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Résumé

Dans cette thése, nous nous proposons d’étudier les propriétés asymptotiques d’estima-
teurs non paramétriques, du mode simple et conditionnel, pour des données tronquées
aléatoirement a gauche. Les estimateurs proposés se positionnent comme alternative a
certains estimateurs classiques, et en particulier a la fonction de régression, lorsque des
prévisions non paramétriques sont envisagées, surtout lorsque les données observées pré-
sentent une forme fortement dissymétrique ou multimodale. Des simulations sont faites
pour illustrer les résultats théoriques obtenus dans le cas i.i.d.

Cette these est organisée comme suit :

— Chapitre 1 : Ce chapitre est une introduction générale, introduisant des concepts
généraux utiles pour faciliter la lecture des chapitres suivants.

— Chapitre 2 : Dans ce chapitre, nous présentons des travaux sur le mode simple
dans le cas de données i.i.d., tronquées aléatoirement a gauche. Nous illustrons les
résultats obtenus (consistance et normalité asymptotique) par des simulations pour
montrer les performances des estimateurs proposés.

— Chapitre 3 : Ce chapitre est une extension des résultats du chapitre 2 au cas de
données fortement mélangeantes. Seule la consistance est présentée, la normalité
asymptotique fait I’objet d’un travail en cours de finalisation.

— Chapitre 4 : Cet avant dernier chapitre traite du mode conditionnel (consistance
et normalité asymptotique) et les résultats sont illustrés par des simulations.

— Chapitre 5 : Ce dernier mini-chapitre est un rappel des résultats obtenus sous
forme de conclusion, suivie de quelques perspectives.

Mots-clefs : a—mélange, consistance forte, données tronquées, estimateur a noyau,
estimateur de Lynden-Bell, mode, mode conditionnel, normalité asymptotique, simulation,
V—C-classe.
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Abstract

In this thesis, we are interested in the study of the asymptotic properties of non parame-
tric estimators of the simple and the conditional mode, for randomly left-truncated data.
The proposed estimators provide alterternative procedures to some classical estimators,
in particular to the regression function, to make non parametric forecastings, especially
when the observed data present a shape either greatly unsymetrical or has several modes.
Simulation studies are made to enforce the theoretical results gotten in the i.i.d case.

This thesis is organized as follows :

— Chapter 1 : This chapter is a general introduction, introducing some general
concepts, useful to facilitate the reading of the following chapters.

— Chapter 2 : In this chapter, we present works on the simple mode in the case
of i.i.d. data, randomly truncated from the left. We illustrate the results gotten
(consistence and asymptotic normality) by simulations to show the performances of
the proposed estimators.

— Chapter 3 : This chapter is an extension of the results of chapter 2 to the case of
stronly mixing data. Only the consistence is considered, the asymptotic normality
is curerently under consideration.

— Chapter 4 : This next-to-last chapter deals with the conditional mode function
(consistence and asymptotic normality) and the results are illustrated by simula-
tions.

— Chapter 5 : This last mini-chapter recalls the results stated in this thesis as a
conclusion, followed of some perspectives.

Keywords : a—mixing, asymptotic normality, conditional mode, Kernel estimator,
Lynden-Bell estimator, mode, rate of convergence, simulation, strong consistency, trun-
cated data, V—C-class.
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Chapitre 1

Introduction générale

1.1 Généralités

Il est tres difficile de donner une définition précise a 'inférence non paramétrique. L’idée
de base de l'inférence non paramétrique est d’utiliser les données pour inférer une quantité
inconnue, en utilisant le moins possible d’hypothéses ; cela signifie I'utilisation de modéles
statistiques appartenant a un espace de dimension infinie. De ce fait, il serait peut étre
plus judicieux de parler de I'inférence en dimension infinie.

En inférence en dimension infinie, le statisticien est souvent amené & supposer que la
densité sous-jacente est unimodale. En effet, I'unimodalité est d’usage naturel, elle s’im-
pose plus naturellement que la symétrie, par exemple; car les vraies données présentent
habituellement une dissymeétrie, en particulier, les échantillons de petite taille.

Il est connu que “la tendance centrale” d’un échantillon, peut étre quantifiée par la
moyenne, la médiane, ou le mode ; la moyenne étant le parameétre le plus souvent utilisé,
mais le mode, contrairement aux deux autres paramétres, posséde la propriété de préserver
sa définition face a une transformation de la variable d’intérét du type Quantitative —
Qualitative — Nominale. Bien que ces trois mesures coincident pour les distributions
unimodales symétriques, elles peuvent étre totalement différentes pour des données ob-
servées.

L’un des plus curieux résultats en statistique théorique classique, est la relation empirique
liant les trois parameétres de position, mise en évidence pour des distributions continues,
par Pearson (1895) est :

moyenne — mode ~ 3(moyenne — mediane).

Le résultat est trivial pour des distributions symétriques unimodales, et reste valide pour
des distributions légérement dissymétriques. A titre d’exemple, pour une distribution
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gamma de paramétre «y, on a : moyenne= v, mode= vy — 1 et médiane= v —1/3+ O(1/7)
(lorsque v — 00); (voir, Hall (1980) et Asselin de Beauville (1978) pour plus de détails).
De son coté, Fréchet (1940) a donné une borne supérieure du mode, fonction de la borne
supérieure de la moyenne, pour une variable discontinue non négative. Par exemple, pour
une variable entiére non négative, si sa moyenne est majorée par une constante positive
a, alors son mode est majoré par a(a + 3)/2.

1.2 Tester 'unimodalité

L’unimodalité est une caractéristique qui permet de révéler 'homogéneité de la population
étudiée, ainsi 'exitence de plusieurs modes nous informe sur I’exitence de sous populations
dans la composition de la population mére, et c’est pour cette raison que cette caractéris-
tique est utilisée en classification automatique (non supervisée). Récemment, cette notion
a été utilisée dans la classification des formes de la fonction de hasard pour des modéles
mélange de Weibull a poids négatifs (Jiang et al. (2004), page 161).

Cependant, le nombre de travaux concernant la mise en oeuvre d’outils permettant de
déceler 'unimodalité reste modeste. Parmi les tests d’hypothéses concernant le nombre
de modes, on cite : Good and Gaskins (1980), Silverman (1981 ; 1983), Hartigan and Har-
tigan (1985), Muller et Sawitzki (1991), Mammen et al (1992), Minnotte (1997). Lemdani
(1995) a généralisé les résultats de Hartigan and Hartigan (1985) pour étendre le pricipe
a une classe beaucoup plus vaste que celle des lois & décroissance exponentielle, tout en
montrant la robustesse de la statistique ‘dip’, alors que Hall et al. (2004) ont généralisé les
travaux de Silverman (1981) en utilisant des noyaux autres que gaussiens. Il est utile de
souligner que le noyau gaussien est réputé pour ses propriétés analytiques et en particulier
celles des fonctions Polya fréquence (voir, Schoenberg (1950)).

1.3 Estimation non paramétrique de densité

1.3.1 Les principes d’estimation de densités

Selon le Théoreme de Lebesgue sur les densités,

: flx)
i /Sh S, )

pour presque tout y, ou Sy, est la boule de centre y et de rayon h, et A désigne la mesure

de Lebesgue.
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L’expression sous la limite, lorsqu’on observe un n—échantillon Y7, Y5,....,Y,,, peut étre
estimée par

" I[(Y; €S h)
nA(Syn)

Cet estimateur a été proposé par Rosenblatt (1956) et développé par Parzen (1962).
Depuis, cet estimateur est connu sous le nom d’estimateur a noyau de Parzen-Rosenblatt
et parfois Akaike-Parzen-Rosenblatt, et s’écrit

1 = 5 K (5, (1)

ou f,(y) est défini sur R, h > 0 est un parameétre de lissage (appelé aussi fenétre), et K (y)

est un noyau qui souvent satisfait, K(y) > 0 et d’intgrale unité.

Comme exemples de noyaux, on cite : le noyau normal ¢(y) = (2m)~"/2exp(—y?/2),
sexp(— |y|) (Piccard), 7~ 'sin’y/y? (Fejér-de la Vallée Poussin), et le noyau d’Epanech-
nikov K (y) = 3(1 —y*)I(|y| < 1).

Cependant, la positivité du noyau et pour des raisons justifiées, est parfois violée, dans le
sens que certaines valeurs de K (y) peuvent étre négatives. Cette derniére caractéristique

est étroitement liée & la notion de noyau d’ordre supérieur.
Définition 1.1. Un noyau K(y) est dit d’ordre r, s’il satisfait :

1, st 1=0
wi(K) ::/ulK(u)du: 0, si 1<i<r-—1,
K,.#0, si l=nr.

Pour [ > 2, le noyau K (y) et par conséquent l'estimateur f,(y) peut étre négatif, alors,
I’estimateur doit étre normalisé comme suit :

= ( | (fn(y))+dy>l.

Plusieurs régles ont été proposées pour construire des noyaux d’ordre supérieur, dont on
cite celle proposée par Jones et Foster (1993), (voir, Wand et Jones (1995), page 32),
définie par :

3 1
Kir12(y) = 5 Kp(y) + 5uKi (9),

ot Kp(y) diote le noyau d’ordre r, supposé différentiable. Par exemple, pour un noyau
d’ordre 4, si on utilise le noyau normal Ky(y) = ¢(y), on obtient

Kialy) = 53~ 4)6(0)
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La précision de I'estimateur dépend plus du choix de h que de celui de K (y). La variance
de tout estimateur & noyau décroit vers 0 avec une vitesse de 1'ordre O(1/nh), quand
nh — +oo, alors que le biais est d’ordre O(h?) pour un noyau d’ordre 2, et d’ordre
O(h*) pour un noyau d’ordre 4 (voir, Silverman (1986)). Par conséquent, la variance d'un
estimateur a noyau augmente alors que son biais diminue quand h décroit vers 0, ainsi le
choix de h doit faire I'objet d’un compromis entre les deux effets.

A titre d’exemple, la valeur optimale de h, lorsque le noyau est choisi gaussien et la densité

1/5 o1 62 est un estimateur

sous-jacente est normale, est donnée par h°?' = 1.06 X & X n~
robuste de la variance de la loi en question. En pratique, il est recommandé de prendre

(voir, Silverman (1986), page 47),

=min | s, o = Elyaz/a
IRR T 13 /4) — -1(1/4) )

s étant I'écart-type empirique, @1 est la fonction quantile de la loi normale standard (le
dénominateur de ogr ~ 1.349) et Ej /434 désigne I'écart interquartile empirique. II est
bien connu que pour d = 1, en utilisant un noyau d’ordre 2 et une fenétre invariable, pour
estimer la densité et ses dérivées d’ordre k, le M SE est donné par :

MSE (fO() = E(fP) — fPm)’

2
= var (fP(y) + [E () - P(y)]
h4
= ()" KR () () RIKW) + o {(nh¥H) 4 a1,
losque h — 0, ot R(K®)) = [ (K(’“)(u))2 du, en imposant la continuité de f*+2®),
Le choix optimal de h pour le critéere MSE est de l'ordre de n~'/2*+5) ce qui donne

/7 pour I'estimation de la dérivée premiére f’. De plus, 'optima-

un choix de 'ordre n~
lité de M SE <f,(Lk)(y)> et MISE < ,(Lk)(y)> =E [ {fqgk)(y) - f(’“)(y)}2 dy, est de l'ordre
n~4/ (k45 En pratique, si le noyau d’Epanechnikov est optimal pour un tel critére, I'es-
timateur idéal ne peut pas étre obtenu puisque f et f*) sont inconnus. Pour contourner

ce probléme, la densité f(y) est remplacée par

1 & ~Y;
Fronoy) = n—hOZK(y - )

=1

Aussi, la dérivée d’ordre k de f est remplacée par celle de f, n,(y) et ho peut étre choisi
égal a oy (84\/7?/(5712))1/15, en utilisant le noyau gaussien ¢(y), et ou oy est 'écart-type
empirique.
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L’estimateur a noyau présente des avantages et des inconvénients, parmi lesquels :

1. Avantages
- Il peut étre utilisé pour des densités multidimensionnelles
- Comportement récursif : Il peut étre adapté a une utilisation on-line.

2. Inconvénients
- Il produit les effets aux bords pour des densités & supports compacts
- Il n’est pas aussi bon pour des densités non suffisamment lisses que pour des
densités lisses.

1.4 Estimer le mode

Le probléme le plus lié & celui de I'estimation de la densité est 1’estimation du mode. Il
peut y avoir plusieurs raisons de vouloir estimer ce parameétre ; par exemple, comme une
analyse exploratoire ou pour une confirmation secondaire des valeurs estimées d’autres pa-
rameétres de position. C’est aussi un probléme difficile, car en inférence non paramétrique,
n’importe quelle méthode utilisée pour estimer le mode, nécessite d’abord ’estimation
d’une densité qui est un probléme difficile, ce qui rend le probléme d’estimation du mode
intrinséquement intéressant.

Deux approches principales ont été utilisées pour estimer le mode :

1.4.1 Estimation directe

Cette approche repose sur une estimation directe a partir des données; c’est-a-dire sans
nécessité d’estimation d’une densité. On peut citer I'estimateur de Chernoff (1964), Gre-
nander (1965), Delenius (1965) et celui de Venter (1967), ce dernier a été repris et amélioré
par Sager (1975).

Comme application du mode, Wegman (1971) a repris I'estimateur de Chernoff pour pro-
poser l'utilisation du mode dans la calibration du flux sanguin.

1.4.2 Estimation indirecte

Cette approche repose sur 'estimation de la densité d’abord, et la localisation du mode
comme étant un maximum global ou approximativement global, ensuite. Certaines mé-
thodes d’estimation utilisent la totalité des données, alors que d’autres n’en utilisent
qu’une partie, que ce soit pour le cas univarié ou multidimensionnel. Les références les
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plus importantes sont les premiéres a étre adressées dans la littérature; on cite : Parzen
(1962), Chernoff (1964), Venter (1967), Wegman (1971) et Sager (1975), pour ne citer que
ceux-la. Récemment, I'estimateur de Chernoff a fait I'objet d’un remarquable travail par
Groeneboom et Wellner (2001).

Comme exemples d’estimateurs du mode, on peut citer les trois suivants :

1.4.2.1 Estimateur de Parzen

Soit f,,(y) un estimateur de la densité f(y), défini comme en (1.1), basé sur I'observation
de Y1,Y5, ..., Y,. L'estimateur du mode de Parzen, noté 6, p est défini comme étant une
variable aléatoire satisfaisant

fﬁ(enjﬂ = sup fn(y) (1.2)

y€ER4

1.4.2.2 Estimateur de Chernoff

Soit a, une suite de réels positifs décroissant vers zéro avec n, ’estimateur de Chernoff
noté 6, ¢, est défini comme étant le milieu d’'un quelconque intervalle de longueur 2a,
contenant le maximum des observations Y1, Y, ..., Y.

1.4.2.3 Estimateur de Venter

Soit b, une suite d’entiers naturels tendant vers oo quand n — oco. L’estimateur de Venter
noté 0, v, est défini comme étant le milieu du plus court intervalle contenant b,, observa-
tions parmi Y7, Ys, ..., Y,,.

Il est a noter que certains estimateurs du mode sont basés sur I’annulation de la dérivée.
Pour une revue trés détaillée concernant les propriétés asymptotiques (Consistance et loi
limite) des trois estimateurs, on peut consulter (DasGupta (2008), Théorémes 32.17 et
32.18).

Depuis 'article précurseur de Parzen (1962) traitant de I’estimation du mode, 1’étude du
mode a connu un manque d’intérét, et cela est di probablement aux difficultés rencon-
trées dans I'interprétation des résultats obtenus en utilisant ce parameétre. Aussi, comme
’a souligné Eddy (1980), ce manque d’intérét est dit aux problémes posés par I'estimation
de la densité. Cette derniére décennie a connu un renouvellement de pari avec le mode,
di certainement a I’avancée technologique et a la disponibilité des moyens de calcul tres
sophistiqués. A titre d’exemple, Abraham et al. (2003, 2004) ont établi des résultats trés
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utiles en pratique (traitement on-line, par exemple) pour contourner I’aspect gourmand
en temps de calcul des processus utilisant le mode, en considérant le maillage le plus
naturel qui soit pour estimer la densité, puisque les observations se concentrent naturelle-
ment autour de leur mode. Pratiquement, il est nécessaire de calculer au maximum n fois
Pestimateur de la densité pour obtenir I'estimateur du mode. Ainsi, cette méthode d’es-
timation diminue considérablement le nombre d’opérations dans l’estimation du mode,
tout en possédant d’aussi bonnes propriétés théoriques que ses concurrentes antérieures.

1.5 Conditionnement et prévision

Il arrive souvent que la variable d’intérét notée Y ne soit pas libre, dans la mesure ou sa
réalisation dépend étroitement de la réalisation d’'une seconde variable X. Dans ce cas,
on parle de présence de covariables ou de variables explicatives. Dans la pratique, ce cas
est souvent la situation la plus naturelle, raison ayant conduit a reprendre les travaux
sur les trois prameétres de localisation. Bien que la médiane conditionnelle est devenue un
cas particulier de ’étude du quantile conditionnel, la régression est plus ancienne et plus
utilisée que le mode conditionnel.
Soit Z = (X,Y), ot Y est une variable aléatoire (v.a) et X un vecteur aléatoire de R%.
Si X et Y ne sont pas indépendantes et X observabe, il est raisonnable de prédire Y
a travers une transformation de X ; c’est-a-dire via une régle h : R — R, qui associe &
chaque réalisation x de X le réel h(x). Comme le prédicteur h(X) est maintenant aléatoire,
le risque qui lui est associé est r(h) = E{(Y — h(X)), ot l'espérance est prise par rapport
a la distribution conjointe de X et Y, et £(.) est la fonction coit utilisée. Le meilleur
prédicteur conditionnel de Y sachant X est une fonction h* vérifiant r(h*) < r(h) pour
toute fonction h. Si la fonction coiit £(.) est convexe et admet un minimum unique, alors
on peut définir un estimateur 7(.) de r(.) comme étant solution du probléme

r(z) =minE ({(Y — )| X = z) (1.3)

cER
Par exemple, si Y a une variance finie o2, 'unique solution de (1.3) pour la fonction de
cotit £(z) = 2% est :
rz)=E(Y|X =2),

qui est la moyenne de la distribution conditionnelle de Y sachant X = x (fonction de
régression). Son étude est a l'origine de plusieurs publications, tant dans le domaine des
statistiques qu’en économétrie.

