k2¢
ord(£) = ord(¢) = d = =
ng(ka O?”d(g)) ng(k7 q— 1) ng<k7 kza)
Let & be a primitive 29-th root of the unity in R*. Since ged(2%, ¢) = 1, it must be that ¢ is a
primitive 29-th root of unity in F:. So that 2 —1 = [[;_, (x — ") in F,[z]. By Lemma 2.1,

the monic polynomial 22° —1 factors uniquely as a product of monic basic irreducible pairwise
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coprime polynomials over R. Furthermore, there is a one-to-one correspondence between
the set of basic irreducible polynomial divisors of 2" — 1 in R[z] and the set of irreducible
divisors of 2% — 1 in Fy[z]. If 22" — 1 =[], (x — ax), then (z —az) = (z — @) = (x — £¥).

Since (z — &%) = (z — &%) = (x — £¥), from the unique decomposition of 22 — 1 in R[], the

result follows. O

Lemma 2.2 /5] .

i. If there exists a primitive 2*-th root of unity £ in R*, then §2i is a primitive 247 -th

root of unity in R*; for all i < a.

1. Let € be a primitive 2°-th root of the unity in R*. Then £™ 1is also a primitive 2%-th
root of the unity in R*.

iii. [l & =1, ifa > 2.

Proposition 2.1 If R* contains a primitive 2°-th root of unity &, and 2™ —1 = Hﬁzl fi(z),

where f;(x), 1 <14 <1, are monic basic irreducible pairwise coprime factors in R[x], then
20 |
2 —1=[]]] fi(¢ =)
k=1 i=1

Proof. Assume that 2™ — 1 = Hézl fi(z). Let £ be a primitive 2%-th root of unity. Then
(EFa)ym — 1 = H§:1 fi(€Fx). Thus a™ — £Fm = ¢=hm Hézl fi(€*x). Since £ is a primitive
2%-th root of unity and Hia:l E7Fm =1, we get

=1 = (@)~ 1=[[ @ =€) = [ @™ - &)

= Hiazl(g_km Hi:l fz(fka:)) = Hiazl H§:1 f,(gka;))

Corollary 2.1 [5] If R* contains a primitive 2°-th root of unity and x — 1, fi(z),1 <i <1,

are the monic basic irreducible pairwise coprime factors of x™ — 1 in R[z], then

l
2 — 1= (" - ) [[ £i(&)
=1
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We now give a structure of free cyclic codes of length 2%m over R.

Corollary 2.2 If R* contains a primitive 2*-th root of unity & and f;(x),1 <i <1 are the
monic basic irreducible factors of x™ —1 in R[x|, then a free cyclic code C' of length n = 2*m

is generated by [Trey [Tie, f7 (€%2) with 0 < j; < 1.

Proof. The result follows from Proposition 2.1 and from the fact that a free cyclic code is

generated by a divisor of #2"™ — 1. a

2.2 Construction of Cyclic Isodual Codes over Finite Chain Rings

In this part, explicit constructions of monomial isodual free cyclic codes over finite chain
rings are presented. We begin with the following result given in [5] which is a generalisation

of the result of the proposition 1.2 to codes over finite chain rings.

Lemma 2.3 [5/ Let R be a finite chain ring and C be a free cyclic code of length n over
R generated by a polynomial g(x) and § a unit in R such that 6™ = 1. Then the following
holds:

(1) C is equivalent to the cyclic code generated by g*(x).
(i1) C is equivalent to the cyclic code generated by g(dx).
(111) C is equivalent to the cyclic code generated by g*(0x) or (g(dx))*.

(iv) If n is even, then C' is equivalent to the cyclic code generated by g(—z).

Assume we have ¢ an odd prime power such that ¢ =1 mod 2 with ¢ > 1 and m an odd
integer coprime to q. The following give us some constructions of isodual cyclic codes of

length 2m over R.

Theorem 2.1 Suppose that 2™ — 1 = fi(x) fo(x). Then the free cyclic codes of length 2°m

generated by
ga—1 2a—1_1

[T r€*2) T £ a), i € {1,2},i #3,
k=1 k=0

and
2(1—1
11 fi€* ) o),
k=1
and
2011

H fl (§2k+1l’)f2 (52]6"1‘13:)
k=0
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are isodual, where & is a primitive 2*-th root of unity.

