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Résumé

La théorie des réseaux trouve des applications dans divers disciplines, ils sont
étudiés en théorie des nombres et en géométrie. De nombreux problemes sur la
théorie des codes ont une relation avec des problemes sur les réseaux. Cette these
est consacrée a la construction des réseaux arithmétiques a partir des codes, le but
est de construire des réseaux arithmétiques a partir des codes sur les anneaux a
chaine finis en utilisant une construction A générale. On considere deux construc-
tions A des réseaux arithmétiques: une construction A a partir des codes sur les
corps finis, cette construction est généralisée en une construction A a partir des
codes sur les anneaux a chaines finis en utilisant une méthode générale des lifted-
codes basée sur la relation entre les anneaux a chaines finis et les corps p-adiques.
Une construction particuliere des réseaux arithmétiques a partir des codes sur les

anneaux & chaines finis est proposée pour construire des codes auto-duaux sur les

anneaux a chaines finis.



Abstract

Lattices theory is a research topic related to a broad range of subjects, they are
studied in number theory and in geometry. Many problems about coding theory
are related to problems about lattices. This thesis dedicated to the construction
of lattices from codes.

The goal is to construct lattices from codes over finite chain rings using a gener-
alized construction A. There are two construction considered: the construction A
of lattices from codes over number fields, this construction is generalized to a con-
struction A of lattices from codes over finite chain rings via a general treatment of
lifted codes and using the connection between finite chain rings and p-adic fields.
A particular construction of lattices from codes over finite chain rings is proposed

to construct self-dual codes over finite chain rings.
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Introduction

Brief introduction to Lattices Coding theory addresses the problem of reli-
able communication over noisy channels and is concerned with developing codes
that can detect and correct errors in a digital communication. Coding theory is
closely related to lattices in the setting of wiretap channel. Many problems about
codes have their counterpart in problems about lattices.

Lattices theory is a research topic which is related to a different subjects, ranging
from theoretical mathematics to real life. The connection between lattices and
codes has been studied by many authors [34], |47], [48], [6], [10] and |16]. Early
studies were focusing on unimodular lattices and their construction, for their re-
lation with modular forms and sphere packings [44], [45]. The construction of
lattices over number fields was introduced in [17], [12], [13], [3] and [16].

The focus of this thesis will be the algebraic construction of lattices from codes
over number fields and more generally from codes over finite chain rings [5], we
will give a general construction of lattices from codes over finite chain rings using

the connection between finite chain rings and p-adic fields.

Brief introduction to p-adic fields In digital computer it is not possible to

represent a rational number 7 in terms of some radix. The set of numbers that
are representable is a finite subset of the field of real numbers such as 2(binary),
8(octal) or 10(decimal). It is difficult to use a finite subset to simulate the infinite
field of real numbers to solve problems using inexact arithmetic, as a consequence

it is necessary to investigate finite number systems with exact arithmetic, that is

7
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why attention was turned to p-adic numbers due to its possible applications in
digital computer to get exact computations.

p-adic number fields were introduced by Kurt Hensel [21], [22] in 1897, recently, p-
adic number systems for error-free computations was initiated by Krishnamurthy
[32], [30], [31] and Alparslan [|1]. The main idea was to put the infinite p-adic
expansion into a fixed number of digits, r, for all numbers in a subset of Q, we call
this fixed-length representations Hensel codes.

The finite number system which contains these Hensel codes has been recently
used and applied to many areas of research for example: design of algorithms
for error-free computations [19], in matrix processors [32], [30], |31] and in digital
signal processing. Recently, p-adic transformation have been introduced and are
currently investigated [18], [33], [35], [37], [38], [39], [43].

At the same time, p-adic numbers became crucial in the development of arith-
metic geometry, where methods from algebraic geometry are applied to arithmetic
problems. One of the most significant achievements in this field is Deligne’s proof
of Weil’s conjectures, we can also cite the proof of Fermat’s big theorem, whose
proof uses crucially the study of certain p-adic Galois representations. Since then,
p-adic numbers have reached many other areas of mathematics, such as dynamical

systems theory, Lie theory or cryptography.

Outline of the Thesis Chapter 2 introduces construction A of lattices over
number fields. In Chapter 3 we present Construction A of lattices over number
fields using linear codes over IF,. Further we gave a generalization of the construc-

tion A to maximal real subfields of cyclotomic fields.

We propose a new construction A of lattices, a generalization of construction A
from codes over finite chain rings using the fact that: a finite commutative chain
ring is a finite local ring whose maximal ideals are principal. Any finite chain
ring can be constructed from p-adic fields (see for example [26]) as follows: let K
be a finite extension of the field of p-adic numbers Q, with residue degree r and
ramification index s, let Ok be the ring of integers of K and let 7 be a prime of K.

Then O /7™~ 15+ is a finite commutative chain ring with invariants (p,n,r, s,t).
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Further every finite commutative chain ring can be obtained in this way.

Using the definition of chain rings as non-trivial quotient of ring integers of p-
adic fields we provide a general and a unified treatment of lifted codes for any
finite chain ring. This definition allows to introduce a general construction of
lifted cyclic codes that can be used to lift codes over finite fields F,- to codes over
finite chain rings. Thus the lifted codes are used to give a general construction A
of lattices from codes over finite chain rings that generalizes the construction of
lattices in [28], we finish the work with a particular constructions of lattices that

can be used to construct self-dual codes over finite chain rings.



Chapter 1

Lattices and Codes

In this chapter we will give the elementary definitions of lattices and linear codes
and their relevant properties and parameters, then we will illustrate the connection

between lattices and linear codes.

1.1 Lattices Fundamentals

We will start by the elementary definitions of lattices and some properties. The

proofs and details of this section can be found in [16]

Definition .1. A subset A of R™ with a basis (ey,...,e,) of R™ such that A =
Zey® ...D ZLe, is called a lattice, it consists of all integral linear combinations of

the vectors eq, ..., e,.

Definition .2. A generator matriz My for a lattice A in R™ is a full rank matrix

10
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whose rows generates A:

(%51

My=|. | €eR" and A = {vMy;v € Z"} .

9n
Example .1. 1. The lattice Z™ C R™ is a standard example, we call it the cubic

lattice or the integer lattice.

2. The lattice Z* (square lattice) is a lattice of rank 2 in R? with basis {(1,0), (0,1)}

Definition .3. Let A be a lattice such that A C R™ defined by:

A={x-My ;ze€Z"}.

The matriz given by Gy := MM} is called a Gram matriz of A. Hence a

lattice is a discrete additive subgroup of R™.

Definition .4. Let A be a free Z-module of rank n associated by a symmetric

bilinear form

b:AXxA—=7

The pair (A,b) is called an integral lattice over R.
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Definitions .1. Let (A,b) be a lattice of dimension n with basis (g1,...,gn) the
rows of its generator matrix My .

We define the fundamental parallelotope that is formed by the set of rows

{g1,---,9n}, as follows:

The volume of A which is the volume of the fundamental parallelotope is given by:

vol(A) = vol(P) =| det(My) | .

The discriminant of A is the square of the volume of A:

disc(N) = det(Gy) = det(M,)?

Definition .5. The dual lattice

The lattice (A*,b) such that:

N={x el ;bxy €Z, YyecA}

is called the dual lattice of the lattice (A, b) with generator matric

My == (MI)™" where My is the generator matriz of A.
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If A C N* we say that A is integral and:

vol(A) = vol(A*) | A*/A |

and disc(N) =| A*/A | .

Definition .6. Let (A1, by) and (As, be) be two lattices we say that Ay and Ay are

isometric if there exists a Z-module isomorphism

v Ay — Ay satisfying

ba(o(), o(y)) = bi(2,y) for z,y € Ay

Definition .7. [2]] Let (A,b) be an integral lattice and | be a positive integer, if
(A, Ib) is isomorphic to (A, b) i.e., by applying the previous definition there exists a
Z-module isomorphism ¢* — ¢ such that b(p(x), p(y)) = lb(z,y) for all z,y € A*,
then A is called [-modular or modular of level [.

When | = 1, we say that A is a unimodular lattice.

Definition .8. Let (A,b) be an integral lattice then

o [fb(x,x) € 27 for all x € Z we say that (A, b) is even and odd otherwise.
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e The minimal norm of (A,b) is

pa = min{b(z,x) ; x € A,z # 0}

The cardinality of the set {x € A ; b(x,x) = up} is called the kissing number
of A.

Next we propose another characterization of integral lattices:

Definition .9. Let R be a unitary commutative ring, and A be a free R-
module of rankn. We associate to A a symmetric bilinear formb : AxA — R.

The pair (A,b) is called a symmetric bilinear form module over R.

Proposition .1. A lattice A is integral over R"™ if (A,b) is a symmetric
bilinear form module over the ring of integers Z, where b : A X A — Z is a
positive definite symmetric bilinear form.

For a proof see [10]

Let (A,b) and (A',b) be two symmetric bilinear form modules over R, we
say that (A,b) and (N',b) are isomorphic if there is an R-linear bijection
¢: N — N such that b (¢(x), d(y)) = b(z,y) for all z,y € A.

Let A be an integral lattice with a basis (ey,...,e,). A is a matriz with an
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integer determinant det A. The determinant det A is independent of the
choice of the basis.

Let é4,...,6y such that é; = Z‘?:l gije; be another basis of A with A =
((ei - €;)). Let Q = ((¢i;)) be a matriz in GL,(Z) in particular det Q = +1.
We have that A = QAQ" then, detA = detA. Then det A is independent to
the choice of the basis (eq, ..., ey,).

The number given by det A is called the discriminant of the lattice A and we
write disc(\).

The volume of A in this case is given by

vol(R"/A) = y/disc(A),

1

vol(R"/A*) = 7disc(A)

Then we have disc(A) =| A*/A | since we have that
vol(R"/A) = vol(R"/A)- | A*/A | .

We say that a lattice A C R™ is unimodular if A = A* and we have that

vol(A) = 1.



16 CHAPTER 1. LATTICES AND CODES

Theta function of a lattice The theta series of the lattice A is the func-
tion :

On(T) == ¢ = > Ang™ ;TEH,

TEA meZ>0

where HH = {T € C ; Im(1) > 0}. We can see that the kissing number of A is
the coefficient of q in the second term of 05, and the minimum of A is giving

by the power of q in the second term.

Lattices are lied with codes in wireless communication, they can achieve the
capacity of additive white Gaussian noise channel with and without power con-
struction. It is well known that lattices can be constructed from codes, they can
provide a classical information theoretic way to obtain achievable rate. An applic-
able range of lattices in digital communications have been treated including the
well known root lattices, Construction A and construction A’. In our work we are
interesting in construction A.

Before introducing this construction we have to give some fundamental definitions

of error-correcting codes.

1.2 Linear codes

Suppose that we have a message and we want to send it using a channel in such
a way that it can be correctly recovered even if there is noise or transmission
errors. Therefore the message is encoded with a certain redundancy such that
errors can be detected and corrected. The design of such error correcting code is
the main subject of coding theory, where error correcting codes are important for
the transmission of information as an example: satellite, communication and in

telephone.
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By definition a message is a finite sequence of symbols such that for a finite field
[F, the encoding is given by an injective mapping f : ]F’; —Fyn>k>0
and the image f(F¥) := C' C F}) defines a code of length n.

We will start by giving some basic definitions.

Definition .10. Let v € Fy and y € Fy withx = (21,...,7,) andy = (y1,- -, Yn),

the Hamming distance between x and y denoted by d(x,y) is defined as follows:

d(z,y) = w(z —y)
where w(x) is the number of nonzero x;.

Definition .11. Let C' be a nontrivial code over F, of length n, the minimum
distance of C' denoted by d is defined by the minimum of distances d(z,y), x #y

with x € C and y € C.
We have that an [n, k]-linear code over [, is a k-dimensional subspace of Iy .

e If | C'|=1 we say that C' is trivial code,

e ¢ =2 we say that C' is a binary code,

e ¢ =3 we say that C' is a ternary code.
The elements of a linear code C are called codewords.The codewords are of

length n.

