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ABSTRACT

In this thesis, we developed a numerical method leading to algebraic systems based on
generalized Lyapunov-Sylvester operators to approximate the solution of two-dimensional
(2D) time-dependent Boussineq and Kuramoto-Sivashinsky equations. It consists of an
order reduction method and a finite difference discretization which is proved to be uniquely
solvable, stable and convergent by using Lyapunov criterion and manipulating generalized
Lyapunov-Sylvester operators. Some numerical implementations are provided at the end

to confirm the good accuracy of the presented scheme
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Chapter 1

Introduction

In this thesis we develop a computational methods for some PDE’s using Lyapunov-
Sylvester operators. It consists to resolve such problem and prove the invertibility of
the algebraic operator yielded in the numerical scheme by appalling topological method
Instead of using classical ones such as tri-diagonal transformations. We thus aim to prove
that generalized Lyapunov-Sylvester operators can be good candidates for investigating nu-
merical solutions of PDEs in multi-dimensional spaces. The Lyapunov-Sylvester equation

have the form

AiX,B; = C,, (1.1)
2

where A; and B; are appropriate matrices depending on the discretization procedure and
the problem parameters. X,, represents the numerical solution at time n and C,, is usually
depending on the past values Xy, & < n — 1 of the the solution. The equation (1.1) is
known as generalized Lyapunov-Sylvester equation. Such equations have their origin in

the work of Sylvester on classical matrices equations. In the particular case

S AXA =C (1.2)

the equation is known restrictively as Lyapunov one. Generally speaking, the equation

> AXB;=C (1.3)
i
is very difficult to be inverted and remains an open problem in algebra. Nevertheless, some

works have been developed and proved that under suitable conditions on the coefficient



matrices, one may get a unique solution, but it’s exact computation remains hard. It
necessitates to compute eigenvalues and precisely bounds/estimates of eigenvalues or direct
inverses of big matrices which remains a complicated problem and usually inappropriate.
In (Lancaster), a native method to solve (1.3) is investigated based on Kronecker prod-
uct and equivalent matrix-vector equation. The Sylvester’s equation is transformed into a
linear equivalent one on the form Gx = ¢, with a matrix G obtained by tensor products
issued from the A;-S and the B}-S. However, the general case remained already complicated.
The authors have been thus restricted to special cases where the matrices A; and B; are
scalar polynomials based on spacial and fixed matrices A and B. Denote by o (A) the spec-
trum of A and o(B) the one of B, the spectrum o(G) may then be determined in terms
these spectra. Indeed, with the assumptions the A;s and the Bé»s, the equation (1.3) can

be written as

> apAXBY =C, (1.4)
3.k
where «;;, are complex numbers. Hence, the tensor matrix G will be written on the form
G = ¢ (A, B), where ¢ is the 2-variables polynomial ¢ (z,y) = >_, a; pr'y®. Thus, G is
singular if and only if ¢ (A, u) = 0 for some eigenvalues A and p of A and B respectively.
However, in numerical studies of PDE’s we may be confronted with matrices G where
the computation of spectral properties are not easy and necessitate enormous calculus and
sometimes, induces slow algorithms and bed convergence rates.
For given matrices A € R™*™ B € R™*"™ and C € R™*™ we consider the Sylvester
equation given by the form AX + X B = C. In the case of square matrices an other criterion
of existence of the solution of AX + XB = C was pointed out by Roth (Roth). It was

shown that the solution is unique if and only if the matrices

A C A O
0 B 0 B

are similar.



A brute force attack to obtain the the solution X is to rewrite the Sylvester equation
in standard mn x mn linear system G = ¢ using the Kronecker Product (Jameson). The
Sylvester equation can be solved by Gaussian elimination with O(m3n3) flops. This ap-
proach dramatically increases the complexity of the computation, and also cannot preserve
the intrinsic properties of the problem in practice (Simoncini). We denote whatever the
special structure of the large linear system Gz = ¢ can be using only rational operation.

In numerical analysis, for solving the Sylvester equation one using the Bratels-Stewart
and the Golub-Nash-Van Loan algorithm use O(m? + n?) floating point operations, if one
assume that an M x M matrix can be reduced to Schur form with O(M?3) operations.
More precise details are given in (Bartels) and (Gloub).

In (Kirrinni) the author describe an algorithm that computes the solution X over an
arbitrary field F. The complexity of the algorithm for A € F™*™, B € F"*" and m,n < N
is O(NP.logN) arithmetic operations in F, where § > 2 is such that M x M matrices can
be multiplied with O(M B ) arithmetic operations. This algorithm is competitive in terms
of arithmetic operation with and even faster than the classical algorithms, and by useful
for generalizations for other field than R or C.

Algebraic Lyapunov-Slyvester equations of large dimension arise when using approxi-
mations to design controllers for systems modelled by partial differential equations. The
present work lies in the whole scope of numerical studies of PDEs essentially Boussinesq
and Kuramoto-Sivashinsky equations equations. The method developed in this thesis
for the resolution of PDEs consists in replacing time and space partial derivatives by
finite-difference approximations in order to transform the continuous problem into linear
Lyapunov-Sylvester systems of the form (1.1). An order reduction method is adapted lead-
ing to a system of coupled PDEs which is transformed by the next to a discrete algebraic
one. The motivation behind the idea of applying Lyapunov operators was already evoked
in (Ben Mabrouk 1). We recall in brief that such a method leads to fast convergent and
more accurate discrete algebraic systems without going back to the use of tri-diagonal

and/or fringe-tridiagonal matrices already used when dealing with multidimensional prob-



lems especially in discrete PDEs. For large model order direct solution methods based on
eigenvector calculation fail.

To recapitulate, the method developed here is favorable for many reasons

e The first motivation is the fact that it somehow does not change the geometric pre-
sentation of the problem as we propose to solve in the same two-dimensional space.
We did not project the problem on tri-diagonal representations using the Kronecker
product. Relatively to computer architecture, the process of projecting on different
spaces and next lifting to the original one may induce degradation of error estimates

and slow algorithms.

e The method developed is not just a resolution of a PDE. But, we recall that the
resolution itself is not a negligible aim. Further, it proves the efficiency of algebraic

operators other than classical tri-diagonal ones.

e We proved here that even when the two systems are equivalent in the sense that they
present the same PDE, but with different forms and dimensions, such forms play a

major role in the resolution.

e The fact obtaining fast algorithms is very important in computer sciences and makes
itself a major aim in computer studies. Recall that the famous method known
in mathematical studies of accelerating algorithms in the EM one (expectation-
maximisation) which is based on more complicated theories. Here, we proved that we
may obtain more rapid algorithms by using just a suitable representation and suitable
discerete transformation of the PDE. We got faster algorithms without adding more

parameters.

The resulting methods are analysed for local truncation error and stability and we prove
that the scheme is uniquely solvable and convergent. Some numerical examples illustrating
the method described in our work are given, and proved that the proposed algorithm is

more performant and fast convergent compared to the tridiagonal one.



Chapter 2

Lyapunov-Sylvester equations

In the present chapter, we make an attempt to provide a brief overview on the solvability
of the Lyapunov-Sylvester equations and the recently results obtained, and do not intend
to present a complete list of all the existing results. Lyapunov-Sylvester equations appears
in various branches of mathematics. They are very important in control theory and many

other branches of engineering. Matrix Sylvester equation have the form
AX - XB=C (2.1)

where X, and C are m x n-matrices, A is m X m-matrix and B is n X n-matrix over the set
of complexes numbers. Matrix equations of the type (2.1) was used for the first time to give
a numerical solution of certain boundary value problems in partial differential equations
by W.Bickley and J. McNamee (Bickley).

If we denote by AT is the conjugate transpose, the familiar Lyapunov equation occurs in
the theory of stability is given by taking B = A”. Another form is the nonlinear matrix

equation

AX — XBT =C+ XDX

called the algebraic Riccati equation, whose solutions by Newton’s method require in each
iterative step the solution of a system of two Lyapunov equations, which is equivalent to a

Sylvester equation.



Theorem 1 For any C, a unique solution X of (2.1) exists provided that the eigenvalues

of A are distinct from the eigenvalues of B

spectrum (A) N spectrum (B) = &

If u is a eigenvector of A with associated eigenvalue \, and v is a eigenvector of BT
with associated eigenvalue p, which means Au = Au and BTv = pw. Then Auv” = Auov”,
by transposition we get v/’ B = pv’. We multiple both side by u, to get Buv? = puv”,

after summation, we obtain
Auwv? —uwv'B = (A — p) o’

which means that A — p is a eigenvalue of the system (2.1), hence it have a solution if and
only if
Ai — pj # 0 for all 4, 5. (2.2)

An other criterion developed by Roth (Roth), the latter stating that the necessary and
sufficient condition that the equation (2.1) where A, B, and C are with elements in a field

IF, have a solution X with elements in [ is that the matrices

A C A 0

and

0 B 0 B

be similar.
Roth’s theorem has been the subject of a series of papers. It has been extended to

matrices over special rings (Guralnick), (Gustafson).
2.1 A naive approach

Given an m X n matrix A and a p X ¢ matrix B, their Kronecker product A ® B, also
called their matrix direct product, is an mp x ng block matrix formed by taking all possible

products between the elements of A and the matrix B. More explicitly A ® B elements



defined by

CaB = ;jbp,

where a =p(i—1)+kand B=¢q(j — 1) + L.

allB algB e alnB

ang CLQQB e agnB
A® B =

am1B  ameB -+ amnB

If A and B represent linear transformations V4 — Wi and Vo — Whs, respectively, then
A ® B represents the tensor product of the two maps, V4 ® Vo — Wi ® Wa.

We denote by vec (C) operator as stacking the columns of a matrix C, If C'is a n x m,
then the elements of vect (C) are ¢11, co1, ..., €12, .... We find that the equation (2.1) written
out for the mn ukonwon x11, 21, ..., 212, .... in terms of c¢q1, ¢21, ...c12,... . In this case we
have

(I, ® A) — (BT ® Inm) | vect (X) = vec (C) (2.3)

where I,, is the unit matrix of size n.

One may then solve for (2.3) by inverting the matrix [(I, ® A) — (BT ® I,,,)] or solving
the linear equations.

If we proceed with a numerical method to solve a system of N equation with arithmetic
complexity of O (N?) ( Gaussian elimination for instance). As thee equation (2.3) it is
a linear system N = n? The complexity of this approach will be O (nﬁ) . In order to
get optimal complexity, the Gaussian elimination can be performed to solve (2.3) and
faster algorithm can be used to compute the matrix [(In ®A)— (BT ® Im)] by exploiting
sparsity. Although these improved variants will not be computationally competitive for
large n. This approach ignores the structure of the original problem, introducing errors to

the solution process unnecessarily.

Remark 2 When A and B (2.1) in can both be reduced to diagonal form by similarity



transformations
A1 0
A
UTTAU = ’
0 An
and
Hy 0
V-lBY = 2
0 Fn

Let X = (xi;) be the solution of the system
(UT'AU) X — X (V71BV) = (U~ 1CV)

If we put C = U™ICV = @)y
last equation by U and neat the right side by V=, we get

we get then T;; = ﬁ@j, We multiply the left side of la
? J
A(vxv) - (vXv)B=C
Finally the solution of system (1.1), is given by X = UXV~1
We can also see that is this case the system (2.3) can be reduced to diagonal form
(v 9 0] iy @A) - [(BT) & ] VT 0.0

Ao — [y
A3 — pq

A1 — po

0 AM — HN



2.2 Explicit solution of AX — XB=C

We have seen that the equation AX — X B = C has a unique solution if and only if A and

B have no common eigenvalues. So under this condition, the solution matrix X can be

explicitly expressed in various forms

Theorem 3 Let P,Q € CJt], degP = m and deg = n the annihilating polynomial of
matrices A and B respectively are P (t) = ag+ait+...+ant™ and Q (t) = bo+bit+...+b,t".
If X € C"™" is a solution for (2.1), then,

where

(A)X =) aC,  and —XP(B)=)_ aC
k=1 k=1

Ci=C=AX - XB
Cr=Y ) AFICBITt = keN*

Proof. The idea of the proof is based of the expression

we have

C1

Co

C3

Cr

k
AFX — XBF =" A" (AX - XB)B'!
j=1

AX -XB=C

A’X - XB?*=A(AX - XB)+(AX - XB)B
ACy + C1B

A3X - XB?