Proof. Let 2™ — 1 = fi(x)fs(z). From Proposition 2.1, we have

20-1 20-1-1
1= Hfl g T f2 £ I H fl 2k: H f 2k+1 (£2k+1$)
Let
20-1 20-1-1
= [[ A J] ).
k=1 k=0
Knowing that 2" = 1, we get
ga—1 9a—1_1 9a—1_1 ga—1
= [[ A 2) J] LE*P2) = ] AE ) [] f65).
k=1 k=0 k=0 k=1

In other words, we have that 22'™ — 1 = g(x)g(£x). Since €™ = 1, then from Theorem 1.2
the code generated by g(z) is isodual. A similar argument is employed to prove the other

cases. O

Corollary 2.3 [5] Let f(x) be a polynomial such that 2™ —1 = (x—1)f(x). The free cyclic
codes of length 2°m generated by

20711
(@ =1 I £ +a)
k=0
and
2a— 1
220 ! H f Qk:
k=1
are isodual codes of length 2*m
Proof. Just take fi(x) = 2 — 1 in the theorem 2.1 and use Lemma 2.1. O

Example 2.1 Let R = Zys andn =36 =2%2-3%, ¢ =5=1 mod 22. We have
2 —1=(z—-1D@*+x+1)(a" +2° +1).

Thus, we get the isodual codes given in Table (4.1), where & is a primitive 4-th root of unity
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Table 4.1: List of isodual codes obtained of length 36 over Zos.

Polynomial generator g(z) of the isodual code C'

g(x)= 2 + (€= €)% + (€ - €)2® — 1

g(x)= 2 + (£ — 1)’ + (£ - )2’ ~ 1

g(x)= a? — (& = a® + (€ — 1a’ — (€ — 1)a® + (€ - )"~
(E-Dat+ (=)’ + (€ - Da? + (- )r—1

g(@)= 2 — (€2 = €%)a® — (€~ )aT + (& — 1)a’ + (£ — 1)a”~
(& —1)at + (€2 — 1)a® — (&~ %)a? — (€~ )z — 1
g9(@)= ¥ — (€~ 1)a® — (€ — 1) — (& — %)a® — (£ — )"+
(€—Da* — (& -1’ — (€ - )2” — (£~ a1

g(z)= Ex? + (€8 — 1)a® + (€ = €2)a" + (6% — 1)2% + (£ — £2)2"+
(€ =Dat + (E-)2* + (€ -2 + (£ - )z -1

g(x)= ¢ — 1

g(z)= ga® —1

Corollary 2.4 Let p* be a prime power. Assume that 27" —1 = fi(z) fa(x). Then the cyclic

codes generated by
fi(z) fa(=x) or fi(—x)fa(x) or 2 1 ora? +1

are isodual codes of length 2p*. Further, if ord,(q) is even, then these codes are LCD-isodual

codes.

Proof. The result follows from Theorem 2.4 and Theorem 2.1 for a = 1, m = p* and
E=-—1. a

Corollary 2.5 Let m be an odd integer such that the irreducible factorisation of m is given

by m = piph2 ph and o™ — 1 = fi(x)fo(2). Assume that there exists a in N* such that

2%||ord,,(q), for all1 <i <t. Then, the cyclic codes generated by
fi(@) fo(=x) or fi(—x) fa(x) or 2™ —1 or ™ + 1

are LCD-isodual codes of length 2m.

Proof. The result follows immediately from Theorem 2.5 and Theorem 2.1 with £ = —1. O
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Example 2.2 Let R = Zy and n = 50 = 2 - 52. We have

P —l=@-Da*+2* +22 + o+ D@ + 2P 420 +2° +1).

Further ords(3) = 4. So we get the LCD isodual codes shown in Table (4.2).

Table 4.2: List of LCD-isodual codes obtained of length 50 over Zg.

Polynomial generator g(x) of LCD-isodual code C'

g(x) = 2% — 2220 4+ 2215 — 2210 4 225 — 1

g(z) = 225 4+ 2220 4 2215 4 2410 4 245 4 1

g(z) = —x?® — 22 — 227 — 2222 — 2221 4 2219 4 2218 1 22174
2216 — 2214 — 2213 — 2212 — 211 4 249 4 2284
227 + 225 — 22 — 223 — 222 — 22 — 1

g(ZL‘) _ 1,25 _ 21E24 4 21,23 _ 2$22 + 21.21 _ 21,19 + 2$18 _ 2!E17+
2716 — 221 4 2213 — 212 4 210 229 4 228
227 + 220 — 22 + 223 — 222 + 22 — 1

