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Abstract

This thesis studies the wave equation with dynamic Wentzell boundary conditions with
delay feedback in the boundary subjct to a localized Kelvin-Voigt damping.

Using semigroup theory. The problem is shown to be well-posed in a suitable energy
space through the use of Lumer-Phillips’s theorem and semigroup properties. Then, we show
the strong stability of the solution using Arendt-Batty criteria.

For the case where the damping localizing coefficient is smooth, exponential stability is
proven by using the Huang-Priiss criteria which is established using a perturbation argument,
contradiction argument, and multipliers techniques. On the other hand, if the damping
coefficient is discontinuous, polynomial stability is shown using Borichev-Tomilov’s criteria,
along with a cascade-like technique which allows to merge different stability results and a
specific choice of multipliers.

Key words. Delay feedback, Dynamic BC, Exponential stability, Kelvin-Voigt damping, Lo-
calized damping, Polynomial stability, Wentzell BC, Wave equation, Well-posedness.



Résumé

Dans cette these on étudie I’équation des ondes avec des conditions aux bords de type
Wentzell dynamique et un retard sur le bord, ’équation est soumise a un amortissement de
type Kelvin-Voigt localisé.

En utilisant la théorie des semi-groupes, on montre que le probléeme est bien-posé dans
un espace d’énergie approprié grace au théoreme de Lumer-Phillips et aux propriétés des
semi-groupes. KEnsuite, on montre la stabilité forte de la solution en utilisant le critere
d’Arendt-Batty.

Dans le cas ot le coefficient d’amortissement localisé est régulier, la stabilité exponentielle
est prouvée en utilisant le critere de Huang-Priiss, établi grace a une technique de pertur-
bation, un argument de contradiction et des multiplicateurs. En revanche, si le coefficient
d’amortissement est discontinu, la stabilité polynomiale est démontrée en utilisant la critere
de Borichev-Tomilov, ainsi qu’une technique de cascade qui permet de fusionner plusieurs
résultats de stabilité et un choix particulier de multiplicateurs.

Mots clés. Amortissement de Kelvin-Voigt, Amortissement localisé, Condition aux bords
de type Wentzell, Condition aux bords dynamique, Equation des ondes, Probleme bien-posé,
Retard, Stabilité exponentielle, Stabilité polynomiale.
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General Introduction

0.1 Introduction

This thesis is devoted to studying the stabilization of the wave equation with dynamical
boundary conditions of Wentzell type with a delay feedback on the boundary, where the
stabilizing mechanism is done by a localized Kelvin-Voigt damping; Moreover, we consider
two different types of regularity for the localizing coefficient. Namely, we will be interested
in the following problem

u(z,0) = up(x), ur(z,0) = uy (), in Q,
u(z,t — 1) = folx,t —7), in Qx (0,7), (5

u(z,t) — div{Vu(z,t) + a(z)Vu(z,t)} = 0, in xRy, (1)

u(z,t) =0, on I'y x RY, (2)

(e, t) + %(x,t) + a(x)%(x,t) — Aqu(z,t) + ku(z,t — 1) = 0, onI'y xR, (3)
(4)

)

where € is an open bounded subset of R" with a boundary of class C* divided into two non
empty subsets.

The wave equation with Kelvin-Voigt damping arises in vibration phenomena where the
damping originates from the internal friction of the vibrating structure (extension or compres-
sion) such as vibration of a body made totally or partially of viscoelastic materials. Damping
refers to the process of reducing the energy of a system, resulting from the transformation
of one form of energy into another. This process can occur due to external forces such as
friction or air resistance, or internal forces such as compression or extension present in vis-
coelastic materials. One example of energy transformation due to damping is when an object
is in motion on a surface, and the mechanical kinetic energy of the object is transformed
into heat due to friction. In this context, the term ”dissipation” refers to the loss of energy
from the system in the form of heat or other forms (sound, light,...etc) that are not useful
to the system. Where the dynamical boundary conditions refer to models that don’t neglect
the velocity on the boundary and the Wentzell boundary conditions are utilized to take into
account the potential energy at the boundary.

A lot of work has been done in the context of stabilization of the wave equation and a
large number of articles and books treating this topic appeared such that a full review of
the literature is beyond the scope and can’t fit in our introduction; However, we will review
some results related to our problem that we find interesting and highlight our contributions.



The wave equation with different boundary conditions and different types of dampings
has been extensively studied in the literature. For instance, it is well-known that the decay
of energy is exponential with the classical boundary damping

% = —ku;, on I'y x RY,

where I'y satisfies the so called Geometric Control Condition (GCC in short) introduced by
Bardos, Lebeau and Rauch in [20], as well; a lot of stability results have been shown in
many other cases (see for instance [15, 10, 74, 91, 51, 69, 31, 92, 32, 33, 50]). Nevertheless,
the situation is more complicated with Wentzell boundary conditions, given that the wave
equation with static Wentzel boundary conditions has been studied by Heminna in [46]. The
author has shown that without internal damping we cannot guarantee exponential stability
based solely on a boundary feedback, even if it is applied within the entire boundary. Still,
the strong stability holds in this case.

The wave equation with Wentzell boundary conditions and without damping, was first
studied by Lemrabet in [56] then by Lemrabet and Teniou in [57], existence and regularity
results have been shown for the linear case. Such a model describes a vibrating body with a
thin boundary layer of high rigidity.

Later on, Cavalcanti et al. in [27] showed that in addition to some geometrical assump-
tions, a linear-like interior frictional damping is sufficient to ensure that the energy decays
uniformly at a rate prescribed by the solution to certain ODE, this method was first intro-
duced by Lasiecka and Tataru in [51].

Subsequently, Cavalcanti, Lasiecka and Toundykov in [30] studied the following problem

uy — Au+ a(z)g (ug) =0, in Q xRy,
0
M Aputu=0, on T x Ry,
ov

u(0,2) = ug(x), ut(0,2) = uy (), x € Q,

where the localized damping doesn’t affect the full part of the boundary subject to the
Wentzell condition. They proved a perturbed observability inequality from which different
decay rates are deduced in accordance with the behavior of the function g(-), while the decay
is exponential if ¢(-) is linearly bounded. Afterwards, this work was extended and generalized
in the context of dynamical boundary conditions in [29].

In addition to the fact that dynamical boundary conditions do not neglect the velocity over
the boundary, these types of conditions, alongside the interior equation, represent phenomena
where two dynamics are coupled, the interior and the boundary ones. It should be noted
that adding dynamics to the boundary can significantly affect the stability of the system (see
for example [63, 62, 64]). Similarly, in the one dimensional case, it was shown in [59], that



the following system

;

Ugp — Ugy = 0, z € (0,1),t >0,
u(t,0) =0, t>0,
mug(t, 1) + %(t, 1) +u(t,1) =0, t>0,

| w(0,2) = uo(z), us(0,7) = us(w), x€(0,1),

is not uniformly stable if m = 1 while it is exponentially stable if m = 0.

The question of whether we can stabilize the system by acting on one or both dynamics
has been addressed by many authors.

Khemmoudj and Medjden in [49] proved the exponential stability for the wave equation
with dynamical Wentzell boundary conditions, using a localized linear frictional damping
in the interior besides a linear frictional damping on the boundary, while the system was
exposed to some non-linear forces in both the interior and at the boundary.

Afterwards, in [28], Cavalcanti, Khemmoudj and Medjden extended the previously men-
tioned work in a more general context, where they considered the following problem,

gy + Au + a(z)gr (uy) =0, in xRy,
0

Utt+—u+ATU+gg (v)) =0, only xRy,
6vA

U=, on ' x R,

u =0, on I'yg x Ry,

(w(0),v(0)) = (u°,0°), in QxT,

(us(0),v4(0)) = (ul,vl) , in QxT,

\

where A and Ar are linear second order differential operators with variable coefficients that

satisfy certain uniform ellipticity conditions. Under some geometrical assumptions the au-

thors proved the uniform decay of the energy, using some energy estimates combined with

Riemannian geometric methods due to Lasiecka, Triggiani and Yao (see [52, 53, 89]).
Recently, the following system

(

Uy — Au — kqAuy + cquy = 0, in 2 x R,
u =0, on I'p x RY,
u—w =0, onI'y x RY,
wy — krAp (qw +w) 4+ 0, (u + koue) + crwy =0, in I'y x RY,
w =0, on OI'; x R,
u(+,-0) =ug, w+,-,0) =uy, in Q,

L w(-,0) =wo, wy(-,0) =w, in I'y,

has been studied under the assumption Ty N T'; = () by Lasiecka and Fourrier in [42], they
proved that the system is exponentially stable if kg > 0, or ¢ > 0 and ¢ > 0, or ¢ > 0

3



and kra > 0. Later on, the same problem (without assuming Ty N T; = ) was treated by
Mercier et al. in [72], when kg = cq = a = 0 and kr = ¢p = 1. The authors proved the
strong stability and the lack of uniform stability when € is the unit disc and I’y = ), as well,
they could show the polynomial stability under some geometrical assumptions.

Buffe in [23] treated the wave equation with both static and dynamic Wentzell boundary
conditions, he proved the logarithmic stability with both localized interior and localized
boundary frictional damping, by virtue of a proper Carleman estimate near the boundary
established using microlocal analysis, where the Geometric Control Condition is not satisfied.
Therefore, there is no hope in obtaining exponential stability, instead, an optimal energy
decay was shown (see [55]).

More recently, in [58] the same problem with an additional source term in the boundary
has been considered, and the polynomial stability was proven.

On the other hand, the following problem

ug(z,t) — div(Vu + a(z)Vu,) =0, in Q x RY,
u(x,t) =0, on I' x R, (%)
uw(x,0) = up(x), v (x,0) = uy(z), in €,

has been addressed by Liu and Rao in [67]. By assuming that a € C*'(Q), Aa € L™,
and |Va(z)|* < Mya(z) almost everywhere in 2, where M, is a positive constant, and the
damping region w is a neighborhood of the whole boundary, they have proven that exponen-
tial stability holds using frequency domain approach combined with multipliers technique.
Subsequently, Tebou in [84], showed that the exponential stability still holds without need
for the boundedness of Aa and for a larger class of damping region w, which in this case
should satisfy the so called the Piecewise Multiplier Geometric Condition (PMGC in short)
introduced by Liu in [65], that generalizes the Lions Multiplier Geometric Condition. Tebou,
in the same paper also proved that if the damping coefficient is only bounded measurable
then the energy decays as ¢~
In [78], Nicaise and Pignotti studied the following problem

( uy(z,t) — div(Vu + a(z)Vu,) =0,  in Q@ x RY,
u(x,t) =0, on 'y x RY,
du v .
gz—a(x)%—kut(x,t—ﬂzo, on I'y x RY,
u(x,O) ZUO(J;>7U/($70> :ul(x)v in 2,

. U,t(JT,t—T):f()(l‘,t—T), inQX(OaT)a

where the damping coefficient a(-) satisfies the same assumptions imposed by Liu and Rao
in [67]. Moreover, assuming some appropriate geometric conditions and relying on an in-
equality similar to (2.7), they proved the exponential stability by means of frequency domain
approach and a perturbation argument. In a previous work [76], the same authors treated
a second-order evolution equation with dynamic boundary feedback laws with a delay where

4



the damping was distributed in the whole domain, using the multipliers technique, the ex-
ponential stability has been established. Moreover, the authors gave counterexamples where
(2.7) doesn’t hold, which suggest the optimality of this condition.

It is worth mentioning that the presence of time delay might destabilize systems that are
exponentially stable in absence of delay (see [77, 88, 37, 79]).

Burq and Christianson in [25] considered the problem (x), by assuming that the damping
coefficient a(-) is smooth (C*°), vanishes nicely, and the damping region {a(-) > 0} controls 2
geometrically, they proved that the energy of this system decays exponentially. Afterwards,
Burq and Sun in [26] relaxed the regularity condition on a(-) to become a € C'(Q2) and
|Va| < Cv/a such that the exponential stability always holds.

Note that the smoothness of the coefficient a(-) is crucial for the exponential stability in
the case of Kelvin-Voigt damping in contrast to the case of viscous damping as the exponential
stability holds for the latter case if the GCC is satisfied regardless of the smoothness of the
coefficient. Such a phenomenon can be seen clearly in the work of Liu and Liu [66], where
they showed that the locally damped one dimensional wave equation isn’t exponentially
stable if the coefficient of the Kelvin-Voigt damping is discontinuous; Later on, Alves et al.
in [7] proved the polynomial energy decay of type ¢t 2 for this case and showed the optimality
of this decay rate. Afterwords, the multidimensional case (Namely the problem (x))with
discontinuous damping coefficient was considered in [87] by Wehbe et al. they proved a
polynomial energy decay rate of type ¢! if either the damping region w satisfies the GCC
and meas(wNdS2) > 0 or the damping region w contains strictly a subset satisfying the GCC.
Furthermore, when the domain €2 is a square and thesle geometrical conditions are violated
they proved a polynomial energy decay rate of type t~3 if the damping region w is a vertical
strip far away from the boundary and of type ¢ 5 if the damping region w is next to the
boundary.