A(A*X — XB®) + (A*X — XB*)B— A(AX - XB)B

ACy + CyB — AC1B

AFX — XB* = ACy_1 + Cx_1B — ACy,_5B

(2.4)
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According the Cayley-Hamilton theorem P (A) =0 and @ (B) = 0. Therefore

> bCi = zn: b (A'X — X BY)
=1 =1

— Q4)X - XQ(B)
— Q)X

In the same way, we have

m

» aiC = i b; (A'X — X BY)
- _p EA) X — XP(B)

= —XP(B)

Corollary 4 We see that equation (2.1) has a solution if and only if Q (A) is invertible.
If in addition P (\) and Q (1) are characteristic polynomial of A and B respectively, then

P(\) = det(AM—A)=ap+aA+...+ "
= (A=A) A= A2) . (A= Am)

Q(n) = det(ul —B)=bo+bipp+ ...+ bypu”
= (n—p) (B —pg) o (B — )

—XP(B) =Y ayCy
k=1

X = ()™ (Z akck>
k=1
= <—Zakck> (P(B)™
k=1
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where

Q(A) = by+biA+ .. +bA"
= (A=) (A= pid) + oo+ (A = D) (2.5)

It is well known that the determinant of a product of matrices is the product of their
determinants, as result from 2.5 we see that Q (A) is not invertible if for any i, p; is an
eigenvalue of A, and similarly P (B) is not invertible if for any i \; is an eigenvalue of B.
Therefore P (B) and Q (A) are invertible unless (2.2) hold, (i.e.,\; — p; #0).

Bocher’s identities (Pipes), are useful relations for obtaining the coefficients of the

characteristic polynomial, if
PN =X"+a X" 1+ . +ap

then coefficients are given by:
a1 = —tr (A)
az = 5 [axtr (A) + tr (A?)],
az = 3t [agtr (A) + aitr (A?) + tr (A3)]

ap = 22 [am—1tr (A) + am—atr (A%) + ...+ tr (A™)] = (—1)" det (A) .
In the case where Sylvester Equation is written on the form AX 4+ X B = C instead of

AX — X B = C, the explicit solution can be given by

Zn: (=) buCp, = (zn: (—1)" bkAk> X

k=1

and so,

where
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Remark 5 One consider the Lyapunov equation
AX + XAT = C,

coefficients a; and b; of characteristic polynomial coincide. In this case we can also be

express C~2 (A) in terms of even or odd powers of A only

For instance, the solution of Lypunov equation AX + X AT = C for a 2 x 2 matrices is

given by
1

X=0h [+ det (4) A7'C (a7 (2.6)

and for 3 x 3 matrices we can express the solution as

—; 201 T T2 2 B 1 _I\T
X72(a1a2—a3) [A C— ACA" + CA™ + (az — a5) O — ara3 A C (A7) } (2.7)

2.3 DBratels-Stewar Algorithm

The Bartels-Stewart method is one of the most effective schemes for solving the Sylvester
equation. It provided the first numerically stable way to systematically solve the symmetric
linear matrix equation

AX+XB=C (2.8)

Bartels-Stewart algorithm (Bartels), make direct use of the matrix-valued structure of
the Lyapunov equation, which allows numerical solution in O(m3 + n3). The main idea of
the Bartels-Stewart algorithm is to apply the Schur decomposition to transform Sylvester
equation into a triangular system which can be solved efficiently by forward or backward
substitutions.

The matrix B Hessenberg form by Householder’s method, and the upper Hessenberg

matrix is in turn reduced to real Schur form by the QR algorithm. The product of the
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transformations used in the reductions is accumulated to form the matrix V. The reduction
of A to lower real Schur form is accomplished by reducing the transpose of A to upper real
Schur form and transposing back.

For the Sylvester equation AX + X B = C, The matrix A is reduced to a Shur lower

matrix A’ via an orthogonal transformation U

/
11 0
! !
21 22

A =UTAU =
! ! !
- SEETRE fgpp

where each block A/, is at most 2 X 2 matrix. In the same way B reduced to an upper

Schur form with 2 x 2 submatrices B;i via a transformation V'

Bl Bjy - - »
By -+ -+ Bj,
B =VTBV =
0 B,
We put now
cly - C’{q
C'=UTCcv = :
z/>1 - Czlﬂq
and
X - ;({q
X' =U"XV =
1,)1 - X;q

We multiply the Lyapunov equation from the right and left with UT and V respectively,
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AX +XB

|
Q

(UTAU) (UTXV) + (UTXV) (vIBV) = U'cv

AX'+X'B = UTcov
We obtain the equivalent equation to (2.8),
AX' + X'B'=C' (2.9)
Since the partitions of C’ and X’ are conformal with A’ , expanding (2.9) to get

k-1 -1
A X+ XpBy = Cl—> ALXh - X,Bj (2.10)
=1 i—1

(k = 1,2,..,p; 1=1,2,...q)

These equations can be solved sequentially for X7, X4;,..., X/

o1 X12, X9, ... the solution

of (2.8) can be given by X = UX'VT.
The solution for X ,;l in (2.10) still requires the solution of a matrix equation of the form
(2.8). However, in this case the matrices A/xy and Bl'l are of order at most two. Therefore

we can use the native approach (2.3) or explicit method (2.6) to solve the system.

2.3.1 Lyapunov Equation

In principle, the algorithm described for solved Sylvester equation can obviously be used to
solve the symmetric problem AX + X AT = C. However, it is possible to take advantage of
the symmetry. Recall that all real matrices have a real Schur decomposition: There exists

matrices U such that

A =UT AU
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where U is an orthogonal matrix and A" € R™ " a block-triangular matrix and A}; €
R">*"i ;e {1,2},j=1,.,r and Z;:1 ne. = n.

We multiply the Lyapunov equation from the right and left with U” and U respectively,

AX +xAT = C (2.11a)
(UTAU) (UTXU) + (UTXU) (UTATU) = UTcU (2.11b)
AX' +x' (AT = vTcu (2.11c)

where Y = UT XU. We introduce matrices and corresponding blocks such that,

UTCU — Cll 012 X/ — Xil X{Q A/ _
Co1 Ca X5 X5 0 Aj

l l
All A12

where X5,, Cao and Aj,are at most of order 2 (the size of the last block of A’). This
triangularized problem can now be solved with (what we call) backward substitution, simi-
lar to backward substitution in Gaussian elimination. By separating the four blocks in the

equation (2.11¢), we have four equations

Cui = AuXijy+ AX5, + Xudfl + X147 (2.12)
Cia = AnXip+ Ri2Xpp + X15A5 (2.13)
Cor = ApXiy + XnAf] + X5 AT (2.14)
Coy = AbyXhy + Xpp A (2.15)

Due to the choice of block sizes, the last equation of size n, X n,, which can be solved

explicitly since n, it is at most 2. if n, = 1, the equation (2.15) is scalar and we obviously

have X/, = 261:‘2,222 and if n, = 2, we can still solve (2.15) cheaply since it is a 2 x 2 Lyapunov

equation. For instance, we can use the naive approach (5.4), i.e.
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vec (Xgg) = (I @ Ay + Ay @ I)fl vec (Ca2) .

Insert the now known matrix X}, into (2.13) and transposed(2.14) yields

Ciz : = Chg — Alp Xy, = A} X1y + X1, A% (2.16)
Cor i =Cg — AjpX5h = Ay X5 + X51 A (2.17)

The equations (2.16) and (2.17) have a particular structure that can be used to directly
compute the solutions X{, and X%,. An explicit procedure for the construction of the

solution is given by the following result.

Lemma 6 (Jarlebring) Consider two matrices C, D partitioned in blocks of size my X

Np, N2 X Np, ..., Np—1 X Ny according to

X1 Dl
X = . GRNXTLT’ D= . ERNan
X, 1 Dy 1

Let C;,D; € R"%*™ and N = Z?;} n;. Let W € R™™ be a block triangular matriz
partitioned as X and D. For Ags € R™ ™ e that if X satisfies the equation

D=WX + XAL

then X, p—1,p—2,...,1 satisfy

p—1
Wi X+ XjA5 = Dj— Y WX,
i=j+1
Similar to the approach we used to compute Az, X; can expressed and computed

explicitly from a small linear system

vee (X;) = (1@ Tjj + Agp @ I) ' wee (6’3)

By solving this equation for j = p — 1,..,1 for both equations (2.16) and (2.17) we obtain
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solutions Xjo and Xo;. Insertion of obtained X7{,, X3, and X}, into (2.12) gives a new

Lyapunov equation of size n — n, and the process can be repeated for the smaller matrix.

2.3.2 Complexity of B-S Algorithm

In numerical analysis, Schur decompositions are usually computed in two steps: first, A
is transformed into Hessenberg form with Householder transforms, and then QR iteration
is used to get rid of the subdiagonal. Hence, there are intermediate results that are not
computed exactly, but approximated by an iterative numerical process. This is appropriate
for numerical analysis, but it raises the question whether there is a competitive (say, O(m>+
n?)) algorithm that uses only rational operations and can hence be used for arbitrary fields.

The key idea of the B-S algorithm is the orthogonal reduction of A and B to triangular
form using QR algorithm for eigenvalues. Since the QR algorithm is an iterative method
that, as used, reduces the subdiagonal elements of an upper Hessenberg matrix to zero,
some criterion must be adopted for determining when an element is negligible. In (Bartels)
an element of H is considered negligible if it is less than or equal to ex || H||, where €5 is
a constant supplied by the user. This criterion is appropriate if the elements of H are all
of roughly the same size. A different criterion may be required if the elements vary widely
and the small elements are significant, as when the elements decrease greatly in size as
one passes from the upper left to the lower right corners of A. The @ R-algorithm could
be tuned to perform well. In practice the total complexity of Bartels-Stewart algorithm is
O(n?® +m?) outing point operations, if one assumes that an M x M matrix can be reduced
to Schur form with O(M?) operations.

Hessenberg—Schur method proposed by Golub—Nash—Van Loan (Gloub) requires only
one of the matrices A or B to be reduced to Schur form. The resulting method is between
30 and 70 faster than B-S Algorithm (Bartels) depending upon the dimension of A and
B. Precise bounds are given in (Gloub). The LAPACK (Anderson) algorithms for the
Sylvester equation also require both the matrices A and B to be reduced to Schur form.

A detailed study on Bartels-Stewart algorithm for Sylvester equations was done in
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(Sorensen) authors give the complexity of different algorithm and revisited the Bartels-
Stewart algorithm for Sylvester equations. The schemes constructed are much more efficient
compared to the Matlab Sylvester and Lyapunov solver lyap.m

For the backward stability analysis of Bartels-Stewart algorithm, we refer to (Higham

1) and (Higham 2), page, 313. For backward error analysis can refer to (Ghavimi).
2.4 Fast algorithms for the Sylvester equation AX — XBT = C

In (Kirrinni) consider the Sylvester equation oven an arbitrary field IF, The autor proposed
an efficient algorithm to solve the sylvister equation AX —X BT = C. If M x M matrices can
be multiplied with O (M B ) arithmetic operations then the algorithm computes the solution
X e F™*™ for m,n < N, with O (Nﬁ. log N) arithmetic operations in F. According to the
best complexity bound currently known (Coppersmith) we can choose < 2.367, for any
field F. The idea of the algorithm is to transform the coefficient matrices A and B to a
Frobenius form for which the Sylvester equation can be solved easily.

Through this section ' denotes a field, We suppose that M x M matrices over F can
be multiplied with O (Mﬁ) with 8 > 2 . If M x M matrices can be inverted O (Mﬁ)
operations, then O (M B ) is also an upper bound for the complexity of M x M matrix
multiplication.

In this section we summarize the results of work done by (Kirrinni). We consider the
equation

AX - XBT =C (2.18)

(A€ F™xm B e Fxn, O, X € Fmxn)
Let U € GL,, and V € GL, and define A’ = U 1AU and B’ = V~1BV. Then
Y € F™*" solve the equation A'Y —Y (B)T =U~'C (V‘l)T if and only if X = UYVT
solves AX — XBT = C.
The characteristic polynomial of the matrix U € F¥** is denoted by x; (2) = det (2.1 — U).
First we show that if B = (b;;) is an upper Hessnberg matrix (i.e., b;; = 0 for all

i > j+ 1) with all subdiagonal entries b;1,; equal to 1, then the last column z,, for the
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solution X fulfills the linear equation x5 (A) 2, = d, where d € F™ can be computed from
A, B and C. One z,, is known, the other columns of X can be computed form (Kronecker)
by backward substitution.

If B is a companion of Frobenius matrix, i.e.

00 --- 0 —b
10 --- 0 —h
B = 01 -+ 0 —b
00 --- 1 —b,1

then the characteristic polynomial of B is xg (2) = 2" +b,_12" 1 +...+b1z+bg. If Ais also
a Frobenius matrix, then the equation x5 (A) 2, = d can be translated into a polynomial
equation than can be solved by polynomial gcd computation. Moreover, b can be computed
efficiently and the backward substitution for the other columns of X can be performed fast
due to the sparsity of A and B

For Frobenius matrices A € F"*™ and B € F™*" with disjoint spectra, the Sylvester
equation AX — XB” = C can be solved with O(m-n) operations

Let B = (b;,;) € R"*". For 1 <i,j <n,andlet Y = (y;;),; ;, be the adjoint matrix
of B. the element y; ; = (—1)i+j .det B < i,j >. where the matrix obtained by deleting
the ith row and jth column of B is denoted by B < 4,5 > R®D*(=1) Tt well known
form linear Algebra that Y.B = B.Y = det B.1,.
Lemma 7 If B is a upper Hessenberg with all subdiagonal elements equal to —1. Let By =

(bij)1<; i<k Then the entries of the last row the adjointY arey, 1 =1 and y, = det By_;
for k> 1.

