
.N0 d�ordre : 17/2017-C/MT

MINISTÈRE DE L�ENSEIGNEMENT SUPÉRIEUR ET DE LA

RECHERCHE SCIENTIFIQUE
UNIVERSITÉ DES SCIENCES ET DE LA TECHNOLOGIE

HOUARI BOUMEDIENNE
FACULTÉ DESMATHÉMATIQUES

THESE

Présenté pour l�obtention du diplôme de Doctorat 3e cycle (LMD)

En MATHEMATIQUES

Spécialité : Mathématiques et Applications

Par

Abdelhamid Bezia

Sujet

Opérateurs de Sylvester�Lyapunov pour la résolution de quelques EDP non linéaires

en dimension supérieure

Soutenu publiquement, le 14/05/2017, devant le jury composé de :

Mr. REZAOUI Med-Salem Maître de Conférences A, à l�U.S.T.H.B. Président.

Mr. BETINA Kamel Professeur, à l�U.S.T.H.B. Directeur de thèse.

Mr. BENAISSA Abbes Professeur, à l�U.D.L Examinateur.

Mr. BERKANE Djamel Maître de Conférences A, à l�U.S.D.B Examinateur.

Mr. BEHLOUL Djilali Professeur, à l�U.S.T.H.B. Examinateur



University of Sciences and Technology Houari Boumediene

Faculty of Mathematics

Dissertation

Opérateurs de Sylvester Lyapunov pour la résolution de quelques EDP

non linéaires en dimension supérieure

by

Abdelhamid Bezia

Master

Submitted in partial ful�llment of the

requirements for the degree of

Doctor of Mathematics

2017



c
 Copyright by
Abdelhamid Bezia
2017



Approved by

First Reader

Rezaoui Mohamed Salem
M.C.A, University of Sciences and Technology H. Boumediene

Second Reader

Betina Kamel, Advisor
Professor, University of Sciences and Technology H. Boumediene

Third Reader

Benaissa Abbes
Professor, Bel-Abbes University

Fourth Reader

BERKANE Djamel
M.C.A, Blida University

Fifth Reader

BEHLOUL Djilali
Professor, University of Sciences and Technology H. Boumediene



Acknowledgments

I am most grateful and indebted to my advisor Pr. Kamel Betina. Without his guidance

and help, I would not have completed this thesis.

I thank Dr. Anouar Ben Mabrouk who brought me into the �eld of computational

methods, shared many valuable ideas with me, and taught me how to pursue perfection in

my research.

I want to thank Pr Djilali Behloul for his wonderful lectures and his proofreading of

my paper, and for the continuous support and encouragement throughout this thesis.

I am very thankful to every one of the members of my advisory committee.

I thank my teachers for all the help they o¤ered during my graduate study at the

University.

Finally,I am eternally grateful to my parents, they deserve a great deal of thanks. For

their endless support and encouragement during not only this thesis but all my endeavours,

I am hugely grateful.

iv



Opérateurs de Sylvester Lyapunov pour la résolution de quelques EDP

non linéaires en dimension supérieure

(Order No. )

Abdelhamid Bezia

University of Sciences and Technology Houari Boumediene, Faculty of

Mathematics, 2017

Major Professor: Kamel Betina, Department of Algebra and Number Theroy,
University of Sciences and Technology H. Boumediene

ABSTRACT

In this thesis, we developed a numerical method leading to algebraic systems based on

generalized Lyapunov-Sylvester operators to approximate the solution of two-dimensional

(2D) time-dependent Boussineq and Kuramoto-Sivashinsky equations. It consists of an

order reduction method and a �nite di¤erence discretization which is proved to be uniquely

solvable, stable and convergent by using Lyapunov criterion and manipulating generalized

Lyapunov-Sylvester operators. Some numerical implementations are provided at the end

to con�rm the good accuracy of the presented scheme

v



Contents

1 Introduction 1

2 Lyapunov-Sylvester equations 5

2.1 A naive approach . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6

2.2 Explicit solution of AX �XB = C . . . . . . . . . . . . . . . . . . . . . . . 9

2.3 Bratels-Stewar Algorithm . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12

2.3.1 Lyapunov Equation . . . . . . . . . . . . . . . . . . . . . . . . . . . 14

2.3.2 Complexity of B-S Algorithm . . . . . . . . . . . . . . . . . . . . . . 17

2.4 Fast algorithms for the Sylvester equation AX �XBT = C . . . . . . . . . 18

2.4.1 Fast algorithms for Frobenius matrices . . . . . . . . . . . . . . . . . 21

2.4.2 The general case . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23

3 Boussinesq Equation 26

3.1 Discrete two-dimensional Boussinesq equation . . . . . . . . . . . . . . . . . 30

3.2 Solvability of the discrete problem . . . . . . . . . . . . . . . . . . . . . . . 34

3.2.1 Some facts on the convergence of solutions and associated spaces . . 37

3.3 Consistency, stability and convergence of the discrete method . . . . . . . . 39

3.4 Main steps of the algorithm applied . . . . . . . . . . . . . . . . . . . . . . 44

3.5 Numerical implementation . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46

3.5.1 A polynomial-exponential example . . . . . . . . . . . . . . . . . . . 47

3.5.2 A 2-particle interaction example . . . . . . . . . . . . . . . . . . . . 48

3.6 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50

4 Kuramoto-Sivashinsky equation 51

4.1 The numerical scheme . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53

vi



4.2 Solvability of the discrete method . . . . . . . . . . . . . . . . . . . . . . . . 57

4.3 Consistency . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59

4.4 Stability and convergence . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63

4.5 Numerical Implementations . . . . . . . . . . . . . . . . . . . . . . . . . . . 69

4.6 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 72

References 73

Curriculum Vitae 81

vii



1

Chapter 1

Introduction

In this thesis we develop a computational methods for some PDE�s using Lyapunov-

Sylvester operators. It consists to resolve such problem and prove the invertibility of

the algebraic operator yielded in the numerical scheme by appalling topological method

Instead of using classical ones such as tri-diagonal transformations. We thus aim to prove

that generalized Lyapunov-Sylvester operators can be good candidates for investigating nu-

merical solutions of PDEs in multi-dimensional spaces. The Lyapunov-Sylvester equation

have the form X
i

AiXnBi = Cn (1.1)

where Ai and Bi are appropriate matrices depending on the discretization procedure and

the problem parameters. Xn represents the numerical solution at time n and Cn is usually

depending on the past values Xk; k � n � 1 of the the solution. The equation (1:1) is

known as generalized Lyapunov-Sylvester equation. Such equations have their origin in

the work of Sylvester on classical matrices equations. In the particular case

X
i

AiXA
T
i = C (1.2)

the equation is known restrictively as Lyapunov one. Generally speaking, the equation

X
i

AiXBi = C (1.3)

is very di¢ cult to be inverted and remains an open problem in algebra. Nevertheless, some

works have been developed and proved that under suitable conditions on the coe¢ cient
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matrices, one may get a unique solution, but it�s exact computation remains hard. It

necessitates to compute eigenvalues and precisely bounds/estimates of eigenvalues or direct

inverses of big matrices which remains a complicated problem and usually inappropriate.

In (Lancaster), a native method to solve (1:3) is investigated based on Kronecker prod-

uct and equivalent matrix-vector equation. The Sylvester�s equation is transformed into a

linear equivalent one on the form Gx = c; with a matrix G obtained by tensor products

issued from the A0js and the B
0
js. However, the general case remained already complicated.

The authors have been thus restricted to special cases where the matrices Aj and Bj are

scalar polynomials based on spacial and �xed matrices A and B: Denote by � (A) the spec-

trum of A and �(B) the one of B, the spectrum �(G) may then be determined in terms

these spectra. Indeed, with the assumptions the A0js and the B
0
js; the equation (1:3) can

be written as

X
j;k

�j;kA
jXBk = C; (1.4)

where �jk are complex numbers. Hence, the tensor matrix G will be written on the form

G = � (A;B) ; where � is the 2-variables polynomial � (x; y) =
P
j;k �j;kx

iyk. Thus, G is

singular if and only if � (�; �) = 0 for some eigenvalues � and � of A and B respectively.

However, in numerical studies of PDE�s we may be confronted with matrices G where

the computation of spectral properties are not easy and necessitate enormous calculus and

sometimes, induces slow algorithms and bed convergence rates.

For given matrices A 2 Rm�m; B 2 Rn�n, and C 2 Rm�n, we consider the Sylvester

equation given by the form AX+XB = C. In the case of square matrices an other criterion

of existence of the solution of AX + XB = C was pointed out by Roth (Roth). It was

shown that the solution is unique if and only if the matrices24 A C

0 B

35 ; and

24 A 0

0 B

35 (1.5)

are similar.
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A brute force attack to obtain the the solution X is to rewrite the Sylvester equation

in standard mn�mn linear system Gex = ec using the Kronecker Product (Jameson). The
Sylvester equation can be solved by Gaussian elimination with O(m3n3) �ops. This ap-

proach dramatically increases the complexity of the computation, and also cannot preserve

the intrinsic properties of the problem in practice (Simoncini). We denote whatever the

special structure of the large linear system Gex = ec can be using only rational operation.
In numerical analysis, for solving the Sylvester equation one using the Bratels-Stewart

and the Golub-Nash-Van Loan algorithm use O(m3 + n3) �oating point operations, if one

assume that an M �M matrix can be reduced to Schur form with O(M3) operations.

More precise details are given in (Bartels) and (Gloub).

In (Kirrinni) the author describe an algorithm that computes the solution X over an

arbitrary �eld F: The complexity of the algorithm for A 2 Fm�m; B 2 Fn�n and m;n � N

is O(N� :logN) arithmetic operations in F, where � > 2 is such that M �M matrices can

be multiplied with O(M�) arithmetic operations. This algorithm is competitive in terms

of arithmetic operation with and even faster than the classical algorithms, and by useful

for generalizations for other �eld than R or C.

Algebraic Lyapunov-Slyvester equations of large dimension arise when using approxi-

mations to design controllers for systems modelled by partial di¤erential equations. The

present work lies in the whole scope of numerical studies of PDEs essentially Boussinesq

and Kuramoto-Sivashinsky equations equations. The method developed in this thesis

for the resolution of PDEs consists in replacing time and space partial derivatives by

�nite-di¤erence approximations in order to transform the continuous problem into linear

Lyapunov-Sylvester systems of the form (1:1). An order reduction method is adapted lead-

ing to a system of coupled PDEs which is transformed by the next to a discrete algebraic

one. The motivation behind the idea of applying Lyapunov operators was already evoked

in (Ben Mabrouk 1). We recall in brief that such a method leads to fast convergent and

more accurate discrete algebraic systems without going back to the use of tri-diagonal

and/or fringe-tridiagonal matrices already used when dealing with multidimensional prob-
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lems especially in discrete PDEs. For large model order direct solution methods based on

eigenvector calculation fail.

To recapitulate, the method developed here is favorable for many reasons

� The �rst motivation is the fact that it somehow does not change the geometric pre-

sentation of the problem as we propose to solve in the same two-dimensional space.

We did not project the problem on tri-diagonal representations using the Kronecker

product. Relatively to computer architecture, the process of projecting on di¤erent

spaces and next lifting to the original one may induce degradation of error estimates

and slow algorithms.

� The method developed is not just a resolution of a PDE. But, we recall that the

resolution itself is not a negligible aim. Further, it proves the e¢ ciency of algebraic

operators other than classical tri-diagonal ones.

� We proved here that even when the two systems are equivalent in the sense that they

present the same PDE, but with di¤erent forms and dimensions, such forms play a

major role in the resolution.

� The fact obtaining fast algorithms is very important in computer sciences and makes

itself a major aim in computer studies. Recall that the famous method known

in mathematical studies of accelerating algorithms in the EM one (expectation-

maximisation) which is based on more complicated theories. Here, we proved that we

may obtain more rapid algorithms by using just a suitable representation and suitable

discerete transformation of the PDE. We got faster algorithms without adding more

parameters.

The resulting methods are analysed for local truncation error and stability and we prove

that the scheme is uniquely solvable and convergent. Some numerical examples illustrating

the method described in our work are given, and proved that the proposed algorithm is

more performant and fast convergent compared to the tridiagonal one.
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Chapter 2

Lyapunov-Sylvester equations

In the present chapter, we make an attempt to provide a brief overview on the solvability

of the Lyapunov-Sylvester equations and the recently results obtained, and do not intend

to present a complete list of all the existing results. Lyapunov-Sylvester equations appears

in various branches of mathematics. They are very important in control theory and many

other branches of engineering. Matrix Sylvester equation have the form

AX �XB = C (2.1)

where X; and C are m�n-matrices, A is m�m-matrix and B is n�n-matrix over the set

of complexes numbers. Matrix equations of the type (2.1) was used for the �rst time to give

a numerical solution of certain boundary value problems in partial di¤erential equations

by W.Bickley and J. McNamee (Bickley).

If we denote by AT is the conjugate transpose, the familiar Lyapunov equation occurs in

the theory of stability is given by taking B = AT : Another form is the nonlinear matrix

equation

AX �XBT = C +XDX

called the algebraic Riccati equation, whose solutions by Newton�s method require in each

iterative step the solution of a system of two Lyapunov equations, which is equivalent to a

Sylvester equation.
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Theorem 1 For any C, a unique solution X of (2.1) exists provided that the eigenvalues

of A are distinct from the eigenvalues of B

spectrum (A) \ spectrum (B) = ?

If u is a eigenvector of A with associated eigenvalue �; and v is a eigenvector of BT

with associated eigenvalue �; which means Au = �u and BT v = �v: Then AuvT = �uvT ,

by transposition we get vTB = �vT . We multiple both side by u; to get BuvT = �uvT ;

after summation, we obtain

AuvT � uvTB = (�� �)uvT :

which means that �� � is a eigenvalue of the system (2:1) ; hence it have a solution if and

only if

�i � �j 6= 0 for all i; j: (2.2)

An other criterion developed by Roth (Roth), the latter stating that the necessary and

su¢ cient condition that the equation (2:1) where A, B, and C are with elements in a �eld

F, have a solution X with elements in F is that the matrices0@ A C

0 B

1A and

0@ A 0

0 B

1A
be similar.

Roth�s theorem has been the subject of a series of papers. It has been extended to

matrices over special rings (Guralnick), (Gustafson).

2.1 A naive approach

Given an m � n matrix A and a p � q matrix B, their Kronecker product A 
 B, also

called their matrix direct product, is an mp�nq block matrix formed by taking all possible

products between the elements of A and the matrix B. More explicitly A 
 B elements



7

de�ned by

c�� = aijbkl;

where � = p (i� 1) + k and � = q(j � 1) + l:

A
B =

0BBBBBBB@

a11B a12B � � � a1nB

a21B a22B � � � a2nB

...
...

. . .
...

am1B am2B � � � amnB

1CCCCCCCA
If A and B represent linear transformations V1 ! W1 and V2 ! W2, respectively, then

A
B represents the tensor product of the two maps, V1 
 V2 ! W1 
W2:

We denote by vec (C) operator as stacking the columns of a matrix C; If C is a n�m;

then the elements of vect (C) are c11; c21; :::; c12; :::. We �nd that the equation (2:1) written

out for the mn ukonwon x11; x21; :::; x12; :::: in terms of c11; c21; :::c12; ::: . In this case we

have �
(In 
A)�

�
BT 
 Im

��
vect (X) = vec (C) (2.3)

where In is the unit matrix of size n:

One may then solve for (2:3) by inverting the matrix
�
(In 
A)�

�
BT 
 Im

��
or solving

the linear equations.