Later, in [13] Ammari et al. considered the problem (%) without assuming any conditions
on the damping region. They established a logarithmic energy decay which is known to be
optimal in the general case (see e.g. [24]).

It is noticeable that many significant and important cases remain unaddressed in the
literature. Therefore, we propose to investigate the stabilization of the wave equation under
boundary dynamics that add energy to the system, primarily from boundary velocity, the
Wentzell component, and the boundary delay. Our goal is to comprehensively analyze and
understand the long-term behavior of such a system when stabilized by localized Kelvin-
Voigt damping. Additionally, we will study the impact of the damping localization coefficient
regularity by considering two different types of regularity for this coefficient.

0.2 Thesis Overview

This thesis is divided mainly into three chapters, which we present in the following section.



0.2.1 Well-Posedness and Strong Stability

In the second chapter, we focus on presenting the problem within the context of semigroup
theory. We begin by formulating the problem, and then proceed to establish the existence
and uniqueness of a solution. Finally, we demonstrate the strong stability of the solution.

In a bounded domain 2 C R" with a smooth boundary I' divided into two parts I'y and
'y, such that I' = Ty UT; with Ty N T} = () and meas(I';) # 0,7 = 0,1. We consider the
following initial boundary value problem

in ) x R,
on I'yg x R,

6
7

ug(x,t) — div(Vu(z, t) + a(x) Vu(z, t)
t

u(z,

)
)

0
Utt(ﬂf, t) + —u

(6)
(7)
Oouy
ay(x,t) +a(x)5( t) — Aqpu(x,t) + kug(z,t — 1) = 0, onI'y x RY, (8)
(9)
10)

u(z,0) = ug(x), us(x,0) = wy (a:) in Q, 9
w(z,t — 1) = fola, t — 1), in Q x (0,7).(10
We are interested in the case when the damping is not active everywhere but only on a

subset w C €2, i.e.
a(x) >0ae inQ, a(x)>ay>0ae inw,

where w is an open neighborhood of the part I'; and meas(w N Ty) > 0.
A very important ingredient for the results of the second chapter and even the coming

chapters is the following inequality
ag > |k|Cp, (11)

where qg is a lower bound for a(-) in w and C,, is a type of Poincaré inequality.
After introducing the following new state (substitution)

2(z, p,t) = w(x,t —7p), we€l,pe(0,1),t>0,

and denoting u; = v, we are able to write our problem in the context of semigroup theory

o,U = AU
=4 . (CB)
UO - (u07u17u1|F17f0('7 - 7—)) y
where
v
div(Vu + a(x)Vv)
AU = —%—a( )@%—ATu—k:z( 1) VU € D(A),
ov ov 1
e



with domain

D(A) ::{U = (u,v,v|r,,2) € H: AU € H}

{U €V x V x LA(Ty) x LA(Ty; HY0,1)) : div(Vau + a(z)Vo) € L}(Q),
ou

ov 9 B
o=+ a(z) 5 — A € LA(T), v, = =(,0)},

where, V' and H are suitable Hilbert spaces.
Now, we give the following well-posedness result

Theorem 0.1. Assume that the inequality (11) holds. Then for any initial datum Uy € H,
there ezists a unique (weak) solution U € C([0,400),H) of problem (CB). Moreover, if
Uy € D(A), then

U € C([0, +00),D(A)) N C ([0, +00), H).

The proof is based on Lumer-Phillips’s theorem. Since the domain of A, D(A), is dense
in ‘H, then the proof will be based on the following two points.

e The operator A is dissipative. i.e. R{AU,U)y < 0,YU € D(A).
e The range of \g — A, R(A\g — A), is H. i.e. AU — AU = F has a solution U € D(A)
for every F' € H.
Next, we present our first result regarding the stability, namely the strong stability

Theorem 0.2. The semigroup of contractions (S(t)),s, generated by (A, D(A)) is strongly
stable on the energy space H in the sense that

tlim HS(t)U()“H =0, VYU,eH.
—00

This strong stability result is based on Arendt-Batty’s criteria (Theorem 1.3) which states
that if

1. A has no eigenvalues in iR,

2. 0(A) NiR is countable,

then, the semigroup (etA) +>0 18 strongly stable. Subsequently, the proof of our theorem will
be a consequence of the following Lemma and Proposition.

Lemma 0.3. If the inequality (11) is satisfied, then, for all € R, the operator (i1 — A)
1S injective, i.e. :
Ker(ipI — A) = {0}.

Proposition 0.4. If the inequality (11) is satisfied, then for all B € R, we have (i5I — A)
1S surjective, 1.e.

R(ipI — A) =H.
Since the operator A is closed, using the Closed Graph theorem, we infer
iR C p(A),

which leads to the conclusion of Theorem 0.2.



0.2.2 Exponential Stability: Case of smooth damping coefficient

This chapter is devoted to the study of the exponential stability of our system. To this end,
we are going to use the frequency domain approach. Specifically, we shall follow Theorem 1.4
(Huang-Priiss [47, 82]) which states that a Cy-semigroup of contractions in a Hilbert space
is exponentially stable if and only if

iR={if: B e R} C p(A), (12)

and
sup H(zﬁ ) || (H) < 0 ( )

As the first condition was already verified in the previous chapter, we need only to verify
the second condition.

The result of the third and also the fourth chapter will be built up on some estimates
that are easy to get in w but the difficult part is to extend these estimates to the rest of €2
which needs some regularity assumptions on a(-). Hence, following Nicaise and Pignotti [78]
on their inspiration from Liu and Rao [67], we suppose the following assumptions that we
illustrate in Figure 1,

(H) meas(T'y) > 0,

(A1) 36 > 0, a(z) > ag > 0, Vo € Os, where

Os={x€Q, |[x—y| <9, YyeTli},
(A2) a € CH (Q), Aa € L™ (Q).

Also, we assume the following conditions.
There exists a function ¢ € C* (; R") and constants 0 < a < 3 < § such that
(D1) 9;qx = Okqj, divg € C (Qp) and ¢ = 0 on O, where Q5 = Q\Op,
(D2) there exists a constant o > 0 such that
(@qk)lgk’jgn Z O'I, n Q@,
(D3) there exists a constant C' > 0 such that for all v € V' we have
|(¢- Vv)Va— (q-Va) Vu| < Cv/a|Vu|, in Qg,

(D4) g(z) -v(z) <0 Vz €Iy Then we give a concrete example of 2 where we can
provide an explicit formula for the vector field ¢(-). Namely, the following remark.

Remark 0.5. If Q is a disk in R?and Ty is a suitable connected arc from the boundary, the
conditions (D1)-(D4) hold with q(x) = m(x)o(z) such that o € C'(Q) defined by
1 if x € 957
o(z) =4 0 if v € O,
o(x) € [0,1] elsewhere ,

and m(x) = x — xo, where g € R? is chosen such that m(x)-v(x) > 0 for every x in Ty (see
Figure 2).



Figure 2: A geometric situation for which there exists a vector field ¢ for which the assump-
tions (D1)-(D4) are satisfied.

Now we give the main theorem of the third chapter.

Theorem 0.6. Suppose that the assumptions (H),(A1),(A2),(D1)-(D4), along with the

9



inequality (11) are satisfied, then there are two constants M > 0, a > 0, such that for all
initial data Uy € H, the solution U = (u,us, u|r,, 2) of the problem (6)-(10) satisfies the
following uniform exponential decay estimate

1U () I3 < Me™[|Up|l- (14)

The proof of this theorem will be divided into several steps, organized in two sections.
First of all, in a suitable Hilbest space, Hy, let’s define the operator Ay which corresponds
toT =0 and k =1, that is

T
Ay D (Ay) = Ho = (u,v,0)p,)" — (v,div (Vu +aVo), —% — a(x)% + Apu — v) :
with
D(Ap) = {U = (u,v,v|r,)" € Ho : v € V,div(Vu + aVv) € L*(Q),
ou ov 5
% + GE — ATU €L (Fl)}

At this stage, we assume that Ay generates an exponentially stable semigroup. So, from
Theorem 1.4 (Huang-Priiss [47, 82]) we have,

(i€ = Ao) " ey < C, VEER. (15)

This resolvent estimate will be used to derive the following estimate

A |57l < C|| Foll3,. (16)

which we use in the proof of the stability of the problem with delay (Proposition 4.2). In
the next section we study the stability of the delayed problem provided that the operator Ay
generates an exponentially stable Cy-Semigroup.

Stability of the problem with delay

In this section we are going to establish the proof of our main theorem (Theorem 0.6), using
the inequality (16).

Proposition 0.7. Under the assumptions (11), (H), (A1),(A2), and (D1)-(D4), the op-
erator A satisfies
supge || (181 — A7 g < +oo.

Proof. The proof uses the resolvent estimate (15), the inequality (16), and some classical
inequalities. O

At this point the proof of Theorem 0.6 is finished; However, the exponential stability
of the problem without delay which was used as an assumption will be proved in the next
section.

10



Stability of the problem without delay

In this section we prove that the operator Ay that we introduced in the previous section
generates an exponentially stable semigroup. For this matter we use Theorem 1.4 (Huang-
Priiss [47, 82]).

Lemma 0.8. For all § € R, one has
Ker(i5I — Ay) = {0}.
Proof. The proof is based on a standard unique continuation argument. O]
Proposition 0.9. For all 5 € R, one has
R(@ipI — Ay) = Ho.

Proof. The proof follows the same steps as the damped case which was treated in the strong
stability section. O]

Next, we present the lemma that’s the pillar of our work.

Lemma 0.10. Under the assumptions (H),(A1),(A2), and (D1)-(D4), Ay satisfies

sup ||(Zﬁ] — AO)HE(HO) < Q. (17)
BER

Proof. We proceed by contradiction. Suppose that (17) doesn’t hold. Then, by the uniform
resonance theorem, there exists a sequence (3,,)neny € R and a sequence (u,, Uy, Un|r, Jnen €

D(A,) such that

|Ba| = +00, (18)
unlly + lvnll 12 + lonll 2y = 1, (19)
Zﬁn (un7vn>vn|f‘1) - -AO (unavnyvn|F1) = (fnagna hn) — O n H (20)
Then,
iBptty, — v, = fn—0inV, (21)
iBavn — div (Vu, + a(z)Vv,) = g, — 0in L*(Q), (22)
Ouy, ovy, .
180, + a—l: + a(x)a—l; — Agup, +v, = h, — 0in L*(T)). (23)
We look for a contradiction of the form
lunlly + lvall 12 + [0l 2y = o(1). (24)

The proof is divided into several steps.

11



Step 1. A standard analysis gives

2
[[unlly + ||Un||L2(Q) =o(1).

Step 2. Using simple multipliers we achieve the following estimate

/ o[ Vo, [2dz + | [oa2dT = o(1). (25)
Q I
and the following equivalence
[unllv ~ [[onllL2()- (26)
So, in order to achieve the contradiction (24), we only need to show
[unllv = o(1). (27)

Step 3. From (25), using the assumption (A1) and Poincaré’s inequality, we find

[un|? dzz = o(1). (28)
Os

Then, using the following cut-off function: n € C*(Q) such that

1 if z € 0576,
n(x) =< 0 if z € Qs,
n(xz) € [0,1] elsewhere

and suitable multipliers, we deduce
/ \Vu,|*de+ | |Viu,|>dl = o(1). (29)
05 F1
Now, we need only to show
/ \Vu,|” dz = o(1).
Qp

Step 4. In this step, using the assumption (A2) and (22), we find a uniform bound for

/ @ |Byonf? da + / @ |Brvn? do (30)
Q I

which is used in the coming steps.

Until now, we have obtained the estimation of the integral of Vu,, on the subdomain Og.
Likewise, we will establish a similar estimation on Qg which is required to achieve (41). This
is the purpose of the following step.

Step 5. Using the elliptic regularity, the vector field ¢(-), and the assumptions (D1)-
(D4), besides well chosen multipliers, we deduce

/ V| dz = o(1), (31)
Qs
which leads to the desired contradiction. Hence, the proof is now completed. O

12



Figure 3: An example where Iy and I'; are far away from each other and O, doesn’t meet
Ty.

We finish this chapter by the following remark

Remark 0.11. When €2 is the crown domain between two circles I'y and I'; that constitute
the two parts of boundary, the analysis made in this paper still holds except the estimate (28)
because of the lack of Poincaré’s inequality since O, can’t meet the part I'y. However, if we

consider a set (’ja containing O, and such that meas(@aﬂFo) > 0, we can use the Poincaré’s
inequality and (28) still holds (see Figure 3).

