N°:119/2022-C/MT

REPUBLIQUE ALGERIENNE DEMOCRATIQUE ET POPULAI
MINISTERE DE L’ENSEIGNEMENT SUPERIEUR ET DE LA RECHERCHE
SCIENTIFIQUE
UNIVERSITE DES SCIENCES ET DE LA TECHNOLOGIE HOUARI BOUMEDIENE
FACULTE DE MATHEMATIQUES

;,.z..‘....,.,,,s,;,.ga_...fﬂ,
Lmp pdol S0y opladd
o 5 T B

These de doctorat

Présentée pour 'obtention du grade de Docteur
En: Mathématiques

Spécialité: Algebre et théorie des nombres

Par: Abdelkrim MEHENNI

Titre

Opérations algébriques dans des
structures ordonnées

Soutenue publiquement, le 17/11/2022, devant le jury composé de:

M. Mohand Ouamar HERNANE Professeur a I’'USTHB Président.

M. Lemnaouar ZEDAM Professeur a I’Univ. de M’sila Directeur de these.

M. Boualem BENSEBA Professeur a 'USTHB Co-Directeur de these.
M. Abdelaziz AMROUNE Professeur a I’Univ. de M’sila Examinateur.

M. Rachid BOUMAHDI MCA a ESI Examinateur.

M. Tarek GARICI MCA 4 P’USTHB Examinateur.


HERO INFO
Machine à écrire

HERO INFO
Machine à écrire

HERO INFO
Machine à écrire

HERO INFO
Machine à écrire

HERO INFO
Machine à écrire

HERO INFO
Machine à écrire

HERO INFO
Zone de texte
119/2022-C/MT

HERO INFO
Zone de texte

HERO INFO
Rectangle


N°:119/2022-C/MT

THE DEMOCRATIC AND POPULAR REPUBLIC OF ALGERIA
MINISTRY OF HIGHER EDUCATION AND SCIENTIFIC RESEARCH

UNIVERSITY OF SCIENCES AND TECHNOLOGY HOUARI BOUMEDIENE
FacuLTYy OF MATHEMATICS

;.'a-s«l-l-u-.w.bfs-ﬁ--ofe
L pdoi S0 19 wplali
s T OB

THESIS

Submitted to the Department of Algebra and Number Theory

Doctor in Mathematics

Domain: Algebra and Number Theory

By: Abdelkrim MEHENNI

Algebraic operations on ordered
structures

Publicly defended on Thursday, 17/11/2022, in front of the jury composed by:

Mr. Mohand Ouamar HERNANE Professor U.S.T.H.B Chairman.

Mr. Lemnaouar ZEDAM Professor Univ. of M’sila Thesis Supervisor.
Mr. Boualem BENSEBA Professor U.S.T.H.B Thesis Co-Supervisor.
Mr. Abdelaziz AMROUNE Professor Univ. of M’sila Examiner.

Mr. Rachid BOUMAHDI Assoc. Professor ESI Examiner.

Mr. Tarek GARICI Assoc. Professor U.S.T.H.B Examiner.


HERO INFO
Image placée

HERO INFO
Rectangle


Acknowledgements

First of all, I acknowledge the presence of God who created me and gave me this
rare privilege to achieve my dream of attaining the highest qualification.

This thesis is an output of several years of research (2017-2022) at the University
of Science and Technology Houari Boumediene under the supervision of Prof. dr.
Lemnaouar Zedam. I would like to express my sincere gratitude to him for the
continuous support of my Ph.D. study and research, and his patience, motivation,
enthusiasm, and immense knowledge. I will never forget his guidance and the help
given to me during the research and the writing of my thesis.

I wish to express my profound appreciation to my co-supervisor Prof. dr. Boualem
Benseba for the valuable suggestions and the good advice offered to me.

Special thanks will go to Prof. dr. Abdelaziz AMROUNE, a jury member of
my thesis, due to the time spent reading it, for his available suggestions, useful
corrections, and positive comments.

I sincerely thank the president of the jury committee, Prof. dr. Mohand Ouamar
HERNANE, and the two other jury members, Dr. Rachid BOUMAHDI and Dr.
Tarek GARICI for their valuable suggestions and their useful remarks.

I wish to express my profound appreciation to my colleagues at the University
of Science and Technology Houari Boumediene and the University of M’sila. In
particular, my best friend Dr. Mourad Yettou for his kind help during the last
years of preparation of my thesis, and my colleague Ms. Norelhouda Bakra for
her valuable remarks.

My deepest gratitude goes to my mother, she passed away, but when she was
alive, she was the main supporter throughout my entire Ph.D. thesis, I am deeply
grateful for her patience and sacrifices, God have mercy on her. My deepest
gratitude goes also to my sisters and brothers.

To the spirit of my mother who passed away, God have mercy on her.

Alger, 2022
Abdelkrim MEHENNI



Table of contents

Acknowledgements
Introduction

1 Generalities on lattices and trellises
1.1 Partially ordered sets and lattices . . . . ... ... ... .....
1.1.1 Partially ordered sets . . . . . ... ... ... .......
1.1.2  Lattices . . . . . . . . ...
1.1.3 Binary operations on lattices . . . . . . . .. ... ... ..
1.2 Pseudo-ordered sets and trellises . . . . . ... ... ... .....
1.2.1 Pseudo-ordered sets . . . . . . .. .. ... ...
1.2.2 Trellises . . . . . . . .
1.2.3 Binary operations on trellises . . . .. .. ... ... ...
1.2.4  Specific subsets on trellises . . . . . . ... ... ... ...

2 Aggregation operators on bounded lattices

2.1 Definitions and examples . . . . . . . . .. ... L.
2.2 Function-based new generalized properties of binary operations on
lattices . . . . . . . e
2.2.1 New generalized properties of binary operations on a lattice
2.2.2  Binary operations on lattices and their f-extensions . . . .

2.3 f-aggregation operators on bounded lattices . . . ... ... ...
2.3.1 Definitions and examples . . . . . . . ... ... ... ...
2.3.2  Properties of f-aggregation operators on bounded lattices .

2.3.3 Composition and transformations of f-aggregation operators

on bounded lattices . . . . . . . ... oL

2.4 Smallest and greatest f-aggregation operators on bounded lattices

3 Classes of associative operations on trellises
3.1 Classes of associative operations on lattices . . .. ... .. ...
3.1.1 Definitions and basic properties . . . . . . ... ... ...
3.1.2  Construction and representations of t-norms on bounded
lattices . . . . . . . L
3.1.3  Ordinal sum construction for t-norms on bounded lattices
3.1.4 A T-partial order obtained from T-norms . . . . . . . . ..

s,

O~ 3 O = NN NN

12

18
18

20
20
23
26
26
27

29
33

36
36
36

40
44



TABLE OF CONTENTS

3.1.5 Representation of a Boolean Algebra by its t-Norms . . . . 50
3.2 Special classes of associative operations on bounded trellises . . . 52
3.3 Constructions of elements of AQOy(X) and AO;(X) based on spe-
cific subsets on bounded trellises . . . . . ... ... ... ... .. 56
3.3.1 Notations and auxiliary results . . . ... ... ... ... 56
3.3.2  Elements of AOy(X) based on specific subsets on bounded
trellises . . . . . . L 58
3.3.3  Elements of AO;(X) based on specific subsets on bounded
trellises . . . . . . Lo 61
4 Classes of weakly associative operations on trellises 63
4.1 Definitions, examples and basic properties . . . . . .. ... ... 63
4.1.1 Definitions and examples . . . . . . . ... ... 63
4.1.2 Basic properties of WAQy(X) and WAO(X) . . . . . .. 65
4.1.3  Psoset structures of WAQO,(X) and WAO,(X) . ... .. 66
4.2 Constructions of some elements of WAOy(X) and WAO,(X) .. 67
4.3 Relationship among WAO.(X) and isomorphisms on bounded
trellises . . . . . . Lo 73
General conclusions and future research 75

Bibliography 76



Abstract

In this thesis, we study several classes of algebraic operations on ordered structures.
More precisely, we study classes of associative and weakly associative operations
on bounded lattices and bounded trellises. First, we generalize the notion of
aggregation operator to f-aggregation operator with respect to an arbitrary
function on a bounded lattice and we discuss its fundamental properties. Second,
we study several classes of associative (resp. weakly associative) operations on
trellises with additional properties, like; commutative, increasing and neutral
elements.

Key-words: Lattice, Trellis, Binary Operation, f-aggregation, Uninorm, T-
norm, T-conorm.



Résumé

Dans cette these, nous étudions des classes des opérations algébriques dans des
structures ordonnées. Plus précisément, nous étudions des classes d’opérations
associatives et faiblement associatives dans un treillis bornés et trellis bornés. Tout
d’abord, nous généralisons la notion d’agrégation a f-agrégation par rapport a
une fonction arbitraire sur un treillis borné et nous discutons ses propriétés. Deux-
iemement, nous étudions des classes particulieres d’opérations associatives (resp.
faiblement associatives) dans des trellis borné avec des propriétés supplémentaires,
comme; la commutativité, la croissance et les éléments neutres.

Mots-clés : Treillis, Trellis, Opération binaire, f-agrégation, Uninorme, T-
norme, T-conorme.



Introduction

It is well-known that the transitivity of order relations are fundamental in a wide
variety of mathematical theories [12, 49]. An important step in the theory of
partial orderings was the postulation of greatest lower bounds (meets) and least
upper bounds (joins) and the development of the lattice theory. Transitivity is a
necessary property for the associativity of meet and join on lattices. Associativity
has been regarded as essential of many theorems heavily dependent upon it.

Binary operations have become essential tools in lattice theory and its applications.
Several notions and properties and the notion of the lattice itself can be expressed
in terms of binary operations [12, 49]. Further, several classes of binary operations
on bounded lattices with specific properties appear in various theoretical and ap-
plication domains. Aggregation operators or aggregation functions as a particular
class of binary operations have appeared in many theoretical and applied areas,
for instance, in the fuzzy set theory [5, 23], in operations research, computer and
information sciences, economics and social sciences [8, 15, 24, 28, 50].

Several subclasses of aggregation operators on the interval [0, 1] or on bounded
lattices (e.g. triangular norms (t-norms, for short) and conorms (t-conorms),
uninorms, nullnorms, ...etc) were introduced, and discussed [29, 30, 32, 36, 37, 38,
48]. These subclasses play important role in the theory of fuzzy sets and fuzzy
logics [3] as they generalize the basic connectives between fuzzy sets. Recently,
t-norms and t-conorms have been used in multicriteria decision support and several
branches of information sciences. On the interval [0, 1] or on bounded lattices, the
transitivity of the order relation < and the associativity of meet (A) and join (V)
play an important role in the constructions, representations, and characterization
of t-norms and t-conorms [30]. For instance, the meet (A) (resp. the join (V)) is
a t-norm (resp. t-conorm).

However, many theoretical and practical developments warrant us to look beyond
transitivity [56]. The notions of non-transitive relations arising in everyday
observations such as games, the relation of closeness, and some from mathematical
considerations such as the theory of graphs, and logic of non-transitive implications
can not be overlooked. Maybe, the most common and illustrative example of a
non transitive relation in our real life is the acquaintance relation: If A knows B,
and B knows C, persons A and C don’t need to be acquainted. The preference
loop or cycle (A is preferred to B, B is preferred to C, and C is preferred to

Vi



A) is a non-transitive relation. For instance, the non-transitive relations also
appear in the football tournament (e.g.; team A beats team B and team B beats
team C, but it is not necessarily that team A will beat team C). Furthermore,
the non-transitive relations appear in the different fields of pure and applied
mathematics. In topology, the closeness relation is another example (e.g.; in the
power set of R? the closeness relation defined by: A is close to B if and only if
d(A, B) = 0 is not-transitive relation). In geometry, (e.g.; let A be the set of
straight lines in the plane R? and we define the binary relation R on A as follows:
dy Rds if and only if d; and ds are orthogonal, for any di,ds € A. The relation
R is not-transitive). The theory of graphs is also concerned with non-transitive
relations (e.g.; a vertex A is adjacent to B, and vertex B is adjacent to C, but A
is not necessarily adjacent to C).

Fried obtained a generalized lattice called a T-lattice or a weakly associative
lattice. In a series of his papers [17, 18, 19], he discussed the properties and
various characterizations of weakly associative lattices and tournaments. In [20],
E. Fried and G. Gratzer studied the non-associative extension of the class of
distributive lattices. Skala [51] defined a reflexive and antisymmetric but not
necessarily transitive relation on a given set and called it a pseudo-ordered set.
Skala could extend many theorems from lattices to trellises. In [11], Chajda and
Niederle studied ideals of weakly associative lattices. Gladstien [22] proved that
trellises of finite length are complete if and only if every cycle of elements has a
least upper bound and a greatest lower bound. Bhatta and Shashirekha [6, 42, 43]
generalized this characterization in terms of joins of cycles and pseudo-chains in
pseudo-ordered sets. Some fixed point theorems on lattices were extended to the
case of pseudo-ordered sets and trellises by Bhatta and George [40], Stouti and
Zedam [53].

In this thesis, inspired by the above extensions and developments of the notions of
binary operations on lattices, we generalize specific classes of binary operations on
lattices to the trellis trellises. Before that, we generalize the notion of aggregation
operators to f-aggregation operators with respect to an arbitrary function on a
bounded lattice and we discuss its fundamental properties. Moreover, we study
particular classes of associative operations on trellises. More precisely, we study
classes of binary operation that are associative, commutative increasing, and have
1 (resp. 0) as a neutral element. These classes generalize the classes of t-norms
and t-conorms on bounded lattices. Furthermore, we extend the same classes on
bounded trellises by considering a weakest associativity property.

This thesis is structured as follows:

Vii



In Chapter 1, we present some preliminaries on lattices and trellises that
will be needed in this thesis.

In Chapter 2, we introduce some basic concepts on aggregation operators
on bounded lattices and study the notion of f-aggregation operators with
respect to a given function f on a bounded lattice. More precisely, we show
some new properties of binary operations based on a given function on a
lattice.

In Chapter 3, we generalize the class of triangular norms and the class of
triangular conorms on bounded lattices to the setting of bounded trellises.

In Chapter 4, we study two classes of weakly associative operations and
investigate its various properties. A class of weakly associative operations
with neutral element 1 and a class of weakly associative operations with
neutral element 0.

Finally, we give a conclusion including the important results of this thesis
and some future works.

viii
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Notations

<: Order relation.

<1: Pseudo-order relation.

(P, <): Partially ordered set.

(P, Q): Pseudo-ordered set.

a A\ b: The meet operation of a and b.

a V b: The join operation of a and b.

(L, <, A, V): Lattice.

(L, <, A, V): Trellis.

X" the set of all right-transitive elements of X.
X' the set of all left-transitive elements of X.
X' the set of all transitive elements of X.

X/38: the set of all A-associative elements of X.
XV the set of all V-associative elements of X.
X?%: the set of all associative elements of X.

X4s: the set of all distributive elements of X.

f~1: The reciprocal function of f.

A¢(L): The set of all f-aggregation operators on L.
T | Lq: The restriction of the t-norm T to L;.

AO.(X): The class of all binary operations on X that are associative, commuta-

tive, increasing, and have an arbitrary element e € X as neutral element.
Atom(X): The set of all atoms of X.
Coatom(X): The set of all coatoms of X.

WAO.(X): The class of all binary operations on X that are commutative,

weakly-increasing, weakly-associative and have e as a neutral element.



1  Generalities on lattices and trellises

In this chapter, we recall the necessary basic concepts and properties of partially
ordered sets and lattices. Also, we recall some basic notions of pseudo-ordered
sets and trellises. Moreover, we present and study binary operations on those
structures that will be needed throughout this thesis.

1.1. Partially ordered sets and lattices

This section contains the basic definitions and properties of partially ordered sets
(posets, for short) and lattices. Further information can be found in [12, 31, 33,
41, 45, 49, 54].

1.1.1. Partially ordered sets

A binary relation R on a set X is a subset of the Cartesian product X x X. A
binary relation R thus contains all the pairs of points that are related to each
other under R. For any binary relation R in this text we will write pRq instead
of (p,q) € R, whenever p is related to ¢ via R.

An order relation (a partial order) < on X is a binary relation on X that is
reflexive (i.e., z < z, for any x € X)), antisymmetric (i.e., x < y and y < x implies
x =y, for any z,y € X) and transitive (i.e., x <y and y < z imply x < z, for any
x,y,z € X). A set P equipped with an order relation < on P is called a partially
ordered set (poset, for short) and denoted by (P, <).

Let (P, <) be a poset and A a subset of P. An element z, € P is called a lower
bound of A if xy < z, for any x € A. x¢ is called the greatest lower bound (or the
infimum) of A if xq is a lower bound and m < xg, for any lower bound m of A.
The upper bound and least upper bound (or supremum) are defined dually.

Example 1.1. Let D(60) be the set of positive divisors of 60 and let | be the
divisibility relation. One can easily verify that the divisibility relation | is a reflexive,
antisymmetric and transitive binary relation on D(60). Thus, | is an order relation
(a partial order) on D(60) and the structure (D(60), ) is a poset.
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A poset (P, <) is called bounded, if it has a least and a greatest element, respectively
denoted by 0 and 1, i.e., 0 < x < 1, for any x € L. Usually, the notation (P, <,0,1)
is used to describe a bounded poset.

Example 1.2. The poset (D(60),|) given in Example 1.1 has 1 as the least
element and 60 as the greatest element. Indeed, 1 devises all the elements of D(60)
and any element of D(60) devises 60. Thus, the structure (D(60),],1,60) is a
bounded poset.

For a poset (P, <), we say that an element y € P covers an element z € P if
x <y (ie, z <yand z # y) and there is no element z € P such that x < z < .
The set of pairs (x,y) such that y covers x is called the covering relation of (P, <).

Since an order is an example of a relation, we can draw it as a directed graph.
But there is a more concise and attractive way to draw partial orders and linear
orders, in which the reflexivity and transitivity of the order are implicit. A Hasse
diagram for a partial order < on a set X is a graph drawn in the plane, with
vertices corresponding to the elements of X and edge going up from x to y if
x < y (so excluding = y) and there is no element z with < z < y. In general a
poset can be conveniently represented by Hasse diagram, displaying the covering
relation <. Note that x < y if there is a sequence of connected lines upwards from
z to y.