Remark 1. The minimum weight of non-zero codewords in a code C' is the min-

imum distance of C.
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Since C'is a subspace, then there exists a basis B = {f, ... 8k}, where k is the
dimension of the subspace. We say that C' is an [n, k]-code and every element w

of C' has a unique representation as a linear combination
k
w = Zalﬂi o, .., 0 €T
i=1

and the number of codewords in an [n, k]-linear code is ¢*.

The corrective capacity of a code has an important link with the minimum distance

of this code, a linear code C' with minimum distance d can correct up to [ %2 |

errors and detect d — 1 errors.

Definition .12. Let C' be an [n, k]-linear code over F,.

A generator matriz for C is given by:

g1
92
G = :
Gk
where {g1,...,gx} is any basis of C' and we write:

C= {uG;uEF’;}.

We say that the matriz G is under systematic form if:
G = (Ik A) where Iy, is the k X k identity matriz, and A is some k x (n — k)

matriz.
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Let z,y € F, we may define an "inner product' in Fy as follows:

i=1
Let C be an [n, k]-code over F,. The Euclidean dual code C* of C' is given by:
Ct = {U e Fy;Vee O, (v,c) = O}

and we say that a linear code C' is self-orthogonal in the Euclidean sense if we
have that C C C+. Furthermore, if C' satisfies C = C* then we say that C is

self-dual and we have that:
dim C + dim C*+ = n.

Hence, an [n, k]-linear code C' is self-dual if and only if C' is self-orthogonal and
k=mn/2.

The generator matrix of the dual code is given as follows:

Definition .13. Let C be an [n, k]-code over IF,, the parity check matriz for C is

H= (_AT In—k:)

such that H satisfies: GHT = 0F*("=k) for every generator matriz G of C.

given as follows:

Equivalently, we have:

C={ceFy;cH" =0}

Proposition .2. The Fuclidean dual code of a linear code C' of rank k over F, is

an [n,n — k|-linear code and the parity check matriz H of C' is a generator matrix
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for C+, where H satisfies:

GHT _ ka(n—k)

for every generator matriz G of C' and we write:
— . T _
C={ceFycH" =0}.

Remark 2. The minimum distance of the dual code C* is denoted by d*- and it

1s called the dual distance.

The Hermitian dual: For a code over 2, we should consider the Hermitian
inner product. The dual code with respect to this inner product is a linear code

denoted by C*" and called Hermitian dual. It is given by:
CHh = {x eF ;> iyl =0,y e C} .
i=1

A linear code is said to be self-orthogonal in the Hermitian sense if it satisfies
C' C C*". We say that C is self-dual in the Hermitian sense if C' = C*".

1.2.1 Cyclic codes over finite fields [,

Cyclic codes are among the first codes used due to there rich algebraic structure.

Definition .14. Let C be a linear code over F, we say that C' is a cyclic code if

C' is invariant under a cyclic shift:

c=(co,C1,C2,...,Cn2,Cq1) €EC
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¢=(Cn1,C0,C1,-+ Cpn_3,Cn_2) € C.

Since C' is invariant under a single right cyclic shift then it is invariant under
n — 1 right cyclic shifts by iteration, hence we say that the linear code C' is cyclic

when it is invariant under all cyclic shifts.

Example .2. 1. The repetition code is cyclic.

2. The binary parity check code is cyclic.

Now let a = (ag,a1,...,a,-1) € [y, since we can consider codewords of the
code C' as polynomials, then we can associate the polynomial of degree less then

ntoac IF;‘ as follows:
a(r) =ag+ax+ ... +a;x' + ..+ ap 2" € Fyla]

we say that a(z) is the associated code polynomial.

The shifted codeword ¢ can also be associated by a code polynomial as follows:

. 2 41 -1
C=cCp1+cox+cx’+.. . +e™ . +epaa"

such that ¢ = z(c(z)) = zc(z), more precisely,
(¢) = ze(x) — cay (™) — 1
hence ¢ has degree less than n such that the degree of (zc¢(z)) is divided by 2™ — 1,
moreover ¢(x) and zc(x) are equal in the ring of polynomials F[z](mod 2™ — 1)
where arithmetic is done modulo the polynomial 2™ — 1 and we will write ¢(x) € C.
Let f(c) € C(mod x™ — 1), then the definition of cyclic codes using this notation
c(z) € C will be:
c(x) € C(mod z"™ — 1) if and only if
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c(xz) € C(mod 2™ — 1),
moreover we have that z’c(z) € C(mod ™ — 1) and by linearity we have that:
a;zv'c(x) € C(mod 2™ — 1) for a; € F,.

Then: .
> az'c(z) € C(mod 2™ — 1).
i=0

Therefore, the product of two polynomials a(r) = Y%, ' € F,[x] and c(z)(mod 2" —
1) belongs to C.

Theorem .1. Let C be a cyclic code over Fy of length n such that C' # 0, then:

1. If g(x) is a monic code polynomial of minimal degree r in C, then g(x) can

be uniquely determined in C' and we have:

C = {q(r)g(x)/q(x) € Fylz]}

and we say that C' has dimension n — 7.

2. The polynomial g(z) divides ™ — 1 in IF,,.
Now let h(x) € F,[z] such that:
g(@)h(z) = 2" -1,

then the polynomial h(x) is called the check polynomial of C'.

Proposition .3. Let C be a cyclic code over F, of length n and let h(x) € F, be

the check polynomial of C', then:

C = {c(x) € F,[z] ; c(x)h(z) = 0(mod =" — 1)}
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Proof. Let ¢(x) € C then there exists a polynomial ¢(z) such that c¢(z) = ¢(x)g(x),

but we have:

we have that:

e(a)h(x) = p(x)(a" — 1) = p(e)g(a)h(z), then (e(x) — p(x)g(x))h(x) = 0 and we

c(z) — p(z)g(x) = 0, because g(z)h(z) = 2" — 1 with h(z) # 0.

Therefore c¢(x) = p(x)g(x). O

Definition .15. Let C be a cyclic code over I, of length n with a generator poly-
nomial g(x) = >0 g;x?, then a generator matriz for C is given by
go 91 - Yn—k g9(z)

go 91 -+  Gn-k rg(x)

g G e Gnok " g(x)
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such that the matriz G is an n(n —r) matriz, where each successive row is the
cyclic shift of the previous row such that G is in echelon form and the k = dim(C)

rows of G' are linearly independent.

1.2.2 Linear codes over finite chain rings

Finite chin rings are the most studied rings in coding theory. In this part we will
extend the study of linear codes from finite fields to finite chain rings.

A finite chain ring R is a finite commutative local ring such that for a fixed gen-
erator 7 of the maximal ideal of R with nilpotency index s, the ideals of R form

a chain given as follows:
0=()c(rc...c(a)yc(x) =R

The elements of the residual field F, = R/ (7) are units with ¢ = p" for some

integer r and prime p and we have that:
| R[=|Fq |- [ (m) |=p~

where | F, |=| F,» |= p". For more details over finite chain rings see [4], [36], [8], [9].

A linear code C C R™ of length m over a finite chain ring R is a submodule
of R™. The length m is assumed to be not divisible by the characteristic of the
residue field R/M = F,-. A matrix G with entries in R is called a generator matrix
for the code C if its rows span C and none of them can be written as an R-linear
combination of other remaining rows of G. The generator matrix is in standard

form if it is written as follows (see [41])

Ik:o AO,I AO,Q AO,S e AO,S—I AO,S
0 7T]k1 7TA1,2 7TA173 e 7TA175_1 7TA178

0 0 7T2[k2 ’/T2A273 7T2A275,1 7T2A275 (11)

0 0 0 0 R [ 7TS*1AS_178
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where the columns are grouped into blocks of sizes ko, k1, ..., ks_1,m = 3525 k.

Definition .16. Let C be a linear code with a generator matrixz of the form given

in equation . We say that C is of type 1%kt (g2)k2  (rs=1)ks—1,

It is clear that the size of the code is |C] = ]M|Zf;§(s_i)ki. The rank of the
code C is defined to be k(C) = 352 k;. Both the type and the rank are invariants
of the code. The linear code C is free if its rank is equal to the maximum of the
ranks of the free submodules of C. Then, the code C is a free R-submodule which

is isomorphic as a module to R*©).

The dual code

We attach the standard inner product to the ambient space, ie., x -y = > z;y;
where x,5y € R™. The dual code C*+ of C is defined by C*+ = {z € R™|x -y =
0 for all y € C}. If C C C* we say that the code is self-orthogonal, and if C'= C*
we say that the code is self-dual.

Theorem .2. Let C' be a code with generator matrix G in standard form. Then

(i) If for0<i <w, Bij=— Y4 i1 BipA . — AV .., then
Bo,s BO,S—I ce Bo,1 Tn—k(C)
WBl,s 7781,571 e 77[165,1(0) 0

WS_IBS,LS Ws_llkl(c) 0

is a generator matriz for C* and a parity check matriz for C.



26 CHAPTER 1. LATTICES AND CODES

(ii) |C*+| = |R"|/|C| and (C+)*+ = C.
For any code C' and any r € R, we define a sub-module quotient as follows:

(C:r)={x € R"|rx € C}.
Definition .17. To any code C' over R we associate the tower of codes
C=C:m)C---C(C:a")CT---C(C:757").

over R, fori=1,2,...,s—1 the projections of (C : 7*) over the field M are denoted
by Tor;(C) = (C: 7). We call this projections the torsion codes associated with
the code C' and we have:
o) =114+,
j=

such that

Tory(C) C Tory(C) C --- C Tor,_1(C) C Tory(C)*

Free codes

Definition .18. (Free codes) a code C' over R is said to be free if it is a free

R-module.

Obviously, over a field any code is free. the following characteristic of a free

code are immediate:

Proposition .4. Let C' be a code over R. The following assertions are equivalent:
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(i) C is a free code.

(ii) If G is a generator matriz for C in standard form, then G = (I N) for some

matriz N .

(iv) C=C:m=--=(C:m51).

(v) C* is a free code.

(vi) C has generator matriz G and parity check matriv H

For more details see [23].

1.2.3 Cyclic Codes over finite chain rings

Although this section n is a positive integer such that p {f n; wich implies that
x" — 1 is square free in R[z] where R is the residue field, and 2" — 1 has a unique
decomposition as a product of basic irreducible pairwise coprime polynomials in
R[z] (a polynomial f is said to be basic irreducible in R[z] if f is irreducible in
Rlx]). As defined previously, a linear code C of length n over R is an R-submodule
of R", we say that C' is cyclic code if it is invariant under the cyclic shift i.e;
if ¢ = (cg,¢1,..y0n-1) is a codeword of C then the cyclic shift of ¢ defined as

(Cn_1,C0,C1, ..., Cn_2) is also a codeword of C. We can associate to every codeword
R[z]

r" —

¢ = (co,C1, -, Cn_1) a polynomial g(z) = co +c1x + ... + ¢, 12" ' € 7o We say

that g is the polynomial representation of c.
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Theorem .3. [14] Let x"—1 =[I\_, f; where f; fori =1, ....r are basic irreducible

Rlz]

v —1

pairwise-coprime polynomials in R|x]. Then the ideals of the quotient ring

are sums of ideals of the form

(@ fi + (@" = 1))

- -1
wherefizwf and 0 < j<s,1<1<r.

Corollary 1. [1j)] If x"—1 = fi fo...fy where f; are monic basic irreducible coprime

polynomials, then the number of cyclic codes over R of length n is (s + 1),

The next theorem defines the structure of a cyclic code and its cardinality.

Theorem .4. [14|] If C is a cyclic code over R then there exists a unique family
of pairwise coprime monic polynomials Fy, Fy, ..., Fy € Rx| such that 2" — 1 =

F\Fy..F, and C = (Fy, P, ..,w*"'F,). And we have
C| = (|RJ) =iz s P

Theorem .5. [14)] Let C be a cyclic code over R such that C = (Fy, wFy, ..., 7 'F,).

Then

|Cd" _ (,E‘)Z;O(sﬂ)deg F¢*+17

and
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Cyclic dual codes

Proposition .5. [1/)/
Let Fy,Fy,...,F,=2" —1 and A, C is said to be self-dual if and only if F; is

an associate of F;Vi, j € {0,... t} such that i+ j = 1(mod t + 1).