0.2.3 Polynomial Stability: Case of discontinuous damping coeffi-
cient

In the fourth chapter we study the stability of our problem when the damping coefficient
a(-) is discontinuous, namely, when a(z) = al,,. We will show that the associated semigroup
is polynomially stable with a decay rate of type ¢ /2. For this matter we will use the
perturbation argument from the previous chapter adapted to the discontinuous case and a
cascade technique that allows us to merge different stability results for different systems.
Particularly, this will be based on an early established result (Cavalcanti et al. [28]), hence,
we will put ourselves in the same geometrical situation, that is when 02 = I' = I'y U I’y
where, [y and I'; are closed and disjoint; besides, w is a neighborhood of I'y, where

Iy ={zel,m(z) v>0},

such that m(z) =  — ¢ and z; is an arbitrary point in R". Moreover, we make the following
two assumptions (see Figure 4).
(H) meas(I'y) >0, (A) 30 > 0, Os C w, where

Os={xe€Q, |v—y| <o, VyeT}.

13



Figure 4: An example of a geometric situation satisfying the assumptions.

After releasing the regularity assumptions on a(-) our system is still stable, however, with a
slower decay rate this time. This is the subject of the following theorem.

Theorem 0.12. Suppose that the assumptions (H),(A) and the inequality (11) are satisfied,
then there is a constant C' > 0, such that for all initial data Uy € D(A) the solution U :=
(w, ug, uglr,, 2) of the problem (6)-(10) satisfies the following polynomial decay estimate

WU (1) 1 < %HUOHD(A)- (32)

The proof follows the same big lines as the smooth damping coefficient case.
In a suitable Hilbert space Hg we define the operator Ag, that corresponds to 7 = 0 and
k =0, that is

v
AU = div(Vu + aVv) VU € D(A),
ou ov A
—5 — CLE + A7u
with
D(Ao) == {U = (u,v,0)T € Ho : v € V,div(Vu + aVo) € L}(Q),
% + a% ~ Agu e LA, w = v|p1}.

14



At this point we suppose that iR C p(Ap) and that the operator Ay generates a polynomially
Vi
(€ = A0) ™ ey < CE, VEER. (33)

This resolvent estimate will be used to derive the estimate

stable semigroup with a decay rate of type , then from Theorem 1.5 (Borichev-Tamilov

[22]) we have

[ topar < clepIR, 3
which we use in the proof of the stability of the problem with delay (Proposition 0.7).

Stability of the problem with delay

Now we are going to prove the main result using the inequality (34).

Proposition 0.13. Under the assumptions (H),(A), the inequality (11) and |B| > 1, the
operator A satisfies

1 . _
SUDger @H (i8I — A) ! |3 < 400.

Proof. The proof uses the resolvent estimate (33), the inequality (34) and some classical
inequalities. L

Now, we go back and show the polynomial stability of the problem without delay, namely,
the problem related to the operator A.

Stability of the problem without delay
Lemma 0.14. For all 5 € R, one has

Ker(ifI — Ay) = {0}.
Proof. Based on a standard unique continuation argument. O
Proposition 0.15. For all § € R one has
R@iBI — Ay) = Ho. (35)
Proof. Similar to the delayed case. O

Lemma 0.16. Under the assumptions (H) and (A), Ay satisfies

Sup (i8I = Ao) "l zemg) < 00

=
er 52
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Proof. We will prove the result by contradiction, suppose there exist sequences {3, }nen in

R and {U, := (tn, Un, Wy) }nen in D(Ap) such that

|Bn] — 400,

2
lunlly + lvall 2y + lwnll 2,y = 1,

BB (s Vny W) — Ao (tny Uy W)} = (Fry Gy hn) — 0 in H.

Using some simples multipliers, we deduce
9 1
alVo,|*dr = o(—3).
Q B
and
[unllv ~ llvnll2()-

So, all we need to show is
[tnllv = o(1).

Again, using some multipliers, we deduce
/ |82V, |*dr = o(1).

|VTun|2dF = 0(1).

Iy

(42)

(43)

Now we have all the needed estimates on w and we need to establish similar estimates on Q\w.
To that end, we are going to use a stability result of a similar system with frictional/viscous

damping.
We consider the following auxiliary problem,

(

ou(z,t) —Ap+alyp = 0, iInQxRY,
oz, t) = 0, on 'y x RY,
Op X
Sptt‘{'%_ATSO‘f‘SOt: 0, on I'y x R,
[ #(2,0) = @o(2), ¢r(2,0) = ¢1(x), in.

(44)

This system is a particular case of the system studied in [28]. From there we can deduce the

exponential stability of the system (44), (See Remark 4.1 in [28]).

Now, since the system (44) is exponentially stable in a suitable Hilbert space Hguz,

henceforth, after Theorem 1.4 (Huang-Priiss [47, 82]) the operator

AU = Ap —alyy VU € D(Aguz),



such that,

D) ={U = (0,6, 0)" € V2 x I2(00), Ap € 1(2), 92 — Argp -6 € 12(T) ),

satisfies the following uniform inequality
H(Zﬁn - Aau:v)_lF”H < M||F||H> VE € Hous (45)

for a positive constant M > 0. Taking F' = (0, —u,, 0), there exists a unique (¢n, ¥n, ¢n) €
D(Ague) solution of

(Zﬁn[ - Aaux)(gpna wm ¢n) = (07 —Un, 0)
Finally, from (45) we deduce

IVenllZai) + IVr@nlliaw,) + 1Buenlliz) + 1BnenllTowyy < Cllunlliz, — (46)

which we use with some new multipliers to derive the following estimate

/ \Vu,|*dz = o(1) (47)
Q

which finishes the proof. m
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Chapter 1

Preliminaries

This chapter is devoted to presenting the methodology used in this thesis related to the
stability of semigroups as well as some well-known results that will be used in the following
chapters. Except Theorem 1.4, all other theorems are presented without proofs, however,
the relevant references are given.

1.1 General notions in stability theory

We are interested in the stability of the following abstract Cauchy problem in a Hilbert space
H

(A1)

w(t) = Au(t),t € (0,4+00)
u(0) =z € H,

where A : D(A) C H — H is a linear unbounded operator.

Two corner stones in the theory of semigroups related to PDEs are the two theorems of
Hille-Yosida and Lumer-Phillips.

Theorem 1.1. (Hille-Yosida, [/0]) A linear operator (A, D(A)) in a Banach space X gener-
ates a strongly continuous contraction semigroup (S(t))t>0 if and only if it is closed, densely
defined, and for every A € C with R\ > 0 one has A € p(A) and

1
1RO A < o (1)

where R(X\, A) is the resolvent operator.

Theorem 1.2. (Lumer-Phillips, [40]) For a densely defined, dissipative operator (A, D(A))
on a Banach space X the following statements are equivalent.

o The closure A of A generates a contraction semigroup.

e R(A—A) is dense in X for some (hence all) A > 0.
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In practice, the resolvent estimate (1.1) in Theorem 1.1 is difficult to verify, in contrast
to the assumptions of Theorem 1.2, which are easier to deal with in most of the rencontred
cases in Hilbert spaces, then one gets (1.1) for free.

Assume that (A, D(A)) generates a Cy-semigroup of contraction (S(t)),., in H, then the
existence of a unique solution to the Cauchy problem (A1) is derived from the properties of
Co-semigroups (see e.g. Lemma II.1.3 in [40]), and the solution is given by

u(t) = S(t)x, Vit > 0. (sol)

The semigroup (S(t)) is called:

teR+t

e Strongly (asymptotically) stable if for any x € H:

Jim [[S(t)z]m = 0. (ss)

e Exponentially (uniformly) stable if there exist constants M > 0 and « > 0 such that
IS@) Il < Me™

or equivalently
lim [|S(¢)||g = 0.
t—o0

e Polynomially stable of type t~%if there exists a constant C' > 0 such that for every
x € D(A):
C
1S@)zllz < 2 lzlioea

One must notice that the norm || - [[pc4) can’t be replaced by || - ||z otherwise using the
semigroup property polynomial stability will imply exponential stability.

The asymptotic behavior of the solution (sol) or analogously the semigroup (S’ (t)) >0 18

related to spectral properties of the infinitisimal generator (A, D(.A)). From the Hille-Yosida
theorem we know that the spectrum of A, o(.A) lies in the closed left half of the complex
plane. Obviously, if A has eigenvalues in the imaginary axis then there is no hope for stability;
However, if this is not the case, then we have the following theorem

Theorem 1.3 (Arendt-Batty, [19]). Assume that A is the generator of a Cy-semigroup of
contractions (S(t)),o on a Hilbert space H. If

1. A has no pure imaginary eigenvalues,
2. o(A) NiR is countable,

then the Cy-semigroup (S(t)),s, is strongly stable.
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In general, the rate of decay in (ss) can be extremely slow without any further conditions.
Nevertheless, in certain specific scenarios such as our case, the rate of decay in (ss) is related
to the rate at which the energy of the system (A1) decreases. Therefore it is of interest to
investigate if this rate of decay can be quantified.

We know that the semigroup (S (t)) 1> Satisfies the following estimate:

IS@)la < Me®, (1.2)

for some constants M > 1 and a. The smallest possible w is called the growth bound and is
defined as follows

wo = wo(S) = inf{a € R: IM > 1 such that ||S(t)||z < Me*, Vvt > 0}. (1.3)
Another important quantity is the spectral bound, defined as follow
s(A) :=sup{R\, X € o(A)}.
Obviously, we have

wo(S) <0< (S(t)),., is exponentially (uniformly) stable = s(A) < 0.

>0

From Hille-Yosida theorem it follows that
S(A) S C«JQ(S )

The equality is known to fail in general (see e.g. [81, 40] ) but it holds whenever the semi-
group (S (t)) ser+ 18 eventually norm continuous which is the case for analytic, eventually
differentiable, eventually compact semigroups or semigouprs that are generated by bounded
operators (one can see the diagram I11.4.26 in [40]).

If we change the spectral bound s(.A) by the pseudospectral bound so(A)

so(A) :=inf{a € R: sup ||R(\, A)||g < +oo}, (1.4)

RA>a

then, the equality so(A) = w(S) always holds in Hilbert spaces. This is the subject of the
following well-known and widely used theorem

Theorem 1.4. (Huang-Priss, [47, 82]) A Cy semigroup (S(t)),>, of contractions on a Hilbert
space H is exponentially stable if and only if

iR C p(A), (H1)

and
B — A) ! , H2
?éﬁ H(lﬁ ) ”ﬁ(H) <0 (H2)

where A is the infinitisimal generator of (S(t)),s, and p(A) denotes the resolvent set of the
operator A.
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When the condition (H2) is not satisfied, we still hope to understand and quantify the
rate of the decay. The following theorem provides a characterization of a slower (polynomial)
decay rate in this case.

Theorem 1.5 (Borichev-Tamilov, [22]). Let (S(t))i>0 be a bounded Cy-semigroup on a Hilbert
space H with generator A such that iR C p(A). Then for a fized £ > 0 the following conditions
are equivalent

o [[i8=A)7=0(8I"),8 — oo,
o |SH)ATY|=0 () t = .

We finish this section by a short and elementary proof of Huang-Priiss theorem (Theorem
1.4) given recently by Filippo Dell’oro and David Seifert in [38].

Proof. (of Theorem 1.4) To simplify some expressions in this proof we write R(\) instead of
R(\, A) for X € p(A).

The necessary part is standard and well-known. For the sufficiency part we note that, as
a consequence of the semigroup property, it suffices to show that tlgglo IS(t)]| = 0. Suppose

then that iR C p(A) and sup |R(if)]|| < oo, and let K be defined as follow
BeER
K :=sup||S(t)| < oc.
>0

Given o > 0, we consider the rescaled semigroup (S (t)),s given by So(t) = e~**S(t) for
t > 0. For every x € X and t > 0 we have

ISael =1 [ 18,6~ Dsanelar < - [Cisaeeltan 0
Now let C = sup ||R(if)|| and w = C~'. It follows from the resolvent identity that, for a > 0
BER
and 8 € R,
[R(a +iB)|| = |R(iB) — aR(a +iB)R(iB)|| < C' + Cal|R(a +if)],

and hence ||R(a +if)|| < (w —a) ! for all @ € (0,w) and B € R. By another application of
the resolvent identity we obtain

[R(e +if)x]| = | R(w + if)x + (w — a) R + if) R(w + iB)z|| < 2[[R(w + i6)x]|

for all « € (O,w), € Rand z € X. If « > 0 and = € X, and if we extend the semigroup

(Sa(t)) =0 by zero to R,
_ S.(t), t>0,
S.(t) = (t)
0, t<0.
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Then, by the integral representation of the resolvent the function f — R(a + i)z is the
Fourier transform of the function t — S, (t)x.