If we proceed with a numerical method to solve a system of N equation with arithmetic

complexity of O
�
N3
�
( Gaussian elimination for instance). As thee equation (2:3) it is

a linear system N = n2; The complexity of this approach will be O
�
n6
�
: In order to

get optimal complexity, the Gaussian elimination can be performed to solve (2:3) and

faster algorithm can be used to compute the matrix
�
(In 
A)�

�
BT 
 Im

��
by exploiting

sparsity. Although these improved variants will not be computationally competitive for

large n: This approach ignores the structure of the original problem, introducing errors to

the solution process unnecessarily.

Remark 2 When A and B (2:1) in can both be reduced to diagonal form by similarity
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transformations

U�1AU =

0BBBB@
�1 0

�2
. . .

0 �n

1CCCCA
and

V �1BV =

0BBBB@
�1 0

�2
. . .

0 �n

1CCCCA
Let eX = (exij) be the solution of the system�

U�1AU
� eX � eX �V �1BV � = �U�1CV �

If we put eC = U�1CV = (ec)ij ; we get then exij = 1
�i��j

ecij ; We multiply the left side of la
last equation by U and next the right side by V �1; we get

A
�
U eXV �1�� �U eXV �1�B = C

Finally the solution of system (1:1) ; is given by X = U eXV �1:
We can also see that is this case the system (2:3) can be reduced to diagonal form

h�
V �1

�T 
 Ui [IN 
A]� ��BT �
 IM� �V T 
 U�1�

=

0BBBBBBBBBBBBBBBBB@

�1 � �1 0

�2 � �1
�3 � �1

. . .

�1 � �2
. . .

0 �M � �N

1CCCCCCCCCCCCCCCCCA
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2.2 Explicit solution of AX �XB = C

We have seen that the equation AX �XB = C has a unique solution if and only if A and

B have no common eigenvalues. So under this condition, the solution matrix X can be

explicitly expressed in various forms

Theorem 3 Let P;Q 2 C [t] ; degP = m and deg = n the annihilating polynomial of

matrices A and B respectively are P (t) = a0+a1t+:::+amt
m and Q (t) = b0+b1t+:::+bnt

n.

If X 2 Cn�n is a solution for (2:1) ; then,

Q (A)X =

nX
k=1

akCk and �XP (B) =
mX
k=1

akCk (2.4)

where (
C1 = C = AX �XB
Ck =

Pk
j=1A

k�jCBj�1 =; k 2 N�

Proof. The idea of the proof is based of the expression

AkX �XBk =
kX
j=1

Ak�j (AX �XB)Bj�1

we have

C1 = AX �XB = C

C2 = A2X �XB2 = A (AX �XB) + (AX �XB)B

= AC1 + C1B

C3 = A3X �XB3

= A
�
A2X �XB2

�
+
�
A2X �XB2

�
B �A (AX �XB)B

= AC2 + C2B �AC1B

� � �

Ck = AkX �XBk = ACk�1 + Ck�1B �ACk�2B
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According the Cayley-Hamilton theorem P (A) = 0 and Q (B) = 0. Therefore

nX
i=1

biCi =

nX
i=1

bi
�
AiX �XBi

�
= Q (A)X �XQ (B)

= Q (A)X

In the same way, we have

mX
i=1

aiCi =
mX
i=1

bi
�
AiX �XBi

�
= P (A)X �XP (B)

= �XP (B)

Corollary 4 We see that equation (2:1) has a solution if and only if Q (A) is invertible.
If in addition P (�) and Q (�) are characteristic polynomial of A and B respectively, then

P (�) = det (�I �A) = a0 + a1�+ :::+ �
m

= (�� �1) (�� �2) ::: (�� �m)

Q (�) = det (�I �B) = b0 + b1�+ :::+ bn�
n

= (�� �1) (�� �2) ::: (�� �n)

�XP (B) =
mX
k=1

akCk

X = (Q (A))�1
 

nX
k=1

akCk

!

=

 
�

mX
k=1

akCk

!
(P (B))�1
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where

Q (A) = b0 + b1A+ :::+ bnA
n

= (A� �1I) (A� �2I) + :::+ (A� �nI) (2.5)

It is well known that the determinant of a product of matrices is the product of their

determinants, as result from 2.5 we see that Q (A) is not invertible if for any i, �i is an

eigenvalue of A, and similarly P (B) is not invertible if for any i �i is an eigenvalue of B.

Therefore P (B) and Q (A) are invertible unless (2:2) hold; (i.e.,�i � �j 6= 0).

Bocher�s identities (Pipes), are useful relations for obtaining the coe¢ cients of the

characteristic polynomial, if

P (�) = �m + a1�
m�1 + :::+ am

then coe¢ cients are given by:

a1 = �tr (A) ;

a2 =
�1
2

�
a1tr (A) + tr

�
A2
��
;

a3 =
�1
3

�
a2tr (A) + a1tr

�
A2
�
+ tr

�
A3
��

:::

aM = �1
m

�
am�1tr (A) + am�2tr

�
A2
�
+ :::+ tr (Am)

�
= (�1)m det (A) :

In the case where Sylvester Equation is written on the form AX +XB = C instead of

AX �XB = C; the explicit solution can be given by

nX
k=1

(�1)k�1 bkCk =
 

nX
k=0

(�1)k bkAk
!
X

and so,

X = eQ (A)�1 " nX
k=1

(�1)k�1 bkCk

#
where eQ (A) =  nX

k=0

(�1)k bkAk
!
=

NY
i=1

(A+ �iI)
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Remark 5 One consider the Lyapunov equation

AX +XAT = C;

coe¢ cients ai and bi of characteristic polynomial coincide. In this case we can also be

express eQ (A) in terms of even or odd powers of A only
eQ (A) = 2 (�1)N Q (A)

For instance, the solution of Lypunov equation AX +XAT = C for a 2� 2 matrices is

given by

X =
1

2tr (A)

h
C + det (A)A�1C

�
A�1

�T i
: (2.6)

and for 3� 3 matrices we can express the solution as

X =
1

2 (a1a2 � a3)

h
A2C �ACAT + CAT 2 +

�
a2 � a21

�
C � a1a3A�1C

�
A�1

�T i
: (2.7)

2.3 Bratels-Stewar Algorithm

The Bartels-Stewart method is one of the most e¤ective schemes for solving the Sylvester

equation. It provided the �rst numerically stable way to systematically solve the symmetric

linear matrix equation

AX +XB = C (2.8)

Bartels-Stewart algorithm (Bartels), make direct use of the matrix-valued structure of

the Lyapunov equation, which allows numerical solution in O(m3 + n3). The main idea of

the Bartels-Stewart algorithm is to apply the Schur decomposition to transform Sylvester

equation into a triangular system which can be solved e¢ ciently by forward or backward

substitutions.

The matrix B Hessenberg form by Householder�s method, and the upper Hessenberg

matrix is in turn reduced to real Schur form by the QR algorithm. The product of the
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transformations used in the reductions is accumulated to form the matrix V . The reduction

of A to lower real Schur form is accomplished by reducing the transpose of A to upper real

Schur form and transposing back.

For the Sylvester equation AX + XB = C; The matrix A is reduced to a Shur lower

matrix A0 via an orthogonal transformation U

A0 = UTAU =

0BBBBBBBBBB@

A011 0

A021 A022
...

...
. . .

...
...

. . .

A0p1 A0p2 � � � � � � A0pp

1CCCCCCCCCCA
where each block A0ii is at most 2 � 2 matrix. In the same way B reduced to an upper

Schur form with 2� 2 submatrices B0ii via a transformation V

B0 = V TBV =

0BBBBBBBBBB@

B011 B012 � � � � � � B01q

B022 � � � � � � B02q
. . .

...
. . .

...

0 B0qq

1CCCCCCCCCCA
We put now

C 0 = UTCV =

0BBBB@
C
0
11 � � � C 01q
...

...

C 0p1 � � � C 0pq

1CCCCA
and

X 0 = UTXV =

0BBBB@
X 0
11 � � � X 0

1q

...
...

X 0
p1 � � � X 0

pq

1CCCCA
We multiply the Lyapunov equation from the right and left with UT and V respectively,
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AX +XB = C�
UTAU

� �
UTXV

�
+
�
UTXV

� �
V TBV

�
= UTCV

A0X 0 +X 0B0 = UTCV

We obtain the equivalent equation to (2:8) ;

A0X 0 +X 0B0 = C 0 (2.9)

Since the partitions of C 0 and X 0 are conformal with A0 , expanding (2:9) to get

A0kkX
0
kl +X

0
klB

0
ll = C 0kl �

k�1X
j=1

A0kjX
0
jl �

l�1X
i=1

X
0
kiB

0
il (2.10)

(k = 1; 2; :::; p; l = 1; 2; :::q)

These equations can be solved sequentially for X 0
11; X

0
21; :::; X

0
p1; X

0
12; X

0
22; ::: the solution

of (2:8) can be given by X = UX 0V T :

The solution for X
0
kl in (2:10) still requires the solution of a matrix equation of the form

(2:8). However, in this case the matrices A0kk and B
0
ll are of order at most two. Therefore

we can use the native approach (2:3) or explicit method (2:6) to solve the system.

2.3.1 Lyapunov Equation

In principle, the algorithm described for solved Sylvester equation can obviously be used to

solve the symmetric problem AX+XAT = C. However, it is possible to take advantage of

the symmetry. Recall that all real matrices have a real Schur decomposition: There exists

matrices U such that

A0 = UTAU
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where U is an orthogonal matrix and A0 2 Rn�n a block-triangular matrix and A0jj 2

Rnj�nj ; nj 2 f1; 2g ; j = 1; ::; r and
Pr
j=1 nr = n:

We multiply the Lyapunov equation from the right and left with UT and U respectively,

AX +XAT = C (2.11a)�
UTAU

� �
UTXU

�
+
�
UTXU

� �
UTATU

�
= UTCU (2.11b)

A0X 0 +X 0 �A0�T = UTCU (2.11c)

where Y = UTXU: We introduce matrices and corresponding blocks such that,

UTCU =

0@ C11 C12

C21 C22

1A ; X 0 =

0@ X 0
11 X 0

12

X 0
21 X 0

22

1A ; A0 =

0@ A011 A012

0 A022

1A ;

where X 0
22; C22 and A

0
22are at most of order 2 (the size of the last block of A

0). This

triangularized problem can now be solved with (what we call) backward substitution, simi-

lar to backward substitution in Gaussian elimination. By separating the four blocks in the

equation (2:11c), we have four equations

C11 = A011X
0
11 +A

0
12X

0
21 +X11A

0T
11 +X

0
12A

0T
12 (2.12)

C12 = A011X
0
12 +R12X

0
22 +X

0
12A

0T
22 (2.13)

C21 = A022X
0
21 +X

0
21A

0T
11 +X

0
22A

0T
12 (2.14)

C22 = A022X
0
22 +X

0
22A

0T
22 (2.15)

Due to the choice of block sizes, the last equation of size nr � nr, which can be solved

explicitly since nr it is at most 2. if nr = 1; the equation (2:15) is scalar and we obviously

have X 0
22 =

C22
2A022

and if nr = 2, we can still solve (2:15) cheaply since it is a 2�2 Lyapunov

equation. For instance, we can use the naive approach (5.4), i.e.
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vec
�
X 0
22

�
=
�
I 
A022 +A022 
 I

��1
vec (C22) :

Insert the now known matrix X 0
22 into (2:13) and transposed(2:14) yields

eC12 : = C12 �A012X 0
22 = A011X

0
12 +X

0
12A

0T
22 (2.16)

eC21 : = CT21 �A012X 0T
22 = A011X

0T
21 +X

0T
21A

0T
22 (2.17)

The equations (2:16) and (2:17) have a particular structure that can be used to directly

compute the solutions X 0
12 and X 0

21. An explicit procedure for the construction of the

solution is given by the following result.

Lemma 6 (Jarlebring) Consider two matrices C;D partitioned in blocks of size n1 �
np; n2 � np; :::; np�1 � np according to

X =

2664
X1
...

Xp�1

3775 2 RN�nr ; D =

2664
D1
...

Dp�1

3775 2 RN�np

Let Cj ; Dj 2 Rnj�np and N =
Pp�1
j=1 nj. Let W 2 Rn�n be a block triangular matrix

partitioned as X and D. For A22 2 Rnp�np ; we that if X satis�es the equation

D =WX +XAT22

then Xj ; p� 1; p� 2; :::; 1 satisfy

WjjXj +XjA
T
22 = Dj �

p�1X
i=j+1

WjiXi:

Similar to the approach we used to compute A22, Xj can expressed and computed

explicitly from a small linear system

vec (Xj) = (I 
 Tjj +A22 
 I)�1 vec
� eCj�

By solving this equation for j = p� 1; ::; 1 for both equations (2:16) and (2:17) we obtain
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solutions X12 and X21: Insertion of obtained X 0
12; X

0
21 and X

0
22 into (2:12) gives a new

Lyapunov equation of size n� np and the process can be repeated for the smaller matrix.

2.3.2 Complexity of B-S Algorithm

In numerical analysis, Schur decompositions are usually computed in two steps: �rst, A

is transformed into Hessenberg form with Householder transforms, and then QR iteration

is used to get rid of the subdiagonal. Hence, there are intermediate results that are not

computed exactly, but approximated by an iterative numerical process. This is appropriate

for numerical analysis, but it raises the question whether there is a competitive (say, O(m3+

n3)) algorithm that uses only rational operations and can hence be used for arbitrary �elds.

The key idea of the B-S algorithm is the orthogonal reduction of A and B to triangular

form using QR algorithm for eigenvalues. Since the QR algorithm is an iterative method

that, as used, reduces the subdiagonal elements of an upper Hessenberg matrix to zero,

some criterion must be adopted for determining when an element is negligible. In (Bartels)

an element of H is considered negligible if it is less than or equal to "H kHk1 where "H is

a constant supplied by the user. This criterion is appropriate if the elements of H are all

of roughly the same size. A di¤erent criterion may be required if the elements vary widely

and the small elements are signi�cant, as when the elements decrease greatly in size as

one passes from the upper left to the lower right corners of A. The QR-algorithm could

be tuned to perform well. In practice the total complexity of Bartels-Stewart algorithm is

O(n3+m3) outing point operations, if one assumes that an M �M matrix can be reduced

to Schur form with O(M3) operations.

Hessenberg�Schur method proposed by Golub�Nash�Van Loan (Gloub) requires only

one of the matrices A or B to be reduced to Schur form. The resulting method is between

30 and 70 faster than B-S Algorithm (Bartels) depending upon the dimension of A and

B. Precise bounds are given in (Gloub). The LAPACK (Anderson) algorithms for the

Sylvester equation also require both the matrices A and B to be reduced to Schur form.

A detailed study on Bartels-Stewart algorithm for Sylvester equations was done in
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(Sorensen) authors give the complexity of di¤erent algorithm and revisited the Bartels-

Stewart algorithm for Sylvester equations. The schemes constructed are much more e¢ cient

compared to the Matlab Sylvester and Lyapunov solver lyap.m

For the backward stability analysis of Bartels-Stewart algorithm, we refer to (Higham

1) and (Higham 2), page, 313. For backward error analysis can refer to (Ghavimi).