Sil(z) = |z| + 2p(z — 1)z, critére plus difficile a utiliser, la solution de (1.3) est la courbe
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des quantiles de Y sachant X = z. Alors que si on considére la fonction de cotit non

0 stu=0
1  sinon,

la solution de (1.3) est la fonction mode conditionnel. Ce dernier fut étudié pour la pre-

convexe définie par :

miére fois par Collomb et al.(1987). Depuis, les modéles basés sur le mode conditionnel
se sont imposés et positionnés comme alternative a la prévision basée sur la régression,
lorsque la distribution d’intérét présente une dissymétrie importante ou posséde plusieurs
modes. Il est important de rappeler qu’il y a des densités conditionnelles pour lesquelles
la fonction de régression est nulle partout, par exemple :

g (ylz) = ﬁ (exp {—% (y — :v)z} + exp {—% (y +x)2}) .

Par conséquent, il n’est pas raisonnable de faire des prévisions en utilisant la fonction de
régression E (Y/X = x). Une autre situation critique, est lorsque la distribution d’inté-
rét est multimodale, avec un mode prédominant. Dans ce cas, la moyenne conditionnelle
empirique peut fournir des valeurs totalement improbables (comprises entre deux modes)
alors que le mode empirique fournit un des modes de la distribution. Pour illustrer la
supériorité du mode conditionnel sur les autres méthodes de prévision, dans le cas de mul-
timodalité des données, Matzner-Lober (1997) a comparé les performances de la moyenne
conditionnelle, la médiane conditionnelle, la régression modale (Scott, 1992) et le mode
conditionnel, en utilisant un jeu de données réelles représentant le temps d’attente relevé
en minutes, entre deux éruptions du ‘Old Faithful Geyser, Yellow Stone National Park,
Wyoming’, du premier au 15 Aotit 1985.

Une autre application intéressante du mode conditionnel dans le domaine des hautes tech-
nologies, a été proposée par Rossi (2004) dans un procédé de dépollution biologique.
Ainsi, le mode conditionnel, par son importance dans le domaine de la prévision non
paramétrique, a motivé un certain nombre de chercheurs & I'investigation d’estimateurs
du mode, comme en témoignent les travaux de Rosa (1993), Ould-Said (1993, 1997),
Matzner-Lgber et al.(1997) et Quintela-Del-Rio et Vieu (1997). D’autres références et
travaux sur le mode seront données dans les chapitres 2, 3 et 4.

Tous les travaux cités jusqu’a présent concernent des données recueillies par les méthodes
classiques d’échantillonnage sans conditions restrictives, dans le sens & ne pas affecter un
poids nul aux éléménts de la population se trouvant dans des situations particuliéres.
Dans ce cas, on parle de données complétes. Il n’est pas rare que les données a traiter ne
soient pas complétes, dans ce cas les techniques statistiques classiques ne s’adaptent pas
correctement aux données incomplétes, car, 'inférence faite sur I’échantillon observé ne
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s’étend pas directement a la population mére.
Afin de rendre facile la lecture de cette thése, nous donnons quelques définitions et
exemples de données incomplétes.

1.6 Données incomplétes

1.6.1 Durée de vie

On entend par durée de wvie, une variable aléatoire Y, souvent positive. En fait, cette
variable est observée dans plusieurs domaines tels que I’économie, médecine, biologie,
épidémiologie, astronomie et santé publique, de la durée de vie d’'une ampoule a la durée
de vie d’un malade sous observation thérapeutique. Cette notion de durée de vie est
mesurée en fixant une origine, et sa valeur est quantifiée par le temps écoulé jusqu’a
la survenue d’un événement (premiére panne pour une machine, décés ou rechute pour
un malade, embauche pour un choémeur,...). De maniére générale, une durée de vie sera
donc, le temps écoulé pour passer d’un état A & un état B. Lorsque les durées de vie
sont observées dans leur totalité, on parle de données complétes, dans le cas contraire, les
données sont incomplétes et nécessitent un traitement statistique particulier.

L’analyse des données incomplétes est complexe. Si la durée de vie d’un individu n’est
observable que dans une période donnée, on parle de censure. Il s’agit de troncature, si
I'individu doit survivre longtemps pour étre observé, ou lorsque l'individu est retenu par
I’étude uniquement s’il a connu I’événement en question a une date ¢ donnée.

1.6.1.1 Censure

Définition 1.2. Soit Y la variable d’intérét, si au liew d’observer Y on observe une
constante C' et si on sait que Y > C', on dira alors qu’il y a censure a droite.

Il arrive souvent que la constante de censure soit elle méme une variable aléatoire, dans
ce cas, on parle de censure aléatoire a droite et on a :

Définition 1.3. Etant donnée une variable aléatoire Y, on dit qu’il y a censure aléatoire
a droite s’il existe une variable aléatoire C, telle qu’au lieu d’observer Y on observe :

{(Z, (5) /Z = min (Y, C) ,(5 = ][{ygc}} .
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1.6.1.2 Troncature

Définition 1.4. Soit Y la variable d’intérét et T une autre variable aléatoire, si Y et
T sont observables uniquement si Y > T, et rien sinon, on dira que la variable Y est
aléatoirement tronquée a gauche par la variable de troncature T. Dans le cas contraire, on
parle de troncature aléatoire a droite.

1.6.1.3 Exemple de troncature a gauche

Un exemple de troncature a gauche concerne la durée de vie des retraités. On enregistre
lage au déceés et 1'age d’entrée au centre. Un individu donné, doit vivre suffisamment
longtemps pour étre parmi la communauté du centre de retraite, et s’il décede avant, il y
a troncature a gauche.

Un autre exemple de troncature a gauche est le probléme d’estimation de la distribution
des diameétres de particules microscopiques. Selon la résolution du microscope, seules les
particules suffisamment grandes sont retenues pour I'étude, alors que les autres restent
invisibles pour I'investigateur et la troncature a gauche a lieu.

1.6.1.4 Exemple de troncature a droite

Supposons qu’une certaine maladie soit caractérisée par un événement initial (Etat A)
et un événement final (EFtat B). Un exemple est I’étude du Virus de 'Immunodéficience
Humaine (HIV :(Etat A)) et le Syndrome d’ImmunoDéficience Acquise (SIDA :(Etat A)).
Si W désigne le temps du calendrier de ’événement initial et Y la durée de vie. Alors une
observation (W;Y") est enregistrée seulement si W +Y < 7, ou 7 est la date de cloture
de la collecte des données. C’est un exemple de troncature a droite : On observe la durée
deviesiY <7—W =:T; T est appelé le temps de troncature. Un autre exemple de
troncature & droite survient dans ’estimation de la distribution des étoiles & partir de la
terre. Les étoiles trés lointaines ne sont pas visibles, et par conséquent, il y a troncature
a droite.

Remarque 1.1. A notre connaissance, les seuls travauzx sur le mode en présence de
données incomplétes (censure), sont ceux de Louani (1998), Gannoun et Saracco (2002),
pour le mode simple, et Quld-Said et Cai (2005) pour le mode conditionnel.
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1.7 Estimation de la fonction de régression

1.7.1 un bref historique

Le probléme de I'estimation en utilisant la régression a une longue histoire comme ’atteste
la littérature. Déja en 1632, Galileo Galilei utilisa une procédure qui peut étre interprétée
comme étant un ajustement linéaire de données contaminées. Un tel ajustement d'un
nuage de points par une droite est le principe du probléme classique de la régression
linéaire. Une solution a ce probléme est fournie par le célébre principe des moindres
carrés, mis en oeuvre indépendamment par A. M. Legendre et C. F. Gauss, et publié en
(1805) et (1809), respectivement.

Le principe des moindres carrés peut étre appliqué pour construire des estimateurs non
paramétriques a condition de ne pas se réstreindre & une classe donnée de relations.
L’analyse par régression linéaire basée sur la fonction de régression (concept analytique)
a été introduite par F. Galton (1889), alors que I’approche probabiliste dans le cas de lois
normales multivariées, fut intrduite par A. Bravais (1946).

Le premier estimateur de la régression non paramétrique de type ”“local averaging” a été
proposé par J. W. Tukey (1947).

1.7.2 La régression et le Lo-risque

En régression, on considére un vecteur aléatoire (X,Y), ot X € Rl et Y € R, et I'on
s'intérésse au degré de dépendance de la valeur de la variable Y, dite varaiable réponse,
de la valeur observée du vecteur X. En d’autre terme, on cherche & trouver une fonction
(mesurable) f : R — R, telle que f(X) soit une bonne approximation de Y, c’est &
dire f(X) proche de Y au sens d’un critére donné, ce qui équivaut a |f(X) — Y| “petit”.
Comme X et Y sont aléatoires, |f(X) — Y| l'est aussi. Cependant, la notion de ”petit”
n’est pas explicite. Pour résoudre ce probléme de quantification, on peut introduire le
Lo-risque, ou 'erreur quadratique moyenne de f

E|f(X)-Y]",

que l'on veut avoir la plus petite possible. Deux raisons justifient ce choix, d’abord, la
simplicité des calculs, ensuite, la minimisation du Ls-risque aboutit a des estimateurs qui
sont calculables rapidement. Donc, on cherche & trouver une fonction m* : R? — R telle
que
E|lm*—Y|*= min E|f(X)-Y]
fRI-R

Une telle fonction peut étre obtenue explicitement comme étant la fonction de régression
m(z) = IE{Y|X = z}. Pour ce faire, il suffit d’appliquer la régle de I'espérance itérée pour
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aboutir a la relation E | f(X) — Y = [pa | f(x) —m(x)]*pu(dx)+E |m(X) — Y|?, ju étant la
mesure de Lebesgue.

1.7.3 Prévision via la fonction de régression

Il existe une littérature abondante en estimation non paramétrique de la fonction de ré-
gression, basée sur la méthode du noyau. Parmi les principaux estimateurs, on en rappelle

les trois suivants :

1. Nadaraya-Watson

R ' Z? 1 YKy <I Xl)
| Zl 1 Ka (z )

2. Priestly-Chao

3. Gasser-Miiller

ol §j_1 = (X( + Xaa1 ) /2, ( 0, X ) est la [°"¢ statistique d’ordre suivant ’ordre de la
seconde composante, avec X () = —00 et X(,4.1) = +00.

Etant donnée une nouvelle variable X, 1, la valeur prédite de la variable scalaire corres-
pondante est donnée par :

N

= fn(Xn+1)'

1.8 Estimation du mode conditionnel

L’estimation du mode conditionnel se fait en deux étapes :

1. Estimation de la densité conditionnelle : L’estimateur a noyau de la densité condition-
nelle et ses dérivées f) (./z), d’ordre p; p > 0, de la variable Y sachant X = z est donnée
par :

0 (yz) = Ldn 2 Ka ( _x, ) K ( =i

) Vy e R.
8y’P hn1+p Z;L:l Kd (I;fz)
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On note fi(./x) := fu(./2), Vestimateur de f© (./z) = f(./z).

2. Estimation du mode : L’estimateur & noyau du mode conditionnel est donné par la
solution de la relation

On(r) = arg mex fa(y/z)

1.8.1 Prévision via le mode conditionnel

Le mode conditionnel est une alternative au probléme de prévision lorsque les autres
modeéles ne conviennent pas. Supposons que l'on a observé X;; ¢ =1,2,...,n une suite
de v.a, et pour chaque valeur X;, correspond une valeur Y;. Etant donnée une nouvelle
variable X, 1, la valeur prédite de la variable scalaire est donnée par :

g = argmax f,,(y/X,41).
yeR

1.9 Modéles de dépendance

Jusqu’ici, nous avons toujours supposé l'indépendance des données. Dans la réalité, il
arrive souvent que les données traitées (durées de vies,...) présentent une certaine forme
de dépendance. Par exemple, Voelkel et Crowley (1984) établissent un modeéle pour les
recherches cliniques sur le cancer pour lequel ils supposent que chaque patient peut, soit
rester dans un état initial, soit voir sa maladie progresser, soit répondre positivement au
traitement avant de connaitre une éventuelle rechute. C’est notamment le cas en ce qui
concerne les virus qui se transmettent d’homme a homme. En effet, un individu cétoyant
des personnes atteintes par un virus donné, aura plus de chances d’étre infecté que s’il
résidait dans une zone relativement épargnée par ce virus. Les données ne sont alors pas
indépendantes mais on peut considérer qu’elles le sont asymptotiquement. Si I’échantillon
est composé d’individus que ’on ordonne selon leur provenance géographique, les données
pour deux individus proches dans ’échantillon sont dépendantes, mais si les deux indivi-
dus sont assez éloignés I'un de 'autre, il y a indépendance. Mathématiquement ceci est
modélisé par les données mélangeantes. Il existe plusieurs formes de mélanges, exprimées
par des coefficients, notés, selon les cas, a, 3, ¢, 1 ou p. Ces coefficients expriment 'in-
dépendance des données selon leurs limites & I'infini (0 pour certains et 1 pour d’autres,
du moins pour les coefficients qu’on présentera dans cette partie).

Parmi tous ces types de mélanges, 'a—mélange est le plus faible et donc le moins res-
trictif, autrement dit, toute suite de variables aléatoires 3, ¢, 1) ou p-mélangeante sera
donc forcément a—mélangeante. Réciproquement, tout résultat énoncé pour des données
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a-mélangeantes sera valable pour des données soumises a une autre forme de mélange.
Les données mélangeantes ne sont pas rares, en particulier les processus ARMA, qui
sont largement utilisés dans l'analyse des séries temporelles, sont a—mélangeants avec
un coefficient & décroissance exponentielle. Auestad et Tjgstheim (1990) fournissent des
discussions intéressantes sur le réle de 'a—mélange pour l'identification du modéle dans
le cadre de ’analyse des séries temporelles non linéaires. Le champ d’application de telles
données est trés large et il est important de pouvoir faire de 'estimation dans ce cadre de
données dépendantes.

Dans cette thése (chapitre 3), et en se basant sur les travaux de Cai (2001), Cai et Roussas
(1992) et Sun et Zhou (2001), nous établissons un résultat trés intéréssant pour l’estima-
teur de la probabilité de troncature, du type loi du logarithme itéré. Ce résultat permettra
d’établir, la consistance forte de ’estimateur du mode simple, et sera sans doute utile pour
d’autres perspectives.

1.9.1 Mesures de dépendance
1.9.1.1 Définitions

Dans toute la suite de cette partie, (€2, F,P) désigne 'espace de probabilité. Pour toute
o—algebre A C F, soit £2,,(A) 'espace (classes d’équivalence) des variables aléatoires
réélles, A—mesurables et de carré-intégrables.

Pour deux oc—algébre A et B C F, on définit les huit mesures de dépendance suivantes :

1. a(A,B) :=sup{|P(ANB) —P(A)P(B)|; A € A, B € B}; (Rosenblatt(1956))
2. ¢(A,B) :=sup{|P(B|A) —P(B)|; A€ A, B € B,P(A) > 0}; (Ibragimov(1959))
3. (A, B) = sup{ Fns) (4) > 0,P(B) > 0}; (Blum et al
(1963))
4. p(A, B) := sup{|corr(f,g)l; f € L2..,(A),g € L2,,(B)}; (Kolmogorov et Rozanov(1960))
5. B(A,B) = sup {; Sier S IP(A: 0 B;) — P(A,)PB(B))]
I'ensemble des couples (A;, Ag, ..., A7) x (By, Bs, ..., By) tels que A; € A pour tout
i et B; € B pour tout j; (Volkonskii et Rozanov(1959))

6. v (A, B) = sup{ S0P A€ A, B € BP(A) > 0,P(B) > }; (Origine difficile a
tracer)
7. ' (A, B) = 1nf{ AOB Ae A BeB ,P(A) > 0,P(B) > 0}; (Origine difficile a

tracer)

}, ou le sup est pris sur
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8. I(A,B) := sup {ZM >, P(A: N B)) log (%)} (Introduit par Volkonskii

et Rozanov(1961) et attribué a Pinsker(1964)!)

les notations sont les mémes que pour la mesure (3 et 0/0 := 0 ainsi que 0log0 = 0.

1.9.1.2 Propriétés de base

P1. Les valeurs possibles des différents coefficients (en incluant la valeur co dans certains
as), sont comme suit :

)

1. 0< a(A,B) <1/4,
2. 0 < ¢(AB) <1,
3. 0 < Y(A,B) < o0,
4. 0<p(A,B) <1,
5. 0<B(AB) <1,
6. 0 <¢"(A, B) < oo,
7.0< ¢ (A,B) <1,
8. 0<I(A,B) < oo.

P2. Chacune des égalités suivantes est équivalente a I'indépendance des tribus A et B.
(A, B) = 0, (A, B) = 0, ¥(A B) = 0, p(A,B) = 0, B(A,B) = 0, v*(A,B) =
W' (A, B) =1, I(A,B) =0.

P3. Les différents coefficients satisfont les inégalités suivantes :
20(A, B) < AA,B) < 6(A,B) < }i(A, B);
da(A, B) < p(A,B) < (A, B);
p(A.B) <2 [¢<A B)F” (B, A)F” = 2004 B
(A B) <1 - i < V(A B) -
#(A,B) <1— (A B);
(A, B) = max {¢*(A,B) — 1,1 —¢'(A,B)};
I(A U (A, B)log (A, B);
( [1(A,B)]"?.