g(z) = 225 9424 4 9423 9422 L 9021 920 L 9,19 9,18 4 9 17
2210 4 215 — 2214 4 2213 — 2212 4 211 2210 4 229 2284
227 — 220 4+ 225 — 22% + 223 — 222 + 22 — 1

g(z) = 220 4 2224 4 2223 4 2222 4 2221 4 2220 4 2219 4 2218 4 22174
2216 4+ 2215 4 221 4 2213 4 2212 4 221 2210 4 229 4 228+
227 4 225 4+ 225 — 20% 4+ 223 + 222 + 22 + 1

g(z) = 2 —1

g(z) = 2% 4+ 1

Another construction of isodual cyclic codes is given by the following Theorem.

o7

Theorem 2.2 Assume that we have the factorization z™ — 1 = fi(x) fo(x) f5(x), such that

the polynomial fi is self reciprocal. Then the free cyclic codes of length 2*m over R generated

by

20—1 2

[T 1) ] f26"2):
k=1 k=1



2. CONSTRUCTION OF ISODUAL CYCLIC CODES OVER FINITE CHAIN RINGS o8

and
20,71 2a
1 r&*) ] )
k=1 k=1

are isodual, where & is a primitive 2*-th root of unity.

Proof. Let 2™ — 1 = fi(x)fs(z)f5(z) then

2a 20,71 2a7171 2a
=1 =[] A€ () f3650) = T 1) T AEEH ] () f5 (60 2)
k=1 k=1 k=0 k=1

Let g(z) = Hi:ll f1(6%x) Hia:l f2(€kz). Since £2° = 1, we get

2111 2a11

Hf 2k+1,. Hf £k+1 H f 2k+1 Hf fk

Since the polynomial f; is self reciprocal, we get the factorization 22°™—1 = g(x)g(£z)*. The

desired result follows from Theorem 1.2. The same result is obtained for codes generated by

2111

Hf1 %y Hf2 (39}

Example 2.3 Let R = Zos and n = 132 = 22 -33. We have 5 =1 mod 22. The factoriza-

tion of 233 — 1 over R is given by

33
— 1= fi(z)fa(2) f3(z)
where
file) =(x-D(@*+x+1)
fo(x) = (2% —8z* — 2% + 2% — 92 — 1)(210 — 929 + 72® + 1127 + 92 — 42° — T2* — 62% — 1022 + 8z + 1)

f3(x) = (2®+92% — 2% + 2% + 82 — 1)(21° + 829 — 1028 — 627 — 72® — 42° + 92* + 1123 + 722 — 92 + 1)
Thus, for example, the codes generated by

(fi(@) [1(%2) fo(@) ol &72) f2(£72))

and

(fi(@) [1(€) f3 () f3 (62) f5 () f5 (&)
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are isodual, where & is a primitive 4-th root of unity.

Corollary 2.6 Let p be an odd prime number and k in N such that 2?* =1 = f1(x) fo(z) f5 (2).
Assume that ord,(q) is even. Then the cyclic codes of length 2p* generated by

fi(@) fo(2) fo(—2) and fi(z)f5(2) f5(—2)
are LCD-isodual codes.

Proof. The result follows from Theorem 2.4 and Theorem 2.2 with £ = —1. O

Corollary 2.7 Let m be an odd integer such that the irreducible factorisation of m is given
by m = piph2 pft and 2™ — 1 = fi(z) fo(z) fi(2). Assume that there exists a in N* such
that 2%||ord,,(q), for all 1 <1i <t. Then the cyclic codes of length 2m generated by

fi(@) fa(x) fo(=x) and fr(x) f5 () f3 (=)

are LCD-isodual codes.

Proof. The result follows immediately from Theorem 2.5 and Theorem 2.2 with £ = —1.
O

Example 2.4 Let R = Zy; andn =70 = 2-5-7. We have x3° —1 = fi(x) fo(z) f3 (x), where
filr) =@-D@@*+22+ 22+ + D)@+ 2+ 2 + 23 + 22+ 2+ 1)
fo(z) =212 — 92!t + 4210 — 1229 — 32% — 72" + 122° — 5% — dao* — 223 + 1422 + 8z + 1.
f3(@) =21 + 8zt + 14210 — 229 — 42% — 527 4+ 1220 — 725 — 32 — 1223 + 42% — 9 + 1
So the cyclic codes of length 70 over Zoy generated by

9(x) = fi(z) f2(z) f2(—2)
and

h(z) = fi(z)f5(x) f3(—)
are isodual.