Example 1.3. The Figure 1.1 presents the Hasse diagram of the bounded poset
(D(60), |,1,60) given in Example 1.1.

60,
0wk 12
150 10e 16 M
B g ” v

Figure 1.1: The Hasse diagram of the bounded poset (D(60), |, 1,60).

Throughout this thesis, for a given function f : P — P, we shortly write fx
instead of f(z).



CHAPTER 1. GENERALITIES ON LATTICES AND TRELLISES

Definition 1.1. Let (P, <) be a poset and f a function on P. Then f is called
isotone (resp. antitone) if v < y implies fx < fy (resp. fy < fx), for any
x,y € P.

1.1.2. Lattices

A poset (P, <) is called a A-semilattice if any two elements x and y have a
greatest lower bound, denoted by x A y and called the meet (infimum) of z and y.
Analogously, it is called a V-semilattice if any two elements x and y have a least
upper bound, denoted by x V y and called the join (supremum) of x and y.

A poset (L, <) is called a lattice if it is both a A- and a V-semilattice. Usually,
the notation (L, <, A, V) is used for a lattice. A poset (L, <) is called a complete
lattice if every subset A of L has both a greatest lower bound, denoted by A A
and called the infimum of A, and a least upper bound, denoted by \V A and called
the supremum of A, in (P, <).

Example 1.4. (i) If X is a nonempty set, then the power set p(X) is a com-
plete lattice under the union and intersection;

(i) The set of real numbers R ordered by the usual order < is a lattice, where
man and max are its meet and join operations;

(iii) The set of positive natural numbers N* with the divisibility order | has a
structure of a lattice, where pcm and ged are its meet and join operations;

(iv) The poset given in Examples 1.1 is a complete lattice.

Proposition 1.1. Let L be a finite lattice. Then L is complete.

We introduced lattices as ordered sets of a special type. However, we may adopt
an alternative viewpoint, and we view a lattice as an algebraic structure (L; A, V).

For a lattice (L, <, A, V), the binary operations meet and join on the non-empty
set L defined by

aAb:=inf{a,b} and aVb:=sup{a,b} (a,bel)

satisfy the following algebraic properties:
(i) 2 ANz =2V =2z (idempotency);

(ii) tAy=yAzand xVy =y Vx (commutativity);
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(iii) A(yAz)=(xAy)Azand zV (y V z) = (x Vy) V z (associativity);
(iv) x A(yVa) =z =z V (y Az) (absorption-laws);

(v) the order relation < and A, V are connected as:

r<yiffr Ay=zx it x Vy =y, for any z,y € L.

A bounded lattice is a lattice that additionally has a greatest element 1 and a
smallest element 0, which satisfy 0 < x < 1, for any = € L. A finite lattice
is automatically bounded with 1 = \V L and 0 = A L. Usually, the notation
(L, <,A,V,0,1) is used to describe a bounded lattice.

A lattice (L, <, A, V) is distributive if, for any z,y, z € L, the following additional
conditions hold

zA(yVz)=(@Ay)V(zAz)andzV (yAz)=(xVy) AxVz2).

A lattice (L, <, A, V) is modular if the following condition holds

x < z implies that 2 V (y A z) = (x Vy) A z, for any x,y,z € L.

Let (L, <,A, V) be a lattice and A is a proper non-empty subset of L (i.e., A G L
and A # (). The set A is called:

(i) a A-sublattice (resp. a V-sublattice) of L if x Ny € A (resp. zVy € A), for
any x,y € A;

(ii) a sublattice of L if it is both a A- and a V-sublattice of L.
Let (L,<,A,V) and (M,<,A,V) be two lattices. A function ¢ : L — M is
called:
(i) a A-homomorphism if p(z Ay) = @(x) A p(y), for any =,y € L;
(ii) a V-homomorphism if p(x V y) = ¢(x) V ¢(y), for any x,y € L;
(iii) a lattice-homomorphism if it is both a A- and a V-homomorphism;
(iv) a lattice-isomorphism if it is a bijective lattice-homomorphism.

If L = M, a lattice-homomorphism ¢ : L — L is called a lattice-endomorphism.
Further, a lattice-isomorphism ¢ : L — L is called a lattice-automorphism.
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Proposition 1.2. Let (L, <, A, V,0,1) be a bounded lattice and ¢ a function on L.

If ¢ is a lattice-automorphism, then o~ is isotone. Moreover, p(0) = p~1(0) =0
and (1) = ¢~ (1) = 1.

Definition 1.2. Let (L, <,A,V,0,1) be a bounded lattice. A function N on L is
called a negation on L if it satisfies the following conditions:

(1) N(0)=1 and N(1) =0;
(i) N is antitone.

Additionally, N is called a strong negation, if it is also involutive (i.e., N(N(zx)) =
x, for any x € L).

1.1.3. Binary operations on lattices

A binary operation on a non-empty set X is any function from the Cartesian
product X x X into X (i.e., F': X x X — X). A binary operation F' is called:

(i) commutative, if F(x,y) = F(y,x), for any z,y € X;
(17) associative, if F(x, F(y,z)) = F(F(x,y), z), for any x,y,z € X.

An element e € X is called a neutral element of F, if F(e,z) = F(x,e) = z, for
any r € X.

Example 1.5. On the set of real numbers R, the addition (+) and the multipli-
cation (X) operations are commutative and associative operations. Where, 0 is
the neural element of () and 1 is the neural element of (x).

Definition 1.3. Let (L, <,A,V) be a lattice and F : L?* — L a binary operation
on L. A binary operation F on L is called:

(i) idempotent, if F(x,z) = x, for any x € L;

(ii) increasing, if v1 < x9 and y1 < yo imply F(w1,y1) < F(x2,92), for any
L1, 22, Y1, Y2 € L;'

(iii) conjunctive (resp. disjunctive), if F(z,y) < x Ay (resp. x Vy < F(z,y)),
for any v,y € L;

(iv) averaging, if t Ny < F(x,y) <xVy, forany z,y € L.



CHAPTER 1. GENERALITIES ON LATTICES AND TRELLISES

1.2. Pseudo-ordered sets and trellises

This section contains the basic definitions and properties of pseudo-ordered sets,
trellis structure and some notions that will be needed later. Moreover, we present
and study binary operations on those structures that will be needed throughout
this thesis. More information can be found in [17, 20, 21, 51, 52, 54].

1.2.1. Pseudo-ordered sets

A pseudo-order relation < on a set X is a binary relation on X that is reflexive
(i.e., z <z, for any x € X) and antisymmetric (i.e., z <y and y <z implies z = v,
for any x,y € X). A set X equipped with a pseudo-order relation < is called
a pseudo-ordered set ( psoset, for short) and denoted by (X, ). For any two
elements a,b € X, if a <b and a # b, then we denote it as a < b. If a <b does not
hold, then we denote it by a € b. Similarly to the setting of ordered sets, a finite
pseudo-ordered sets can be represented by Hasse diagram with the convention
that: z is below y and is joined to y by a line if  <y. Otherwise, i.e., if x and y
are not related, then x and y will be joined by a dashed curve.

Remark 1.1. [t is easily seen that any order relation on a set X is a pseudo-order
relation on X.

Example 1.6. (i) Let X = {a,b,c,d,e} and < a binary relation defined on X
as follows:

<= {(a,a),(b,b), (¢, ), (d,d), (e, e), (a,]), (a; ¢), (a,d), (a,e),

(b,c), (b, €), (c,d), (c,e), (d,e)}.
The couple (X, <) is a pseudo-ordered set. We note that < is not transitive
because (b,c) and (c,d) € <, while (b,d) ¢ <.

(ii) Let X =R be the set of real numbers. The relation < on X defined, for any
x,y € X as:

x <y if and only if 0 <y — x < a, where a is a constant element of R™

is a pseudo order relation on X.

(iii) Let X ={a,b,c,d,e, f} be a set and < a pseudo-order relation on X. The
Hasse diagram of X is depicted by the following figure:
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Figure 1.2: Hasse diagram of (X, ).

For a subset A C X, the notions of a lower bound, an upper bound, greatest
lower bound and least upper bound are defined analogously to the corresponding
notion in a poset. Now, we will only introduce the new concepts related to the
pseudo-order relation.

According to Skala [52], we have the following definition.

Definition 1.4. Let (X, <) be a psoset and A is a nonempty subset of X. A
transitive and reflexive, but not necessarily antisymmetric relation <, can be
defined on A by setting v <4 x’, for any x,x’ € A if and only if there exists a
finite sequence (xy,...,x,) of elements from A such that x <x; <...,z, <12'. If
one of the relations x <4 2’ or ' <y x holds, for any xz,x’" € A, then (A, <) is
called a pseudo-chain. A subset A is called a cycle if, for each pair of elements x
and T of A both the relations x 14 T and & <4 x hold. Empty set is a cycle, any
single element set on psoset is also a cycle. A non-trivial cycle is a cycle having
more than one element and it contains at least three elements. A psoset is called
acyclic if it does not contain a non-trivial cycle.

1.2.2. Trellises

The notion of trellis was introduced by Fried [17] and Skala [51, 52] as one of the
most important algebraic structures in order theory. Which is considered as an
extension of the notion of lattice by dropping the property of transitivity. A trellis
is defined as a psoset (X, Q) in which pair of elements has a least upper bound
and a greatest lower bound. If A is a subset of X and has a greatest lower bound
or a least upper bound, then they are unique and will be denoted by A A and
V A, respectively. If A is a pair {a, b}, we also write AA=aAband VA=aVb.
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Definition 1.5. Let (X, <) be a non-empty pseudo-ordered set.
(i) (X, <) is called a N-semitrellis if x Ay exists, for any x,y € X.
(i7) (X, <) is called a V-semitrellis if x \VV y exists, for any z,y € X.
(iii) (X, <) is called a trellis if it is both a N- and a V-semitrellis.

In other words, a trellis is an algebra (X, A, V), where the binary operations A
and V' satisfy the following properties, for any x,y,z € X.

(i) xANy=yAzxz andxzVy=y\Vz (commutativity);
(i) x AN(xVy)=x=zV(rAy) (absorption identity);
(i) A ((xVy)AN(xVz)=x=zV((xAy)V(xAz)) (weak-associativity).

For a given trellis (X, <, A, V) and z,y € X, the following statements are equiva-
lent:

(i) x Qy;
(i) x Ny = x;
(i) VvV y=y.

Theorem 1.1. [51, 52] A set X with two commutative, absorptive, and weak-
associative binary operations N\ and V is a trellis if a <b is defined as a Nb=a
and/or a Vb =b. These operations are also idempotent.

Theorem 1.2. [52] Let (X, <, A,V) be a trellis. The following statements are
equivalent:

(i) < is transitive;

(i) The meet (A\) and the join (V) operations are associative;
(1ii) One of the operations (\) or (V) is associative.
Let (X, <, A, V) be a trellis and A a proper non-empty subset of X (i.e., A G X
and A#0). The set A is called:

(i) a N-subtrellis (resp. a \V-subtrellis) of X if x Ny € A (resp. xVy € A), for
any x,y € A, where \ and \V are taken in X;

(ii) a sublattice of X if it is both a N- and a V-subtrellis of X.

The notions of complete trellis, distributive and modular trellis are defined analo-
gously to the corresponding notions in lattices.
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Remark 1.2. It is well-known that every finite lattice is complete, but it is not
true in the finite trellis. Indeed, let us consider the trellis (X, <, A\, V) given in
the following table and Figure 1.5 .

R v a|lblc|dle
a blcl|d]|a
b a elele
c a| a el e
d alala e
e el b|cl|d

\

)

do/
N\

LO—— 06— 0D
O

Figure 1.3: Finite trellis not complete.

One easily verifies that X is not complete, since for example \/[{a,b,d} does not
exist.

Definition 1.6. [52] Let (X, <, A, V) be a trellis. We say X has a greatest element
if there exists u € X such that x < wu, for any v € X. Dually, we say X has a
smallest element if there exists v € X such that v < x, for any x € X. A trellis
(X, <, A, V) possessing 0 and 1 is called a bounded trellis.

Proposition 1.3. [51] Let (X, <,A,V,0,1) be a bounded modular trellis. The
following implications hold for any x,y,z € X:

(i) Ift <y andyNz=0, thenz lyV z;
(i) Ify<z andyV z=1, theny Az <z.

Definition 1.7. [52] A function ¢ from a trellis (X,<,A,V) into a trellis
(Y, 9, A, V) (ie, o: X =Y ) is called

(i) a N-homomorphism if p(z Ay) = p(x) A @(y), for any z,y € X;

(71) a V-homomorphism if p(x Vy) = @(x) V @(y), for any z,y € X;

10
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(iii) a homomorphism if ¢ is both N\- and V-homomorphism;
(iv) a isomorphism if ¢ is both one to one and onto homomorphism.

A homomorphism ¢ of a trellis (X, <, A\, V) into itself is called an endomorphism.

Next, we introduce some specific elements of a trellis.

Definition 1.8. [52] Let (X, <, A, V) be a trellis. An element a € X is called:
(i) right-transitive, if « <z vy implies a <y, for any x,y € X;
(i) left-transitive, if x <y < a implies © Qv for any z,y € X;
(iii) middle-transitive, if v <o <y implies x ]y, for any z,y € X;
(iv) transitive, if it is right-, left- and middle-transitive.

Example 1.7. In the trellis (X, <, A, V) given in Figure 1.2, note that b<<d <e
and b €4 e, then b isn’t right-transitive. Otherwise, since if x <y <d implies v <d,
for any x,y € X, then it holds that d is a left-transitive element.

Definition 1.9. [52] Let (X, <, A, V) be a trellis.

(i) A sequence (z,y,z) € X3 is called N-associative (resp. V-associative), if
(@Ay)ANz=axAN(yAz) (resp. (xVy)Vz=aV(yVz))

(it) An element o € X s called N-associative (resp. V-associative), if any

sequence of three elements of X including o is N-associative (resp. V-
associative);

(7ii) o is called associative, if it is both N\- and V-associative.

Notice that for the motion of associative element o € X, the commutativity
of the meet and the join operations is sufficient to consider only the sequence
(a,z,y) € X3.

Theorem 1.3. [52] Let (X, <,A,V) be a trellis. Then any A-associative (resp.
V-associative) element is transitive .

Remark 1.3. The converse of the Theorem 1.3 does not hold in general. Indeed,
let (X, <9, A, V) the trellis given by the Hasse diagram in Figure 1.2. Note that c
is transitive but not V-associative since (cVb)Ve=e butcV (bVe)=f.

The following results show two cases that the notion of associative elements and
transitive elements are equivalent.

Theorem 1.4. [52] Let (X, <, A,V) be a modular trellis. Then any element is
associative if and only if it is transitive.

11
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Proposition 1.4. [52] Let (X, <,A,V) be a pseudo-chain. Then any element is
associative if and only if it is transitive.

1.2.3. Binary operations on trellises

A binary operation F' on a psoset (X, <) is called:
(i) commutative, if F(x,y) = F(y,x), for any z,y € X;

(i) associative, if F(x, F(y,z2)) = F(F(x,y),2), for any z,y,2z € X;

(iii) right-increasing, if x <y implies F(z,z) Q F(z,y), for any z,y, z € X;

iv) left-increasing, if x <y implies F(x,z) < F(y, z), for any z,vy, 2z € X;

iv) left-i ng, if © <y implies F' 4F f X

(v) increasing, if x <y and z <t implies F(x, z) < F(y,t), for any z,y,2,t € X.

If a binary operation F' on X is increasing, then it is right- and left-increasing.
The converse holds if < is transitive.

A binary operation F' on a trellis (X, <, A, V) is called:
(i) conjunctive, if F(z,y) <z Ay, for any z,y € X;

(i) disjunctive, if x Vy < F(x,y), for any x,y € X.
Remark 1.4. Consider a trellis (X, <, A, V).

(i) The meet A\ (resp. join V) is conjunctive (resp. disjunctive);

(7i) If a binary operation F on X satisfies F(x,y) <z and F(z,y) <y (resp.
< F(x,y) and y < F(z,y)) for any x,y € X, then it is conjunctive (resp.
disjunctive). The converse holds if < is transitive (i.e., (X, <, A,V) is a
lattice) or F' is (right and left)-increasing and (X, <, A, V) has a greatest
element that is the neutral element of F.

Example 1.8. Consider the trellis (X = {0,a,b,¢,d, 1}, <, A, V) with the Hasse
diagram displayed in Figure 1.4. The binary operation F' on X defined by the
following table:

12
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F(z,y)
0
a
b
&
d
1

o
o | &
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o

ISEN IS IR SR IS E IS

TR | OO OO

=== =] =] =

O
[l B S I U I ST
[l Bl IS U IS

@)
@)
@)

is right- and left-increasing, but it is not increasing since a I b and b < ¢, while
F(a,b) =b#d=F(b,c).

O QT O Q=

Figure 1.4: The Hasse diagram of the trellis (X = {0, a,b,¢,d, 1}, ).

The binary operations A and V of a trellis (X, <, A, V) are not necessarily right-
and left-increasing.

Example 1.9. Consider again the trellis (X ={0,a,b,c,d, 1}, <, A, V) with the
Hasse diagram displayed in Figure 1.. Since ¢ <d andbAc=cAb=bHfa=
bAd = dANb, it holds that the meet A is neither right-, nor left-increasing. A
similar observation holds for the join operation V.

In fact, the increasingness of A and V are reserved for the case of lattices.
Proposition 1.5. Let (X, <, A,V) be a trellis. Then it holds that the binary
operation N\ (or V) is increasing if and only if < is transitive (i.e., (X, <, A, V) is
a lattice).

Proof. We only give the proof for A. Suppose that A is increasing and < is not
transitive (i.e., z <y <z and x 9 2, for some z,y,z € X). Since A is increasing
and y < z, it follows that + = x Ay <x A z. Hence, x = x A z. Thus, x <z, a
contradiction. The proof of the converse implication is immediate. O]

Combining Theorem 1.2 and Proposition 1.5 leads to the following corollary.
Corollary 1.1. Let (X, <, A, V) be a trellis. The following statements are equiv-
alent:

13
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(i) N (resp. V) is increasing;
(7i) < is transitive;

(1ii) N (resp. V) is associative.