The matrix B < k,n > has the form

B4 C
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where D is an upper triangular (n — k) x (n — k) matrix with all diagonal elements equal

to 1 and so det D = (—1)"" . Hence
Yk = (1) det B < k,n >= (=1)"" .det B;_;.det D = det By_;

If we apply this result to R = F[z] and zI, — B in place of B we get the following

corollary

Corollary 8 Let B € F™*™ be upper Hessenberg with all subdiagonal elements equal to 1.
Then the last row of the adjoint Y (z) of zI, — B is

(1xXg, (2)- X5, ()X, (2)) (2.19)

Lemma 9 Let B be upper Hessenberg with all subdiagonal elements equal to 1. Let A €
Fmxm o e F™X™ with columns ¢1, ¢a, .., ¢, and let X € F™*™ be a solution to the Sylvester
equation AX — XBT = C. The the last column x,, of X fulfils

n—1
X (A) .@p = Z XBy, (A) -Crt1,
k=0
where x g, (z) = 1.
Proof. Let Y (2) € F [2]"*" be the adjoint of zI,, — B. Then
Y (2).(zI, — B) = xp(z) .1y
The last row of Y (z) is given by (2.19) .and

Y®eIL). (1,2 A-B®I,) = I,®xg(A)

(Y ® I,) vec(c) = I, ®xp(A).vec(X)

This is an equation in (F™)". On the right hand side, the vector of the last m entries is d
because of (2.19), and on the left hand side it x5 (A) .z, =
Note that x5(A) is nonsingular (and hence z,, is uniquely determined) if and only if A

and B have no eigenvalues in common. In any case, the other columns 1, ...,z,—1 of X
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are determined by x, and can be computed by backward substitution

Lemma 10 Let A,B,C, X be as in . Then the first n — 1 columns x1,...,x,—1 of X are

given recursively by
Tp—1 = Az — by — bp gk 1Thy1 — oo — bpn®n — g forn >k > 2.
2.4.1 Fast algorithms for Frobenius matrices

If A is a Frobenius matrix, then computing ¢(A) for a polynomial g can be reduced to
polynomial multiplication and division, and linear equations of the form ¢(A)z = d can be
solved by polynomial ged algorithms.

Let shows in this section how to exploit relations of this type to solve the Sylvester
equation for Frobenius matrices A and B efficiently.

Let us first recall some results about polynomial arithmetic. Let p : N —R be such
that univariate polynomials of degree < n with coeflicients in F can be multiplied with
O(p (n)) arithmetic operations in F. Then we may take p(n) = nlogn if F supports Fast
Fourier Transforms and p(n) = nlogn - loglogn for arbitrary F.

Polynomial division is specified as follows: For given f,g € F[z] with deg f =n >m =
deg g, we want to compute the quotient ¢ and remainder r € F [z] determined (uniquely) by
f =qg+r and degr < m. With the usual school algorithm, ¢ and r can be computed with
O(m n) operations in F. For asymptotically fast algorithms, the bound O(u(n—m)+p(m))
is stated in (Burgisser), Corollary (2.26). With the school method for “blocks” of O(m)
coefficients, which are then processed with asymptotically fast techniques, polynomial
division can be performed with O((n/m)u(m)) operations.

The greatest common divisor d of two polynomials f,g € F[z] with deg f < n and
degg < m can be computed with O(u(n)- logn) arithmetic operations. Corresponding
cofactors, i.e., polynomials u,v € F[z] with v f + vg = d and deg(du) < degg and
deg(d- v) < degf, can be computed within the same time bound. This follows from
(Burgisser) Corollary (3.14).

The algorithm for the Sylvester equation with Frobenius (companion) matrices A and
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B is based on the fact that if A is a Frobenius matrix and ¢ is a polynomial, then the
equation ¢(A)y = d can be written in terms of polynomial arithmetic.
Lemma 11 Let A € F™™ be g Frobenius matriz. Letq € F[z], and lety = (Yo, Y1, s Ym—1)"

and d = (dy,dy, ...,dm_l)T € F™. Let py(z) = yo+vyiz + ... + Ym-12""1 and pg (z) =
do+ d1z + ... + dp—12™"1. Then q(A).y = d if and only if ¢.py = pamod x 4.

Lemma 12 Let B be a Frobenius matriz. Let A € F™*™ C € F™*™ with columns
C1,C2, .., Cp and let X € F™™ be a solution to the Sylvester equation AX — X BT = C. The
the last column x,, of X fulfils

n—1
xg(A) .z, = Z Ak epiq,
k=0

Proof. If B is a Frobenius matrix, then xp, (2) = Ffor0<k<n-1. m

Lemma 13 d = ZZ;& A¥.cj i1 can be computed with O(mn) arithmetic operations.

Multiplication of a vector with A can be done with 2m — 1 operations. The vector d =

Z;é A¥ ¢ 1 can be computed via Horner’s rule with n — 1 multiplications of Awith a
vector and n — ladditions in F™.

Lemma 14 Let A € F™*™ and B € F"*" be Frobenius matrices with disjoint spectra

and C € F™*™, Then the last column x, of the solution X of Sylvester Equation can be

computed with O (mn + p(m) .logm) arithmetic operations.

Theorem 15 (Kirrinni) Let A € F™*™ and B € F™*" be Frobenius matrices with disjoint
]men

spectra and C € . Then the solution X of Sylvester Equation can be computed with

O(mn) arithmetic operations.

For the case of generic matrices A and B (i.e., the entries of A and B are indetermi-
nates), the problem can be reduced to the Frobenius case by similarity transforms, using
Keller-Gehrig’s algorithm for computing the characteristic polynomial. The algorithm ex-
ploits fast matrix multiplication.

Lemma 16 Let A € ™" andv € F"\ {0}. If the matriz U = U (A) = (v, Av, A%v, ..., A" 'v)

is nonsingular; then U~YAU is a Frobenius matriz. If the entries of A are algebraically
independent over a subfield Fo of F and v € Fy\ {0}; then U(A) is nonsingular.
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If the entries of A are algebraically independent; then the matrix U in can be com-
puted A simple algorithm described by Keller-Gehrig (Keller), Section 3 with O(nlogn)
operations.

The inverse of a nonsingular n x n matrix can be computed with O(n?) operations, see
(Strassen) or (Burgisser), Section 16.4.

matrices U € GL,, and V € GL,, such that A = U AU and B = V1BV are
Frobenius matrices can be computed with O(N BlogN ) operations. The matrix C' =
U=C(V—HT can be computed with O(N?) operations. The solution Y of the equation
A'Y —Y(B")T = C" can be computed with O(mn) < O(N?) operations, and the solution

X =UYVT of AX — XBT = C can then be computed from Y with O(N?) operations.

2.4.2 The general case

We consider a matrix A € F™*" semicyclic, i.e. upper block triangular, with Frobenius

matrices [F1, .., F; on the block diagonal. Any semicyclic matrix A € F™*" can be partitioned
as

n1 A o+ %

no Ay *

N9 0 Ay

where A; € F™1*™ and Ay € F"2*"2 are semicyclic, Ag € F"0*™ is a Frobenius matrix,
n =mnj + ng + ng, and ny,ne < n/2.

The crucial step in Keller-Gehrig’s algorithm for computing the characteristic polyno-
mial of a matrix A (not necessarily generic) is to transform A into a semicyclic matrix.
For A € F™*"; a nonsingular matrix U such that U1 AU is semicyclic can be computed
with O(n” logn) arithmetic operations. An algorithm for this task is described in (Keller),
Section 5 and (Burgisser), Section 16.6.

The divide and conquer algorithm for the Sylvester equation uses the following simple
complexity result for rectangular matrix multiplication: For m < n, the product of an

m x m matrix A with an m x n matrix B can be computed with O(m®~!n) operations.
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Lemma 17 (Kirrinni) Let A, B be semicyclic; one of them a Frobenius matriz; and m,n <
N. Then X can be computed with O(NP) arithmetic operations.

Proof. We prove that if we suppose that A be semicyclic; B be a Frobenius matrix then,
X can be computed with O(mﬁfln) arithmetic operations in the case where m < n. and
with O(m?) arithmetic operations. if m > n.

First case, If A is not a Frobenius matrix, then we partition A according and partition the

rows of X and C accordingly. Then the Sylvester equation reads

Ay U Us X1 X1 Cy
0 Ao U3 X() - X() BT = C()
0 0 A2 X2 X2 CZ
or equivalently
Ay Xy — XoBT = Oy, (2.20)
Ao Xy — XoBT = Cy—UsXs, (2.21)
A X, - XBT = C,-Ui Xy —UsXy (2.22)

Let T(M, N) denote a time bound for solving the Sylvester equation for the special case
specified in the lemma with m < M and n < N. Then X5 can be computed in time
T(M/2,N). The right hand side of (2.21) and (2.22) can be computed in time O (MP~!N).
The solution X can be computed with O (M.N) operations and X7 can then computed
from (2.22) in time T (M/2, N'). This shows that T' (M, N) fulfils the recursive estimate.

T (M,N) < 2.T (M/2,N) + O (Mﬁle) . TN <O(N),

which implies the assertion of the lemma.
Secendely, if m > n., we reduce to smaller cases by partitioning A as in the first case.
The time for computing the r.h.s. of (2.21) and (2.22) is bounded by O(M”). (We do not

exploit the fact that the matrix multiplications involved here can be computed cheaper if
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n is small compared with m. The recursive estimate is as follows:
T (M,N) < 2.T (M/2,N) + O (M5> ., T(N,N)<O <N5> ,

This implies that T (M,N) = O (M?) . =

Lemma 18 Let A, B be and m,n < N. Then X can be computed with O (Nﬁ) arithmetic

operations.

Theorem 19 (Kirrinni) Let A € F™*™ and B € F"*™ with disjoint spectra; let C' € F™*";
and let m,n < N. Then the unique solution X of the Sylvester equation AX — XBT = C
can be computed with O (NB log N) arithmetic operations.

Proof. Compute nonsingular matrices U € Fmxmand V € Fnxnsuchthat A = U~ 1AU
and B = V1BV are semicyclic. U and V can be computed with O(N Blog N ) operations,
and A and B can then be computed with O(N) operations. The matrices A and B have
disjoint spectra, and the (unique) solution Y € F m xn of AY — Y BT = U~1C(V~1)T can
be computed according to Lemma 18 with O(N?) operations. The solution X = UY VT of

the original equation AX — X BT = C can now be computed with O(N”?) operations. m
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Chapter 3

Boussinesq Equation

In this chapter we use Lyapunov-Sylvester algebraic operators to approximate the solutions
of Boussinesq equation in higher dimensions without adapting classical developments based
on separation of variables, radial solutions, etc. The crucial idea is to prove that simple
methods of discretization of PDEs such as finite difference, finite volumes, can be trans-
formed into well adapted algebraic systems such as Lyapunov-Sylvester ones leading to
best algorithms when regarded for convergence rates, time execution and error estimates.
In this work, fortunately, we are confronted with more complicated but fascinating forms
to prove the invertibility of the algebraic operator appearing in the numerical scheme.
Instead of using classical methods such as tri-diagonal transformations we applied a topo-
logical method to prove the invertibility. This is good as it did not necessitate to compute
eigenvalues and precisely bounds/estimates of eigenvalues or direct inverses which remains
a complicated problem in general linear algebra and especially for generalized Lyapunov-
Sylvester operators. Recall that even though, bounds/estimates of eigenvalues can already
be efficient in studying stability. Recall also that block tri-diagonal systems for classical
methods can be already used here also and can be solved for example using iterative tech-
niques, or highly structured bandwidth solvers, Kronecker-product techniques, etc. These
methods have been subjects of more general discretization. See (EIMikkawy 1; EIMikkawy
2; ElMikkawy 3; ELMikkawy 3; ELMikkawy 5; Jia) for a review on tri-diagonal and block
tri-diagonal systems, their advantages as well as their disadvantages.

This work has many folds. One principal aim is to apply non tri-diagonal type algebraic
methods to investigates numerical solutions for PDEs in multi-dimensional spaces. We aim

to prove that Lyapunov-Sylvester operators can be good candidates for such aim and that
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they may give best solvers compared to tri-diagonal and/or block tri-diagonal ones. Recall
that the later methods are unadvised because of many reasons. First they are costing
methods from both the machine memory and time. In higher dimensions, they secondly
need to transform the original problem into an external space of projection and thus solve
an associated problem in the new space and next to left to the original one. These facts
may induce as previously time and accuracy losing.