2.4 Fast algorithms for the Sylvester equation AX �XBT = C

In (Kirrinni) consider the Sylvester equation oven an arbitrary �eld F; The autor proposed

an e¢ cient algorithm to solve the sylvister equation AX�XBT = C. IfM�M matrices can

be multiplied with O
�
M�

�
arithmetic operations then the algorithm computes the solution

X 2 Fm�n for m;n � N , with O
�
N�: logN

�
arithmetic operations in F. According to the

best complexity bound currently known (Coppersmith) we can choose � < 2:367; for any

�eld F. The idea of the algorithm is to transform the coe¢ cient matrices A and B to a

Frobenius form for which the Sylvester equation can be solved easily.

Through this section F denotes a �eld, We suppose that M �M matrices over F can

be multiplied with O
�
M�

�
with � > 2 . If M �M matrices can be inverted O

�
M�

�
operations, then O

�
M�

�
is also an upper bound for the complexity of M � M matrix

multiplication.

In this section we summarize the results of work done by (Kirrinni). We consider the

equation

AX �XBT = C (2.18)

(A 2 Fm�m; B 2 Fn�n; C;X 2 Fm�n)

Let U 2 GLm and V 2 GLn and de�ne A0 = U�1AU and B0 = V �1BV: Then

Y 2 Fm�n solve the equation A0Y � Y (B0)T = U�1C
�
V �1

�T if and only if X = UY V T

solves AX �XBT = C:

The characteristic polynomial of the matrix U 2 Fk�k is denoted by �U (z) = det (z:Ik � U).

First we show that if B = (bi;j) is an upper Hessnberg matrix (i.e., bi;j = 0 for all

i > j + 1) with all subdiagonal entries bi+1;i equal to 1, then the last column xn for the
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solution X ful�lls the linear equation �B (A)xn = d, where d 2 Fm can be computed from

A;B and C: One xn is known, the other columns of X can be computed form (Kronecker)

by backward substitution.

If B is a companion of Frobenius matrix, i.e.

B =

0BBBBBBBBBB@

0 0 � � � 0 �b0

1 0 � � � 0 �b1

0 1 � � � 0 �b2
...
...
. . .

...
...

0 0 � � � 1 �bn�1

1CCCCCCCCCCA
then the characteristic polynomial of B is �B (z) = zn+bn�1zn�1+:::+b1z+b0. If A is also

a Frobenius matrix, then the equation �B (A)xn = d can be translated into a polynomial

equation than can be solved by polynomial gcd computation. Moreover, b can be computed

e¢ ciently and the backward substitution for the other columns of X can be performed fast

due to the sparsity of A and B

For Frobenius matrices A 2 Fn�m and B 2 Fn�n with disjoint spectra, the Sylvester

equation AX �XBT = C can be solved with O(m�n) operations

Let B = (bi;j) 2 Rn�n. For 1 � i; j � n, and let Y = (yi;j)1�i;j�n be the adjoint matrix

of B: the element yi;j = (�1)i+j :detB < i; j >. where the matrix obtained by deleting

the ith row and jth column of B is denoted by B < i; j >2 R(n�1)�(n�1): It well known

form linear Algebra that Y:B = B:Y = detB:In:

Lemma 7 If B is a upper Hessenberg with all subdiagonal elements equal to �1. Let Bk =
(bi;j)1�i;j�k. Then the entries of the last row the adjoint Y are yn;1 = 1 and yn;k = detBk�1
for k > 1:

The matrix B < k; n > has the form0@ Bk�1 C

0 D

1A
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where D is an upper triangular (n� k)� (n� k) matrix with all diagonal elements equal

to 1 and so detD = (�1)n�k : Hence

yn;k = (�1)k+n :detB < k; n >= (�1)k+1 :detBk�1:detD = detBk�1

If we apply this result to R = F [z] and zIn � B in place of B we get the following

corollary

Corollary 8 Let B 2 Fn�n be upper Hessenberg with all subdiagonal elements equal to 1.
Then the last row of the adjoint Y (z) of zIn �B is

�
1:�B1 (z) ; �B2 (z) ; :::; �Bn (z)

�
: (2.19)

Lemma 9 Let B be upper Hessenberg with all subdiagonal elements equal to 1. Let A 2
Fm�m; C 2 Fm�n with columns c1; c2; ::; cn and let X 2 Fm�n be a solution to the Sylvester
equation AX �XBT = C: The the last column xn of X ful�ls

�B (A) :xn =
n�1X
k=0

�Bk (A) :ck+1;

where �B0 (z) = 1:

Proof. Let Y (z) 2 F [z]n�n be the adjoint of zIn �B: Then

Y (z) : (zIn �B) = �B (z) :In

The last row of Y (z) is given by (2:19) :and

(Y 
 Im) : (In 
A�B 
 Im) = In 
 �B (A)

(Y 
 Im) :vec (c) = In 
 �B (A) :vec (X)

This is an equation in (Fm)n : On the right hand side, the vector of the last m entries is d

because of (2:19), and on the left hand side it �B (A) :xn

Note that �B(A) is nonsingular (and hence xn is uniquely determined) if and only if A

and B have no eigenvalues in common. In any case, the other columns x1; :::; xn�1 of X
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are determined by xn and can be computed by backward substitution

Lemma 10 Let A;B;C;X be as in . Then the �rst n � 1 columns x1; :::; xn�1 of X are

given recursively by

xk�1 = Axk � bkxk � bk;k+1xk+1 � :::� bk;nxn � ck for n � k � 2:

2.4.1 Fast algorithms for Frobenius matrices

If A is a Frobenius matrix, then computing q(A) for a polynomial q can be reduced to

polynomial multiplication and division, and linear equations of the form q(A)x = d can be

solved by polynomial gcd algorithms.

Let shows in this section how to exploit relations of this type to solve the Sylvester

equation for Frobenius matrices A and B e¢ ciently.

Let us �rst recall some results about polynomial arithmetic. Let � : N!R be such

that univariate polynomials of degree � n with coe¢ cients in F can be multiplied with

O(� (n)) arithmetic operations in F. Then we may take �(n) = n log n if F supports Fast

Fourier Transforms and �(n) = n log n � log log n for arbitrary F.

Polynomial division is speci�ed as follows: For given f; g 2 F [z] with deg f = n � m =

deg g, we want to compute the quotient q and remainder r 2 F [z] determined (uniquely) by

f = qg+r and deg r < m. With the usual school algorithm, q and r can be computed with

O(m n) operations in F. For asymptotically fast algorithms, the bound O(�(n�m)+�(m))

is stated in (Burgisser), Corollary (2.26). With the school method for �blocks� of O(m)

coe¢ cients, which are then processed with asymptotically fast techniques, polynomial

division can be performed with O((n=m)�(m)) operations.

The greatest common divisor d of two polynomials f; g 2 F [z] with deg f � n and

deg g � n can be computed with O(�(n)� logn) arithmetic operations. Corresponding

cofactors, i.e., polynomials u; v 2 F [z] with u f + vg = d and deg(du) < deg g and

deg(d� v) < deg f , can be computed within the same time bound. This follows from

(Burgisser) Corollary (3.14).

The algorithm for the Sylvester equation with Frobenius (companion) matrices A and
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B is based on the fact that if A is a Frobenius matrix and q is a polynomial, then the

equation q(A)y = d can be written in terms of polynomial arithmetic.

Lemma 11 Let A 2 Fm�m be a Frobenius matrix. Let q 2 F [z], and let y = (y0; y1; :::; ym�1)T

and d = (d0; d1; :::; dm�1)
T 2 Fm: Let py (z) = y0 + y1z + ::: + ym�1zm�1 and pd (z) =

d0 + d1z + :::+ dm�1zm�1: Then q (A) :y = d if and only if q:py = pdmod�A:

Lemma 12 Let B be a Frobenius matrix. Let A 2 Fm�m; C 2 Fm�n with columns

c1; c2; ::; cn and let X 2 Fm�n be a solution to the Sylvester equation AX�XBT = C: The

the last column xn of X ful�ls

�B (A) :xn =
n�1X
k=0

Ak:ck+1;

Proof. If B is a Frobenius matrix, then �Bk (z) = zk for 0 � k � n� 1:

Lemma 13 d =
Pn�1
k=0 A

k:ck+1 can be computed with O(mn) arithmetic operations.

Multiplication of a vector with A can be done with 2m� 1 operations. The vector d =Pn�1
k=0 A

k:ck+1 can be computed via Horner�s rule with n � 1 multiplications of Awith a

vector and n� 1additions in Fm.

Lemma 14 Let A 2 Fm�m and B 2 Fn�n be Frobenius matrices with disjoint spectra
and C 2 Fm�n. Then the last column xn of the solution X of Sylvester Equation can be

computed with O (mn+ � (m) : logm) arithmetic operations.

Theorem 15 (Kirrinni) Let A 2 Fm�m and B 2 Fn�n be Frobenius matrices with disjoint
spectra and C 2 Fm�n. Then the solution X of Sylvester Equation can be computed with

O(mn) arithmetic operations.

For the case of generic matrices A and B (i.e., the entries of A and B are indetermi-

nates), the problem can be reduced to the Frobenius case by similarity transforms, using

Keller-Gehrig�s algorithm for computing the characteristic polynomial. The algorithm ex-

ploits fast matrix multiplication.

Lemma 16 Let A 2 Fn�n and � 2 Fnn f0g. If the matrix U = U (A) =
�
�;A�;A2�; :::; An�1�

�
is nonsingular; then U�1AU is a Frobenius matrix. If the entries of A are algebraically

independent over a sub�eld F0 of F and � 2 Fn0n f0g; then U(A) is nonsingular.
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If the entries of A are algebraically independent; then the matrix U in can be com-

puted A simple algorithm described by Keller-Gehrig (Keller), Section 3 with O(n log n)

operations.

The inverse of a nonsingular n�n matrix can be computed with O(n�) operations, see

(Strassen) or (Burgisser), Section 16.4.

matrices U 2 GLm and V 2 GLn such that A = U�1AU and B = V �1BV are

Frobenius matrices can be computed with O(N�logN) operations. The matrix C =

U�1C(V �1)T can be computed with O(N�) operations. The solution Y of the equation

A0Y � Y (B0)T = C 0 can be computed with O(mn) � O(N�) operations, and the solution

X = UY V T of AX �XBT = C can then be computed from Y with O(N�) operations.

2.4.2 The general case

We consider a matrix A 2 Fn�n semicyclic, i.e. upper block triangular, with Frobenius

matrices F1; ::;Fl on the block diagonal. Any semicyclic matrix A 2 Fn�n can be partitioned

as

n1

n0

n2

0BBBB@
A1 � �

A0 �

0 A2

1CCCCA
where A1 2 Fn1�n1 and A2 2 Fn2�n2 are semicyclic, A0 2 Fn0�n0 is a Frobenius matrix,

n = n1 + n2 + n0; and n1; n2 � n=2:

The crucial step in Keller-Gehrig�s algorithm for computing the characteristic polyno-

mial of a matrix A (not necessarily generic) is to transform A into a semicyclic matrix.

For A 2 Fn�n; a nonsingular matrix U such that U�1AU is semicyclic can be computed

with O(n� log n) arithmetic operations. An algorithm for this task is described in (Keller),

Section 5 and (Burgisser), Section 16.6.

The divide and conquer algorithm for the Sylvester equation uses the following simple

complexity result for rectangular matrix multiplication: For m � n, the product of an

m�m matrix A with an m� n matrix B can be computed with O(m��1n) operations.
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Lemma 17 (Kirrinni) Let A;B be semicyclic; one of them a Frobenius matrix; and m;n �
N . Then X can be computed with O(N�) arithmetic operations.

Proof. We prove that if we suppose that A be semicyclic; B be a Frobenius matrix then,

X can be computed with O(m��1n) arithmetic operations in the case where m � n. and

with O(m�) arithmetic operations. if m � n:

First case, If A is not a Frobenius matrix, then we partition A according and partition the

rows of X and C accordingly. Then the Sylvester equation reads0BBBB@
A1 U1 U2

0 A0 U3

0 0 A2

1CCCCA
0BBBB@

X1

X0

X2

1CCCCA�
0BBBB@

X1

X0

X2

1CCCCABT =

0BBBB@
C1

C0

C2

1CCCCA
or equivalently

A2X2 �X2BT = C2; (2.20)

A0X0 �X0BT = C0 � U3X2; (2.21)

A1X1 �X1BT = C1 � U1X0 � U2X2 (2.22)

Let T (M;N) denote a time bound for solving the Sylvester equation for the special case

speci�ed in the lemma with m � M and n � N . Then X2 can be computed in time

T (M=2; N). The right hand side of (2:21) and (2:22) can be computed in time O
�
M��1N

�
.

The solution X0 can be computed with O (M:N) operations and X1 can then computed

from (2:22) in time T (M=2; N) : This shows that T (M;N) ful�ls the recursive estimate.

T (M;N) � 2:T (M=2; N) +O
�
M��1N

�
; T (1; N) � O (N) ;

which implies the assertion of the lemma.

Secendely, if m � n:; we reduce to smaller cases by partitioning A as in the �rst case.

The time for computing the r.h.s. of (2:21) and (2:22) is bounded by O(M�). (We do not

exploit the fact that the matrix multiplications involved here can be computed cheaper if
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n is small compared with m. The recursive estimate is as follows:

T (M;N) � 2:T (M=2; N) +O
�
M�

�
; T (N;N) � O

�
N�
�
;

This implies that T (M;N) = O
�
M�

�
:

Lemma 18 Let A; B be and m;n � N . Then X can be computed with O
�
N�
�
arithmetic

operations.

Theorem 19 (Kirrinni) Let A 2 Fm�m and B 2 Fn�n with disjoint spectra; let C 2 Fm�n;
and let m;n � N . Then the unique solution X of the Sylvester equation AX �XBT = C

can be computed with O
�
N� logN

�
arithmetic operations.

Proof. Compute nonsingular matrices U 2 Fm�m and V 2 F n�n such that A = U�1AU

and B = V �1BV are semicyclic. U and V can be computed with O(N� logN) operations,

and A and B can then be computed with O(N) operations. The matrices A and B have

disjoint spectra, and the (unique) solution Y 2 F m�n of AY �Y BT = U�1C(V �1)T can

be computed according to Lemma 18 with O(N�) operations. The solution X = UY V T of

the original equation AX �XBT = C can now be computed with O(N�) operations.
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Chapter 3

Boussinesq Equation

In this chapter we use Lyapunov-Sylvester algebraic operators to approximate the solutions

of Boussinesq equation in higher dimensions without adapting classical developments based

on separation of variables, radial solutions, etc. The crucial idea is to prove that simple

methods of discretization of PDEs such as �nite di¤erence, �nite volumes, can be trans-

formed into well adapted algebraic systems such as Lyapunov-Sylvester ones leading to

best algorithms when regarded for convergence rates, time execution and error estimates.

In this work, fortunately, we are confronted with more complicated but fascinating forms

to prove the invertibility of the algebraic operator appearing in the numerical scheme.