Lemma .1. [14] Ifdeg f > deg g, then

1 (f(z) +g(@))* = f*(x) +ato /=40 9g*,

Theorem .6. [1/] Fort an even integer, we have that non-trivial self-dual codes
exists if and only if there exists f € R[x] where f is a basic irreducible factor of

x™ — 1 such that f and f* are not associate.

The next theorem gives a necessary and sufficent condition for existence of
non-trivial self-dual cyclic codes of length n over R for t even.
Theorem .7. [14] Let R be a finite chain ring with maximal ideal (%), | R |= p",
where | R |=p' and t is the nilpotency of m, then non-trivial self-dual cyclic codes

of length n over R exist if and only if p' # —1(mod n) for all i > 0.
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1.3 Construction A of lattices

A natural way of constructing lattices is to associate a lattice in R™ to a linear code
in Z7. This construction is called construction A of lattices and the obtained lattice
is called g-ary lattice, this construction has several applications in information
theory and cryptography for example in the development of good codes for the
Gaussian channel, for some channels with side information and also for wiretap
coding.

Let ¢ > 2 be a positive integer, such that ¢ = mims, my, ms # 0 is a composite

integer. For ¢ = p where p is a prime number we write Z; = .
Definition .19. A linear code C' in Z7 is an additive subgroup of Zj,.

Example .3. [11] Let C be a code over Z2. Since ¢ = 5 where 5 = p is a prime
integer, then we write Z2 = F%.

The code C' is given by
C ={a(1,2);a € F2} = {(0,0),(1,2), (2,4), (3,1), (4,3)} .

We have that C is a subspace of the vector space F2, generated by the vector (1,2)

so we write C' = ((1,2)).

Next we will show the connection between lattices and linear codes in Z’;.
We consider the map:

VL — Ly, x — x( mod q)

1 is the reduction of x modulo ¢ and the preimage of x by 1 ~!(z) is the set of
integers that are mapped to x by 1 such that:

v x)={r+bg;beZ}.
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The set of all ordered pairs (a,b), a,b € {1,...,q — 1} given by
Ly X L, = {(a,b) ; a,bZ,}

is the Cartesian product of integers modulo q.

Let ¢ : Z X Z — Zy X Ly, (a,b) — (a(mod q),b(mod q)) be the map of reduction
modulo ¢ component-wise. The preimage ¢~'((a,b)) is the set of 2-dimensional
vectors with entries in Z.

For an arbitrary number n of copies of Z, the map 1 can be defined as follows:
VL =1y, v (x)

such that we apply the reduction modulo ¢ over the n components of . The next

result will establish the connection between linear codes and lattices:

Proposition .6. [11] Let S be a subset of Z!, then ¢~ '(S) is a lattice in R™ if

and only if S is a linear code in Zj.

For a proof see [11]

Definition .20. Let C be a linear code in Z", for ¢ > 2 such that q is prime or

composite integer. The component-wise reduction modulo ¢ map is given by

Y 2 — I,

The preimage of C by ¢ denoted by T'c = ~1(C) defined a lattice and we say
that T'c is obtained via construction A. The lattice I'c is also called q-ary lattice

or modulo q lattice.
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Proposition .7. [11]

1. If Uc is a q-ary lattice obtained via construction A from the code C' C Zy,

then:

_
~ wol(T¢) =l

I'c
qzZ"

where | C'| is the number of codewords of C.
2. Any full rank integer lattice T' C Z" is q-ary for ¢ = vol(T").

Proof. 1. Since there is an isomorphism between I'c/qZ and C' then the first

property is verified.

2. Since I' C Z", then vol(I") € Z. If we take a generator matrix B for I', then
vol(T") =| det(B) |= q, therefore Bx = ¢z is a linear system with an integer
solution for any z € Z", it follows that ¢Z"™ C I' then I' is a g-ary lattice.

]

Now we consider the case of ¢ is a prime number, hence a linear code C over
Z, = I, is a subspace moreover C' has a basis formed by k vector such that the k
vectors form a generator matrix. For a linear code C' we can write any element a

of C using a set of generators as follows:

l
a = Zaivi, Vi = (Uﬂ,...,Um) i:],..., l.
i=1
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(I = k) for the case of an [n, k]-linear code over F,,.

Now for hq,...,h, € Z we have that:

l l n
a= Zaivi cC ey ia)= Zaivi + thili eR
i=1 1

i=1
with 0 < a;, v;;; < m — 1 such that for all 4,7 e;,¢ = 1,...,n form the canonical
basis of R™. Moreover we have that ¢~!(a) is an integral linear combination of
V1,...,0U, €1, ... ,qe,. An expanded generator matrix B can be obtained using

the next proposition:
Proposition .8. [11)
1. Let I'c be a modulo-p lattice then: pZ™ C I'c C Z".

2. Let C be an [n,k]-linear code over F, with generator matriz G. Then the

determinant of T is: det(T'¢) = p"F.

3. A generator matriz of ¢ is:

G
Gr, =
pl,

4. When the generator matriz G is of the systematic form such that

G = (]k Akx(n—k;)) ’

then the generator matriz Gr. of I'c can be reduced to a standard n x n
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generator matriz for I'c:

I Apxn—i)
Gr, =

0 pInfk

To obtain an expanded generator matrix B we will proceed as follows:

Put all the column vectors in an n X (n + [) matrix, then we have to get a row
echelon of this matrix. But we are working over lattices and only Z-linear combin-
ations are allowed and only elementary operations on the columns (Addition and
subtractions) can be applied. Hence we will replace the notion of reduced echelon
form by the notion of Hermite normal form (HNF).

An integer matrix of full row rank is in column Hermite normal form if it is of the
form ( H 0) where H = (hi j) is a square matrix such that it satisfies the two

next conditions:
1. hyj=0fori<j
2. Oghij<hiif0ri>j

The first condition means that H will be a lower triangle matrix.

The second condition means that its entries are nonnegative and each row has a
maximum entry on the diagonal. Note that we can reduce any matrix A with
integer entries to a column Hermite normal form, A = ( H 0) U, where U is a

square unimodular matrix.

Proposition .9. [11] Let C' be a linear code over Z, with generators vy, ...,
and let eq, ..., e, be the canonical basis of R.
A generator matriz for the lattice T'c = ¢~(C) is given by

I Opx(n—1)

A qI(nfl)
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I,
where is the generator matrixz of C' under systematic from.

A

Note that for the case Z, =F,, [ = k.

Proof. A generator matrix for the lattice I'c = ¢~!(C) is obtained by the Hermite
normal form (H 0) of [vy,...,v,qe1,...,qe,] where vq,... v, qeq, ..., qe, gen-
erates the lattice.

Now, we have to extract a basis by computing the Hermite normal form from the

next matrix:

I qly Oy

A 0(n—l)><l qIn—l

If we multiply the first [ columns by —g and we add them to the next [ columns

we get:

I 0p Oixn—p

A _qA qInfl

Then we multiply the column containing the ith 1 of I, ; in turn by a;j, with
j=1,...,n—1 then we will add it to the corresponding column in —¢A, Hence

we will get the desired result. O]

Example .4. [11] Let C be a linear code over Fy such that:
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C= {((11, cees Ap—1, Z?:Hl a’z)7 aiy...,0p-1 € FQ}

with length n and dimension n — 1. A systematic generator matrix for I'c is given

by:

and a generator matrix for I'c is given by:

In—l O(nfl)xl

Conclusion

In this chapter, we initiate the construction A of lattices from codes over finite
fields. In the next chapter we will give a more general construction A of lattices

from codes over number fields.



Chapter 2

Construction A of lattices over

number fields

The importance of construction A is due to a series of dualities between theoretical
properties of lattices obtained via Construction A and linear codes, for example the
theta series of the lattice and the weight enumerator of the code. In this chapter
we consider a generalized construction A of lattices over number fields from linear
codes. We will show the connection between lattices and codes using number fields
that have a prime that totally ramifies and cyclotomic fields. The proofs of this
chapter can be found in |28] and |16].

2.1 Number fields

Let K be a finite extension of the field of rational numbers Q. The field K is a
number field, let {e1,...,e,} be a basis that generates K over Q, we say that K

37
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is an extension of degree n over Q and we write [K : Q] = n.
The element of the basis {ej, ..., e,} can be chosen from the ring of integers of K,

denoted by O and given as follows:
Ok ={x ; x € K such that x satisfies a monic polynomial with integral coefficients} .

The set Ok is a commutative ring.

In general, a notion of ideals is studied: fractional ideals which are finitely gener-
ated Og-submodules of K.

The ideals form a commutative group on the set of nonzero prime ideals of Ok

such that each ideal a admit a unique representation as a product:

a=1]] ¥ (@)

where 7 denotes a prime ideal of O and v,(7) € Z and v,(a) = 0 for almost
all 7.
We have that since O is a free Z-module of rank n, fractional ideals are also free
Z-modules with rank n; for a prime integer p € 7Z, the ideal generated by p in Ok

satisfies: ,
€
POk = H (A

=1

the exposent e; is the ramification index, and the degree
fi = Ok /7 : L)

is called the inertia degree of 7 over p.

Moreover, we have:
g

Z eifi = n.

i=1
If ey = n we say that p is totally ramified.

The number field K has exactly n Q-embeddings of K into C. Let o4,...,0, be
this embeddings such that o; : K — C is a field homomorphism that becomes the
identity map on Q.

1. We say that K is totally real if o;(K) C R for all 4.
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2. The field K is said to be a CM field, if there exists T" C K, a totally real
number field such that [K : T]=2and 0;(K) Z RV 1 <i <n.

3. The field K is a Galois extension of Q, if 0;(K) = K for all ¢, in this case
we have:
€1 =€ =...=¢€4.
We denote this integers e and we say that e is the ramification index of p,

similarly we have f; = ... = f,. we denote this integer f, f is called the

inertia degree of p.

The trace map and the norm map of any element x € K are given as follows:

The trace map:

Trijgle) = Y oi(a).

i=1
The norm map:

Nijale) = [[ (o).

Let {e1,...,e,} be a basis of K over Q. The integer di = det(Tr(ese;))7 =, is

called the discriminant of K.

2.2 A general lattice construction

Let K be a number field and 7 € Ok a prime (7 is a prime above p).
F,r = Ok/m is the residual field. Let C' be a linear code over IF,; of length m and
rank £.

Definition .21. (28] Let ¢ : Og — F}; be the reduction modulo 7 in each

coordinate map. We define a lattice from the code C' as follows:

FC = wil(C) S O%
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Now let v 1(C) C O%.
We have that C'is a subgroup of Frrs then 1 ~1(C) is a subgroup of O%. Further-

more, 1)~ 1(C) is a free Z-module since O% is a free Z-module of rank nm.

2.3 The case of totally ramified prime

In this section we will give a generator matrix for the lattice I'c and its discrim-
inant.

We will focus on the case where K is a Galois extension and the prime 7 totally
ramified. Therefore, we have pOx = 7", e =n and f = 1.

A generator matrix for the lattice ['c can be computed using a generator matrix
for the lattice formed by (O, (w, z)), where (w, z) = Tr(wz);,w,z € Ok is the
standard trace from.

The matrix

o1(v1) oa(v1) ... on(v1)
M = : : ; (2.1)

o1(vn) oo(vyn) ... on(vn)

is a generator matrix for the lattice Ox. We know that MM7* = Tryg(viv;). Let
w be a vector of the lattice Ok then w is a combination of the rows of M such
that w = YI_; wivs, w is embedded in R™ as (01(X)—; wjvj), . .., 00 (i, wyvy)),

and

(w, z) = Trg/g(wz)

as it should be (when m = 1 and « = 1 in the bilinear form defined before

Next we derive a generator matrix for the lattice I'c. The prime ideal 7 is a
Z-module of rank n. It has a Z-basis {ui, ..., u,}, where u; = 37, u;;v;, u;; € Z.
The next matrix which is the last step to get a generator matrix for the lattice

['c, is the matrix of embeddings of a Z-basis of :
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o1(ur) ... op(uy) Sy uior(vy) o X uion(v;)
= : : =DM

0'1(U7L> O'n(un) Z?:l unjal(Uj> Z?:l unjan(vj)

where D = (u;;)

ij=1

Proposition .10. /28] The lattice U'c is a sublattice of O with discriminant
disc(T¢) = d¥ (p!)? V=0

where di = (det(o;(w;));—1)? is the discriminant of K.