1.2.4. Specific subsets on trellises

Next, we need to recall the following notations on a given trellis and some related

results.
Notation 1.1. [56] Let (X, <, A, V) be a trellis. We denote by:

(i) X*™: the set of all right-transitive elements of X ;
(ii) XM: the set of all left-transitive elements of X ;
(iii) X : the set of all transitive elements of X ;

(iv) X" the set of all N-associative elements of X ;

(v) XV25: the set of all V-associative elements of X ;
(vi) X?5: the set of all associative elements of X;

(vii) XU the set of all distributive elements of X.
Proposition 1.6. [56] Let (X, <, A, V) be a trellis. It holds that

(Z) Xdis C X3ss C X/\—ass C Xtr C Xrtr.
(“) Xdis g X ass g X\/—ass g Xtr g Xltr.

The following corollary is an immediate result of Propositions 1.4 and 1.6.
Corollary 1.2. Let (X, <, A, V) be a pseudo-chain or a modular trellis. It holds

that
Xass — X/\-ass — Xv-ass — Xtr )

Next, we need to recall the following results related to the above subsets.
Proposition 1.7. [52] Let (X, <,A,V) be a trellis and x,a € X. It holds that
(i) if a is right-transitive, then
(a) a <xy <--- Jayg, implies a < xy;
(b) a <z, implies that aV y <z Vy, for anyy € X.
(ii) if a is left-transitive, then

(a) x4 Q--- <, <a, implies x1 <a;

14



CHAPTER 1. GENERALITIES ON LATTICES AND TRELLISES

(b) x <a, implies that t Ny <a Ay, foranyy € X.
(7ii) if a is N-associative, then x <y implies that a ANx <Ja Ay, for any z,y € X.
(v) if a is V-associative, then x <y implies that aV x <aVy, for any x,y € X.

The following results provide two subsets of a trellis that have the structure of
lattice with respect to the operations of that trellis.

Proposition 1.8. [52] Let (X, <, A,V) be a pseudo-chain or a modular trellis.
Then the set of all transitive (resp. associative) elements is a sublattice.
Proposition 1.9. [52] Let (X, <, A, V) be a trellis. Then the set of all distributive
elements of X is a distributive sublattice.

Proposition 1.10. [56] Let (X, <, A, V) be a trellis. It holds that

(i) (X, <, V) (resp. (X' < A)) is a V-semitrellis (resp. A-semitrellis);

(it) (X725 < N) (resp. (XY, <,V)) is a A-semitrellis (resp. V-semitrellis).
Proposition 1.11. [56] Let (X, <, A, V) be a pseudo-chain.
If X™ s finite, then it is a subtrellis on (X, <, A, V).
In the same line, we obtain the following propositions.

Proposition 1.12. Let (X, <, A, V) be a trellis. The following implications hold:

(i) If a € {dis, ass, A-ass, V-ass, tr,rtr}, then zV (y V z) = (x Vy) V z, for any
x,y, 2 € X%

(i1) If o € {dis, ass, A-ass, V-ass, tr, Itr}, then z A (y A z) = (x Ay) A z, for any
x,y,z € X%,

Proof. (i) We only give the proof for aw = rtr, as the other cases proved from
Proposition 1.6. Let z,y,z € X™ since z <z Vyd(zVy)Vz yJ
zVyd(zVy) Vzand z<(zVy)Vz, it follows that < (z V y) V z,
y<(zVy)Vzand z<(xVy)Vz Moreover, y Vz < (zVy)V 2z Hence,
xV(yVz)<d(zVy)Vz. Inasimilar way, we prove that (zVy)Vz<zV(yV z).
Thus, x V (yVz)=(zVy)V =z

(ii) The proof is dual to that of (i).
[

For a given trellis X, the following proposition shows that if a specific subsets X“
is a subtrellis of X, then it is a sublattice of X.

15
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Proposition  1.13. Let (X,<,A,V) be a trellis and « €
{ass, A-ass, V-ass, tr, Itr, rtr}.  If X* is subtrellis of X, then it is a sublat-
tice of X.

Proof. Let o € {ass, A-ass, V-ass, tr, Itr, rtr}. Suppose that X< is subtrellis of X.
If a € {ass, A-ass, V-ass, tr}, then Theorem 1.2 and Propositions 1.12 and 1.3
guarantee that X is sublattice of X. If a € {ltr,rtr}, then from Proposition 1.12
it follows that V is associative on X™" and A is associative on X"*. Next, we
show that A is associative on X™ and V is associative on X', Let x,y, z € X',
then the fact that X" is a subtrellis implies that z A (y A 2) € X*™™. Moreover,
sANyANz)<Ldz, e AN(yANz)<yAz<yand z A (y A z) <y Az <z This implies
that t A(yAz)<ax, e A(yAz)<yand x A(yAz) <z Hence, zA(yAz)hz Ay
and z A (y A z) <z Thus, z A (y A z) < (z Ay) Az In a similar way, we obtain
that (x Ay)Az<az A (yAz). Hence, z A (y A z) = (x Ay) A z. Thus, X™ is a
sublattice of X. Analogously, we prove that X'* is a sublattice of X. O]

For further use, we recall the following results.
Proposition 1.14. [56] Let (X, <, A, V) be a trellis. The following statements
are equivalent:

(1) (X, <, A, V) is a lattice;
(ii) X% =X ;
(iii) X = X ;
(iv) XN = X ;

(v) XV2ss =X .

Theorem 1.5. [52] Let (X, <, A, V) be a trellis. It holds that

(i) if x1,...,x% are right-transitive, then the join of {x1,...,x} exists and
equals x;, V ...V x; for any permutation iy,...,1; of 1,..., k. Moreover,
VA1, ..., 2} is right-transitive. Similarly for the left-transitive elements
x1,. .., and the meet of {x1,..., xx}.

(ii) if x1,...,x, are N-associative, then the meet of {x1,...,x} exists and
equals x;; N ... Az, for any permutation iy,...,1, of 1,..., k. Moreover,
AN{z1,...,xx} is A-associative. Similarly for the \V-associative elements
x1,. .., and the join of {xy,...,zx}.

Next, we need to show the following result. This result completes the cases to
that given by Skala in the above Theorem 1.5.

16
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Proposition 1.15. Let (X, <, A, V) be a trellis and o € {ass, A-ass, tr}. If X
is subtrellis of X, then for any finite subset {xy,...,xx} C X it holds that
V{1, ..., 2} exists and equals x;, V ...V x;_ for any permutation iy, ..., i of
1,...,k. Moreover, V{x1,..., 21} € X°.

Proof. We only give the proof for a = tr, as the other cases can be proved
similarly. Let {z1,...,2x} € X*. Since X* C X' it follows from Theorem 1.5
that V{x1,..., 2} exists and V{xy,..., 2} = x;, V...V x;, for any permutation
i1,...,4x of 1,..., k. Now, we prove that \/{xy,...,x;} is transitive. Since X is
a subtrellis, it follows that z; V z; is transitive for any two elements z;, z; € X'
The fact V{z1,...,2x} =2, V...V z;, for any permutation 4y,...,7 of 1,... k,
implies that \/{z1,...,z;} € X O

17



2 Aggregation operators on bounded
lattices

In this chapter, we recall the necessary basic concepts and properties of aggregation
operators on bounded lattices. Further, we introduce and study the notion of
aggregation operator with respect to a given function f (f-aggregation operator,
for short) on bounded lattices. This new notion is a natural generalization of
the aggregation operators on bounded lattices. More precisely, we show some
new properties of binary operations based on a given function on a lattice, and
study their composition with respect to a given aggregation operator. Also,
we investigate the transformation of f-aggregation operators based on a lattice-
automorphism and a strong negation. Moreover, under some conditions on a given
function f, we give the smallest (resp. the greatest) f-aggregation operator on a
given bounded lattice.

2.1. Definitions and examples

This section contains the basic definitions and properties of Aggregation operators
and some illustrative examples on bounded lattices. More information can be
found in [8, 14, 28, 54].

Definition 2.1. [38] Let (L, <,A,V,0,1) be a bounded lattice and n € N. An
(n-ary) aggregation operator on L is a function A : U<, L¥F — L such that:

(i) A(xy,...,zn) < A(y1,...,yn) whenever x; < y;, for anyi € {1,...,n};
(ii) A(0,...,0) =0 and A(1,...,1) = 1.

Example 2.1. (i) Let (L,<,A,V,0,1) be a bounded lattice and let x be an
unary operator on L (i.e., x : L — L) defined for any a € L by

1ifx>a,x#0;
Xa(x):{

0 otherwise.

Obviously, x. is an unary aggregation operator, for any a € L. Moreover, it
represents a characteristic function of the principal filter F(a) = {x € L :
x > a} generated by a, provided a # 0.

18
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(ii) Consider the diamond lattice D = {0,a,b,1} given by the Hasse diagram in
Figure 2.1. Then a function A : D — D is an unary aggregation operator on
D if and only if A(0) =0 and A(1) =1 (i.e., the values A(a) and A(b) can
be chosen arbitrarily). Let B : D> — D be a commutative binary operation

defined by
0, if 0 € {z,y};
B(z,y) =3 1, if 1 € {x,y} and 0 & {z,y};
x, if v =y.

Then B is well defined and it is an aggregation operator on D.

Figure 2.1: The Hasse diagram of diamond lattice D

Using the same notion of (n-ary) aggregation operator for n = 2 leads to the
following definition.

Definition 2.2. [38] Let (L,<,A,V,0,1) be a bounded lattice. An aggregation
operator on L is a binary operation A on L which is increasing and it fulfills the
boundary conditions A(0,0) =0 and A(1,1) = 1.

Denote by A(L) the set of all aggregation operator and consider A(L) with the
following order: For A, B € A(L),

A < B whenever A(z,y) < B(z,y), for any x,y € L.

Proposition 2.1. [32] Let (L, <, A, V,0,1) be a bounded lattice. Then the smallest
and the greatest aggregation operators in A(L) are, respectively, defined by

Al(x):{l ifr=y=1;

0  otherwise;
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and

At (x) =
() 1 otherwise.

{0 if x =y =0;

Thus, we have Ay < A < Av, for any aggregation operator A € A(L).

2.2. Function-based new generalized properties
of binary operations on lattices

In this section, we discuss some new generalized properties of binary operations
on lattice with respect to a given function on that lattice. These new properties
are generalization of known properties of binary operations on a lattice with
respect to a function f, and coincide with them when f is the identity function.
As an application, with respect to a given function we study the relationships
between some interesting properties of binary operations on a lattice and their
extensions.

2.2.1. New generalized properties of binary operations on
a lattice

In this subsection, we introduce some new properties of binary operations on
lattices with respect to a given function and we present an illustrative example.
More precisely, we introduce the notions of f-increasing (resp. f-decreasing),
f-conjunctive (resp. f-disjunctive) and f-idempotent binary operations on lattices
and investigate their properties.

Definition 2.3. Let (L, <,A,V) be a lattice, A a binary operation on L and f a
function on L. Then A is called:

(i) left increasing (resp. left decreasing) with respect to f (left f-increasing (resp.
left f-decreasing), for short), if v < y implies A(fz,z) < A(fy,z) (resp.
A(fy,z) < A(fz,z2)), for any x,y,z € L;

(ii) right increasing (resp. right decreasing) with respect to f (right f-increasing
(resp. right f-decreasing), for short), if v <y implies A(z, fx) < A(z, fy)
(resp. A(z, fy) < A(z, fz)), for any x,y,z € L;

(7ii) increasing (resp. decreasing) with respect to f (f-increasing (resp. f-
decreasing), for short), if A is both left and right f-increasing (resp. f-
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decreasing).
Definition 2.4. Let (L, <,A,V) be a lattice, A a binary operation on L and f a
function on L. Then A is called:

(i) left (resp. right) f-conjunctive if it satisfies A(fz,y) < x (resp. A(z, fy) <
y), for any x,y € L;

(ii) f-conjunctive if it is both left and right f-conjunctive;

(1) left (resp. right) f-disjunctive if it satisfies v < A(fx,y) (resp. y < Az, fy)),
for any x,y € L;

(v) f-disjunctive if it is both left and right f-disjunctive.

In the following, we give an illustrative example of the above new generalized
properties of binary operations on a lattice.

Example 2.2. Let (D(12),|, ged, lem) be the bounded lattice of positive divisors
of 12 ordered by the divisibility order given by the Hasse diagram in Figure 2.2.
Let f: D(12) — D(12) be a function and A, B two binary operations on D(12)
defined as follows:

fzlel2]1]12]3] 4

Alz,y) | 1]2]3] 4 |6]12 B(z,y) | 1 | 2 [ 3| 4] 6 |12
1 311133 |11 1 3166|123 ]12
2 1212212 2 6 |26 |12 24
3 312|166 1] 2| and 3 6 | 6|6 |12] 6 |12
4 312161211 4 4 1212 (1212|1212
6 1111 ]1]1 6 3126|1214
12 112204 1]1] 4 12 124 [12]12] 4 | 4

One easily verifies that A and B are f-increasing but they are not increasing.
Indeed, Let x,y € D(12) such that z | y. Setting x =3, y =6 and z = 1. Then
x|y, but A(z,z) = A(3,1) =3t11=A(6,1) = A(y, 2) and B(z,z) = B(3,1) =
613 = DB(6,1) = B(y,z). Hence, A and B are not increasing. Therefore, A and
B are not aggregation operators on D(12).

Furthermore, it is not difficult to check that A is f-conjunctive and B 1is f-
disjunctive on D(12). Notice that A (resp. B) is not conjunctive (resp. disjunctive)
on D(12).
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12

Figure 2.2: The Hasse diagram of the bounded lattice (D(12), |, gcd, lem).

Definition 2.5. Let (L, <,A,V) be a lattice, A a binary operation on L and f a
function on L. An element e € L is called:

(i) left (resp. right) f-neutral element of A, if A(e, fx) = x (resp. A(fz,e) =zx),
for any x € L;

(7i) f-neutral element of A if it is both a left and a right f-neutral element of A.
Example 2.3. Let (L = {0,a,b,¢,1}, <, A, V) be the lattice given by the Hasse
diagram in Figure 2.3, f a function on L and A a binary operation on L defined
as follows:

Alz,y) |0 a | b ]| c |1

0 1/1(0[01]0

z |0|lal|b]|c a l|lclalb]|O0
and

fr|1|b|lc|lalO b Ola|b|c|1

c O|blclall

1 o(oj11111

It is not difficult to show that the element a € L is an f-neutral element of A, but
it is not a neutral element of A.

0

Figure 2.3: The Hasse diagram of the lattice (L = {0,a,b,¢, 1}, <).

The following proposition shows that if any element is both a neutral and an
f-neutral element of a binary operation on a lattice, then f is the identity function.
The proof is straightforward.
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Proposition 2.2. Let (L, <,A,V) be a lattice, A a binary operation on L and f
a function on L. If e € L is both a neutral and an f-neutral element of A, then f
is the identity function of L.

Definition 2.6. Let (L, <,A,V) be a lattice, A a binary operation on L and [ a
function on L. A is called f-commut, if A(fx,y) = A(z, fy), for any z,y € L.
Example 2.4. Let A a binary operation on L and f a function on L given in
Ezxample 2.5. One easily verifies that A is f-commut.

Definition 2.7. Let (L, <,A,V) be a lattice, A a binary operation on L and f a
function on L. A is called f-idempotent, if A(fx, fx) = x, for any x € L.
Example 2.5. Consider the binary operation A and the function f given in
Ezxample 2.2. One easily verifies that A is f-idempotent, but not idempotent.

2.2.2. Binary operations on lattices and their f-
extensions

In this subsection, we study the relationships between some interesting properties
of binary operations on lattices and their extensions with respect to a given function
on that lattice. Moreover, we provide some properties of a binary operation based
on an arbitrary function on a lattice in order that it can be represented by the
meet and the join operations of that lattice.

Proposition 2.3. Let (L,<,A,V) be a lattice and A a binary operation on L.
Then it holds that

(i) If A is increasing, then A is f-increasing, for any isotone function f on L;
(ii) If A is increasing, then A is f-decreasing, for any antitone function f on L.

The following proposition shows that the interaction of the notion of f-increasing
with the function composition.

Proposition 2.4. Let (L, <, A, V) be a lattice, A a binary operation on L and f,
g two functions on L such that g is isotone. If A is f-increasing on L, then A is
f o g-increasing on L.

Proof. Let x,y € L such that x < y. Since g is isotone, it holds that gz < gy.
The fact that A is f-increasing implies that A(f(g(x)),2) < A(f(g(y)), ), for any
z € L. Thus, A((fog)(z),2z) < A((fog)(y), 2), for any z € L. Therefore, A is
f o g-increasing. [

The above propositions lead to the following corollary.
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Corollary 2.1. Let (L,<,A,V,0,1) be a bounded lattice and A an f-increasing
binary operation on L. The following statements hold:

(i) If f is isotone, then A is f™-increasing, for any n € N*;

(ii) If f is antitone, then A is f*""-increasing, for any n € N.
Remark 2.1. Let (L, <,A,V) be a lattice, A a binary operation on L and f a
function on L. The following implications hold:

(i) If A is conjunctive and fx < x, for any x € L, then A is f-conjunctive;
(ii) If A is disjunctive and x < fx, for any x € L, then A is f-disjunctive.

The following proposition shows that a given binary operation on a lattice has at
most one f-neutral element.

Proposition 2.5. Let (L,<,A,V) be a lattice, A a binary operation on L and f
a function on L. If A is f-commut, then A has at most one f-neutral element.

Proof. Let A be an f-commut binary operation on L having two f-neutral elements
e1,e9 € L. Then ey = A(fey,e2) = A(eq, fea) = ea. Therefore, e = es. O

In the following, we give an example to explain the result of Proposition 2.5.
Example 2.6. Let A be an f-commut binary operation on L and f function on L
given in FExample 2.5. One easily verifies that a € L is the only f-neutral element

of A.