90.\1@9"%.“!\3.*‘

B) <
) <
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1.9.2 Conditions de mélangeance forte

1.9.2.1 Conditions de mélangeance forte basée sur le passé et le futur

Soit Y := (Y, k € Z) (pas nécessairement stationnaire), une suite de variables aléatoires.
Pour —oco < J < L < 00, on définit la o—algébre .7-"} =0 (Y, <k < L(ke€Z)).
Pour tout n > 1, définissons les coefficients de dépendance suivants :

1.

4 (n) = infy’ (FL, Fes

a(n) := supa (fioo,f?o )

jen Jtn
¢(n) = Sj{lelgaﬁ (F s T2 5

. (n) = supy (]:Zoo,fj‘?in) ;

JEZ

o0

. p(n) := supp (onm j+n) )

JEL.

. B(n) :=supf (fzoo,ﬁ(‘)in) ;

JEZ.

S p*(n) == suptp* (F oo, F2,) 5

JEZ.

ien y+n) ; et
I(n) := supl (fioo,]:]ﬁn)

JET

La variable aléatoire est dite :

© N o Ot W=

"fortement mélangeante" ou a—mélangeante si a(n) — 0 quand n — oo,
" p—mélangeante" si ¢(n) — 0 quand n — oo,

"y—mélangeante" si ¥(n) — 0 quand n — oo,

"p—mélangeante" si p(n) — 0 quand n — oo,

"absolument réguliére" ou f—mélangeante si 5(n) — 0 quand n — oo,
")*—meélangeante" si ¥*(n) — 1 quand n — oo,

"' —mélangeante" si ¥’ (n) — 1 quand n — oo,

"information réguliére" si I(n) — 0 quand n — oc.

Remarque 1.2. 1. Il est utile de rappeler que les deux phrases en anglais " Strong-

mizing condition” et " Strong-mixing conditions”, qui ne se différencient que par le
s’ du pluriel, alors que le sens est totalement différent.

- La premiére phrase traduit le coefficient de l'a—mélange (a(n) — 0).

- La deuziéme phrase traduit les autres coefficients de mélange qui sont au moins
aussi fort que U'a—mélange (i.e qui impliquent 'a—mélange).
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2. Aussi, comme on peut le constater, tous les coefficients sont symétriques a l’exception
du coefficient ¢, car si p(A, B) est petit, ceci n’implique en aucun cas le méme ordre
de grandeur pour ¢(B, A).

3. Dans le cas de la stricte stationnarité de 'Y, on a simplement,

a(n) = o (F°

—00)

7))
et c’est aussi valable pour les sept autres modes de dépendance.

4. La premiére inégalité dans (3), donnée plus haut concernant le coefficient p, a été
établie par Peligrad (1992), qui s’est appuyée sur les arguments utilisés par Cog-
burn (1960) et Ibragimov (1962) pour établir la seconde inégalité. Indépendamment,
Denker et Keller (1983) ont prouvé une inégalité similaire

p(Av B) < 2max (gb(A: B)v ¢(B7 A)) :

Pour plus de détails sur le sujet, on peut consulter par exemple, Doukhan (1994), Bosq
(1998), Rio (2000), Bradley (2005) et Bertail et al. (2006).
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On the nonparametric estimation of the
simple mode under random left-truncation model’
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Abstract
Let (Yn)n>1 be a sequence of independent and identically distributed random variables of in-
terest. Let 6 be the mode of Y, in this paper, we define a new kernel estimator 0,, of # when Y
is subject to random left-truncation by a variable T. We establish the strong consistency with
a rate for the proposed kernel estimate of the simple mode, and state its asymptotic normality.
Simulations are drawn to illustrate the results and to show how the estimator behaves for finite
samples.

Keywords Almost sure convergence, asymptotic normality, Lynden-Bell estimator, kernel
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2.1 Introduction

Let Y and T be independent random variables with distribution functions F and G respecti-
vely, both assumed to be continuous, and let (Y1,71), (Y2, T2),...,(Yn,Tn) be N independent
and identically distributed (iid) copies of (Y,T), where the sample size N is deterministic, but
unknown. In the random left-truncation model (RLTM), the random variable (rv) of interest
Y is interfered by the truncation rv 7', such that both quantities Y and T are observable only
if Y > T whereas nothing is observed if ¥ < T. Without possible confusion, we still denote
(Y;, Ti)1<i<n, (n < N), the observed iid pairs from the original N-sample. As a consequence of
truncation, the size of the actually observed sample, n is a Bin(N, u) random variable, with
w=PY >T).

It is clear that if 4 = 0, no data can be observed and therefore, we suppose throughout this
paper that pu # 0.

By the strong law of large numbers, we have, as N — 400

fp, = % — pu, P—as. (2.1)

Note that the iid property of the observed n-sample is implicitly assumed in the literature in the
left-truncation (LT) framework, but it is not completely straightforward. Lemdani and Ould-Said
[25, Proposition 1| proved that it is deduced from the N-sequence iid property.

Truncation frequently occurs in medical studies, when one wants to study the length of survival
after the start of the disease : if Y denotes the elapsed time between the onset of the disease
and death, and if the follow-up period starts T" units of time after the onset of the disease, then
clearly Y is left truncated by T

Truncated data are also common in actuarial, astronomical, demographics, epidemiological, re-
liability testing and other studies [More examples and references dealing with truncated data
can be found Woodroofe [49], Wang et al. [48], Tsai et al. [45], Anderson et al. 3|, He and Yang
[20] and Chen et al. [6]].

Denote by f(-) the probability density function of ¥ and assume that it has a unique mode 6,
defined by

f(0) = supf(y).

yeR
The problem of estimating the unconditional /conditional mode of a probability density has a
long history in statistics literature, and number of distinguished papers deal with this topic. To
quote a few of them, Parzen [38] established weak convergence and asymptotic normality for the
iid case, while the strong consistency was obtained by Nadaraya [33|. Using classical approaches
of weak convergence, Eddy [12] derived the asymptotic normality, under weaker conditions than
Parzen’s [38]. Chernoff [7] studied the naive estimator of the mode, defined as the center of that
interval which contains most of the observations (see also Eddy [13]). Romano [39] investigated
the asymptotic behavior of the kernel estimate of the mode with data-dependent bandwidths,
whereas Vieu [47] obtained a rate of convergence for both local and global estimates of the mode.
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The multidimensional versions of these results were obtained by Samanta [41] and recently, Abra-
ham et al. [1, 2] considered the estimate of the mode as an element of the sample points, and
obtained the strong consistency as well as asymptotic properties. Mokkadem and Pelletier |30, 31|
and Mokkadem et al. [32] studied the law of the iterated logarithm and the moderate deviations,
as well as the large deviations upper bound for the kernel mode estimator. Hermann and Ziegler
[22] obtained rates of nonparametric estimation of the mode in absence of smoothness assump-
tions. Bickel [4] and Bickel and Frithwirth [5] proposed with applications, a robust estimators of
the mode based on densest half ranges and compared them to other robust estimators of mea-
sure of location. Bickel [4] concluded that, while the median is resistent to outliers, the mode is
immune to them ; also, it is a safer measure of location when the data may suffer from the latter.
When conditioning by one of the coordinates of a bi-dimensional random vector in the iid ran-
dom vector case, Samanta and Thavaneswaran [42] showed that under some regularity conditions,
the kernel estimator of the conditional mode function is consistent, and asymptotically normal.
Mehra et al. [29] established the law of iterated logarithm, the uniform almost sure convergence
over a compact set and the asymptotic normality of smoothed rank nearest neighbor estimator
of the conditional mode function.

For the dependent case, the strong consistency of the conditional mode estimator was establi-
shed under a ¢-mixing condition by Collomb et al. [8] and their results can be applied to process
forecasting. In the a-mixing case, the strong consistency over a compact set and the asymptotic
normality were obtained by Ould-Said [34] and, Louani and Ould-Said [27], respectively. In a ge-
neral ergodic framework, a process prediction via the conditional mode estimation was described
by Ould-Said [35] and its strong consistency was obtained. Lately, Ferraty et al. [16] established
under a—mixing condition, the almost complete convergence of the conditional mode of a scalar
response given a functional random variable.

In the incomplete data case, Louani [27] studied the asymptotic normality of the kernel estimator
of the mode for the random right censoring and recently, Ould-Said and Cai [37] established,
in the iid case, the uniform strong consistency with rates of a nonparametric estimator of the
censored conditional mode function.

When the conditioning variable takes values in a semi-normed vectorial space of possibly infinite
dimension, Dabo-Niang et al. [10] established the strong consistency of the simple mode, while
Dabo-Niang and Laksaci [9] established the consistency in LP norm of the conditional mode
estimator. The asymptotic normality have been obtained by Ezzahrioui and Ould-Said [14, 15],
in both iid and a-mixing cases.

Recent years have witnessed a renewal of interest in mode estimation. The main reason that
enables widespread use of the mode is the recent advent of powerful mathematical tools, and
computational machinery that render some complex problems much more tractable. An impor-
tant application of mode estimation is pattern recognition.

To the best of our knowledge, the problem of estimating the simple mode under truncation has
not been addressed in the statistics literature. It is the goal of this paper.
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Our main results establish, the strong uniform consistency with a rate, over a compact set, of
the kernel density estimator which allows to deduce the strong consistency with a rate of the
kernel mode estimator and state its asymptotic normality.

The paper is organized as follows : in Section 2 we recall some important and useful results in
the random left-truncation model. In Section 3 we first define a kernel mode estimator in RLTM,
then we give assumptions and main results. The asymptotic normality of the suggested estimator
is illustrated in section 4, for finite samples via a simulation study. Finally, the proofs of the main

results are postponed to Section 5, where some auxiliary results are also proved.

2.2 Preliminaries and notations

We first present some results from the literature for the univariate RLUTM and which will be used
to define our nonparametric kernel estimator of the mode.

Since N is unknown and n is known (although random), in the rest of this paper, our results
will not be stated with respect to the probability measure P (related to the N—sample) but
will involve the probability P (related to the n—sample). In the same way E and E denote the
expectation operators related to P and P, respectively. In the sequel, as a convention, we denote
by a superscript (*) any characteristic of the actually observed data (that is, conditionally on n).
Let Y be the variable of interest and T be the truncating variable, with continuous distribution
functions F' and G, respectively. Under LT sampling scheme, the conditional joint distribution
of an observed (Y, T) (Stute |44] and Zhou [50]), is given by

Hi(y,t) = P{Y <y, T<t} =P{Y <y, T<t|Y>T}

_ /_ " Gl AwdF (@),

where ¢ A u = min(¢,u). The marginal distributions are defined by

F*(y) := H*(y, 00 / G(u)dF(u (2.2)
G*(t) == H*(oc0,t) = ! G(t/\u)dF( ),
which are estimated by
Fi(y Z Iy,<,y and Gt Z Ly <s)
=1

where 14 denotes the indicator function of the set A.
Let us denote for any distribution function W

aw = inf{z : W(z) > 0} and by =sup{z: W(z) <1},
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as the endpoints of the W support. Woodroofe [49] pointed out that F' and G can be estimated
completely only if
* dF
ac < ap, bg <bp and — < 0. (2.3)
ar G
Then under (2.3)

pim PY > T) = / G(u)dF(u) > 0,
Now, let C(+) be defined by

Cly) :==G"(y)— F*(y) =p 'G(y) (1 = F(y)), y € lap, +o0] (2.4)

with empirical estimator

* * — 1 -
Cnly) = Grly) — Fr(y™) = n E L <y<viy, ¥ € [ap, +oo[.
1=1
Then the nonparametric maximum likelihood estimates (NPMLE) of F' and G, originally pro-
posed by Lynden-Bell [28], are given by

nCp(Y;) — 1 nCy(T;) — 1
F,(y)=1- [ and G, (t) = —_—, (2.5)
=1 e 0= 1 Fem
respectively, assuming no ties in the data.
Asymptotic properties of (2.5) have been also studied by Woodroofe [49, Theorem 2| and esta-
blished the uniform consistency results
sup |Fa(y) = F(y)] =370 and  sup [Gu(t) — G(1)] 370,
y>ap t>ag
Additional results were obtained by Keiding and Gill [24].
Note that the estimator fi, defined in (2.1) cannot be calculated (since N is unknown). This
situation requires the use of another estimator.
Indeed, according to (2.4) and replacing F' and G by their respective NPMLE, we can consider

the estimator of u, namely

= Gn(y)[(1 = Fu(y")]
" Cn(y) ’

for all y such that Cy,(y) > 0. He and Yang [21, Theorem 2.5, showed that u, is equivalent to

(2.6)

the more familiar estimate i, = [ Gy (u)dF,(u) studied in the literature, and that

L Poas 1, as n — oo.
The authors proved that p,, does not depend on y and its value can then be obtained for any y
such that C,(y) # 0.
The fact that u, has a much simpler form than fi,,, makes it a useful instrument in the construc-
tion of new estimates as to be carried out below.
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2.3 Assumptions and main results

First, we define our nonparametric estimator of the mode. Let us note that, if no truncation
is present (n = N), it is well known that the kernel estimator of the mode 6 is defined as the
random variable #,, maximizing the kernel estimator f,(-) of f(-); that is,

fn(an) = Supfn(y)a

yEeR

where

fule) = mlng (7). 27)

K is a probability kernel defined on R, and (h,,) a positive bandwidth sequence, which decays
to zero as m grows to infinity.

In RLTM, (2.7) is no longer adapted as an estimator of f(-).

Now, We define a new estimator f,(-), based on the n actually observed pairs (X;,Y;).

By differentiating in the statement (2.2) and integrating the result over y, we get

/ —dF*
A natural estimator of F' is then given by
~ I n 1
Fu(y) = - Z mﬂ{mgy}a (2.8)
i=1
which gives us an estimate of the density f
1) df)

Faly) = / (

= ZG (y Y)' (2.9)

n

However, both (2.8) and (2.9) are not useful in practice since G(-) and p are unknown. To
overcome this difficulty and to make them usable, we propose the estimator

A :U’n
Z G 77y Lovisan- (2.10)

Note that in (2.10) and in the sequel, the sum is taken only for the i's such that G, (Y;) # 0.
Finally (2.10) yields the density estimator

fuly) = hn/K(%‘“) ()

dE,
S Zn: ! (2.11)
nhy, 1 Gn(}/z
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Note that both estimators (2.10) and (2.11) are given in Ould-Said and Lemdani [36], and that
the rate of convergence of the latter estimator is improved in this paper.

Now, we define our nonparametric kernel estimator of the mode, by

A~

fn(én) = sup fn(y)' (2'12)

y>ap

Remark that the estimate 6, is not necessarily unique, and if this is the case, all the remaining
of our paper will concern any value 6,, satisfying (2.12). We point out that we can specify our
choice by taking

y>ap

0, = inf {t > ap such that fn(t) = sup f, (y)}-

Suppose that K is chosen to be twice differentiable, we get the derivatives of fn() as

2 y—Yi ,
) (y) = hJHZG < I >, for j =1, 2.

The derivatives fy(l] )() of f,(+) are obtained analogously.

Throughout this paper, we suppose that ag < ap, bg < br and let Q) be a compact set such
that Q C Qo ={y: y > ar}.

We will make use of the following assumptions gathered here together for easy reference.

(A1) The bandwidth h,, satisfies for n — oo, h,, — 0 and " s o0 ;

log n
(A2) The kernel K is compactly supported, a C'-probability density, three times differentiable
and such that K, K and K@ are of bounded variations :

(A3) K is a second-order kernel ;

(A4) The density f(-) is bounded and three times continuously differentiable in a neighborhood
of the mode # with f2) (0) # 0. Furthermore, we suppose that § € Q, where € denotes the
interior of §2;

(A5) The unique mode 6 satisfies, for any € > 0 and y, there exists a 3 > 0 such that |§ —y| > ¢
implies that |f(6) — f(y)| > 5;

(A6) The bandwidth h,, satisfies for n — oo, h, — 0;
nhS

) 1ogn — 003

ii) nh! — 0.

Discussion on the assumptions

1. Assumption A1 is needed in the proof of the convergence of fn() For the convergence of
A,(f)(-), we need more than (A1) that is f;g%t — 00. Assumptions (A2)-(A4) are common
in nonparametric estimation. Assumption (A5) stipulates the uniform uniqueness of the mode

point. Finally, Assumption (A6) is used to prove the asymptotic normality result as well as the
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convergence of f,@()

2. Here, we point out that in view of the choice of Qy, many authors (see Stute [44]) used the
milder conditions ag < ap with additional integrability conditions. This choice is motivated by
the rate of convergence of Lynden-Bell 28] estimator G, () to G(-) where we have to consider a
set of values of ¥; which do not include ag (a uniform rate for Gy, (-) is given by Woodroofe [49],
only on [a, bg| with a > ag ), that is ag < ap.

3. Recall that since K has bounded variations, its first derivative K1) is integrable. Furthermore
(K (1))2 is also integrable, which ensures the existence of the asymptotic variance term.

Remark 2.1. Assumption (A2) implies condition (K1) (Giné and Guillou [17]) under which

G= {K <yh_‘);yem<, heR\{o}}

is a bounded V— C-class of measurable functions. This is a consequence of (Dudley [11, Theorems
4.2.1 and 4.2.4]). This assumption is needed in order to use Talagrand’s inequality.

Now, our first result is the uniform almost sure convergence with a rate of the kernel density esti-
mator fy(-), as stated in Theorem 2.1. An immediate consequence is the almost sure convergence
with a rate of the kernel mode estimator and is given in Corollary 2.1.