Proof. Since by definition the bilinear form (u,v) = Trgg(uv), u,v € Ok has
determinant:

dg = det(MM™T)

then the bilinear form (z,y) = Y7, Tr(z;y;) has determinant dj over OF.

The map 1 defined above is sutrjective and ¢~1(C) has (p")™* as index, thus
disc(T'c) = dp(p")>™—2*
is the discriminant of I'c. O

Proposition .11. ; [2§] Let (Ik A) be a generator matriz of the code C, and

M be the matrix of embeddings of Z-basis of Ok . A generator matriz for the lattice
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I'c is given by
Iy @ M A®@M
Me =

On(N=t)nk  IN-xr @ DM

Where ® is the tensor product of matrices, the matrix DM is the matrix of

embeddings of a Z-basis of 7.

Proof. From the generator matrix M¢ it is clear that this lattice has the right
rank.

The embedding of a basis of C' correspond to the first nk rows of My and the
embedding of a basis of 7 correspond to the last n(m — k) rows of M¢. To make
this more precise:

Let u; = (usy, ..., u;,) € Z™ where

n
xi:Zuilvl,z: 1,....m
=1

and we define the canonical embedding of K as follows: o = (01,...,0,) : Ox —
R™,

We have that

oi(z;) = Uj(z ugvr) = w; - (M),

=1
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Iy @ M A M
(uly vy Uy U1, - - - ,Um)
On(N—k),nk In_, ® DM
= (o(x1),...,0(zk), Z?Zl aj10(x;) + o(@' k1), ... 7Z§:1 ajm—ko(Tj) + o(z))
where TP ,x, € 7. Then the above vector is an element of T'¢.
If we define

pro(x;) = (o1(z),...,0n(x;)) — x; = Zuiﬂ)z € Ok,
=1

then applying p and ) componentwise in order gives:

c=(p(a(x1))), -, ¥(plo(zr))), ; ajb(p(o(zy))); .-, Z:l ajm-1P(p(0(x5)))),

we have that 2; = 0(mod ), the codeword ¢ of C'is given by

by computing the absolute value of the determinant of My we get

| det(Mc) |= \Jdi (") *,

This shows that Mg generates a lattice with the same volume as I'c. Which

complete the proof. O

Next, we propose the case of a totally ramified prime. In this case the matrix

A can be easily lifted, because it has coefficient in [F,,.
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Let ¥ = (21,...,2m) €ETc COR fori=1,... k, 3,4, z;i = XI_; Ti5v;.
The above results tell us that x is embedded to R™ as

k k
x = (o(x1),...,0(xx), Z aj10(z;) + 0(m}€+1, . Z ajm—1o(x;) + a(x;n))
j=1 =1
= (01(x1), ..., 0n(x1), ..., 01(Tm), -+, On(Tm))
where 1 = Z;‘?:l a; T + a:;CH, ey Ly = 2?21 jm—kTj + xlm Then,

(z,y) = i Trio(@iys)-

i=1

Corollary 2. /28] The matriz

GGT @ Tr(viv;)  A®Tr(uw;)
AT @ Tr(uw;) Ly @ Tr(uuy)

is the Gram matriz of the integral lattice I'c, where uq,...,u, is a Z-basis of ™
and G = ( I, A) .

2.3.1 The case of a totally ramified prime and self-orthogonal

codes

Let K be a totally real extension of Q. We have that y; = y;, then we can treat
the real and C'M-fields at the same time.
Let I'c be a lattice defined as in the previous subsection. We have that I'¢ is an

integral lattice of rank nm with respect to the bilinear form

(2.4) = 3 Tresolazys)

i=1
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where « is a totally positive element such that a € Og NR. Let C be a self-
orthogonal code, i.e. C C C*.

Te =4 1(C) C O

Next, we will derive some proposition of the lattice I'c when C' is self-orthogonal.
Let C be an [m, k]-linear code over F,, such that C' C C*. Since 31", Trg q(2i7;) €
pZ, then we can normalize the symmetric bilinear form by choosing « to be 1/p.

The next lemma characterize the case of o = 1/p.

Lemma .2. (28] Let C be an [m, k]-self-orthogonal code over F,. We have that the

lattice I'c is an integral lattice with respect to the bilinear form (x,y) = 31" Trgo(x:yi/p)

Proof. Let x = (x1,...,2y,) and y = (y1,...,Ym) such that z,y € Tc = ¢~ 1(C).

We have that:

m

U(x-y) = Qo) = D v()d(y:) = (@) - P(y) = 0 € Fp.
i=1 =1
Thus (z,y) is an integer for all z,y € T'¢. and since (), (y) € C and C C C*.

It follows that
x -y = 0(mod )
. Next we have to show that y; = y;(mod =) for all i =1,... m.
Since Ok /m ~ F, and y; € Ok, then y; = y; + g, for each i, where y; € 7Z and

yl em.
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(- is the automorphism of K induces by complex conjugation).

We have that 7 is the only prime above p and y, € =, then 3 = v, + ¥, =
y; + vy, = yi(mod ) as desired. Thus Y7, 2y, = Y7, 249 = 0(modnr) and all
of conjugates of >i", x;y; must lie in 7, therefore T'rx /(372 x:4;) € 7, implying
that Trx (it 2:¥:) € ™ N Z = pZ, since the trace map is linear, then

(z,y) = iTTK/Q(xigi)/p = ;TTK/Q(i ;).

=1 =1

as a result of this lemma, instead of considering the lattice ¢~(C') with
(x,y) = X0, T?“K/Q%, we can consider the lattice ~'(C)/\/p with (z,y) =
D

2% T (@:gi)-
The generator matrix for I'c in this case is

1 (Ik®M Ao M )

\/ﬁ O(mk),nk [mfk ® DM

The discriminant of I'~ is then

disc(T'¢) = dipp*™—2k—nm

It can be computed directly from the determinant of M¢:

disc(I'c) = (];) dy(p )2( b = dy

pnm
The Gram matrix is:

1 (GGT @ Tr(viv;) A®Tr(uv))

P\ AT @ Tr(uw;) I @ Tr(uu;) '

for more details see [28]
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2.3.2 Maximal totally real subfields of cyclotomic fields

In this subsection we will consider the case of cyclotomic fields and their subfields.
Then we will consider the case where 7 is a prime above p.

The prime p is an odd prime such that p totally ramifies in K. Let (,r be a
primitive p"th root of unity and let K™ = Q({» + Cpil), r > 1 be the maximal
totally real subfield of the cyclotomic field K = Q((,r), such that:

Ok+ = Z[Gr + ('] is the ring of integers and Ok = Z[(,r] is the ring of integers
of K and [KT : Q) = Z—&=1).

The ideal = (1 — (,r) is a principal prime ideal, thus:

POk =770,
and O /m ~ F is the residue field and we write:
eBlp)=p""p—1)
by transitivity of ramification indices.

Now for 7 the prime above p in K™ we conclude that
r—1, _
e(r |p)=p'(p—1)/2 and pOgs =7

Lemma .3. [2§] Let K+ = Q((y + ;') and let C be an [m, k]-code over ), such
that C' is self-orthogonal.

The lattice T given by ¥~1(C') together with the bilinear form

() = 3" Trisolozy)

i=1

is an integral lattice of rank mp™*(p —1)/2.

The matrix

I, @ M A M

Sl

O(mk),nk [m—k ® DM
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is a generator matrix of the lattice To = ¢~1(C'), where G = (Ik A) s a gener-

ator matriz of C'.

n—1
_, sa Z-basis of
K3

The ideal © = <(2 — Cpr — §p71)> is principal and {CZJT + Cp_ri} _
Og+.
By applying the n embeddings of K (r 4 (it = (' + (;F, with ¢ coprime to p, we
obtain the matrix M from the Z-basis of Og+.

Lemma .4. [25] Consider the field K = Q(¢,+(, "), and let C be an [m, k]-code

over I, such that C' is self-orthogonal, then:
Fz« - FcL.

Proof. For x € ' , y € I'ci. By definition new have that ¢ (z) € C and ¢(y) €
C*, it follows that
Y(x) - Y(y) = 0(mod p). Then (x,y) € Z, therefore I'cr C I'f.

The discriminant of the lattice I'¢ is given by
disc(T'¢) = p™ 2.
Since dg+ = p®~1/2=1 then

UOl(an/FC) _ (pmek)l/Z — p%fk
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and

m
2

vol(R"™/T',) = k-

Since the dimension of C* is m — k, then
diSC(FCJ—) _ pm—Q(m—k) _ p2k—m’

Which imply

vol(R"™ /Tr) = pF=% .

Therefore I't, = 't O

Corollary 3. [28] Let K be a field such that K+ = Q((, + ¢, ") and let C' be an
[m, k]-code over F, such that C is self-orthogonal. Then the lattice Tc = ¢~1(C)
together with the bilinear form (x,y) = Y70 Trg g(oxy;) is an integral lattice of

rank mp" 1 (p—1)/2. In addition, T'c is an odd unimodular lattice for C self-dual.

Proof. Let T' be a lattice such that I" contains a vector z with (z - x) is an odd
integer, then we say that the lattice is an odd integral lattice.

If we take x = (2 — (r — Cpil,(), ...,0) € ', we have that

(z-x) = Trge)o((2 = Gr — ') /p) = ;Tw/@(fﬁ — 4G+ G+ G+
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Since ¢, + C}jl and Cg + C;Q are conjugate and

Tri+o(G+ 6" = Trae)/ac,) = 1

Then we have (x - z) =

2.4 Construction of Lattices from Codes over F,

In this section we propose the study of the case r = 1 to show the connection
between lattices and self-dual codes.

Let C' be an [m, k|-code over F, (p is an odd prime), such that C is self-
orthogonal (C' C C*). Let Ok be the ring of integers of the cyclotomic field

K = [c].

Definition .22. The map ¢ : O — F' is the map defined by the reduction
modulo the principal ideal f = (1 — () in each coordinate. The preimage of the
code C' by the map :

e =y 1(C) Cc OF

s a lattice.

Let z,y € Ok such that x = (zy,...,2,) and y = y1,...,y, with z;,y; € Ok
fori=1,...,n.

TiYi .
Using the symmetric bilinear form (x;,y;) — Tr(—y) we can define a symmetric

bilinear form over OF% as follows:
m

() = S0 Tr(Z).

i=1 p
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Since for any a € Ok, we have a = a(mod ), then z -y = = - y(mod ().
by assuming that 1 (z), ¥ (y) € C, we have 0 = x -y = z - y(mod (3). This implies
that the lattice I'c is an even integral lattice of rank m(p — 1), because we have

that (z,y) € Z and (z,z) € 2Z for all z,y € I'c C OF.

Proposition .12. [16/ The discriminant of the lattice I'c is:
disc(T¢) = p™ 2",

Proof. We have that the map 1 is surjective and 1 ~1(C) has index p™=* in O,
with m = dimC, moreover the bilinear form ( , ) on O} has determinant (]%)”

then the discriminant of C' is p™~2*. O

Lemma .5. [10]

Let C' be an [m, k]-code over F, such that C C C*. Then
F*C == ch.
Proof. For a proof see |16]. O

Proposition .13. 10/ Let C be an [m,k]-linear code over F, such that C is

self-orthogonal, then the lattice formed by the preimage of C' by 1 together with

the symmetric bilinear form {(x,y) = >, Tr(mfi) is an even integral lattice of

m—2k

discriminant p and rank m(p — 1). Moreover if C is self-dual then T'c is

unimodular.
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2.4.1 Theta Function over Number Fields

A theta function is a function from the product of p%l upper half planes H to C.
We shall associate a theta function to the lattice ', for one variable the theta

function is given by:

Vpir(2) == Y e 2 e H.
zep+T

For more details see [16].

For our purposes we shall consider a generalized theta function of several variables.
Let K = Q(¢) where ¢ = €>/? and let k = Q(¢ + ¢~!) be the real subfield of
K, the ring of integers of K is denoted by Ok and the principal ideal of Ok is
denoted by g such that g = (1 — ().