We cite now construction of isodual codes as a direct sum of isoduals codes. For this , the

following Lemma is needed.
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Lemma 2.4 [5] Let Cy and Cy be linear codes of lengths ny and ns, respectively over R.
Define the direct sum as Cy @& Cy = {(¢1,¢2),¢1 € C1,¢c9 € Co}. Then the following holds

i. (CL®Cy)t=ClaCy.

1. If C7 and Cs are isodual codes with minimum weights di and ds, respectively, then

C1 ® Cy is an isodual code of length ny + ng with minimum weight min(dy, dz).

Theorem 2.3 [5] Let R be a finite chain ring with residue field ¥y, q an odd prime power
and m an odd integer such that ged(m,q) = 1. Let C;,;1 < i < 2a (a > 1 an integer), be

cyclic isodual codes over R of length m. We then have
i. C;®C;,V1,5,1 <14,5 <2 are cyclic isodual codes of length 2m over R.

i. Ifg=1 mod 2% (a > 2), then the direct sum ®2,C; is a cyclic isodual code of length

2%m, over R.



Chapter

Conclusion

Finding new construction methods for LCD and formally self dual codes opens up new venues
of research and possibilities for researchers working on these codes. Finite chain rings have
recently been shown to be of interest in finding new construction methods since they can
be considered as Frobenius rings. In our work we have used only algebraic properties to
find new LCD, self dual and isodual cyclic codes of arbitrary lengths over finite chain rings.
We have shown the effectiveness of these constructions by producing several of these codes.
There are a some possible directions for future research. One consists in trying to construct
new LCD and isodual negacyclic codes or more generally constacyclic and quasi cyclic codes
over rings. the second possible direction is to try to construct repeated root LCD and isodual
codes. the third possible direction is to construct Hermetien LCD codes or more generally

the o— LCD cyclic codes.
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Appendix

This Chapter covers the main basic concepts, Definitions and Theorems from abstract al-
gebra, which have been used in our construction of codes. For more details the reader is

referred to some basic texts on commutative algebra such as [3,14,21,37,42,46,52, 54|

1 Whole Numbers

Definition 1.1 We say that an integer d in Z divides m in Z if and only if m = dq for
some q in Z\{0}. This is denoted d | m.

If d does not divide m, then we write d t m.
Definition 1.2 An integer p in N*\{1} is prime if it is only divisible by +1 and +p.

Definition 1.3 The greatest common divisor of a,b in Z is the largest k in Z such that k | a
and k| b. This element is denoted ged(a,b).

If ged(a, b) = 1, then we say that a is coprime to b.
Lemma 1.1 For any integers a,b in N\{1}, if a | bc and ged(a,b) =1, then a | c.

Theorem 1.1 Any number a in N*\{1} can be expressed uniquely as a product of primes,

a = H:lefi, where k; > 1 and p;r1 > p;.

Definition 1.4 Given an integer n > 1, two integers a and b are said to be congruent

modulo n, if n is a divisor of their difference. So we write

a=b modn<n|(a—0>)
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Definition 1.5 Let a be an element of 7 and n a positive integer such that ged(a,n) = 1,
the multiplicative order of a modulo n is the smallest positive integer 1,0 < | < n such that

a' =1 mod n. We write ord,(a) =1

2 Finite Fields

Definition 2.1 A finite field is a finite set which is a field; this means that multiplication,
addition, subtraction and division (excluding division by zero) are defined and satisfy the

rules of arithmetic known as the field axioms.

Definition 2.2 The characteristic of a field F is denoted char(F') and is the smallest pos-

itive integer k such that k.1 = 0. If no such integer exists, then the characteristic is defined
to be 0.

A finite field with ¢ elements will be denoted by [F,, in such case the number ¢ is called order
of .

Theorem 2.1 Let F, be a finite field of q elements, then we have
i. q is a prime power p*, where p is a prime number and k is a positive integer.
. The characteristic of F, is p.
wi. EBvery element a in I, satisfies a? = a.
w. The multiplicative group ¥y, =, — {0} is cyclic (i.e. generated by one element).
v. (£ B)P" =af" £8P, for allm in N and o, 8 in F,.
Theorem 2.2 All finite fields of the same size are isomorphic to each other.
Example 2.1 The set Z/pZ = {0,1,...,p— 1}, is a field if and only if p is a prime number.