Theorem 2.1. Under Assumptions (A1)-(A4), we have

sup fn(y) —f(y)‘ = O{max( 10gn,hi> }, P —a.s. as n — +oo.

ye nhn

logn

1/5
Remark 2.2. If we choose h = O (( ) , which is the optimal choice with respect to the

almost sure uniform convergence criterion in the density estimation, we get

fn(y)—f(y)’=0<(log”>2/5> , P-as.

n

sup
yeN

which is the same optimal rate as the one established in the complete and id case (Vieu [{7,

Lemma A-2).
Corollary 2.1. Under (A1)-(A5), then

Gn—H‘ — 0, a.s. as n — +o0,

whenever 0 € Q. In addition, if (A4) holds, for n large enough, we have

. 1 1/4
On—9:O<maX{<oin> ,hn}>,P—a.s. as m — +o00.
nhy
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Now, suppose that the density function f(-) has a unique mode at 6. Under (A4), we have

FY() =0and f@(6) < 0.
Similarly, under (A2), with probability one, we have

FP () = 0 and £P)(6,) < 0,
if 6, is the mode of f,(-).
A Taylor expansion of ﬁ(Ll)() in the neighborhood of 6, gives
0= f{(0n) = S0) + (6. = 0) F2 (05,

where 0 is between 0, and 0, which gives that

(1
; fi(0)
Op — 0= TR
fn”(65)

if the denominator does not vanish.
To state the asymptotic normality, we show that the numerator suitably normalized, is asympto-
tically normally distributed, and the denominator converges in probability to f(2) (0). The result
is given in the following

Theorem 2.2. Under Assumptions (A1)-(A4) and (A6), we have

2\ 3
(W) (én — 9) 2, N(0,1)

2
where 2 denotes the convergence in distribution and o*(y) = L(y) / <K(1)(U)) dv.

G(y)

Remark 2.3. Using Theorem 2.2, it is possible to construct confidence intervals for 6. For

; 2
that purpose, a plug-in estimate o2 (y) := Mg,f?(zi) / (K(l)(v)) dv for the asymptotic variance
n\Y

o2(y) can be easily obtained using the estimators defined above ((2.6), (2.5) and (2.11)) which is
a consistent estimator. This yields a confidence interval of asymptotic level 1 — ( for 6.

0, — In{8n) XUuy—¢/2 O + Un(?(z)) -
vl | fa” ()

X Ui—¢/2

k| £ (6,)

where uy_¢ /o denotes the (1 — (/2)-quantile of the standard normal distribution.
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2.4 Simulation study

The purpose of this section deals with asymptotic normality study. In situations involving asymp-
totic normality, it is important to know how good is this normality for finite sample.

First we present two simulated models which permitted to compute the estimator én defined in
(3.12), and for each model, we simulated N iid rv (Y;,7;). Here it is assumed that the truncating
variable T is distributed as an exponential with parameter \. This parameter was adapted in
order to obtain different values of the theoretical proprtion « as fixed bellow. We then kept the
data (Y;, T;) such that Y; > T;.

Using this scheme, m independent samples of size n were generated. For each sample, using
plug-in estimates o, (-) and ﬁ(?)() for o(-) and f®)(-), respectively, we estimated the mode

1

o ~ -1 o ~ 2\ 2 /.
and computed the normalized deviation, 6,, := <<Ui(9n)) nh3 <f752)( n)) )2 <9n - 0). We

estimated then, using the kernel method, the density function of the process (0n> .

1. Model 1 (heavy tail case). The variable Y is distributed as a three-parameter Weibull with
pdf,
c c—1 Yy—ayc
- lemp(—(52)) y=a>0
fr () { 0 y<a

which admits a mode 6 at the point a + b (%)

2. Model 2 (exponential decreasing case). The variable Y is distributed as a normal A/ (3,1),
with mode 6 = 3.

Recall that in nonparametric estimation, optimality (in the MSE sense) is not seriously swayed
by the choice of the kernel K but is affected by the choice of the bandwidth h,. In this study,

the bandwidth h,, is chosen to satisfy the assumptions above, and the kernel K is Gaussian. In
11
76 L
standart deviation parameter of Y. The bandwidth that we used in estimating the (6,,)-density,
is the classical bandwidth choice (Silverman [43, p. 40]) which is ho?* = 1.066ym />,

The normalized estimation biases under model 1, estimated by the mean values of the processes,

estimating the value Oon, we choose h, ~ 6yn=°, § €] [ and dy is a robust estimate of the

corresponding to the different figures are given in Table 2.1.

n @1 60% 5% 90%
50 .39 40 .37
100 | .26 .26 .25
500 | - 05 -

TAB. 2.1 — The normalized estimation biases.

It is clear that in any cases, except for n = 500, there is a substantial positive biases. We observe
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n a Bias o2 MSE
0.45 —0.0100 0.0533 0.0534
20 0.60 0.0277 0.0511 0.05 88
0.75 —0.028 0.0452 0.0530
0.45 0.0149 0.0245 0.0267
150 | 0.60 —0.0051 0.0214 0.0217
0.75 —-0.0161 0.0285 0.0287
0.45 —0.0030 0.0159 0.0160
300 | 0.60 0.009 2 0.0174 0.0183
0.75 0.016 3 0.0177 0.0204

200 | 0.75 | —0.0081 0.0087 0.0094

TAB. 2.2 — Average estimated Bias and the MSE, 100 replications.

that these biases decrease when the sample size increases but remained still relatively important
for moderate sizes. In the case where n = 500, we give the histogram and the corresponding
Q — Q-plot against the standard Gaussian distribution. Moreover, a Shapiro-Wilk normality test
and the Kolmogorov-Smirnov (with Lilliefors correction) test, are used. The Kolmogorov-Smirnov
significance level is greater than 0.05, and the Shapiro-Wilk test suggests a small disparity from

normality.

2

Now, under Model 2, we compute the estimated bias of the estimator as well as the variance &

=m0 (6 - én>2, which give the MSE (Table 2.2).

As one can see it in Table 2.2, the quality of the estimator does not seem to be affected by «,
and the MSE decreases when the sample size increases. For n = 500 and since the results do not
depend on «a, we studied only the case a =~ 75%).
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2.5 Proofs

In order to make the proofs easier, we need some auxiliary results and notations. The first Lemma
gives the uniform consistency with rate of the estimator f,(y) defined in (2.9).

Lemma 2.1. Under Assumptions (A1), (A2) and (A4), we have

fn( — { ”— (\/IOgn>,Pa.s.asnﬂ+oo.

Proof. Under (A2), the class of functions

Fo = {%(') =K (y,; ) Y€ R}

is a bounded V—C-class of measurable functions (see Remark 2.1) which are uniformly bounded
with envelope Ay = H ” . Then using Lemma 2.6.18 (vi) (Van der Vaart and Wellner [46, p.
147]) with g(y) = 1/G( ) the class of functions

e (20 = i (52 02 )

sup
ye

is a bounded V—C-class of measurable functions with respect to the envelope Ay = nly%ll(:})
Moreover HfH il
. =2 .2
BE,()) < 5 = U and BIEW)] < g s =i on
3 ) : . L . .. . 1
Applying Talagrand’s inequality (Giné and Guillou [18, Proposition 2.2]) with ¢ = D s%:v

where D is a positive constant, there exist two positive constants ¢; and co such that

logn
{ sup Z{uy EE,(V)]}| > Dy/—2 }
Sy n|i=1 n
/nlogn D|flls /logn
< crexp P }?g log |1+ " %
S a 5
C
allfle . < /n‘h\ﬂm) gl \/]og (cz,/yf\whna(ap))>
/nlogn nhnG(ar) D [logn
< cirexp —D ||f|| log |1+ a nV nhn 5
1
(14 /217 Glar i tog (e2/ T Glar i)

\

o oxn d D nlognG(aF)D hy logn
U el Ve a TV

D%G(ap)

IN

2
cin CIHfHoo

IN
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which, for n large enough and by an appropriate choice of D, can be made O (n*?’/ 2) . The latter
being a general term of a summable series, we then have by Borel-Cantelli’s Lemma and (A1),

IQZO( log”),P—a.s. [ ]

nhn

Lemma 2.2. Under Assumption (A4), we have

fn(y) — fn(y)‘ =0Op <n_1/2) a.s. as m— 4oo.

sup
yeQ

Proof. We observe that one can have the following decomposition

) . i — pl o~ 1 y—Yi by :
fn(y)—fn(y)‘ < nhy, ;Gn(y;>K< hn, >+7’Lhn;

1
Gn(Y;)  G(V)

y—Y;
K
(%)

1 1 "
Vin

V2n

From (He and Yang |21, Theorem 3.2|), |un — p| = Op (n_1/2) , and Gy (ar) g G(ar) >0

we get, uniformly on y, V1, = Op (n_l/ 2) . In the same way, and using (Woodroofe [49, Remark
6]) we get Vo, = Op (nfl/Q). Finally, using the fact that f}(y) goes to f*(y) = %f(y) (by
differentiating in the statement (2.2)) which is bounded by (A4). Then we get the result. |
Proof of Theorem 2.1. Using the triangular inequality, we have

sup |fu(y) = /()] Foly) = E[Jaw)] | sup|Fulw) = Fu)] + sup|E [ £.0)] - £(0)]

yeQ yeQ yeQ

IN

sup
yeN

= 1 +1y+7I;.

For 7; and Zo we use Lemma 2.1 and Lemma 2.2 respectively. It remains to examine the term
Z3. Using a change of variable and a Taylor expansion, we get under (A2)-(A4), Zg = O (h2).
Then we end the proof of Theorem 2.1.
Proof of Corollary 2.1. Standard arguments give us

F(0n) = £(0)] < 250p

yeN

A

fuly) = f(y)] - (2.13)

Then, an application of Theorem 2.1 and (A5), we get the result of part 1. For the second part,
a Taylor expansion of f(.) in a neighborhood of 6 gives

F(60) — 1(6) = 5 (0n — 021O@")

where 0* is between 6,, and 0. Then, by (2.13) and (A4), we have

(6. - 9)2 1) Fuly) = )]

< 4 sup
yeN
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Hence, by Theorem 2.1, we complete the proof of Corollary 2.1. [
The following Lemmas are needed to state the asymptotic normality of the kernel mode estimator.

Lemma 2.3. Under Assumptions (A1), we have

sup
yeQ

~ 1
Fn(y)—F(y):O< Oin>, P—a.s. asn— +o00

Proof. This proof is slightly different from that given in (Ould-Said and Lemdani |36, Lemma
1]). Consider, the iid sequence Y7, Y5, ..., Y, and the class of functions

1-Iz<y)
=3V, : Q0 —R" /¥, (2) ="~ Q.
‘C { Yy / y(z) nG(z) ) ye

According to (Giné and Guillou [19, Lemma 3(b)]), £,, is a Vapnik-Cervonenkis class (V—C-class)
of non negative measurable functions which are uniformly bounded with respect to the envelope
A = [nG(ar)]”" . Moreover

and E [\I'g(Y)] < !

E[¥,(Y)] < = 2 ar)

nG(ar)

[logn
Applying again Talagrand’s inequality as before, with ¢t = D & , one gets the result.
n

Lemma 2.4. Asn — +00, we have

Eo(y) — F(y)‘ =0 ( logn) , P—as.

sup

yeN n

Proof. We have

Fuy) = F)| < |Fuly) = Fuy)| + |Fuy) — F ()|
T T
. n 1 n 1
< i n 4 ZZ; Gn(Y;) ]I{Yz<y} + ZZ; Gn(Y7) B G(Y)) ][{Yiéy} + 7
< ‘(P?LZ(;:L)’ + Gn(aF/;G(aF> ysgf Gn(y) — G(y)| + T2
— (D) +(ID) + (To). ) (2.14)

Using (He and Yang [21, Theorem 3.2]), |, — p| = Op (n71/2), and Gy (ap) g G(ar) >0

we get, uniformly on y, (I) = Op (n‘l/ 2) . In the same way, and using (Woodroofe [49, Remark
6]), we get (II) = Op (n_l/Q). Finally, using Lemma 2.1 and Remark 2.4 below, we get the
result. ]
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Remark 2.4.  Recall that, as noted in formula (2.10), all the sums involving the (G, (Y;))~!
are taken for the i’s such that Gy, (Y;) # 0. It follows that an additional term

_n
ZG Lz L, on=0p

should be added in (2.14). This term is clearly negligible by the law of large numbers. The same

remark can be made for all similar quantities in what follows.

Proof of Theorem 2.2. From (2.9) and (2.11) we have the following decomposition

£(1) o
%%$w>_ L )ﬁm@

(63) ) (0x)
F(1) gy _ )
X n@n<{ EXQ)
£202)

B[/(0)

+ nh} ———
£203)

= JN+T+Ts

To prove the result, we establish that the numerators of the terms [J; and J3 are negligible and
that of J5 is normally distributed. Then, in conjunction with the fact that the denominator
converges in probability, we get the result by using Slutsky’s theorem.

For the first term J7, we have

. . SUPy>ap |Gn(y) — G(y)]
VAR (1800 = F00)) < {n =l ViRE < SR RS
n M\/TW upy>ap ‘G ( ) G(y)|

(GF)G (GF)

ng x ltin = K
i G(ar) } nh2 Z (
= U + U+ U5

P a.s.

%mmwaOMWm%wM%@—ﬂM:&%MW)QMﬂ—%ﬂw%%mﬁ

y>ap

of Lemma 2.4) and the fact that — Z K4 ( > =: (f5)1(), goes to (f*)1 () (where
(f)M(-) denotes the first derivative of the density function f*(-) of the observed data), which is

[h3
not necessarily equal to zero at the point 8, we get Uy = Op ( ”) = op (hy,). In the same way,
n

we get Uy = Op (\/ h;’;) and U3 = Op (\/ h%) which permit us to conclude that 7; is negligible.
Now, we turn out to J3 and state the following result
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Lemma 2.5. Under Assumptions (A2)-(A4) and (A6) ii), we have
1 ~
(nh3)? E [f,(f)(e)} — 0, asn— oo.

Proof. We have

:b"":%"‘ :%‘1:

By part integrating, we have

E[f®)] = [ K 76~ b do,
By Taylor’s expansion of f()(-) around 6, (A2)-(A3) and the definition of the mode, we get

(1) B [10(6)] = Vb, [ K () £96") do,

where 0* is between 0 and 0 — vh,,.
By (A2), (A4) and (A6) ii), we get the result.

Finally, to state the asymptotic normality of 72, we need some auxiliary results.
Lemma 2.6. Under Assumptions (A2), (A4) and (A6) ii), we have

nh3Var [ﬂgl)(ﬁ)} — /g((;))/(K(l)(v))Q dv, as n — oo.

38
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Proof. First, start with calculating Var ( f;(Ll)(G)) .

Var < ~T(L1)(9)) = Var (nl/; zn: G(lYi)K(l) <9 ;n)/l))

8 g () o
[0 (o]

(KD @) 70— uh,)du

Iz / 1
nh3 | G(6 —vhy,)

2
_[ :Lh2 / KO (u)f(&—uhn)du]

= Vi =W

In analogous manner as done before and under (A1)-(A4) and the definition of the mode, we
get nhd Vs — 0.
Again, a Taylor expansion gives us

O—ap
o) [ O )’ 1
= — (K d — .
¢ nhd Jo. G0 —uhy,) ( (u)) uto nh2

Since 0 > ap, observe that there exists ng such that for all fixed n > ny,

O—ap

/ah” M (K(l) (u))Qdu < G((le) /m (Ku) (u)>2du,

afp

whence, by the dominated convergence Theorem and for n — oo

2

| g BV @) aw— oo [ (K0 @) au

which is finite by (A2). Finally, we obtain

nh2Var (fNT(LU(O)) — /g((;)) / (K(l) (u))2 du.

Now, all what is left to be shown is that, the numerator of /5 is a sum of iid rv’s which satisfies
Lindeberg’s Theorem. For this purpose, let us to consider

o= (0 (£52) e (52)])
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Simple algebra shows that

n

> Zinly) = Vit (70 (w) ~ B [P w)] ).

Hence
Var (Z Zm@)) = nhyVar (ﬁgl)(y)) :
i=1
Then we have the following
Lemma 2.7. Under Assumptions (A2), (A4), (A6) i), we have

Ve > 0, Z/ Z2 (y)dF*(y) — 0, as n — oo.

Z2 (y)> sQVar Zm(y))}

Proof. On the one hand we have

Z() < %{G?in <K<1> <y;nYé>)2+E2 {G(lyi)mn <y;ny>]}
2

N

Note that

which gives

217 o y—Y
T E QR am— .
nhe [G(Yz) < N — 0, asn —

On the other hand, by Lemma 2.4 we have

AN ) O @ () du,
v (22 <y>) cir [ (KO )

2
then for e = / (K(l) (u)) du > 0, Ing € IN* such that : Vn > ng, we have

Var (Z Zin(y ) > %/ (K(l) (u))Qdu.

Now denote by

40

(2.16)
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from (4.6), we have

making use of (2.16), for n > ng we have

{an(y) > 2Var (i Zm(y)> } C {an(y) 25£EZ; / (K(l) (u)>2 du} .

=1

2
Now, set ¢/ = &2 ZCfJEZ)) / (K(l) (u)) du, we have

{an(y) > e*Var (Zn: Zm(?J)) } c {Z4(y) > 2’}

i=1
nhy,
= {2 222( )>6’nhn}

C {V >5nh}

(ot (0 (2> 22)
o frlat (2972}

From (2.16) and for n large enough we have

{E2 |:G(1Yi)K(1) (y ;nyﬂ > 5,7;}1”} = 0. (2.17)

Furthermore, by the fact that G is lower bounded and KV is bounded, then by (A6) i) and for

n large enough
1 ~Y\\?_ ¢&nh
L o (Y i n | _
{GQ(YO (K (hn )) > } 0 (2.18)

Therefore, from (2.17) and (2.18) and for n large enough, we get

{an(y) > e*Var (i Zm(?/)) } =0,
=1

which completes the proof. |
Now, to end the proof of Theorem 2.2, it suffices to prove that f()(6%) L, 72 (6). Observe that
one can write the following

w100 = g [ 51

) ot - aro)
# U [R5 (%) s ht/ (%

= 51+ Ss.