If we identify the lattice I'c with the lattice § with symmetric bilinear form (z, y) =
Tris(%} ) and we identify the dual lattice with Ok we get:

v = Z eszrK/Q Z 627rzzTrk/Q )
zEL+] zEL+]
fori=0,..., %, since we have that [k : Q] = pT then there exist exactly 2 1
R

distinct real embeddings oy =k - R, [ =1,..
form ¢ + ¢! — (% + (7%, such that o;(k) = k.
o, form a group called the Galois group of k over Q and it is denoted by Gal(k, Q).

. The embeddings are of the

Now we consider the product of % upper half planes
p—1
Hz =HxHXx...xH (p—1)/2 times.

The next step is to define a theta function depending on 51 variables z € H by:

_ Z e?m’Trk/Q (z%) 7
r€P+]

where

T’T’k/(@ Zi ZZ[
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(The function 6; is holomorphic in 2 € H®~1/2)
The group SLs(Of) is the group of all 2 x 2 matrices:

)

ay —fy =1

where «, 3,7, € Ok.

The determinant is given by:

By the definition of the norm given before

(p—1)/2
Nijg(yz+0) == T (ou(v)z + au(6))

I=1
where o € Gal(K,Q) we set

o(2) = (2e(1), - - - 2251 )

p—1

the e are the permutation of indices 1, ..., 55

-1
1<i<et,

such that o; 0 0 = 0.y with

for more details see [16] Let I" be a subgroup of SLy(Of), then we have the next

definition:

Definition .23. [16/ We call a holomorphic function f : H"s — C a Hilbert

modular form of weight m for T, if it is given by:

F(EE2) = 1) el + 6"

a B
for all e I'. We say that f is symmetric if we have that

v 0

flo(z)) = f(z) for all 0 € Gal(k,Q).

See [16]
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As we have seen in the previous section that:

=B8N0k, thent=((+¢'=2)=((C-1)( " -1)

p—1
and also we have 772= = p. Now we define:

[(m) = { (a 6) € SLy(Ok) ; v = (mod 7T)} :
v o0

Then the next theorem hold:

Theorem .8. [16] The Hilbert modular form 0;,5 = 0,1,..., % is of weight 1

for the group T'(m). Further we have:

a B

0o (i:?) = 0o(2) - (2) - Njg(vz + 8) for all € Io(m).
o)

Let C' be a self-dual code over [F,, and let I'c be the lattice constructed from the
code C' C F}' together with symmetric bilinear form given by (z,y) = > cr T /Q(%’E).
The lattice I is an even unimodular lattice of rank m(p—1), furthermore the theta
function of one variable of the lattice I'¢ is given by:

ve =Y eQMZTTk/Q(%), where z € H.
zel'c
Since I'¢ is an Z-module and also an Oy, then we can define a theta function in
several variables as follows:

Oc(z) = > 2™ T/az %),

zel'c

Definition .24. The Lee weight enumerator of a code C' C T is given by: the

homogeneous polynomial of degree n:

We(Xo, X1,y Xpor) o= 30 X0@ xh - ylo vt
2 =

ueC
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with w is the number of zeros in u, and l;(u), i =1,..., % is the number of +1

or —i occurring in the codewords u.

Theorem .9. [10] The theta function Oc is a Hilbert modular form of weight n

for the whole group SLs(Ok).

Theorem .10. Let C' be an [m, k]-code over F, such that C C C*, then:
Oc = We(0y, 04, ... ,9%1).

For a proof see [10].

Example .5. [16] Let as consider the case of n = 12. Let C' C F3?* be a self-dual
code of length 12, the weight enumerator of C' has the form (03 + 80503)3 + a(61 —
0f — 630,)3.

Since C' is self-dual code, then the weight of every codeword is divisible by 3. We
now look for a code C' with no codewords of weight 3, to have such a code the

coefficient 03603 must be zero. Therefore we have that:
3:-8—a=0,
then a = 24. Thus the weight enumerator of such a code is the polynomial

Weo = (Xo, X1) = X% + 26 X5 XY + 440X X} + 24 X712,
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This code is the ternary Golay code.

Conclusion

Given a linear code C over [F,,, then C' can be lifted to a linear code C over a finite
chain ring R. Using lifted codes it is possible to construct lattices. In the next
chapter we will give a generalized construction A of lattices using lifted codes over

finite chain rings.



Chapter 3

Lattices from codes over finite

chain rings

Finite chain rings can be defined as non-trivial quotient of ring integers of p-adic
fields, this allows us to give a unified treatment valid for all finite chain rings which
can be used to construct new lattices from codes over finite chain rings. In this
chapter we start by preliminaries over p-adic fields and we conclude this chapter
by a lattices construction that can be used to construct self-dual codes over finite

chain rings.

3.1 p-adic Fields

In this section we will give some basic definitions on p-adic fields for the proofs

and more details see [2] and |27]. Starting by p-adic absolute value and valuation:

57



58 CHAPTER 3. LATTICES FROM CODES OVER FINITE CHAIN RINGS

3.1.1 Absolute Value:

Definition .25. Let K be a field. An absolute value over K is an application
|- | : K — RT that associate to an element a of K, an element |a| in R, such

that:

1) Vae K,la] =0< a=0;

2) Ya,b € K, |ab| = |a||b];

3) Va,be K,|a+b| < |a| + |b].

And we say that K is an valued field.

Definition .26. If the absolute value over K satisfies the following condition:

8’) Va,b € K,|a+ b| < Maz(|al,|b|) (which stronger then conditon 3 in [.25),
we say that | -| is an ultrametric absolute value and that K is an ultrametric

valued field.

Definition .27. Let K be a field. An application v : K — RU{+0o0} is a valuation

if it satisfies the next conditions:

1) Va € K,v(a) = +00 < a = 0;
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2) Ya,b € K,v(ab) = v(a) + v(b);

3) Ya,b € K,v(a+b) > Min(v(a),v(b)),

Proposition .14. Let K be a field and w €]0, 1].

1) If v is a valuation over K, then the application | - | defined by |0| = 0 and

Va € K — {0}, |a] = w*@ is an ultrametric absolute value over K.

2) Reciprocally, if | -| is an ultrametric absolute value over K, then the applica-

_ Loglal

tion defined by v(0) = 400 and Va € K — {0}, v(a) is a valuation

"~ Log w

over K.

Example .6. Let

v9(0) = +o0, vo(x) =0 for all x # 0 in K.

Then vy is a valuation of K. It is called the trivial valuation of K.

Example .7. Let p be a prime number. Each non-zero rational number x can be
uniquely written in the form x = p°y, where e is an integer and y is a rational
number whose numerator and denominator are not divisible by p. We define a

function v, on the rational field Q by

v,(0) = +o0; v,(x) =e, if x #0 and x = p°y as above.
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Then v, is a valuation of Q; it is the well-known p—adic valuation of the rational

field. vy, is the unique valuation on Q satisfying v(p) = 1.

Proposition .15. Let w fized in |0,1[, v a valuation over a field K and | - | the

corespondant absolute value (ie Va € K — {0}, |a| = w*@).

1) The set Ox = {a € K;v(a) > 0} = {a € K;|a| < 1} is a unitary ring of K

called the valuation ring of K.

2) If a € K, we have that a € Ok or a™ € Ok.

3) K = F(Ok) (ie K is the field of fractions of O ).

4) m = {a € K;v(a) > 0} = {a € K;|a| < 1} is the unique maximal ideal of
the ring Ok . We say that m is the ideal of the valuation v and that Ok is a

local ring.
5) The set of units of the ring Ok is:
U(Ok) ={a € K;v(a) =0} ={a € K;|a| = 1}.

Definition .28. The quotient ring Ok /m is a field. We call this field the residual
field of the valuation v. we call residual degree, the dimension of the F,—wvector

space O/m is called residual degree and we denote by k with fn = dimg,(Ox/m)
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Example .8. The ring of integers Ok of K = Q,, is Z,, and m = pZ,, the residue
field for m is IF,,.

Hensel’s way of writing: Let 7 be in m such that ord,m = 1. Then 7 is
called a uniformizer of m or of Ok. For example, for the ring of p-adic integers
Ly, T = p.

Let 2= {ro =0,r1,....,7—1};¢ = N(m) = |O/m| be a system of representatives of
Ok /m, in the case of Ok = Z, we have that = = {0,1,2,...,p — 1} and the set

{7Fro, 771, o o1},
is a system of representatives for m*/m**! the next lemma show the way of writing
for the ring of valuation.
Lemma .6. 1. Let a € Ok then it can be written in a unique way as
o =ag+ a;m+ a27r2 + ...
with a; € =.
2. An element of « € K can be written as

—k k1
a=a_pm " Fa_pm L

3. The uniformizer generates the ideal m, such that

WkOK = mk.
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Properties of ultrametric valued fields:

(P1): Vn e N—{0,1},Vay,...,a, € K,
ria=0=3i,5€{l,...,n}i# 7, ;|al =lql; and
ria=0=3i,5€{l,...,n}ki#j ;0(a)=0v(a).

(P2): a, Cauchy’s sequence < |an11 — an| = 0 < v(ap1 — a,) — 0.

(P3): If K is complet, then the series Y- a,, converges if and only if it general term

a, tends to zero.

(P4): If a,, converges, then a, is a Cauchys sequence.

Remark 3. Let v be a valuation over K and |.| an ultrametric absolute value over
K, then v(K*) is a subgroup of the group (R,+) (said the valuation group) and

|K*| is a subgroup of the group (R*,+).

3.1.2 Irreducible polynomial:

We have a criterion of irreducibility (Eisenstein) and a criterion of reducibility
(Hensel): obviously, this two criterion are not sufficient to determine the all irre-

ducible polynomials. However, they are valuable for many applications.

Theorem .11. (Eisenstein criterion) Let K be a valued field, Ok the valuation
ring, p the mazximal ideal of Ok and let P be a monic polynomial with coefficient

PX)=X"+a X" '+ .. +a,.
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If a; € O fori=1,...,n end a, ¢ O%, the polynomial P is irreducible in K[X].

The polynomials satisfying this criterion is called an Fisenstein polynomial.

Theorem .12. (Hensel’s lemma) Let K be a complete valued field and P € Ok a
non-zero polynomial, d = degree (P).

We suppose that there is two monic polynomials g and h in Ok|X] such as:

P=gh, dg g+dg h <d and (g,h) = 1.

Then there exist G and H in Ok[X] such that:

G=g, H=h, dg G=dg g and P = GH.

Recall that P means the image of P in Ok /m[X].

Next we will show the existence of the roots of unity over the ring of integers
Ok

Corollary 4. Let K be a valued field, and ¢ = |Ok/m|. Then the set U,y of

(q — 1)th roots of unity belongs to Ok.

Proof. Let X971 — 1 be a polynomial over the finite field O /m with ¢ elements,
this polynomial is a product of linear factors, and its roots are exactly the invertible

elements of Ok /m. By Hensel’s lemma, f € Ox[X] can be completely factorized
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and it has ¢ — 1 roots in Og. More precisely, we can write

X' —1= J[ (X =¢) € Ox[X].

Ce0Kk

3.1.3 Finite algebraic extension of an ultrametric field:

Let K be an ultrametric valued field and L a finite algebraic extension of K,
n = [L : K]. We denote O, the set of element of x € L satisfying the equation
P(z) = 0 where P is a minimal polynomial, P € Og[z]. We also call Oy the
ring of valuation (integer) of L. Let x € L, we denote N,k (x) (or simply N(x)
) the determinant of the endomorphism of the K —vector space L defined by the

multiplication by x. the caracteristic polynomial of this endomorphism is:
X"+ ...+ (—=1)"N(z)

is annulled by = in L. It is equivalent to say that x is un integer of L (ie. an
element of B) or its normal polynomial is coefficient in Ox. We have also that
Ok = O.NK we call also the integer of K the element of Ok . The next proposition

define the valuation of L.

Proposition .16. Let K be a complete ultrametric valued field and L an extension

of K with degree n, the expression:

w(z) = 1/nv(Np/k(z))

define the unique valuation w of L extending the valuation v of K.
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Lemma .7. The function w(z) = 1/nv(N(x)) is a valuation over L.