This chapter is devoted to the development of a numerical method based on two-
dimensional finite difference scheme to approximate the solution of the nonlinear Boussinesq

equation in R? written in the form
ut = AU+ qUgggs + (UQ):M, ((w,y),1) € 2 x (to, +o0) (3.1)

with initial conditions

ou
U(%QJO) = U0(1’>y) and E(l‘ayvto) = C,D(.’,U,y), (xvy) € (32)

and boundary conditions

gjjw,y,w — 0, ((z,9).1) € 092 x (to, +00). (3.3)

To reduce the derivation order, we set
V= QUgg + Ul (3.4)

We have to solve the system

Uy = AU+ Vg,  (2,9,1) € Q X (Lo, +00)

V= QUgg + U2, (z,y,t) € Q x (tg, +00)

(ua U)(x?y7t0) = (uo,vo)(:c,y), (xvy) €N (3-5)

ou
E(l‘ayato) :C,D(LU,y), (:va) €

§7<u,v><x,y,t> —0, (2,4,0) € O x (o, +00)
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on a rectangular domain Q =] Lo, L1[x] Lo, L1[ in R2. t; > 0 is a real parameter fixed as the
initial time, u is the second order partial derivative in time, A = 88—;2 + 68—;2 is the Laplace
operator in R?, ¢ is a real constant, ug; and Uz, are respectively the second order and
the fourth order partial derivative according to . 8% is the outward normal derivative
operator along the boundary 0f2. Finally, u, ug and ¢ are real valued functions with ug
and ¢ are C2 on Q. u (and consequently v) is the unknown candidates supposed to be C*
on €.

Several papers have been devoted to the study of existence and uniqueness of solutions
of problem (3.1) and sometimes exact solutions are developed such as solitary, stationary,
time-independent, one-dimensional ones. For example, in the case of a one-direction viscous

fluid we may seek solutions of the form u(z,y,t) = atp(x). In this case, the problem is

transformed into a one variable ordinary differential equation
q¥"(z) = az +b,

for some constants a and b depending on the initial-boundary conditions. Therefore, the
existence and uniqueness problems are overcame using the well-known theory of ODEs. For
more details on these facts, we may refer to (Bao-Dan; Bratsos; Diaz 1; Diaz 2; Jafarizadeh;
Kano; Kaya; Liu; Parlange; Song; Varlamov; Wazwaz; Yil; Yi2).

The Boussinesq equation has a wide reputation in both theoretic and applied fields. It
governs the flow of ground water, heat conduction, natural convection in thermodynamics
for both volume and fluids in porous media, traveling-waves solutions, self-similar solutions,
scattering method, mono and multi dimensional versions, reduction of multi dimensional
equations with respect to algebras, etc. In (Dehghan 1), several finite difference schemes
such as three fully implicit finite difference schemes, two fully explicit ones, an alternating
direction implicit procedure and the Barakat and Clark type explicit formula are discussed
and applied to solve a two-dimensional case. In (Dehghan 2), the solution of a generalized
Boussinesq equation has been developed by means of the homeotypic perturbation method.

It consisted in a technique method that avoids the discretization, linearization, or small
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perturbations of the equation and thus reduces the numerical computations. Next, (De-
hghan 3), a boundary-only meshfree method has been applied to approximate the numerical
solution of the classical Boussinesq equation in one dimension. In (Shokri), a collocation
and approximation of the numerical solution of the improved Boussinesq equation is ob-
tained based on radial bases. A predictor-corrector scheme is provided and the Not-a-Knot
method is used to improve the accuracy in the boundary. For this reason, many studies
have been developed discussing the solvability of such equations. In (Diaz 1), a Boussinesq
system of hydrodynamics equations arising in a coupling between Navier Stokes equations
and thermodynamic ones in the presence of density gradients and where thermodynamical
coefficients such as viscosity, specific heat and thermal conductivity are not assumed to be
constants and thus leading to a coupled system of quasi-parabolic equations. The authors
studied the existence and uniqueness of weak solutions. In this model there are two par-
adigmatic situations as stated by the authors and related to the fast and the slow heat
diffusion. In theoretical mathematical study of such systems, this may correspond to the
singular or degenerate character of the heat equation which occur according to the relative
behavior of the specific heat of the fluid and its thermal conductivity. By assuming local
Holder approximations the behavior of the solution is studied near the origin. In (Diaz 2),
local strong solutions for a parabolic system based on Boussinesq equation are studied for
buoyancy-driven flow with viscous heating. A modification of the classical Navier-Stokes-
Boussinesq system motivated by unresolved issues regarding the global solvability of the
classical system in situations where viscous heating cannot be neglected is developed. The
authors applied a simple model to obtain a coupled system of two parabolic equations
where a source term involving the square of the gradient of one of the unknowns appears.
Local existence and uniqueness in time of strong solutions for the model problem are es-
tablished. See for instance (Bao-Dan; Ben Mabrouk 1; Bratsos; Clarkson; Diaz 1; Diaz 2;
Jafarizadeh; Kano; Kaya; Lai; Liu; Parlange; Song; Varlamov; Wazwaz; Yil; Yi2) and the

references therein for backgrounds on theses facts.
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In the organization of this chapter, the next section is concerned with the introduction
of the finite difference scheme. Section 3 is devoted to the discretization of the continuous
reduced system obtained from (3.1)-(3.3) by the order reduction method. Section 4 deals
with the solvability of the discrete Lyapunov equation obtained from the discretization
method. In section 5, the consistency of the method is shown and next, the stability
and convergence of are proved based on Lyapunov criterion. Finally, some numerical
implementation is provided in section 6 leading to the computation of the numerical solution

and error estimates.
3.1 Discrete two-dimensional Boussinesq equation

Consider the domain  =]Lg, L1[x]Lo, L1|C R? and an integer J € N*. Denote h = %
for the space step, ; = Lo + jh and y,, = Lo+ mh for all (j,m) € I? = {0,1,...,J}>
Let [ = At be the time step and ¢, = tg + nl, n € N for the discrete time grid. For
(j,m) € I and n > 0, u?,, will be the net function w(z;,ym,t,) and UY,, the numerical

solution. The following discrete approximations will be applied for the different differential

operators involved in the problem. For time derivatives, we set as discrete initial condition
U =U"+1p

and for n > 1,

+1 -1 +1 -1
U]Tfm -ur ur —2U£m+Uj’.?m

J,m J,m
Up ~ 57 and  uy ~ 2

and for space derivatives, we shall use

n n
Frim —Uiim

2h

n _ T
7,m—+1 7,m—1

2h

Uz ~ (Uyz)jm = and  uy ~ (Uy)jm =
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for first order derivatives, and

n,a n,a n,a
Uifim = 2Ujm Y U700

Ugy ~ (Umx)j,m =

h? ’
n,o n,Q n,o
oy, = Yimi1 = Wim + Ujn
Uyy ~ (Uyy)jm = 72

for second order ones, where for n € N* and a € R,
" = U + (1 = 20)U" 4+ aU™ L.

Finally, we denote o = ,% and 0 = 7.

For (j,m) € I? an interior point of the grid 12, (I ={1,2,...,J —1}), and n > 1, the

following discrete equation is deduced from the first equation in the system (3.5).

n+1 n n—1
Ujm = 2Ujm + U,

_ n+1 n+1 n+1 n+1 n+1

+o(1=20) (U =AU + Uy U 1+ Ulli)

+oa(UM,, —aur L+ Ur UL A U L) (3.6)

+oa(ViTh, — 2V + VL)

01— 20) (VI — 2V + V1)

+oa(Vi = 2V + Vii)-

Similarly, the following discrete equation is obtained from equation (3.4).

Vit Vit = 20U, — 20+ U
+26(1 = 20) (U1 = 20 + Ul 1) (3.7)

—

+200(UP,, 22U P+ UL )+ 2F(UY,)

where

P Fn—l Fn
F(u)=u? F"=F(u") and Fn= %
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The discrete boundary conditions are written for n > 0 as

Uﬁm = Ufl,m and U?_Lm = Uj}-‘rl,m’ (38)

Uiy =Uj_y and Uf;_, =Ujf;,. (3.9)

The parameter ¢ is related to the equation and has the role of a viscosity-type coefficient and
thus it is related to the physical domain of the model. The barycenter parameter « is used to
calibrates the position of the approximated solution around the exact one. Of course, these
parameters affect surely the numerical solution as well as the error estimates. This fact
will be recalled later in the numerical implementations part. In a future work in progress
now, we are developing results on numerical solutions of 2D Schridinger equation on the
error estimates as a function on the barycenter calibrations by using variable coefficients
o, instead of constant . The use of these calibrations permits the use of implicit/explicit
schemes by using suitable values. For example for o = %, the barycenter estimation

VnJrl + anl

Ve =V (1= 20)V" 4 oV = 5

which is an implicit estimation that guarantees an error of order 2 in time.

As motioned in the introduction, the main idea consists in applying Lyapunov-Sylvester
operators to approximate the solution of the continuous problem (3.1)-(3.3) or its discrete
equivalent system (3.6)-(3.9). Denote

1
ay = 3 + 2a0, a9 = —ao,

by =1-2(1 —-2a)o, by=(1-2a)0,

c1=(1—-2a)d and cp=ad.
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Equation (3.6) becomes

n+1 n+1 n+1 n+1 n+1 n+1
02U %3 m + 01Uy + 02Uy + a2l sy + a4 02U 1

(VP — 2V v )

J+1im
= boU" 1y + 01U, + 02Uy + 02Ul + 01U, + 02U (3.10)
n—1 n—1 n—1 n—1 n—1 n—1
— azUj—l,m — alUjm — ang_H,m — angym_l — CLlUj7m — angmH

+ba (Vg = 2V + Vi) — a2(Vi L, = 2V 4+ V).

Equation (3.7) becomes

Vf%l - 202(U;l—+11,m - QU;,l:rrll + U]njllm)
= 2Cl([]]n—l,m - QUJT,Lm + jn-i-l,m) (311)

+202(U 71 = 207" + Ufitn) = Vi + 2F(U})-

Denote
ap 2a2 0 ... ... 0 by 2 O ... ... 0
a9 al as b2 b1 b2
0 0
A= , B= ,
0 0
as al a9 b2 b1 bg
0 0 2&2 aj 0 0 262 bl
-2 2 0 0
1 -2 1
0
R =
0
1 -2 1
0 0 2 =2
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The system (3.10)-(3.11) can be written on the matrix form

LU + aaRV™ = L(U™) — LU + RV — apV™ L), 5.12)
3.12

VL _ 2¢, RUM = 2R(c U™ + U™ 1) — V=l 4 2

for all n > 1 where
U" = (Uj)o<im<ss V"= (Vin)o<im<s, F" = (F(Uj,))o<im<t
and for a matrix @ € M ;41)2(R), Lg is the Lyapunov operator defined by
Lo(X)=QX+XQT, VX € M(y1(R).

Remark that V is obtained from the auxiliary function v that is applied to reduce the order
of the original PDEs in u. This reduction yielded the Lyapunov-Sylvester system (3.12)
above. A natural question that can be raised here turns around the ordering of U and V.
So, we stress the fact that no essential idea is fixed at advance but, this is strongly related
to the system obtained. For example, in (3.12) above, it is easy to substitute the second
equation into the first to omit the unknown matrix V"*! from the first equation. But in
the contrary, it is not easier to do the same for U™, due to the difficulty to substitute it
from L£4(U"H1). Tt is also not guaranteed that the part aa RV"*! in the first equation is
invertible to substitute V"*1. So, it is essentially the final system that shows the ordering

inU and V.
3.2 Solvability of the discrete problem

In (Ben Mabrouk 1), the authors have transformed the Lyapunov operator obtained from
the discretization method into a standard linear operator acting on one column vector by
juxtaposing the columns of the matrix X horizontally which leads to an equivalent linear
operator characterized by a fringe-tridiagonal matrix. We used standard computation to
prove the invertibility of such an operator. Here. we do not apply the same computations

as in (Ben Mabrouk 1), but we develop different arguments.
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The first main result is stated as follows.

Theorem 20 System (3.12) is uniquely solvable whenever U and Ut are known.

Proof. It reposes on the inverse of Lyapunov operators. Consider the endomorphism ®
defined on M j;1y2(R) x M(741)2(R) by ®(X,Y) = (AX + XAT + ayRY, 1Y — oRX).

To prove Theorem 20, it suffices to show that ker® is reduced to 0. Indeed,
1
B(X,Y) =0 <= (AX + X AT + ayRY, 5V —RX) =(0,0)

or equivalently,

Y =2cRX and (A +2a2caR*)X + X AT = 0.

So, the problem is transformed to the resolution of a Lyapunov type equation of the form
Lwa(X)=WX+XAT =0 (3.13)
where W is the matrix given by W = A + 2ascR?. Denoting
w=2ascy, wi=a;+6bw, W =wtw, wor=a—4w.

The matrix W is explicitly given by

w1 2002 2w 0 0
Wy W1 W9 w

w w2 w1 w2 w

0
W =
0
w w9 w1 w9 w
W Wy W1 W
0O ... ... ... 0 2w 2wy w
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Next, we use the following preliminary result of differential calculus (See (Cartan) for
example).
Lemma 21 Let E be a finite dimensional (R or C) vector space and (®,,), be a sequence

of endomorphisms converging uniformly to an invertible endomorphism ®. Then, there

exists ng such that, for any n > ng, the endomorphism ®,, is invertible.