Instead of using classical methods such as tri-diagonal transformations we applied a topo-

logical method to prove the invertibility. This is good as it did not necessitate to compute

eigenvalues and precisely bounds/estimates of eigenvalues or direct inverses which remains

a complicated problem in general linear algebra and especially for generalized Lyapunov-

Sylvester operators. Recall that even though, bounds/estimates of eigenvalues can already

be e¢ cient in studying stability. Recall also that block tri-diagonal systems for classical

methods can be already used here also and can be solved for example using iterative tech-

niques, or highly structured bandwidth solvers, Kronecker-product techniques, etc. These

methods have been subjects of more general discretization. See (ElMikkawy 1; ElMikkawy

2; ElMikkawy 3; ELMikkawy 3; ELMikkawy 5; Jia) for a review on tri-diagonal and block

tri-diagonal systems, their advantages as well as their disadvantages.

This work has many folds. One principal aim is to apply non tri-diagonal type algebraic

methods to investigates numerical solutions for PDEs in multi-dimensional spaces. We aim

to prove that Lyapunov-Sylvester operators can be good candidates for such aim and that



27

they may give best solvers compared to tri-diagonal and/or block tri-diagonal ones. Recall

that the later methods are unadvised because of many reasons. First they are costing

methods from both the machine memory and time. In higher dimensions, they secondly

need to transform the original problem into an external space of projection and thus solve

an associated problem in the new space and next to left to the original one. These facts

may induce as previously time and accuracy losing.

This chapter is devoted to the development of a numerical method based on two-

dimensional �nite di¤erence scheme to approximate the solution of the nonlinear Boussinesq

equation in R2 written in the form

utt = �u+ quxxxx + (u
2)xx; ((x; y); t) 2 
� (t0;+1) (3.1)

with initial conditions

u(x; y; t0) = u0(x; y) and
@u

@t
(x; y; t0) = '(x; y); (x; y) 2 
 (3.2)

and boundary conditions

@u

@�
(x; y; t) = 0; ((x; y); t) 2 @
� (t0;+1): (3.3)

To reduce the derivation order, we set

v = quxx + u
2: (3.4)

We have to solve the system

utt = �u+ vxx; (x; y; t) 2 
� (t0;+1)

v = quxx + u
2; (x; y; t) 2 
� (t0;+1)

(u; v)(x; y; t0) = (u0; v0)(x; y); (x; y) 2 

@u

@t
(x; y; t0) = '(x; y); (x; y) 2 


@

@�
(u; v)(x; y; t) = 0; (x; y; t) 2 @
� (t0;+1)

(3.5)
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on a rectangular domain 
 =]L0; L1[�]L0; L1[ in R2. t0 � 0 is a real parameter �xed as the

initial time, utt is the second order partial derivative in time, � = @2

@x2
+ @2

@y2
is the Laplace

operator in R2, q is a real constant, uxx and uxxxx are respectively the second order and

the fourth order partial derivative according to x. @
@� is the outward normal derivative

operator along the boundary @
. Finally, u, u0 and ' are real valued functions with u0

and ' are C2 on 
. u (and consequently v) is the unknown candidates supposed to be C4

on 
.

Several papers have been devoted to the study of existence and uniqueness of solutions

of problem (3.1) and sometimes exact solutions are developed such as solitary, stationary,

time-independent, one-dimensional ones. For example, in the case of a one-direction viscous

�uid we may seek solutions of the form u(x; y; t) = � (x). In this case, the problem is

transformed into a one variable ordinary di¤erential equation

q 002(x) = ax+ b;

for some constants a and b depending on the initial-boundary conditions. Therefore, the

existence and uniqueness problems are overcame using the well-known theory of ODEs. For

more details on these facts, we may refer to (Bao-Dan; Bratsos; Diaz 1; Diaz 2; Jafarizadeh;

Kano; Kaya; Liu; Parlange; Song; Varlamov; Wazwaz; Yi1; Yi2).

The Boussinesq equation has a wide reputation in both theoretic and applied �elds. It

governs the �ow of ground water, heat conduction, natural convection in thermodynamics

for both volume and �uids in porous media, traveling-waves solutions, self-similar solutions,

scattering method, mono and multi dimensional versions, reduction of multi dimensional

equations with respect to algebras, etc. In (Dehghan 1), several �nite di¤erence schemes

such as three fully implicit �nite di¤erence schemes, two fully explicit ones, an alternating

direction implicit procedure and the Barakat and Clark type explicit formula are discussed

and applied to solve a two-dimensional case. In (Dehghan 2), the solution of a generalized

Boussinesq equation has been developed by means of the homeotypic perturbation method.

It consisted in a technique method that avoids the discretization, linearization, or small
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perturbations of the equation and thus reduces the numerical computations. Next, (De-

hghan 3), a boundary-only meshfree method has been applied to approximate the numerical

solution of the classical Boussinesq equation in one dimension. In (Shokri), a collocation

and approximation of the numerical solution of the improved Boussinesq equation is ob-

tained based on radial bases. A predictor-corrector scheme is provided and the Not-a-Knot

method is used to improve the accuracy in the boundary. For this reason, many studies

have been developed discussing the solvability of such equations. In (Diaz 1), a Boussinesq

system of hydrodynamics equations arising in a coupling between Navier Stokes equations

and thermodynamic ones in the presence of density gradients and where thermodynamical

coe¢ cients such as viscosity, speci�c heat and thermal conductivity are not assumed to be

constants and thus leading to a coupled system of quasi-parabolic equations. The authors

studied the existence and uniqueness of weak solutions. In this model there are two par-

adigmatic situations as stated by the authors and related to the fast and the slow heat

di¤usion. In theoretical mathematical study of such systems, this may correspond to the

singular or degenerate character of the heat equation which occur according to the relative

behavior of the speci�c heat of the �uid and its thermal conductivity. By assuming local

Hölder approximations the behavior of the solution is studied near the origin. In (Diaz 2),

local strong solutions for a parabolic system based on Boussinesq equation are studied for

buoyancy-driven �ow with viscous heating. A modi�cation of the classical Navier-Stokes-

Boussinesq system motivated by unresolved issues regarding the global solvability of the

classical system in situations where viscous heating cannot be neglected is developed. The

authors applied a simple model to obtain a coupled system of two parabolic equations

where a source term involving the square of the gradient of one of the unknowns appears.

Local existence and uniqueness in time of strong solutions for the model problem are es-

tablished. See for instance (Bao-Dan; Ben Mabrouk 1; Bratsos; Clarkson; Diaz 1; Diaz 2;

Jafarizadeh; Kano; Kaya; Lai; Liu; Parlange; Song; Varlamov; Wazwaz; Yi1; Yi2) and the

references therein for backgrounds on theses facts.
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In the organization of this chapter, the next section is concerned with the introduction

of the �nite di¤erence scheme. Section 3 is devoted to the discretization of the continuous

reduced system obtained from (3.1)-(3.3) by the order reduction method. Section 4 deals

with the solvability of the discrete Lyapunov equation obtained from the discretization

method. In section 5, the consistency of the method is shown and next, the stability

and convergence of are proved based on Lyapunov criterion. Finally, some numerical

implementation is provided in section 6 leading to the computation of the numerical solution

and error estimates.

3.1 Discrete two-dimensional Boussinesq equation

Consider the domain 
 =]L0; L1[�]L0; L1[� R2 and an integer J 2 N�. Denote h = L1�L0
J

for the space step, xj = L0 + jh and ym = L0 +mh for all (j;m) 2 I2 = f0; 1; : : : ; Jg2.

Let l = �t be the time step and tn = t0 + nl, n 2 N for the discrete time grid. For

(j;m) 2 I and n � 0, unj;m will be the net function u(xj ; ym; tn) and Unj;m the numerical

solution. The following discrete approximations will be applied for the di¤erent di¤erential

operators involved in the problem. For time derivatives, we set as discrete initial condition

U0 = U�1 + l'

and for n � 1,

ut  
Un+1j;m � Un�1j;m

2l
and utt  

Un+1j;m � 2Unj;m + Un�1j;m

l2

and for space derivatives, we shall use

ux  (Ux)j;m =
Unj+1;m � Unj�1;m

2h
and uy  (Uy)j;m =

Unj;m+1 � Unj;m�1
2h
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for �rst order derivatives, and

uxx  (Uxx)j;m =
Un;�j+1;m � 2U

n;�
j;m + U

n;�
j�1;m

h2
;

uyy  (Uyy)j;m =
Un;�j;m+1 � 2U

n;�
j;m + U

n;�
j;m�1

h2

for second order ones, where for n 2 N� and � 2 R,

un;� = �Un+1 + (1� 2�)Un + �Un�1:

Finally, we denote � = l2

h2
and � = q

h2
.

For (j;m) 2 �I2 an interior point of the grid I2, (�I = f1; 2; : : : ; J � 1g), and n � 1, the

following discrete equation is deduced from the �rst equation in the system (3.5).

Un+1j;m � 2Unj;m + Un�1j;m

= ��(Un+1j�1;m � 4U
n+1
j;m + Un+1j+1;m + U

n+1
j;m�1 + U

n+1
j;m+1)

+ �(1� 2�)(Unj�1;m � 4Unj;m + Unj+1;m + Unj;m�1 + Unj;m+1)

+ ��(Un�1j�1;m � 4U
n�1
j;m + Un�1j+1;m + U

n�1
j;m�1 + U

n�1
j;m+1)

+ ��(V n+1j�1;m � 2V
n+1
j;m + V n+1j+1;m)

+ �(1� 2�)(V nj�1;m � 2V nj;m + V nj+1;m)

+ ��(V n�1j�1;m � 2V
n�1
j;m + V n�1j+1;m):

(3.6)

Similarly, the following discrete equation is obtained from equation (3.4).

V n+1j;m + V n�1j;m = 2��(Un+1j�1;m � 2U
n+1
j;m + Un+1j+1;m)

+ 2�(1� 2�)(Unj�1;m � 2Unj;m + Unj+1;m)

+ 2��(Un�1j�1;m � 2U
n�1
j;m + Un�1j+1;m) + 2

\F (Unj;m)

(3.7)

where

F (u) = u2; Fn = F (un) and cFn = Fn�1 + Fn

2
:
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The discrete boundary conditions are written for n � 0 as

Un1;m = Un�1;m and UnJ�1;m = UnJ+1;m; (3.8)

Unj;1 = Unj;�1 and Unj;J�1 = Unj;J+1: (3.9)

The parameter q is related to the equation and has the role of a viscosity-type coe¢ cient and

thus it is related to the physical domain of the model. The barycenter parameter � is used to

calibrates the position of the approximated solution around the exact one. Of course, these

parameters a¤ect surely the numerical solution as well as the error estimates. This fact

will be recalled later in the numerical implementations part. In a future work in progress

now, we are developing results on numerical solutions of 2D Schrödinger equation on the

error estimates as a function on the barycenter calibrations by using variable coe¢ cients

�n instead of constant �. The use of these calibrations permits the use of implicit/explicit

schemes by using suitable values. For example for � = 1
2 , the barycenter estimation

V n;� = �V n+1 + (1� 2�)V n + �V n�1 = V n+1 + V n�1

2

which is an implicit estimation that guarantees an error of order 2 in time.

As motioned in the introduction, the main idea consists in applying Lyapunov-Sylvester

operators to approximate the solution of the continuous problem (3.1)-(3.3) or its discrete

equivalent system (3.6)-(3.9). Denote

a1 =
1

2
+ 2��; a2 = ���;

b1 = 1� 2(1� 2�)�; b2 = (1� 2�)�;

c1 = (1� 2�)� and c2 = ��:
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Equation (3.6) becomes

a2U
n+1
j�1;m + a1U

n+1
j;m + a2U

n+1
j+1;m + a2U

n+1
j;m�1 + a1U

n+1
j;m + a2U

n+1
j;m+1

+ a2(V
n+1
j�1;m � 2V

n+1
j;m + V n+1j+1;m)

= b2U
n
j�1;m + b1U

n
j;m + b2U

n
j+1;m + b2U

n
j;m�1 + b1U

n
j;m + b2U

n
j;m+1

� a2Un�1j�1;m � a1U
n�1
j;m � a2Un�1j+1;m � a2U

n�1
j;m�1 � a1U

n�1
j;m � a2Un�1j;m+1

+ b2(V
n
j�1;m � 2V nj;m + V nj+1;m)� a2(V n�1j�1;m � 2V

n�1
j;m + V n�1j+1;m):

(3.10)

Equation (3.7) becomes

V n+1j;m � 2c2(Un+1j�1;m � 2U
n+1
j;m + Un+1j+1;m)

= 2c1(U
n
j�1;m � 2Unj;m + Unj+1;m)

+ 2c2(U
n�1
j�1;m � 2U

n�1
j;m + Un�1j+1;m)� V

n�1
j;m + 2 \F (Unj;m):

(3.11)

Denote

A =

0BBBBBBBBBBBBBB@

a1 2a2 0 : : : : : : 0

a2 a1 a2
. . . . . .

...

0
. . . . . . . . . . . .

...
...

. . . . . . . . . . . . 0

...
. . . . . . a2 a1 a2

0 : : : : : : 0 2a2 a1

1CCCCCCCCCCCCCCA
; B =

0BBBBBBBBBBBBBB@

b1 2b2 0 : : : : : : 0

b2 b1 b2
. . . . . .

...

0
. . . . . . . . . . . .

...
...

. . . . . . . . . . . . 0

...
. . . . . . b2 b1 b2

0 : : : : : : 0 2b2 b1

1CCCCCCCCCCCCCCA
;

R =

0BBBBBBBBBBBBBB@

�2 2 0 : : : : : : 0

1 �2 1
. . . . . .

...

0
. . . . . . . . . . . .

...
...

. . . . . . . . . . . . 0

...
. . . . . . 1 �2 1

0 : : : : : : 0 2 �2

1CCCCCCCCCCCCCCA
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The system (3.10)-(3.11) can be written on the matrix form

LA(Un+1) + a2RV n+1 = LB(Un)� LA(Un�1) +R(b2V n � a2V n�1);

V n+1 � 2c2RUn+1 = 2R(c1Un + c2Un�1)� V n�1 + 2cFn (3.12)

for all n � 1 where

Un = (Unj;m)0�j;m�J ; V n = (V nj;m)0�j;m�J ; Fn = (F (Unj;m))0�j;m�J

and for a matrix Q 2M(J+1)2(R), LQ is the Lyapunov operator de�ned by

LQ(X) = QX +XQT ; 8X 2M(J+1)2(R):

Remark that V is obtained from the auxiliary function v that is applied to reduce the order

of the original PDEs in u. This reduction yielded the Lyapunov-Sylvester system (3.12)

above. A natural question that can be raised here turns around the ordering of U and V .

So, we stress the fact that no essential idea is �xed at advance but, this is strongly related

to the system obtained. For example, in (3.12) above, it is easy to substitute the second

equation into the �rst to omit the unknown matrix V n+1 from the �rst equation. But in

the contrary, it is not easier to do the same for Un+1, due to the di¢ culty to substitute it

from LA(Un+1). It is also not guaranteed that the part a2RV n+1 in the �rst equation is

invertible to substitute V n+1. So, it is essentially the �nal system that shows the ordering

in U and V .

3.2 Solvability of the discrete problem

In (Ben Mabrouk 1), the authors have transformed the Lyapunov operator obtained from

the discretization method into a standard linear operator acting on one column vector by

juxtaposing the columns of the matrix X horizontally which leads to an equivalent linear

operator characterized by a fringe-tridiagonal matrix. We used standard computation to

prove the invertibility of such an operator. Here. we do not apply the same computations

as in (Ben Mabrouk 1), but we develop di¤erent arguments.
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The �rst main result is stated as follows.