R(a+if)z = /OO e P8, (H)adt = /OO e PLS, (t)xdt (1.6)
0

—0o0

Thus, applying Plancherel’s theorem (twice) we deduce that, for a € (0,w),

| samalar = [ 3

2 o0
nal dr = o [ IRt iselfas < 2 [ R +is)elas

—4 / 1S.(r)el? dr < el
0

(1.7)
where ¢ = K(2C)"2. Combining (1.5) and (1.7) gives ||S,(t)|] < Kct™/2 for all a € (0,w)
and t > 0, and letting o — 0" we get

Kc
1S(t)]] < 7 — 0, t— o0.

Thus (S(t))s>0 is exponentially stable, as required. O

1.2 Functional analysis tools

In this section, for the reader’s inconvenience, we provide some functional analysis tools that
are employed in the thesis. Throughout this section X and Y are Banach spaces and € is a
connected open set in R™ with a boundary 99 of class C?.

Theorem 1.6. (Closed graph theorem, [83]) Let (A, D(A)) be a linear operator from X to
Y. Then if (A,D(A)) is a closed operator and its domain D(A) is closed in X, then the
operator is bounded.

Theorem 1.7. (The uniform resonance/boundedness theorem, [83]) Let T, € L(X,Y),
n € N be such that {T,} is pointwise bounded in X, then it is uniformly bounded, i.e.
sup || Tl zex,v) < 00.

Theorem 1.8. (Fredholm alternative, [853]) Let A, K € L(X,Y) and let K be compact. Then
A is an isomorphism if and only if A+ K 1is.

Sobolev embedding

Theorem 1.9. (Poincaré’s inequality, Lemma 1.3.1 in [}]]) Let Ty be a portion of T' = 02
with strictly positive measure. Then for every u € H%O(Q), there exists a constant C' > 0
such that

[ull 2 (@) < ClIVullr2@)
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Theorem 1.10. (Trace operator, Theorem 1.2 in [75]) Let T' be at least Lipschitz. Then
there exists a uniquely defined, linear and continuous mapping T : H*(Q) — L*(T) such that

for every x € I and v € C*(Q), it is defined by T'(v)(z) = v(z).

Theorem 1.11. (Theorem 1.4.5.2 in [/5]) Let s > s > 0, then, the injection of H*(Y) in
H*(Q) is compact.

Elliptic regularity

Theorem 1.12. (Theorem 8.8 in [}3]) Let u € H' () be the weak solution to the equation
Au= f and f € L*(Q). Then for any subdomain ¥ € Q, i.e. Q' has a compact closer in €,
we have u € H*(Y).

Theorem 1.13. (Theorem 8.12 in [/3]) Let u € Hy(Q)) such that Au € L*(Q). Then
u € H*(R).

Unique continuation

Theorem 1.14. (Calderén theorem, [54]). Let g be such that |g(y)| < Cly|. Let w € €2,
with w # 0. If u € H*(Q) satisfies Au = g(u) in Q and u(x) = 0 in w, then u vanishes in Q.
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Chapter 2

Well-Posedness and Strong Stability

2.1 Introduction

In this chapter we present our system, then we prove its well-posedness and the strong
stability of its solution.

Let © C R" be an open bounded set with a boundary I' of class C?. We assume that T
is divided into two open parts I'y and I'y, i.e. I = Ty UT; with I'y N Ty = 0 and meas T #*
0,2=0,1.

In this domain 2, we consider the following initial boundary value problem

uy(z,t) — div{Vu(z,t) + a(z)Vu(z,t)} =0, in QxRY, (2.1)
u(x,t) =0, onlyxRL, (2.2)
ou Oouy
g (z, t) + E(x,t) + a(x)a(x,t) — Aqu(w,t) + ku(z,t —7) =0, onTy xRY, (2.3)
u(z,0) = ug(x), ue(x,0) = uy (z), in €, (2.4)
w(z,t —7) = folx,t —7), inQx(0,7), (2.5)

: : ou .
where v(x) denotes the outer unit normal vector to the point z € I', — is the normal

ov

derivative of u, At is the Laplace-Beltrami operator defined by
ATU = diVT VTU,

where divy is the tangential divergence such that the following Stokes formula holds
/ Aruiidl = — [ VpuVgpadl, Yu, i € Hy(Ty)
Fl F1
and Vru denotes the tangential gradient where

Vu:VTu—i—%-y, on Iy,
ov
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7 > 0 is the time delay, & is a real number and a(x) € L*(2) satisfies
a(x) >0ae inQ, a(x)>ay>0ae inw.

Here, w C €2 is an open neighborhood of the part I'y of the boundary that is supposed to be
connected and meas(wNTy) > 0 (see Figure 2.1). Furthermore, the initial datum (uo, u1, fo)
belongs to a suitable space.

Figure 2.1: Example satisfying the required geometrical assumptions.

In this chapter, we are going to establish the well-posedness of our system under a suit-
able relation (Inequality (2.7) in the sequel ) between the function a(-) that characterizes
the region where the Kelvin-Voigt damping is active and k the coefficient of the delayed
boundary feedback. This relation ensures the dissipativity of our system which is crucial for
the forthcoming analysis.

Without loss of generality we can suppose that w has a C* boundary, then from the trace
theorem we have

[v|2dT < C||v]| g1y, Vv € H' (w),
Ow

for some positive constant C'. Hence, the following Poincare-Trace type inequality holds
/ lv2dl < Cp/ V|’ dz, Vv € H%O(Q), (2.6)
I w
where

Hp (Q) = {ue H(Q) : ulp, =0},

and C'p is the smallest possible positive constant.
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We shall show that, when the damping is active in a neighborhood of the part I'; of the
boundary and the following condition is satisfied

ag > ’k’le, (27)

the system (2.1)-(2.5) is well posed and its energy decays to zero. First, we will follow [70]
and [77] and transform the boundary delay feedback using an auxiliary state, then using a
semigroup approach, Lax-Milgram’s lemma and the Lumer-Phillips’s theorem we will prove
the existence and uniqueness of a solution.

As in [76] and [77], we introduce the following new state,

2(z, p,t) = w(z,t —7p), zely,pe(0,1),t>0. (2.8)

The system (2.1)-(2.5) is then equivalent to:

u(z,t) — div(Vu + a(z)Vug) = 0, in Q x RY, (2.9)
Tz (z, p,t) + 2,(z, p,t) =0, inI'y x (0,1) x RY, (2.10)
u(z,t) =0, on I'y x RY, (2.11)
ou v
Uy + B + a(:p)% — Aru+ kz(z,1,t) =0, on I'y x RY, (2.12)
2(x,0,t) = ug(x, t), on I'y x RY, (2.13)
u(z,0) = ug(x), u(x,0) = uy(z), in Q, (2.14)
w(z,t — 1) = folx,t — 1), in Q2 x (0,7). (2.15)
We also introduce the following spaces
V ={ue H} (Q): uly, € HyT1)},
and
H =V x L*Q) x L* (1) x L* (T x (0,1)),
endowed with the inner product,
u U
v v -
o = [ {Vu(x) - Vu(z) + v(z)o(x) }dx
U|F1 Ulfl o Q
z z
+ [ {Vru(z) - Vyu(z) + v(z)o(z) }dl
It
1 f—
+§/ / z(z, p)Z(z, p)dpdl,
r, Jo
where ¢ is a positive real number such that
2
b < & < 2% (2.16)
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Now, we introduce our unbounded operator A on H,

v
div(Vu 4+ aVv)
AU = ou v ,YU € D(A),
~5, " %3, + Agu — kz(-,1)
~=%,

with domain,

D(A) :={U = (w,0,0]r,,2)" € H: AU € H}

{U €V x V x L) x LA(Ty; HY(0,1)) : div(Vu + aVo) € L2(Q),
ou ov

- _ 2 — .
8V +a8]/ ATU < L (Fl),’U|F1 Z( 70)}

If we denote

U = (u,v,v|p1,z)T,

where u; = ¢, we can reformulate our problem in the compact form:

{ WU =AU (2.17)

Uo = (uo, ur, wa|ry, fol- — - 7))".
Since the vector field (Vu + aVv) belongs only to H(div, €2), where
H(div,Q) == {u € (L*(Q))" : divu € L*(Q)},

we need a valid Green’s formula for the related term. However, for a vector field A €
H(div,Q), A -v € H’%(F) C H’%(Fl). Where H’%(Fl) is the dual space of I:[%(Fl) the
space of functions in H(I';) whose extensions outside I'; by zero lies in H?(T), and we have
the following Green’s formula (See identity (1.2.17) of [44])

/ A-Vodr = —/ div Apdz + (A - v; o)r,, Ve € Hf (Q), (2.18)
Q Q

where (-; )r, is the duality product between H_%(Fl) and ]:I%(Fl).

Remark 2.1. The inequality (2.7) is very important for the stability of the system considered
in this thesis. Moreover, it is proved to be mecessary in some situations; For example, in
the one dimensional setting when a(-) is constant everywhere and the boundary term wuy is

multiplied by a sufficiently small parameter p as we deduce from the counterexample presented
in section (4.3) in [76].
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2.2 Well-Posedness

First of all, we would like to draw the reader’s attention to the fact that the well-posedness
of evolution equations with delay isn’t always guaranteed, as one may see in the work of
Dreher, Quintilla, and Racke in [39].

Now, we present our first theorem regarding the existence, uniqueness, and regularity of
the solution.

Theorem 2.2. Assume that (2.7) holds. Then for any initial datum Uy € H, there exists a
unique (weak) solution U € C([0,+00),H) of problem (2.17). Moreover, if Uy € D(A), then

U € C([0,+00),D(A)) N C([0, +0), H).

Proof. Take U = (u,v,v|r,,2)" € D(A). Then

v
u
div(Vu + aVv) v
<AU, U>’H :< ou ov ) >
~3 %% —|—1ATu —kz(-, 1) vlr, N
=z, 2
T
:/ VoVudx 4+ | VroVeudD + / div(Vu + aVv)vdz
Q r Q
0 0
+ /Fl (- a—z - aa—z + Aru — kz(+,1))vdl

s
—// =z,zdpdl.
rJo T

Therefore, by using Green’s formula and the definition of D(.A) we get,

RAU, Uy = — / a|Vu|*de — kR | z(-,1)vdD
0

I
§ 2 2
- = S D = dar
o | (2CDR = o) ar,
where R denotes the real part.
By Cauchy—Schwarz and the Young inequalities we find

R(AU,U)y < — / a|Vul*dz + (ﬂ + i) |v[2dl
Q 2 27— r

o
(5 -5) [ e
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Using (2.7), we deduce that

§R(AU,U>H§—( cp<|’“' )>/|V|dx+ ( "“') et ppar

(2.19)
—/ a|Vo|*dz.
Q\w
Observing that from (2.16) we have,
k|, € L
_ e > = > 2.2
“ OP(2+2¢ =0 5T 20 (2:20)

hence R(AU, U)y < 0, and the operator A is dissipative.
Now, we will show that the operator A is surjective. Given (fy, fa, f3, f1) € H, we seek
(u,v,v|r,,2)" € D(A) solution of

( v = f17
div(Vu + a(z)Vv) = fa,
0 9,
~ 5 - @)+ Aru— k(1) = fi, (2.21)
L _%Zp f4

The first equation in (2.21) gives v € V| whose trace in I'y is well defined. Then, from
the fourth equation we deduce

2(z, p) = v(x) — T/Op fa(z,0)do on Ty x (0,1), (2.22)

and in particular
1
z2(x,1) =v(x) — 7'/ fa(z,0)do, VxeTly.
0

Since f4 belongs to L*(I'; x (0,1)) then z € L*(I'; x H'(0,1)). Moreover, v,v|r,, z are
uniquely defined, hence, we can define the following functional for every u,u € V,

a(u, ) = / VuVads + | VyuVyadl,
Q '

which is bilinear, continuous, and coercive. Always for every u € V', we define the following
linear functional

(@) = — /Q (fli + a(2)V f,V) d — / (fs + k=(-, 1))dr.

I

Using Lax-Milgram theorem we deduce that for every (fi, fo, fs, f4)7 € H, there exists a
unique v € V such that
a(u,u) =1l(u), YuelV. (2.23)
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Moreover, from (2.23) we have
div(Vu+aVv) = fo,  in D'(Q).

Since f, is in L*(2) then, so is div(Vu + aVv). Using this in (2.23) besides the fact that

ou v
f3 and z(-, 1) belong to L*(T';) we get 7 T,

the existence of a unique solution (u, v, v|r,, 2)" € D(A) to (2.21). From (2.21), (2.22), and
(2.23) we can deduce

— Apu € L*(T). Consequently, we conclude

||(U?U7U|F17 Z)HH < C||(f17 f27 f37f4)”7'['

So, 0 € p(A). Therefore, by contraction principle, we obtain R(A — A) = H, for A > 0
sufficiently small. Thus, applying the Lumer-Phillips Theorem, we conclude that the operator
A generates a () semigroup of contractions on H. m

Let us introduce the energy of the system.