The proof is simple and can be found in any differential calculus references such as
(Cartan). We recall it here for the convenience and clearness of the proof. Recall that
the set Isom(E) (the set of isomorphisms on FE) is already open in L(E) (the set of
endomorphisms of ). Hence, as ¢ € Isom(FE) there exists a ball B(®,r) C Isom(E). The
elements ®,, are in this ball for large values of n. So these are invertible.

Assume now that | = o(h?*%), with s > 0 which is always possible. Then, the coefficients
appearing in A and W will satisfy as h — 0 the following.

1
Aii = 5 e h?t?

N

For1<i<.J-—1,

Ajic1 = Aji1 = =

For 2 <i< J -2,

1 1
Wii=Woo=W;;= 3 + 2ae h?*? — 1202%ch? — 5

)

Similarly,
1 1

Wit=Wjy_15-1= B + 20eh?*t? — 14a%ch?* — 3

and
W, Wiy —
Wiic1i=Wiip1 = 2071 = J’2J L= —aeh?t2 4 8a2:h? — 0
Finally,
Wi Wy _
Wii—o=Wiito = 02 _ ThI72 922 0.

2 2
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Recall that the technique assumption I = o(h?**) is a necessary requirement for the reso-
lution of the present problem and may not be necessary in other PDEs. See for example
(Ben Mabrouk 2; Ben Mabrouk 1; Ben Mabrouk 3) for NLS and Heat equations. Next,

observing that for all X in the space M 1)2(R) X M(j41)2(R),

I(Lwa — DO = IOW — 51X + X (AT~ 1))

1 1
<[IW - 310+ 1147 - STIX],

it results that

1 1
Iw.a = Il < W = S I + 1A ~ S11 < Clapn™. (3.14)

Consequently, the Lyapunov endomorphism Ly, 4 converges uniformly to the identity I as
h goes towards 0 and | = o(h?*®) with s > 0. Using Lemma 21, the operator Ly 4 is

invertible for h small enough.

Remark 22 The strict hypothesis | = o(h**%),s > 0 is theoretical and used to prove the
invertibility (solvability) of the discrete system, but from the numerical point of view, we
will see that even if this assumption is not satisfied, the algorithm converges faster the

tri-diagonal classical methods,and with good error estimates.

3.2.1 Some facts on the convergence of solutions and associated spaces

Usually the problem of convergence depends on different quantities in the model and on

the geometry of the domain. Denote
O = {(zj,ym) ER*:0<j,m < J}, Q= {t,:necN}
and define the space of grid functions on 2, as
Vi = {U = (Ujm)jmez satisfying (3.8)-(3.9)}.

On the grid functions space, we usually define some appropriate norms to compute the
error estimate between exact solutions of the continuous inhomogenous problem associated

to (3.1) and its discrete variant obtained through the discrete scheme.
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For U € V}, and V' € V), define the inner product
J
U V=02 Uim-Vjm-

7,m=0

This leads to Sobolev norms (or semi-norms) such as

1/2
IVIn = (V)% IVleon =  max Vil

0<j,m<
2 d 2 2 1/2
Vi = [12 3 (Wil + 10 )5
j,m:O

2 d 2] 1/2
IVllan = [12 3 (8 Uzm 2]

§m=0
Next, as it appears in the continuous problem derivatives of order 4 of the unknown function
u, we generally restrict on suitable regularity spaces. It is not sometimes necessary to go
to higher derivatives. In the present case for example, we may consider functions that are
of class C* with respect to x, C? with respect to y and class C? with respect to t. We get

using summation by parts
AV, U)n = (V,ApU)p,  —(ARV. V) = VT4, (ARV. V) = VI3,

As we work on a finite grid and thus a finite space of grid functions all these norms
(semi-norms) are equivalent, and thus there is no essential difference between them. The
norms |||, and || - [|eo,n reflects the L? convergence, while the semi-norms |- |1 and |- |15,
reflects somehow the convergence of the discrete derivatives and thus the convergence in
the discrete Sobolev space. For more details and backgrounds on these facts we refer to
(Ben Mabrouk 1; Ben Mabrouk 2; Ben Mabrouk 3; Bratsos; Dehghan 1; Dehghan 2; ?7;

Diaz 1; Diaz 2; Goncalves; Jafarizadeh; Kano; Song; Wazwaz).
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3.3 Consistency, stability and convergence of the discrete method

The consistency of the proposed method is done by evaluating the local truncation error

arising from the discretization of the system

U — AU — gy = 0,

(3.15)
V= QUgy + u?.
The principal part of the first equation is
2 94 h2 ;o4 4 2(A
£ hay) = SO (T Oy B
’ 12 9t 12\9z* Oyt ot? (3.16)
TR TR
12 924 Ot20x? ’
The principal part of the local error truncation due to the second part is
l2 2 l4 4 h2 4 4
L5tz y) = Ov LOw WOuw 2 T o2 2, (3.17)

T 202 T 240t8 120a% T 92022

It is clear that the two operators E}w and ['12“; tend toward 0 as [ and h tend to 0, which
ensures the consistency of the method. Furthermore, the method is consistent with an
order 2 in time and space.

We now proceed by proving the stability of the method by applying the Lyapunov
criterion. A linear system L(%,41,@n, Tn—1,...) = 0 is stable in the sense of Lyapunov if
for any bounded initial solution zg the solution z, remains bounded for all n > 0. Here,
we will precisely prove the following result.

Lemma 23 P,: The solution (U™, V™) is bounded independently of n whenever the initial
solution (U°, V) is bounded.

We will proceed by recurrence on n. Assume firstly that [[(U°, V)| < n for some 7
positive. Using the system (3.12), we obtain

Lw AU = Lz g(U™) +boRV™ — Ly a(U") — aaR(F™' + F™), 5.15)

Vit = 2¢, RUM™Y 4 2R(ciU™ + U™ 1) — VLl 4 2,
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where Z = B — 2as¢1 R%. Consequently,

ILw, A (U]
(3.19)
<Lz pIlIT™ |+ 20b2l [V + [ Lwall 1U™H] + 2laz| (1EH] + [ F7)
and
IV < dleal U]+ Allea] [U] + ez [ITU"H])
(3.20)
VP + Y
Next, recall that for [ = o(h**2) small enough and s > 0, we have
1 o542 _ 1 2542
a1:§+2ah —>§, as = —ah — 0,
by =1—2(1-2a)h* =1, by =(1-2a)h* T -0,
c1=(1-20)h"2 =00, cp=ah®? -0,
ase; = —a(l — 2a)h* — 0.
As a consequence, for h small enough,
1£2,5l < 2| Bl| + 2|aze1[[|R|* < 2max([bi], 2[bs|) + 4lazer| < 2 +4 =6, (3.21)

and the following lemma is deduced from (3.14).

Lemma 24 For h small enough, it holds for all X € Mj;1)2(R) that
1 3
SIXl = (- C(@)h®) | X < [Lwa(X)] < (1+ C(a)h®)|X]| < S I

Indeed, recall that equation (3.14) affirms that ||Lya—I|| < C(a)h? for some constant

C(a) > 0. Consequently, for any X we obtain
(1= C(@)h®)| X < ILwa(X)]| < (1 + C(a)n*)]| X]].

For h S W, we obtain

< (1- C(a)h®) < (1+ C(a)h®) < g

DN
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and thus Lemma 24. As a result, (3.19) yields
1 n+1 n n 3 n—1 n—1 n
SN < GO+ 2V + ST 201 E 4 ). (3.22)
For n = 0, this implies
UM< 1200+ 4VO + 3IIUTH + A EH -+ [FO). (3.23)
Using the discrete initial condition
U =U"" 4 lp.

We identify the function ¢ to the matrix whose coefficients are ¢; ., = ¢(xj,ym). We
obtain

IU=HE< TP+ el (3.24)
Observing that

F'_l = F<U_l) = (U]O,m - hpj,m)zv

‘77m ‘77m

it follows that

-1
“Fj,m’ < |Uﬁm|2 + 2l|(p],m’|U]O,m| + l2|90j,m|2

and consequently,

IE=H < 10012 + 20l 1U°]] + 2ol (3.25)

Hence, equation (3.23) yields
1T} < (15 + 8Ll DTN + 4Vl + 8 E°|l + 3l ]| + 401 o|. (3.26)

Now, the Lyapunov criterion for stability states exactly that for each ¢ > 0 thee exists
n > 0 such that
IVl <n = (U™ V")I<e, Va0 (3.27)

For n =1 and ||(U!,V1)|| < &, we seek an i > 0 for which ||(U°, V?)|| < 5. Indeed, using
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(3.26), this means that, it suffices to find 7 such that
802 + (19 + 8l||¢|)n + 31|l¢|| + 42||2 — < < 0. (3.28)
The discriminant of this second order inequality is
Al h) = (19 + 8l @ll)* = 32(3U oIl + 42 ol|* — €). (3.29)
For h,l small enough, this is estimated as
A(l, h) ~ 361 + 32 > 0.

Thus there are two zeros of the second order equality above

VAR ~ (19 + 81l

16

m = >0

and a second zero 7y < 0 rejected. Consequently, choosing 7 €]0,7;] we obtain (3.28).

Finally, (3.26) yields ||U}]| < e. Next, equation (3.20), for n = 0, implies that
IVH < AW R, @)IIU° N + B(, by @) |U°]] + C (U by ) + 16]ea| [V, (3.30)
where

A(l7 ha %0) =3 + 32‘02‘,
1
Bk, ) = 4(ler] + Sleal(2 + Ugl) + Ul + ),

1
Clhy ) = 21+ 8lea )Pl pl* + didlea] + 7)ol
Choosing ||(U°, V9)|| < n, it suffices to study the inequality

A(l, by @)% + (B(1, h, ) + 16|ca)p + C(L, h, @) — e < 0. (3.31)



43

Its discriminant satisfies for h,l small enough,

1280q|

16
Al h) ~ 7 (14200 +[1 - 2a])? + 75> 0. (3.32)
Here also there are two zeros, 7] = ~ A(l’h);fﬁl( l};hgg)ﬂfilcz‘) > 0 and a second one 7 < 0 and

thus rejected. As a consequence, for 7 €]0,7}[ we obtain ||[V!|| < e. Finally, for 5 €]0,n,]
with 1y = min(ny,n}), we obtain ||(U, V)| < & whenever ||(U°, V)| < 5. Assume now
that the (U*, V) is bounded for k = 1,2,...,n (by €1) whenever (U°, V?) is bounded by n
and let £ > 0. We shall prove that it is possible to choose 1 satisfying ||(U"+, V" H)|| < e.
Indeed, from ((3.22), we have

U™ < 19¢1 + 8&2. 3.33
1

So, one seeks, 1 for which 85% 4+ 19¢1 — ¢ < 0. Its discriminant A = 361 + 32¢, with

one positive zero €1 = 7&31‘?225719' Then ||[U!]| < ¢ whenever |[(U*, VF)|| < 1, k =

1,2,...,n. Next, using (3.20) and (3.33), we have
[V < (4fer] + 80|ca| + 1)er + (32]ca| + 2)e3. (3.34)
So, it suffices as previously to choose €1 such that
(32|co| + 2)ef + (4]c1| + 80ca| + 1)er — e < 0.

A = (4)c1] + 80|ca| + 1) + 4(32|ca| + 2)e, with positive zero

o VA — (4]cr| + 80|c2| + 1)
L= 2(32|ca| + 2) '

Then ||V < & whenever ||(U*,VF)|| < €], k = 1,2,...,n. Next, it holds from the
recurrence hypothesis for g9 = min(e1, €]), that there exists n > 0 for which ||(U?, V9| <
n implies that ||(U*,V¥)| < eo, for K = 1,2,...,n, which by the next induces that

(Ut v <e.

Corollary 25 As the numerical scheme is consistent and stable, it is then convergent.
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This Corollary is a consequence of the well known Lax-Richtmyer equivalence theorem,
which states that for consistent numerical approximations, stability and convergence are
equivalent. Recall here that we have already proved in (3.16) and (3.17) that the used
scheme is consistent. Next, Lemma 23, Lemma 24 and equation (3.27) yields the stability
of the scheme. Consequently, the Lax equivalence Theorem guarantees the convergence.

So as Corollary 25.
3.4 Main steps of the algorithm applied
e Compute the matrices of the system

e Initialization: Compute the matrices U°, U, V0 and V!

e forn > 2,
U™ =1lyap(W, A, Lz 5(U™™ 1) + b2 RV™™ — Ly a(U"™2) — aeR(F"2 + F"71)),

and

V™ = 26, RU™ + 2R(c U™Y 4 U 2) — V=2 4 2Fn—1,

The tri-diagonal associated system
Consider the lexicographic mesh & = j(J + 1) + m for 0 < j,m < J, and denote
N =J(J+2), and

Av={nJ+n—-1:neN}, Ay={n(J+1):neN}, Oy=AyUAy.