Theorem 20 System (3.12) is uniquely solvable whenever U0 and U1 are known.

Proof. It reposes on the inverse of Lyapunov operators. Consider the endomorphism �

de�ned on M(J+1)2(R) �M(J+1)2(R) by �(X;Y ) = (AX + XAT + a2RY;
1
2Y � c2RX).

To prove Theorem 20, it su¢ ces to show that ker� is reduced to 0. Indeed,

�(X;Y ) = 0() (AX +XAT + a2RY;
1

2
Y � c2RX) = (0; 0)

or equivalently,

Y = 2c2RX and (A+ 2a2c2R
2)X +XAT = 0:

So, the problem is transformed to the resolution of a Lyapunov type equation of the form

LW;A(X) =WX +XAT = 0 (3.13)

where W is the matrix given by W = A+ 2a2c2R
2. Denoting

! = 2a2c2; !1 = a1 + 6!; !1 = !1 + !; !2 = a2 � 4! :

The matrix W is explicitly given by

W =

0BBBBBBBBBBBBBBBBBBBB@

!1 2!2 2! 0 : : : : : : : : : 0

!2 !1 !2 !
. . . . . . . . .

...

! !2 !1 !2 !
. . . . . .

...

0
. . . . . . . . . . . . . . . . . .

...
...

. . . . . . . . . . . . . . . . . . 0

...
. . . . . . ! !2 !1 !2 !

...
. . . . . . . . . ! !2 !1 !2

0 : : : : : : : : : 0 2! 2!2 !1

1CCCCCCCCCCCCCCCCCCCCA
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Next, we use the following preliminary result of di¤erential calculus (See (Cartan) for

example).

Lemma 21 Let E be a �nite dimensional (R or C) vector space and (�n)n be a sequence
of endomorphisms converging uniformly to an invertible endomorphism �. Then, there

exists n0 such that, for any n � n0, the endomorphism �n is invertible.

The proof is simple and can be found in any di¤erential calculus references such as

(Cartan). We recall it here for the convenience and clearness of the proof. Recall that

the set Isom(E) (the set of isomorphisms on E) is already open in L(E) (the set of

endomorphisms of E). Hence, as � 2 Isom(E) there exists a ball B(�; r) � Isom(E). The

elements �n are in this ball for large values of n. So these are invertible.

Assume now that l = o(h2+s), with s > 0 which is always possible. Then, the coe¢ cients

appearing in A and W will satisfy as h! 0 the following.

Ai;i =
1

2
+ " h2+2s ! 1

2
:

For 1 � i � J � 1,

Ai;i�1 = Ai;i+1 =
A0;1
2

=
AJ;J�1
2

= �"h2+2s ! 0:

For 2 � i � J � 2,

Wi;i =W0;0 =WJ;J =
1

2
+ 2�"h2+2s � 12�2"h2s ! 1

2
:

Similarly,

W1;1 =WJ�1;J�1 =
1

2
+ 2�"h2+2s � 14�2"h2s ! 1

2

and

Wi;i�1 =Wi;i+1 =
W0;1

2
=
WJ;J�1
2

= ��"h2+2s + 8�2"h2s ! 0

Finally,

Wi;i�2 =Wi;i+2 =
W0;2

2
=
WJ;J�2
2

= �2�2" h2s ! 0:
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Recall that the technique assumption l = o(h2+s) is a necessary requirement for the reso-

lution of the present problem and may not be necessary in other PDEs. See for example

(Ben Mabrouk 2; Ben Mabrouk 1; Ben Mabrouk 3) for NLS and Heat equations. Next,

observing that for all X in the spaceM(J+1)2(R)�M(J+1)2(R),

k(LW;A � I)(X)k = k(W � 1
2
I)X +X(AT � 1

2
I)k

� [kW � 1
2
Ik+ kAT � 1

2
Ik]kXk;

it results that

kLW;A � Ik � kW � 1
2
Ik+ kAT � 1

2
Ik � C(�)h2s: (3.14)

Consequently, the Lyapunov endomorphism LW;A converges uniformly to the identity I as

h goes towards 0 and l = o(h2+s) with s > 0. Using Lemma 21, the operator LW;A is

invertible for h small enough.

Remark 22 The strict hypothesis l = o(h2+s),s > 0 is theoretical and used to prove the

invertibility (solvability) of the discrete system, but from the numerical point of view, we

will see that even if this assumption is not satis�ed, the algorithm converges faster the

tri-diagonal classical methods,and with good error estimates.

3.2.1 Some facts on the convergence of solutions and associated spaces

Usually the problem of convergence depends on di¤erent quantities in the model and on

the geometry of the domain. Denote


h = f(xj ; ym) 2 R2 : 0 � j;m � Jg; 
t = ftn : n 2 Ng

and de�ne the space of grid functions on 
h as

Vh = fU = (Uj;m)j;m2Z satisfying (3.8)-(3.9)g:

On the grid functions space, we usually de�ne some appropriate norms to compute the

error estimate between exact solutions of the continuous inhomogenous problem associated

to (3.1) and its discrete variant obtained through the discrete scheme.
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For U 2 Vh and V 2 Vh de�ne the inner product

(U; V )h = h2
JX

j;m=0

Uj;m:Vj;m:

This leads to Sobolev norms (or semi-norms) such as

kV kh = (V; V )1=2h ; kV k1;h = max
0�j;m�J

jVj;mj;

jV j1;h =
h
h2

JX
j;m=0

(j(Ux)j;mj2 + j(Uy)j;mj2)
i1=2

;

kV k2;h =
h
h2

JX
j;m=0

(j�hUj;mj2
i1=2

:

Next, as it appears in the continuous problem derivatives of order 4 of the unknown function

u, we generally restrict on suitable regularity spaces. It is not sometimes necessary to go

to higher derivatives. In the present case for example, we may consider functions that are

of class C4 with respect to x, C2 with respect to y and class C2 with respect to t. We get

using summation by parts

(�hV;U)h = (V;�hU)h; �(�hV; V )h = jV j21;h; (�2hV; V )h = jV j22;h:

As we work on a �nite grid and thus a �nite space of grid functions all these norms

(semi-norms) are equivalent, and thus there is no essential di¤erence between them. The

norms k:kh and k � k1;h re�ects the L2 convergence, while the semi-norms j � j1;h and j � j1;h

re�ects somehow the convergence of the discrete derivatives and thus the convergence in

the discrete Sobolev space. For more details and backgrounds on these facts we refer to

(Ben Mabrouk 1; Ben Mabrouk 2; Ben Mabrouk 3; Bratsos; Dehghan 1; Dehghan 2; ?;

Diaz 1; Diaz 2; Goncalves; Jafarizadeh; Kano; Song; Wazwaz).
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3.3 Consistency, stability and convergence of the discrete method

The consistency of the proposed method is done by evaluating the local truncation error

arising from the discretization of the system

utt ��u� vxx = 0;

v = quxx + u
2:

(3.15)

The principal part of the �rst equation is

L1u;v(t; x; y) =
l2

12

@4u

@t4
� h2

12

�@4u
@x4

+
@4u

@y4

�
� �l2@

2(�u)

@t2

� h2

12

@2v

@x4
� �l2 @4v

@t2@x2
+O(l2 + h2):

(3.16)

The principal part of the local error truncation due to the second part is

L2u;v(t; x; y) =
l2

2

@2v

@t2
+
l4

24

@4v

@t4
� h2

12

@4u

@x4
� �l2 @4u

@t2@x2
+O(l2 + h2): (3.17)

It is clear that the two operators L1u;v and L2u;v tend toward 0 as l and h tend to 0, which

ensures the consistency of the method. Furthermore, the method is consistent with an

order 2 in time and space.

We now proceed by proving the stability of the method by applying the Lyapunov

criterion. A linear system L(xn+1; xn; xn�1; : : : ) = 0 is stable in the sense of Lyapunov if

for any bounded initial solution x0 the solution xn remains bounded for all n � 0. Here,

we will precisely prove the following result.

Lemma 23 Pn: The solution (Un; V n) is bounded independently of n whenever the initial
solution (U0; V 0) is bounded.

We will proceed by recurrence on n. Assume �rstly that k(U0; V 0)k � � for some �

positive. Using the system (3.12), we obtain

LW;A(Un+1) = LZ;B(Un) + b2RV n � LW;A(Un�1)� a2R(Fn�1 + Fn);

V n+1 = 2c2RU
n+1 + 2R(c1U

n + c2U
n�1)� V n�1 + 2cFn: (3.18)
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where Z = B � 2a2c1R2. Consequently,

kLW;A(Un+1)k

� kLZ;Bk kUnk+ 2jb2j kV nk+ kLW;Ak kUn�1k+ 2ja2j(kFn�1k+ kFnk)
(3.19)

and

kV n+1k � 4jc2j kUn+1k+ 4(jc1j kUnk+ jc2j kUn�1k)

+ kV n�1k+ kFn�1k+ kFnk:
(3.20)

Next, recall that for l = o(hs+2) small enough and s > 0, we have

a1 =
1

2
+ 2�h2s+2 ! 1

2
; a2 = ��h2s+2 ! 0;

b1 = 1� 2(1� 2�)h2s+2 ! 1; b2 = (1� 2�)h2s+2 ! 0;

c1 = (1� 2�)h�2 !1; c2 = �h2s+2 ! 0;

a2c1 = ��(1� 2�)h2s ! 0:

As a consequence, for h small enough,

kLZ;Bk � 2kBk+ 2ja2c1jkRk2 � 2max(jb1j; 2jb2j) + 4ja2c1j � 2 + 4 = 6; (3.21)

and the following lemma is deduced from (3.14).

Lemma 24 For h small enough, it holds for all X 2M(J+1)2(R) that

1

2
kXk � (1� C(�)h2s)kXk � kLW;A(X)k � (1 + C(�)h2s)kXk �

3

2
kXk:

Indeed, recall that equation (3.14) a¢ rms that kLW;A�Ik � C(�)h2s for some constant

C(�) > 0. Consequently, for any X we obtain

(1� C(�)h2s)kXk � kLW;A(X)k � (1 + C(�)h2s)kXk:

For h � 1
(2C(�))1=2s

, we obtain

1

2
� (1� C(�)h2s) < (1 + C(�)h2s) � 3

2
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and thus Lemma 24. As a result, (3.19) yields

1

2
kUn+1k � 6kUnk+ 2kV nk+ 3

2
kUn�1k+ 2(kFn�1k+ kFnk): (3.22)

For n = 0, this implies

kU1k � 12kU0k+ 4kV 0k+ 3kU�1k+ 4(kF�1k+ kF 0k): (3.23)

Using the discrete initial condition

U0 = U�1 + l':

We identify the function ' to the matrix whose coe¢ cients are 'j;m = '(xj ; ym). We

obtain

kU�1k � kU0k+ lk'k: (3.24)

Observing that

F�1j;m = F (U�1j;m) = (U
0
j;m � l'j;m)2;

it follows that

jF�1j;mj � jU
0
j;mj2 + 2lj'j;mj:jU0j;mj+ l2j'j;mj2

and consequently,

kF�1k � kU0k2 + 2lk'k kU0k+ l2k'k2: (3.25)

Hence, equation (3.23) yields

kU1k � (15 + 8lk'k)kU0k+ 4kV 0k+ 8kF 0k+ 3lk'k+ 4l2k'k2: (3.26)

Now, the Lyapunov criterion for stability states exactly that for each " > 0 thee exists

� > 0 such that

k(U0; V 0)k � � ) k(Un; V n)k � "; 8n � 0: (3.27)

For n = 1 and k(U1; V 1)k � ", we seek an � > 0 for which k(U0; V 0)k � �. Indeed, using
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(3.26), this means that, it su¢ ces to �nd � such that

8�2 + (19 + 8lk'k)� + 3lk'k+ 4l2k'k2 � " < 0: (3.28)

The discriminant of this second order inequality is

�(l; h) = (19 + 8lk'k)2 � 32(3lk'k+ 4l2k'k2 � "): (3.29)

For h; l small enough, this is estimated as

�(l; h) � 361 + 32" > 0:

Thus there are two zeros of the second order equality above

�1 =

p
�(l; h)� (19 + 8lk'k)

16
> 0

and a second zero �2 < 0 rejected. Consequently, choosing � 2]0; �1[ we obtain (3.28).

Finally, (3.26) yields kU1k � ". Next, equation (3.20), for n = 0, implies that

kV 1k � A(l; h; ')kU0k2 +B(l; h; ')kU0k+ C(l; h; ') + 16jc2jkV 0k; (3.30)

where

A(l; h; ') = 3 + 32jc2j;

B(l; h; ') = 4
�
jc1j+ 8jc2j(2 + lk'k) + lk'k+

1

h2

�
;

C(l; h; ') = 2(1 + 8jc2j)l2k'k2 + 4l(4jc2j+
1

h2
)k'k:

Choosing k(U0; V 0)k � �, it su¢ ces to study the inequality

A(l; h; ')�2 + (B(l; h; ') + 16jc2j)� + C(l; h; ')� " � 0: (3.31)
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Its discriminant satis�es for h; l small enough,

�(l; h) � 16

h4
(1 + 20�+ j1� 2�j)2 + 128�jqj

h2
" > 0: (3.32)

Here also there are two zeros, �01 =
p
�(l;h)�(B(l;h;')+16jc2j)

2A(l;h;') > 0 and a second one �0 < 0 and

thus rejected. As a consequence, for � 2]0; �01[ we obtain kV 1k � ". Finally, for � 2]0; �0[

with �0 = min(�1; �
0
1), we obtain k(U1; V 1)k � " whenever k(U0; V 0)k � �. Assume now

that the (Uk; V k) is bounded for k = 1; 2; : : : ; n (by "1) whenever (U0; V 0) is bounded by �

and let " > 0. We shall prove that it is possible to choose � satisfying k(Un+1; V n+1)k � ".

Indeed, from ((3.22), we have

kUn+1k � 19"1 + 8"21: (3.33)

So, one seeks, "1 for which 8"21 + 19"1 � " � 0. Its discriminant � = 361 + 32", with

one positive zero "1 =
p
361+32"�19

16 . Then kUn+1k � " whenever k(Uk; V k)k � "1, k =

1; 2; : : : ; n. Next, using (3.20) and (3.33), we have

kV n+1k � (4jc1j+ 80jc2j+ 1)"1 + (32jc2j+ 2)"21: (3.34)

So, it su¢ ces as previously to choose "1 such that

(32jc2j+ 2)"21 + (4jc1j+ 80jc2j+ 1)"1 � " � 0:

� = (4jc1j+ 80jc2j+ 1)2 + 4(32jc2j+ 2)", with positive zero

"01 =

p
�� (4jc1j+ 80jc2j+ 1)

2(32jc2j+ 2)
:

Then kV n+1k � " whenever k(Uk; V k)k � "01, k = 1; 2; : : : ; n. Next, it holds from the

recurrence hypothesis for "0 = min("1; "01), that there exists � > 0 for which k(U0; V 0)k �

� implies that k(Uk; V k)k � "0, for k = 1; 2; : : : ; n, which by the next induces that

k(Un+1; V n+1)k � ".