E(t) .= E(u(t)) = %/Q {u(z,t) + |Vu(z, t)]*} dz + %/r {u(z,t) + |Vru(z, t)]*} dT

t
+£/ jwi(, p)|* dUdp.
t

27— —T Fl

(2.24)

Proposition 2.3. For any reqular solution U = (u,v,v|r,,2) of problem (2.1)-(2.5) the
enerqy is decreasing and there exists a positive constant C' such that

E'(t) < -C {/w |V (z,t)|* dz + . |ug(z,t — T)|2dF} — /Q\w a(z) [Vuy(z, 1)) dz

Proof. 1t suffices to notice that

2B(t) = ||Uf3,
hence
E'(t) =R(U",U)y = R(AU, U)y,.
We then obtain the result owing to (2.19) and the assumption on &. ]

2.3 Strong stability

As pointed out in the introduction, the strong stability is a necessary condition for the
exponential one. In this section we are going to give a strong stability result for the problem
(2.1)-(2.5) under the assumption (2.7). To this end, we shall use Arendt-Batty’s criteria [19].

Theorem 2.4. The semigroup of contractions (S(t)),s, generated by (A, D(A)) is strongly
stable on the energy space H in the sense that

tli)m ||S(t)U0||7.[ =0, VYU,eH.
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The criteria of Arendt and Batty [19] ensures that a Cy-semigroup of contractions in a
reflexive Banach space is strongly stable, if o(.A) NiR contains only a countable number of
continuous spectrum of A and no eigenvalue. Since 0 € p(A), we only need to check that
(i) Ker(ifI — A) = {0} and (ii) R(i81 — A) = H, for all real numbers 5 # 0. Then, by the
Hille-Yosida theorem the operator (i — .A) is closed and using the closed graph theorem we
deduce that its inverse (i3 — .A)~", which is defined everywhere is bounded. Consequently,
we deduce that o(A) NiR = 0.

Lemma 2.5. If (2.7) is satisfied, then, for all 5 € R, the operator (i1 — A) is injective,
.e.,!

Ker(i5I — A) = {0}.
Proof. Let U = (u,v,v|r,,2)" € D(A) be such that
= iBU. (2.25)
Recall (2.19), we have

R(AU, Uy < (—a0+cp( ;))/IV |dg;+< K _ f) |2(2, 1)|%dT

— / a(x)|Vv|*dr,
QN\w

where C), is the constant in (2.6). Using (2.20) we infer

/ |Vo|*dx = 0, |z(z,1)?dTl' =0, and /Q\ a(x)|Vv|*dr = 0. (2.26)
w I w
Therefore, from (2.26) we have that
aVv =0, in €, (2.27)
and
Vv =0, in w.
Then for some real constant ¢ we have
v=c inw. (2.28)
In addition, from (2.26), we derive
z(z,1) =0on I'y. (2.29)

Now, note that (2.25) can be rewritten as

(

fu—v =20, in ,
ifv — div(Vu +aVv) =0, in Q,

zﬁv—k%—f—a@—ATu—l—kz( 1)=0, inTy,

ov  Ov )
iBz+-2,=0, inlyx(0,1).
T
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Inserting (2.27) and (2.29) we have

Z'/Bu_'l] =\, ln Q,
BPu+Au=0, in,
2.
’L'BU—F%_"G@_AT/&:O’ in Fla ( 30)
v ov 1
iBz+=2,=0, inlyx(0,1).
L T

Then, from the fourth equation in (2.30) and (2.29), we obtain
z(xz,p) =0in 'y x (0,1).

Thus
v(x) = 2(z,0) =0, z € I';. (2.31)

Therefore, from (2.31) and (2.28), we deduce
v=0, in w. (2.32)
Now, using the first equation of (2.30), we also have
u =0, in w.
Moreover, using the regularity of u and the trace theorem result
u=20, onIY.

Finally, since u satisfies the second equation of (2.30), a unique continuation result (The-
orem 1.14 for example) allows us to deduce

u =0, in .
Therefore, (u,v,v|r,,2)" = (0,0,0,0). ]
Proposition 2.6. If (2.7) is satisfied, then for all f € R, we have that (i1 —.A) is surjective,
1.€.

R(iBI — A) = H.

Proof. Since we have already shown in Theorem 2.1 that R(A) = H, we only need to prove
that R (i1 — A) = H for all B € R, 5 # 0.
Given F' = (f1, fa, f3, f1) € H, we need to find U = (u,v,v|r,, z) € D (A) such that

(i8I — A)U = F, (2.33)
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that is,
1fu—v=f, in €,

ipv — div(Vu 4+ aVov) = fo, in Q,

ifv + 8_u + a@ — Aru+kz(,1) = f3, in Ty, (2.34)
ov ov

1
iBz+ —z,=f1, inI; x(0,1).
T

x
From the fourth identity in (2.34), we have

2(x, p) = e PP (v + 7'/ P fy (, 0)d0>. (2.35)
0
Then,
1
2(x,1) = e Py 4 7P / e fy(z, 0)do. (2.36)
0

Multiplying the second equation in (2.34) by ¢ € V, integrating and using Green’s formula
(2.18), then using the first and the third equations in (2.34) as well as (2.36) yields,

ag(u, p) = ls(p),

where
ag(u, ) = —f° / updr + /(1 +iBa)VuVedr — 5* [ updl +/ VruVredl
Q Q N} N}
+ ifkeP / uipdzx,
Q

and

l5<go>=/ﬂf2¢+w/Qﬁm/ﬂawlvm/n revis [ he

Iy
1
+ ke 7B fip — kre 8 / / e”ﬁ”ﬁl(x, o)@do,
Fl Fl 0

which is a linear form over V.
Now, let’s introduce the operator Ag : V — V' by

<A5u, ﬂ>v/’v = ag(u, ﬂ), Vu eV,
and define the operators A; and A, that decompose Ag as follows

{A1:V—>V’ {A2:V—>V’

u — Aju, u — Aqu,

such that,
(Alu)(SO) = al(ua 90)7 \V/U, pE ‘/7
(Au)(p) = ax(u, ), Vu,p €V,
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where

slung) = (ike ™ = ) [pdo = 3 [ upr,
Q n (2.37)
as(u, ) :/ (1 —i—zﬂa(a:))VuV@dx—i—/ VruVredl.
Q I

Our aim here is to prove that Ag = A; + A, is an isomorphism, for which we are going
to prove that A; is a compact operator and that A, is an isomorphism.
Let u,p € V. We have for suitable constant C,

a1 (u, )| < Cllull 2@ ll¢ll2@) + Cllullzer, el L2y
< Cllullvliellrz@ + Cllullzer, [[ell 2y

1
Further, for all s € (5, 1), we have

a1 (u, )| < Cllullv[l@l s 0)-

Since the canonical injection of V into H} () (respectively) H{ () into Hy, () is con-
tinuous (respectively) compact, then the injection (H*(€2))" < V' is compact. This proves
the compactness of A;.

On the other hand, we can easily check that ay is a coercive sesquilinear form on V. So,
by the Lax-Milgram theorem, the operator A, is an isomorphism.

Now, our proof of Ag being an isomorphism is reduced to proving that Ker Ag = {0}.

Let u € Ker Ag, that is

ag(u, ) =0,Yo € V.

Then from (2.37), we find that

—B*u — div({1 + iBa}Vu) = 0, in D'(Q),

—BPu+ (1+ iﬁa)? — Aru+ifke™™Pu =0, onT;.
v

If we set v = iffu and z(x, p) = ife”"PPu(x), then (u,v,v|r,,2) belongs to D(A) and
satisfies

u ifu—v 0
v ifv — Au — div(a(x)Vv) 0
(i — A) =1 . ou ov =
o, iBv + Em + a(a:l)% — Aru 0
z 18z + =z, 0
T

Using Lemma 2.5, we easily deduce that Ker(if —.A) = {0}. Hencewu =v =v|p, =2=0
and Ker Az = {0}. The proof is now completed. O
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Chapter 3

Exponential Stability: Case of smooth
damping coeflicient

In this chapter, we are going to prove the exponential stability of the problem (2.1)-(2.5)
when (2.7) is verified and the damping coefficient a(-) satisfies certain regularity assumptions
described below.

To this end, we are going to use the frequency domain approach. Specifically, we shall
follow Theorem 1.4 (Huang-Priiss [47, 82]).

Since the condition (H1) of Theorem 1.4 (Huang-Priiss [47, 82]) was already verified in
the proof of Theorem 2.4, we need only to verify the condition (H2).

The result of this chapter and the next one will be built up on some estimates that are
easy to get in w but the tricky part is to extend them to the rest of 2 which needs some
regularity assumptions on a(-). Hence, following Nicaise and Pignotti [78] on their inspiration
from Liu and Rao [67], we assume the following conditions that we illustrate in Figure 3.1,
(H) measI’y >0, (A1) 30 > 0, a(z) > ap > 0, Y € Og, where

Os={xe€Q, |v—y| <o, VyeT},
(A2) a € CH' (Q), Aa € L™®(Q).

Also, we assume the following conditions.

There exists a function ¢ € C' (;R") and constants 0 < o < 8 < § such that (D1)
0;qr. = Opqj, divg € C'(Qp) and ¢ = 0 on O,, where Q5 = Q\Op, (D2) there exists a
constant o > 0 such that

(aj%)1gk,j§n > ol, in Qg,

(D3) there exists a constant C' > 0 such that for all v € V' we have
(g - Vv) Va — (q- Va) V| < Cv/a|Vul, in Qg
(D4) g(z)-v(x) <0 VzeTl,.

Remark 3.1. If Q is a disk in R*and Ty is a suitable connected arc from the boundary, the
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Figure 3.1: An example of a geometric situation satisfying the assumptions (D1)-(D4).

conditions (D1)-(D4) hold with q(x) = m(x)o(z) such that o € C'(Q) defined by

1 if x € Qﬁ,
o(z) =4 0 if v € Oy,
o(x) € [0,1] elsewhere ,

and m(x) = x — xo, while 1y € R? is chosen such that m(x) - v(z) > 0 for every x in Ty (see
Figure 3.2).
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Figure 3.2: A geometric situation for which there exists a vector field ¢ for which the as-
sumptions (D1)-(D4) are satisfied.

Now we give the main theorem of this chapter.

Theorem 3.2. Suppose that the assumptions (H),(A1),(A2),(D1)-(D4), along with the
inequality (2.7) are satisfied. Then there are two constants M > 0, o > 0, such that for
all initial data Uy € H the solution U := (u,v,w, z) of the problem (2.1)-(2.5) satisfies the
following uniform exponential decay estimate

1U () Iz < Me™[|Up|l- (3.1)

The proof is divided into several parts and is contained in the next two sections. Moreover
it is based on a perturbation argument similar to the one used in [78]. We are going to show
that our system is exponentially stable by relying on the exponential stability of the same
system with no time delay. Let H be the space,

Ho =V x LX) x LA(T)), (3.2)

equipped with the inner product

U U
< v N > /{Vu )-Va(z)+v(z)o(z }dx+ {VTu ) Vori(z)+v(z)o(x

- Iy
Ulrl U|F1 Ho

and let A be the operator corresponding to 7 = 0 and k = 1, that is
T : ou ov T
Ao : D (Ao) = Ho : (u,v,v|p,)" — | v,div (Vu + aVv), —a—a( )a——i-ATu—U :
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with
D(Ap) = {U = (u,v,v|r,)" € Ho:v € V,div(Vu + a(z)Vv) € L*(Q),
ou ov

ogu ov 2
By + a(m)ay Aru € L (I’l)}.

At this stage, we assume that Ay generates an exponentially stable semigroup. So, from
Theorem 1.4 (Huang-Priiss [47, 82]) we have,

{<w iR C p(Ao)

3.3
(ii) | (i€ = A0) gy <O, VEER. (3.3)

The estimate (¢7) in (3.3), will be used to derive the estimate (3.6) which we use to prove the
Proposition 4.2. Indeed, for every Fy € H,, the solution (4, #, o|r,)" € D (Ap) of

U
(i€l — Ap) v = Fo,
6“‘1
satisfies
U
v < C||Foll2, (3.4)
v T Ho
which is equivalent to
[all s, @) + 19ll2@) + 19]l2n < CllEollm- (3.5)
Then,
[ totar < ciilg, (3.6)

3.1 Stability of the problem with delay

In this section we are going to establish the proof of our main theorem (Theorem 4.1), using
the inequality (3.6).