We will now note v the only extension of v to L. by definition, v(L*) =
1/nv(K*). If T' = v(K*) is discrete, I' C v(L*) C 1/nI trains that ' is a subgroup
of v(L*), of finite index. Let e be this index, then e divides n.

Definition .29. The index e of v(K*) in v(L*) is called index of ramification of
L over K. We call residuel degree of L over K the quotient f =n/e. We say that
L is totally ramified if e = n and unramified if e = 1.

The totally ramified extensions are described by the next proposition:

Proposition .17. Let K be a complete ultrametric field with discrete valuation.

(i) Let P be an Eisenstein polynomial of K[X], P define a totally ramified ex-

tension L of K and a root x of P in L is an uniformizer of L.

(ii) Let L be a totally ramified extension of degree n of K and x be an uniformizer
of L, the normal polynomial of x in L is an Fseinstein polynomial, and x is

of degree n.
Now let L be an extension of K of degree n, then we have:
(i) Op/my =TF,; we say that f is the inertial degree.
(ii) Let mx be a uniformizer of K, and 7y, a uniformizer of L. Then
[TKlp = 7Ll

where e is the ramification index.
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(iii) [L: K]|=n=ef

Theorem .13. The Ox—module Oy, is free of rank

n=[L:K|=ef.

such that if on, ...,y C Ok is a set where the reductions {@;} generates Fpr as an

F,—wvector space, and the set

S 6L ) >

is an Og-basis of O,.

Definition .30. We say that an extension is totally ramified if f =1 i.e.; n = e.

And is non-ramified if e =1 i.e.; n = f.

3.1.4 Lattices over Integers of p-adic Fields

Let L be a vector space of dimension n over QQ, and let A be a Z,-submodule of L
of finite rank associated by a non-degenerate bilinear form b : A x A — Z,. The
pair (A, b) is called an integral lattice over L. The dual lattice of A over L is given
by

N ={yelL;by,zx)€Z,Vre A}

The lattice A is a unimodular lattice if A = A*. If A is a free lattice with a Z,-basis

x1, - ,T,}, then the matrix given by G = ((z;,x;));; is the generator matrix
{ ¥ g y i) g
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corresponding to the lattice A. For an integral lattice A, the discriminant group is

dy = A*/A. If A is free, then the discriminant of A denoted by disc(A) is
disc(A) = det(G) = det((z4, ;)i ;-

The norm ideal of A is the Z,-ideal generated by {b(z,z);z € A}.

Now, let K be a Galois extension over @, of degree n, K can be seen as a
Q,-vector space of dimension n. Let {2 be an algebraic closure of QQ,. Since K is a
separable extension of Q,, there are n distinct Q,-embeddings o4, ..., 0, from K
into €2. For an element o € K the norm and the trace maps are given by

n n

Nijg, (@) = [[oi(e),  Trgjg,(a) =) oia).

i=1 =1
Note that the Q,-bilinear symmetric form that associates (z,y) € K x K to the
element Trgg, (zy) € Q, is non-degenerate.
The ring of integers Ok of the field K can be considered as the set of those

elements in K which are integral over Z,, then O can be written as
OK - Zpel @ cte @ Zpena

where {ey,...,e,} is a free basis of the Z,-module Ok. Since for o € Ok we can
write ae; = Y1) ayjej, where ay; € Zy, then Trgg, (a) is the trace of the n x n
matrix o;; and Trg|g, () € Zp.

As Ok is a free Z,-module of rank n, with a basis {ey, ..., e,} over Z,, then a

generator matrix of the lattice is written as follows:

oi(e1) oaler) - onler)
M =

oi1(en) oa(ex) -+ onlen)

The discriminant of K over Q, is denoted by Dy and it is the discriminant of
the lattice A, = (Og,b), Dg = det <TrK‘Qp (eiej)zjzl) (see [46]). If I is an ideal
of Ok, then I is a Z,-submodule. The following section considers the ideals of
Ok as lattices by defining ideal lattices which are the general framework for the

construction A of lattices [5]. Before that we will introduce one further notion.
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Definition .31. /5] A lattice A € Ok is cyclic if rot(z1, -+, Tp_1,Zn) = (T, T1,- -
for every (z1,--+ ,xpn_1,2,) € A, where rot(x) is the rotational shift operator in
Ok.

3.1.5 Zg—ldeal Lattices

Let I be an ideal of Ok, note that I is also an Og-submodule of K different
from {0}. The norm Ngjg, (/) of I is defined as the Z,-submodule generated by
Nkig, () for all x € 1.

Lemma .8. (5] Let I be an ideal of Ok, then Nk, (I) = p™ for some i > 0.

Proof. Since O is a principal ideal domain, then every ideal I of Ok is of the
form I = (7*) ; i > 0, and Ngg, ((7)) = p, then Ng g, (7)) = (p")" = p". O

The lattice (/,by) associated to the ideal I C Ok is called an ideal lattice. We

have an associated symmetric bilinear form by : [ x I — Z, by
b1<x>y> = TrK|Qp(&xg)7 vxay S [>

where « is an element in K such that o;(«) > 0 for all i. A generator matrix of

(1,by) is given by

\/01_10'1(’&1) \/CY_QO'Q(Ul) \/a_nan(ul)
G[: : . .

Voo (un) o (un) - /o (uy)

Its discriminant is (see [46]) disc(A;) = Ng|g, (@) - Ngig, (1)* - Dk.

7xn—1)
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Ideal lattices for cryptography

Let I' be a lattice of dimension n in O}. Then we have the property that for every
r = (z1,...,2,) € I" the shift (z,,z1,...,2,,) belongs to I' which means that all

shifts of (x1,...,2,) must be in T.

Lemma .9. [5] A lattice T in OF% is cyclic if T is an ideal of Ok /(z™ — 1).

Proof. Let a = (ay,...,a,), we associate to a a polynomial in Ok [x] as follows:
1

p(z) = ay + apw + azx® + ...+ a 2"

Since the degree of p(z) is less than n, then p(x) to Oklz]/(z" — 1). Moreover
we have that I' is an ideal, then it is closed under multiplication. Therefore, by

multiplying p(z) by = we get:

2 -1 2 3
(a1 + asx + azzx” + ... 4+ a, 2" ) = a1x + agr” + azx® + ...+ aya”,

but we have that 2" = 1 in Og|[x]/(2" — 1), then

(a1 + apx + azx® + ...+ a2 1 = a1z + apr® + azr® + ...+ ayp.

Therefore, (a,_1,a1,...,a,) € I' as desired. ]
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Cyclic ideal lattices have been considered to build efficient cryptographic prim-
itives and homomorphic encryption schemes. To give a generalization, we will
consider a polynomial p(x) € Ok|x] different then 2™ — 1 . In the literature the
family that has been considered is that of cyclotomic polynomials.

The g-th cyclotomic polynomial is given by:

¢g(x) =[] (z—¢) € Okla]

(e0K
where the roots of ¢, are exactly the invertible elements of O/m. If ¢ is prime,

then
P —1

Op(x) = r—1
if q is a power of 2, then we have that ¢,(z) = 29/2 + 1, Hence:

Ok [2]/(dp(2)) = O[] C Qp(Cy) = Ok (2)/(dp(x))

where ¢, is the g-th primitive root of unity, such that:

@q(Cq) = {a1 +a(+...+aq-1,a1,...,a4_1 € @p}
with d = ¢(n) is the Euler totient of n.

Remark 4. The notions of cyclotomic polynomials and "ideal lattices" coincide in

the quotient O |x]/(z" — 1).

3.2 p-adic fields and finite chain rings

3.2.1 Construction of finite chain rings using p-adic fields

A commutative ring with identity is called a chain ring if its ideals form a chain

under inclusion. A finite chain ring, roughly speaking, is an extension over a
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Galois ring of characteristic p™ using an Fisenstein polynomial. Let R be a finite
commutative chain ring with maximal ideal M. The residue field R/M is a finite
field GF(p"). The characteristic of R is a power of p, say, p". All the ideals of R
are powers of M. Let s be the nilpotency of M and we write pR = M® (e < s)
and s = (n —1)e +t, where t = e whenn =1 and 1 <t < e when n > 1. The
integers (p,n,, e, t) are called the invariant of R. Let GR(p", r) be the Galois ring
of characteristic p” and rank r, i.e., GR(p",r) = Zn[X]/(f), where f € Z,n[X] is
a monic polynomial of degree r whose image in Z,»[X] is irreductible. Then every

finite commutative chain ring is of the form
R =GR(p",r)[X]/(g.p"'a"),
where g € GR(p™,r)[X] is an Eisensein polynomial of degree e, i.e.,
g=a2°—plae_12°" + ...+ ag), a; € GR(p",7),a0 € GR(p",7)*.

Finite commutative chain rings can be also constructed from the p—adic fields.
Choose a prime p, positive integers n, f, and a monic polynomial ¢ € (Z/p"Z)[X] /()
(the Galois ring of characteristic p™ and rank f) it is determind up to isomorphism
by p, n, and f. Every finite commutative chain ring is isomorphic to a ring of the
form R[X]/(¥,p" ' X"), where R = GR(p", f) is a Galois ring, ¥ € R[X] is an

Eisenstein polynomial of degree e, and
t=eifn=1,

1<t<eifn>2.

The integers p,n, f, e, t are called the invariants of the commutative chain ring.
The following proposition summarize the connections between finite commutative

chain rings and p—adic fields.

Proposition .18. 26/, |25/ Let K/Q, be a finite extension with residue degree r

and ramification index s. Let Ok the ring of integer of K and m be an uniformizer



72 CHAPTER 3. LATTICES FROM CODES OVER FINITE CHAIN RINGS

of K, then R = O 7"V Oy is a finite chain ring, and we have |R| = p" and
|R| = p" where

Y2

p" is the characteristic of R

p" = |R/(m)]
e is the degree of the Eisenstein polynomial h such that h(m) = 0

s=(n—1)e+t, 1<t <e. nilpotency index of .

The proof of this proposition follows immediately from the next well-known

results

(i) Let a € Oy be such that k = (Z/pZ)[a], where a is the image of a in k, and
let ® € Z,[X] be the minimal polynomial of a over Q,. Then the image ® of
® in (Z/pZ)[X] is monic of degree fand the image ® of ® in (Z/p"Z)[X] is
irreductible.

Therefore
Or/P"Or = GR(p", ).

(ii) The minimal polynomial of 7 over k is an Eisenstein polynomial ¥ € O[X]

of degree e such that
Ok /75 O0x = (On/p" Ok)[X]/ (U, p" ' X") = GR(p", f)[X]/(¥,p" ' X"),

where

U € (O4/p"Op)[X] = GR(", f)[X]

is an Eisenstein polynomial over GR(p", f)

Thus Ok /75 is a finite commutative chain ring with invariants

(p717f7t7t> ?:fn:]‘J
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(p,n, f,e,t) if n > 1.

Moreover, every finite chain commutative chain ring is isomorphic to Ok /75, Ok

for some finite extension K/Q, and some s > 1.

the integers p,n,r, e and t are called the invariant of R. And the ideals of R

form the following chain:

(O =(r) S ) C..Cm S () =R

The next conditions are equivalent for any finite chain ring:

Proposition .19. (i) R is a local ring and and the mazimal ideal M is prin-

cipal.
(i) R is a local principal ideal ring.
(iii) R is a chain ring.

Definition .32. The quotient R/(r) is called the residue field of R and we denote
it by R.

We define the natural ring homomorphism from R[z] into R[z] as follow:

w: Rlx] — R[z] (3.1)
SIS -

(3.3)
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where a; € R. The ideals of R are of the form (%), we can compute the cardinality
of (r%) from the cardinality of R: [{(m*)| = |R|*™%, and so the cardinality of R;

|R| =|R| - [(m)]
=|R|-|R|"™
:|E‘s — psr

The next definition collect the definitions of coprime polynomials, basic irreductible

polynomial, and regular polynomial.

Definition .33. i) Two polynomials f,g € R[x] are coprime if there exist

u,v € R[z] such that uf +vg = 1.

ii) We say that a polynomial f € R[z] is basic irreducible if its image in R[z]

i.e.; wf is irreducible.

i) f € R[x] is reqular if uf # 0 i.e.; fis not a divisor of zero.