Definition 2.3 An element a in IF, is primitive if its multiplicative order satisfies ord(a) =

q—1. It is a generator of the cyclic group F,. In such case we have F, = {0,,0?, ..., 971}

Theorem 2.3 The q — 1 elements of T, have the following properties:

i. They are in one-to-one correspondence to the roots of the polynomial z9~ ! — 1 and

it 1= H(m—)\)

AeF;
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. There exists a primitive element o in Fy and

q—2

il —1= H(x —a')

i=0
2.1 Extension Fields and Minimal Polynomials

Definition 2.4 An extension field K of a field Fy is a field which contains F, as a proper
subfield.

Definition 2.5 A non-constant polynomial f(x) with coefficients in the field F, is called
reducible over F, if it can be written as a product of multiple non-constant polynomials in

F,[z]. Otherwise, it is called irreducible over F,.

Theorem 2.4 The quotient ring K = F,[z]/ (f(z)) is an extension field of F, with ¢"
elements if and only if f(x) is an irreducible polynomial over F, of degree m. In such case

we denote Fm = F [z]/ (f(2)).

Theorem 2.5 If f is an irreducible polynomial in F,[x] of degree m, then f has a root
a in Fen.  Furthermore, all the roots of f are simple and are given by the m elements

n—1

a,al, aq2, ey @477 which are called the conjugates of « in Fym with respect to F,,.

Definition 2.6 The minimal polynomial of o in Fm with respect to F, is the unique minimal-

degree monic irreducible polynomial ma(x) in Fy[z] such that mq(a) = 0.

Assume that we have the minimal polynomial of a primitive element a in Fym, we would
like to find the minimal polynomial of o®, for any s. In order to do so, we have to start with

cyclotomic cosets

Definition 2.7 Let n be coprime to q. The cyclotomic coset of q (or q-cyclotomic coset)

modulo n containing s is defined by

CS - {87 Sq7 Sq27 A Sqlg_l} Y

where 1, is the smallest positive integer such that s = sq**( mod n).

The smallest integer in Cj is called the coset leader of C. Let P, , be the set of all the coset

leaders. Then we have Cs; N Cy = () for any two distinct elements s and ¢ in P, ,, and

U ¢o={0.1.2,..n—1}.

SEPn,q
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Hence, the distinct g-cyclotomic cosets modulo n form a partition of Z,, = {0,1,2,...,n—1}.

Example 2.2 Consider the cyclotomic cosets of ¢ = 2 modulo n = 15:
Co={0},C1y ={1,2,4,8},C3 = {3,6,9,12},Cs = {5,10},C7; = {7,11,13, 14}

Hence
P15,2 = {07 17 37 57 7}

Theorem 2.6 Let o be a primitive element of Fym. Then the minimal polynomial of o

with respect to I, is

ms(z) = H (a:—ozj)

Jels

where Cy is the unique cyclotomic coset of ¢ modulo ¢™ — 1 containing s.

Remark 2.1

1. The degree of the minimal polynomial of o is equal to the size of the cyclotomic coset

containing s.

ii. From Theorem 2.6 we know that o and o' have the same minimal polynomial if and only

if s,t are in the same cyclotomic coset.

Example 2.3 Let o € Fy be a root of 2+ x + 2% in Fs[z] ; i.e.,
24+a+a®=0 (5.1)

Then the minimal polynomial of o as well as o is 2 + x + x2. The minimal polynomial of
a? is
mo(z) = H (z—d))=(z—a?)(z—a’) =0’ — (& +a°) + 2
j€Co
Since o € Fy then a® = a. To find ma(z), we have to simplify o + o®. We make use of the

relationship 5.1 to obtain
PHal=1-a)+(1—-a)P=2—a—-a*=2+a+a?

Hence, the minimal polynomial of o is 1+a2. In the same way, we may obtain the minimal

polynomial 2 + 2x + 2% of o®.
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Theorem 2.7 Letn be a positive integer coprime with q. Suppose that m s a positive integer

satisfying n | ¢™ — 1. Let o be a primitive element of Fym and let mg(x) be the minimal

polynomial of a* S with respect to F,. Then the polynomial 2™ — 1 has the factorization

into monic irreducible polynomials over IFy :

at—1= H ms(x)
s€Pn 4

It follows that the number of monic irreducible factors of 2™ — 1 over [, is equal to the

number of distinct cyclotomic cosets of ¢ modulo n.