Proposition 3.3. Under the assumptions (2.7), (H), (A1),(A2), and (D1)-(D4), the op-
erator A satisfies
supgeg || (161 — A) 7l < oo

Proof. For F'€ H and € R, let U € D (A) be a solution of

(BT — AU =F = (fi, for fas 1),
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that is

1Pu—v = fi, in €,

ibv — Au —div (aVv) = fo, in Q,

‘ ou  Ov (3.7)
ifv + £y + = Aru+kz(-,1) = f3, only,
\ iﬁz—{—T_lzp = f4, onl}.
The first identity of (3.7) gives
v=1ifu— fi.
Recall that, from the identity (2.36), we have
v(z)=e™Pz(x,1) - 7'/ e fy (x,0) do,
0
and so,
[l z2sy < M1z (o D) 2y + Cllfallz2oxoa) (3.8)
Moreover, from (2.19), we have
C | |2(z,1)]Pdl < =R (AU, U),, .
Iy
Then,
C [ 12 (1) AT < R(F, U, < [ FlllU ]l (3.9
I'1
From (3.9) and (3.8), we deduce
10l1Z2my < C (11, + 1 Flll1U) - (3.10)
From (2.35), we also have
212200 0.1 < C ([0l 2y + I fall 22y x0.y)) - (3.11)
By using (3.11) in (3.10), we obtain
[vllZ2y < C{HFH% HF e (I (s v, vl00) o + I0llz2es) + [ fallzze <o) }
Therefore,
[vl1Z2 e,y < C (IF I3, + [ F el (v, 000,) 30) + CIE vl 2y,
from which follows, by using Young’s inequality,
[WlZey < C U+ 1F el (w0, 010,) o) - (3.12)
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Estimates (3.9), (3.11), and (3.12) imply

12 (D) oy < C IEI5 A+ IF Tl (0,010, g, ) -

We have now to estimate || (u, v, v|r,) ||24,-
of

(3.13)
For this, let (@, 0,?|r,) € D (Ap) be the solution

U u
(—iB-A)| & |=] —v |, (3.14)
6|F1 _Ulrl
which is equivalent to
—ifu—v = wu in €,
—ipo —div(Va+aV0) = —v inQ, (3.15)
. 0u 0] .
—ifv + N +a% —Aru = —v only.
From another part we have
i ifu—v i
. % ifv — div(Vu + aV) 5
<(26_A)U7 N > :< . ou v A oo 1 5 .
_U|F1 " Zﬁv + % + a% — Aru+ Z(-, ) _Ulrl ”
0 1Bz + T_lzp 0
= | V(iBu—v)-Vadz + [ Vr(iBu —v) - Vradr — /(iﬁv — div(Vu + aVv)) - vdz
Q I Q
. ou v —
— /1“1 (zﬁv + 9 + s~ Aru+ kz(-, 1)) odly
= / VuV(—ifu — v)dz + / v(ifv + div(Va + aVo))de + | VouVe(—ipa —0)dl
Q Q IN]
. ou 00 R _
+ /F1 v (180 — W %o + Ara)dl — A kz(-, 1)vdl.

Then, from (3.15), we have

<<zﬂ—A>U, -

_ﬁ|F1

0

and so

H(U7U>U|F1)HH0 = <F7

> Z/(IVUI2+Iv|2)dx+/ (lVTu|2—I—|v|2)d:B—/ kz (-, 1) 3dT,
Q I '
H

> +/ kz (z,1)0dr,
I'1
H



from which follows, by using Cauchy—Schwarz inequality,

v, 00e,) 3 < NF Ml (80, 010,) oo + kHl2 (1) 2y 9] 2ey)-

Now, observe that from the estimates (3.4) and (3.6), we have

(@, 2, 9[r,) [l1o < Cl (w,0,0]r,) [l

and
10 z2ryy < Cl (u, v, 0l0,) [l3o-
Using these last two inequalities in (4.26), we obtain

I v, 000,) oo < C (I1F e+ 112 (5 1) 2y -

By recalling (3.13), we have

(v, vl0) gy < C (1F 15+ IE el (w0, 00e,) o)
and so, using Young’s inequality, we obtain
| (u, 0, 0]r,) [l30 < CIE 34,

Hence, we have
[vllz2y) < CIE 4,

and then, from (3.11),
121l z2ws x0.)) < ClIE |-

This proves that the resolvent of A is uniformly bounded on the imaginary axis.

(3.16)

(3.17)

]

At this point we have finished the proof of Theorem 4.1; However, the exponential stability
of the problem without delay which was used as an assumption will be proved in the next

section.

3.2 Stability of the problem without delay

In this section we are going to prove that the operator Ag that we introduced in the previous
section generates an exponentially stable semigroup. For this matter we use Theorem 1.4

(Huang-Priiss [47, 82]).
Lemma 3.4. For all § € R, one has

ker(i8I — Ag) = {0}.
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Proof. Let U = (u,v,v|r,)" € D(Ap) be such that
Ao(u, v, v|r,)T = iB(u,v,v|p,)T.

Using Green’s formula (2.18) and (3.18), we have

0 = R(AU, Uy — — / o|Vol2dz — [ [vf2dT.
Q

ry

This implies
aVv=01n Q) and v=0onIY}.

Arguing like in Lemma 2.5, we find
v=0on w,

inserting all these on (2.25), we obtain

iPu—v =0, in €,
fPu+Au =0, inQ,

u =0, inw.

(3.18)

(3.19)

Then using a standard unique continuation argument, we deduce (u,v,v|r,) = 0. Hence,

ker(i8I — Ag) = {0}.

Proposition 3.5. For all 5 € R, one has
R(iBI — Ay) = Ho.

Proof. The proof follows the same steps as in Proposition 2.6.

Lemma 3.6. Under the assumptions (H),(A1),(A2), and (D1)-(D2), Ay satisfies

sup | (181 — Ao) |l cmo) < 0.
BeR

(3.20)

Proof. We proceed by contradiction. Suppose that (3.20) doesn’t hold. Then, by the uniform
resonance theorem, there exists a sequence (3,,)neny € R and a sequence (u,, Uy, Un|r, Jnen €

D(Ap) such that

|Bn| = o0,

2 2 2
||Un||v + ||UTL||L2(Q) + HU"HLQ(Fl) - 1’

Zﬁn (Umvmvnh‘l) - AO (Umvmvnh‘l) = (fna gn, hn) — 0 1in H

42

(3.21)
(3.22)
(3.23)



Then,

1Bty — v, = frn—0inV, (3.24)
B0, — div (Vu, +aVv,) = g, — 0in L*(Q), (3.25)
_ ou,, ov,, .
i B + 55 T a(a:)E — Agup, +v, = h, — 0in L*(T)). (3.26)
We look for a contradiction of the form
lunlly + llvnll72 () + Ionll 2,y = o(1). (3.27)

The proof is divided into several steps. Step 1. Taking the inner product of (3.24) with u,
in V, the product of (3.25) with v, in L?(€2), and the product of (3.26) with v,|r, in L*(T';),
we obtain

i unlly = (tn, va)y = o(1),

iBn anHiz(Q) — /QdiV(Vun + aVv,)0,dz = o(1),
B omllz2qry) = /

'y

(Vi + aVv,)ndl — / Aty + [0 [2a, dT = o(1),

Iy

Integrating by part, summing the above identities then, taking the real part , we deduce

/ a|Von2de + [ [on2dD = o(1). (3.28)
Q N1

So,
[onl2(ry) = o(1)
and (3.27) becomes,
ltally: + l[vallZ2q) = o(1)-

Step 2. Now, taking the inner product of (3.24) with v, in L*(Q2), (3.25) with u, in L*(Q)
and (3.26) with u,|r, in L*(T';), we have
zﬂn/gunindaz — anHiQ(Q) =o(1), (3.29)

iy / VU dz — / div(Vu, + aVu,)u,dr = o(1) (3.30)
Q Q

and

iBy / Uy TindD + / (G Doy / Aty Tpdl + / 0 T,dl = o(1).  (3.31)
I r; (91/ (91/ ry ry
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Using Green’s formula (2.18) in (3.30), then summing the result with (3.29) and (3.30), we

find

B, / UnTodz + i / ontind + / Vun2de+ | [Vpun 2l = (o220
Q Q Q

1N
+/aV1}nVﬂndm+z’ﬂn/ vnﬂndF—i-/ v ndr = o(1).
Q I Iy
From (3.22), (3.24), and the trace theorem, we have

Zﬂn/ vnﬂndf' =
Iy
Using (3.22) and (3.28), we obtain

1

< |ya||go||vun||L2(Q)(/ (@) Vo, ) = o(1),
Q

/ VU Undx
1N

Now, taking the real part of (3.32) and using (3.33)-(3.35), we deduce

/Q|Vun|2dx+/F V14 2T~ [J 2210 = 0(1),

/ aVv,Vu,dx
Q

and

< vallz2plltnll L2,y = o(1).

hence,
[tnllv ~ [[on][L2(0)-

So, in order to achieve the contradiction (3.27), we only need to show
[tnlv = o(1).

Step 3. From (3.28), using the assumption (A1) and Poincaré’s inequality, we find

/ [un|? dzz = o(1).
Os

Now, we introduce a cut-off function n € C*(2) such that
1 if v € Os_,,

n(x) =< 0 if ©z € Qg,
n(xz) € [0,1] elsewhere .

/F Vn (Tn +7n)dr‘ < onllzay (lvnllz2@yy + I fallz2eyy) = o(1).
1

(3.32)

(3.33)

(3.34)

(3.35)

(3.36)

(3.37)

(3.38)

Multiplying (3.25) by 7, (3.26) by @,|r,, integrating by parts and summing, we obtain

/ n |Vun|2 dr + / (iBnvnnty, + @, Vu, - Vn + aVu, - V (nu,)) dz
Os Os

+ |VTun|2dF+zﬂn/ vnﬂndf+/ U dl = o(1).
ry r,

'

44



Moreover, from (3.22) and (3.24), we see that ||Bnun[12(q) < [[vall12() + [[fally is uniformly

bounded for all n > 1. Then from (3.28),(3.33), (3.35), and (3.38), we deduce
/ Vu,|*de+ [ |Vru,|*dl = o(1).
Oﬁ '

Now, we need only to show

|V, |” dz = o(1).
Q5

Step 4. Multiplying (3.25) by i3,av, and integrating by parts we have
/ a ann‘Q dr = / 6, (Vu, + aVu,)V (av,) dx — / 13,00, gndx
Q Q Q

_ ouy, ov,\ _
— Zﬁn /Fl <E + ag) avndF.

Multiplying (3.26) by i8,av,|r, and integrating by parts, we have

/ a |ﬁnvn|2 do = / i (8un + a%) (av,,) dx +if, Vru,Vr(av,)dl
Fl Fl v

v r,

—/ iﬁnainhndx—i-iﬁn/ a|v,|drl.
It

It

Adding (3.40) and (3.41), we get

/a|ﬁnvn|2d:€+/ a\ﬁnvn\2dx:/iﬁn (Vu, +aVv,)V (av,) dx
0 r, 0

+Zﬁn VTunVT(aﬂn)dF—/

I'1 Q

iﬁnaﬂngnd:c—/ 1Bnav, hy,dx

I
+ iﬁn/ alv,|dl.
I
Using (3.24) and (3.28), a straightforward computation gives
9‘%/ 16,Vuy, -V (av,) dz = §R/ (Vu, +Vf,) - (aVV, +7,Va) dx
Q Q

= 3%/ U, Vo, - Vadz + o(1)
Q

< C’||Aa||oo/ lun|* dz + o(1).
Q
Similarly, we have
§R/ i8,aVv, -V (av,) dx :§R/ 18, UaVu, - Vadx
) Q

1 2
g—/a\ﬂnvn\2dx+M/a|an]2d:L*
3 Jao 4 Q

1

! / 0 |Buvnl? dz + o(1),
3 Jo
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1 3
%/MW%%WS—/Mm%EW+_/@WFM

(3.45)
_1 2
= /Qa\ﬁnvn| dz +o(1),

3

R | i6,Vu, -V (av,)dx =R (Vu, + Vf,) - (aVTD, +7,Va)dx
r r (3.46)

= o(1),

1 3
R [ i8,a0,h,dx S—/a\ﬁnvn|2das+—/ a|hn]2dm
h 3 Ja 4 Jn, (3.47)
1 )
:—/ a|Bpvn|? dz + o(1).
3 Jr,

Inserting (3.43)—(3.47) into (3.42), we get

/alﬁnvnIde—i—/ a\ﬁnvn|2dx§CHA@Hoo/|vn|2dx+0(1), (3.48)
Q r, Q

which is bounded for all n > 1 because of the assumption (A2) and (3.22). In (3.39), we
have obtained the estimation of the integral of Vu,, on the subdomain Og. Likewise, we will
establish a similar estimation on §23 which is required to achieve (3.37). This is the purpose
of the following step. Step 5. Now, observe that

div (Vu, + aVv,) € L*(Q)

and
div (Vu, + aVu,) = div (V (u, + av,) — Vav,) € L*(Q).