Let T be the set of f € R[z| that has distinct zeros in the algebraic closure of
Rlz]. the following proposition gives the relation between irrducibility and basic

irreducibility of regular polynomials.

Proposition .20. Let f € R[x] be a reqular polynomial, the next conditions are

equivalent:

i) f is basic irreducible then f is irreducible.
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i) If f is irreducible then f = ug®, where w € R and g is a monic irreducible in

Rlz].

ii1) If f is in T then f is irreducible if and only if f is basic irreducible.

3.3 Lifted codes over finite chain rings

Let m be a uniformizer of the valuation ring Og. For each i < n we define

Ri = OK/ﬂjoK = {CLO + a17r1 + ...+ ai,lﬁi_l ’ a; € E/},

where E' is a complete set of representatives of the residue field F,r = Ok /7O
in Ok containing 0.

Since every finite chain ring is isomophic to a nontrivial quotient of rings of integers
of p-adic fields, then the ring R; is a finite chain ring with maximal ideal (7). The
ring of formal power series in m with coefficient in a finite chain ring R is defined
to be

R[7]] = {a(x) =Y a;’ | a; € R forallie N} ,
i=0
where addition and multiplication operators are defined as usual. We have that
the uniformizer of the valuation ring Ok is the generator of the maximal ideal of
the finite chain ring R;, then:
Theorem .14. [5] The ring of formal power series in m with coefficients in a

nontrivial quotient rings of integers of K is the ring of integers of K, that is

Ry = Ok.
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Proof. Every element a € Ok can be written in a unique way as a = > 72 byl

where b; € E', then:

R = {z( b) } _ {z ( 5 b) b, E}
i=0 \j=0 s=0 \i+j=s

Consider a, = >, ;_¢b;; with b;; € E', then >, ., b;; with b;; € E' is a finite

sum. Therefore:

R, = {Z asm; ag € E"} = Og.

]

The chain of ideals of O is given as (see [27]) {0} C ---{(7") C --- C (7?) C
(r) C (7% = Ok. Thus R, satisfies the ascending chain condition, which means
that R, = Ok is a Noetherian ring. Moreover, it is an Euclidean domain (and
therefore is a Dedekind domain). Indeed, if a and b # 0 are in R, then there are
g and r in Ry such that @ = bg + r and either r = 0 or f(r) < f(b), where f is
a function from R, to Z". Moreover, V : Ry, — Z% is the function defined by
V(0)=0and V(r) =ov(r) if r #£0.

If v(a) > v(b), then v(a/b) = v(a),(b) > 0 and if ¢ = a/b € R, then r = 0. Thus,
if v(a) < v(b), then ¢ =0 and r = a.

A submodule C of rank k over RZ is called m-adic code of length m and rank

k. Let C be a nonzero linear code over R, of length m, then any generator matrix

of C is permutation-equivalent to a matrix of the following form

Wmofko 7Tm0A071 WmOAO’Q WmOAO’g WmOAO’Z
T Ikl 7Tm1A1?2 7Tm1A1’3 7Tm1A1,Z
7Tm2]k2 7Tm2A2,3 7Tm2A27Z
G — (3.4)

sz_11k271 ﬂ-mz_lAZ—l,Z
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The code C with generator matrix of this form is said to be of type (70 )~ (gmi)kL ... (gma=1)ka-1,
where k = ko + ki + - -+ + k,_q is called its rank and &k, = m — k.

For two integers i < j, we define a map as in [15]:

7

\I’] . Rj — Rz
j—1 l i—1 l (3'5)

If R; is replaced with R.,, then W$° is denoted by W;. For any two elements
a,b € Ry we have that U;(a + ) = W;(a) + ¥;(b), V;(ab) = V;(a)¥;(b). The
two maps W; and W/ can be extended naturally from R™ to R} and R to R

respectively.

Remark 5. based on the above construction in the following series of chain

rings is obtained:
Re— =Ry >R 1 >R —-— R

Note that Ry = OK/TFOK = Fpr , R = OK/’]TlOK s R, = OK/WSAOK and

RS = OK/WSOK.

The following definition gives the lifts of a code C over a finite chain ring which

are defined in a similar way as described in |15] but using this more general setting.

Definition .34. (] Let i,j be two integers such that 1 < i < j < oo. An [m, k]-
code Cy over R; lifts to an [m, k| code Cy over R;, denoted by Cy < Ca, if C3 has a

generator matriz Go where \yg(Gg) is a generator matriz of Cy.

It can be proven (the proof in [15] can be followed in our general setting) that
C, = VU!(Cy). If C is an [m, k]-m-adic code, then for any i < oo, ¥;(C) will be called
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the projection of C. The image ¥;(C) is denoted by C* and we have the following

result:

Lemma .10. [5] Let C be a linear code over R; and C be the lifted code of C over

R;, where i < j < oo. Hence if C is free over R;, then C is free over R;.

3.4 Lattices and Codes over Finite Chain Rings

3.4.1 Construction A of Lattices

Let R = Ok /m*Ok be a finite chain ring defined as in Section and let C
be a code over the ring R of length m. We consider the map ¥ : Ox — R the
reduction modulo the prime 7° such that the preimage of C by W is the lifted code
of C over Ok. Then, U~1(C) is an Ox-module of finite rank and since ¥=1(C) is a

Z,-submodule, then a lattice can be described as follows:

Definition .35. /5] Given a code C over the finite chain ring R = Ok /m°*Ok and
the symmetric bilinear form be = >3, Trgq, (ax;y;) where o € O the lattice
Ae = (UY(C), be) is defined as the preimage W—(C) of C in OF together with the

symmetric bilinear form be.
Lemma .11. /5] The lattice Ac = (V"1(C), bc) is an integral lattice.

Proof. Let x,y € O%, then Tr g, (%y;) € Zy for all i = 1,...,m. Since o € Ok,
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then Tr(ax;y;) belongs to Z,, thus, be(x,y) € Z, and therefore, A¢ is an integral

lattice. O

The dual lattice of (¥~1(C), be) is the pair A} = (P71(C)*, be) defined as follows:
O ={z e K™ ; be(x,y) € Z,,Yy € U HC)}.

Let A and B be two finite Ox-modules such that B C A, then the quotient A/B
is a module of finite rank. The invariant of A/B denoted by x(A/B)(see [46]) is a

non-zero ideal of A. The following statement is straightforward.

Proposition .21. [5/ Let A¢ be the integral lattice defined above. The discrimin-
ant of A¢ is

disc(Ac) = Nijg, (@)™ - D - Ny, (Xx(O%/C))*.

If C is a free code, then the lifted code given as the preimage of C by W is also
free, thus ¥=1(C) is isomorphic as a module to O%, where k = k(¥~1(C)) is the
rank of the lifted code of C. Then, the following result follows.

Corollary 5. [5] For a free code C the discriminant of Ac is

disc(A¢) = Dy (p")2m=h),

If we let K|Q, be a Galois extension and the prime 7 is chosen so that 7 is
totally ramified, therefore, we have n = e, f = 1, and 7™ = p, and let C; be a
self-orthogonal code of length m over a finite chain ring R; = Ok /m°Ok. Then,

we have the following result.

Lemma .12. [5] The lattice formed by the lifted code of a self-orthogonal code C;
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over R; = Ok /7'Oy is integral with respect to the bilinear form given by

be, = > Trrig, (xii/p).

i=1

Proof. Let x = (21,...,2y) and y = (y1,...,Ym) in A¢, then:
W) =¥ () = 3 W) W) = ¥lo) - 00) =
i=1 im1
Since ¥(z) - ¥(y) € C and C C C*, then:

inyi =z-y=0 mod n°.
i=1

Since 7 is the only prime above p, all conjugates of >°7" ; z;y; must lie in 7 and thus
this is also true for its trace. In other words, Trg/q, (x;y;) € m°, thus Trrg, (xy:) €
pZy,. Therefore, by the linearity of the trace we have:

1

- ;Y LA
(z,y) = Trijg, < ) = —-Trkg (Z xi@/i)
=1

p p i=1

and A¢ is integral. O

Example .9. Let us consider lattices over integers of p-adic cyclotomic fields as
follows. Let L be the field obtained from Q, by adjoining a pth root of unity ,

where [L : Q,) = p — 1. The ring of integers of L is given by the set

p—2
OL:{a:Zai(i ;o € 2Ly fori=0,1,--- ,p—Q}.

=0
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Note that the principal ideal of Op is my = (1 — ). There exist p — 1 distinct
embeddings o; : L — C,, the trace of an element o € L over Q, is Tryg, (o) =
S oi(@). Therefore, Trpjg, (@) € Z,.

For v € Q,(¢) & denotes the complex conjugate. We consider the symmetric
bilinear form (x,y) — Tryg, (2y).

Now, let I be the subfield of L such that | = Q,(¢ + (') then [L : I] = 2 and
[l:Q, = p;l Moreover, Tryq, (xx) = 2Ty g, (xx). This shows that the bilinear
form above is even.

Finally, consider C a code over the finite chain ring R ~ Op/(1 — ()*Or. The
lattice formed by the preimage of C over O associated with the bilinear form

Trp, is integral, because Trp g, (x) € Z, then is also even. Therefore, the lattice

1s unimodular.

3.4.2 The case of cyclic codes

A cyclic code of length m over the ring of integers Ok is a linear code C such
that if (co,c1,++ ,¢m_1) € C, then (¢y_1,¢0,"++ ,Cm—2) € C. The codewords of a
cyclic code over Ok are represented as usual by polynomials, more precisely they
are the ideals of the ring Ok /(z™ — 1). We propose in this subsection a general
construction of lifting cyclic codes which generalizes the construction given in [42].

This general construction allows to lift cyclic codes over finite fields I, to finite
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chain rings and to the ring of integers Ok and the case of cyclic lattices will be
treated. We will need the Hensel’s lemma for the construction. Its proof can be
found in [40].

Theorem .15. (Hensel’s Lemma) [5] Let K be a finite extension of Q, of degree
n, and let Ok be the ring of integers of K with maximal ideal M = (r) and residue
field k := O /(n). Let f € Ok[z] and let f be its image in k[X]. Let g, h be two
coprime polynomials of k|x] such that f = gh, then there exist g, h € Ogl[x] for
which f = gh and g = g[r] and h = h[r] with deg g = deg 7.

It is well known that if C is a cyclic code of length m over the finite field F,» =

Ok /(m) then, C is generated by a monic factor g(z) of 2™ — 1 = g(x)h(z). Taking
into account Hensel’s Lemma, any decomposition modulo 7 can be generalized to
a decomposition modulo 7* by 2" — 1 = g,(x)hs(x)[r*] and therefore to Ok as
™ — 1 = g(x)h(z). If we consider now C a cyclic code over a finite chain ring R

we have the following result.

Theorem .16. [5/ Let C be a cyclic code over R. The lattice A = (971(C), be)

is a cyclic lattice of Ok.

Proof. We have that a lattice A in O} is cyclic if A is an ideal of Og[x]/(z™ — 1),
and since U~1(C) is a cyclic code of O, it means that ¥~(C) is an ideal of

Oxk[z]/(z™ — 1) then the lattice Ac = (¥71(C), be) is cyclic. O
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Corollary 6. /5] Let Ac = (V71(C),bc) be a cyclic lattice in O, then C is a

cyclic code.

Thus we can construct cyclic codes over finite chain rings easily using cyclic

lattices over Og.

Example .10. Let L = Q- be the unramified extension of Q, of degree r obtained
by adjoining to Q, a primitive (p" — 1)st root of unity. The ring of integers of
L is denoted by Oy, the mazimal ideal is given by m = (p) and the residue field
is Fyr. Let C be a cyclic code over F,r = Op/(p), then C is generated by a monic
factor g,(x) such that x™ — 1 = g,(z)h.(z). Using the Hensel’s Lemma any class
of cyclic codes can be generalized from Fr to O by ™ — 1 = g(x)h(x). Then, the

lattice formed by the lifted code of C is a cyclic lattice over Op.

