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Abstract

This work is to show that there are at least three symmetric positive solutions to the

non linear equation of fourth order with the boundary conditions Lidstone. This problem

is given by:

y W) =f(yt),—y (), 0<t<1,

y (0)=y (1)=0,

where f: R x R — [0, 00| is continuous.

Key words. Problem of fourth-order for Lidstone, multiple solutions positive, cone, Banach

space ordered, Leggett-Williams fixed point theorem.
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Introduction

Introduction

This work is devoted to the existence of nontrivial positive solutions for a class of fourth
order Lindston boundary value problem studied by R.I. Avery, J.M. Davis et J. Henderson
4]

This work presents sufficient conditions for the existence of at least three positive solu-
tions for a nonlinear fourth order equation under Lidstone boundary conditions. The main
tool used is the generalized Leggett and Williams fixed point theorem [3]. based on the
Krasnozels’kii [15] and Leggett-Williams [17] fixed point theorems in cones.

Growth conditions are imposed on the nonhomogeneous term f and inequalities involving
an associated Green’s function are used in order to apply the Leggett and Williams fixed
point Theorem to cones in ordered Banach space.

Theoretic cone fixed point theorem have been employed commonly in recent year to show

the existence of multiple positive solutions.

Over a long period of time, there is much attention focused on questions of posit-
ive solutions of boundary value problems for ordinary differential equations, see [1] and
the references therein. This is due to the applicability of certain fixed point theorem of

Krasnosel’skii[15] or Leggett and Williams [17].

Other attention has been given to the study of positive solutions of boundary value
problems.

At least triple positive solutions where ensured by Avery [3] in the second order conjugate
boundary value problem, by using the Leggett and Williams fixed point theorem.

In the paper of Henderson and Thompson [12], for certain two-point boundary value
problems for n-th order equations, multiple positive solutions have been improved using
the same theorem. Avery and J. Henderson [2] improved Avery’s results by using a five
functional fixed point theorem(which is a generalisation of the Leggett-Williams fixed point
theorem).

M. Davis, W. Eloe, J. Henderson [7] make an application of a Leggett-Williams fixed
point theorem to yield the existence of at least three positive symmetric concave solutions for

the 2m th order Lidstone boundary value problem y?™(¢) = f(y(t), ..., ¥ (t), ..., s>~ (#)),0 <
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t < 1,y*(0) = 0=19%(1),0 <i <m—1, where (—1)"f > 0. The emphasis here is that
the function f of this equation depends on higher order derivatives. This is the first related

study that allows f to depends on more than one order derivative of .

This paper fellows the work of [2] and [7] by applying the Five Functionals fixed point

theorem and allowing to f to depends on the second derivative of .

This work is divided in three chapters, preceded by an introduction and followed by a

conclusion and the bibliographical list of publications.

The first chapter of this paper has the aim to recall some basic fixed point theorems:

Banach, Brouwer,Schauder, and Krasnosel’skii fixed point theorem.

The second chapter, has the aim to remind some notions and basic results which are
necessary in the presentation of the following chapters of this work and to present the
theorem with its proof. This theorem, given by R.I.Avery [3], is a generalisation of the the
Leggett-Williams fixed point theorem, which deals with fixed points of a cone-preserving
operator defined on an ordered Banach space. The hypotheses of the Leggett-Williams
fixed point theorem are based upon the relationships between the operator, the norm and
a continuous concave functional. The generalisation theorem allows to choose three convex
functionals which are used in place of the norm in part of the hypotheses. In addition a
concave functional is introduced with relationships to one of the convex functionals in the

same spirit of the Leggett-Williams theorem.

The main results are stated and proved in chapter three. The five functionals fixed point

is used to prove the existence of three positive solutions to the integral equations of the form:

y(t) = /01 G(t,s)v(s)ds, 0<t<1,

where G is the Green’s function which satisfies the Lidstone boundary conditions and v is

defined by: X X
v(t) :/0 G(t,s)f(/o G(s,T)v(r)dr,v(s)), 0<t<1.

In order to do this, inequalities imposed on the kernel G' are used, and on the nonhomo-

geneous term f.
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1.1. Some Fixed Point Theorems

1.1 Some Fixed Point Theorems

Definition 1.1.1 Let X be a set and let T : X — X be a function that maps X into
itself. (Such a function is often called an operator, a transformation, or a transform on X,
and the notation Tz is often used in place of T'(x)). A fized point of T is an element x € X
for which T'(x) = x.