Then,

A (uy, + avy,) € L*(9),
u, +av, =0 on Iy,

which implies
u, + av, € H*(Q\W),

where W is a neighborhood of I';. Let
M, := Vu, + aVv, = Vu, + o(1). (3.49)

Since ¢ = 0 on O, q- M, € H(Q) . Now, observe that by (3.25), taking the inner product
with ¢ - M, results in

§R/ iBntng - M pdx — QR/ div M,,q - M, dx = o(1). (3.50)
Q Q
Further, using Green’s formula, we have
t/dWﬂLg~EQmﬁ:/jA@~w¢ﬁ%ﬂf—l/A@V(qJW@dw (3.51)
Q o9 Q
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From (3.51), using (3.49) and the fact that u =0 on I'y, we deduce

—/ div M,,q - M ,dx = — / q-v|M, - 1/|2 dl’ + / (Mn,jajqkﬂn,k + Mn,jqkakﬁn,k) dx
Q To Q

= — / q-v |Mn . y|2 dl’ + / (Mn,jajqkﬂn,k -+ Mn,jqkakﬁn,j) dz
Ty Q

+ / Mquk (@-Mn,k — aan’j) dx.
Q

Let us denote
]:/Mnquakﬁn,jdl',
Q

integrating by parts, we have
I= —/ O (M jqx) M, jdz +/ q-v|M,|*dr
Q To
=-1- / divq|Mn\2da:+/ q-v|M,|*dl.
Q Lo

So,

2
Inserting (3.53) in (3.52), we obtain

1 1
%I:——/divq]Mn\2dm+—/ q-v|M,|*drl.
Q 2 Jr,

— 1
—?R/dianq-Mndx =— —/ q-l/|Mn-1/|2dF
Q 2 Jr,
— 1
+ éR/ (anjajqun,k — 5 divg |Mn|2> dx
Q
+ §R/ Mn,jqk (aijk — 8an7j) dzx.
Q
Note that
Gijk — 8an,j = (9j (Gkun + aakvn) — O (@un + aﬁjvn)

= 0;a0,v, — 0,a0;Vy,.

Then,

%/ Mnqu (aijk — 8an7j) dr = 3%/ Mn,jqk (@-a@kﬁn — 8ka8jm) dx
Q Q

:3?/(Mn-Vaq-Vﬁ—Mn-Vﬁq-Va)dx.
Q
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Using (3.55) in (3.54), we have
— 1
—%/ div M,,q - M, dx = ——/ q-v|M,-v>dl
Q | 2 Jr,
+9‘E/ (Mn,jajq/fﬁn,k — 5 divg |Mn|2) dx
Q
—I—?R/ (M, -Vaq-Vv, — M, -Vu,q-Va)dz.
Q
Now, recalling (3.48), we observe that
3‘%/ iBntng - M dx = 5)?/ 18,0nq - Vpdzr 4 o(1)
Q Q
_ —sre/ 0V (50 + T,) do + o(1)
Q
= —§R/ Unq - VU,dx + o(1).
Q

We have
/ Unq - VU,dr = —/ (|vn\2 divg+q - V'Unﬁn) dz,
Q Q
then,
1
§R/ Unq - VU, dr = ——/ | div gd.
Q 2 Ja

From (3.57) and (3.58), we obtain

— 1
?R/ 18,vnq - M dx = —/ |v,|? div gdz + o(1).
Q 2 Ja

Now, let h € C*'(Q). Multiplying (3.24) by h@,, (3.25) and (3.26) by hi,, we get

/ i, hu, v, dr — / h v dz = o(1),
Q Q

/ 18, hvp i, dr + / (Vu, + aVu,) -V (hu,) dz
Q

Q

ou,, ov, \ . B
_ /Fl ( 4 QW) Wi dl = o(1),

_ / ih By onTindl + / <% +a%> I, dT
i I, 3V 8V

. / Aqtin Wi dl + / ho,Tndl = o(1).
'

Iy

Using (3.28), (3.35), and (3.39), we deduce from (3.61) and (3.62)

/ 18, honinda + / (Vi + aV,) - V (h,) dz = o(1).
Q Q
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Recalling (3.22) and (3.28), we deduce from (3.63)
/ 18, hop i, dr + / (h ]Vun\z + Vu, - Vhﬂn) dr = o(1).
Q 0

Taking the real part of the sum of (3.60) and (3.64) we have

/h|Vun|2dx:/h|vn|2dx—/ﬂnVun-Vhdx+o(1).
Q Q Q

Moreover, using (3.24),

/ﬂnVun - Vhdz = —i/ (Un + fn) YV, - Vhdz = o(1).
Q Q

Bn
From (3.65) and (3.66) we get

/ h|va|” da = / h |V, | de + o(1).
Q Q
Choosing h = div ¢ in (3.67) and using it in (3.59), we deduce

— 1
§R/Zﬂnvnq']\/fndx:/§divq]Vun\2d3z:—1—0(1).
Q Q

(3.64)

(3.65)

(3.66)

(3.67)

(3.68)

By using the definition (3.49) of M,, , we can estimate the second integral in the right—hand

side of (3.56) as

_ 1 1
/ (Mn,jajqumk —5 div g ]Mn|2) dr = / (8jun8jqk8kﬂn b div g |Vun|2) dx + o(1).
) Q

(3.69)

From (D3), (3.28), and the fact that M,, is bounded in L*(£2), we can estimate the third

integral in the right—hand side of (3.56) as

/Q‘Mn.{(q.VEn)Va—(q-Va)Vﬁn}‘datg C/Q|Mn|2dw/ga|VUn|2da::0(1). (3.70)

Coming back to (3.50), by substituting (3.56) (taking into account (3.69) and (3.70)) and

(3.68), we deduce
_ 1 2
/ 0@ 0un Oy Undx — —/ q-v|M,-v|dl' =o(1)
Q 2 Jr,
and so, recalling (D2) and (3.39), we have

1
C |Vun|2dx——/ q-v|M,-v]?dl = o(1),
QB 2 To

49



for some C' > 0. By the assumption (D4) we then get

/Q \Vu,|” dz = o(1). (3.71)

The estimations (3.71) and (3.39) together with (3.36) and (3.28) show the targeted
estimation (3.27), which leads to the desired contradiction. Hence, the proof is now com-
pleted. O

Remark 3.7. When ) is the crown domain between two circles I'g and I'y that constitute
the two parts of boundary, the analysis made in this paper still holds except for the estimate
(3.38) because of the lack of Poincaré’s inequality since O, can’t meet the part T'y. However,

if we consider a set @a containing O, and such that meas(@a NTy) > 0, we can use the
Poincaré’s inequality and (3.38) still holds (see Figure 3.3).

Figure 3.3: An example where I'y and I'y are far away from each other and O, doesn’t meet
[y.
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Chapter 4

Polynomial Stability: Case of
discontinuous damping coefficient

In this chapter we are interested in the stability of the discontinuous damping version of
the system (2.1)-(2.5), namely, when a(z) = al,. We are going to prove the polynomial
stability of the associated semigroup with a decay rate of type t~/2, for which we will use
the perturbation argument from the previous chapter adapted to the discontinuous case and
a cascade technique that allows us to merge different stability results for different systems.
Particularly, this will be based on a previously established result (Cavalcanti, Khemmoud}]
& Medjden [28]), hence, we adopt the same geometrical situation, that is when 9 = T' =
'y UT, such that, I'y and I'y are closed and disjoint. Besides, w is a neighborhood of I'y,
where
[y ={z el ,m(z) v> 0},

such that m(x) = x — xy and ¢ is an arbitrary point from R". Moreover, we suppose the

following two assumptions (see Figure 4.1).
(H) measl’y >0, (A) 36 > 0, Os C w, where

Os={xe€Q, |v—y| <o, VyeT}.

After releasing the regularity assumptions on a(-), our system is still stable, however, with
a slower decay rate this time. This is the subject of the following theorem.

Theorem 4.1. Suppose that the assumptions (H),(A) and the inequality (2.7) are satisfied,
then there is a constant C' > 0, such that for all initial data Uy € D(A) the solution U :=
(w, ug, uglr,, z) of the problem (2.1)-(2.5) satisfies the following polynomial decay estimate

10 (&) [l < %HUOHD(A)- (4.1)

The proof follows the same general lines as the smooth damping coefficient case.
Let’s introduce our undelayed system, given the space,

Ho =V x L*(Q) x L*(T), (4.2)
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Figure 4.1: An example of a geometric situation satisfying the assumptions.

equipped with the inner product

< v o |.]| © > ::/Q{Vu(:c)~Vﬁ(x)+v(x)5(x)}dx—l— : {Vru(z)-Vru(z)+w(z)w(z) }drl,

Ho

where V' is defined in the second chapter. In this space H, let Ay be the operator corre-
sponding to 7 = 0 and k£ = 0, that is

v
AU = div(Vu + a(x) Vo) YU € D(Ay),
_@ — ( )@ + A
v "oy T
with
D(Ap) = {U = (u,v,w)" € Ho:v € V,div(Vu + a(z)Vv) € L*(Q),
ou v 9
o +ala) 5o — Apu € L(Ty),w = U|F1}.
After some computation we find
R(AU, Uy = — / o(2)|Vo|2de. (4.3)

Q
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Now we suppose that iR C p(Ap) and that the operator A, generates a polynomially
1
stable semigroup with a decay rate of type —. Then from Theorem 1.5 (Borichev-Tamilov

NG
I (i€ — Ao) ™ o) < CE, VEER, (4.4)

for some positive constant C'.
The estimate (4.4) will be used to derive the estimate (4.8) which we use to prove the

Proposition (4.2).
Indeed, from (4.4), for every Fy € H,, the solution (i, 7,w)" € D (Ap) of

[22]) we have,

U
(€l —Ay) | © | =Fo, (4.5)
w
satisfies
U
0 < ClEPI1Folla, - (4.6)
w
Ho
Moreover,
U U
R <A0 A I > =— / a|Vo|*dz.
w w .
Ho
Then,
U U
/ a|Vo|?de = R <(z§ —Ao) | o || © >
N @ 1I)
Ho (4.7)
U U
= 3?<Fo, 0 > < |[Folla ||| < Clel 1 Foll3,
w w
Ho HO
Using the trace theorem, we obtain
[ 1ok < ClePIRlR, (4.9
1
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4.1 Stability of the problem with delay

Now we prove the main result using the inequality (4.8).

Proposition 4.2. Under the assumptions (H),(A), the inequality (2.7) and |B| > 1, the
operator A satisfies

sup iBI— A) 7 |y < oc.
BeR

1
@H (
Proof. For F' = (fy, fa, f3, f4)" € H and B € R, let U € D (A) be a solution of
(Bl — AU = F, (4.9)

that is
Pu—v = fi, in

ifv — Au —div (aVv) = fy, in

. ou ov (4.10)
zﬁw—l—a—i—a(m)a — Aru+kz(-,1) = f3, only,
\ iBz+71"2, = fi, onTy.
The first identity of (4.10) gives
v=10u— fi. (4.11)

Recall that from the identity (2.36) we have (on I'y)

v(z) =Pz (x,1) -7 /1 Pty (x,0) do, (4.12)
0

and so,
[vllzz@yy < N1z (5 1) 22y + Cll fall 2y x 0,0 - (4.13)

Moreover, from Proposition 2.3, we have
C/ |2 (z,1) |Pdl < =R (AU, U),, . (4.14)
Ty

Then,
C [ 12 (@, 1) AT < R(F, Uy < [ FlllU e (4.15)
Iy
From (4.15) and (4.13) we deduce
1122y < C (1F 1 + [ 11U ]32) - (4.16)

From (2.35) also we have

|zl 2y x0,1)) < C (N0l 2y + fall 2 x0,1)) - (4.17)
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By using (4.17) in (4.16) we obtain

[olaqesy < C{NFI A+ NF Wt (a0, vle) o + lellzey + 1 allzwcony) Jo (418)
and therefore
1122y < C (IFIG + IF el (w0, 0l0) 1) + CUFllllwll 2y, (4.19)
from which follows, by using Young’s inequality,
[l Zay < C UF + IF sl (w0, 000) o) - (4.20)
Estimates (4.15), (4.17) and (4.20) imply
12 (D) 2y < C (1F 15 + 1F Ml (a0, 00e,) g ) - (4.21)

We have now to estimate || (u,v,v|r,) ||n,. For this, let (u@,?,7|r,) € D (Ap) be the solution
of

U u
(—i8—A)| o |=| —-v |, (4.22)
0lr, —v[r,
which is equivalent to
—ifu—0v = wu in €,
—ipo —div(Va+aV0) = —v in €, (4.23)
. ou ov .
—zﬁv—i—%—kaa—ATU = —v onlj.
From another part we have
i iPu—w i
. % ifv — div(Vu + aVv) —%
(i8—A)U, . = . du ov A ol 1 , -
_U’Iﬁ " Zﬁv—l—%—f-a(.l’)% — Aru + Z(-, ) _U|F1 ”
0 iBz+1712, 0
= / V(iBu —v)-Vadz + [ Vr(ifu —v) - Vyudl
Q I
. . - , Ju ov -
— [ (ifv — div(Vu + aVv)) - vdx — i+ — +a(r)m— — Aru+ kz(-, 1) | odl'y
Q I 81/ 81/

= / VuV(—ifu — v)dx +
Q

. ou v R _
+/F1 v(if0 — 2w %o, + Ara)dl — /sz(, 1)vdl.