3 Finite Commutative Rings

A finite commutative ring is a finite set R equipped with two binary operations called
addition and multiplication, such that R is an additive abelian group with identity element
0, the multiplication holds the distributive laws and it is abelian and associative. We say
that R is a ring with unit if R has a multiplicative identity denoted 1 = 15.

An element r in R is nilpotent if " = 0, for some positive integer n. So, a nilpotent
element is a zero-divisor in R.

An element e in R is called idempotent if e? = e.

An invertible element (unit) z in R is an element for which there exists y in R such that
xy = 1. The subset U(R) = {z € R | Jy € R,zy = 1} of R is a multiplicative group and its
elements are called the units of R.

A ring R is a field if every non-zero element is a unit, i.e U(R) = R* = R/{0}.

Definition 3.1 Let R and R’ be two rings. A ring homomorphism ¢ : R — R’ is an

application that preserves both operations of R, so for all a,b in R:
i pla+b) = dla) + o(b);
i (ab) = d(a)d(b);
iti. ¢(1g) = 1p.

Definition 3.2 A sub set I in R is an ideal if I is an additive subgroup of R and”ar” is in I,

for all a in I and for all r in R.
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Definition 3.3 Let S = {s1,52,..., 55} € R. The set {>%  ris; | r; € R} is an ideal of R
called ideal generated by S. So we write

k
(S) = (81,82, .y S) = {Z ris; | i € R}
i=1

Definition 3.4 A ring R is said to be principal ideal ring if each ideal of R is generated by

one element.

For ideals I and J of a ring R, their sum is
I+J={i+j|lielandje J}

it is just the ideal generated by I U J.
And their product is

IJ = {iyj1 +isjo+ ... +injn | ix € [ and jp € J for n =1,2...}

Note that the product I.J is contained in the intersection of I and J. The sum I + J is
called a direct sum if each element a in I 4+ J is uniquely expressible in the form a =i+ j

with ¢ in I and j in J. If the sum is a direct sum we writeitas [ +J =1 J.

Definition 3.5 Two ideals I and J in a ring R are called coprime if [ + J = R.

Proposition 3.1 Let R be a ring and I, I, ..., I}, be ideals of R. We have
i. If whenever i # j, I; and I; are coprime then NF_|I; = Hle I;.

. If I; and I; are coprime, then 1" and I" are coprime for all m in N*.

Definition 3.6 An ideal I of a ring R is a mazimal ideal if there does not exist any other

ideal I'" such that I C I' C R. A ring R is a local ring if it has a unique mazximal ideal.
Definition 3.7 The nilradical of R consists of the nilpotent elements of the ring.

Given an ideal [ of finite commutative ring R, we may define a relation ~ on R as follows:
a ~ b if and only if @ — b is in I. Using the ideal properties, it is not difficult to check that
~ is an equivalence relation. The equivalence class of the element a modulo I in R is given
by

lal|=a+1={a+rrel}



3. FINITE COMMUTATIVE RINGS 68

The set of all such equivalence classes is denoted by R/I; it becomes a ring, for the usual

composition laws and it’s called the quotient ring of R modulo I.

R/I ={a+1,a € R}

Theorem 3.1 Let R be a commutative ring. The ideal I is mazximal R if and only if the
quotient ring R/ is a field.

Theorem 3.2 Let I, 15, ..., I be ideals in a ring R, and consider the ring homomorphism

w: R — R/ x R/Iy % ... x R/I,

a — (a+h,a+ 1 ...;a+ I})

Then we have
i. v is injective if and only if Iy NIy N ...N I, = {0}.
it. 1 1s surjective if and only if Iy, I, ..., I are pairwise coprime.
A finite family ([;,7 = 1,..., k) of ideals of R, such that the homomorphism 1 is an isomor-
phism is called a direct decomposition of R.
Proposition 3.2 Let I, I, ..., I}, be ideals of R. The following are equivalent:
i. A family (I;,i=1,...,k) is a direct decomposition of R;
ii. Fori# j, I; and I; are coprime and N&_ I, = {0};

wi. There exists a family (eq, e, ..., e;) of idempotents of R such that e;e; = 0 for i # j,
SF ei=landI;=(1—¢)R fori=1,2, .. k.

3.1 Modules

In this part, we give the definition of a module over a commutative ring and some of its

properties.