Remark 1.1.1 Note that the definition of a fixed point requires no structure on either the
set X or the function T.

1.1.1 Banach Fixed Point Theorem

Definition 1.1.2 Let (X,d) be a metric space. A contraction of X (also called a contrac-
tion mapping on X ) is a function f: X — X that satisfies
Ve, e X - d(f(a), f(z)) < Bd (x/,x>
for some real number B < 1. Such a [3 is called a contraction modulus of f.
Theorem 1.1.1 FEvery contraction mapping is continuous.

Proof : Let T : X — X be a contraction on a metric space(X, d), with modulus £,
and let T € X. Let € > 0, and let § = . Then d(z,7) < § = d(Tx;Tz) < 5§ < € .
Therefore T' is continuous at x. Since x was arbitrary, 7' is continuous on X. The above

proof actually establishes that a contraction mapping is uniformly continuous.

Definition 1.1.3 Let (X,d,) and (Y,dy) be metric spaces. A function f : X — Y s

uniformly continuous if for every e > 0 there is a & > 0 such that

!

Voo € X i dy(z,2) < 6 = dy(f(x), f(z)) <
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Notice how this definition differs from the definition of continuity: uniform continuity
requires that, for a given € , a single will work across the entire domain of f.

Continuity allows that the 6 may depend upon the point x at which continuity of f 1is
being evaluated; uniform continuity requires that ( for a given € ) being within 0 of any

x € X guarantees that the image under f is within € of f(z).
Theorem 1.1.2 FEvery contraction mapping is uniformly continuous.

Theorem 1.1.3 ( Banach Fized Point Theorem )Every contraction mapping on a com-
plete metric space has a unique fized point. (This is also called the Contraction Mapping
Theorem.)

Proof : Let T : X — X be a contraction on the complete metric space (X,d), and let
be a contraction modulus of T'. First we show that T can have at most one fized point.

Then we construct a sequence which converges and show that its limit is a fixed point of
T.

(a) Suppose x and x" are fized points of T. Then d(x,x') = d(Tz,Tx') < Bd(x,2); since
B < 1, this implies that d(x,2') =0, i. e., z = 2.

(b) Let xg € X, and define a sequence {x,} as follows:

w1 =Txo,x0 =Tay =T, ... ,xp =TTm_1 =T z0, ...

We first show that adjacent terms of {x,} grow arbitrarily close to one another | speci

cally, that d(z,, Tpy1) < B"d(xo, 1) :

IN

d([El,l’g) Bd(xo,JIl)

d(l‘Q,SL’g) < 5d($1,$2>§ﬁ2d(f£0,$1)

IN

d(l’na :L‘n-l—l) Bd(xn—lv an) S Bnd(xm 171).

Next we show that if n < m then d(w,, vm) < " 25d(x0, 1) :
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d(I’n, In-l—l) é ﬁnd(x07 ‘7;1)
d<xn> xn+2) < d(l‘n, $n+1) + d<xn+17 xn+2>
< Bd(wo, 1) + B d(wo, 31) = (5” + 5”“) d(wg, 1)
dxp,zm) = (" + B4+ ﬁm_l)d(xo, x1)

= B+ B+ + .+ BT d(wo, 1)

< B+ B+ B+ )d(wo, 1)
1
= ﬁnmd(xo, Il)
Therefore {x,} is Cauchy: for e > 0, let N be large enough that BNﬁd(mo, x1) <€,
which ensures that

n,m >N = d(z,,T,) <€

Since the metric space (X, d)is complete, the Cauchy sequence {x,} converges to a point
r* € X. We show that x* is a fixed point of T: since x, — x* and T is continuous, we
have Tx, — Tx* i.e.,x,.1 — Tx*. Since

Tpi1 — % and v,y — Tx* , we have Tx* = x*.

Theorem 1.1.4 If T is a contraction on a complete metric space (X,d) and 5 is a con-
traction modulus of T, then for any
r e X,
Vn e N: d(T"z,2*) < "d(x,z"),

where x* is the unique fixed point of T.