Corollary 25 As the numerical scheme is consistent and stable, it is then convergent.
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This Corollary is a consequence of the well known Lax-Richtmyer equivalence theorem,

which states that for consistent numerical approximations, stability and convergence are

equivalent. Recall here that we have already proved in (3.16) and (3.17) that the used

scheme is consistent. Next, Lemma 23, Lemma 24 and equation (3.27) yields the stability

of the scheme. Consequently, the Lax equivalence Theorem guarantees the convergence.

So as Corollary 25.

3.4 Main steps of the algorithm applied

� Compute the matrices of the system

� Initialization: Compute the matrices U0, U1, V 0 and V 1

� for n � 2,

Un = lyap(W;A;LZ;B(Un�1) + b2RV n�1 � LW;A(Un�2)� a2R(Fn�2 + Fn�1));

and

V n = 2c2RU
n + 2R(c1U

n�1 + c2U
n�2)� V n�2 + 2[Fn�1:

The tri-diagonal associated system

Consider the lexicographic mesh k = j(J + 1) + m for 0 � j;m � J , and denote

N = J(J + 2), and

�N = fnJ + n� 1 : n 2 Ng; e�N = fn(J + 1) : n 2 Ng; �N = �N [ e�N :
Using the Kronecker product we obtain a tri-diagonal block system on the form

eAUn+1 + a2 eRV n+1 = eBUn � eAUn�1 + b2 eRV n � a2 eRV n�1
V n+1 � 2c2 eRUn+1 = 2c1 eRUn + 2c2 eRUn�1 � V n�1 + 2cFn: (3.35)

The numerical solutions�matrices Un and V n are identi�ed here as one-column (N + 1)-

vectors and the matrices eA, eB and eR are evaluated as follows.
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The matrix eA
eAj;j = 2a1 8j; 0 � j � N;

eAj;j+1 = 1

2
eA0;1 = a2 8j; 1 � j � N; j =2 �N ; and 0 on �N ;

eAj�1;j = 1

2
eAN;N�1 = a2 8j; 1 � j � N; j =2 �N ; and 0 on e�N ;eAj;j+J+1 = 2a2; 8j; 0 � j � J;

eAj;j+J+1 = a2; 8j; J + 1 � j � N � J � 1;

eAj�J�1;j = a2; 8j; J + 1 � j � N � J � 1;

eAj�J�1;j = 2a2; 8j; N � J � j � N:

The matrix eB
eBj;j = 2b1 8j; 0 � j � N;

eBj;j+1 = 1

2
eB0;1 = b2; 8j; 1 � j � N; ; j =2 �N ; and 0 on �N ;

eBj�1;j = 1

2
eBN;N�1 = b2; 8j; 1 � j � N; j =2 �N ; and 0 on e�N ;eBj;j+J+1 = 2b2 8j; 0 � j � J;

eBj;j+J+1 = b2 8j; J + 1 � j � N � J � 1;

eBj�J�1;j = b2 8j; J + 1 � j � N � J � 1;

eBj�J�1;j = 2b2 8j; N � J � j � N:

The matrix eR
eRj;j = �2 8j; 0 � j � N;

eRj;j+J+1 = 2 8j; 0 � j � J;

eRj;j�J�1 = 2 8j; N � J � j � N;

eRj;j+J+1 = eRj�J�1;j = 1 8j; J + 1 � j � N � J � 1:
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System (3.35) can be written as a linear standard form

fWUn+1 = eZUn �fWUn�1 + b2 eRV n � 2a2 eRcFn
V n+1 = 2 eR(c1I + c2 eZ)Un + 2(c2 � c1) eRUn�1 + 2b2c2 eR2V n � V n�1 + 2cFn: (3.36)

where fW and eZ are given by fW = eA+ 2c2a2 eR2 and eZ = eB � 2c1a2 eR2.
3.5 Numerical implementation

We propose in this section to present some numerical examples to validate the theoretical

results developed previously. The error between the exact solutions and the numerical ones

via an L2 discrete norm will be estimated. The matrix norm used will be

kXk2 =

0@ NX
i;j=1

jXij j2
1A1=2 (3.37)

for a matrix X = (Xij) 2 MN+2C. Denote un the net function u(x; y; tn) and Un the

numerical solution. We propose to compute the discrete error

Er = max
n
kUn � unk2 (3.38)

on the grid (xi; yj), 0 � i; j � J + 1 and the relative error between the exact solution and

the numerical one as

RelativeEr = max
n

kUn � unk2
kunk2

(3.39)

on the same grid.
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3.5.1 A polynomial-exponential example

We develop in this part a classical example based on polynomial function with an expo-

nential envelop. We consider the inhomogeneous problem

utt = �u+ vxx + g(x; y; t); (x; y; t) 2 
� (t0; T );

v = quxx + u
2; (x; y; t) 2 
� (t0; T );

(u; v)(x; y; t0) = (u0; v0)(x; y); (x; y; t) 2 
� (t0; T );
@u

@t
(x; y; t0) = '(x; y); (x; y) 2 
;

�!r(u; v) = 0; (x; y; t) 2 @
� (t0; T )

(3.40)

where 
 = [�1; 1]2 and where the right hand term is

g(x; y; t) = [(x2 � 1)2(x4 � 58x2 + 9)� 48(35x4 � 30x2 + 3)] + [y4 � 14y2 + 5]e�t

� 16(x2 � 1)2
�
(x2 � 1)4(15x2 � 1) + (y2 � 1)2(7x2 � 1)

�
e�2t (3.41)

The exact solution is

u(x; y; t) = [(x2 � 1)4 + (y2 � 1)2]e�t: (3.42)

In the following tables, numerical results are provided. We computed for di¤erent

space and time steps the discrete L2-error estimates de�ned by (3.38). The time interval

is [0; 1] for a choice t0 = 0 and T = 1. The following results are obtained for di¤erent

values of the parameters J (and thus h), l ((and thus N). The parameters q and � are

�xed to q = 0:01 and � = 0:25. We just notice that some variations done on these latter

parameters have induced an important variation in the error estimates which explains

the e¤ect of the parameter q which has the role of a viscosity-type coe¢ cient and the

barycenter parameter � which calibrates the position of the approximated solution around

the exact one. Finally, some comparison with the work in (Ben Mabrouk 1) has proved that

Lyapunov type operators already result in fast convergent algorithms with a maximum time

of execution of 2:014 sd for the present one. The classical tri-diagonal algorithms associated
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to the same problem with the same discrete scheme and the same parameters yielded a

maximum time of 552:012 sd, so a performance of 23:10�4 faster algorithm for the present

one. We recall that the tests are done on a Pentium Dual Core CPU 2.10 GHz processor

and 250 Mo RAM.

Table 3.1:

J l Er Relative Er
10 1/100 4; 0:10�3 0,1317
16 1/120 3; 3:10�3 0,1323
20 1/200 2; 0:10�3 0,1335
24 1/220 1; 8:10�3 0,1337
30 1/280 1; 4:10�3 0,1340
40 1/400 9; 8:10�4 0.1344
50 1/500 7; 8:10�4 0,1346

3.5.2 A 2-particle interaction example

The example developed hereafter is a model of interaction of two particles or two waves.

We consider the inhomogeneous problem

utt = �u+ vxx + g(x; y; t); (x; y; t) 2 
� (t0; T );

v = quxx + u
2; (x; y; t) 2 
� (t0; T );

(u; v)(x; y; t0) = (u0; v0)(x; y); (x; y; t) 2 
� (t0; T );
@u

@t
(x; y; t0) = '(x; y); (x; y) 2 
;

�!r(u; v) = 0; (x; y; t) 2 @
� (t0; T )

(3.43)

where

g(x; y; t) = (4� 6 2(y))u2 �  2(x)u:

and u is the exact solution given by

u(x; y; t) = 2 2(x) 2(y)�(t)
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with

 (x) = cos(
x

2
); �(t) = e�it; '(x; y) = �2i 2(x) 2(y)

As for the previous example, the following tables shows the numerical computations for

di¤erent space and time steps the discrete L2-error estimates de�ned by (3.38) and the

relative error (3.39). The time interval is [�2�;+2�] for a choice t0 = 0 and T = 1. The

following results are obtained for di¤erent values of the parameters J (and thus h), l ((and

thus N). The parameters q and � are �xed here-also the same as previously, q = 0:01 and

� = 0:25. Compared to the tri-diagonal scheme the present one leads a faster convergent

algorithms

Table 3.2:

J l Er Relative Er
10 1/100 4; 6:10�3 0,2311
16 1/120 4; 4:10�3 0,2372
20 1/200 2; 4:10�3 0,2506
24 1/220 2; 3:10�3 0,2671
30 1/280 2; 0:10�3 0,3074
40 1/400 1; 4:10�3 0,3592
50 1/500 7; 6:10�4 0,2355

Remark 26 For the convenience of this section, we give here some computations of the
determinants �(l; h) for di¤erent values of the parameters of the discrete scheme Firstly,

for both examples above, we can easily see that k'k = 2 and thus, equation (3.29) yields

that

�(l; h) = 361 + 32"+ 416l � 256l2:

For the di¤erent values of l as in the tables 1 and 2, we obtain a positive discriminant

leading two zeros with a rejected one. For the discriminant of equation (3.32) we obtain

�(l; h) =
676

h4
+
8"

h2
:

Hence, the results explained previously hold.
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3.6 Conclusion

This chapter investigated the solution of the well-known Boussinesq equation in two-

dimensional case by applying a two-dimensional �nite di¤erence discretization. The Boussi-

nesq equation in its original form is a 4-th order partial di¤erential equation. Thus, in a

�rst step it was recasted into a system of second order partial di¤erential equations using

a reduction order idea. Next, the system has been transformed into an algebraic discrete

system involving Lyapunov-Syslvester matrix terms by using a full time-space discretiza-

tion. Solvability, consistency, stability and convergence are then established by applying

well-known methods such as Lax-Richtmyer equivalence theorem and Lyapunov Stability

and by examining the Lyapunov-Sylvester operators. The method was �nally improved by

developing numerical examples. It was shown to be e¢ cient by means of error estimates

as well as time execution algorithms compared to classical ones.
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Chapter 4

Kuramoto-Sivashinsky equation

The Kuramoto-Sivashinsky equation (KS) is one of the most famous equations in math-

physics for many decades. It has its origin in the work of Kuramoto since the 70-th decade

of the 20-th century in his study of reaction-di¤usion equation. The equation was then con-

sidered by Sivashinsky in modeling small thermal di¤usion instabilities for laminar �ames

and modeling the reference �ux of a �lm layer on an inclined plane. Since then the KS equa-

tion has experienced a growing development in theoretical mathematics, numerical as well

as physical mechanics, nonlinear physics, hydrodynamics, chemistry, plasma physics, par-

ticle distributions advection, surface morphology, ...etc. See (Benachour), (Hase), (Hong),

(Jaya), (Kuramoto), (Nadja�khah), (Procaccia), (Rost), (Sivashinsky 1), (Sivashinsky 2).

In (Nadja�khah), the symmetry problem of the model was studied based on the theory of

Lie algebras. In (Benachour), an anisotropic version of the KS equation has been proposed

leading to global resolutions of the equation on rectangular domaines. Su¢ cient conditions

were given for the existence of global solution.

From the dimensional point of view, KS equation has been widely studied in one di-

mension, (Giacomelli), (Goodman), (Ilyashenko), (Nicolaenko), (Otto), (Temam). How-

ever, this equation since its appearance is related to the modeling of �ame spread which

is a two-dimensional problem. In this context, an important result was developed in (Sell)

where the authors showed by adapting the method developed in (Raugel) the existence

of a set of bounded solutions on a rectangular domain. This major importance of the

two-dimensional model was a main motivation behind this work.

The present chapter is devoted to the development of a computational method based

on two-dimensional �nite di¤erence scheme to approximate the solution of the nonlinear
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Kuramoto-Sivashinsky equation

@u

@t
= q�u� ��2u+ � jruj2 ; ((x; y); t) 2 
� (t0;+1); (4.1)

with initial conditions

u(x; y; t0) = '(x; y) ; (x; y) 2 
 (4.2)

and boundary conditions

@u

@�
(x; y; t) = 0 ; ((x; y); t) 2 @
� (t0;+1); (4.3)

on a rectangular domain 
 = [L0; L1]�[L0; L1] in R2; t0 � 0 is a real parameter �xed as the

initial time. @
@t is the time derivative, r is the space gradient operator and � = @2

@x2
+ @2

@y2

is the Laplace operator in R2, q,�,� are real parameters. ' and  are twice di¤erentiable

real valued functions on 
.

We propose to apply an order reduction of the derivation and thus to solve a coupled

system of equation involving second order di¤erential operators. We set v = qu���u and

thus we have to solve the system8>>>>>>><>>>>>>>:

@u
@t = �v + � jruj

2 ; (x; y; t) 2 
� (t0;+1)

v = qu� ��u; (x; y; t) 2 
� (t0;+1)

(u; v) (x; y; t0) = ('; ) (x; y); (x; y) 2 

�!r(u; v)(x; y; t) = 0; (x; y; t) 2 @
� (t0;+1)

(4.4)

A model representing a nonlinear dynamical system de�ned in a two-dimensional space

is considered, where the solution u(x; y; t) satis�es a fourth order partial di¤erential equa-

tion of the form (4.1), where u is the height of the interface, q is a pre-factor proportional

to the coe¢ cient of surface tension expressed by qr2u. The quantity �r4u represents the

result of the di¤usion surface due to the chemical potential gradient induced curvature.

The pre-factor � represents the surface di¤usion term. The quantity �jruj2 is due to the

existence of overhangs and vacancies during the deposition process. Finally, the quantity
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qr2u+ � jruj2 is referred to as modeling the e¤ect of deposited atoms. cf. (Hong).

In this chapter we propose to serve of algebraic operators to approximate the solutions

of the Kuramoto-Sivashinsky(K-S) equation in the two spatial and one temporal dimension

without adapting classical developments based on separation of variables, radial solutions,

tri-diagonal operators, ... etc.

Thus, one motivation here and issued from (Bezia) consists to resolve such problem and

prove the invertibility of the algebraic operator yielded in the numerical scheme by appalling

topological method Instead of using classical ones such as tri-diagonal transformations. We

thus aim to prove that generalized Lyapunov-Sylvester operators can be good candidates

for investigating numerical solutions of PDEs in multi-dimensional spaces.

The chapter is organized as follows. In next section the discretization of (4:4) is devel-

oped, the solvability of the scheme is analyzed. In section 4, the consistency of the method

is shown and next, the stability and convergence are proved based on Lyapunov method

and Lax-Richtmyer theorem. Finally, a numerical implementation is provided leading to

the computation of the numerical solution and error estimates.

4.1 The numerical scheme

Let J 2 N� and h = L1�L0
J be the space step. Denote for (j;m) 2 I2 = f0; 1; :::; Jg2 ;

xj = L0 + jh and ym = L0 + mh. Next, let l = �t be the time step and tn = t0 + nl;

n 2 N be the time grid. We denote also e
 =
�
(xj ; ym; tn) ; (xj ; ym; tn) 2 I2 � N

	
the

associated discrete space. Finally, for (j;m) 2 I2 and n � 0, unj;m denotes the net function

u(xj ; ym; tn) and Unj;m is the numerical solution.