N

1) s
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That S and S» tend to zero uniformly as n grows to infinity. Indeed, on the one hand, by Taylor’s
expansion, integration by part and assumptions (Al), (A2), (A4) and (A6) i) we have

81 < /‘K

y — vhy) — F(y — vhy,)|dv

< swp|Fuly) —F(y)( = / [K© ()] o
yeN n
Then, by Lemma 2.4, §; = Op logn
nh8

On the other hand, under assumptions (A2), (A4) and by part integrating, we have

e (52 o (52 o).

then, using a change of variable and a Taylor expansion, we have

Sl < [KE)|O0 - oh) - 2|

< ho [l K )]
O(hy)

where v* is between y — vh,, and y. Now, we have almost surely, for n large enough,

1203) = 120)| < sup| FOw) - rOw)| + |12 03) - 1200)].

ye

As 07 is between 6 and 0,,, Corollary 2.1 entails the almost sure convergence of 07 to 6. Hence,
the continuity of f(2)(-) ensures the almost sure convergence of £ (0*) to f)(6). Furthermore,
because of the convergence in probability of fy(?)() to £ (-) uniformly on Q, we conclude that
ff)(ﬁ;'fb) converges in probability to the real number f()(8) # 0.
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Let (Yn)n>1 be a sequence of copies of a random variable of interest Y. In this paper, we study
the kernel estimator, say én, of the mode of Y when Y is subject to the random left-truncation.
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3.1 Introduction

Let Y and T be two real random variables with unknown cumulative distribution functions (df)
F and G respectively. Denote by f the probability density of Y with respect to Lebesgue measure.
Let (Y1,T1), (Yo, T5), ..., (YN, Tn) be N copies of (Y,T), where the sample size N is fixed, but
unknown. In the random left-truncation (RLT) model, the random variable (rv) of interest ¥
is interfered by the truncation rv 7', such that both quantities Y and T are observable only if
Y > T, whereas nothing is observed if Y < T. Without possible confusion, we still denote (Y3, T;),
i=1,2,....,n,(n < N) the observed pairs from the original N —sample.

As a consequence of truncation, the size of the actually observed sample, n, is a Bin(N, )
random variable, with g :=P(Y > T). It is clear that if 4 = 0, no data can be observed and
therefore, we suppose throughout this paper that u # 0. By the strong law of large numbers
(SLLN) we have, as N — o0

o, i= % — u, P—a.s. (3.1)

In the complete data case (no truncation), the mode estimator for the independent and identically
distributed (iid) random variables has been studied by many authors among whom we quote
Parzen (1962), Nadaraya (1965), Van Ryzin (1969), Samanta (1973), Eddy (1980, 1982), Romano
(1988), Samanta and Thavaneswaran (1990) and Vieu (1996).

The last quinquennial knew an increased interest and numerous are the papers dealing with
the problem of the mode. To quote only a few of them, Abraham et al. (2004) considered the
estimate of the mode as an element of the sample points, and obtained the strong consistency.
Mokkadem and Pelletier (2005) and Mokkadem et al. (2006), studied the moderate and large
deviations upper bound for the kernel mode estimator. Hermann and Ziegler (2004) obtained
rates of nonparametric estimation of the mode in absence of smoothness assumptions and Bickel
and Frithwirth (2006) proposed a robust estimator of the mode based on the densest half ranges.
When the conditioning variable takes values in a semi-normed vectorial space of possibly infinite
dimension, Dabo—Niang et al. (2004) established the strong consistency of the simple mode,
while Dabo—Niang and Laksaci (2007) established the consistency in LP norm of the conditional
mode function estimator.

For the complete dependent data case, the strong consistency of the conditional mode estimator
was established under a ¢—mixing condition by Collomb et. al. (1987) and their results can be
applied to process forecasting. In the a—mixing setting, the strong consistency over a compact
set and the asymptotic normality were obtained by Ould-Said (1993) and Louani and Ould-Said
(1999) respectively. In a general ergodic framework, a process prediction via the conditional
mode estimation was described by Ould-Said (1997) and its strong consistency was establi-
shed. Recently, Ferraty et al. (2005) established under a—mixing condition, the almost complete
convergence of the conditional mode of a scalar response given a functional random variable.

In the incomplete data case, for iid random variables under random right censoring, Louani (1998)
studied the asymptotic normality of the kernel estimator of the mode, while Ould-Said and Cai
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(2005) established, the uniform strong consistency with rates of a nonparametric estimator of
the conditional mode function.

Under RLT model, in the iid case, the kernel mode estimate has been studied by Ould-Said
and Tatachak (2005) and their results were extended to the conditional mode estimator (see
Ould-Said and Tatachak (2007)).

The present work deals with nonparametric estimation of the mode for the RLT model, when
the underlying variables of interest are assumed to fulfill the a—mixing condition. The strong
mixing condition was introduced by Rosenblatt (1956) whose definition is given below.

Our main result establishes the strong uniform consistency with a rate, over a compact set, of the
kernel density estimator which allows to deduce the strong consistency with a rate of the kernel
mode estimator. The paper is organized as follows : In Section 2, we recall some important
and useful results in the RLT model. Section 3 is devoted to notations and definitions, while
assumptions and main results are given in Section 4. Finally, some auxiliary results and proofs
are relegated to the last Section.

3.2 The Model and the Estimates

Throughout this paper, the letters C' and C” are used indiscriminately as generic constants, and
all the limits are taken as n — oo unless otherwise specified.

We first present some results from the literature for the univariate truncation model, which will
be used in the sequel to define our nonparametric kernel estimators.

Since N is unknown and n is known (although random), our results will not be stated with
respect to the probability measure P (related to the N—sample) but will involve the probability
P (related to the n—sample). In the same wayE and E denote the expectation operators related
to P and P, respectively. From now on, as a convention, we denote by a superscript (*) any
distribution function that is associated to the observed sample.

Under the RLT sampling scheme, the conditional joint distribution of an observed (Y,T) (see
Stute (1993) and Zhou (1996)) is given by

Hiyt) =P{Y <y, T<t} = P{Y<y,T<t|Y>T}
y
= ,ul/ G(t AN u)dF(u)

where ¢ A u = min(¢,u). The marginal distributions are defined by

()= 1 (g00) =t [ Glar) (3.2)

G*(t) := H*(c0,t) = pu* /OO G(t N u)dF(u)

— / (1 - F(u)) dG(u)

—00
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which are estimated by

- RS " 1 ¢
Fiy) = D vy and  Gr(t) = - > <y
=1 =1

respectively, where 14 denotes the indicator function of the set A. Let f* denote the density
function of the observed variables. Then the kernel estimator is defined by

fatw) = n}l;ff (50, (33

where K is a probability density function (called kernel) defined on R, and h,, =: h a positive

bandwidth tending to zero as n grows to infinity. Now, for any df W, define :
aw = inf{z : W(z) > 0} and by =sup{z: W(z) <1},

as the endpoints of the W support. Woodroofe (1985) pointed out that F' and G can be estimated

completely only if
* dF
ac < ap, bg <bp and — < 00. (3.4)
ap G

Then under (3.4)
p=PY>T)= /G(u)dF(u) > 0.

Let R(-) be a function defined by

R(y) =G*(y) — F*(y) = 'Gy) [1 — F(y)], (3.5)

with the empirical estimator

% v 1<
Ro(y) =G(y) — Fy(y™) = - Z Lr<y<v;), ar <y < +oo. (3.6)
=1

Then the nonparametric maximum likelihood estimates (NPMLE) of F' and G, originally pro-
posed by Lynden—Bell (1971), are given by

an sz -1 an Tz -1
F,(y)=1- i:)l/ly [nfgn(ifl) } and G, (t) = Z}:L [ n]{(n(;}) } ’ (3.7)

respectively, assuming no ties in the data.
Asymptotic properties of (3.7) have been also studied by Woodroofe (1985), in his Theorem 2,
he established the following uniform consistency results

sup |Fu(y) — F(y)] =550 and sup |Ga(t) - G(t)] °=2°

y>ap t>aqg

0.
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Under, a—mixing structure, Sun & Zhou (2001) expressed the product limit estimator F,

as an average of a sequence of bounded random variables plus a remainder term of order
O(nfl/ 2log™* n) for some ¢ > 0, and obtained similar results as those obtained for the Kaplan—Meier
estimator for censored dependent data (see Cai (1998)).

Note that the estimator y, defined in (3.1) cannot be calculated (since N is unknown). Another

estimator, namely :
- Ga(y)[(A = Fa(y”)]
Hn = s
Rn(y)
is used. He and Yang (1998) proved that fi,, does not depend on y and its value can then be
obtained for any y such that R, (y) # 0. Furthermore, they showed (see their Corollary 2.5), that

fn — . P—a.s.

3.3 Notations and Definitions

First, let FF(Z) denotes the o-field of events generated by {Z;, i < j < k}. For easy reference,
let us recall the following definition.

Definition. Let {Z;, i > 1} denotes a sequence of random variables. Given a positive integer
n, set :

a(n) = sup {|P(A NB)—P(A)P(B)|: Ac F¥Z), Be F3,(Z), ke ]N} .

The sequence is said to be a—mizing (strongly mizing) if the mizing coefficient a(n) — 0.
Among various mixing conditions used in the literature, a—mixing is reasonably weak and has
many practical applications (see, e.g. Doukhan (1994) or Cai (1998, 2001) for more details).
Now, we come back to our main problem. We would like to estimate the mode under RLT model.
Note that, if no truncation is present (n = N), it is well known that the kernel estimator of the
mode 6 is defined as the random value #,, maximizing the kernel estimator f,(-) of f(-); that is,

0, = argmax f,(y),
—oo<y<oo

where f,(-) is defined similarly as in (3.3).

In the RLT model, (3.3) is no longer adapted as an estimator of f(-). We define a new estimator
fn(-), based on the n actually observed pairs (Y;, T;).

By differentiating and integrating in the statement (3.2), we get

/ —F* du).
A natural estimator of F' is then given by

5oy = P
Z G SLivsy) (3.8)
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which allows us to define an estimate of the density f as follows

fulw) = ;/K(y;“ﬁﬁn(v)
hZG <y Y). (3.9)

However, both (3.8) and (3.9) are useless in practice since G(-) and p are unknown. By adapting

(3.8), we propose the estimator

A /JJn
Z G 77y Lo (3.10)

Note that in (3.10) and in the sequel, the sum is taken only over the i's such that G, (Y;) # 0.
Finally (3.10) yields the density estimator
") afio)

b = 5 [k (%
_ hizlGni Z)K<y hY>. (3.11)

Recall that both estimators (3.10) and (3.11) are given in Ould-Said and Lemdani (2006) and
used in Ould-Said and Tatachak (2007). Now, we define our nonparametric kernel estimator of
the mode by

folln) = sup  faly)- (3.12)

—oo<y<oo

Remark 3.1. The estimate 0, is not necessarily unique, and therefore, all the results of our
paper will concern any sequence of random variables 0, satisfying (3.12). We point out that we
can specify our choice by taking

0,, = inf {t € R such that f,(t)= sup fn(y)} .

—oo<Yy< 0o

3.4 Assumptions and Asymptotic Study

In what follows, we suppose that ag < ap, bg < b and let D = [a, b] be a compact set such
that D C Q ={y: y € [ap; bp[}. Our assumptions are gathered here for easy reference.

(K1) The kernel function K is a bounded probability density, Holder continuous with exponent
B > 0 and satisfies |u| K(u) — 0 as |u| — oo;

(K2) K is a second-order kernel;



Chapitre 3 : Mode simple ‘Cas a—mélange’ 53

(K3) The kernel K is differentiable.

(M1) {Yj; j > 1} is a sequence of stationary a-mixing random variables with coefficient a(n);

(M2) {Tj; j > 1} is a sequence of iid truncating variables with common continuous df G, and
are independent of {Yj; j > 1};

(M3) There exist v >5+1/3, and C > 0, such that V n, a(n) < Cn™".

(D1) The mode 0 satisfies the following property : for any € > 0 and y, there exists a 7 > 0
such that |§ — y| > ¢ implies that |f(0) — f(y)| > 75

(D2) The probability density f(-) is twice continuously differentiable on D with second deri-
vative f (2)(9) # 0. Furthermore, we suppose that 6 € 207, where D denotes the interior of
D .

(D3) The joint density fi; of (Y3,Y;) exists and satisfies : 51}15) ;;-(u,v) — ffu)f*(v)| < C <0
for some constant C' not depending on (i, j).

(H) The bandwidth h satisfies :

. loglogn
i) h — 0 and =282 — 0 ;

BB, 1
ii) CnPwrD+2571 T < | < O'nT—v
where 7 is such that

1 (v=3)8 1
B(v+1)+28+1 <n< Bv+1)+28+1 i

Remark 3.2. (Discussion of the Assumptions)

Assumptions (K1)—(K3) are usual in density estimation and are not very restrictive. Note that
the Hélder property of the kernel is often needed when dealing with probabilities of small balls.
Condition (D3) is needed for covariance calculus and takes a similar form than that used in
complete data under dependence. Hypothesis (H) i) allows us to establish Lemma 3.3, while (H)
i1) was used in Ferraty et al. (2005) and is needed to establish Lemma 3.4.

Remark 3.3. Here, we point out that many authors (see Stute (1993)) used the milder condition
ag < ap with additional integrability conditions. Our choice of strict inequality ag < ap is
motivated by the rate of convergence of the Lynden-Bell estimator G, (-) to G(-), where we have
to consider a set of values of Y; which do not include ag (a uniform rate for G, with a > ag has
been stated by Woodroofe (1985)).

Now, our main result is the strong uniform consistency with rates of the kernel density estimator
fn(+). A direct application to the mode estimate is given in Corollary 3.1.

Theorem 3.1. Assume that hypotheses (K1)—(K3), (M1)—(M3), (D2), (D3), and (H) hold,

then we have
; logn 1/2
sup | fn(y) — f(y)) = O { max ( > ,h? , P—a.s.
yeD nh
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Remark 3.4. We point out that there is no result dealing with the bandwidth optimal choice,
with respect to the almost sure uniform convergence criterion, for the density estimation, under
random left-truncation model.

logn

Remark 3.5. If we choose h = O (( -

1/5
) ) , which is the optimal choice with respect to the

almost sure uniform convergence criterion in the density estimation (see Stute (1982) and Stone

(1983)), we get /
2/5
fn(y) —f(y)‘ =0 <<logn> ) , P—a.s.

n

sup
yeD

which is the same optimal rate as the one established in the complete and iid case (see Vieu

(1996), Lemma A-2).
As an application of Theorem 3.1, we obtain

Corollary 3.1. Under the hypotheses of Theorem 3.1 and (D1), we have

A logn 1/4
0, — 0 = O < max Jh , P—a.s.
nh

1/5
Furthermore, if h = O <(IO§") ), then

- logn 1/5
0, —0=0 < - > ,  P—a.s.

1/5
Remark 3.6. The choice h =0 <(l°§L"> > satisfies the condition (H) ii).

3.5 Proofs

Proof of Theorem 3.1. The proof is based on decomposition (3.13) hereafter, and is broken
into proofs of the following Lemmas.
First, observe that

E [L®)] - 1) +|falw) - Faly)| +
Jin + Ton + T3n- (3.13)

3
s
|
=
S
IA

Lemma 3.1. Assume that Hypotheses (K2) and (D2) hold, then

sup | B [Fu(w)] = 1w)| = 0?).

yeD
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Proof. The asymptotic behavior of 71, is standard, in the sense that it is not affected by the
dependence structure. Indeed, using a change of variable and a Taylor expansion, we have

Bfw)] - = 1 [ GLK (y‘“) F*(w)du — £(y)

=[x o 0n

with ¢ is between y — uh and y. Thus

B[] - 1) < "5 sup | 12| [t

yED

Under the given conditions, the result holds. |

To bound J»,, we state a rate of convergence for fi, under a—mixing hypothesis, which is
interesting in itself, similar to the one established for the iid case in He and Yang (1998). We
have the following :

Lemma 3.2. Under Conditions (M1)—(M8), we have

1
N loglogn \ 2
Iun—u\=0p<< ) )
n
Proof. First, observe that

b = Go()[(1 - F)] G- F(y)

S Ra(y) TR
1 - —
0 R(y)(M:G_@E) [1 = Fu(y7)] + Ru)G( ><F<y>—Fn<y >)

and from (3.5) and (3.6), we have
Zan| < [FR(y) = F7(9)| + |Goly) = G*(y)]

=: I31n + I32n.

On the one hand, from Theorem 3.2 in Cai and Roussas (1992), (M2) and the classical Law of
the Iterated Logarithm, we have,

1 1
log1 2 log 1 2
Is31n, = Op << og:gn) 2) and T3z, = Op ((og;gn) 2) . (3.14)
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loglogn 1/2
sup |Zs,| = Op < ) ) (3.15)
yeD n

On the other hand, using Remark 6 in Woodroofe (1985), we have

Thus

sup [Z1,| = Op(n~1/?). (3.16)
yeD

To end the proof, it suffices to apply result A — 13 in Sun and Zhou (2001) (see the Appendix),

which gives
loglogn 1/2
sup |Zzn’ = OP < ) . (317)
yeD n

Hence, from the continuity of F' and equations (3.15)—(3.17), we obtain

R loglogn 1/2
i — 1l = Op [ (55 . (3.18)

For the terms Jo, and J3,, we have the following results :

Lemma 3.3. Assume that Assumptions (K1)—(K3), (D2) and (H) i) hold, then

Falw) = Falw)| = 0w ((bgfg”f/?) .

Zuécntmd > Mhzl

‘ﬂn - N’ 1% .
- { Gular) | Grlar)Glar) jop 1GnW) ~ G<y>|} fiw).

sup
yeD

Proof. We write

1
Y)) GY)

IA

faly) = Fatw)

“ ()

Since Gy (ar) Pros G(ar) > 0, and using (3.16) and (3.18), the proof is achieved provided
that f,(y) = Op(1). Moreover, using integration by parts, condition (K3) (this implies that the
derivative KW is integrable) and a change of variable, we have

@l < 1) —EfLW]+ [Ef )]
L [k <y_“> (dF (u) —dF*(u)}’ +}1L/K (ﬁ“) £ (w)du

1
—sup |F;(y) — F*(y |/‘K du+/G <
hyED

h
s IFw) ~ F' )]+ €' [ K () fly— ub)du
yeD

IA

> fluw)du

IN
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The result follows by using (3.14), a Taylor expansion and Assumptions (K1), (K2), (D2) and
(H) 7). |

Lemma 3.4. Assume that Hypotheses (K1), (M1), (M3), (D2), (D3) and (H) hold, then

a(0) ~ B [fa(w)] | = 0 ((ﬁgh”) W) .