3.4.3 Lattices over p-adic Cyclotomic Fields

Now, we propose the construction A from codes over finite chain rings to p-adic

cyclotomic fields and their subfields using the same steps in Lemma 2 and Lemma
3 from [28]. This construction can be used to construct self-dual codes over finite
chain rings.
Let p be an odd prime and let (,» be the p"th primitive root of unity. We consider
[ =Qu(r + Cpil) the subfield of the cyclotomic field L = Q,((,r). Hence the rings
O = Ly + '] and Of = Z,[pr] are respectively their rings of integers. The
pPip—1)

2
Therefore pO, = g7 ®*=1) and § is a principal prime ideal with generator (1—(,)

prime p totally ramifies in [ and the degree of [ over Q, is [l : Q,] =
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with residue field Oy /7 ~ F,,, with

T=08N0=((1-¢)1 - C;;Tl)) =2-Gr — C};Tl)'

Using the preceding facts and notations we can generalize the results on codes over

finite fields in Corollary 2 from [28] to codes over finite chain rings.

Lemma .13. 5/

Let I = Qu(Gpr + (') and let C be a k-dimensional code over R™ such that
C C C*. The lattice (¥'(C),b), where b = X Try g, (c;y;) is integral of rank
mp Y (p — 1)/2. Using the same steps in [28], we get the same results over finite

chain rings. A generator matriz of the lattice Ac = (¥~1(C),b) is

MAC:%

On(m—k)nk  Im koDM

where G = ([k A) is a generator matriz of C. The ring of integers Op = Zy,|(pr +
n—1
(p_ﬂ has {Cpr + Q}«l}izo as a Zyp-basis and the principal ideal m is generated by

2 — G — G,

Lemma .14. [5] Let | = Q,(Gr + (') and let C be a k-dimensional code over
R™ such that C C C*. Then:

AZ — AcJ_.
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Corollary 7. (5] Let | = Q,(Gr + (') and let C be a k-dimensional code over
R™ such that C C Ct then the lattice (A¢,b) where b is the bilinear form b =
S Try g, (axyy;) is an integral lattice of rank mp™'(p — 1)/2. We have that the

lattice A¢ is an odd unimodular if the code C is self-dual code.

Note that, using this corollary we can construct self-dual codes over finite chain

rings from odd unimodular lattices over Q,((r + Cp_ﬂ).



Conclusion

The thesis was dedicated to construction A of lattices over number fields from
codes over F,, then we propose a new construction A of lattices from codes over
finite chain rings, a general construction of lattices from codes over finite chain
rings using p-adic fields. The connection between finite chain rings and p-adic
fields was highlighted and based on this connection, the lifting of codes over finite
chain rings was generalized. Also lattices were defined over p-adic integers with
allow us to deal with lattices over the ring of integers of a Galois extension of @,

from lifted codes over finite chain rings were constructed.
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Appendix

A.1 Rings

Definition .36. Let R be a non-empty set such that + and - are the binary oper-
ations given by:

+:RxR—R,(a,b)—a+b
tRxR— R, (a,b)—~a-b
We say that the structure (R,+,-) define a ring if:
1. R is an abelian group with respect to +, so that:
2. For any a,b,c € R we have: a-(b-c) = (a-b)-c (associativity of -).

3. For any a,b,c € R we have a-(b+c¢)=a-b+a-c and (a+b)-c=a-c+b-c

(distributivity of - ).
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4. There exists 0 € R.

5. Foranya € R there exists the inverse element —a € R such that a+(—a) =0

If the ring R has a neutral element for the law (-) then we say that the ring R is
a unitary ring. The ring R is said to be commutative if the law (-) is commutative.
An element a € R is a unit if there exists an element b € R such that a-b = b-a = 1,
moreover «a is said to be invertible with inverse b (and vice versa. We call the set
of units of R the group of units of R and we denote it by R*.
An nonzero element a € R is a zerodivisor if for any element b € R, with b # 0 we
have: a-b =b-a = 0. The element a is nilpotent if a* = 0 for some k¥ € N and

idempotent if a? = a.

A.2 Product of rings

The product of two rings R and S is called the direct product denoted by R x .S
is given by:

{(r,s) ;7€ R,s € S}.

The set R x S defined a ring with respect to addition and a multiplication com-
ponentwise: (11 + s1) + (19 + s2) = (r1 + ra, $1 + S2)
(r1 4 81) - (ro + s2) = (1172, $182).

The zero element is (0,0) and the multiplication identity is (1,1).

A.3 Homomorphism
Let R, S be two rings. The function ¢ : R — S is a ring homomorphism if:

L ¢(a+0b) = ¢(a) + ¢(b)
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2. ¢(a-b) = ¢(a) - #(b)
3. 6(1) =1

The homomorphism ¢ is injective if it is injective as a map and surjective if
it is surjective as a map.
We denote the set of all homomorphism from R to S by Hom(R, S).

Definition .37. A bijective homomorphism from a ring R to another ring S is
called an isomorphism, if ther is an isomorphism between R and S and we say

that R and S are isomorphism and we write R ~ S

A.4 1Ideals

Definition .38. We call a subset I of a commutative ring R an ideal, if I satisfies

the next conditions:

1. For anyr € R and for anyt € I we haver-i € [

2. (I,+) is an additive subgroup of (R, +).

Let X = (x1,...,xx) be a subset of R. The ideal generated by (X) is the smal-
lest ideal containing all elements of X, we call the element x1,...,x; generators

of the ideal.

Definition .39. Let I be an ideal of the ring R such that I is generated by one

element: I = (x), then the ideal I = (x) is called principal.
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A.5 Fields, Integral domain, Euclidean domain

A.5.1 Fields

Let (R, +,-) be a ring such that:
1. (R,+) is an abelian group.
2. (R{0},) is an abelian group.
3. The distributive law hold.

Then we say that R defines a field.

Example .11. Q,R, C are fields.

A.5.2 Integral domain

Let R be a commutative ring with identity in which 0 # 1, we say that R is
an integral domain (/D) if R has no zero divisors. Moreover if R is an integral
domain such that every ideal in it is principal which mean that every ideal can

be generated by a single element then we say that R is a principal ideal domain

(PID).

Definition .40. A norm on R is a function N defined from R {0} to N, such

that:

1. If f,g € R with g # 0, there exist q,7 € R so that,

f=qg+r, with either r =0 or N(r) < N(g).



A.5. FIELDS, INTEGRAL DOMAIN, EUCLIDEAN DOMAIN 91

2. If g, f € R such that g #0 and f # 0, then N(f) < N(fg)

Definition .41. An Fuclidean domain is an integral domain R such that there is

a norm on it.

A.5.3 Polynomial rings

Let R be a ring. A polynomial f(z) over R is given by:
f(x) = Zaz’xi =ag+ a1x + axr® + ...+ a,az”
i=0

with n > 0 and ag,aq,...,a, € R.
The degree of f(x) is n if a,, # 0 and we write deg f(z) = n, undefined if f(z) = 0.
The set of all polynomials in the indeterminate x with coefficients in the ring R is

denoted by R[z] and it is called a polynomial ring.

Proprieties .1. 1. R[z] is a ring with respect to the operations of polynomial

addition and multiplication.
2. The ring R[x] is commutative if R is a commutative ring.
3. If R is with unity 1, then the ring R[x] is a ring with unity.
4. R[z] is an integral domain if R is an integral domain.

5. In the case where F is a field, then F[x] is an integral domain.
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A.6 Quotient rings

Let R be a ring and let I be an ideal of R, we define an equivalence relation ~ on
R as follows:
x ~ yif and only if z —y € I and we say that  ~ y are congruent modulo I (~

is a congruence relation) and
[z =a+1:={z+r ;rel}

is the congruence class of z in R and we write © mod [, it is called the residue
class of x modulo 1.

The set of all equivalence classes is a ring denoted by R/I and we say that R/I is
the quotient ring of R modulo 1.

The map given by ¢ : R — R/I , p(z) =z + 1

is a surjective ring homomorphism.

Proprieties .2. 1. If R is a commutative ring then R/I is also commutative

(the converse it is not true in general).
2. For a commutative ring R, R/I is a field if and only if I is a mazimal ideal.

3. R/I is an integral domain if and only if I is a prime ideal.

A.7 Finite fileds

A field with finite number of elements is called a finite field or a Galois field so that
the operations the operations of addition, subtraction, multiplication and division
are defined with certain basic rules.

The order of a field is given by its number of elements, it is either a prime number
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or a prime power.
The characteristic of a finite field is the least positive n € N such that n -1 = 0.
Generally fields are denoted F, with ¢ = p* or GF(q).

Example .12. The field of order p, denoted by IF,, is the field constructed as the

integers modulo p, Z/pZ.

A.7.1 Finite extension

Let K and F' be two fields such that K C F, then:

Theorem .17. The multiplicative group F* is a cyclic group and we call any

generator of this group a primitive element of F.

Proposition .22. Any finite field with characteristic p is a simple algebraic ex-

tension of GF(p).

Proprieties .3. 1. The identity given by (x + y)? = xP + yP is true in a field

of characteristic p.

2. For a prime number p and x € GF(p) then xP = x by the Fermat’s little

theorem. The next equality holds:

And every x € GF(p") satisfies the equation 27" —x =0
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A.8 Vector spaces

Let F' be a commutative field a vector space over F is a set whose elements are

called vectors and in which we can make linear combinations, such that:
1. (E,+) is an abelian group.
2. V(x,y) € E?, (\,p) € F*:

A (x+y)=A-z+ Ay
A Fp)x=Ar+pu-x
A (pw)=(Ap) -

-lz=x

A non-empty part E' of E is a vector subspace if it is stable by linear combination.
Let E' and E” be two subspaces of E, then the intersection of E and E is also a
subspace of E.

Definition .42. Let K be a commutative field and let E,J be two vector spaces

over K, an application v from E to J is called a linear map or a morphism if:

V(z,y) € B, (. B) € K7, f(ax + ay) = af(x) + Bf(y)-

The set of all linear maps from the vector space E to the vector space J is also a

vector space over K.

Proposition .23. The sum of two subspaces E, and E5 of the vector space E is

a vector subspace generated by Fy U Ey and we denote it by Ey + Es, such that:

E1+E2:{$1+132;371€E andeEEQ}.
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Definition .43. Let F, and Ey be two subspaces of . The vector space E is a

direct sum of Ey and Fy if we have that:

1. E=E, + B,

2. ElﬂEQI{O},

and we write £ = E, @ Es.

Theorem .18. Let Fy, ..., Ey, nN* be n vector subspaces of E, we have that:

1. If x € E, then x can be written in a unique way r = x1 + x2 + ... + x, with

x; € Eiie{l,...,n}

2. E=E +E+...+E, whereic {1,...,n} and E; N (X, E;) = {0} We
say that E is the direct sum of E; if one of this two conditions is true, and

we write:

E=E &E®. . akE,=a"F.

A.9 Modules

Let R be a unitary commutative ring.
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Definition .44. A module over R is an abelian group (M,+) with a map p :

Rx M — M so that:

1. a(z +y) = ax + ay

2. (a+b)xr =ax+bx

3. (ab)x = a(bx)

4. lz =2
foralla,b € R and x,y € M.

We call a module over R an R-module.

Proprieties .4. Let M be an R-module (we distinguish the zero vector Oy from

the zero scalar Or). We have that:

1. TOM:OM

4. In the case where R is a field, then rx = Oy implies that either r = Ogr or

ZCZOM.
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Definition .45. Let M be an R-module. A subgroup N of M such that ax € N
fora € R and x € N is called a submodule of M.

and we have that a subset N of M s a submodule of M if and only if x,y € N
and a,b € R imply ax + by € N, in other words if and only if N is stable by linear

combination.

Free modules

Definition .46. Let M be an R-module, a subset T" of M form a basis of M if:

1. for all z € M, x can be written as follows:

n
r = Eizlaibi

where n € N*, b, € T and a; € R.

We say that T generates M.

2. T is a free part of M if the elements of T are linearly independent on R.

Definition .47. An R-module M is free if it has a basis.

Example .13. For a finite commutative ring R, the R-module given by

R"{(ay,...,a,) ; a; € A}



is a free R-module with basis B = (eq, ..., €,).
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