In the following theorem, we characterize the f-conjunctive (resp. f-disjunctive)
binary operation on a bounded lattice in terms of f-neutral element. This
characterization is an extension to that known in (Proposition 5.3, in [54]).
Theorem 2.1. Let (L, <,A,V,0,1) be a bounded lattice and A a binary operation
on L having an f-neutral element e € L such that A is f-commut and f-increasing.
The following equivalences hold:

(i) A is f-conjunctive if and only if e = 1;
(ii) A is f-disjunctive if and only if e = 0.

Proof. (i) The fact that A is f-commut and f-conjunctive imply that 1 =
A(f(1),e) = A(1, f(e)) < e. Hence, e = 1. Conversely, suppose that e = 1
and let x,y € L. Since A is f-commut and f-increasing, it follows that
A(fz,y) = Az, fy) < A(x, f1) = A(fz,1) = z. In a similar way, we obtain
that A(z, fy) < y. Hence, A is left and right f-conjunctive. Thus, A is
f-conjunctive.
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(ii) The proof is dual to that of (i).
[

The following result provides some properties of a binary operation based on an
arbitrary function on a lattice in order that it can be represented by the meet and
the join operations of that lattice.

Proposition 2.6. Let (L,<,A,V) be a lattice, A a binary operation on L and f
a function on L. If f is surjective, then the following implications hold:

(i) if A is f-idempotent, f-increasing and f-conjunctive, then for any a,b € L,
there exist x,y € L such that A(a,b) = x A y;

(ii) if A is f-idempotent, f-increasing and f-disjunctive, then for any a,b € L,
there exist x,y € L such that A(a,b) =z V y.

Proof. (i) Let a,b € L, then there exist x,y € L such that fz = a and fy = b by
using the fact that f is surjective. Since A is f-increasing and f-idempotent,
it follows that x Ay = A(f(x Ay), f(x ANy)) < A(fz, fy) = A(a,b). The
fact that A is f-conjunctive implies that A(a,b) = A(fx, fy) < x Ay. Thus,
Ala,b) =z Ay.

(ii) The proof is dual to that of (i).

Proposition 2.6 leads to the following result.
Proposition 2.7. Let (L,<,A,V) be a lattice, A a binary operation on L and f
a function on L. If f is surjective, then the following equivalences hold:

(i) A is f-idempotent, f-increasing and f-conjunctive if and only if for any
x,y € L there is A(fx, fy) =x ANy;

(i) A is f-idempotent, f-increasing and f-disjunctive if and only if for any
x,y € L there is A(fz, fy) =z Vy.

Proof. (i) The proof of the direct implication follows from Propositions 2.6.
Next, we prove the converse implication. Let x,y, z € L such that x <y, it
is clear that f is surjective, then there exists ¢t € L such that z = ft. Thus,
A(fr,z) = A(fx, ft) =x ANt <y ANt = A(fy, ft) = A(fy, z). Hence, A is
left f-increasing. In similar way, we obtain that A is right f-increasing. Now,
we prove that A is f-conjunctive. Let z,y € L, since f is surjective, then
there exists s € L such that y = fs. Then A(fz,y) = A(fz, fs) =xAs < z.
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In a similar way, we obtain that A(z, fy) < y. Hence, A is f-conjunctive.
It is obvious that A is f-idempotent.

(ii) The proof is dual to that of (i).

2.3. f-aggregation operators on bounded lat-
tices

In this section, we extend the notion of aggregation operator on bounded lattices
introduced by Mesiar and Komornikova [38] to f-aggregation operator, where f is
an arbitrary function on that bounded lattice. Furthermore, various properties of
this notion and its links with the notion of an aggregation operator on bounded
lattices is discussed.

2.3.1. Definitions and examples

In this subsection, we introduce the notion of the f-aggregation operator on
bounded lattices and we give some illustrative examples for clarity. First, we
recall the definition of aggregation operator on bounded lattices.

Definition 2.8. [38] Let (L,<,A,V,0,1) be a bounded lattice. An aggregation
operator on L is a binary operation A on L which is increasing and it fulfills the
boundary conditions A(0,0) =0 and A(1,1) = 1.

Next, we extend this definition by using a given function f on a bounded lattice
as follow.

Definition 2.9. Let (L, <,A,V,0,1) be a bounded lattice and f a function on L.
An aggregation operator with respect to the function f (f-aggregation operator, for
short) on L is a binary operation A on L which is f-increasing and it fulfills the
f-boundary conditions A(f(0), f(0)) =0 and A(f(1), f(1)) = 1.

Remark 2.2. Let (L,<,A,V,0,1) be a bounded lattice and A an f-aggregation
operator on L. If f is a constant function on L, then L = {0}. Indeed, let A an
f-aggregation operator on L. Since f is constant, it holds that fx = fy, for any
x,y € L. Then 0 = A(f(0), f(0)) = A(f(1), f(1)) = 1. Hence, 0 = 1. Therefore,
L ={0}.

For the rest of the work, we will assume that f is not a constant function.
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Example 2.7. Let f:[0,1] — [0, 1] be a function and A a binary operation on
[0,1] defined by:

1 ,ifr=y=7g;
f.T = %:E and A(l‘,y) = WM7 ’Lf (x,y) E]%,l]x]%,l],
Ty , otherwise.

One easily verifies that A is an f-aggregation operator, but A is not an aggregation
operator on [0,1]. Indeed, Let x,y € [0, 1] such that x < y. Setting x = %, Yy = %
and z =1. Then x <y, but A(z,z) = Wl(uz) =3>2= m = Ay, 2).
Hence, A is not increasing. However, A is not an aggregation operator.
Example 2.8. Let A, B be the binary operations on D(12) and f the function on
D(12) defined in Example 2.2. One easily verifies that A and B are f-increasing
and fulfills the f-boundary conditions. Thus, A and B are f-aggregation operators
on D(12).

Remark 2.3. In general, we use the aggregation operators (increasing binary
operations) on a given universe to aggregate objects on that universe. While
the notion of f-aggregation operators (f-increasing operations) allows the use of
non-increasing operations to aggregate objects with respect to specific functions on
that universe.

2.3.2. Properties of f-aggregation operators on bounded
lattices

In this subsection, we investigate basic properties of f-aggregation operators on
bounded lattices. First, we show that any aggregation operator is an f-aggregation
operator, for any isotone function on that lattice and not conversely.
Proposition 2.8. Let (L, <,A,V,0,1) be a bounded lattice and A a binary op-
eration on L. If A is an aggregation operator on L, then A is an f-aggregation
operator, for any isotone function f on L satisfying f(0) =0 and f(1) = 1.

Proof. Since A is increasing and f is isotone, then Proposition 2.3 guarantees that
Ais f-increasing. The fact that f(0) = 0 and f(1) = 1 imply that A(f(0), f(0)) =
0 and A(f(1), f(1)) = 1. Thus, A is an f-aggregation operator on L.

]

The following counter example shows that the converse implication of Proposi-
tion 2.8 does not necessarily hold.
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Example 2.9. Let (D(30), ], gcd, lcm) be the lattice of the positive divisors of
30, f an isotone function on D(30) and A a binary operation on D(30) defined
as follows:

z 12356 ]10]15]30
fe 15531015 ]30]30

and

Al y) = lem(z,y),  if (z,y) € {2,6} x {2,6};
9= ged(z,y) otherwise.

One easily verifies that A(f(1), f(1)) = 1 and A(f(30), f(30)) = 30. Next, we
prove that A is an f-increasing. Let x,y € D(30) such that x | y, since [ is
isotone, it holds that fx | fy. The fact that fz, fy € D(30) \ {2,6} implies that
A(fz,z) = ged(fz,z) and A(fy,z) = gced(fy,z). Then A(fz,z) | A(fy,z), for
any z € D(30). Hence, A is left f-increasing. Similarly, we prove that A is right
f-increasing. Thus, A is an f-aggregation operator on D(30). On the other hand,
settingx =2, y =10 and z = 6. Then z |y, but A(x, z) = A(2,6) = lem(2,6) =6
and A(y, z) = A(10,6) = gcd(10,6) = 2. Hence, 6 1 2, i.e., A is not increasing.
Consequently, A is not an aggregation operator.

In the same line, the following example gives an f-aggregation operator A such
that f is not an isotone function and A is not an aggregation operator.
Example 2.10. Let A be a binary operation on D(12) and f a function on D(12)
given in Example 2.2. Then A is an f-aggregation operator, f is not an isotone
function and A is not an aggregation operator on D(12).

Theorem 2.2. Let (L, <,A\,V,0,1) be a bounded lattice, f a lattice-automorphism
on L and A a binary operation on L. Then it holds that A is an f-aggregation
operator if and only if A is an f~'-aggregation operator.

Proof. Since f is a lattice-automorphism, then Proposition 1.2 guarantees that
A(f7H0), f7H0)) = A(f(0), £(0)) = 0 .and A(f1(1), f71(1)) = A(f(1), f(1)) = 1.
Assume z,y € L such that z < y, then there exist s,¢ € L such that z = f?(s) and
y = f%(t). The fact that f~! is isotone implies that f~%(z) < f~%(y), i.e., s < t.
Since A is an f-aggregation operator on L, it follows that A(fs,z) < A(ft, z),
for any 2z € L, this equivalent to A(f~1(f2(s)),2) < A(f*(f3(t)),2), for any
z € L. Hence, A(f'(x),2) < A(f ' (y),z), for any 2 € L. Thus, A is left
f~l-increasing. Similarly, we obtain that A is right f~!-increasing. Therefore,
A is an f~l-aggregation operator on L. The proof of the converse implication

follows from the fact that (f~1)~1 = f. O
Proposition 2.9. Let (L,<,A,V,0,1) be a bounded lattice, f a lattice-
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automorphism on L and A a binary operation on L. The following statements are
equivalent:

(i) A is an aggregalion operator;
(ii) A is an f-aggregation operator;

(iii) A is an f~'-aggregation operator.

Proof. (i) = (ii): Follows from Propositions 1.2 and 2.8.

(ii) = (iii): The proof is a direct application of Theorem 2.2.

(iii) = (i): Obvious that A satisfies the f-boundary conditions. Next, let z,y € L
such that z < y, then fz < fy. Since A is an f~'-aggregation operator, it holds
that A(f~'(fz),2) < A(f~'(fy),2), for any 2z € L. Thus, A(z,2) < A(y, z), for
any z € L. Therefore, A is an aggregation operator on L. O

Proposition 2.10. Let (L,<,A,V) be a lattice and f : L — L a lattice-
epimorphism. If A is an idempotent f-aggregation operator on L, then A is
averaging.

Proof. Let x,y € L such that ft = z and fs = y. The fact that A is f-
increasing implies that A(z,y) = A(ft,y) < A(f(tV s),y) = A(f(tVs), fs) <
A(f(tVs), f(tVs)). Thus, A(x,y) < A(f(tVs), f(tVs)). Since A is idempotent
and f is a homomorphism, it follows that A(z,y) < f(tV s) = x Vy. Analogously,
we show that z Ay < A(x,y). Hence, z Ay < A(x,y) < x Vy. Therefore, A is
averaging. O

2.3.3. Composition and transformations of f-aggregation
operators on bounded lattices

In this subsection, we study the composition of f-aggregation operators on
a bounded lattice. Further, we investigate the transformations of a given f-
aggregation operator on a bounded lattice by a lattice-automorphism and a strong
negation. First, we show that the aggregation of two f-aggregation operators on
a bounded lattice is also an f-aggregation operator.

Proposition 2.11. Let (L, <,A,V,0,1) be a bounded lattice and A, Fy, Fy three
binary operations on L. If A is an aggregation operator and Fy, Fy are two f-
aggregation operators on L, then the aggregation of Fy and Fy by A defined for
any x,y € L as

A(Fy, B)(z,y) = A(Fi(z,y), Fa(z,y))
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is also an f-aggregation operator on L.

Proof. Let x,y € L such that x < y. Since F}, F» are two f-aggregation opera-
tors and A is an aggregation operator on L, it follows that A(Fy, F3)(fz,z) =
A(F\(fz,2), Fo(fz,2) < A(Fi(fy,2), F2(fy,2)) = A(F, F2)(fy,z), for any
z € L. Thus, A(Fy, Fy) is left f-increasing on L. Similarly, we obtain that
A(Fy, Fy) is right f-increasing. Therefore, A(Fy, Fy) is f-increasing. Next, it is
obvious that A(F}, F,) satisfies the f-boundary conditions. Thus, A(F}, F) is an
f-aggregation operator on L. O

Proposition 2.12. Let (L, <,A,V,0,1) be a bounded lattice and A, Fy, Fy three
binary operations on L. If A is an f-aggregation operator and Fy, Fy are two idem-
potent aggregation operators on L such that f(Fi(z,y)) = Fi(fz,y) = Fi(z, fy)
and f(Fy(z,y)) = Fa(fx,y) = Fy(z, fy). Then A(Fy, Fy) is an f-aggregation
operator on L.

Proof. Let xz,y € L such that x+ < y. Since Fj, F, are two aggrega-
tion operators and A is an f-aggregation operator on L, it follows that
ARG R)(f2,2) = A(R(f2,2), B(f2,2)) = A(f(Fi(,2)), f(Falx,2))) <
A(f(Fi(y, 2)), f(Fa(y, 2))) = A(Fy1, Fy)(fy, 2), for any z € L. Thus, A(F, F3)
is left f-increasing on L. In a similar way, we obtain that A(Fy, Fy) is right f-
increasing. Therefore, A(Fy, F3) is f-increasing. Next, since F, Fy are idempotent,
then A(Fy, B)(f(0), £(0)) = A, (£(0), £(0)), Fa(£(0), £(0))) = A(F(0), £(0)) =
0. Similarly, we obtain that A(Fy, F3)(f(1), f(1)) = 1. Consequently, A(F}, F3) is
an f-aggregation operator on L. O

Example 2.11. Let Fi, F5 be two binary operations on L such that Fy = Fy = A
and f a meet-translation on L (i.e., f(xAy) = zA fy, for any x,y € L). One easily
verifies that f(Fi(xz,y)) = Fi(fx,y) = Fi(z, fy) and f(Fy(2,y)) = Fa(fz,y) =
Fy(x, fy). Since Fy = Fy = A are idempotent aggregation operators, then A(F, Fy)
is an f-aggregation operator on L, for any f-aggregation operator A on L.
Theorem 2.3. Let (L,<,A,V,0,1) be a bounded lattice with a lattice-
automorphism ¢ and f a function satisfies f o o = o f. Then it holds that A is
an f-aggregation operator on L if and only if A, is an f-aggregation operator on
L, where A, is a binary operation on L given by:

Ay(z,y) = ¢ H(A(pz, py)), for any z,y € L.

Proof. Suppose that A is an f-aggregation operator on a bounded lattice L and
we show that A, is also an f-aggregation operator on L. First, we prove that
A, (f(0),f(0)) = 0 and A,(f(1), f(1)) = 1. Since ¢ is a lattice-automorphism,
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it follows from Proposition 1.2 that ©(0) = ¢~ 1(0) = 0 and (1) = p~}(1) = 1.
From f o= o f, it follows that A,(f(0), f(0)) = ¢~ (A(¢(f(0)), ¢(f(0)))
“HA(f(0(0), f(9(0)))) and Au(f(1), f(1)) =
_1(A(90(f(1))7@(f(1)))) = 0 (A(f(e(1)), f(¢(1)))). Thus, A,(f(0), f(0))
“HA((0), £(0))) = ¢71(0) = 0 and A,(f(1), f(1)) = ¢ (A(f(1), f(1))) =
¢ (1) = 1. Next, we prove that A, is f-increasing. Let z,y € L such that

xr < y, then pxr < py. Since A is an f-aggregation operator on L, it fol-
lows that A(f(px),pz) < A(f(py),¢z), for any z € L. The fact that ¢ is a
lattice-automorphism guarantees that ¢! is isotone, then o1 (A(f(px), pz)) <
gpf YA(f(py), pz)), for any z € L. The equality f oo = ¢ o f implies that

A(p(f2),92) < ¢ (Alp(fy), 92), for any 2 € L. Hence, Ay(fz,2) <
Aw( fy,z), for any z € L. Thus, A, is left f-increasing. Similarly, we obtain that
A, is also right f-increasing. Therefore, A, is an f-aggregation operator on L.
The proof of the converse implication follows from the fact that A = (A,),-1. O

In the following, we give an example to explain the result of Theorem 2.3.
Example 2.12. Let (D(30), |, ged, lem) be the lattice of the positive divisors of
30, f,¢ two functions on D(30) and A a binary operation on D(30) defined as
follows:

x 1| 2 3 6 | 10 | 15 | 30
fr | 1|15 |10 5 3 2 | 30
pr | 1] 3 5 15 6 | 10 | 30
and
Az 1] 2356 ]10]15]30
1 1 1 1 1 1
2 113030 1|30| 6 6 | 30
3 113030 6 6 2 |30
5 1130 6 |30 2 10| 6 | 30
6 1130 6 6 3 2 |30
10 110 | 2 10 | 2 2 10
15 1 6 2 6 2 2 6
30 1 (3030303030 |30 30

One easily verifies that ¢ is a lattice-automorphism and fop = o f. Also, it is
not difficult to check that A is an f-aggregation operator on D(30) and A, defined
in the following table is also an f-aggregation operation on D(30).
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Aszay) 12356 [10]15]30
1 1 11111
2 113 ]10[3 |5 [10] 5 30
3 11103030 |10] 5 [15]30
5 1/30[30[3|10]10] 3 |30
6 15101055510
10 1101030 |5 2]1]30
15 1515155 ]5]3]15
30 1/30]30]30]30]30]30]30

Theorem 2.2, Theorem 2.3 and Proposition 2.4 lead to the following corollary.
Corollary 2.2. Let (L,<,A,V,0,1) be a bounded lattice and f,¢ two lattice-
automorphisms on L such that fop = @o f. Let A be a binary operation on L.
The following statements are equivalent:

(i) A is an f-aggregation operator;
(ii) A is an f~'-aggregation operator;
(1it) A, is an f-aggregation operator;
(iv) A, is an f~1-aggregation operator.

For a given binary operation A on a bounded lattice (L,<,A,V,0,1) with a
negation N, we denote by Ay its dual, i.e., Ay(x,y) = N1 (A(Nz, Ny)), for any
x,y € L. One easily observes that if N is a strong negation, then N~! = N,
(Any)ny = A and Ayx(x,y) = N(A(Nz, Ny)), for any x,y € L.