Proof. The proof is based on the following observation : The compact set D can be covered

sup
yeD

1
by a finite number ¢, of intervals of half length w, = (n_thQﬂ ) 2 , where 3 is the Holder
exponent. Let I, := I(yg,wn); 1 < k < ¢, denote each interval centered at some point y.
Since D is bounded, one can find M > 0 such that w,q, < M. For any y € D, there exists an
interval I which contains y such that :

|y — Ykl < wn. (3.19)

Set

iAxy) = (2w = Fatw) = (B @) —E[faw)])) + (Falw) — B |Ffalwn)])

n n
= Aiy) + > Ailyr)

i=1 =1

Hence
n n n
sup Ai(y)| < max sup + max Ai(yr)
yeD | = ‘ 1<k<an  yel(ypwn) ; 1<k<gn ; '
————
31 52

Observe now that
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Assumption (K1) and (3.19), yield

wly — i)’
G(ap)hﬂ'H

CwWPh=+1) = O((nh)~1/?).

Sln

IN

Similar arguments as above lead to the same bound for Sy,. Hence, by (H) ) and for n large
enough, we get 1 = op(1).

In order to study the term So, we use an exponential inequality involving the a—mixing structure
as the main argument. Set & = nhA;(yx). Using the condition (K1), we clearly obtain

pl K|l o

2
‘§l| < G(CLF) <00

The use of the well known Fuk-Nagaev’s inequality (see Rio (2000), formula 6.19b, page 87),
slightly modified in Ferraty and Vieu (2006) (see Proposition A.11—ii), page 237), allows to

have, for alle >0 and r > 1:
e2p2p2\ 2 1/ T\t
< - - .
>€} _C’{<1+ - ) +or (mh) , (3.20)

P{ > Ailyr)
i=1
sn= > > |Cov(& &)l

1<i<n 1<j<n
Remark now that we can write

where

sn =Y |Cov(&, &)+ Var (&),
itj i=1

var
cov S
Sn n

On the one hand, by (K1), (D2) and a change of variable, we obtain

syt = nVar(&)

- ”{ i {GJE;)K? (ykﬁmﬂ -E {G&) <ykzn>“
— O(nh). 520

Furthermore, by a change of variable, (K1), (M1) and (D3) we obtain
[Cov(&i, &)l = | El&&]l
2 _ _
o [ [ RO o) = 20 (0)] duco
= 0O(h?)

IN

(3.22)
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Note that these covariances can be controlled by the mean of the usual Davydov covariance
inequality stated for mixing processes (see Rio (2000), formula 1.12a, page 10; or Bosq (1998),
formula 1.11, page 22). Clearly, we have

[Cov(&, )| < Ca(li = 4l). (3.23)

To evaluate the term s§¥

1
, we use a technique developed by Masry (1986). Taking ¢, = [ 1 —‘
ogn
(where [-] denotes the smallest integer greater than the argument), we can write

sit= > |Cou(& &)+ Do [Cou(& &)l (3.24)
0<[i—j|<¢n [i—j[>en
Applying the upper bound in (3.22) to the first term in (3.24), we have
Z |Cov(&,&5)| < Cnh?py,. (3.25)
0<|i*j|§$0n
In order to control the second term, thanks to (M3) and use (3.23) to obtain
> o)l < ¢ > alli-jl)
li—j|>¢n li—j>¢n
< Cnla(pn). (3.26)
According to the right-hand side of (H) ii), there exists ¢ > 0, such that log” n = o(n¢) and
h'~t = O(n—1-¢). (3.27)
Using (M3) and (3.25)—(3.27), we get
50 = O(nh). (3.28)
Thus, by (3.21) and (3.28), it arises that
sp = O(nh). (3.29)

1
Therefore, putting € = ¢g oghn and replacing (3.29) in (3.20), we obtain
n

logn
P
{ > &0 nh }
C'e¢logn ~3 r v+l
C 14 22070 -1(_ °
{( + T > o <50\/nhlogn>

! 21 v+1
< Cexp {—glog <1 + C’soogn>] + nrt <;> (nhlogn)~
r 0

n

> Ailwr)

i=1

IN

T (3.30)
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By taking r = (logn)'*?, (§ > 0) and using Taylor series expansion of log(1 + z), inequality

(3.30) becomes
log n ~C'e3 —(v+1) v(1+46)  1-vil, vl
> €g o <Cn "% + Cg, (logn) n- 2z h 2.

(e
Vs $e(San]-)

Consequently
< Muw,! (Cn_clag + C’e(;(yﬂ) (logn)”(1+6) TR )

n

P A;
{m 2 Adw)| >

Z Ai(yk)

i=1

IN

n%fcwg nlf V}Ll 2 (log n)u(1+5)
< 1 + ( P
h(H—ﬁ) Rtz T
~—
San 822n
From the left-hand side of the condition (H) i), it follows then that
Sozn < C(logn) 0+ pl= 2 a5, SIS RS

S C(lOg n)V(1+5) n~ *ﬁ(ﬁ(u+l)+25+1,%).

So, for any n as in (H) éi), Sa2,, is bounded by the term of a finite-sum series. In the same way for
Sa1n, which by an appropriate choice of €y can be made O(n*3/ 2), which in turn is the general
term of convergent series. Hence, Y < (S21p + S22n) < 00, and therefore the result follows by
applying Borel-Cantelli Lemma. - ]

Proof of Corollary 3.1. Observe that

16 = 1O)| < |100) = Ful00)| + |£u00) - 10)
< sup |fay) = S| + [7u(02) - 0]
Since
1)) = Zggfn ) = supf(y)| < sup falw) = )]

then we have

[£(6.) = £(60)] < 2sup
yeD

f(y) — f(y)‘ : (3.31)

Making use of Theorem 3.1 and (D1), we obtain the convergence of 0,, to 6 almost surely.
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A Taylor series expansion of f(.) in a neighborhood of 6 gives

1 .

f(On) = £(0) = 5(0n = 0)*FP(07),

where 0* is between 6,, and 0. Then, by (3.31), we have

(6. - 9)2 1 6) Faw) = F()].

< 4sup
yeD

Hence, by Theorem 3.1, the convergence of 0,, to 0 and (D2), we complete the proof of Corollary
3.1. [ |
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Prediction from randomly left-truncated model
via estimation of the conditional mode function®
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Abstract
Let (Yn)n>1 be a sequence of independent and identically distributed random variables of
interest and (X ) y>1 be a sequence of covariates taking values in R?. Let ©(x) be the conditional
mode of Y given X = x, in this paper, we define a new kernel estimator ©,,(x) of ©(x) when
Y is subject to random left-truncation, then we establish the strong uniform consistency of the
estimate with rates and state its asymptotic normality. Some simulations are given to show how

the estimator behaves for finite samples.
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4.1 Introduction

Let Y and T be independent random variables (r.v.) with distribution functions F' and G res-
pectively, both assumed to be continuous. Let (Y1,T1), (Y2, T2), ..., (Yn,Tn) be independent and
identically distributed (i.i.d.) as (Y,T'), where the population size N is deterministic, but unk-
nown. In the random left-truncation model, the random variable (rv) of interest Y is interfered
by the truncation rv 7', such that both quantities Y; and 7; are observable only if Y; > T;
whereas neither is observed if Y; < 7;. Without possible confusion, we still denote (Y;,7;),
i=1,2,...,n;(n < N) the actually observed r.v. These observed r.v. are still i.i.d. (see Propo-
sition 1 in [14]). As a consequence of truncation, the size of the actually observed sample, n, is
a Bin(N, p) random variable, with p := P(Y > T). It is clear that if 4 = 0, no data can be
observed and therefore, we suppose through this paper that u # 0. By the strong law of large
numbers (SLLN) we have, as N — 400

fp, = % — pu, P—a.s. (4.1)

Truncation frequently occurs in medical studies, when one wants to study the length of survival
after the start of the disease : If Y denotes the elapsed time between the onset of the disease
and death, and if the follow-up period starts T" units of time after the onset of the disease, then
clearly Y is left truncated by 7. For examples, an important feature of AIDS development is the
induction period between infection with the AIDS virus and the onset of clinical AIDS. The data
collected from persons infected from contaminated blood transfusions provide a unique source
of information for the induction period. Of person infected in this way, only those who have
developed AIDS can be identified. Truncated data are also common in actuarial, astronomic,
demographic, epidemiologic, reliability testing and other studies (More examples and references
of truncated data can be found in Woodroofe [37|, Wang et al. [36], Tsai et al. [32], Wang [36],
Anderson et al. [2], He [9] and Chen et al. [3]).
Let X be a random vector R%valued and for any x =*(x1, s, ..., z4), we denote by g(-|x) the
conditional probability density function of Y given X = x, which can be written as g(y|x) =
%, where f(-,-) is the joint probability density function of (X,Y’) and /() is the marginal
density of X. Assuming that ¢g(-|x) has a unique mode at ©(x), the conditional mode function
of Y given X = x, is defined by the following equation

9(O()x) = _ max g(ylx). (4.2)
The problem of estimating the unconditional /conditional mode of a probability density has a
long history in the statistics literature, and number of distinguished papers deal with this topic.
There are among others, for example, Parzen [26] established weak convergence and asymptotic
normality for the ii.d. case, and the strong consistency was obtained by Nadaraya [21]| and
Van Ryzin [33]. Using classical techniques of weak convergence, Eddy [6] derived the asymptotic
normality, under weaker conditions than those imposed by Parzen [26], Chernoff [4] studied the
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naive estimator of the mode, defined as the center of that interval which contains the most
observations ; see also Eddy |7]. The multidimensional versions of these results were obtained by
Samanta [28], Konakov [13], and recently Abraham et al. [1] considered the estimate of the mode
as an element of the sample points, and obtained the strong consistency. Mokkadem and Pelletier
[20] studied the law of the iterated logarithm of the kernel mode estimator, and Hermann and
Ziegler [12] obtained rates of consistency in absence of smoothness.

The recent developments focus on the nonparametric estimation of the conditional mode. For
example, Romano [27] investigated the asymptotic behavior of the kernel estimate of the condi-
tional mode, with data-dependent bandwidths, and obtained results under weaker smoothness
assumptions on the underlying density £(-). Vieu [34] obtained a rate of convergence for both
local and global estimates of the mode function. For the right random censoring, Louani [16]
studied the asymptotic normality of the kernel estimator of the mode.

When conditioning by one of the coordinates of a bi-dimensional random vector in the i.i.d.
random vector case, Samanta and Thavaneswaran [29] showed that under some regularity condi-
tions, the kernel estimator of the conditional mode function is consistent, and asymptotically
normally distributed. Mehra et al. [19] established the law of iterated logarithm, uniform al-
most sure convergence over a compact set, and asymptotic normality of smoothed rank nearest
neighbor estimator of the conditional mode function.

Recently, Ould-Said and Cai [25] established in the i.i.d. case, the uniform strong consistency of
nonparametric estimation of the censored conditional mode function.

For the dependent case, the strong consistency of conditional mode estimator was established
under ¢-mixing condition by Collomb et al. [5] and their results can be applied to process fo-
recasting. In the a-mixing case, the strong consistency over a compact set and the asymptotic
normality were obtained by Ould-Said [22] and Louani and Ould-Said [17] respectively. In a ge-
neral ergodic framework, a process prediction via the conditional mode estimation was described
by Ould-Said [23], and its strong consistency was obtained.

It is well known that the conditional mode function, provides an alternative procedure to predic-
tion in contract to classical regression function. More especially, there exist conditional densities
for which the regression function is anywhere vanished, so that is not suitable in problems invol-
ving process prediction. Hence, it is the interest to have alternative methods at one’s disposal.
At the best of our knowledge, the problem of estimating the conditional mode function under
random left-truncation has not been addressed in the statistics literature. This is the object of
central interest of this paper. We define a new estimator of our interest parameter ©(x) for that,
we establish over a compact set, the uniform almost sure convergence based on a conditional
density, and then we settle its asymptotic normality.

The paper is organized as follows. In section 2 we recall some important and useful results in
relation with the aim of this article. The nonparametric conditional density estimate is exposed in
section 3. In section 4 we first introduce the proposed estimator, followed regularity assumptions
and main results. Some simulations are given in section 5 to illustrate the estimate’s asymptotic
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behavior. Finally, the proofs of the main results are postponed to section 6 with some auxiliary
results with their proofs.

4.2 Preliminaries

We first present some results existing in the literature for univariate left-truncation model, that
allow the introduction and the definition of a new nonparametric estimator.

Since N is unknown and n is known (although random), our results won’t be stated with respect
to the probability measure P (related to the N—sample) but will involve the conditional pro-
bability P related to the n—sample). Note also that E and E denote the expectation operators
related to P and P, respectively. In the sequel, as a convention, we denote by a superscript (*)
any distribution function that is associated with the truncated random variables.

Let Y be the variable of interest and 7" be the truncating variable, with distribution functions F'
and G respectively. Under the left-truncation sampling scheme, the conditional joint distribution
of (Y,T') (Stute [31]) becomes :

Viy,t) = P{Y <y, T<t}=P{Y <y T<t|Y>T}

- /_ G Av)dF(W),

where ¢ A v = min(¢,v). The marginal distributions are defined by

F(0) = V(o) = [ G,
+oo

G*(t) == V*(0o,t) = p~* G(t Nv)dF (v),

—00

and let

R(y) = G"(y) — F*(y) = p'G(y) [L - F(y)]. (4.3)

The corresponding empirical distributions are defined by

=1 ]

and

S

Ru(y) =G(y) — Fy(y™) = Z Lir<y<y;), —00<y<+o0
i=1

respectively, where 14 denotes the indicator function of the set A.
Let, for any distribution function W, ay = inf {x : W(x) > 0}, by = sup{z: W(z) < 1}, be
the endpoints of the support of W. Assuming that {ag < ap;be < b}, we have
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= P(Y > T) = /R G(v)dF(v) > 0. (4.4)

Now, it is well known that the product-limit estimators for F(y) and G(y) are defined by

Fay) =] [1 - ;Zg] and  G(y) =[] [1 . gzgg] : (4.5)

s<y s>y

respectively (see Lynden-Bell [18]).

Note that the estimator fi,, defined in (4.1) cannot serve to estimate p defined in (4.4), since N
is unknown. This situation requires to use the empirical estimator of u. According to (4.3) and
replacing F' and G by their product-limit estimators and R by its empirical version, we have

_ Guly)Fuly)
Hn = Rn(y) )

for all y such that R,,(y) > 0. He and Yang [11], showed that pu, is equivalent to the more familiar
estimate fi, = [p Gn(u)dF,(u) studied in the literature, and that (their Corollary 2.5)

(4.6)

fin P51 as n— oo, (4.7)
The fact that u, is independent of y and has a much simpler form than iy, it will be useful as
instrument in the construction of new estimates as to be carried out below.

4.3 Conditional densities of observed data.

Now, in addition to the considered previously variables Y and T, we consider a random vector
X € R? of covariates, assumed to be absolutely continuous with distribution function L, having
density ¢ . Suppose that one observes the n triplets (X;,Y;,T;) among N such that (Y; > T;).
From now on, T is assumed to be independent of (X,Y"), and (X < x) stands for (X7 < x1, Xo <
L2y -uey Xd < xd).

Given this model, the observed triplets can be considered to arise from the following trivariate
conditional distribution H* :

H*(z,y,t) = P{X<x, Y <y T<t}=P{X<x,Y<yT<t|Y>T}

= ,u_l/ / G(v A t)F(du, dv), (4.8)
us<x Jag<v<y

where p is as defined before, and F(-,-) is the joint distribution function of (X,Y’). Taking
t = 400, the observed pair then has the following distribution F*(-,) :

F*(x,y) = H*(x,y,00) = ,u_l/ / G(v)F(du,dv). (4.9)
u<x Jag<v<y
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By differentiating (4.9), we get
F(dx,dy) = [~ G(y)] ' F*(dx,dy)  for y > ac. (4.10)

Hence

_ 1,y
fxy) = [p'GW)] Ff(xy). (4.11)
Integrating (4.10) over y, we obtain the df of X

L(x) = / N / > G ().

A natural estimator of L(x) is then given by

Ln(x) = %Z (1Yi) Iix,<x)- (4.12)

Q

Note that in (4.12) and in the sequel, the sum is taken only for i such that G(Y;) # 0. Finally
(4.12) yields the density estimator of X as

~ _ 1 X—u)\ = B - 1 x —X;
ln(x) = ” /Rde< - )Ln(du)_na%;G(Yi)Kd< - ) (4.13)

where K, : RY — R is a fixed kernel with fRd K; = 1, and (ap)p>1 a positive bandwidth
sequence tending to zero as n grows to infinity.

Adopting the same methodology, and while observing (4.11), we get an estimator of F(x,y) as
follows.
~ W n 1
F == —— 1 x ) -
n(Xa y) n ; G(Y;) (X;<x,Y;<y)
Now, according to (4.11), and in order to construct our estimator of the conditional density, we
define the kernel estimate of the joint probability density function f(-,-) as follows

~ 1 X—u Yy—v\ =
R = e [ K () Ko (4 Buldu,d)
o~ 1 x — X; y-Y;
= K, K 4.14
nagbn;G(Yi) d< an ) 0< bn )7 ( )

where Ky : R — R is a fixed kernel with [ Ko =1, and (b,)n>1 is defined as (ap)n>1 above.
Finally, if we assume that £,(x) > 0 for all x €R?, and while dividing (4.14) by (4.13), we get
the definition of a new estimator of the conditional density ¢g(y|x). Indeed, we have

Ry B LG R (55) Ko (452
gn(y|x) := gn(x) B s 1(G(Yg))—1Kd(x;Xi> . (4.15)

1=

an
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4.4 Assumptions and main results

In order to define our nonparametric estimator of the conditional mode function, throughout
this paper and without loss of generality, we assume that the covariates are univariate, that is
d = 1. Also it is assumed that a,, = b, = h,,.