Definition 3.8 A module M over a commutative ring R is a set of objects, which can be
added, subtracted and multiplied by scalars (members of the underlying ring). Thus M is an
additive abelian group, and scalar multiplication is distributive over the operation of addition

between elements of the ring or module and is compatible with the ring multiplication.
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Definition 3.9 If N is a nonempty subset of an R-module M, we say that N is a submodule
of M if for every x,y € N andr,s € R, we have rx 4+ sy € N .

Example 3.1
1. If I is an ideal of a ring R, then I is an R—module.
1. For alln i N*, R™ is an R—module.

iti. If I is an ideal of R and M is an R-module, then M/IM = {m + IM,m € M} is also

an R-module.

Definition 3.10 Let X be a subset of an R-module M. Then

1. X 1s said to be linearly independent if
MT1+H X+ ..+, =0= X=X =...= X\, =0

for X\; in R and distinct x; in X.

1. X spans or generates M if every m wn M can be writen as
m = MZ1+ AaZg + ... + AT
for X\; in R and z; in X.
1. X s a basis of M if X is linearly independent and X spans M.
Definition 3.11 An R- module M 1is said to be free if it has a nonempty basis X .

Example 3.2 R" is a free R-module,

Definition 3.12 Let M and N be two R-modules. The direct sum of M and N, denoted
M @ N, s the R-module, which as a set is the Cartesian product of M and N, with addition

and multiplication defined coordinate by coordinate:
(m1,n1) + (Mg, n2) = (my + ma,ny + na) and r(m,n)=(rm,rn)

Note that if {M; | i € I} is a collection of R modules, their Cartisien product [[,., M; is
the set of all tuples (m;);e; with m; in M;. The direct sum @;c;M; of M; is a submodule of
[L;c; M; consisting of all tuples (m;);e; in which only a finite number of (m;) are nonzero.
When [ is a finite then [[._, M; ~ @;c; M;.

IS
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Proposition 3.3 A module M of a ring R is a free if it is a direct sum of isomorphic copies
of R.

Any two bases for a vector space over a field have the same cardinality. This property does

not hold for arbitrary free modules, but the following result covers quite a few cases.

Theorem 3.3 Any two bases for a free module M over a commutative ring R have the

same cardinality, which is called rank of M.

Definition 3.13 Let M and N be two R-modules. An R-module homomorphism is a map
¢: M — N
such that
d(my + mg) = ¢(my) + ¢(ma) and ¢p(rm) = ré(m), (m; € M;r € R)
We also say that ¢ is a R-linear map. In such case the set
ker ¢ = {m € M;¢(m) = On}
is a submodule of M and it is called the kernel of ¢.

Proposition 3.4 Let Iy, I, ..., I} be ideals of R, relatively prime in pairs and let I = NE_ | I;.
For every R-module M, the canonical homomorphism ¢ : M — Hle(M/IiM) is surjective
and its kernel is IM. Further if (I;;i = 1,2,...,k) is a direct decomposition of R, then ¢ is

an 1somorphism.

3.2 Finite Chain Rings

Definition 3.14 A finite commutative ring with identity is called a finite chain ring if its

tdeals are linearly ordered by inclusion.

Proposition 3.5 Let R be a finite commutative ring the following conditions are equivalent:
1. R 1s a local ring and the maximal vdeal M of R s principal;
1. R is a local principal ideal ring;

1. R 1s a chain ring.
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Let R be a finite chain ring, m the unique maximal ideal of R, and let v be a generator of
m. Then, ~ is nilpotent and we denote its nilpotency index by e. The ideals of R form a

chain
{0} = () ¢ ()

The nilradical of R is m = (), so all the elements of m are nilpotent. Therefore, the group

N
N

(7) C R,

of units of R is R* = R\(y). Since m is maximal, the residue ring R/m is a field with ¢

elements which we denote by .

Proposition 3.6 Let R be a finite commutative chain ring, with mazximal ideal m = (v),
and let e be the nilpotency index of m. Then we have the following statements.
i |R| = [Fq|*
ii. |R/APR| = | () | = [FyJ= for0< j < e—1.

Example 3.3 Let p be a prime number, n € N* and a € Z,». We represent a in Z as the

number which lies in {0,1,...,p" — 1}. Then ged(a,p™) € {0,1,p,p?, ....,p" '} and aZyn =
ged(a, p™)Zyn. We obtain, that the principal ideals of Zyn are exactly

an,prn,p2an, ...,anpn = {Oan }
We get the chain
{Oan} = anpn C pnilzpn C pn72an C...C prn C an

Hence Zyn is a finite chain ring with mazimal ideal (y) = (p). The characteristic of Zyn is
p and the residue field ¥, = Z/pZ.