Using the Kronecker product we obtain a tri-diagonal block system on the form

AU 4 g RV = BU™ — AU™ ! 4 by RV™ — aa RV™ 1 535
3.35
Vvt 9e, RUM = 26, RU™ + 2¢, RU™™L — Y=t 4 o,

The numerical solutions’ matrices U™ and V" are identified here as one-column (N + 1)-

vectors and the matrices K, B and R are evaluated as follows.
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The matrix A

Ajj=2a; Vj,0<j<N,

1
5140,1:&2 Vi, 1<j <N, j¢ Oy, and 0 on Ay,

AN’N,1:CL2 Vj, 1§j§N, jg@N, and 0 on KN,

Ajjr1=
~ 1
Aj1 =3

Ajjrir1 = 2a2, V5, 0<5<J,

Ajjrspi=az, Yj, J+1<j<N-J -1,

Aj—J—Lj:aQa VJ7J+1§]§N_J_17

Ai_y_1;=2ay, V¥j, N—J<j<N.

The matrix B

Bjj=2b Vj, 0<j<N,

~ 1~

Bjj+1=5Bo1=b2, Vj, 1<j<N,;j¢On, and 0on Ay,
~ 1~ ~
ijlyj = iBN,Nfl = bg, V], 1 S] < N, j ¢ @N, and 0 on AN,

Ej,j+J+1 =2by V5, 0<j5 <,

Bjjrgri=by Vj, J+1<j<N—-J -1,

Bjyij=by Vi, J+1<j<N-J—1,

Bj j15=2by Vj, N-J<j<N.
The matrix R

Rjj=-2 Vj,0<j<N,

Rjjryp1=2 Vj,0<5<

Rjj—yj-1=2 Vj, N—-J<j<N,

Rijyjri=Rj_j1;=1 Vj, J+1<j<N-J—1.
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System (3.35) can be written as a linear standard form

WU = ZU" = WU + byRV" — 20, RF"
- _ N N . (3.36)
VL = 2R (e T + o Z)U™ + 2(cg — ¢1)RU™ ™ + 2byco RPV™ — V=1 - 2Fm,

where W and Z are given by W = A+ 202a2§2 and Z = B — 2cla2}~%2.
3.5 Numerical implementation

We propose in this section to present some numerical examples to validate the theoretical
results developed previously. The error between the exact solutions and the numerical ones
via an Lo discrete norm will be estimated. The matrix norm used will be

N 1/2
XN = D X3/ (3.37)

ij=1
for a matrix X = (X;;) € Mn42C. Denote u™ the net function u(z,y,t") and U™ the

numerical solution. We propose to compute the discrete error
Er = max || U" — u"||2 (3.38)
n

on the grid (z;,y;), 0 < 4,5 < J 41 and the relative error between the exact solution and
the numerical one as

Un —u
Relative Er = max w

(3.39)

on the same grid.
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3.5.1 A polynomial-exponential example

We develop in this part a classical example based on polynomial function with an expo-

nential envelop. We consider the inhomogeneous problem

utt:Au+U$I +9(1‘,y7t)a (957%75) € x (t0>T)7
V= QUgg + U2, (z,y,t) € Q x (to, T),

(u,v)(x,y,t0) = (ug,v0)(x,y), (x,y,t) € Qx (to,T), (3.40)

ou
E(x7y7t0) = QO(x’y), (3773/) S Q:

?(u,v) =0, (z,y,t) € (to,T)

where Q = [—~1,1]? and where the right hand term is

glz,y,t) = [(z® — 1)} (2 — 582% + 9) — 48(352* — 3022 + 3)] + [y* — 149% + 5le !

—16(2% — 1)?[(z® — 1)*(152% — 1) + (v* — 1)*(T2® — 1)]e (3.41)

The exact solution is

u(z,y,t) = [(2 = 1) + (y® — 1)?]e . (3.42)

In the following tables, numerical results are provided. We computed for different
space and time steps the discrete La-error estimates defined by (3.38). The time interval
is [0,1] for a choice tg = 0 and 7" = 1. The following results are obtained for different
values of the parameters J (and thus k), | ((and thus N). The parameters ¢ and « are
fixed to ¢ = 0.01 and a = 0.25. We just notice that some variations done on these latter
parameters have induced an important variation in the error estimates which explains
the effect of the parameter ¢ which has the role of a viscosity-type coefficient and the
barycenter parameter o which calibrates the position of the approximated solution around
the exact one. Finally, some comparison with the work in (Ben Mabrouk 1) has proved that
Lyapunov type operators already result in fast convergent algorithms with a maximum time

of execution of 2.014 sd for the present one. The classical tri-diagonal algorithms associated
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to the same problem with the same discrete scheme and the same parameters yielded a
maximum time of 552.012 sd, so a performance of 23.10~* faster algorithm for the present
one. We recall that the tests are done on a Pentium Dual Core CPU 2.10 GHz processor
and 250 Mo RAM.

Table 3.1:

J l Er Relative Er
10 | 1/100 | 4,0.1073 0,1317
16 | 1/120 | 3,3.1073 0,1323
20 | 1/200 | 2,0.1073 0,1335
24 [ 1/220 | 1,8.1073 0,1337
30 [ 1/280 | 1,4.1073 0,1340
40 [ 1/400 | 9,8.1074 0.1344
50 | 1/500 | 7,8.10~% 0,1346

3.5.2 A 2-particle interaction example

The example developed hereafter is a model of interaction of two particles or two waves.

We consider the inhomogeneous problem

uy = Au+ vy + g(x,y,t),  (z,y,t) € Q X (to,T),
V= QUgg + U2, (x,y,t) € Q x (to, T),
(U,U)(ﬂf,y,to) = (UO,U())(ZU,y), ($ay7t) € ﬁ X (f,o,T), (343)

ou _
a(l‘)yftﬂ) - SO(‘T7y)) (x7y) € Q7

_

V(u,v) =0, (z,y,t) €I x (to,T)

where

gz, y,t) = (4= 6¢*(y))u’ — ¢*(z)u.

and u is the exact solution given by

’LL(.'E, Y, t) - 2¢2(x)¢2(y)9(t)
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with

bla) = cos(5), 0(t) =, pla,y) = —2i(@)¢2(y)

As for the previous example, the following tables shows the numerical computations for
different space and time steps the discrete Lg-error estimates defined by (3.38) and the
relative error (3.39). The time interval is [—2m, 4+27] for a choice to = 0 and T'= 1. The
following results are obtained for different values of the parameters J (and thus k), I ((and
thus V). The parameters ¢ and « are fixed here-also the same as previously, ¢ = 0.01 and
a = 0.25. Compared to the tri-diagonal scheme the present one leads a faster convergent

algorithms

Table 3.2:

J l Er Relative Er
10 | 1/100 | 4,6.1073 0,2311
16 | 1/120 | 4,4.1073 0,2372
20 | 1/200 | 2,4.1073 0,2506
24 [ 1/220 | 2,3.1073 0,2671
30 | 1/280 | 2,0.1073 0,3074
40 | 1/400 | 1,4.1073 0,3592
50 | 1/500 | 7,6.10~% 0,2355

Remark 26 For the convenience of this section, we give here some computations of the
determinants A(l, h) for different values of the parameters of the discrete scheme Firstly,
for both examples above, we can easily see that ||¢|| = 2 and thus, equation (3.29) yields
that

A(l,h) = 361 + 32¢ + 4161 — 2561°.

For the different values of | as in the tables 1 and 2, we obtain a positive discriminant

leading two zeros with a rejected one. For the discriminant of equation (3.32) we obtain

676 8¢

Hence, the results explained previously hold.
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3.6 Conclusion

This chapter investigated the solution of the well-known Boussinesq equation in two-
dimensional case by applying a two-dimensional finite difference discretization. The Boussi-
nesq equation in its original form is a 4-th order partial differential equation. Thus, in a
first step it was recasted into a system of second order partial differential equations using
a reduction order idea. Next, the system has been transformed into an algebraic discrete
system involving Lyapunov-Syslvester matrix terms by using a full time-space discretiza-
tion. Solvability, consistency, stability and convergence are then established by applying
well-known methods such as Lax-Richtmyer equivalence theorem and Lyapunov Stability
and by examining the Lyapunov-Sylvester operators. The method was finally improved by
developing numerical examples. It was shown to be efficient by means of error estimates

as well as time execution algorithms compared to classical ones.
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Chapter 4

Kuramoto-Sivashinsky equation

The Kuramoto-Sivashinsky equation (KS) is one of the most famous equations in math-
physics for many decades. It has its origin in the work of Kuramoto since the 70-th decade
of the 20-th century in his study of reaction-diffusion equation. The equation was then con-
sidered by Sivashinsky in modeling small thermal diffusion instabilities for laminar flames
and modeling the reference flux of a film layer on an inclined plane. Since then the KS equa-
tion has experienced a growing development in theoretical mathematics, numerical as well
as physical mechanics, nonlinear physics, hydrodynamics, chemistry, plasma physics, par-
ticle distributions advection, surface morphology, ...etc. See (Benachour), (Hase), (Hong),
(Jaya), (Kuramoto), (Nadjafikhah), (Procaccia), (Rost), (Sivashinsky 1), (Sivashinsky 2).
In (Nadjafikhah), the symmetry problem of the model was studied based on the theory of
Lie algebras. In (Benachour), an anisotropic version of the KS equation has been proposed
leading to global resolutions of the equation on rectangular domaines. Sufficient conditions
were given for the existence of global solution.

From the dimensional point of view, KS equation has been widely studied in one di-
mension, (Giacomelli), (Goodman), (Ilyashenko), (Nicolaenko), (Otto), (Temam). How-
ever, this equation since its appearance is related to the modeling of flame spread which
is a two-dimensional problem. In this context, an important result was developed in (Sell)
where the authors showed by adapting the method developed in (Raugel) the existence
of a set of bounded solutions on a rectangular domain. This major importance of the
two-dimensional model was a main motivation behind this work.

The present chapter is devoted to the development of a computational method based

on two-dimensional finite difference scheme to approximate the solution of the nonlinear
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Kuramoto-Sivashinsky equation

O g kA AT, (), 1) € Q % (10, +00), (4.1)

with initial conditions

U(x,y,t()) = ¢($)y) ; (ZL‘, y) €N (42)
and boundary conditions

gz (z,y,t) =0; ((z,y),t) € 9N x (ty, +00), (4.3)

on a rectangular domain Q = [Lg, L1] x [Lo, L1] in R?, tg > 0 is a real parameter fixed as the
initial time. % is the time derivative, V is the space gradient operator and A = 88722 + %
is the Laplace operator in R?, ¢, s, A are real parameters. ¢ and v are twice differentiable
real valued functions on Q.

We propose to apply an order reduction of the derivation and thus to solve a coupled

system of equation involving second order differential operators. We set v = qu — kAu and

thus we have to solve the system

9 = Av+ A |Vul*, (z,y,t) € Q x (to, +00)
v=qu— KAu, (z,y,t) € Q x (ty,+00)

(U,U) (.’L‘,y,to) - (%W (xay)a ($7y) e
?(u,v)(:c,y, t)=0, (z,y,t) €0 x (to,+00)

(4.4)

A model representing a nonlinear dynamical system defined in a two-dimensional space
is considered, where the solution u(z,y, t) satisfies a fourth order partial differential equa-
tion of the form (4.1), where w is the height of the interface, ¢ is a pre-factor proportional
to the coefficient of surface tension expressed by ¢V?u. The quantity xV*u represents the
result of the diffusion surface due to the chemical potential gradient induced curvature.
The pre-factor x represents the surface diffusion term. The quantity A\|Vu|? is due to the

existence of overhangs and vacancies during the deposition process. Finally, the quantity
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qViu + A \Vu|2 is referred to as modeling the effect of deposited atoms. cf. (Hong).

In this chapter we propose to serve of algebraic operators to approximate the solutions
of the Kuramoto-Sivashinsky(K-S) equation in the two spatial and one temporal dimension
without adapting classical developments based on separation of variables, radial solutions,
tri-diagonal operators, ... etc.

Thus, one motivation here and issued from (Bezia) consists to resolve such problem and
prove the invertibility of the algebraic operator yielded in the numerical scheme by appalling
topological method Instead of using classical ones such as tri-diagonal transformations. We
thus aim to prove that generalized Lyapunov-Sylvester operators can be good candidates
for investigating numerical solutions of PDEs in multi-dimensional spaces.

The chapter is organized as follows. In next section the discretization of (4.4) is devel-
oped, the solvability of the scheme is analyzed. In section 4, the consistency of the method
is shown and next, the stability and convergence are proved based on Lyapunov method
and Lax-Richtmyer theorem. Finally, a numerical implementation is provided leading to

the computation of the numerical solution and error estimates.