If no truncation is present (n = N), it is well known (see Collomb et al. [5]) that the kernel esti-
mator of the conditional mode function ©(z) is defined as a random variable ©, (z) maximizing
the kernel estimator g, (y|z) of g(y|x); that is

9n(On(z)|z) = max gn(y[r),

—00<Y< 00
with
_ falz,y)
where
1« r—X; y—Y;
n\Z, = 75 K K, 5
fn(z,y) nh? 2= 1( ™ ) 0< ™ )
and

1 < r—X;
i) = o S8 ().

In the left-truncation model, we define g, (y|z) as an estimate of g(y|x), based on the n observed
ii.d. pairs (X;,Y;), and given by

~ _ n(wvy)
gn(ylz) = 7.G) (4.16)
where
: BRI z— X, y-Y;
fn(x,y)—nh%;(;(mIﬁ( e >K0< " ) (4.17)
and

Then a natural estimator of ©(x) is defined as a random variable ©,,(z) maximizing g, (y|z),
that is

Gn(On(@)|e) = max ga(yle). (4.18)

However, the computation of ©,,(z) from (4.18) is not possible since both x and G(-) are usually
unknown, and therefore (4.16) is not useful in practice. One way to overcome this difficulty, is to
replace G(-) by its product-limit estimator G, (-) defined in (4.5) and p by p, defined in (4.6),
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which allows us to define our nonparametric kernel estimator of the mode. Therefore, the feasible
estimator of the conditional mode is then given as the solution of the equation

Gn(On()|z) = max _ gn(ylz), (4.19)
—oo<y<oo
where
onlyle) = 2@ ) T (Cn(V) K (@ = Xi) /1) Ko (y =Yi) /) (4.20)
() b 325 (G (Y2)) T K (2 — X)) ’
with
1 T—u Y .
fulz,y) = h%/RzIﬁ( o >K0( b >Fn(du,dv)
[~ 1 x—X; y—Y;
= K K 4.21
nh%;Gn(Yz) 1< hn > 0 hn )7 ( )
and
R 1 — U " 1 xr — Xi
(z) = = Ln(d K . 492
bnl) h ( ) nhn i—1 Gn(Y3) ! < an > ( )
The corresponding d.f’s of (4.21) and (4.22) are respectively given by
% Z G X <z,Yi<y)» (423)
=1 n
and
Pn(a) = @zn: LI SN (4.24)
! n 4= Gu(Yi) (Ki=o)

Note that (4.22) has been proposed lately by Ould-Said and Lemdani [24] in another context
and its consistency has been stated.

Remark 4.1. It can easily be verified that (4.23) is a bivariate distribution function since
%Z?:l m and pu b are both consistent estimates of p='.

It is useful to mention that én(x) is not necessarily unique, and if this is the case, all the
remaining of our paper will concern any value ©,, (z) satisfying (4.19). We point out that we can
specify our choice by taking

O, (x) = inf {z € R such that g,(z|x) = sup f]n(y|x)} .

—oo<y<oo

To formulate our results, some additional notations are required. From now on, for all kernel K;
K denotes the j—order derivative of K.
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For (i,7) € N2, set

(id) Hli+3)
P y) = g @9),
and for j > 1,
50,4 o, SN | r—X; Ny =Y
(0,5) -7 _ _Fn i G) (Y —Yi

The derivatives f,(P’j )(-, ) of fu(-,-) are obtained analogously.
Define g = {x € R |{(z) > 0}, let = C Zp be a compact set of R and C(¢) be the set of
continuity points of £. In the sequel ar will denote the left endpoint of F. We will make use of
the following assumptions gathered together here for easy reference.
(A) (a) The joint density f(-,-) is differentiable up to order 4 and sup ‘f(i’j)(a:, y)‘ < 00,
.y

for i+ 7 <4;

(b) f©2)(. .) is continuous and does not vanish;

(c) The marginal density ¢(-) satisfies the Lipschitz condition and £(z) > v for all
x € Z, for some 79 > 0;

(d) g(y|z) is twice differentiable, uniformly continuous in y and the second derivative
g (-|z) is continuous ;

(e) The function O(-) satisfies for any ¢ > 0 and n(x), there exists a § > 0 such
that sup ©(2) —n(z)| = &, implies Sup l9(0()[z) — g(n(x)]x)] = B

(B) (a) K is a continuous function satisfying‘ ‘lim K(u) =0 and [p K(u)du =1;
(b) [pu/K(u)du=0; for j =1, 2;
(c) fR |u\3 K(u)du < oo}

(d) K, is differentiable and of bounded variations ;
(e) Ky is three times differentiable and K and its two first derivatives are functions
of bounded variations ;

(F) K1 ()K" () is bounded. 8
h
(H) (a) The bandwidth h,, satisfies for n — oo, h, — 0 and (lZgn ] — 00;
n
(b) nh) — 0.

Remark 4.2 (discussion of the assumptions). Conditions (B :a-f) are very common in
functional estimation, they allow us to evaluate the asymptotic variance term of f,(LO’l). Usually,
derivatives functions estimation uses finite order conditions, for example (B :b,c) are of this

type. Note that condition (B :c) and the continuity of K imply that / lu| K(u)du < co. The
R

condition (B :a) implies that §,(-|x) is a continuous function of y and tends to zero as y tends
to +00, which ensures the existence of @n($) satisfying (4.19). The set of conditions (H) gives
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the behavior of hy, for which the asymptotic results obtained below are valid. Assumptions (A :
a,b) intervene in the convergence of ﬁ(lo,z) and (A :c) in that of én() As a consequence of the
boundedness of f10 and fO | the function f(z,y) is uniformly continuous. Finally, conditions
(A :d,e) stipulate the existence and the uniform uniqueness of the conditional mode function.

Remark 4.3. Recall that since Ko has bounded variations, its first derivative K(gl) is integrable

2
and hence KlK(()l) 1s integrable. Furthermore <K1K51)> 1s also integrable, which ensures the

existence of the asymptotic variance term.

An example of a kernel K which satisfies the conditions (B) is given by

wlﬁ (3 — 22) exp <_9{j> |

Now, our first result is the uniform almost sure convergence with a rate of the conditional

K(x) =

probability density function g, (:|z) as stated in Theorem 4.1. An immediate consequence is the
strong uniform convergence with a rate of the kernel conditional mode estimator and given in
Corollary 4.1.

Theorem 4.1. Suppose that Assumptions (A :a,c), (B :c,d,e) and (H :a) hold. Then, as
n — 00
sup |gn(y|x) — g(y|x)] — 0 almost surely.

R

ye
] 3
m{(i) ,hn}

Corollary 4.1. Under Assumptions (A :a,b,e),(B :d,e) and (H :a) we have, as n — 00,

Moreover, we have for any compact set = C =y

sup sup |gn(yl|z) — g(ylz)| = O , P—a.s.

r€E yeR

lim sup |O,(z) — @(:E)‘ =0, almost surely.

In addition, if the assumption (A :d) holds, then for n large enough, we have

1
1 11
max{(ZiQ) ,h%}

Now, suppose that the density function g (-|x) is unimodal at ©(x), then by assumption (A :b,d),

sup |Op(z) — @(x)‘ =0 , P—a.s.

TEE

we have

g (6(z)|z) = 0 and ¢ (O(x)|z) < 0.
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Similarly, under (B :d,e), with a great probability we have
g (én(x)\x) =0 and 3@ <(:)n(:c)]x> <0

if ©,,(z) is the mode of g, (-|x).
A Taylor series expansion of §{" (-|z) in the neighborhood of ©(z), gives

0= g0 (Gul@)lz) = 3 (O@)a) + (nlx) — O()) 32 (Bn(w)l2)

where 0,,(z) is between O, () and ©(x). Therefore,

Using (4.20), one may write

, (4.25)

if the denominator does not vanish.

To state the asymptotic normality of @n(x) , we show that the numerator in (4.25), suitably
normalized is asymptotically normally distributed, and that the denominator converges in pro-
bability to f(®%) (z,0(x)). The result is given in the following Theorem.

Theorem 4.2. Suppose that Assumptions (A :b), (B :b,d,f) and (H :a,b) holds, we have for
any x € A

nhd (£02) (2 0(x))> 2 )
< hnv(im(@’(%() ) ) (6u2) ~ 0(2)) 2> A (0.1),

where -2 denotes the convergence in distribution, A ={z : xz € C(f),Var (xz,0(x)) # 0} and

_ pnf(z,0(x)) (1) ]2
Var (z,0(x)) = G(@(x))/Rz [Kl(r)Kol (5)} drds.

4.5 Simulations

The purpose of this section is to show how good is the behavior of our estimator for some
particular functions ©(-). First we present the simulated model which permits to compute the
estimator ©,,(-).

It is well known that if Z'=(Z',Z?) — N (O,I), then V=TZ+p — N (i,>), where
T = 2Y/2 = /BDVAD! with E(V) = u* = (uy, 2) and 3. = var(V). In our case we take

¢ ¢ B B cos(m/4)  sin(w/4) ([ 1/3°0
VI=(XY), w=(0,3), 8 = 1%’ b= —sin(7/4) cos(mw/4) ) and A = ( 0 3 ) )
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1 4/5

A simple algebra gives > = ( 45 1

) and hence the density of V is given by

flx,y) = %exp (_125 <x2 - %x(y —3)+(y - 3)2)) :

Under this model, the conditional mode function is the value of y which maximizes f(z,y), we
have

4

The kernel estimator ©,, (z) is then computed according to the model

2zy 72
X, — U 4.26
' Vs V5 420
3
Y, = 2X;4+3—--—=Z}i=1,.,N

V5

where Z} and Z? are two independent i.i.d. sequences both distributed as N(0,1). We also
simulate N i.i.d. rv T; < £(A), where A is adapted in order to get different values of p. We then
keep the data (X;,Y;), i = 1,...,n such that Y; > T;. We do it in a way to obtain a given n
(which means that in this case n is not random whereas N is), then we compute our estimator
with the observed data (Y;,T;, X;), ¢ = 1,...,n. We choose a Gaussian kernel and it is well
known that, in nonparametric estimation, optimality (in the MSE sense) is not seriously swayed
by the choice of the kernel (K') but is affected by the choice of the bandwidth h,,.

4.5.1 Consistency

The aim of the following simulations deals with the consistency (Theorem 4.1) and are made ac-
cording to the methodology described previously . The bandwidth h,, is chosen as so as to satisfy

conditions (H) and several values zj, are taken in [—1, 1[ to draw the graphs {(@(mk), O, (l‘k))} ,

and we show of how the diagrams become more close to the first bisector (see figure 1), and then

we plot in the same figure {(xk, (:)n(xk)} and {(zk, ©(z))} respectively, when n increases. We
notice that the estimator is bad for small n, but has a good behavior for n large enough (see
figure 2). We then try to see if the quality depends on the truncation proportion pu. We take
n = 500 and choose three values of the percentage of truncated data : u =~ 45% , ~ 60% and
~ 75% . The estimator’s quality does not seem to be affected by p as shown in figure 3 (though
higher values of NV are needed for small p to achieve n = 500).



-
S 370+ [ne300, 0=00% a0
L 354+ L 354 Lt
. * . . *
3.38 . 338 . 3.38 .
. . .
o . e . e
3nf 3 . 320 3 2 3 .
H . H ‘ = .
3060 3 ‘ ek 3 t wer 3 :
H . 2 . i .
£ . £ . £ .
2000 & . 20 & . Wt & .
274 . 274¢ . 274 N
. . N
258 . 258~ . 258 .
. .
242 2427 . 242 L
228 b o I
Thearelical Mode Theoretcal Mode ¢ Thearetical Mode
20 . . R - e . . . w0 . . . .
21 23 25 26 28 30 32 34 35 37 21 23 25 26 28 30 32 34 35 37 21 23 25 26 28 30 32 34 35 37
Figure 1: a = 0.30 with n = 50, 300 and 500, respectively.
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4.5.2 Asymptotic normality

In situation involving asymptotic normality, it is important to show how good the normality
is when dealing with samples of finite sizes. There are questions arise and require answers in
order to use correctly this normality in practice. Furthermore, how the shape of the estimated
curve fit the standard normal density ?. The crucial problem in nonparametric estimation is,
how to choose the bandwidth parameter 7. Some responses to these questions are brought out by
studying the following example.

We consider the same model (4.26) as before, and the data has the same law as in the last
simulations. Also we take the same law for the truncated r.v. T;. For each sample of size n, we
estimate the conditional mode function as before and calculate the normalized deviation between
this estimate and the theoretical conditional mode function given in Theorem 4.2, that is

O, (x) = V/nhto ™! (2,6, () 2 (2.6, (x)) { Ou(z) — O() .

We draw, using this scheme, B independent samples of @n (). Here, x is taken to be equal to 0.
In estimating the value ©,,(0), the value of the bandwidth h,, is chosen as before (i.e. hy, = Cn =,
§ €)%, 2]), but, in estimating the density function of the processes (6,,(0)), we use the classical
bandwidth choice (see, e.g., Silverman [30], p. 40) which is b’y = C’ B~1/5 where the constants
C and C’ are appropriately chosen.

We have worked with several values of n = 50, 100 and 200, B = 300 and we draw the correspon-
ding curves (see figure 4, 5 and 6). It is clear that quality is better when n grows. Furthermore,
in each case, we give the corresponding () — Q-plot against a normal distribution, which puts in

evidence the adjustment of better quality for n=200.
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4.6 Proofs

To prove the main results, we need some auxiliary results.

Lemma 4.1. Asn — oo
Ln(z) — L(z), P — a.s.

Furthermore, for any set = C =y, we have

sup | L, (z) — L(x) ‘ =0 ( logn) , P—a.s.

TEE n

Proof. This proof is slightly different from the one given in Lemma 6.1 in Ould-Said and
Lemdani [24]. The first part of Lemma 4.1 is a consequence of the strong law of large numbers. For
the second part, we consider the i.i.d. sequence (X; Y;)1<i<pn and consider the class of functions

Tiu<
@, =1, ExR—R" Y -
n {Q/)I X — /d}x(ua y) TL,UdilG(y) y X )
W, is Vapnik-Cervonenkis (V-C) class of non negative measurable functions which are uniformly
bounded with respect to the envelope = [nG(ar)]”*. Moreover

Lix<a)

E[y:(X,Y)]=E [n,u_lG(Y)

:|§Q_:Una

and

BE[i3(X,Y)] = E [W][(XG(;))] cQro o

Applying Talagrand’s inequality (see : proposition 2.2 in Giné and Guillou [8]), with 7,, =

D log n and D is a constant, we have
n
_ n
P {sup Ln(x) — L(a:)‘ > Tn} = P {wsug > {0e(Xi, Vi) — B[ (X, Y)]}| = Tn}
TEE «€Wn |,

G(CLF) Tn
n 1 14— 4.2
Bl X TTn 108 [ + nénBlG(aF)] } ( 7)
v/log B2

2
where §,, = (nl/zé(ap) + nG(aF)) and By, By are positive constants.

< Blexp{—

DG(ap)

2
For n large enough, the right hand side of (4.27) becomes of order Bln_< By ) which by an
appropriate choice of D can be made O(n~3/2), which in turn is the term of a finite-sum series.
Hence by Borel Cantelli’s Lemma we have the second part of the result. [ |
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Lemma 4.2. Asn — oo, we have for any

A

Ly(x) — L(z), P —a.s.

) ) ) ) logn ) )
Moreover, this convergence is achieved with a Op (\/ & rate and is uniform on any compact
n
set 2 C =g.

Proof. We have

Ln(z) — L(m)‘ﬁ Ln(z) - Ln(w)] +

Lu(x) - L(a)|

=4l =~ 1 L1 . )
< - - J—
= n Zz; Gn(Y;) ]I(XiSa:) + n Zz; an(Y) G ]I(Xigm) + ‘Ln(x) L(x)
|:U'n - H’ u R
= " sup |G -G + |Ln(z) — L(x
= Gplarp) Gplar)G(ar) yEIIF){‘ (y) (v)| (x) — L( )‘
=T +T+7T;. o)

From Theorem 3.2 in He and Yang [11], |un — p| = Op <n*1/2> , and Gy (aF) Pros G(ar) >0,

we get uniformly on z, 77 = Op (n_1/2> . In the same way, we get 7o = Op (nfl/z) , by using
Remark 6 in Woodroofe [37]. Finally, the proof is achieved by using the result of Lemma 4.1 and
Remark 4.4 below.

Remark 4.4. Recall that, as noted in formula (4.12), all the sums involving the (Gn(Y;)) ™" are
taken for the i’s such that G, (Y;) # 0. It follows that an additional term

pe~ 1
(IV) = P Zz; m][(xigm)][(cv‘n(yi):o)’

should be added to the rhs of (4.28). this term is clearly negligible by the law of large numbers.
The same remark can be made for all similar quantities in what follows. [ |

Lemma 4.3. As n — oo, we have

F,.(z,y) — F(z,y), P —a.s.

Furthermore, for any compact set = C =g

r€E yeR n

sup sup Fn(x,y) —F(%y)‘ =0 ( logn) , P—a.s.
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Proof. The first part is the consequence of the SLLN. For the second part, we follow the same
gait as in Lemma 4.1 by considering the following V-C class

Tu<aw<y) ~}

(ﬁn: {QOLyZE.XR%R—’_/QOLy(U,’U):nlu_l(;(v), r e

with envelope Q = [nG(ar)] . The upper bounds for the first and second moment of ¢, are
the same as in Lemma 4.1. |
Lemma 4.4. As n — oo, we have

F,(z,y) — F(z,y), P —a.s.

Moreover, for any compact set = C =g

sup sup
z€=E yeR

n

B, (z,y) — F(a;,y)) =0 < logn) , P—a.s.