Proof :

d(T'z,z*) = d (TT"_lm, Tx*) , because z* is a fixed point of T

IN

Bd (T”_lm, 1;*) , because T is a contraction

IN

5%d (T”’2x, x*)

IN

. < p"d (T%,x*)
= ["d(x,z").
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1.1.2 Brouwer Fixed Point Theorem

In the unit-interval example in the preceding section, the Banach Theorem seems somewhat
limited. It seems intuitively clear that any continuous function mapping the unit interval
into itself will have afixed point, but the Banach Theorem applies only to functions f that
satisfy |f’ (a:)‘ < 3 for some < 1.

An elementary example of this is the function f(z) = 1 — x, which has an obvious
fixed point at x = %, but whose derivative satisfies | f (x)! = 1 everywhere therefore
d(f(z), f(z')) = d(x,2") so f is not a contraction and the Banach Fixed Point Theorem
doesn’t apply to f. The fixed point theorem due to Brouwer covers this case as well as a
great many others that the Banach Theorem fails to cover because the relevant functions

aren’t contractions
Definition 1.1.4 Let R" have its usual inner product (.,.) and let ||.|| be the induced norm.

Let B" := {x € R": ||z|| < 1} be the open unit ball, B" := {z € R": ||z| <1} the
closed unit ball, and S"! := {z : ||z|| = 1} the unit sphere in R".

Theorem 1.1.5 (Brouwer Fized Point Theorem). Every continuous map f : B" — B" has
a fized point. That is there is an x € B such that f (z) = .

In [18] J. Milnor gave a proof of this result based on elementary multidimensional integral
calculus.

In [19]C. A. Rogers simplied Milnor’s proof.

Here we give an exposition of the Milnor-Rogers proof.
Lemma 1.1.1 There is no C* map f: B" — S™ ' such that f (x) =z for allx € S" 1.

Proof : Assume, toward a contradiction, that such an f: B" — S" ! exists.

For t € [0,1] let
filz) =1 —-t)z+tf(z) =2+ tg(x)
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where g(z) = f(z) — x. Note that for z € B" that
1@ <@ =) flzl + 2t f@) <A -t)+t=1
and therefore f, : B — B .Also note that for all z € " 1.
filx)=Q =tz +tf(z)=1—-t)z+tz ==z

and thus f; fixes all points on S"~!. As f is O, the same is true for g and therefore

there is a constant C' such that for all x, 25 € B"

g (21) — g (22)]| < C ||zy — 24| .

Now assume that there are distinct points z; and 5 in B" with fi(x1) = fi(xs).

This implies 3 — 21 =t (g (1) — g (x2)) and therefore
|2 — 21|l = tllg (1) — g (22)]| < Ct |z — a4]].

As x7 # x this implies Ct > 1. Thus when ¢ < 1/C the function f; : B — B" is
injective. Let Gy = f; [B"] be the image of the open unit ball under f; The derivative of f;,

viewed as a linear map f; (r) : R® — R, is given by

fi (@) =1 +1tg ()

where I is the identity map on R". As g is C" there is a ¢, such that det f, (z) > 0 for
all t € [0,to]. Then by the inverse function theorem G, is an open set for all ¢ € [0, to].

By possibly making ¢, smaller we also have that f; is injective for all ¢ € [0, to].

We claim that Gy = B" for all t € [0,%]. Assume that this is not the case. Then the
boundary 0G; will intersect the open ball B" at some point 5. As yg € 9G,; there is a

sequence xy € B" such that
lim £, (22) = .

By the compactness of B we can pass to a subsequence and assume that limz, = o

l—o00

for some o € B'". Then, by the continuity of f , we have

ft (z0) = yo.
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But, as G; is open and open sets are disjoints from their boundaries, ¥ is not in G; = f [B"]
thus
To € Fn \ B" = s,

But for z, € S"! we have that

i ($0) = Xy,

which implies that

Yo = fi (zo) = mg € S,
which contradicts the assumption that g is in B” . Therefore for ¢t € [0,t] the map f; : B' —
B" is a bijection.

Define a function F': [0,1] — R by

F(t)= / det f|(z)dx :/ det (I +tg' (x))dz
B’VL ETL
where dx is the volume measure on R". This is clearly a polynomial in t. And for

t € [0,to] the function f; : B" — B" is a bijection and so by the change of variable formula

for multiple integrals F'(t) is just the volume of the image f; [En] — B". That is

F (t) = Volume (Fn) for t €[0,t).