4.1 The numerical scheme

Let J € N* and h = Ll;LO be the space step. Denote for (j,m) € I? = {O,l,...,J}Q,
x; = Lo+ jh and y,,, = Lo + mh. Next, let [ = At be the time step and ¢, = to + nl,
n € N be the time grid. We denote also Q = {(asj,ym,tn);(:nj,ym,tn) €I?x N} the
associated discrete space. Finally, for (j,m) € I? and n > 0, u?,, denotes the net function
w(Zj, Ym, tn) and U ' 18 the numerical solution.

The following discrete approximations will be applied for the different differential op-
erators involved in the problem. For time derivatives, we set

ou _ Upm' —Uj'

ot 21
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and for space derivatives, we shall use for the one order

ou U]n—o—l,m - U]n—l,m ou UJT,Lm—&—l - UJT,Lm—l
—— , and — ~»
oz 2h oy 2h

and for the second order ones, we set

9 nao n,a n,a 2 nao n,a n,a
u  Yitim = 2Yjm t Vim0 Ou Ujnin = 22U + Uy
922 B ! 02 E '

Finally, for n € N* and « € R, we denote
U™ = aoU" ' 4 (1 - 2a) U™ + aU™!

to designate the estimation of U}, with an a-extrapolation /interpolation barycenter method.

By applying these discrete approximations, we obtain

21
yrtl _ pn—l Vv B Vv B Vv B Vv B Vv 8 Vv 8
J??m - Jnm T2 [ Jj—1m 2 jtlm + jnH,m + J?mfl -2 J?m + J?erl}

2 [1 1
tigA [4 (Ufstm = Ufin)” 4§ (Ut }fm—l)z] :

In what follows, we set

1 2 2
Fj?m = Z [( ]n—ﬁ-l,m - U]n—l,m) + ( }fm-f—l - ﬁm—l) :|
We thus get
Uit —urt = oBVIL + (1= 28) VL, + BV,

28V —2(1 - 28) V], — 28V
HBVIL (1= 28) VI, + BV,
HBVIL + (1= 2B) V] g + BV

2BV - 2(1=28) Vi — 28V

+ﬁ1/}7$i1 +(1=28) Vi + ﬂvjﬁ;}d] +OoAF,
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where o = % Otherwise, this can be written as

+1 +1 +1 +1 +1 +1 +1
Ut =08 [Vi3l = VI VI, + VI — 2V 4 Vi
= U]T,L;Ll +o (1 - 2ﬁ) [V}n—l,m - 2‘/}7}771 + ]T—ll—l,m + jr,lm—l - 2‘/}7}771 + Vvﬁm—&—l]

408 [V = 2V + VI, + Vi =2V 4 VL | + oA,

,m 7,m—1

Taking into account the boundary conditions, we obtain the full matrix expression

U™t — o (AV™MH 4 vrHAT) = UM 4o (1-28) (AV? + VAT

+oB (AVrt 4 yrial

LONF" (4.5)

where

-2 2 0 0

1 -2 1 0 0

0

A p—
0

o --- 0 1 -2 1

0 -+« ... 0 2 _9
Ut = (Uj’m)ogj,mgj and V= (ijm)ogj,mgf

Next, for @ € M( J41)2 (R), we denote Lg the linear operator which associates to

X €M) (R) its image Lo (X) = QX + XQT. The last equation will be written as
U™ —oBLa (VM) =U 40 (1=28)La (V") +0BLa (V*Y) + 0AF™.  (4.6)
Now, applying similar techniques as previously we obtain

n,B n,a a? n,a n,a n,o n,a n,a n,a
Vim = Ujm = 33 (Uj—l,m —2Ujm +Uifim + Ujmor — 20U + Uj,m+1> -
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Let 6 = % This results in the following equation

ﬁvﬁ-}tl +(1-28) VI, + /31/;’77;1 q aUﬁ;l + (1 =2a) U, + aU;%l

—6/{[aU}1_+11,m + (1 =20)Uj"y,, + O‘U]ﬂ:ll,m

—2aUM " —2(1 = 20) U}, — 2aU7 1
+aUl M+ (1= 20) Uy, + aUT

+aUitL + (1= 20) U,y + aUf L
_ n+l o no_ n—1
22U7 " —2(1 = 2a) U}y, — 22U}

+aUﬁTZ}~_1 +(1=20) U0 + aUﬁ;}H],

or equivalently,

BVim' —aaUjy!
e (U7, = 207 + UL, + UL, — 20780 + UL
= —(1=20) Vi — BV +a (1= 20) U, + US|
—O8[(1 = 2a) [Ty — 200 + Uy + Uy — 200, + U, ]
(U = 20 4+ Ul + Uy — 207+ U )

j,m—1

Now, applying the boundary conditions, we obtain

BV [qU”+1 —0kLA (U”H)]
= (1-20a)(qU™ —0kLa(U™) +a (qU" ' — 6L (U™ )

—(1=-23) V" —pgVvn1i
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As a result, we obtain finally the following discrete coupled system.

(U oA (V) = U 0 (1 28) L4 (V) + 08La (VI7) + oAFT
BV —a[qUnt = drLa (U™)] = (1 = 20) (qU™ = rLA (U™)) (4.8)
Fo (qU L~ dna (U7) |

—(1-28)V? —pyn-t

\

4.2 Solvability of the discrete method

In this section we will examine the solvability of the discrete scheme. the main idea is by
transforming the system (4.8) to an equality of the form (U”‘H, V"+1) =¢ (U", ynr o gn—l, V"_l)
with an appropriate function ¢. We prove precisely that ¢ can be expressed with general
Lyapunov-Sylvester form. Next using general properties of such operators we prove that ¢
is an isomorphism. In most studies, even recent ones such as (Ben Mabrouk 2) the authors
proved that ¢ or some modified versions may be contractive by inserting translation-dilation
parameters leading to fixed point theory. In the present context it seams that such trans-
formation is not possible as ||¢|| may be greater than 1 and thus no contraction may occur.

To overcome this problem we come back to differential calculus and topological properties.

Theorem 27 The system (4.8) is uniquely solvable whenever U and U' are known.

The proof of this result is based on the lemma

Proof Consider the endomorphism ¢ on M ;)2 (R) x M ;)2 (R) defined by
¢(X)Y)=(X—0BLa(Y),BY —al' (X)) (4.9)

where I' (X)) = ¢X — dxL4 (X). To prove Theorem 2, we show that ¢ is a one to one, and

so ker ¢ is reduced to 0. Indeed,

P(X,)Y)=0 (X —0BL4a(Y),BY —al¢X — kL4 (X)]) =(0,0).
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Which is equivalent to

X =obLa(Y) (4.10)
BY = al (X)
for B # 0 we get
Y =0al'L4 (V) (4.11)

Choosing [ = o (h5+4) (which is always possible), the operator K = I — cal'L4 tends

uniformly to I whenever h tends to zero. Indeed, denote

21 1
W =oa«a (qA — 5/@42) =<« (qA — KZA2> .

T n? h2
We have
K(X)=X—-0alLs(X)=X —WX — XWT 4+ 2005k AX AT.
thus,
[(K-1)X| = |[[WX+XW"+2(cadk) AXAT||
< 2|WHX] + 32000 || | X]|

Since we have ||W|| < 4o |a|[|q| + 40 ||] , we obtain,
(K= 1) X|| < 8oallq| + 85 |x[] | X]
For | = o (h***) this implies that,
I (X) = I (X)]| < 160 [l h*** + 8h° s]] | X

Consequently the operator IC converge uniformly to the identity whenever h tends towered
Oandl=o0 (h4+5) , with s > 0. Thus, using Lemma 1 ¢ is invertible for [, small enough

with [ = o (h*F+) .
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For 8 = 0 we obtain the system

Untl =0 4 6L (V") + o AF"
V" =al (UM) + (1 -2a) T (U") + ol (U™Y)

(4.12)

and thus,
U™ —oal' L4 (U™) =0[(1 = 20)TLA (U™) + U™ P+ al'La (U™) + AF"] (4.13)

For the same assumption on [ and h as above the same operator K (X) = X —oal'L4 (X)

tends toward the identity as h tends to O.
4.3 Consistency

The consistency of the proposed method will be proved by evaluating the local truncation
error arising from the scheme introduced for the discretization of the system (4.4)
Applying Taylor Taylor’s expansion, and assuming that v and v to be sufficiently dif-

ferentiable, we get

ou 120%u 1Pou 1t 0%
Untl g2y, P, oY
gm = e T oo T Taan T

Similarly,
grt gy Qu B0 PO 1O
gm ot 20t2 603 240t T

Hence,
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Next, we get also

20% 130%
ot 2082 603 249t

LN Y AN

Ox  Otdr 2 0t20x 6 0t30x 24 0t*0x
[ 93v 2 ot 13 0w 4 9% ]
2 |02 ‘o0 T 200 6 0Pox? | 24 0107 ]
[ 930 o*v 1?2 9% 13 9% 9T ]
6 |07 9027 T 200045 6009025 | 24 0107
_i“v_l@‘r’v _{_ﬁ 0% _ﬁ v +E Bv ]
| 0z4  Otdx* 2 0t20zt 6 Ot30xt 24 0t*0x? |

ov

l4 4
Vi = {v—l+ a”}

0%

and
ot
24 Ozt

L i
2 022 6 Oz

" :v—h@—i-

jf]_’m 83; + cee

and finally,

6 Ot3

o 120%
= vl + 555+

Vﬂ—i—l
J ot 2 0t?

—1m

14 0%
v
12 93w 3 0% 14
2020 | 600 | 24000
% 3 9% 14

6 0302

S LN
ox otox

0% A3 12

9%v ]

9% 7

+1

2 |02 oo T 2 oo T
[ 930 o*v 2
6 |0z
[ 0%
oat

5
oy 0’

3 9%

Yl

4 9% ]

9%v 12 0%

Otox3 + 2 Ot2023 +

6 Ot3923
3 9%

T 2401705

4 9% ]

oo T2 o

6 Ot30x4

Y
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Thus,

0%v L 14 9%y
at2 12 6t4

_0v 3y E 0%
thl—g; =P 815283: ~ % 9rion
84 4 86 :|

Ve = w4 BRI

AL
2 oz 527 0l

R3 T 83

92022 55 12 014922

) )
— 2 —e
Al Ot20x3 -8 12 8t48x3}

9% 4 9% }
+

BA :a4
oozt T P12 gt

9% | 9z 5a1 P gz

Similarly,
0% * 0t

m =V TG +6128t4

We have also

2 4 a4
n, . 28 l 8 v
Vittm = v+ BlGs + 05 9a
v, Pv 1 P

e T Seas +512@t4a
84 4 86

B2 [ 9%

2 |02 TP oras 055 12 011047 |

B3 [ 9% N L

6 o5 TP Gass T P12 e |
N T

ht [0% L
24 | ot ot20x* 12 0t40z4 |

+ B ——— _

+ 8P ———

+ B ——

Finally,

1 n,8 [0 2 ot 1t 9%
g Vi =2V Vita| = [az*ﬁ atzaﬁﬂﬁw

v | o L
+7 [ + At 87528 920,712 oty 4} *
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Now,

o o

21 gm
1 n,B3 n,B n,B n,B
— Vil = 2V 4 VIS Vil =2Vl 4 V8,
ou 12 93u 02 v M
= B A ZY g2 LY A
ot oo gE (B - <8x4 * 8y4>

+51262 @+@ _BE 9% + 0%
ot2 \ ozt Oyt 12 | 0ttox2  Otr0y?

BT o o
1212 |ot4ox*  Ot*oyt

-3
We now examine the second equation in (4.4). Applying the same calculus as above, we

get,

128 U kal?
at2 o2 o2

0 (Au) h2 o*u  0*u 9 .9
— <8x4+8y4 —I—O(l —|—h).

It results from above that the principal part of the first equation in system 4.4 is

v = (qv— (b)) - 22

0 0%u 0% (Av)
1 _ 07U 2
‘Cu,’u (t,.’L',y) - Bl 8t2 l 8t2 l 6t2
12 (ot ot
5 (({);L%—a 4> +o0(2+1?). (4.14)

The principal part of the local error truncation due to the second equation is

12 52
S

R (0% o 2 . 9
ko + : 4.1
Al <8x4+6y4>+0(l + 1?) (4.15)

[’i,v (t,z,y) = B v — qu — K Au)

As a result, we get the following lemma.
Lemma 28 The numerical method is consistent with an order 2 in space and time.
Proof It is clear that the two operators E}W and E?w tend towards 0 as [ and h tend

to 0, which ensures the consistency of the method. Furthermore, the method is consistent

with an order 2 in time and space.
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4.4 Stability and convergence

The stability of the discrete scheme will be evaluated using Lyapunov criterion which states
that a linear system £ (2541, Zn, Tp—1,...) = 0 is stable in the sense of Lyapunov if for any
bounded initial solution xg, the solution x,, remains bounded for all n > 0. In this section
we prove precisely the following result.