Proof. Analogously to Lemma 4.2, we have

n

. —ul1
F,(z,y) — F(x, y)‘ < ln ~ g 1 Z Lix,<a,vi<y)

Gnlap) n —
I 1 &
t Gar)Glap) 2216 W) = GO 3 Ty
+  |Fu(z,y) — F(x,y)‘ )
Similar arguments as in Lemma 4.2 and using Lemma 4.3 give the result. n

Lemma 4.5. As n — oo, we have for any fized x

~

lp(x) — l(z), P —a.s.

Moreover, for any compact set = C =y,

sup |0 (x) — () ‘ =0

TEE

5

™
—N—
X\
3|o
> | 0°
SN 3
~_
ol

>

3
——

Proof. we have
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By part integrating, we have

1 - T —U
Tl < h?/R Ln(u) ~ L(u)| ‘Ki” ( ) du
i 1 (1)
< SlelI:) Ly(z) — L(x) e R‘Kl (r)| dr,

logn 1/2
which by Lemma 4.2 and (B :d) is Op <h2> for any x. Moreover this rate is uniform

n n
on any compact set = C Zg. On the other hand, by using a change of variable, (A :c) and (B :c)
the bias term Zy is O(h,,), which yields the result. |

Lemma 4.6. Under Assumptions (A :a), (B :c,d,e) and (H :a), we have, as n — oo

fn(%y) — f(z,y), P —a.s.

1
logn\ 2
I,
max{(nh%> | }
Proof. we have

fuley) — fay) = > [ K (x_“) Ko <yh_n”> (Fn(du, dv) — F(du, dv))

Moreover, for any compact set = C =g

sup sup )fn(w,y) - f(w,y)‘ =0 , P—a.s.

€= yeR

@ R2 b,

1 — _
+ F% 2 Kl (*Ihnu) KO <yhnv> (f(u,v) — f(x,y))dudq)
= J1+ Jo.

Using Fubini’s theorem, we obtain by multiple integration by parts
1 1 r—Uu 1 y—v -~
T = hﬁ/ﬂ@ K{ ) <hn> Ké ) < " ) (Fn(u, v) — F(u,v)) dudv.

KO kWY (5)‘ drds] : (4.29)

Hence

| 71| < hy,? supsup [Fo(z,y) — F(x,y)’ [/
€= yelR R2

1
which by Lemma 4.4 and assumptions (B :d,e) is Op <1 / Oif).
n n

On the other hand we have
Jo = /2 Ky (r) Ko (s){f(x —rhn,y — shy) — f(x,y)} drds. (4.30)
R

Taylor expansion of f(z — rhy,,y — shy) around (z,y) to order 2 yields

el < B { i 109 @5 ar+ [ [s#0 () 10 @5 ds} ,
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where (Z,7) is between (x,y) and (x — rhy,y — shy). Hence under assumptions (A :a), (B :c
see Remark 4.2) and (H :a)) yields the result. |

Proof of Theorem 4.1. By applying a classical decomposition, it is easy to see that with
probability one

fulw,y) = fla,y)| + . sup

TEE

() - aa:)\} 7

A 1
sup sup |gn (y|x) — g(y|z)| £ ————— { supsup
r€EE yeR 1nf$65 fn (l‘ r€E yeR

where k is the upper bound of g(y|z). An application of Lemma 4.5, Lemma 4.6 and (A :a,c)
complete the proof. ]

Proof of Corollary 4.1. We have

9 (6n@)lz) —g@@a)| < |gn (Gn@)lr) = g (En(@)lz)| + |3 (On(@)lr) — g (O(w)[2)
gn (On(@)lz) =g (O@)r)] -

IN

IA

supsup |gn, (y|7) — g (y|z)| +
ze= yeR

Since

sup g, (y|lz) —sup g (y|z)

gn (Onl@)lz) — g (O(@)|2)| = < supsup g (ylz) = g (41)].

y€eR yER z€= yeR
Then
9 (6n@)lz) — g (©@)w)| <2 sup sup g (y]2) — g (yl)] . (4.31)
ze yeR

An application of Theorem 4.1 and (A :e), we get the result of part 1. For the second part, a
Taylor expansion of g (- |z) in a neighborhood of O(z) gives

1

g (6u@)lz) — g (©@)lx) = 5 (6ne) ~ O(x)) o (B(w)Ix)

where O(z) is between ©,,(z) and ©(z). Then, by (4.31) and (A :d), we have

(6nl@) ~ 0(@))" o (B@)fo)| < 45upsup g (v12) ~ 9 w]2)]

TEE yE

Hence, by Theorem 4.1, we complete the proof of Corollary 4.1. |
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Proof of Theorem 4.2. From (4.17) and (4.21) we have the following decomposition

OV (2, 0(2)) OV (@, 0(x) — OV (2, 0(x))
\/nhi = +/nh?
" f0D 2 B, (2)) i F0 (4 0, (2))
D@, 0@) — B [f*(.6)
+ nhy 0 A
fn (x Gn(x»

+ nh4
= 51+ 859+ Ss.

To prove the result, we establish that the numerators of the terms &1 and S3 are negligible,
and that of Sy is normally distributed. Then, in conjunction with the fact that the denominator
converges in probability and Slutsky’s theorem we get the result.

For the first term and by setting

o " T — X; 1) O(z) -Y;
£ () ()

n

i=1
we have

R B _ V) S,
4 (0,1) _£(0,1) < |Mn ,U/‘ nhn - h,i
Vi (0 (@,0(2) - [V (2, 0())) < Clar)Ga(ar) < SWPIGnly) = GW)lx 205
pr/nh B Shi
+ G(CLF)Gn(CLF) X S2p|Gn(y) G(y)| X nh%

N |t — ulv/nhy Sh

G(ar) nh3

=: Uy + U+ Us.

By the fact that |pu, — p| = Op (n*1/2> (from Theorem 3.2 in He and Yang [11]),

sup |Gn(y) — G(y)| = Op (n_l/Z) (remark 6 in Woodroofe [37]), Gp(ar) Pas G(ar) and by
y

using the usual kernel’s method, by adding and subtracting the expectation of (nhi)_1 Sh,i» we

can prove that this term converges to f*(x, ©(x)) which is bounded. Then we get, U; = op (hi)

In the same way, we get Us = Op (hi) and U3 = Op (h%) which permit us to conclude that S;

is negligible.

Now, we turn out to Sz which is given in the following :

Lemma 4.7. Under Assumptions (A :a), (B :a-c) and (H :b), we have

(nh)? B[F0D (2, 0(x))] — 0, asn— oo
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Proof. We have
5 1 x—u O(z) —v
E |/ (z,0 = “/ K KV (22T aF
v o] = g5 | e () KO (5 (u,0)
1 T —u a [(O(z) —v
= 3 /R? K < ™ > K, ( ™ f(u,v)dudv.
Integrating by parts with respect to v, using conditions (A :a) and (B :a), we obtain

B[/ 00)] = hlg/RQ K <:”h_n“) Ko <@(“2:”> FOD (0, v)dudo

= / K1 (1)Ko (s) fOV (@ — rhy,, ©(x) — shy)drds.
R2

Expanding fOY (z — rh,,O(z) — sh,) around (x,©(x)) to the order of h3 , we get

B[/00wow)] = Y, (o) 5 <]> FU9 0,00 [ 7S K (1) Ko () drds

4! i=0 \ % R2

h3 3 3\ 3 i rGiitl) -
+ 3! Zi:[) /RQ <Z>T s'f (z,0(z)) K1 (r) Ko (s)drds
= Ry + RNo.

Assumptions (A :a), (B :b,c) and the definition of the mode imply that R®; = 0 and Ry =
1 ~
O(h). Thus by (H :b) we conclude that (nhy)? E [fflo’l)(x, @(m))} = o(1). [ |

Lemma 4.8. Under Assumptions (A :a) and (B :a,d,f), we have

nhy,Var fﬁo’l)(%@(w))} — /%25(;;))/]1&2 [K1(U)Kél)(v)rdudv, as n — oo.

Proof. First, start with calculating Var (fT(LO’l)(x, @(x))) .
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Var <f7(10,1)(x7®(:c))> = Var (Z% ‘n G(lyi)Kl (:C ;HXZ) Ko(l) <@(ac)n—Y,)>
E

85

B nlig /R G,(Lv) [sz)fﬁ (xm“> kg (%)Ff(u,v)dudv

: /R K <"’“°h_n“> KV <@(~"’;L)n—”> f(u,v)dudvr

K () K (5)]
- n/}i% /R2 [Gl(@(x) 0_ Shnl f(ZC - Thn, 6($) - Shn)deS

_ 1
nh8

2
1
- Ky (r) K(()l) (s) f(x —rhp,O(x) — shy)drds
/nht Jr2
= V1 — V.
In analogous manner as before and under (A :a) and (B :a,d,f), we get

nhi Vs — 0.

Again, a Taylor expansion gives us

2
ol 29 (KoK (9)] .
Vi = B GlO0) = shn) drds + o (nh%) .

Since ©(z) > ap, observe that there exists ng such that for all n > ny,

ew-ep (g1 (o))" o
/R (K1 (1)’ /F i Mds dr < G(iF) /: (K (KD (S)]erdS,

afp

whence, by the Dominated Convergence Theorem and for n — oo

AW ()
/R2 (K1( JKo 7 ( )> drds — 1/R2 [K1(T)K(()1) (S)]erd&

G(6 — shy) G(O(x))
which is finite by (B :f) (see Remark 4.3). Finally, we obtain
pf (x, O(x))

nhiVar (f,go’l)(w,@(x))) — /R2 [Kl(r)Kél) (s)rdrds.

G(O(x))



Chapitre 4 : Mode conditionnel ‘Cas i.i.d.’

36

Now, all what is left to be shown is that, the numerator of Js is a sum of i.i.d. rv’s which must

satisfies a Lindeberg’s Theorem. For this purpose, let us consider

‘ o 1 z—X; w(y=-Yi\ 1 z—X; (1)
Am(””’y)‘\/nh%{c;m“( () R e ()

It is obvious that

> Ainlary) = Vbl (F0 () B [FOV(0)] ).

Hence

Var (i Am(a:,y)> = nhiVar (f,(lo’l)(a:,y)> .

i=1
Then we have the following

Lemma 4.9. Under Assumptions (A :a), (B :d) and (H :a), we have

Ve > 0, Z/ A2 (z,y)dF*(z,y) — 0, as n — oo.
Azn z y >52Var Z i=1 A”"(x’y))}

Proof. On the one hand we have

2 1 T —X; W (y—Y 2

2

; <

Afn(z,y) < k2 G2(Y)) <K1< - )KO ( " )
y

207 o[ 1 = Xi\ L (y=Yi
E K K .
" nh3, [G(Yi) ' < hn > 0 hn

Note that

)

EZ;EQ{G&)“( > ( ﬂ i[E{hzc/;(mm<xZnXi>K‘()D(T>H2’

which gives

o s (550 (5] 00

On the other hand, by Lemma 4.8, we have

Var (Z Aip(z,y ) Mf * @ ))) /R2 [Kl(u)K(()l) (v)rdudv,

2
then for e = Mf(x,@(m))/ [Kl(u)K(()l) (v)] dudv > 0, Ing € N* such that : Vn > ng, we have
R2

2G(0(x))

AL uf (@, O()) RUINE
vor (3 st ) = 5P [ [l o] e
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Now denote by

N r—X;\ ) (y—Y 2 o 1 r—Xi\ ) (y—Yi\|.
VXY = iy (Kl< i >K° ( > >) Elaa Un )5 U ))

clearly we have

2 )
nhz

A2 (z,y) <

making use of (4.34), for n > ny we have

- pf(a,O(x)) OPNE
{Afn(w,y) > e*Var (Z Am(:r,y)>} - {A?n(rr,y) > 622(;(@(@)/Rz [Kl(u)Kol (v)} dudv}.

i=1

QMf(x7 @(ZL’))

Now let ¢ =
ow let € g 4G(@(ZC>)

[ MW (]
Ki(u)K, (v)] dudv, we have
R2

{A%n(x,y) > 2Var (z": Am(:v,y)>} C {A?n($,y) > 28'}

=1

U

{
oot (0 (5520 w0 (252> 228)
{ | i)

From (4.34) and for n large enough we have

1 - X; -Y; "'nh?
o (50 ()] 5 = o

Furthermore, by the fact that G is lower bounded and Kl.K((]l) is bounded, then for n large

enough, the set
1 r — X; o (y—Yi 2 e'nh?
—— | K K 4.36
{GQ(Yi)<1<hn>o(hn >)>2ﬂz ’ (4.36)

Therefore, from (4.35) and (4.36) and for n large enough, we get

{A%n(x,y) > 2Var (Z Am(:):,y)> } ,

i=1

is empty by (H :a).
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is empty, which completes the proof. [

Now, to end the proof of Theorem 4.2, it suffices to prove that f0% (z, 0, (x))) L, FO2 (2, 0(x)).
Indeed, we have the following.

Lemma 4.10. Under Assumptions (A :a,b), (B :c,d,e) and (H :a), we have

lim sup
n—-4oo yeR

0D (@,y) - 0D (,y)| =0, P-as.
Proof. We have

2 (@, y) = fOD(2,y) = 1{/11@2 K, (xh_nu) K <
i oo (57

>{ (du, dv) — dF(u,v)}}

F,
> u, v)dudv — f(O’Q)(a:,y)}

(i

= N+ Jo.
By multiple integrating by parts, and using assumptions (B :d,e), we obtain
FAES Fu(2,y) — Fla,y)| €
r€E yeR

K%l) (u) K(()?’) (v)| dudv < oco. Applying the result of Lemma 4.4, we have J; =

where £ = /
RQ

logn
nhd
Integrating by parts two times with respect to the second component and using a change of

Op

variable, it follows that
Jo = / K1 (1) Ko (5) { £O2 (@ = rha,y = shy) = fO2) (@) | drds.
R

Taylor expansion of 2 (2 — rh,,y — shy) in the neighborhood of (z,y) yields

61 < o [0 K 6) {119 @.5) + 5709 @) | ars,

where (Z,7) is between (x,y) and (z — rhy,y — shy,). Making use of assumptions (A :a) and
(B :c), it follows that Jo = O(hy,).
In order to achieve the proof, we observe that we have, for n large enough

;50,2)(357(:)71(95))7f(0:2)(x,9(:c))‘ < sup|f )(m,y)*f(o’z)(fﬂ,y)‘

yEeR

0D (@,0,(2) = FO) (@, 0(2))|.

By Lemma 4.10 and assumption (A :b), we get the result. |
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Remark 4.5. A plug-in-type estimate 6%(x, O, (x)) for the asymptotic variance o2(z, ©(z)) can
easily be obtained using the estimators ((4.6) and (4.21)) of % and f(-,-), respectively. This

yields a confidence interval of asymptotic level (1 — <) for O(x).

1/2
- %(x, On())

@n(CC) + t1_</2 X " R 3
nh (F°%) (@, 00())

where t,_ /o denotes the 1 — (/2 quantile of the standard normal distribution.
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Chapitre 5

Conclusion et Perspectives

Dans cette thése, nous avons proposé des réponses a certaines questions, et contribuer a complé-
ter des travaux récents établis pour la régression dans le cas tronqué (voir, Ould-Said et Lemdani
(2006)), en construisant des estimateurs pour les densités ainsi que pour le mode, simple et condi-
tionnel. Les réponses apportées sont illustrées par des simulations pour montrer les performances
des estimateurs. Cependant, certaines vitesses obtenues sont jugées optimales et d’autres restent
a améliorer en se basant, par exemple, sur 'utilisation des VC-classes pour les densités (pour le
mode conditionnel). Les outils utilisés dans les preuves sont d’actualité, ayant permi d’écourter
les démonstrations en évitant ainsi le recours aux techniques basées sur le recouvrement des
compacts par les petites boules, dans le cas i.i.d.

Losque les données présentent une forme de dépendance, nous avons traité le cas de I’a-mélange.
Le choix de I'inégalité de Fuk-Nagaev (voir, Rio (2000)) et son utilisation dans le cas de données
dépendantes, est justifié par le fait qu’elle s’adapte mieux et pose moins de problémes techniques

que celle de Bosq (1998), par exemple.

Ci-dessous, certaines questions qui vont guider nos recherches futures.

1. Choix du paramétre de lissage
Le critére sur lequel nous nous sommes basés pour évaluer 'optimalité de la vitesse de
convergence est celui du critére de la convergence uniforme presque stire, établi dans le cas
i.i.d. par Stute (1982). Il serait intéressant de regarder si de tels résultats demeurent vrais
pour des données tronquées.

2. Grandes déviations
Les travaux sur la densité et le mode établis par, Mokkadem et Pelletier (2003, 2005),
Mokkadem et al. (2006) et, Louani et Ould Maouloud (2007), sont des documents de réfé-
rence et pourraient, & notre avis étre étendus au cas de données incomplétes.
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3. Récursivité
Au meilleur de nos connaissances, il n’existe pas d’estimateurs récursifs pour des données
tronquées, que ce soit pour la densité ou la fonction de régression. Nous pensons qu’il serait
intéressant de proposer des estimateurs pour le traitement on-line, dans le cas de données

incomplétes.

4. Test d’additivité en présence de troncature

Depuis les travaux de Bhattacharya et al. (1983) sur I'estimation paramétrique de la fonc-
tion de régression pour des données tronquées (troncature déterministe), les rares travaux
sur ’estimation non paramétriques et paramétriques, concernant la fonction de régression,
en présence de troncature aléatoire, sont ceux de Ould-Said et Lemdani (2006) et, He et
Yang (2003), respectivement. Le fléau de la dimension est un inconvénient en estimation
non paramétrique, une maniére de contourner ce probléme en régression, est de supposer
I’additivité. A notre connaissance, une telle approche lorsque les données sont aléatoire-
ment tronquées, n’a pas été abordée et il serait intéressant d’envisager des travaux sur les
tests d’addtivité.

5. Cas de variables fonctionnelles
Il nous semble possible d’étendre les travaux sur la régression et le mode conditionnel, en
présence de variable fonctionnelle, au cas de données incomplétes.