Denote by (—) the natural surjective ring morphism given by

—R—TF,

a— a = a mod 7y

The map given in (5.2) extends naturally to a map from R[z] — F,[z].

Definition 3.15 A polynomial f(x) of R|x] is called basic irreducible if f(x) is irreducible

in Fylx]. It is a unit in R[x] if and only if f(z) is a unit in Fy[z] and it is a zero divisor if

and only if f(z) = 0. otherwise it is called reqular.
(Recall that a polynomial f(x) is irreducible in R|x] if f is not unit and whenever f = gh
then g or h is unit).
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Proposition 3.7 Let f(x) = ap + a1x + ... + a,x™ be an element of R[z]. The following

conditions are equivalent:
i. fis a unit in R[z);
i. f is a unit in F,[z];
1i. ag s a unit in R and ay, ..., a, are nilpotent.

Lemma 3.1 If f(x) is a monic polynomial over R such that f(x) is square free (has no
multiple root), then f(z) factors uniquely as product of monic basic irreducible pairwise

comprime polynomials.

Let D denote the set of all polynomials f in R[x] such that f has distinct zeros in the algebraic
closure of F,. The following proposition explores the relationships between irreducibility and

basic irreducibility for regular polynomials and for elements of D .

Proposition 3.8 Let f be a reqular polynomial in R|x|. Then we have the following.
1. If f 1s basic wrreducible then f is irreducible .

i. If f is irreducible then f = ug®, where u in ¥, and g is monic irreducible in F[x].

wi. If f is in D then f is irreducible if and only if f is basic irreducible.

Definition 3.16 Two polynomials f(z) and g(x) in Rlx] are called coprime if (f(x)) +
(9(x)) = R[z]. The polynomials f and g are called associated if there exists an invertible

element u of R such that f = ug.

The following so-called Hensel’s lemma guarantees that factorizations into product of pair-

wise coprime polynomials in F, lift to such factorizations over R.

Lemma 3.2 Let g(x) be a monic polynomial in R[z] . Assume that there are monic,
pairwise coprime polynomials fi(x), fo(z), ..., fu(x) in Fylz] such that g(x) = [[=F fi(x),
then there are monic pairwise coprime polynomials g (x), g2(x), ..., ge(z) in Rlx] such that
g(x) =125 gi(x) and g;(x) = fi(x), for all 0 <i < k.

Lemma 3.3 Let R be a finite chain ring with mazimal ideal (), and e be the nilpotency
of v. If f is a regular basic irreducible polynomial of the ring R[x|, then R[x]/(f) is also a

chain ring with precisely the following ideals

(00, (1, (L) (r ) O+ (D) (T ()
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Theorem 3.4 Let R be a finite chain ring with mazimal ideal (), and e is the nilpotency
of v. Let x™ — 1 = fifo...f, be a representation of x™ — 1 as a product of basic irreducible
pairwise-coprime polynomials in R[z] . Then any ideal in R[z|/{z" — 1) is a sum of ideals

R g o
of the form (7 f + (" — 1)) where 0 < j <e, 0<i<r andf:x 7

3.3 Frobenius Rings

Definition 3.17 Let R be a commutative ring. Then the Jacobson radical J(R) of R is the

intersection of all maximal ideals of R.

Definition 3.18 A module M over R is simple if it is non-zero and does not admit a proper
non-zero submodule. And it is semisimple if it is a sum of simple submodules. Thus, simple

modules are cyclic.

4

Definition 3.19 Let M be an R-module. Then its socle is the submodule
SocM = Z{N|N is a simple submodule of M}

So the socle of M is the largest submodule of M generated by simple modules, or equiva-
lently, it is the largest semisimple submodule of M. It is also the sum of the minimal R -

submodules.

Definition 3.20 An R-module M is injective if for all R-module homomorphisms ¢ : E —>
F and ) : E— M where ¢ is injective, there exists an R-linear homomorphism 6 : F' —
M such that op = ).

Theorem 3.5 An R-module M 1is injective if and only if every R-module homomorphism

m — M , where m is an ideal, extends to an homomorphism R — M.

Definition 3.21 A commutative finite ring R is Frobenius if R as R-module is injective.
Alternatively, we can say a finite ring R is Frobenius if R/ J(R) is isomorphic to soc(R) (as
R-modules)
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