In the same line, the following theorem shows that the transformation of an
f-aggregation operator on bounded lattice by a strong negation is also an f-
aggregation operator. The proof is analogous to that of Theorem 2.3.

Theorem 2.4. Let (L, <,A\,V,0,1) be a bounded lattice with a strong negation N
and a function [ such that fo N = N o f. Then A is an f-aggregation operator
on L if and only if its dual operation Ay is an f-aggregation operator on L, where
An(z,y) = N(A(Nzx, Ny)), for any x,y € L.

In the following, we show an illustrative example of Theorem 2.4.
Example 2.13. Let f and N be two functions on the bounded lattice D(30) given

by:

z | 1|23 |56 10 15|30
fx |15 1|5 12[10[30] 6 | 3
Nx |30 {10156 5 |2 ] 3|1

Let A be a binary operation on D(30) given by the following table:
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Ay) | 112135 ]6][10]15]30
1 1] 2
2 [ 2]3[30]1]30 11]6
3 130[30[30|30[30[30] 6 |30
5 |2]2[3]5]1w0]w0]1]2
6 |6]6[30]5/[3][30]1]30
10 [ 6]2/[30/10[30]30] 2
15 [1]1]6]1]6 1
30 | 2] 6 (30| 230 2 | 30

One easily verifies that N is a strong negation, f o N = N o f and A is an
f-aggregation operator. Applying Theorem 2.4 we obtain that Ay defined by the
following table:

An(z,y) | 1 ] 2 | 3 |5| 6 | 10|15 30
1 1071710} 5| 1 |10
2 5|1 ]10|1]2 |10 1|5
3 10 110 130|530 (30| 5 |30
5 1111301 > | 1|5
6 10 2 | 302 101 1 |10
10 519513013015 1 |10
15 151,11 ]1]1
30 1015 |30 |5|10 10| 5 |30

is also an f-aggregation operator on D(30).

2.4. Smallest and greatest f-aggregation opera-
tors on bounded lattices

In this section, we provide some conditions on a given function f to define the
smallest and the greatest f-aggregation operators on a bounded lattice.

For a given function f on a bounded lattice (L, <, A,V,0,1), we define the binary
operations A, and At as:

L, if z=y=f(1);

0, otherwise;

0, if z=y=f(0);

1, otherwise.

Al (z,y) = { and At(x,y) = {
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Remark 2.4. One can observe that:

(i) AL and At are not aggregation operators on L, in general. However, if
f(0) =0 and f(1) =1, then A, (resp. At ) is an aggregation operator on L.

(ii) A, and At are not f-aggregation operators on L, in general. Indeed, let f
be a function on D(12) defined as follows:

z 1234 ]6]12
fzl6l2]4a]12]6] 4

It is not difficult to see that A, (resp. At ) is not f-increasing on D(12) (3 | 6,

but AL (f(3),4) + AL(f(6),4)) (resp. 2| 6, but Ar(f(2),6) + A7(f(6),6).
Thus, A and At are not f-aggregation operators on D(12).

The following propositions provide some conditions on the function f under which
A, and At are f-aggregation operators.

Proposition 2.13. Let (L, <,A,V,0,1) be a bounded lattice and f a function on
L. The following equivalences hold:

(i) Ay is an f-aggregation operator on L if and only if for any x <y it holds
(fz=fQ1)= fy=fQ1));

(i) At is an f-aggregation operator on L if and only if for any x <y it holds
(fy = f(0) = fz = f(0)).

Proof. We only give the proof of (i), as (i7) can be proved analogously. Let
x,y € L such that = < y and fr = f(1). The fact that A, is f-increasing
implies that A, (fz,2) < A, (fy,z2), for any z € L. For z = f(1), we get that
Al (fy, f(1)) = 1. Hence, fy = f(1). Next, for the converse implication, let
x,y,z € L such that < y. If A, (fz,z) =0, then A, (fz,2) < A, (fy, z), for
any z € L. If A, (fx,z) =1, then fo = f(1) and z = f(1). Hence, fy = f(1).
Thus, A, (fy,z) = 1. Then A, (fx,z) < Ai(fy,z), for any z € L. Therefore,
A is left f-increasing. Similarly, we obtain that A, is right f-increasing. Next,
since f is a non-constant function, then f(0) # f(1). Thus, A, (f(0), f(0)) = 0.
Obviously, A, (f(1), f(1)) = 1. Hence, A, satisfies the f-boundary conditions.
Therefore, A, is an f-aggregation operator on L. O]

Proposition 2.13 leads to the following corollaries.

Corollary 2.3. Let (L, <,A,V,0,1) be a bounded lattice and f a function on L.
If f is injective, then A, and A+ are f-aggregation operators on L.

Corollary 2.4. Let (L, <,A,V,0,1) a bounded lattice and [ a function on L. If
[ satisfies fx = f(1) implies x = 1 (resp. fx = f(0) implies x = 0), then A,
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(resp. At ) is an f-aggregation operator on L.

The following corollary shows that if A, and A+ are f-aggregation operators on
a given bounded lattice, then A, (resp. At) is the smallest (resp. the greatest)
f-aggregation operator on that lattice.

Corollary 2.5. Let (L,<,A,V,0,1) be a bounded lattice and f a function on
L. If A, and At are f-aggregation operators on L, then A, (resp. A1) is the
smallest (resp. the greatest) f-aggregation operator on L.

For a given function f on a bounded lattice (L, <, A,V,0,1), let us denote by
A¢(L) the set of all f-aggregation operators on L. Next, we provide a lattice
structure of the set As(L).

Proposition 2.14. Let (L, <,A,V,0,1) be a bounded lattice and f a function on
L. If A, and A+ are f-aggregation operators on L, then (Af(L),C, M, U, A, At)
is a bounded lattice. Where A C B if A(z,y) < B(z,y), (AN B)(z,y) = A(z,y) A
B(z,y) and (AUB)(z,y) = A(x,y)V B(z,y), for any A, B € Af(L) and x,y € L.

Proof. Follows from Proposition 2.11 and Corollary 2.5. O]

The result of this chapter are published in [34].

35



3 Class of associative operations on
trellises

The different classes of aggregation operations (or associative operations in gen-
eral) based on additional properties (e.g., commutativity, increasingness, neutral
elements) on the unit interval or a bounded lattice are useful in lots of different
theoretical and applied areas, for instance, fuzzy logic, fuzzy system modeling,
neural networks, expert systems, data sets, aggregation of information, ...etc.
Motivated by this usefulness, this chapter is devoted to generalizing some of these
classes of associative operations to the trellis setting. Some of these results are
either inspired from or discussed in [10, 16, 52, 56], and others are investigated
during the preparation of this thesis. For further use, we recall some classes of
associative operations on lattices.

3.1. Classes of associative operations on lattices

This section contains basic definitions and properties of specific associative opera-
tions on latices. We pay particular attention to the notion of uninorms, triangular
norms and triangular conorms on bounded lattices.

3.1.1. Definitions and basic properties

Definition 3.1. Let (L, <,A,V,0,1) be a bounded lattice and e € L. A binary
operation U : L?* — L is called a uninorm if it is commutative, increasing,
associative , and has e as a neutral element.

If e =1, then U is called a triangular norm (t-norm, for short). If e = 0, then U
is called a triangular conorm (t-conorm, for short).

Next, we present some illustrative examples.

Example 3.1. For a given bounded lattice (L, <,A,V,0,1), A (resp. V) is a
t-norm (resp. a t-conorm) on L. Moreover, it well known that A (resp. V) is the
greatest t-norm (resp. the smallest t-conorm) on L.
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Example 3.2. For a given bounded lattice Let (L,<,A,V,0,1) be a bounded
lattice and Tp and Sp be two binary operations defined on L as follows:

ANy ife=1o0ry=1;

TD(xay) = {

0 otherwise;

and
xVy ifx=0o0ry=0;
1 otherwise.

SD(xvy) = {

One easily verifies that Tp (resp. Sp) is a t-norm (resp. a t-conorm) on
L. Moreover, Tp (resp. Sp) is the smallest t-norm (resp. the greatest t-conorm)
on L.

Proposition 3.1. [10] Let (L,<,A,V,0,1) be a bounded lattice. Then it holds
that:

(i) Tp < T <A, for any t-norm T on L;
(i) v < S < Sp, or any t-conorm S on L.

Let T7 and T5 be t-norms on bounded lattices L and M, respectively. A lattice
homomorphism p : L — M is a t-norm morphism from T} into T, if there exists a
lattice morphism ¢ : M — L such that:

Ty(z,y) = p(T1(P(x),9(y))), for any z,y € M. (3.1)

We will call ¥ the pseudo-inverse of p. Moreover, if p is a lattice morphism, then
p is increasing.

Theorem 3.1. [4] Let Ty and Ty be t-norms on bounded lattices L and M,
respectively. If p : L — M is a t-norm morphism from Ty into Ty with pseudo-
inverse 1, then po = Idyy.

Proof. Let x € M, then it holds that
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Corollary 3.1. [4] Let Ty and Ty be t-norms on bounded lattices L and M,
respectively. If p : L — M is a t-norm morphism from T} into Ty and ¢ is a
pseudo-inverse, then it holds that p is surjective and 1 is injective.

Remark 3.1. From the Corollary 5.1, it follows that a t-norm morphism can
have several pseudo-inverses.

Definition 3.2. [}/ Let (L,<,A,V,0,1) be a bounded lattice. A function p :
L — L is an automorphism on L if it is bijective and monotonic with respect to
their respective order, i.e. if v <py then p(x) < p(y). Notice that this implies
that automorphisms are strictly increasing functions.

Remark 3.2. When the bounded lattice is [0, 1], then the notion of automorphism
coincides with the usual automorphism notion.

Proposition 3.2. [4] Let (L, <,A,V,0,1) be a bounded lattice. Then any auto-
morphism on L is a lattice homomorphism.

In general, the reverse implication of proposition 3.2 is not valid.
Proposition 3.3. [4] Let (L, <,A,V,0,1) be a bounded lattice, T a t-norm on L
and p an automorphism on L. Then the binary operation T? is defined by:

T(x,y) = p (T (p7'(2),07'(®)))
is a t-norm on L.

Proof. Analogous to the classical result. m

Corollary 3.2. Let (L,<,A,V,0,1) be a bounded lattice, T a t-norm on L and p
an automorphism on L. Then p is a t-norm morphism from T into T".
Proposition 3.4. Let (L, <9, A,V,0,1) be a bounded modular lattice. Then the
binary operation Ty is defined as follows:

r ANy ifxVy=1,

0 otherwise,

TZ(xvy) :{
s a t-n m on L.

Proof.  One easily verifies that Ty is commutative, increasing and satisfies the
boundary conditions. Now, we only have to show the associativity of Ty. Let
x,y,z € L. On the one hand, we have that

rAyANz ifyvz=1landzV(yAz) =1,
T, (2. Tyfy.2) = | wne)

0 otherwise.
On the other hand, it holds that

rAyNz ifxVy=1land zV(zAy)=1,
Ty (Tz(x,y),2) = & Ay)

0 otherwise.
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We will show, for instance, that yVz =1 and 2V (yAz) = 1 implies x Vy = 1 and
zV(xAy)=1. Since 2V (y A z) = 1 and A in increasing, it holds that = Vy = 1.
The fact that zV (y A z) = 1 implies y =y A (xV (y A z)). Fromy =z <y and L
is modular, it follows that that y = (z Ay) V (y A z). Thus, y < (z Ay) V z. Since
z < (xAy)Vz, it holds that y V z < (z Ay)V z. Then (x Ay)V z = 1. The proof
of the converse implication is similar. Hence, Ty is associative. Therefore, 717 is a
t-norm on L. n

Remark 3.3. In general, Ty is not necessarily a t-norm. Indeed, let (X =
{0,a,b,c,d,e, 1}, <, A,V,0,1) be a bounded lattice given by the Hasse diagram in
Figure 5.1.

Figure 3.1: The Hasse diagram of the lattice (X = {0,a,b,¢,d, e, 1}, <).

Since dVe=1,dNc=aand eVa=e <1, it holds that Ty (e, Ty(d,c)) =
Ty(e,a) = 0. On the other hand, eVd =1,e ANd=bbVc=1andbANc=a
imply that Ty (Ty(e,d),c) = Tz(b,c) = a > 0. Hence, Ty, is not associative and
therefore not a t-norm.

Definition 3.3. [16] Let (L,<,A,V,0,1) be a bounded lattice. A function int:
L — L is called an interior operator on L if, for any x,y € L, it satisfies the
following properties:

(i) int(z) < z;
(77) int(z) = int(int(z));
(117) int(z A y) = int(z) A int(y).

A large class of lattice-valued t-norms can be described using interior operators.
The following result proposed a method for generating t-norms on bounded lattices
based on interior operators.

Theorem 3.2. [16] Let (L, <,A\,V,0,1) be a bounded lattice and int: L — L an
interior operator on L. Then the binary operation T : L> — L is a t-norm on L,
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where
TNy if 1€ {x,y};
int(z) Aint(y)  otherwise.

T(ajvy) = {

3.1.2. Construction and representations of t-norms on
bounded lattices

Consider a bounded lattice (L, <, A,V,0, 1), an element a € L\{0,1}, a t-norm V :
[a,1]* = [a,1]. An ordinal sum extension T of V to L is given by (see [46])

Viz,y) if (z,9) € [a,1]%

TAY otherwise .

T(x,y) = { (3.2)

However, the above-defined function 7" need not be a t-norm, in general.
Example 3.3. Let (L = {0,a,b,¢,d,1},<) be a bounded lattice given by the
Hasse diagram in Figure 3.2 and consider the t-norm V : [c,1]*> — [c, 1] defined by

r ANy 1e{zr,y};
c otherwise.

Vi(z,y) = {

Then the operation T is constructed as Table 1 by using the formula (5.2), but T
is not a t-norm on L.

T|0|lal|b|lc|d]|1
O(o0|o0|0[0|0|0
a | Ola|0lalal|a
b |0 0|b|0O|Db|Db
c | O0la|0]|c|c|c
d|0la|b|lc|c|d
1 ({0la|bl|lc|d]|1
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1
d
c
b
a
0

Figure 3.2: The Hasse diagram of the lattice (L = {0,a,b,¢,d, 1}, <).

If we take elements b, d € L, then b < d. But we have that T'(b,d) = b||c = T'(d, d).
Hence, the operation T does not satisfy monotonicity. Moreover, T(7'(d, d),b) =
T(c,b) = 0 and T(d,T(d,b)) = T(d,b) = b for elements b,d € L. Hence, the
operation 7' does not satisfy associativity. So, we obtain that 7" is not a t-norm
on L.

Theorem 3.3. [9] Let (L, <,A,V,0,1) be a bounded lattice and a € L\{0,1}. If
V is a t-norm on [a, 1], then the binary operation T : L* — L is a t-norm on L,
where

V(z,y) i (x,y) € [a, 1%
T(x,y) =z Ay if 1l e {x,y}; (3.3)

0 otherwise.

z ANy 1e{xy},

a otherwise,
on [a, 1] in the formula (3.3) in Theorem 3.3. Then the following t-norm is the
smallest t-norm on L that extends V.

Corollary 3.3. [9] Let a € L\{0,1}. If we put V(z,y) =

a if (Ly) S [av 1 [2;
T(r,y)=<szAy ifle{ry)
0 otherwise.

Example 3.4. Let (L = {0,a,b,¢,d,e,1},<) b a bounded lattice given by the
Hasse diagram in Figure 5.5.
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Figure 3.3: The Hasse diagram of the lattice (L = {0,a,b,¢,d, e, 1}, <).

(i) Consider the t-norm V : [c, 1> — [c, 1] such that V(z,y) = z Ay. By using
Theorem 3.3, it holds that the t-norm T on L is given by the following table.

T|O0|lal|blc|d|e|l
0(0]0|0J0J0O]O0]O
a [0]010[0|0|0]a
b 10|00 |0]0]|0O]D
c |010|0]c|0O]c|c
d|0|0/0|0]|0]|0]|d
e |0/0|0]jc|O]ele
110la|blc|d|e]|l

(ii) Consider the t-norm V : [¢,1]* — [c, 1] such that

Vi(x,y) = {

r ANy 1e{z,y},
otherwise.

C

By using Theorem 5.3, it holds that the t-norm T on L is given by the

following table.

T|O0|lal|b|lc|d|e|l
0/0/0]0]0]0[0]O0
a|0[0]0|0|0[0]a
b|{0O[0O[0O[0|0|0]|b
c|0(0]0|c|0|c|c
d|0]0|0]0]0]|0]|d
e010]0|c|0O|c|e
1{0ja|blc|d|e]|1
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Theorem 3.4. [16] Let (L, <,A,V,0,1) be a bounded lattice and a € L\{0,1}.
If V is a t-norm on [a, 1], then the binary operation T : L* — L is a t-norm on L,
where
Vie,y)  if (x,y) € [a,1]
T(x,y)=<x Ay if 1 € {x,y} (3.4)

rANyANa otherwise

Now, in the following Theorem 3.5. Considering any bounded lattice L, we
introduce a construction method for generating t-norms on L by means of a
t-norm V' acting on [a, 1] for an element a € L\{0,1}. First, we start with the
following definition.

Definition 3.4. Let (L, <, A,V,0,1) be a bounded lattice and a,b € L. If a and b
are incomparable, we use the notation a||b. We denote the set of all incomparable
elements with a by I,, i.e., I, = {x € L | x||a}.

Theorem 3.5. [16] Let (L, <,A,V,0,1) be a bounded lattice and a € L\{0,1}.
If V is a t-norm on [a, 1], then the function T : L* — L is a t-norm on L, where

V(z,y)  if (z,y) € [a, 17
0 if (z,y) € [0,a [PU[0,a[xI,UI, x [0,a[Ul, X I,
T Ay if 1 € {z,y}

xAyAa otherwise.

T(z,y) = (3.5)

Remark 3.4. One easily Observe that the above t-norm T can be described as
follows:

Vie,y) if (z,y) € [a, 1%,
0 if (z,y) €10,a]?U[0,a[xI,UI, x[0,a[Ul, x I,
yNa  if (x,y) € [a, 1[x1,,
T(x,y) =<z Aa if (x,y) € I, X [a, 1],
x if (z,y) €[0,a] x [a, 1],
y if (z,y) € [a,1[x[0, d]
TAY if 1 € {z,y}.