But a polynomial that is constant on an interval is constant everywhere.
Therefore F' (t) =Volume (En) for all ¢ € [0,t0] and in particular F' (1) =Volume
(B") > 0.
But
fi(z)=f(x) € s""

for all x and therefore

(fi(@), @) =|fi@)| =1

for all z. Thus for any vector € R"

/ d
2 <f1 (z)v, fi ($)> = (fi (zt +tv), fi (x +tv)) |i=0= %1 |t=0= 0.
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This shows that the range of f; () is contained in f ()", the orthogonal compliment
of f(x). But then rank f; (z) < n —1 for all z € B" and therefore det f; (x) = 0 for all
z € B". Whence

F(l):/Bndet fi (z)dx = 0.

This contradicts that F' (1) > 0 and completes the proof.

Proof : of the Brouwer Fixed Point Theorem:

Let f: B" — B" be a continuous map.

Then by the Stone-Weierstrass theorem there is a sequence of Cfunctions p, : B. — R"
such thel| f (z) — pe|| < 1/¢ for all z € B".(In fact we can choose the p,’s to be polynomials).

Then

[pe ()| < [1f @) + [lpe () = f (2)[| <1+ 1/¢,

Therefore if
hy = (1 -+ 1/6)71]9@

we have that h,: B — B" and hy — f uniformly.

We claim that each hy has a fixed point in B". For if not, let f; : B® — S" ! be map

fe (z) = point where the ray from hy (z)to 2 meets S™'.

fe(z)

e(x)

If h, has no fixed point this map is C' and has f; (r) = z for all z € S"! contradicting
Lemma (1.1.1).
Let x, be a fixed point of h,, that is hy (xy) = x.

10
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—n .
As B is compact we can pass to a subsquence and assume that x, — xg for some x, in

B". As hy — f uniformly this implies
f(xo) = Zlim he (z0) = elim Ty = Tp.

That is f has z( as a fixed point.
We get as a corollay, important enough to be called a theorem, a version of Lemma

(1.1.1) where f is not required to be C"*.
Theorem 1.1.6 There is no continuous map f : B — S™ ‘with f (z) = x for allz € S" 1.

Proof : Assume that such an f : B® — S lexisted.
Let g : B — B" be given by g (z) = —f (z).
Therefore g also maps B into S™ L.

Therefore if

r = g(z) we have x € S" 1.

But for
reS"hg(r)=~f(r)= -z #uw

Thus ¢ has no fixed point, contradicting Theorem (1.1.5).

1.1.3 Schauder Fixed Point Theorem

Lemma 1.1.2 FEvery bounded closed subset of a finite dimensional normed space is compact.

Theorem 1.1.7 Let K be a nonempty closed convexr subset of a normed space.
Let T be a continuous mapping of K into a cumpact subset of K.
Then T has fized point in K.
Proof : Let £ be a Banach space and let T (K) C A, a compact subset of K. A is

contained in a closed convex bounded subset of £.

T(BNK)CT(K)Cc ACB

11
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so T(B N K) is contained in a compact subset of B, K and there is no loss of generality in
supposing that K 1is bounded.

If Ay is a countable dense subset of the compact metric space A, then the set of all
rational linear combinations of elements of Ag is a countable dense subset of the closed
linear subspace & spanned by Ay and Ag C & .

Then

T(KN&)CT(K) C A,

a compact subset of &, and K N &, is closed and conver.
Hence without loss of generality we may assume that K is a bounded closed convex subset
of a separable normed space € with a strictly convex norm (Theorem Clarkson).

1
Given a positive integer n, there exists a—-net Txy, ..., Tx,, say in TK, so that
n

1
min ||Tx — Tz < — (z € K) (1.1.1)
n

1<k<n

Let &, denote the linear hull of
Txq,...,Tx, K,=KNE,

is a closed bounded subset of &, and therefore compact (Lemma 1.1.2). Since the norm is
strictly convex, the metric projection P, of £ onto the conver compact subset K, exists.
T, = P, T is a continuous mapping of the non-empty convex compact subset K, into itself,

and therefore by the Brouwer fized point theorem, it has a fixed point u,e K,,
T, = Uy, (1.1.2)

By (1.1.1), since
Tz, € Kp(k=1,2,...,m),

we have

1
Te —T,x| < — 1.1.3
n

The sequence {Tu,}of TK has a subsequence Tu,, converging to a pointv € K. By (1.1.2)
and (1.1.3),

1
lnk = ol] = [Tyt = ol < | Togtin, = Tt |+ [Tt = o <~ + [ Tt = ]

12
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Therefore

lim u,, =u
k—o00

and by continuity of T,

lim T'u,,, =Tv or Tv = v.
k—o0

1.1.4 Krasnoselskii’s Cone Fixed Point Theorem

Definition 1.1.5 Let £ be a Banach space . A nonempty, closed set P C £ is a cone
provided

(a) au+ v € P for allu,v € P and all o, f > 0 and

(b) u, —u € P implies u = 0.