The following discrete approximations will be applied for the di¤erent di¤erential op-

erators involved in the problem. For time derivatives, we set

@u

@t
 

Un+1j;m � Un�1j;m

2l



54

and for space derivatives, we shall use for the one order

@u

@x
 

Unj+1;m � Unj�1;m
2h

; and
@u

@y
 

Unj;m+1 � Unj;m�1
2h

and for the second order ones, we set

@2u

@x2
 

Un;�j+1;m � 2U
n;�
j;m + U

n;�
j�1;m

h2
; and

@2u

@y2
 

Un;�j;m+1 � 2U
n;�
j;m + U

n;�
j;m�1

h2
:

Finally, for n 2 N� and � 2 R, we denote

Un;� = �Un�1 + (1� 2�)Un + �Un+1

to designate the estimation of Unj;m with an �-extrapolation/interpolation barycenter method.

By applying these discrete approximations, we obtain

Un+1j;m � Un�1j;m =
2l

h2

h
V n;�j�1;m � 2V

n;�
j;m + V n;�j+1;m + V

n;�
j;m�1 � 2V

n;�
j;m + V n;�j;m+1

i
+
2l

h2
�

�
1

4

�
Unj+1;m � Unj�1;m

�2
+
1

4

�
Unj;m+1 � Unj;m�1

�2�
:

In what follows, we set

Fnj;m =
1

4

h�
Unj+1;m � Unj�1;m

�2
+
�
Unj;m+1 � Unj;m�1

�2i
We thus get

Un+1j;m � Un�1j;m = �[�V n+1j�1;m + (1� 2�)V
n
j�1;m + �V

n�1
j�1;m

�2�V n+1j;m � 2 (1� 2�)V nj;m � 2�V n�1j;m

+�V n+1j+1;m + (1� 2�)V
n
j+1;m + �V

n�1
j+1;m

+�V n+1j;m�1 + (1� 2�)V
n
j;m�1 + �V

n�1
j;m�1

�2�V n+1j;m � 2 (1� 2�)V nj;m � 2�V n�1j;m

+�V n+1j;m+1 + (1� 2�)V
n
j;m+1 + �V

n�1
j;m+1] + ��F

n
j;m
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where � = 2l
h2
. Otherwise, this can be written as

Un+1j;m � ��
h
V n+1j�1;m � 2V

n+1
j;m + V n+1j+1;m + V

n+1
j;m�1 � 2V

n+1
j;m + V n+1j;m+1

i
= Un�1j;m + � (1� 2�)

�
V nj�1;m � 2V nj;m + V nj+1;m + V nj;m�1 � 2V nj;m + V nj;m+1

�
+��

h
V n�1j�1;m � 2V

n�1
j;m + V n�1j+1;m + V

n�1
j;m�1 � 2V

n�1
j;m + V n�1j;m+1

i
+ ��Fnj;m:

Taking into account the boundary conditions, we obtain the full matrix expression

Un+1 � ��
�
AV n+1 + V n+1AT

�
= Un�1 + � (1� 2�)

�
AV n + V nAT

�
+��

�
AV n�1 + V n�1AT

�
+��Fn (4.5)

where

A =

0BBBBBBBBBBBBBB@

�2 2 0 � � � � � � 0

1 �2 1 0 � � � 0

0
. . . . . . . . . . . .

...
...

. . . . . . . . . . . . 0

0 � � � 0 1 �2 1

0 � � � � � � 0 2 �2

1CCCCCCCCCCCCCCA
Un =

�
Unj;m

�
0�j;m�J

and V =
�
V nj;m

�
0�j;m�J

.

Next, for Q 2 M(J+1)2 (R) ; we denote LQ the linear operator which associates to

X 2M(J+1)2 (R) its image LQ (X) = QX +XQT . The last equation will be written as

Un+1 � ��LA
�
V n+1

�
= Un�1 + � (1� 2�)LA (V n) + ��LA

�
V n�1

�
+ ��Fn: (4.6)

Now, applying similar techniques as previously we obtain

V n;�j;m = qUn;�j;m �
�

h2

�
Un;�j�1;m � 2U

n;�
j;m + U

n;�
j+1;m + U

n;�
j;m�1 � 2U

n;�
j;m + U

n;�
j;m+1

�
:



56

Let � = 1
h2
. This results in the following equation

�V n+1j;m + (1� 2�)V nj;m + �V n�1j;m = q
h
�Un+1j;m + (1� 2�)Unj;m + �Un�1j;m

i
���[�Un+1j�1;m + (1� 2�)U

n
j�1;m + �U

n�1
j�1;m

�2�Un+1j;m � 2 (1� 2�)Unj;m � 2�Un�1j;m

+�Un+1j+1;m + (1� 2�)U
n
j+1;m + �U

n�1
j+1;m

+�Un+1j;m�1 + (1� 2�)U
n
j;m�1 + �U

n�1
j;m�1

�2�Un+1j;m � 2 (1� 2�)Unj;m � 2�Un�1j;m

+�Un+1j;m+1 + (1� 2�)U
n
j;m+1 + �U

n�1
j;m+1];

or equivalently,

�V n+1j;m � q�Un+1j;m

+���
h
Un+1j�1;m � 2U

n+1
j;m + Un+1j+1;m + U

n+1
j;m�1 � 2U

n+1
j;m + Un+1j;m+1

i
= � (1� 2�)V nj;m � �V n�1j;m + q

h
(1� 2�)Unj;m + �Un�1j;m

i
���[(1� 2�)

�
Unj�1;m � 2Unj;m + Unj+1;m + Unj;m�1 � 2Unj;m + Unj;m+1

�
+
h
Un�1j�1;m � 2U

n�1
j;m + Un�1j+1;m + U

n�1
j;m�1 � 2U

n�1
j;m + Un�1j;m+1

i
]:

Now, applying the boundary conditions, we obtain

�V n+1 � �
�
qUn+1 � ��LA

�
Un+1

��
= (1� 2�) (qUn � ��LA (Un)) + �

�
qUn�1 � ��LA

�
Un�1

��
� (1� 2�)V n � �V n�1: (4.7)
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As a result, we obtain �nally the following discrete coupled system.8>>>>>>><>>>>>>>:

Un+1 � ��LA
�
V n+1

�
= Un�1 + � (1� 2�)LA (V n) + ��LA

�
V n�1

�
+ ��Fn

�V n+1 � �
�
qUn+1 � ��LA

�
Un+1

��
= (1� 2�) (qUn � ��LA (Un))

+�
�
qUn�1 � ��LA

�
Un�1

��
� (1� 2�)V n � �V n�1

(4.8)

4.2 Solvability of the discrete method

In this section we will examine the solvability of the discrete scheme. the main idea is by

transforming the system (4:8) to an equality of the form
�
Un+1; V n+1

�
= �

�
Un; V n; Un�1; V n�1

�
with an appropriate function �. We prove precisely that � can be expressed with general

Lyapunov-Sylvester form. Next using general properties of such operators we prove that �

is an isomorphism. In most studies, even recent ones such as (Ben Mabrouk 2) the authors

proved that � or some modi�ed versions may be contractive by inserting translation-dilation

parameters leading to �xed point theory. In the present context it seams that such trans-

formation is not possible as k�k may be greater than 1 and thus no contraction may occur.

To overcome this problem we come back to di¤erential calculus and topological properties.

Theorem 27 The system (4:8) is uniquely solvable whenever U0 and U1 are known.

The proof of this result is based on the lemma

Proof Consider the endomorphism � on M(J+1)2 (R)�M(J+1)2 (R) de�ned by

� (X;Y ) = (X � ��LA (Y ) ; �Y � �� (X)) (4.9)

where � (X) = qX � ��LA (X) : To prove Theorem 2, we show that � is a one to one, and

so ker� is reduced to 0: Indeed,

� (X;Y ) = 0, (X � ��LA (Y ) ; �Y � � [qX � ��LA (X)]) = (0; 0) :



58

Which is equivalent to 8<: X = ��LA (Y )

�Y = �� (X)
(4.10)

for � 6= 0 we get

Y = ���LA (Y ) (4.11)

Choosing l = o
�
hs+4

�
(which is always possible), the operator K = I � ���LA tends

uniformly to I whenever h tends to zero. Indeed, denote

W = ��
�
qA� ��A2

�
=
2l

h2
�

�
qA� 1

h2
�A2

�
.

We have

K (X) = X � ���LA (X) = X �WX �XW T + 2����AXAT :

thus,

k(K � I)Xk =


WX +XW T + 2 (����)AXAT




� 2 kWk kXk+ 32��� j�j kXk

Since we have kWk � 4� j�j [jqj+ 4� j�j] ; we obtain,

k(K � I)Xk � 8�� [jqj+ 8� j�j] kXk

For l = o
�
h4+s

�
this implies that,

k(K (X)� I (X))k � 16�
�
jqjh2+s + 8hs j�j

�
kXk

Consequently the operator K converge uniformly to the identity whenever h tends towered

0 and l = o
�
h4+s

�
; with s > 0: Thus, using Lemma 1 � is invertible for l,h small enough

with l = o
�
h4+s

�
:
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For � = 0 we obtain the system8<: Un+1 = Un�1 + �LA (V n) + ��Fn

V n = ��
�
Un+1

�
+ (1� 2�) � (Un) + ��

�
Un�1

� (4.12)

and thus,

Un+1 � ���LA
�
Un+1

�
= �[(1� 2�) �LA (Un) + Un�1 + ��LA

�
Un�1

�
+ �Fn] (4.13)

For the same assumption on l and h as above the same operator K (X) = X � ���LA (X)

tends toward the identity as h tends to 0.

4.3 Consistency

The consistency of the proposed method will be proved by evaluating the local truncation

error arising from the scheme introduced for the discretization of the system (4:4)

Applying Taylor Taylor�s expansion, and assuming that u and v to be su¢ ciently dif-

ferentiable, we get

Un+1j;m = u+ l
@u

@t
+
l2

2

@2u

@t2
+
l3

6

@3u

@t3
+
l4

24

@4u

@t4
+ :::

Similarly,

Un�1j;m = u� l @u
@t
+
l2

2

@2u

@t2
� l3

6

@3u

@t3
+
l4

24

@4u

@t4
+ :::

Hence,
1

2l

h
Un+1j;m � Un�1j;m

i
=
@u

@t
+
l2

6

@3u

@t3
+ :::
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Next, we get also

V n�1j�1;m =

�
v � l @v

@t
+
l2

2

@2v

@t2
� l3

6

@3v

@t3
+
l4

24

@4v

@t4

�
�h
�
@v

@x
� l @

2v

@t@x
+
l2

2

@3v

@t2@x
� l3

6

@4v

@t3@x
+
l4

24

@5v

@t4@x

�
+
h2

2

�
@2v

@x2
� l @

3v

@t@x2
+
l2

2

@4v

@t2@x2
� l3

6

@5v

@t3@x2
+
l4

24

@6v

@t4@x2

�
�h

3

6

�
@3v

@x3
� l @

4v

@t@x3
+
l2

2

@5v

@t2@x3
� l3

6

@6v

@t3@x3
+
l4

24

@7v

@t4@x3

�
+
h4

24

�
@4v

@x4
� l @

5v

@t@x4
+
l2

2

@6v

@t2@x4
� l3

6

@7v

@t3@x4
+
l4

24

@8v

@t4@x4

�
+ :::

and

V nj�1;m = v � h@v
@x
+
h2

2

@2v

@x2
� h3

6

@3v

@x3
+
h4

24

@4v

@x4
+ :::

and �nally,

V n+1j�1;m =

�
v + l

@v

@t
+
l2

2

@2v

@t2
+
l3

6

@3v

@t3
+
l4

24

@4v

@t4

�
�h
�
@v

@x
+ l

@2v

@t@x
+
l2

2

@3v

@t2@x
+
l3

6

@4v

@t3@x
+
l4

24

@5v

@t4@x

�
+
h2

2

�
@2v

@x2
+ l

@3v

@t@x2
+
l2

2

@4v

@t2@x2
+
l3

6

@5v

@t3@x2
+
l4

24

@6v

@t4@x2

�
�h

3

6

�
@3v

@x3
+ l

@4v

@t@x3
+
l2

2

@5v

@t2@x3
+
l3

6

@6v

@t3@x3
+
l4

24

@7v

@t4@x3

�
+
h4

24

�
@4v

@x4
+ l

@5v

@t@x4
+
l2

2

@6v

@t2@x4
+
l3

6

@7v

@t3@x4
+
l4

24

@8v

@t4@x4

�
+ :::
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Thus,

V n;�j�1;m = v + �l2
@2v

@t2
+ �

l4

12

@4v

@t4

+h

�
�@v
@x
� �l2 @3v

@t2@x
� � l

4

12

@5v

@t4@x

�
+
h2

2

�
@2v

@x2
+ �l2

@4v

@t2@x2
+ �

l4

12

@6v

@t4@x2

�
+
h3

6

�
�@

3v

@x3
� �l2 @5v

@t2@x3
� � l

4

12

@7v

@t4@x3

�
+
h4

24

�
@4v

@x4
+ �l2

@6v

@t2@x4
+ �

l4

12

@8v

@t4@x4

�
+ :::

Similarly,

V n;�j;m = v + �l2
@2v

@t2
+ �

l4

12

@4v

@t4
+ :::

We have also

V n;�j+1;m = v + �l2
@2v

@t2
+ �

l4

12

@4v

@t4

+h

�
@v

@x
+ �l2

@3v

@t2@x
+ �

l4

12

@5v

@t4@x

�
+
h2

2

�
@2v

@x2
+ �l2

@4v

@t2@x2
+ �

l4

12

@6v

@t4@x2

�
+
h3

6

�
@3v

@x3
+ �l2

@5v

@t2@x3
+ �

l4

12

@7v

@t4@x3

�
+
h4

24

�
@4v

@x4
+ �l2

@6v

@t2@x4
+ �

l4

12

@8v

@t4@x4

�
+ :::

Finally,

1

h2

h
V n;�j;m�1 � 2V

n;�
j;m + V n;�j;m+1

i
=

�
@2v

@y2
+ �l2

@4v

@t2@y2
+ �

l4

12

@6v

@t4@y2

�
+
h2

12

�
@4v

@y4
+ �l2

@6v

@t2@y4
+ �

l4

12

@8v

@t4@y4

�
+ :::
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Now,

1

2l

h
Un+1j;m � Un�1j;m

i
� 1

h2

h
V n;�j�1;m � 2V

n;�
j;m + V n;�j+1;m + V

n;�
j;m�1 � 2V

n;�
j;m + V n;�j;m+1

i
=

@u

@t
��v + l2

6

@3u

@t3
� �l2 @

2

@t2
(�v)� h2

12

�
@4v

@x4
+
@4v

@y4

�
+�l2

@2

@t2

�
@4v

@x4
+
@4v

@y4

�
� � l

4

12

�
@6v

@t4@x2
+

@6v

@t4@y2

�
�� l

4

12

h2

12

�
@8v

@t4@x4
+

@8v

@t4@y4

�
+ :::

We now examine the second equation in (4:4). Applying the same calculus as above, we

get

v = (qv � � (�u))� �l2@
2v

@t2
+ q�l2

@2u

@t2
� ��l2@ (�u)

@t2
� �h

2

12

�
@4u

@x4
+
@4u

@y4

�
+ o

�
l2 + h2

�
:

It results from above that the principal part of the �rst equation in system 4.4 is

L1u;v (t; x; y) = �l2
@2v

@t2
� �ql2@

2u

@t2
� ��l2@

2 (�v)

@t2

�� l
2

12

�
@4v

@x4
+
@4v

@y4

�
+ o

�
l2 + h2

�
: (4.14)

The principal part of the local error truncation due to the second equation is

L2u;v (t; x; y) = �
l2

2

@2

@t2
(v � qu� ���u)

��h
2

12

�
@4v

@x4
+
@4v

@y4

�
+ o

�
l2 + h2

�
: (4.15)

As a result, we get the following lemma.