And represent the t-norm T on L as shown in Figure 5./.
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y||a 0 yha 0
1
T Viz,y) rha
a
0 y 0

0 a 1 zffa

Figure 3.4: The t-norm T on L given in the Theorem 3.5.

3.1.3. Ordinal sum construction for t-norms on bounded
lattices

Ordinal sums have been introduced in many different contexts (e.g., for posets,
semigroups, t-norms, copulas, aggregation operators, or quite recently for hoops).
In [7], Birkhoff provides a definition for building the ordinal sum X and Y of two
disjoint posets X, Y. Due to the associativity of this construction we immediately
extend this concept to families of pairwise disjoint posets for some linearly ordered
index set (I,=<),I # (). Note that ordinal sums of disjoint posets in the sense of
Birkhoff are also referred to as linear sums of posets [12].

Definition 3.5. [12] Let a linearly ordered index set (I,<;),1 # 0 and a family
ser- The ordinal sum @,c; X; is defined as the
set U;er Xi equipped with the following order < such that:

of pairwise disjoint posets (X;, <;)

r<y&(Fielr,ye X, andx <;y) or (Ji,jel|lxreX;, ye X; andi <y j).

In this contribution, we focus on ordinal sums of t-norms acting on some bounded
lattice that is not necessarily a chain or an ordinal sum of posets. Necessary
and sufficient conditions are provided for an ordinal sum operation yielding again
a t-norm on some bounded lattice whereas the operation is determined by an
arbitrary selection of subintervals as carriers for arbitrary t-norms.

The following definition of an ordinal sum of t-norms defined on subintervals of a
bounded lattice (L, <,A,V,0,1), which generalizes the one given in [30, 47] on
subintervals of [0, 1].

Definition 3.6. [46] Let (L,<,A,V,0,1) be a bounded lattice, (I,<;) a totally
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ordered index set such that I # 0, {|a;, bi[}ier a family of pairwise disjointed

subintervals of L and {T[“i’bi]}}el a family of t-norms on the corresponding intervals
. ; _ ai,bi .

{lai, bil},c;- Then the binary operation T = {<ai,bi,T[ ]>}i6A cLxL — L

defined for any x,y € L, as

T[ai,bi}(x7y) if x,y € |a;, b)) and i € I;

(3.6)
AT otherwise.

T(z,y) = {

is called ordinal sum of the family {T[“i’bi]}iel on the bounded lattice L.
Theorem 3.6. [9] Let (L, <,A\,V,0,1) be a bounded lattice and {ag, aq,as, ..., an}
be a finite chain in L such that ag = 1 > a3 > ay > ... > a, = 0. Let
V : [a1,1]* — [ay,1] be a t-norm on the sublattice [ay,1]. Then the operation
T =T, : L?> = L defined recursively as follows is a t-norm, where V = T; and
the operation T; : [a;, 1]2 — la, 1], for any i € {2,3,...,n} is given by

Tia(z,y)  if (z,y) € aim, 1%
Ti(z,y) =<z Ay if 1 € {x,y}; (3.7)

a; otherwise.

Remark 3.5. The proof follows easily from Theorem 5.5 by induction and there-
fore it is omitted. The construction described inductively by formula (5.7) can
be considered as an ordinal sum construction for t-norms. Obuviously, if L in
Theorem 3.6 is a chain, then the formula (3.7) reduces to

Tici(z,y)  if (@,y) € [ai—1,1[%
Ti(z,y) = qx Ay if 1€ {z,y};

a; if (SE, y) S [CLZ’, a;—1 [2 @] [ai,ai,l [X [ai,l, 1 [U [ai,l, 1 [X [(Ii, ai,l[.

Example 3.5. Let (L = {0,a,b,¢,d,1},<) be a bounded lattice given by the
Hasse diagram in Figure 3.5 and a finite chain {0,a,b,c,1} such that 0 < a <
b <c<1. Suppose that V : [c,1]* — [c,1] is a t-norm on the sublattice [c,1]. By
using Theorem 3.6, where V =Ty, it holds that the t-norms Ty : [b,1]*> — [b,1], Ty :
[a,1]* = [a,1] and T =Ty : L* — L are defined as follows:
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Tz la|blc|d]|1l
To | blec|d|1l
a |lalalalala
b |[b|lb|b|b
b |lalbl|b|b|b
c |blc|b|c]
¢c |lalblc|b|c
d |[b|b|b|d
d |lalbl|b|b|d
1 |blec|d]|l
1 |la|lblc|d]|1
and
T=T,|0|lal|b|lc|d|1l
0 0/0j0j0]01]0
a Olalalalala
b Olalb|b|b|b
c Olalblc|b]|c
d Olal|blbl|b|d
1 Olalblecl|d]|l
1
c d
b
a
0

Figure 3.5: The Hasse diagram of the lattice (L = {0,a,b,¢,d, 1}, <).

Remark 3.6. By using the t-norm T defined by the formula (3.3) in Theorem 3.3,
it holds that T on the lattice (L, <,A\,V,0,1) given by the Hasse diagram in
Figure 5.5 is defined for a given t-norm V =T : [c,1]* — [c, 1] on the sublattice

46



CHAPTER 3. CLASSES OF ASSOCIATIVE OPERATIONS ON TRELLISES

[e, 1] by the following table.

T|0|la|blc|d|l
0(0[{0[0]0]0]O0O
a0/010]0[0]|a
b 10/0]0[0]0]|b
c10/010]c|0O]c
d|010]0[{0]0]|d
1 {0la|b|c|d|1l

3.1.4. A T-partial order obtained from T-norms

A natural partial order for semigroups was defined by H. Mitsch in 1986 (see [39]).
In this section, we define a t-partial order obtained from t-norms and investigate
its properties (see, e.g. [1, 2]).
Definition 3.7. [27] Let (L,<,A,V,0,1) be a bounded lattice and T a t-norm
on L. The following order is called a triangular order (t-order, for short) for a
t-norm T'.

x2ry s TWy) =, for some l € L.

Proposition 3.5. [27] The binary relation <r is a partial order on L.

Proof. Since 1 € L and T(1,z) = x,x < Tx holds. Thus, the reflexivity is
satisfied. Let x <y y and y <y 2. Then there exist ¢1,f5 of L such that
T (¢1,y) =z and T (l2,2) =y. Hence, z =T ({1,y) < T(1l,y) =y; ie, x <y. On
the other hand, y = T ({5, 2) < T(1,2) = z; i.e, y < x. So, x = y. Thus, the
antisymmetry is satisfied. Let x <r vy and y <7 z. Then there exist ¢, ¢y of L
such that T'(¢1,y) = x and T ({3, 2) = y. For T (¢1,0s) of L,T(T ({1,03),2) =
T (0,T (ly,2)) =T (¢1,y) = x. Thus, x <7 z. Hence, < satisfies the transitivity.
Therefore, <7 is a partial order on L. O]

Proposition 3.6. [27] Let (L, <,A,V,0,1) be a bounded lattice and T' a t-norm
on L. If (x,y) €=r, then (z,y) €<.

Proof. Let (x,y) €=p. Then there exists an element ¢ of L such that z =
T(t,y) <T(1,y) =y. Thus, (z,y) €<. O

Remark 3.7. If (z,y) €<, then (z,y) €=3r may not be true. Indeed, let (L =
{0,a,b,¢,1}, <, A,V,0,1) be a bounded lattice given by the Hasse-diagram in
Figure 53.0.

47



CHAPTER 3. CLASSES OF ASSOCIATIVE OPERATIONS ON TRELLISES

Figure 3.6: The Hasse diagram of the lattice (L = {0,a,b, ¢, 1}, <).

Now, suppose that T = Tp, we can see a < b but a A1, b. Indeed, if a <1, b, then
there exists an element £ of L such that Tp(¢,b) = a. If £ =0, then a = 0, which
is a contradiction. If £ = a,b or ¢, then Tp(¢,b) = 0 = a. This is a contradiction.
If ¢ =1, then Tp(1,b) = b = a, which is not possible. Therefore, there doesn’t
exist any element ¢ of L satisfying Tp(¢,b) = a. Thus, a A1, b. Hence, the order
=7, on L is given by the following Hasse diagram:

1

Figure 3.7: The order <7, on L.

Proposition 3.7. [27] Let (L, <,A\,V,0,1) be a bounded lattice and T' a t-norm
on L. If T'=Tp, then it holds that aApb = 0, for any a € L\{0,1} and aVrb =1,
for any b € L\{0,1,a}. Moreover, (L,=r,) is a lattice.

Proof. Let a,b € L\{0,1} such that a # b, since Tp(a,b) = 0 and for any k € L,
Tp(a, k) # b and Tp(b, k) # a,a and b are not comparable with respect to <r,.
We claim that for an arbitrary a € L\{0, 1} it satisfies a Az, b = 0 for any b €
IN{0,1,a}. If a Ap, b =2 # 0, then x <1, a and <7, b. Thus, there exists
xy € L\{0} such that 0 # = = Tp (a,x1). If = a, then this is a contradiction
since a and b aren’t comparable with respect to <r,. If Tp (a,z1) = 1 or xy,
then we obtain that a = 1. This contradicts the choice of a. Hence, a Ap, b= 0.
Similarly, let us show that for an arbitrary a € L\{0,1},a Vg, b = 1 for any
b e L\{0,1,a}. Let aVr, b = x. Then a <7, = and b <7, x, and so there
exist 1, xo € L\{0} such that Tp (z,z1) = a and Tp (z,z3) = b. If x = a, then
Tp (a,z2) = b which is a contradiction since a and b aren’t comparable with
respect to =<p,. Then, x; = a, so it must be z = 1. Therefore, a V, b = 1.
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Finally, we have that (L, <7,) is a lattice. Now, we give an example such that
(L, =<r) is a lattice and T" # T'p. O

Proposition 3.8. [27] Let (L, <,A\,V,0,1) be a bounded lattice and T' a t-norm
on L. If a <1 b, then T(a,c) <1 T(b,c), for any a,b,c € L.

Proof. Let a,b € L such that a <7 b. Then there exists * € L such that
T(z,b) = a. Since T'(a,c) = T(T(x,b),c) = T(x,T(b, c)), it holds that there exists
x € L such that T'(z,T(b,c)) = T(a,c). Thus, T'(a,c) <7 T(b,c). O

Corollary 3.4. [27] Let (L, <,A,V,0,1) be a bounded lattice and T' a t-norm on
L. If (L,=r) is a lattice, then T : (L, <7)* = (L, =7) is a t-norm.

Let (L, <,A,V) be a complete lattice, T" a t-norm on L and L; C L. The notation
T | Ly will be used for the restriction of T to L.
Proposition 3.9. [27] Let (L, <,A,V,0,1) be a bounded lattice and T be a t-norm
on L. Then T | I(T) is a t-norm on (I(T),=r).

Proof. Let a,b € I(T). Then we must show that T'(a,b) € I(T). Since T is
associative, it holds that

Then, T'(a, b) is an element of I(7T"). Proposition 3.8 guarantees that 7" is increasing
with respect to <7. Also, T' is associative with respect to <¢ and. Since 1 € I(T),
it holds that T'(z,1) = z, for any = € I(T'). Therefore, T' | I(T') is a t-norm on
I(T). O

Proposition 3.10. [27] Let (L, <,A,V,0,1) be a bounded lattice and T a t-norm
on L such that K C L be a lattice with respect to the order on L. If tAry =T (x,y)
for any x,y € K, then T | K = N\. Moreover, if K = L, then T = A.

Proof. Since © A\r v = x = T(x,z), for any x € K, it holds that = Ay
T(xAy,xANy) < T(x,y) < xAy, for any z,y € K. Therefore, T(x,y) = x Avy.

Corollary 3.5. [27] Let L = [0,1] and T a t-norm on L. Then (I(T),=<r) =
(I(T),<).

ool
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3.1.5. Representation of a Boolean Algebra by its t-
Norms

We will show that a particular subset of 7 of all triangular norms on L forms
a Boolean algebra that is isomorphic to L, where L is a complete and atomic
Boolean algebra.

Definition 3.8. [/4] Let (L,<,A,V,0,1) be a bounded lattice. A subset o of L,
which does not contain 0 is a J-set in L, if a satisfies the following condition:

0<y<uzeaimpliesy € a, for any x,y € L.

We note that the empty set is a J-set in L. The importance of a J-set in L can
be gauged from the following results, which indicate how to characterize a general
t-norm on L.

Theorem 3.7. [44] Let (L,<,A,V,0,1) be a bounded lattice, T a t-norm on L
and w C L such that w={x € L : 2 # 0,T(x,x) = 0}. Then it holds that

(i) w is a J-set in L;
(ii) If a € w and b < a, then T(a,b) = 0;
(1i7) If a € w,b < a and c < a, then T'(b,c) = 0.

In the following result, we present a new family of t-norms based on J-sets subset
in L. This family will be needed to characterize an atomic Boolean algebra.
Theorem 3.8. [/4] Let (L, <,A\,V,0,1) be a bounded lattice and o a J-set in L.
Then the binary operation T, on L defined by

0 if z#1l#yandzxNy€ q

xr ANy  otherwise.

Ta(x7 y) = {

is a t-norm on L.

Now, let B be an atomic Boolean algebra that is complete (i.e., Boolean algebra
which is isomorphic to power sets). If 7 is the set of all atoms of B, then B is
isomorphic to the Boolean algebra P(7) of all subsets of v under the set inclusion.
Further, v is a J-set in B such that if & C v, then both a and 7 — « are J-sets in
B.

Proposition 3.11. [44] Let B be an atomic Boolean algebra and vy is the set of
all atoms of B such that |y| > 2. If « C~ and 5 C . Then it holds that o C 3
if and only if T <T,,.

Proof. Let x,y € B, « C ~v and § C ~ such that « C 5. If v = 1, then
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Ts(x,y) =y =To(z,y). fy =1, then Th(z,y) =2 =Ty(z,y). fr #1landy # 1
such that x Ay € 3, then Ts(x,y) =0 < T,(x,y). fx #1#yand x Ay ¢ 5,
then Ti(z,y) = x ANy = To(z,y). Conversely, let Ts < T,. Let ¢ € a such that
c ¢ 8. Then Ts(c,c) =cNe=c>0=T,(c,c), hence a contradiction. O

Theorem 3.9. [/4] Let B be an atomic Boolean algebra and v is the set of all
atoms of B such that |y| > 2. Then 1, = {1, | « C v} of t-norms T,, on B defined
in Theorem 3.8 forms a Boolean algebra, under the partial ordering < for t-norms
and meet (), join (V), and the complement T., given by

Ty ATy = Toup
T\ V Ty = Tong
T =Ty,

where o/ = — . Furthermore, B is isomorphic to T, under the identification
map

a— Ty, for any a C 7.

Proof. One easily verifies that A and V are commutative and that each operation
is distributive over the other. Proposition 3.11 guarantees that Tj is the greatest
member of 7, and it is the meet operation A on B. Also, T is the least member
of 7, and it is the smallest t-norm on B (i.e., Tp). Moreover, since B is a Boolean
algebra, it holds that

Ta V To/ = Tozﬂo/ = T@ and Ta A TO/ = Tan/ = T’Y'

According to Huntington [25], it follows that 7, is a Boolean algebra. Furthermore,
let a map defined on B by:

y then one easily verifies that P () is isomorphic to 7,. Therefore, B is isomorphic
to 7. O

Example 3.6. Let (D(6), |, gcd,lem, ') be a Boolean algebra of the positive divisors
of 6. Then D(6) has two atoms are 2 and 3. Thus, Theorem 3.9 guarantees that
all t-norms on D(6) are Tya 5y = Tp, Tiay, Tyzy and Ty = ged defined as follows:
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Tp | 1123|606 ged | 112|136

1 11|11 1 | 11111

2 | 1|1]1]|2 2 | 112]1]2

3 |1]1]1]3 3 1111133

6 | 11236 6 | 112|3]|6
Ty | 112(3]6 Ty | 11236
1 | 1|1]1]|1 1 | 1]11|1]1

2 | 1]|1]|1]2 2 | 1]12|1]2
3 | 111133 3 | 1|1|1]|3
6 | 11236 6 | 11236

3.2. Special classes of associative operations on
bounded trellises

In this section, we study associative operations on a bounded trellis. More precisely,
we generalize the class of triangular norms and the class of triangular conorms on
bounded lattices to the setting of bounded trellises. We pay particular attention
to what happens when we eliminate the property of transitivity.

Notation 3.1. (i) AO.(X): the class (or the set) of all binary operations on a
bounded trellis (X, <, A\, V,0,1) that are associative, commutative, increasing,
and have an arbitrary element e € X as neutral element. If (X, <, A,V,0,1)
is a bounded lattices, then AO.(X) is the class of uninorms on X.

(ii) If e =0, AOy(X) is the class of associative, commutative, increasing, and
have 0 as a neutral element. If (X, <, A,V,0,1) is a bounded lattices, then
AO(X) is the class of triangular norms (t-norms)on X .

(iti) If e =1, AO1(X) is the class of associative, commutative, increasing, and
have 1 as a neutral element. This class was called the class of t-norms on a
bounded trellis on (X,<,A,V,0,1) and it was studied in detail in [56].

Remark 3.8. (i) For a given bounded trellis (X, <,A,V,0,1), the binary op-
eration N (resp. V) is not necessarily an element of AO.(X) (resp. of
AO(X)). Indeed, N\ and \V are not necessarily associative operations.

(ii) In view of (i), we were more careful to use the same names of the above
classes on bounded lattices in the trellis setting. Of course, we generalize
these classes to bounded trellises, but they are not extensions (in sense of
inclusion) to the same classes on bounded lattices.
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Next, we present some elements of the classes AOq(X) and AO;(X).
Example 3.7. Let (X, <, A,V,0,1) be a bounded trellis.

(i) The binary operation Ty on X, called drastic t-norm, defined by

T ify=1
To(z,y)=q vy ifr=1; (3.8)

0 otherwise;

is the smallest element on AO;(X).