VruVp(—ifa —0)dl + / v(ifv + div(Va + aVo))dx
0

Iy
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Then, from (4.23), we have

U
<(z’ﬁ—A)U, _qi > :/(|Vu|2—|—|v|2) dx—l—/ (|VTu|2+|v|2) dx—/
—Ww " Q I I't
0
and so
U
||<u,v,v>||ioz<F, - > + [ ke
—Ww Fl
H
0

from which follows, by using Cauchy—Schwarz inequality,

I, v, 0) gy < N Nell (@9, 9) g + K12 (1) 2y @] 2y

Now, observe that from the estimates (4.6) and (4.8) we have

(@, 9, @) o < CIBII (w, v, ) [l34y.

and
@] L2ryy < CIBII (u, v, w) [l
Using these last inequalities and (4.21) in (4.26), we obtain
1 3
I (w, v, w) I3, < CLBPIF el (w0, 0) [l + CIBIIFNZI (v, w) (17,

Then by Young’s inequality, we have

I (w, v,w) [l < CIBI* (I Flla4o.

and from (4.17), we get
120l L2 rux01)) < CIBPIF |12

This proves the estimate on the resolvent of A.

kz(z,1)0dT,

(4.24)

(4.25)

(4.26)

(4.27)

(4.28)

(4.29)

(4.30)

(4.31)
]

Now, we go back and show the polynomial stability of the problem without delay, namely,

the problem related to the operator A.

4.2 Stability of the problem without delay
Lemma 4.3. For all § € R, one has
Ker (i8I — Ag) = {0}.
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Proof. Let U = (u,v,w)” € D(Ap) be such that
AO(ua v, w)T = Zﬁ(ua v, w)T'

The inequality
R(AL. U < — [ ala)[ToPds

)
implies that
a(x)Vu =0in Q and v =cin w,

By an argument similar to the one in Lemma 2.5 we find
v=0onw.
Inserting all these in (4.32) we obtain

{ fPu+Au =0, inQ,

u =0, inw.

Then using a standard unique continuation argument we deduce (u,v,w)

Ker(ifI — Ap) = {0}.
Proposition 4.4. For all 5 € R, one has
R(ipI — Ap) = Ho.
Proof. Similar to the delayed case.
Lemma 4.5. Under the assumptions (H) and (A), Ay satisfies

sup =[BT — Ao) ™) < 00

1
ger 2

(4.32)

(4.33)

(4.34)

(4.35)

(4.36)

Hence

(4.37)

Proof. We will prove this lemma by contradiction. Suppose there exist sequences {3, }nen in

R and {U,, := (U, Un, Wy) }nen in D(Ap) such that

|Bn| — 400,

2 2 2
[nlly + [[onll 2y + lwnllze,) = 1,

BB (tny Vny Wn) — Ag (tny Vs W)} = (Fay Gy hn) — 0 in H.

Then,
By, — Uy 1= ﬁ — 0in V,
i 7
iBnv, — div (Vu, + aVu,) == % — 0in L*(Q),
, ou,, ovy, I, R
zﬂnwn + E + CL(.’I)E — ATUn = 5—% —0in L (Fl)

o7

(4.38)
(4.39)
(4.40)

(4.41)

(4.42)

(4.43)



Taking the inner product of (4.41) with u,, in V, the product of (4.42) with v,, in L*(£2),and
the product of (4.43) with w, in L*(T;), we obtain

) 1
15 ”unH%/ - <Umun>v = 0(@%
! 1
i3 anl\ig(m - / div(Vu, + aVu,)v,dr = 0(@), (4.44)
Q n
1
iBa llwnll T2y + / (8, + D0y, )W, dD — / Apum, = 0(§),
Iy I n

Integrating by part, summing the above identities, and taking to consideration that w,, =
Un|r,, then, taking the real part , we deduce

1
/ a|Vo,|*dr = o(—=5)- (4.45)
o B
Now, taking the inner product of (4.41) with v, in L*(Q), (4.42) with u, in L*(Q) and
(4.43) with wu,, in L*(I';), we have

1

B <um Un)LQ(Q) - HUTZH?:?(Q) = 0(5_721)7 (4‘46)
1
iBn (U, Un) 20y — / div(Vu, + aVu,)u,dr = 0(@), (4.47)
Q n
and .
185 (wp, “n>L2(F1) + / (Opun, + ad,vy,)u,dl’ — / Aru,t,dl = O(E). (4.48)
I 1N n

Using Green’s formula in (4.47), summing the result with (4.46) and (4.48), taking the real
part, then taking to consideration (4.45) and

/ Wy T dl < C’||wn||%2(pl) / a|Vu,|*dz, (4.49)
r Q
we deduce
[unllv ~ [[vnllz2 () (4.50)
Now, we want to prove that
|lun|lvy = o(1). (4.51)
Using (4.38), (4.39) and (4.41) we deduce
|Bnttn|r2() = O(1). (4.52)

From (4.45), the assumption on a and Poincaré’s inequality we obtain

/ | Buvn|?dz = o(1). (4.53)
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Now, multiplying (4.41) by 8,1, integrating over w and using estimations (4.53), (4.52)
and the fact that f, converges to 0 in L*(2) we get

/ | B |*dz = o(1). (4.54)

Taking the gradient of (4.41) then multiplying by —i3> Vi, integrating over w and using
Cauchy-Schwarz’s and Young’s inequality, estimate (4.45), and the fact that f, converges to
0in V we get

/ |82V, i = of1). (4.55)
Let’s define the following function, n € C*(Q)
1 if v € Os_,
n(xz)=4¢ 0 if x € Qs (4.56)

[0,1] elsewhere.

Multiplying (4.42) by nu,,, (4.43) by @y,|r,, integrating by parts and summing, we obtain

/ IV |2dT = o(1). (4.57)

Now we have all the needed estimates on w and we need to establish similar estimates on
2\ w. To that end, we use a stability result of a similar system with frictional damping.
We consider the following auxiliary problem

( ou(x,t) — Ap +al,po = 0, in Q x R7,
o(z,t) = 0, on I'g x R%,
A . (4.58)
%mL%—ATgoJrgot: 0, on 'y x RY,
\ QO(ZI:,O) = 900(‘7:)7 QOt(‘T,O> = @1(%), in Q?

This system is a particular case of the system studied in [28] from where we can deduce its
exponential stability, (See Remark 4.1 in [28]).

Since the system (4.58) is exponentially stable in the associated energy space Huue =
V x L*(Q) x L*(I'y), by Theorem 1.4 (Huang-Priiss [47, 82]) we conclude that the following
operator

¥

AU = Ap —alyy VU € D(Agua),
B,
_a_go +Arp—¢
1%

with domain,

D(Au) ={U = (,0,0)" € V2 x L*(T1), Ap € LX(Q), g—“j ~ Arp+ g € AT,
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satisfies the following uniform inequality
1(i8n — Aaus) " Fllse < M||Fll3,  VF € Haoua, (4.59)

for a positive constant M > 0.
Taking F' = (0, —u,, 0), there exists a unique solution (@, ¥, ¢n) € D(Agus) solution of

(flﬁn[ - Aaux)((pnv Q/Jn, (bn) = (07 —Unp, 0);

equivalently

18non — W :=01in V|
Zﬁnwn - Agpn + a(aj),’vbn = Uy in LQ(Q)a

On |
Budn + 5 = Arp + 6, =0 in (1),

which yields
57219011 + A@n - Zaﬁnlw(pn = Unp, in Qa
¥ = 07 on FO? (460)

O :
d - AT(,On =+ ZﬁnSO = 07 m 1—‘1-

ov

Moreover, from (4.59) we deduce

IVenliz@) + IVT@nlliaw,) + 18aenlliz@) + 1Baenllizw, < Cllunliz)- (4.61)

Now we use (4.60), (4.61) and a special choice of multipliers to deduce the needed estimate.
Hence, multiplying (4.41) by i5°%,,, (4.42) by 3°®, and (4.43) by 8%, using Green’s
formula and additing the resulting equations we get

- / Baun®, + B2 / Vu, Vg, + 52 / aVu,Vg, + i / W, B,y
@ @ @ I (4.62)

Iy Q Q I'1

Using (4.52), (4.61), and the fact that (f,, gn, hn) — 0 in Hg, we get

_ / B, + B / Vu, Vg, +if / 0B 7 [ Vrw Vi, = o). (463)
9 Q Iy

Iy

Integrating by parts and using (4.60) we find

_aﬁi/ Lyun®, — /B’Z/ \un|2d:1: + 5;11/ Un Py, +Z62/ Up P, dl’ +Z5,?;/ w,P,, = o(1).
Q Q Iy I} Iy
(4.64)
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We estimate the last term in the left hand side, as

i3 / 0l < 118t oo 1820l 2o
1

< C||5nvvn||L2(05)||5§<P||L2(F1)
< CllBnVunll 206 | Brtin || 2(0) = o(1).

Using (4.55), (4.61) and the trace inequality we deduce

181 / wnpydT + i / w0 BdT| < C|5! / e,
Fl Fl

Iy
< Ol Brunll 2oy | Baspll L2y

< C|1B2V | r2(05) | Butinl| £2(0) = o(1).

After (4.65) and (4.66), (4.64) becomes

a8} / Lotn, + B / funPdz = of1).
Q Q

Now, using (4.55) and (4.61) we deduce

0B / Lota®y] < CllButnll 2 1820n 20

< C||Butnll 221 B2¢nll r2(0)
< Ol Bptin || 2(w) || Brtin || L2() = o(1).

Hence, we get

BZ/ |u, [2dz = o(1).
Q

(4.65)

(4.66)

(4.67)

(4.68)

(4.69)

Next, multiplying (4.42) and (4.43) by @,, taking to consideration (4.45), (4.49) and (4.49)

we deduce
/ |Vu,|*dr = o(1)
Q

which gives the desired estimation.
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Conclusion and Perspectives

In the study conducted in this thesis, we explored the effectiveness of localized Kelvin-Voigt
damping in stabilizing the wave equation with dynamic Wentzell boundary conditions and a
delay boundary feedback. Our findings indicate that when the damping is smoothly localized,
it stabilizes the system exponentially. However, when the damping is discontinuously local-
ized, we could show a polynomial decay rate of the form ¢~'/2 only. Our results demonstrate
that the Kelvin-Voigt damping is robust enough to stabilize the usual energy in addition to
the boundary energy generated by the Wentzell term, the velocity over the boundary and the
time delay feedback. Additionally, the decay rate is heavily dependent on the regularity of
the damping. The slow of the decay observed in the discontinuous case is due to the reflected
waves at the damping region because only a portion of waves proportional to the regularity
of the damping coefficient gets absorbed and damped. Future research topics can include
can cover the following points:

v The Poincaré inequality is crucial for the stability results in both the third and fourth
chapters. In practice we can face problems where the damping region doesn’t meet the
Dirichlet boundary, hence, the Poincaré inequality fails. It is of interest to consider
such cases.

v According to the literature, specifically the work of Alves and al. in [7], the decay rate
presented in Chapter 4 may be not optimal. A logical next step would be addressing
this and seeking out an optimal or improved decay rate.

v Tebou in [84] relaxed the conditions on the damping coefficient and region considered by
Liu and Rao in [67] that we adopted in Chapter 3. Namely, he assumed a € W'*°(Q),
IVa(z)|* < Ca(z) and w satisfy the PMGC. One may consider the relaxed conditions
and see whether we still get the same exponential stability results.

v Relaxing the geometrical conditions is of practical interest since one always seeks to
limit the intervention to the model. Hence, considering more general cases for the
damping region such as in [13] is interesting.

v A challenging and interesting problem is to consider time dependent damping coeffi-
cients.

v Considering a boundary damping with interior delay is interesting from the mathemat-
ical point view and is very challenging even in simpler cases such as static boundary
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conditions without the Wentzell term.
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