Lemma 28 The numerical method is consistent with an order 2 in space and time.

Proof It is clear that the two operators L1u;v and L2u;v tend towards 0 as l and h tend

to 0, which ensures the consistency of the method. Furthermore, the method is consistent

with an order 2 in time and space.
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4.4 Stability and convergence

The stability of the discrete scheme will be evaluated using Lyapunov criterion which states

that a linear system L (xn+1; xn; xn�1; :::) = 0 is stable in the sense of Lyapunov if for any

bounded initial solution x0; the solution xn remains bounded for all n � 0: In this section

we prove precisely the following result.

Lemma 29 The solution (Un; V n) is bounded independently of n whenever the initial so-
lution

�
U0; V 0

�
is.

Proof We proceed by recurrence on n: Assume k(U0; V0)k � � for some positive �.

The system (4:8) can be written on the form8<: Un+1 � ��LA
�
V n+1

�
= Un�1 + � (1� 2�)LA (V n) + ��LA

�
V n�1

�
+ ��Fn:

�V n+1 = ��
�
Un+1

�
+ (1� 2�) � (Un) + ��

�
Un�1

�
� (1� 2�)V n � �V n�1:

(4.16)

The last equation gives,

�LA
�
V n+1

�
= �LA�

�
Un+1

�
+ (1� 2�)LA� (Un)

+�LA�
�
Un�1

�
� (1� 2�)LA (V n)� �LA

�
V n�1

�
:

Substituting in the �rst one, we obtain

K
�
Un+1

�
= � (1� 2�)LA� (Un) + ��LA�

�
Un�1

�
+ Un�1 + ��Fn: (4.17)

Next, recall that

��Fnj;m�� = 1

4

����Unj+1;m � Unj�1;m�2 + �Unj;m+1 � Unj;m�1�2��� :
Thus, ��Fnj;m�� � 1

2

h�
Unj+1;m

�2
+
�
Unj�1;m

�2
+
�
Unj;m+1

�2
+
�
Unj;m�1

�2i
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and consequently,

kFnk2 � 2 kU
nk22 : (4.18)

Finally, (4:17) yields that



K �Un+1�

 � � j1� 2�j kLA� (Un)k+ � j�j


LA� �Un�1�

+ 

Un�1



+� j�j kFnk :

Setting ! = jqj+ 8� j�j, we obtain



K �Un+1�

 � 8!� j1� 2�j kUnk+ [1 + 8!� j�j]

Un�1

+ 2� j�j kUnk2 : (4.19)

We now evaluate


V n+1

. Applying � for the �rst equation in the system (4:16), we get

�
�
Un+1

�
= ���LA

�
V n+1

�
+ �

�
Un�1

�
+ � (1� 2�) � (LA (V n))

+���
�
LA
�
V n�1

��
+ ��� (Fn) :

By replacing in the second equation of (4:10) we obtain

�K
�
V n+1

�
= (1� 2�) [��� (LA (V n))� V n]

+�
�
���

�
LA
�
V n�1

��
� V n�1

�
+2��

�
Un�1

�
+ (1� 2�) � (Un) + ���� (Fn) ; (4.20)

We get from (4:20) and (4:18),



�K �V n+1�

 � j1� 2�j [8� j�j! + 1] kV nk (4.21)

+ j�j
�
[8� j�j! + 1]



V n�1

�+ 2 j�j! 

Un�1


+(1� 2�)! kUnk+ 2���! kUnk2 .
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Now coming back to (4:4) and applying boundary conditions, we get

U�1 = U0 + le' and V �1 = qU0 + e (4.22)

where,

e' = �q�'+ ��2'� � jr'j2
and e = � �lq2 + ���'+ 2l�q�2'� l�2�3'� �lq jr'j2 + �l���jr'j2� .
Hence, 

U�1

 � 

U0

+ l ke'k and



V �1

 � jqj

U0

+ 


e 


 . (4.23)

Now, the Lyapunov criterion for stability states exactly that

8" > 0;9� > 0 :


�U0; V 0�

 � � ) k(Un; V n)k � "; 8n � 0.

For n = 1; and any " given such that


�U1; V 1�

 � "; we seek an � > 0 for which

�U0; V 0�

 < �.

By direct substitution in (4:19), for n = 0; we obtain



K �U1�

 � 8!� j1� 2�j

U0

+ [1 + 8!� j�j]

U�1

+ 2� j�j

U0

2 :
From (4:23) ; we obtain



K �U1�

 � 2� j�j


U0

2 + (1 + 8!� [j1� 2�j+ j�j])

U0



+l (1 + 8� j�j!) ke'k :
Observing that,

j1� 2�j+ j�j � (1 + 3 j�j) ;
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we get



K �U1�

 � 2� j�j

U0

2 + 8!� (1 + 3 j�j)

U0

+ l (1 + 8� j�j!) ke'k :
Next choosing l = o

�
h4+s

�
small enough, we obtain



U1

 � 4� j�j

U0

2 + 16!� (1 + 3 j�j)

U0

+ 2l (1 + 8� j�j!) ke'k :
Now, for " > 0, we seek � > 0 such that

4� j�j �2 + 16!� (1 + 3 j�j) � + 2l (1 + 8� j�j!) ke'k < " (4.24)

or otherwise,

4� j�j �2 + 16!� (1 + 3 j�j) � + 2l (1 + 8� j�j!) ke'k � " < 0:
The discriminant of the last inequality is

�0 = 64 (!� (1 + 3 j�j))2 � 4� j�j (2l (1 + 8� j�j!) ke'k � "):
For the same assumption on l and h as above,

�0 � 64 (!� (1 + 3 j�j))2 + 4� j�j " > 0:

Consequently, there are two zeros �1 < �2 of the inequality above. Furthermore, replacing

� with 0 we get a negative quantity, thus �1 < 0 < �2: As a result, �2 is the good candidate.

Now, choosing


(U0; V 0)

 � �2, we get immediately



U1

 < ":

Next, already with n = 0; we get similarly to the previous case



�K �V 1�

 � j1� 2�j [8� j�j! + 1]


V 0

+ j�j �[8� j�j! + 1]

V �1

�

+2 j�j!


U�1

+ j1� 2�j! 

U0

+ 2���! 

U0

2
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Choosing l = o
�
h4+s

�
small enough as above, and � = 8� j�j! + 1, we obtain

j�j
2



V 1

 �


�K �V 1�

 � � j1� 2�j



V 0

+ � j�j �

V �1

�
+2 j�j!



U�1

+ j1� 2�j! 

U0

+ 2���! 

U0

2
Next, recall that



U�1

 � 

U0

+ ke'k and 

V �1

 � jqj

U0

+ l 


e 


 ;
we get

j�j


V 1

 � 2� j1� 2�j



V 0

+ 2� j�j�jqj

U0

+ 


e 


�
+4 j�j!

�

U0

+ l ke'k�+ 2 j1� 2�j! 

U0

+ 4���! 

U0

2 :
Henceforth,

j�j


V 1

 � 4���!



U0

2 + 2� j1� 2�j

V 0


+2 (� jqj j�j+ ! (2 j�j+ j1� 2�j))



U0


+2� j�j




e 


+ 4 j�j!l ke'k :
Now, proceeding as for U1, we prove that for all " > 0; there is an �02 > 0 satisfying

V 1

 < " whenever



(U0; V 0)

 � �02: Finally � = min (�2; �
0
2) answers the question.

Assume now that
�
Uk; V k

�
is bounded for k = 1; 2; :::; n by "1 whenever

�
U0; V 0

�
is

bounded by � and let " > 0: We shall prove that it is possible to choose � satisfying

�Un+1; V n+1�

 � ".

Lemma 30 (Banach) Let E;F be two Banach spaces and � : E ! F be linear. If � is

continue and bijective then � is a homeomorphism.

Consider as above the endomorphism � on M(J+1)2 (R)�M(J+1)2 (R) de�ned by

� (X;Y ) = (X � ��LA (Y ) ; �Y � � [qX � ��LA (X)]) :



68

Consider also

f1 (X;Y; Z;W ) = X + ��LA (Y ) + � (1� 2�) + ��LA (Z) + ��W

and

f2 (X;Y; Z; T ) = �� (X)� �Y + (1� 2�) � (Z)� (1� 2�)T:

We obtain thus

�
�
Un+1; V n+1

�
=

�
Un+1 � ��LA

�
V n+1

�
; �V n+1 � ��

�
Un+1

��
=

�
f1
�
Un�1; V n�1; V n; Fn

�
; f2
�
Un�1; V n�1; Un; V n

��
:

We have already proved that � is one to one for l and h small enough. Since � is linear

and continuous, then � has a continuous inverse function. So, � is a homeomorphism on

M(J+1)2 (R)�M(J+1)2 (R) . Furthermore

�
Un+1; V n+1

�
= ��1

�
f1
�
Un�1; V n�1; V n; Fn

�
; f2
�
Un�1; V n�1; Un; V n

��
:

As ��1 is continuous, there exists C > 0 such that



�Un+1; V n+1�

 =


��1 �f1 �Un�1; V n�1; V n; Fn� ; f2 �Un�1; V n�1; Un; V n��



� C


�f1 �Un�1; V n�1; V n; Fn� ; f2 �Un�1; V n�1; Un; V n��

 :

By choosing


�Uk; V k�

 � �, for all k = 0; 1; :::n, we get



f1 �Un�1; V n�1; V n; Fn�

 � 2� j�j �2 + (1 + 8� (1 + 3 j�j)) �:
Now, it su¢ ces to prove that there exists � > 0 for which

(1 + 8� (1 + 3 j�j)) � + 2� j�j �2 � " , 2� j�j �2 + (1 + 8� (1 + 3 j�j)) � � " � 0:
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The discernments is

� = (1 + 8� (1 + 3 j�j))2 + 8� j�j " > 0:

Hence, there are two zeros of the last equality

�1 =
� (1 + 8� (1 + 3 j�j))�

p
�

4� j�j and �2 =
� (1 + 8� (1 + 3 j�j)) +

p
�

4� j�j :

It is straightforward that 0 2]�1; �2[: Hence �2 > 0. Now for f2 we get



f2 �Un�1; V n�1; Un; V n�

 � [! (1 + 3 j�j) + (1 + 3 j�j)] �:
For

� � �3 =
"

! (1 + 3 j�j) + (1 + 3 j�j) ;

we obtain


V n+1

 � ": Finally, choosing � the minimum between �2 and �3 the criterion

is proved.

Lemma 31 As the numerical scheme is consistent and stable, it is then convergent.

4.5 Numerical Implementations

We propose in this section to present some numerical examples to validate the theoretical

results developed previously. As in the previous chapter, the error between the exact

solutions and the numerical ones via an L2 discrete norm (3:37) will be estimated. Denote

un the net function u(x; y; tn) and Un the numerical solution. We propose to compute the

discrete error (3:38) on the grid (xi; yj), 0 � i; j � J + 1 and to validate the convergence

rate of the proposed schemes we propose to compute the proportion

C =
Er

l2 + h2
: (4.25)
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We consider the inhomogeneous problem8>>>>>>><>>>>>>>:

@u
@t = �v + � jruj

2 + g(x; y; t); (x; y; t) 2 
� (t0;+1)

v = qu� ��u; (x; y; t) 2 
� (t0;+1)

(u; v) (x; y; t0) = ('; ) (x; y); (x; y) 2 

�!r(u; v)(x; y; t) = 0; (x; y; t) 2 @
� (t0;+1)

(4.26)

on the rectangular domain 
 = [�1; 1]� [�1; 1], where

g(x; y; t) = Ke(t)[e(t)[C4(x)S2(x)C6(y) + C6(x)C4(y)S2(y)] (4.27)

�
�
C(x)S2(x)C(y)S2(y)

�
] (4.28)

and the exact solution

(u; v)(x; y; t) = (e(t)C3(x)C3(y); :::);

with

C(x) = cos(
�x

2
) , S(x) = sin(

�x

2
) , e(t) = e�9�

4t=2 and K =
9�4

2
:

In the following tables, numerical results are provided. We computed for di¤erent space

and time steps the discrete L2-error estimates de�ned by (3.38). The time interval is [0; 1]

for a choice t0 = 0 and T = 1. The following results are obtained for di¤erent values of the

parameters J (and thus h), l ((and thus N). The parameters � and � are �xed to � = 1
3 and

� = 1
5 : We just notice that some variations done on these latter parameters have induced

an important variation in the error estimates which explains their e¤ect as they calibrates

the position of the approximated solution around the exact one. The parameters q; � and

� have the role of viscosity-type coe¢ cients and �xed to the values � = 1; � = �2�2

and q = 11�2

2 : The following tables outputs the error estimates relatively to the discrete

L2�norm de�ned above for di¤erent values of the space and time steps. First, we provide

estimates when the optimal condition l = o(h4+s); s > 0 is ful�lled. s is �xed to 0:01 for
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the �rst table. Next, to control more the e¤ect of such assumption which is due to the

presence of a second order Laplacian in the original problem, we tested the convergence

of the scheme at some orders less than the optimal power �xed to 4: The second table

provides the estimates with a slightly sub-critical power 4 � s; s > 0 small enough. Here

also s is �xed to 0:01, and �nally in the third table, we tested the discrete scheme for a

strong sub-critical power.

l = o(h4:01)

J N Er2

10 640 1; 25:10�5

12 1320 2; 46:10�6

14 2450 6; 14:10�7

16 4183 1; 84:10�7

18 6707 6; 38:10�8

20 10233 2; 46:10�8

22 14997 1; 04:10�8

24 21258 4; 76:10�9

25 25039 3; 29:10�9

30 52015 6; 36:10�10

l = o(h3:99)

J N Er2

10 616 1; 35:10�5

12 1273 2; 55:10�6

14 2355 6; 65:10�7

16 4012 2; 00:10�7

18 6419 6; 96:10�8

20 7973 4; 06:10�8

22 14295 1; 14:10�8

24 20228 5; 26:10�9

25 23806 3; 64:10�9

30 49273 7; 09:10�10

l = o(h3:01)

J N Er2

10 128 3; 10:10�4

12 220 8; 82:10�5

14 350 2; 99:10�5

16 523 1; 17:10�5

18 746 9; 59:10�6

20 1024 2; 45:10�6

22 1364 1; 26:10�6

24 1772 6; 84:10�7

25 2004 5; 14:10�7

30 3468 1; 34:10�7
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4.6 Conclusion

This chapter investigated the solution of the well-known Kuramoto-Sivashinsky equation

in two-dimensional case by applying a two-dimensional �nite di¤erence discretization. The

original equation is a 4-th order partial di¤erential equation. Thus, in a �rst step it

was recasted into a system of second order partial di¤erential equations by applying a

reduction order. Next, the continuous system of simultaneous coupled PDEs has been

transformed into an algebraic discrete system involving a generalized Lyapunov-Syslvester

type operators. Solvability, consistency, stability and convergence are then established by

applying well-known methods such as Lax-Richtmyer equivalence theorem and Lyapunov

Stability and by examining the topological properties of the obtained Lyapunov-Sylvester

type operators. The method was �nally improved by developing a numerical example.
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