(i) The binary operation Sp on X, called drastic t-conorm, defined by

z ify=0;
Sp(z,y)=q vy ifz=0; (3.9)
1 otherwise;

is the greatest element on AOy(X).
Example 3.8. Let (X ={0,a,b,c,d,e, 1}, <, A, V) be a bounded trellis given by
the Hasse diagram in Fig. 5.8.

Figure 3.8: The Hasse diagram of the trellis (X = {0,a,b,¢,d, e, 1}, Q).

The operation S on X defined by the following table is an element of AOy(L).
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S10lal|b]|c e
0[0fal|b|c e
al|lalalb]|e e
b b|bl|b

QO
Qo
QU™
QU ®
—| o
— | o

elelele
1y1)11]1]1

™

e
1

9N
S | & | &
[

— = =) == =] =] =

On a bounded modular lattice X [13], the binary operation 77 defined by

ANy ifxVy=1;

T7(z,y) = { (3.10)

0 otherwise;

is a t-norm. This example was extended to the setting of bounded modular trellises
under a suitable necessary and sufficient condition [56].

Proposition 3.12. [56] Let (X, <, A, V,0,1) be a bounded modular trellis. Then
it holds that T, € AO1(X) if the following condition is satisfied:

(Y(z,y,2,t) € XH(((x Ay #0) and (xz Vy = 1)) implies (xV 2) V (y Vi) =1).

(3.11)
Dually, we obtain the following example.
On a bounded modular lattice X [13], the binary operation Sz defined by
xV if xt Ay =0;
Salzy) =4 77 g (3.12)
1 otherwise;

is a t-conorm. This example was extended to the setting of bounded modular
trellises under a suitable necessary and sufficient condition [56].

Proposition 3.13. Let (X,<,A,V,0,1) be a bounded modular trellis. Then it
holds that Sy € AOy(X) if the following condition is satisfied:

V(z,y,2,t) € XH(((xVy #1) and (x Ay = 0)) implies (x A z) A (y At) =0).

(3.13)
Remark 3.9. [56] For a given bounded modular trellis (X, <,A,V,0,1), the
condition (3.13) does not necessarily hold. Indeed, let (X = {0,a,b,c,d, 1}, <, A, V)
be the bounded modular trellis given by the Hasse diagram displayed in Figure 1.4.
It is clear that X does not satisfy this condition.
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The following example presents a family of elements in AQy(X) and AO;(X)
based on the notions of atom and coatom on a bounded trellis. First, we recall the
following definition of atom and coatom on trellises. This definition is a natural
generalization of the same notions on lattices (see, e.g. [26]).

Definition 3.9. Let (X, <, A, V) be a trellis. An element o € X is called:

(i) atom, if it is a minimal element of the set X\{0};

(7i) coatom, if it is a mazimal element of the set X \{1}.
We denote by Atom(X) (resp. Coatom(X)), the set of all atoms (resp. coatoms)
of X.

Proposition 3.14. Let (X, <, A,V,0,1) be a bounded trellis and i € Atom(X).
The binary operation S; on X, defined by

xVy ifx=0o0ry=0;

1 otherwise.

is an element of AOy(X).

In a similar way,
Proposition 3.15. Let (X, <, A,V,0,1) be a bounded trellis and i € Coatom(X).
The binary operation T; on X, defined by

xANy ifx=1o0ry=1,
Ti(z,y) =9 i if (x,y) = (i,4); (3.15)
0 otherwise.

is an element of AO;(X).
The proof of the above propositions is straightforward.

Next, we present illustrative examples. Before that, we need to mention the
following abbreviation. Throughout the rest of the paper, the rows and columns
corresponding to 0 and 1 in the tables define elements of AQOy(X) and AO,(X)
will not be considered, as they are fixed.

In the following remark, we illustrate that the greatest t-norm on a given bounded
trellis does not necessarily exist. This is one of the properties that we lose when
considering bounded trellises instead of bounded lattices.

Remark 3.10. On given bounded lattice L, it is well known that the classes
AOy(L) and AO1(X) have least and greatest elements. In the trellis setting, Ez-
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ample 3.7 mentions that AOy(X) has a greatest element and AO1(X) has a least el-
ement. While AOy(X) does not necessarily has a least element, and AO1(X) does
not necessarily has a greatest element. Indeed, let (X = {0,a,b,¢c,d,e, 1}, <, A, V)
be the bounded trellis given in Example 5.8. The binary operations T\ and Ty on
X defined by the following tables are mazimal elements in AO1(X) [56].

Tila|lb|c|d|e||Ty5]a|blc|d]e
a |0]0|0]a|0|]a|[0/0]0|0]|a
b |O|b|b|b|b]| bD|O|b|b|b]|Db
c |O0jblc|blc|lc|O0O]|blc|b]|c
dlalb|b|d|b||d|[O0O]b|b|d|b
e [0]blc|ble elalblc|ble

3.3. Constructions of elements of AQO)(X) and
AO1(X) based on specific subsets on
bounded trellises

In this section, we construct several elements of AOy(X) and AO;(X) based on
specific subsets on a given bounded trellis.

3.3.1. Notations and auxiliary results

In this subsection, we introduce the following functions based on specific subsets
on a given bounded trellis (X, <, A, V) in order to define elements of AOQy(X) and
AO;(X). First, we recall the following notations and auxiliary results. For more
detail, we refer to [56].

For a given trellis T = (X, <, A, V) and A C X, we recall the definition of the
following mapping A4: X — X:

M) =\{acAlada}=\/(AN]z).

Remark 3.11. [56] In general, the mapping Aa is not well defined since the
supremum \ (AN | x) does not necessarily exist. However, if A is a finite subset
of X™ then Proposition 1.5 guarantees that it is well-defined.

For further use, we recall the following properties of A 4.
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Proposition 3.16. [56] Let T = (X, <, A, V) be a trellis and A a finite subset of
X" For any x € X, it holds that

(i) Aalz) da;
(ii) if x € A, then As(z) = x.

The following proposition lists additional properties of A4 in case A is a V-sub-
trellis of T. Since A4 behaves as the identity on A and maps to A, we refer to
this mapping as an embedding.

Proposition 3.17. [56] Let T = (X, <, A, V) be a trellis and A a finite subset of
X' If A is a \V-sub-trellis of T, then it holds that

(1) Aa(X) € A;
(7i) A4 is idempotent, i.e., Aa(Aa(x)) = Aa(x), for any z € X;
(iii) A4 is increasing, i.e., if x <y, then Aa(z) I Aa(y), for any z,y € X.

The following theorem provides an element of AQO; (X)) based on the above mapping
A4, where when A is a sub-trellis of (X, <, A,V,0,1).

Theorem 3.10. [56] Let T = (X, <, A, V,0,1) be a bounded trellis and A a finite
subset of X™ . If A is a sub-trellis of T, then the binary operation T defined by:

Y ,ife=1
TW(z,y) = « cify=1
Aa(z ANy) , otherwise.
is an element of AO;(X).

In the same line, the following result provides an element of AQq(X). The proof
is dual to that of Theorem 3.10.

Theorem 3.11. Let T = (X, <, A, V,0,1) be a bounded trellis, A a finite subset
of X' and v: X — X defined as:

va(x) = N{a€ A|lz<Qa} = N(AN 1 2).

If A is a sub-trellis of T, then the binary operation S defined by:

Y ,ifz =0
SW(w,y) =1 = Cify=0
v(x ANy) , otherwise.

is an element of AOy(X).
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Remark 3.12. In general, the mapping v is not well defined since the infmum
ANAN 1T x) does not necessarily exist. However, if A is a finite subset of X',
then it is well-defined.

Next, we will use the following notations:
(i) 7*(z) = Ma € X* |z da} = AN(X*N T 2);
(ii) A*(z) =V{a € X*|aQax} =V(XN] 2).

The following propositions are immediate.

Proposition  3.18. Let (X,<,A,V) be a trellis and « €
{dis, ass, A-ass, V-ass, tr,rtr}.  If X* s finite subtrellis of X, then it holds
that

(i) x I~*(x), for any x € X;
(ii) if x € X*, then v*(z) = x.
(7ii) ~* is idempotent;

(iv) v* is isotone;

(v) va is a join-homomorphism, i.e., ya(xVy) = ya(x)Vyaly), for any z,y € X.
Proposition  3.19. Let (X,<,A,V) be a trellis and « €
{dis, ass, A-ass, V-ass, tr,rtr}.  If X* is finite subtrellis of X, then it holds
that

(i) A*(x) <z, for any x € X;
(ii) if v € X%, then \*(z) = x.
(7ii) \* is idempotent;

(iv) \* is isotone;

(v) Aa is a meet-homomorphism, i.e., Aa(x ANy) = Aa(z) A Aa(y), for any
r,y € X.

3.3.2. Elements of AQO)(X) based on specific subsets on
bounded trellises

In this subsection, we give some examples of elements of A0y (X) on a bounded
trellis (X, <, A, V, 0, 1) based on its specific subsets of left-transitive elements.
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In view of Theorem 3.11 and Proposition 3.18, we derive the following propositions
that define elements of AQ,(X).

Proposition 3.20. Let (X,<,A,V,0,1) be a bounded trellis and o €
{ass, A-ass, V-ass, tr, ltr}.  If (X <, A,V) is finite subtrellis, then the binary
operation T,, defined by

xVy ifx,y e X* orx=0 ory=0;
v (x) Vy*(y) otherwise;

Sa(z,y) = {

is an element of AOy(X).

The fact that X% is a sublattice of any trellis leads to the following particular
case.

Proposition 3.21. Let (X, <, A,V,0,1) be a bounded trellis. If X4 is finite,
then the binary operation Sgs defined by

rVy ifr,y € X4 orx =0 ory=0;

Sdis(x7 y) = {

,ydis(x) Vi VdiS(y) otherwise;

is an element of AOy(X).

Under the same condition of Propositions 3.20 and 3.21, we obtain the following
result. The proof is achieved by Propositions 3.18.

Proposition 3.22. Let (X,<,A,V,0,1) be a bounded trellis and o €
{dis, ass, A-ass, V-ass, tr, ltr}. It holds that

Sa(z,y) € X, for any x,y € X .

Remark 3.13. (coincidence) If (X, <, A,V,0,1) is a bounded lattice, then S,
coincides with the join (V), for any a € {dis, ass, A-ass, V-ass, tr, ltr}.

Example 3.9. Let (X = {0,a,b,¢c,d,1}, <) be a bounded trellis given by the
Hasse diagram in Figure 5.9.

1
d. e
2

Qv e

Figure 3.9: The Hasse diagram of the trellis (X = {0,a,b,¢,d, e, 1}, Q).
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One easily verifies that

X ={0,b,¢,d,e,1};
X =10,a,b,c,e,1};
Xt = {0,b,¢,1};
X/\-ass — {07 b’ 1}’
XV = {0,¢,1};
Xdis — Xass — {0’ 1}.

The above subsets are subtrellises of X. Then the binary operations S,, where
a € {dis, ass, A-ass, V-ass, tr,Itr} defined in Propositions 3.20 and 3.21 are are

elements of AOy(X).

Before providing the operations S,, we present the functions v*, for any a €

{dis, ass, A-ass, V-ass, tr, ltr}.

o Olalblc|d|e]|l
AUy o[ 1|{1][1|1|1]1
YS(x) [0 1|1|1]|1]1]1
ANES() O[T b |1 111
YWAS(z) | 0flelele|l]e]|l
Yr(x) |0 ble|llell
() [0lalb|c|l]e]|l
It is clear that S,ss = Sqis = Sp.
Spass | @ | b c|d]|e|| Svas d
a 1(1]1]1]1 a 1
b 1/b|1|1]1 b 1
c 1(1]1]1]1 c 1
d 1(1(1]1]1 d 1
e 1(1]1]1]1 e 1
S lalbleld|lell Sue|lalb dle
elelel|lle a |alblc|l]|e
b le|lble|l]e b |c|lblc|l]e
c |lelele|l]e c |clclc|l]|e
1171 111 d |1]1 111
e |lelele|l]e e |elelel|l]e

In this example, AO((X) has a least element and it is given by:
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Q

Qo [ | W\
O
OO0 [0 |
O
[l B B IR U I e
®

| =0
| =D

3.3.3. Elements of AQO;(X) based on specific subsets on
bounded trellises

In this subsection, we give some examples of elements of AQO;(X) on a bounded trel-
lis (X, <, A, V,0,1) based on its specific subsets of right-transitive elements.

In view of Theorem 3.10 and Proposition 3.19, we derive the following propositions
that define elements of AQO;(X).

Proposition 3.23. Let (X,<,A,V,0,1) be a bounded trellis and o €
{ass, A-ass, V-ass, tr,rtr}.  If (X <, A, V) is finite subtrellis, then the binary
operation T, defined by

T Ay ifr,ye X orz=1ory=1;
A*(x) AAY(y)  otherwise;

Ta(iE,y) = {

is an element of AO;(X).

The fact that Ty;s is a sublattice of any trellis leads to the following particular
case.

Proposition 3.24. Let (X, <,A,V,0,1) be a bounded trellis. If X% is finite,
then the binary operation Tys defined by

TAy ifr,ye X% orxz=1o0ry=1;
XS (2) A XS (y)  otherwise;

Tdis<x7 y) = {

is an element of AO;(X).

Under the same condition of Propositions 3.23 and 3.24, we obtain the following
result. The proof is achieved by Propositions 3.19.

Proposition 3.25. Let (X,<,A,V,0,1) be a bounded trellis and o €
{dis, ass, A-ass, V-ass, tr,rtr}. It holds that

To(z,y) € X, for any x,y € X .
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Remark 3.14. (coincidence) If (X, <, A,V,0,1) is a bounded lattice, then T,

coincides with the meet (A), for any o € {dis, ass, A-ass, V-ass, tr, rtr}.

Example 3.10. Let (X ={0,a,b,c,d,1}, <) be a bounded trellis given in Exam-
ple 3.9. The binary operations T,, where o € {dis, ass, A-ass, V-ass, tr, rtr} defined
in Propositions 3.23 and 3.2/ are elements of AO1(X). Before providing the oper-
ations Ty, we present the functions \*, for any o € {dis, ass, A-ass, V-ass, tr, rtr}.

A Olal|blc|d|e|l
Mis(z) 10]0[0]0]0]0]1
A#S(xz) 10[010]0]0]0]|1
AV 100 bbbl b|1
AVAS(z) 0101 0][0]0]e|l
Atz [ololofoldlell
AX(x) [0|0|blc|d|d]|l

It is clear that Ty = Tais = Th.

Thass |alblc|d|le||Tvas |alblc|d|e
a 0/0]0]0]O0 a 0/0]0]0]O
b O|b|b|b]|D b 0/0]0]0]O0
c O|lb|b|b]|D c 0/0]0]0]O
d O|b|b|Db|D d 0/0]0]0]O0
e O/b|b|D]|D e 0/0J0]0]e
T, lalbleld|el||Tw |a|blcld]|e
a [0]0]0|0|O 0/0|0]0]O0
b |O|b|b|b]|Db b [0O|b|b|b|b
c [O|b|b|b|D c |0|blclc]|ec
d [0O]b|b|b|b d |0|blc|d]|c
e |0|b|b|D]e e |0]blclc|e

In this example, AO;(X) has a greatest element and it is given by:
Tl a|b|lc|d]e
al0l0]0|0]a
b|O|[b|b|b|b
c|0|blc|lc|c
dl0|b|c|d]|c
elalblc|lcle
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4 Class of weakly associative
operations on trellises

In the previous chapter, we have studied two classes of associative operations
(associative aggregation operations) on a bounded trellis (X, <, A,V,0,1), the
class AO;(X) and the class AOy(X). As the meet and the join operations of
a given trellis are not in these classes, we aim in this chapter to study a more
general classes that contain them.

4.1. Definitions, examples and basic proper-
ties

In this section, we study two classes of weakly associative operations and investigate
its various properties. A class of weakly associative operations with neutral element
1 and a class of weakly associative operations with neutral element 0. Several
elements of these classes are given, and others are constructed. These classes are
extensions of the classes AO;(X) and AQOy(X). First, we introduce the definitions
of weakly-associative and weakly-increasing operations on a bounded trellis.

4.1.1. Definitions and examples

Let (X, <9, A,V) be a trellis and x1,z9, -+ ,z, € X. For further use, we recall
that if {z1,za,- -, 2, } N X" £ (vesp. {w1,z2, -, 2, } N XV £ (), then we
said that [Z‘h To, - ’xn] c X/\ass (resp. {‘7717 To, - 71-”] c X\/—ass).

Definition 4.1. Let (X, <, A, V) be a trellis and F a binary operation on X.

(i) F is called weakly-increasing if it satisfies:

vy = F(z,2) A F(y,2), for any ([z,y] € X" and z € X);

(ii) F is weakly-associative if it satisfies:

F(l‘, F(y7 Z)) = F(F(iﬁ,y), z), for any ([{E, v, Z] c XN-ass o [I, n Z} c XV—ass) '
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Next, we illustrate the previous definition weakly-increasing and weakly-associative
operations on a bounded trellis.

Example 4.1. Let (X = {0,a,b,¢,1}, <, A, V) be a trellis given by the Hasse
diagram in Figure 4.1 and F,G two binary operations defined by the following
tables:

F(z,y) |0]a|b|c|1 G(z,y) |0 |al|b 1
0 ala|blc|l 0 0/0]0]0|O0

a blb|lc|lc|1 a Ola|b|lc|1

b blb|lc|c|l1 b Olalc|c|l

c c|1]1|1]1 c 0/011|b]c
1111111 Olalc|c|1

One easily verifies that F' is weakly-increasing and G is weakly-associative.

O QT O

Figure 4.1: Hasse diagram of the trellis (X = {0,a,b,¢, 1}, <).

Notation 4.1. Let WAO.(X) denotes the class (or the set) of all binary opera-
tions on a bounded trellis (X, <, A, V,0, 1) that are commutative, weakly-increasing,
weakly-associative and have e as a neutral element.

Remark 4.1. (i) WAO,(X) (resp. WAOy(X)) extends the class of all t-
norms (resp. the class of t-conorms) on the bounded trellis X studied in

[56].

(i) In general, one can easily observe that AO.(X) C WAO.(X), for any
e€{0,1}.