Lemma 29 The solution (U™, V™) is bounded independently of n whenever the initial so-
lution (UO,VO) 18.

Proof We proceed by recurrence on n. Assume |[|(Up, Vp)|| < n for some positive 7.

The system (4.8) can be written on the form

UL —0BLs (VIH) = U 40 (1—28) La (V") +0BLa (VL) + o AF™.

(4.16)
BVt = ol (U™) + (1= 2a)T (U™) + ol (U™ Y) = (1 =28) V™ — gV—L.
The last equation gives,
BLA (V') = alal (U™) + (1 —2a) L4T(U™)
+al sl (U"fl) —(1=28)La (V") —BLA (anl) .
Substituting in the first one, we obtain
K (U™ =0 (1—2a) LaT (U") + ocalal (U™Y) + U™ + oAF™. (4.17)

Next, recall that

F| = | Ui = U )” + (U = U

Thus,
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and consequently,

2
[E™ [l < 2[]U™][3 - (4.18)

Finally, (4.17) yields that

k@] < ot~ 20 |CaD @) + ool [T (@] + 077

+o [ALF]-
Setting w = |¢| + 8J |k|, we obtain

| (U] < 8w |1 —2a] U] + [L + 8wo o] [|U™| + 20 A U™ (4.19)

We now evaluate HV”“H. Applying T" for the first equation in the system (4.16), we get

LU™Y) = ofTLa (V") +T (U™ ) +0(1—28)T(La (V™))

+0BT (L4 (V")) + oAl (F7).
By replacing in the second equation of (4.10) we obtain

B (VM) = (1-28)[oal (La (V™) — V"]
+8 [oal (La (V")) = V1]

+2al (U™™Y) + (1 = 2a) T (U™) + oaAl' (F™), (4.20)
We get from (4.20) and (4.18),

|8 (V|| < 1 —28][80 |afw + 1|V (4.21)
181 5 oo+ 1 [V ] + 2ol |07

+(1=2a)w||U| + 200w [|[U™]* .
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Now coming back to (4.4) and applying boundary conditions, we get

Ut=0U4+1p and V'=qU%+4¢ (4.22)
where,
P = —qAp+ kA% — A Vol
and
v =— (lq2 + k) Ap + AkqA2p — 12030 — Mg |Vl + NkA <|Vg0\2) )
Hence,

Jo= < ool + i@l and (v <l [l0°)] + |5 (4.23)

Now, the Lyapunov criterion for stability states exactly that

Ve>0,In>0: [|[(ULVO)||<n=|U"V")|<e, Vn>0.

For n = 1, and any ¢ given such that H(Ul,Vl)H < g, we seek an 7 > 0 for which
(@, VO <n.

By direct substitution in (4.19), for n = 0, we obtain
I (UY) || < 8wo |1 —2a] U] + [1 + 8wo ] [|U]| + 20 ||| U] -
From (4.23), we obtain

I @Y < 20U + (1 + 8w [|1 — 20| + |al]) | U7

+L(1+ 8c|a|w) ||&]l -

Observing that,

1 —2a]l+|al < (1+3]al),
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we get
1 (UY)]] < 20 [AJUO||* + 8wor (1 + 3 |a]) [|U°]| + 1 (1 + 8 |a] w) |7 -
Next choosing I = o (h4+3) small enough, we obtain
10| < 4o AU + 16wo (1 + 3 |al) ||U°]] + 21 (1 + 80 |a| w) [|B] -
Now, for € > 0, we seek 1 > 0 such that
40 |\ + 16wa (1 + 3 |al)n + 21 (1 + 8o |a|w) |7]| < &

or otherwise,

40 |\ n? + 16wo (1 +3al)n+ 21 (1 + 8 |a|w) ||| — & < 0.
The discriminant of the last inequality is

A" =64 (wo (1+3 ]04]))2 — 4o [\ (2L (1 + 8o |a|w) ||@]] —¢)-
For the same assumption on [ and h as above,

A’ ~ 64 (wo (1+3a]))® +40 A e > 0.

(4.24)

Consequently, there are two zeros 17, < 1, of the inequality above. Furthermore, replacing

n with 0 we get a negative quantity, thus n; < 0 < ny. As a result, 7, is the good candidate.

Now, choosing ||(U?, V?)|| < 1y, we get immediately ||U*|| <e.

Next, already with n = 0, we get similarly to the previous case

B (VY| < 11=28|8c|a|w+1]||VO| + 18] [[80 |alw+ 1] ||V ]

+2 o] w HUﬁlH + |1 —2a]w HUU” + 20a)\w HUOH2
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Choosing | = o (h4+s) small enough as above, and pu = 8¢ |a|w + 1, we obtain

LAY < o (V)] < it — 281 V0] + lsl (V1]

+2 |ajw HU_1H + 11— 20|w HUOH + 200w HUOH2
Next, recall that

|1 < [0+ 1@l and V| < lal 00 +¢ |3

.

we get,

BV < 20— 280 |Vl + 2181 (lal10°] + 7]

+alalw (|U°) + L1BI) + 211 — 2a]w||U°]] + 4oarw ||U°||.
Henceforth,

BI[VY| < 4oarw ||U0 + 241 — 28] ||V
+2 (gl 18] + w (2 || + 1 = 2a))) [|U?]

28] [ ]| + 4l wt 121

Now, proceeding as for U!, we prove that for all ¢ > 0, there is an 75 > 0 satisfying

IV

< € whenever H(Uo, VO)H < n4. Finally n = min (1,,745) answers the question.
Assume now that (Uk,Vk) is bounded for kK = 1,2,...,n by &1 whenever (UO,VO) is
bounded by n and let € > 0. We shall prove that it is possible to choose 7 satisfying
[(ort v <e.

Lemma 30 (Banach) Let E, F be two Banach spaces and ¢ : E — F be linear. If ¢ is

continue and bijective then ¢ is a homeomorphism.

Consider as above the endomorphism ¢ on M ;2 (R) x M (J+1)? (R) defined by

6 (X.Y) = (X —0BLa(Y),BY —algX — kLA (X)]).
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Consider also
H(X Y, ZW)=X+aBLs(Y)+0(1—-28)+0BLa(Z)+ AW

and

fo(X,Y,Z,T) = ol (X) — BY + (1 —2a) T (Z) — (1 — 28)T.

We obtain thus

¢ (UnJrl’ Vn+1) — (Un+1 _ O'ﬁﬁA (Vn+1) 7/an+1 —al (Un+1))

— (fl (Un_l, Vn_l, Vn, Fn) 7f2 (Un_l, Vn_l, Un, Vn)) .

We have already proved that ¢ is one to one for [ and h small enough. Since ¢ is linear
and continuous, then ¢ has a continuous inverse function. So, ¢ is a homeomorphism on

M,y (R) x M qy2 (R) . Furthermore
(Un—&—l’ Vn+1) — ¢—1 (fl (Un—l’vn—l’ Vn’Fn) ;f2 (Un—l’ Vn—17 Un’ Vn)) )

As ¢! is continuous, there exists C' > 0 such that

H(UTL—‘,-17v7L+1)H — H¢—1 (fl (Un—l’vn—l,vnan) 7](‘2 (Un_l,vn_l,Un,Vn))H

IN

C H (fl (Unfly anfl7 Vn’ Fn) 7f2 (Unflj anl, Un, Vn)) H .

By choosing H(Uk,Vk) H <, forall k=0,1,...n, we get
[ (U vt v || < 20 A9 + (1+ 80 (14 316]) 7.
Now, it suffices to prove that there exists n > 0 for which

(1+8 (14318 n+20\n*<e < 20|An*+(1+80(1+3]|8])n—e<0.
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The discernments is

A=(1+8 (1+3|8])*+80|Ae>0.
Hence, there are two zeros of the last equality

(1480 (1+38) - VA

— (1480 (1+3|8])) + VA
h= Ao [N ‘

4o |A|

and ny =
It is straightforward that 0 €]n;,ny[. Hence ny > 0. Now for fo we get
Hfg (U”*I,anl, U”,V")H <[|w@+3lal)+ (1+3]|5)]n.

For
13
1+3lal)+ (1+3|8])

< =
n=n3 W(

we obtain HV”HH < e. Finally, choosing 1 the minimum between 7, and ns the criterion

is proved.

Lemma 31 As the numerical scheme is consistent and stable, it is then convergent.
4.5 Numerical Implementations

We propose in this section to present some numerical examples to validate the theoretical
results developed previously. As in the previous chapter, the error between the exact
solutions and the numerical ones via an Lg discrete norm (3.37) will be estimated. Denote
u" the net function u(z,y,t") and U™ the numerical solution. We propose to compute the
discrete error (3.38) on the grid (z;,y;), 0 < 4,5 < J + 1 and to validate the convergence

rate of the proposed schemes we propose to compute the proportion

Er

C=Erw

(4.25)
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We consider the inhomogeneous problem

(

% =Av+ )\ |Vu|2 +g(z,y,t), (x,y,t) € QX (tg, +0)

v=qu—kKAu, (x,y,t) € QX (ty,+00)

g (4.26)
(uvv) (‘Tvy)tﬂ) = (90’1/}) (l‘,y), (Z‘,y) €
| V(w0)(@y,t) =0, (z,y.t) € 9Q x (to, +0)
on the rectangular domain 2 = [—1, 1] x [—1, 1], where
glz,y.t) = Ke(®)e(t)[C*(2)S*(2)C%(y) + C%(2)C* ()% (y)] (4.27)
~ [C(2)S*(2)C(y)S*(y)]] (4.28)

and the exact solution

(u,v)(z,y,t) = (e(t)CS(a:)C3(y), ),
with

4
C(x) = cos(%x) , S(z) = sin(g—x) . e(t) = Im2 0 K = 9%

In the following tables, numerical results are provided. We computed for different space
and time steps the discrete Lo-error estimates defined by (3.38). The time interval is [0, 1]
for a choice tg = 0 and T = 1. The following results are obtained for different values of the
parameters .J (and thus %), [ ((and thus N). The parameters o and 3 are fixed to a = £ and
8= % We just notice that some variations done on these latter parameters have induced
an important variation in the error estimates which explains their effect as they calibrates

the position of the approximated solution around the exact one. The parameters ¢, A and

k have the role of viscosity-type coefficients and fixed to the values k = 1, A = —27?
and ¢ = % The following tables outputs the error estimates relatively to the discrete

L?—norm defined above for different values of the space and time steps. First, we provide

estimates when the optimal condition [ = o(h***), s > 0 is fulfilled. s is fixed to 0.01 for
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the first table. Next, to control more the effect of such assumption which is due to the
presence of a second order Laplacian in the original problem, we tested the convergence
of the scheme at some orders less than the optimal power fixed to 4. The second table
provides the estimates with a slightly sub-critical power 4 — s, s > 0 small enough. Here
also s is fixed to 0.01, and finally in the third table, we tested the discrete scheme for a

strong sub-critical power.

| = 0<h4.01) [ = O(h3.99) | = 0(h3'01)

J N Er2 J N Er2 J N Er2

10 | 640 | 1,25.107® | 10| 616 | 1,35.107° |10 | 128 | 3,10.107*

12 | 1320 | 2,46.1076 | 12| 1273 | 2,55.107% | 12 | 220 | 8,82.107°

14 | 2450 | 6,14.1077 | 14 | 2355 | 6,65.10~" | 14 | 350 | 2,99.107°

16 | 4183 | 1,84.1077 | 16 | 4012 | 2,00.10~" | 16 | 523 | 1,17.107°

18 | 6707 | 6,38.1078 | 18 | 6419 | 6,96.107% | 18 | 746 | 9,59.1076

20 | 10233 | 2,46.1078 | 20 | 7973 | 4,06.10~% | 20 | 1024 | 2,45.10°6

22 | 14997 | 1,04.1078 | 22 | 14295 | 1,14.107% | 22 | 1364 | 1,26.10°6

24 | 21258 | 4,76.1077 | 24 | 20228 | 5,26.107° | 24 | 1772 | 6,84.107

25 | 25039 | 3,29.107° | 25 | 23806 | 3,64.107° | 25 | 2004 | 5,14.10~7

30 | 52015 | 6,36.10719 | 30 | 49273 | 7,09.10710 | 30 | 3468 | 1,34.10° 7
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4.6 Conclusion

This chapter investigated the solution of the well-known Kuramoto-Sivashinsky equation
in two-dimensional case by applying a two-dimensional finite difference discretization. The
original equation is a 4-th order partial differential equation. Thus, in a first step it
was recasted into a system of second order partial differential equations by applying a
reduction order. Next, the continuous system of simultaneous coupled PDEs has been
transformed into an algebraic discrete system involving a generalized Lyapunov-Syslvester
type operators. Solvability, consistency, stability and convergence are then established by
applying well-known methods such as Lax-Richtmyer equivalence theorem and Lyapunov
Stability and by examining the topological properties of the obtained Lyapunov-Sylvester

type operators. The method was finally improved by developing a numerical example.
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