Next, we give some examples of these classes.
Example 4.2. Let (X, <, A,V) be a trellis. It holds that

(i) A € WAO,(X);
(ZZ) Ve WAOO(X),

(iii) The binary operations Tp (resp. Sp) defined in Example 3.2 is an element
of WAO(X) (resp. WAOH(X)).
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4.1.2. Basic properties of WAQO,(X) and WAO,;(X)

In this subsection, we investigate some properties of W.AO;(X) and

WAOH(X).

The following Proposition shows the duality between the two classes WAQO;(X)
and WAQy(X). We recall that for a given bounded trellis (X, <, A, V,0, 1), its
dual bounded trellis is defined as (X*, <*, A*, V*,0%,1%), where X* = X, x <*y if
and only if y <, 0* =1 and 1* = 0.

Proposition 4.1. Let (X, <, A,V,0,1) be a bounded trellis and F a binary oper-
ation on X. Then the following implications hold:

(i) If F e WAO,(X), then F € WAQO(X*);
(ii) If F € WAQOy(X), then F € WAO;(X*).

Proof. The proof is straightforward. O]

Proposition 4.2. Let (X, <, A,V,0,1) be a bounded trellis. The following impli-
cations hold:

(i) Any element of WAO,(X) is conjunctive;

(it) Any element of WAQO,(X) is disjunctive.
Proof. (i) Let T € WAO(X) and z,y € X. Since 1 € X and T is weakly-
increasing and commutative, it follows that T'(z,y) <T(1,y) and T'(z,y) <

T(x,1). The fact that 1 is the neutral element of 7" implies that T'(x,y) <y
and T'(z,y) Qx. Thus, T'(z,y) <z Ay. Therefore, T' is conjunctive.

(ii) The proof is dual to that of (i).

[]

Proposition 4.3. Let (X, <, A,V,0,1) be a bounded trellis and F a binary oper-
ation on X. Then the following implications hold:

(i) If F e WAO,(X), then F(z,0) =0, for any x € X;
(i) If F € WAOy(X), then F(x,1) =1, for any x € X.

Proof.

(i) Suppose that F € WAO;(X) and z € X. Since 1 € X', 2 <1 and F is
weakly-increasing, it follows that F'(z,0) < F(1,0) = 0. Thus, F(z,0) = 0,
for any x € X.
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(ii) The proof is dual to that of (i).

Remark 4.2. [f the cardinal of X is greater than 1 (i.e., |X| > 1), then

WAOH(X) NWAO,(X) = 0.

4.1.3. Psoset structures of WAQO)(X) and WAO;(X)

In this subsection, we discuss the bounded psoset structures of W.A0;(X) and
WAO,(X).

For any Fy, Iy, € WAO,.(X), we define:

Fy Syuo By if and only if Fi(z,y) < Fy(x,y), for any z,y € X.

The following result is a natural generalization to that of triangular norms in the
trellis setting[56].

Proposition 4.4. Let (X, <x,Ax,Vx,0,1) be a bounded trellis. Then it holds
that:

(i) Tp Swao F <wao A, for any F € WAO,(X) ;

(ZZ) V SIWAO F S]WA(Q SD, fOT any Fe W.AO()(X) .
Proof. (i) On the one hand, Proposition 4.2 guarantees that F <yy40 A, for
any F' € WAQO;(X). On the other hand, Tp(z,y) = 0 I T (x,y), for any
(z,y) € (X\{1})% Ifz =1 (resp. y = 1), it holds that Tp(1,y) = y = F(1,y)

(resp. Tp(z,1) = x = F(x,1) ). Hence, Tp(x,y) < F(x,y), for any =,y € X.
Thus, Tp <wao F yao A, for any F € WAO(X) .

(ii) The proof is dual to that of (i).
]
In a bounded Trellis (X,<x,Ax, Vx,0,1), the structures

(WAOl (X), ﬁW.A(’), TD, /\) and (W.AOO (X), ﬁon, \/, SD) are bounded

psosets.
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Remark 4.3. The bounded psosets (WAO(X), <yao,Tp,N) and
WAO(X), wao,V,Sp) are not mnecessary bounded trellises, since the
meet (resp. the join) of any two elements is not necessary an element of

WAOl(X> or W.AO()(X) .

The following proposition shows a case when an element of W AQO;(X) (resp. an
element of WAQ((X)) coincides with the meet (resp. the join) operation. It is
particular case of the weaker types of increasing binary operations on a bounded
trellis that coincide with the meet (resp. the join) operation [55].

Proposition 4.5. Let (X, <, A, V) be a bounded trellis and F a binary operation
on X. The following statements hold:

(i) If F € WAO(X), idempotent and satisfying F(x ANy, z ANy) I F(x,y), for
any x,y € X, then F is the meet (\) operation of X ;

(it) If F € WAOy(X), idempotent and satisfying F(x,y) < F(x Vy,z Vy), for
any z,y € X, then F is the join (V) operation of X.

Proof. (i) On the one hand, since F € WAQO,(X) which means that F is
conjunctive, it holds that F'(z,y) <x Ay, for any z,y € X. On the other
hand, the fact that F' is idempotent and satisfying F(z Ay, x Ay) < F(x,y),
for any x,y € X implies that z Ay = F(z Ay, z Ay) < F(x,y). Thus, F is
the meet operation (A) of X.

(ii) The proof is dual to that of (i).

Remark 4.4. The converse of the above Proposition /.5 is immediate.

4.2. Constructions of some elements of W.AQO(X)
and WAO,(X)

In this section, we construct some elements of W.AO;(X) and WAQO,(X). For
the increasingness and associativity properties, we use similar techniques as
in [35].

Let (X,<,A,V,0,1) be a bounded trellis and e € X. Let T, and S, two binary
operations on X defined as follows:
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TNy ifr=1lory=1;

To(z,y) = {

(x Ay) A e otherwise;

and

xVy ifxr=0o0ry=0;

Se(,y) :{

(x Vy) Ve otherwise.

Remark 4.5. [35] In general, T, (resp. S.) is not necessarily an element of
WAO(X) (resp. WAOy(X)). Indeed, let (X ={0,a,b,¢,d,e, f,1},<,A,V,0,1)
be a bounded trellis given by the Hasse diagram in Figure j.2.

Figure 4.2: Hasse diagram of the trellis (X = {0,a,b,¢,d, e, f,1}, D).

Sitting * = f and y = d, then v <y and (z,y) € (X")2. Since T.(f,c) =
(fAe)ANe=a L T.(dc)=(dNc)Ne =0, it follows that T, is not weakly-
increasing. Therefore, T, ¢ WAO(X).

In view of remark 4.5, we give sufficient conditions under which the binary
operation T is an element of W.AQO;(X).

Proposition 4.6. [35] Let (X, <, A,V,0,1) be a bounded trellis. The following
tmplications hold:

(i) If e € X% then T, € WAO(X);

(ii) If e € XV~ then S, € WAOy(X).
Proof. We only give the proof of (i), as the proof of (ii) is similar. One easily
verifies that T, is commutative and satisfies the boundary condition. Now, let

(x,y) € X x X' such that x <y and z € X. Then we discuss the following two

possible cases:

(i) If z =1, then T.(z,2) =z <y =T.(y, 2).
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(ii) If z # 1, then we have three possible cases:
(i) fx=1,theny =1and T.(x,2) = 2 <z = T.(y, 2).

(ii) If z # 1 and y = 1, then the fact that e € X"~ implies that
T(z,2) = (xA2)Ne = (xNe)ANz<Lz = T,(y, z). Thus, T.(z, 2)IT.(y, 2).

(iii) If y # 1, then T.(x,2) = (x A z) Ae and To(y,2) = (y A z) Ae. Since
<y and y € X', it follows that x A2 <IyAz. The fact that e € X255
implies (x A z) Ae < (y A z) Ae. Thus, T,(x, 2) <T.(y, 2).

Therefore, T, is weakly-increasing.

Now, we prove that T, is weakly-associative. Let z,y,z € X such that [z,y, z] €
X/7es5 Since e € X5 it holds that

To(z, T(y,2)) = (xA((yANz)ANe)) ANe
=((xAN(yNz))Ne)Ae
=(((x Ay)ANz)Ne)Ne
=(((zAy)Ne)Az)ANe
= (Te(z,y) Nz) Ne
= T(Te(x,y), 2)
Hence, T, is weakly-associative. Therefore, T, € WAO;(X). O

Remark 4.6. Particular cases: since 0,1 € X% we recognize that
(Z) TO = TD and T1 = /\,'
(ZZ) SO =V and Sl = SD.

The following result is slight modification of Propositions 4.6. The proof follows
the same method.

Proposition 4.7. Let X = (X, <, A, V,0,1) be a bounded modular trellis and the
binary operations Z and Z* defined as follows:

r ANy ifxVy=1,

0 otherwise;

xVy ifxANy=0;

1 otherwise;

Z(x,y) = { and Z*(z,y) = {

Then, Z € WAO,(X) and Z* € WAO(X).

In the following result, we propose a new ordinal sum construction of WAQO;(X)
and W.AQ,(X) on bounded trellises according to [16]. We start by the following
immediate proposition.
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Proposition 4.8. [35] Let (X, <, A, V) be a trellis and a,b € X such that a <b.
The following subintervals of X defined as:

[a,b] ={z € X|a <z b},

(a,b] = {z € X|a <z b},

[a,b) = {z € X|a Jx <]},

(a,b) = {z € Xl|a <x <b},
are subtrellises of X .
Theorem 4.1. [35] Let (X, <, A,V,0,1) be a bounded trellis and a € X***\{0, 1}.
If V : [a,1]* = [a,1] an element of WAO:([a,1]) and W : [0,a]* — [0,a] an

element of WAQO([0, al), then the binary operations T : X* — X and S : X* - X
defined as follows:

T Ay ife=1o0ry=1;
T(z,y) =4 Viz,y) ifz,y€lal);
xr Ay ANa otherwise;

and

rVy ifr =0 ory=0;
S(x,y) = W(z,y) ifz,ye (0]

xVyVa otherwise;
are elements of WAO1(X) and WAOy(X), respectively.
Proof.  The proof is similar to that of S. One easily verifies that T" is commutative

and satisfies the boundary conditions. Now, let 2,y € X x X' such that z <y.
Then we discuss the following possible cases:

(i) fx=1or z =1, then T(z,z2) =T(y, 2).
(ii) If z, 2z € [a, 1), then, also a Iy and T(x,z) = V(x,z) QV(y,2) = T(y, 2).

(iii) If x ¢ [a,1) and z € [a, 1), it holds that T'(x, z) = A a and we have three
possible cases:

(i) If y =1, then T'(y,2) = z. Since a € X** then T(x,z) =x Na <z =
T(y,2).

(ii) If y € [a, 1), then T'(y, 2) = V(y,2) € [a,1). Since, a € X***_ it follows
that T(x,z) =x ANa IV (y,z) =T(y, 2).
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(iii) If y ¢ [a, 1], then T'(y, z) = y A a. Since a € X, then it follows that
T(x,z)=xANa<yANa="T(y,z).

(iv) If z ¢ [a,1] and 2z ¢ [a, 1], then T(x,2) =z AzAaand T'(y,z) =y Az Aa.
Thus, Proposition 4.5 guarantees that T'(z, z) = zAzAa<yAzAa =T(y, z).

Hence, T is weakly-increasing. Next, we prove that T' is weakly-associative. Let
x,y,z € X such that [x,y, 2] € X”. The proof is split into all possible cases.

(i) If z,y € [a, 1), then we have two cases:

(a) If z € [a, 1), then:

(b) If z € X'\ [a,1), then:
T(x,T(y,2)) =T(x,y Nz Na)
=xA(yANzAa)Aa
=zAa (car,a € X*)
=V(z,y) NzNa
=T(V(z,y),2)
=T(T(x,y),2).
(ii) If z € [a,1) and y € X \ [a, 1), then we have two cases:
(a) If z € [a, 1), then this case have been studied in (i.b).
(b) If z € X'\ [a, 1), then:
T(x,T(y,2)) =T(x,y Nz Aa)
=zANyANzANa)ANa
=(xAyANa)ANzANa (car, a € X*)
=T(xANyAa,z)
=T(T(z,y),2)-
(iti) If z,y € X \ [a, 1), then we have two cases:
(a) If z € [a, 1), then this case have been studied in (7i.b).

(b) If z € X'\ [a, 1), then:
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Hence, T' is weakly-associative on X. Therefore, T' € W.AO; (X

T(x,T(y,2)) =T(x,y Nz Aa)

=xANyNzAa
=T(xANyNa,z)
=T(T(x,y),2).

[]

One easily Observes that T" and S on a bounded trellis considered in Theorem 4.1

can be described as follows:

Viz,y) if (z,y) € [a,1)%
yAa if v € [a,1), ylla;
T(z,y)=4 xANa if y € [a,1), z||a;
xANyANa if z|a,yla;
T Ay otherwise;
and
Wi(z,y) if (z,y) € (0,a]%
yva  ifze(0,dyla
S(x,y)=1{ Va if y € (0,a],2a;
xVyVa if z|a,yla;
xVy otherwise.
Thus, we get T" and S by the next figures:
1l XAy yaa XAy Aa 1l yva Xvy Xxvyva
1 1
X AY V(x,y) XAaa Xvy Xvy Xvy
XAy XAy XAy wi(x,y) Xvy Xva
0 a n 0 p 10
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4.3. Relationship among WAQO.(X) and isomor-
phisms on bounded trellises

In this section, we conjugate elements of W.AQO;(X) (resp. elements of WAO (X))
and an isomorphism map on a bounded trellis X. First, we start by the following
proposition.

Proposition 4.9. Let (X1, <y, A1, V1), (Xa, <o, A9, Va) be two trellises and p :
X1 — Xy an isomorphism. Then p(X{") C X&.

Proof. Let z,y € Xo and 2z € p(XI") such that x <y y <5 z. Then there exist
2’y € Xy and 2’ € X" such that p(z') <z p(y') <2 p(2'). From the increasingness
of p~1, it holds that 2’ <y ¢ <; 2. The fact that 2’ € X" implies that 2/ < 2/,
ie., 2/ Ay 2/ = a’. Since p is homomorphism; it follows that p(a’) Ay p(Z') =
p(a’ Ay 2') = p(a'). Hence, p(z') <3 p(2'), i.e., © <y 2. Thus, z € X, Therefore,
p(Xi") C X5 O
Proposition 4.10. Let (X7, <y, A1, V1), (Xa, <o, Ag, Va) be two trellises and p :
X, — Xy an isomorphism. Then [x,y,z] € X (resp. [x,y,2] € X)) if and
only if [p(x), p(y), p(2)] € X5* (resp. [p(x), p(y), p(2)] € X37).

Proof. Let z,y,z € X, such that [z,y, 2] € X{"'. Since p is an isomorphism, then

p(z) N2 (p(y) N2 p(2)) =

8
>
=
S
>
[\
=
—
I\
Nt

Therefore, [p(z), p(y), p(2)] € X4?. In a similar way, we prove that [z,y, 2] € X!
if and only if [p(z), p(y), p(2)] € X" . O

Proposition 4.11. (X;, <y, A1, V1, 01, 11), (Xo, <o, Ag, Vo, 0s, 15) be two bounded
trellises, T € WAO(Xs) and p : X1 — X5 an isomorphism. Then the binary
operation T? defined by:

To(x,y) = p~ (T (p(x), p(y))), for any z,y € X1,
is an element of WAO;(X;).

73



CHAPTER 4. CLASSES OF WEAKLY ASSOCIATIVE OPERATIONS ON TRELLISES

Proof.  One easily verifies that T” is commutative and satisfies the boundary
condition. Now, let (z,y) € X; x X" such that x <; y. Proposition 4.9 assures
that p(y) € X&. Since T is weakly-increasing, it holds that T'(p(z), p(2)) <2
T(p(y), p(2)), for any z € X;. The fact that p~! is increasing on X, implies that
pHT(p(z),p(2))) D1 p~HT(p(y), p(2))), for any z € Xy, ie., T?(z, 2) < T*(y, 2),
for any z € X;. Hence, T” is weakly-increasing on X;. Next, we prove that 77
is weakly-associative. Let x,y, 2 € X; such that [z,y, 2] € X{"'. Proposition 4.10
assures that (p(z), p(y), p(2)) € X52. Thus

~
S}
—~
~
s
—~
8
NS
~—
N
~—
I
D
L
—~
~
—
)
—~
~
S}
8
—~
~—

Hence, T” is weakly-associative on X;. Therefore, T € WAO,(X;). O

Notice that in a bounded trellis (X, <, A, V,0, 1), the identity map Idy of X (i.e.,
Idx(z) = x, for any x € X) is an isomorphism (automorphism). Then 774 =T,

for any T € WAO,(X).

Dually, we have the following result for the elements of WAQOy(X).
Proposition 4.12. (Xl, S‘l, N1, V1, 01, 11), (XQ, ﬂ27 Na, Va, 02, ].2) be two bounded
trellises, S € WAQOy(X3) and p : X1 — Xo an isomorphism. Then the binary
operation SP defined by:

SP(z,y) = p~ (S(p(x), p(y))), for any x,y € X1,

is an element of WAQOy(X7).
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General conclusions and future research

In this thesis, we have studied specific algebraic operations on lattices and trellises.
First, we have generalized the notion of aggregation operators to f-aggregation
operators on a bounded lattice and investigated their properties. This general-
ization is based on an arbitrary function f on that lattice. To that end, a lot
of preparatory work was required. In particular, several properties of binary
operations in terms of a given on a lattice have been investigated. We have
ended this part by finding the smallest and greatest f-aggregation operators on a
bounded lattice.

In the second part, we have studied particular classes of associative operations
on trellises in chapter 3. More precisely, on a given trellis (X, <, A, V,0,1), we
have studied AO;(X) (resp. AO((X)) the class of associative, commutative,
increasing, and have 1 (resp. 0) as a neutral element. These classes generalize
the classes of t-norms and t-conorms on bounded lattices. In chapter 4, we
have extended the same classes on bounded trellises by considering a weakest
associativity property.

Future efforts will be directed to the study other important classes of associative
operations on bounded trellis. We anticipate that it will be interesting to study
other classes of algebraic operations on trellises with suitable weaker types of
associativity.
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