Definition 1.1.6 Let X be any space and f a map of X, or of a subset of X, into X.
A point x € X is called a fized point for f if v = f(z). The set of all fized points of f
1s denoted by Fix f.

Exemple 1.1.1 if £ is a Banach space and K, = {x € € | ||z| < o}is the closed ball in €

with center 0 and radius o, thenr : £ — K, given by

Y for |yl < o,
r(y) =
oy Nyl for [yl > o,

Fiz r =K,

Let X be a retract normed and U open in X. Recall that by ,IC (U, X ) we denote the
set of all compact maps from U to X, and by Kay/ (U, X ) the set of all maps f € K (U, X )
that have no fixed points on QU. Observing that for f € Ky, (U, X ) the map fjr is in
F(U.X).

Definition 1.1.7 Let X be a Banach space, U open in X, and f € Ky, (U, X). The fized
point index i (f,U) of f is given by

i(f,U)=1i(fir,U).

13
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The properties of the index for compact maps in F (U, X ) immediately translate to properties

of the index for maps in g, (U, X ), and we obtain the following basic theorem:

Theorem 1.1.8 Let X be a Banach space, U C X an arbitrary open subset, and Ky, (U, X )
the set of all compact admissible maps from U to X. Then there exists an integer-valued
fized point index function f — i (f) for f € Ka, (U, X ) with the following properties:

(I) (Normalization) If f € Ko, (U, X) is a constant map u — uo. then i (f,U) = lor 0
depending on whether or not u, € U.

(I1) (Additivity) If f € Ko, (U, X) and Fiz (f) C U U Uy C U with Uy, Uy open and
disjoint, then

(I1I) (Homotopy) If hy : U — X is an admissible compact homotopy in Ko, (U, X),
then
i(hg, U) - i(hl, U)

(IV) (Existence) If i (f,U) # 0, then

(V) (Excision) If V is an open subset of U and if f € Ko, (U, X) has no fized points in
U—-V, then
i(f,U) =1i(f,V)
(VI) (Multiplicativity) If f1 € Koy (71, Xl) and fo € Koy, (72, Xg), then f1 X fo €
Kou, (71 x Uy, X1 X Xg) and

i(fi X fo, Uy x Ug) =i (f1,U1) - i (fa, Us)

(VII) (Commutativity) Let X, X be a Banach space, let U C X, U C X' be open, and
let f:U— X',g: U, — X be continuous maps, at least one of them being compact. Define
V=Unf1'U) ad V' =U ng*(U). then:

(1) the maps
gf V=X, fg:V =X

are compact,

14
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(i) if Fixz (gf) CV and Fixz (fg) C V', then
i(gf,V)=i(fg. V).

We list further frequently used properties of the index:

(VIII) (Contraction) Let (X, A) be a pair of Banach space with A closed in X, U C X
open, and f € Ka, (U, X) with f (U) C A.

Let f = furd : UNA — A be the contraction of f. Then

f € Kounay(UNA, A) and i(f,U) = i(f,U N A).

(IX) (Localization) Let f € Ko, (U,X) and Fiz (f) C Uy UUs C U with Uy, Us open
and disjoint.

Suppose i (f,U) #0 and i (f,Uy) =0. Then

Fix (f‘UQ) 75 @

(X)) (Multiplicity) Let f € Ka, (U, X) and Fix (f) C Uy UUy C U with Uy, Uy open and
disjoint.

Suppose i (f,U) =0 and i (f,Uy) # 0. Then
Fiz (fir,) # 0 and Fiz (fi,) # 0.
( the proof of theorem can be found in [10] ).

Definition 1.1.8 Let £ be a Banach space. C' a convex (not necessarily closed) subset of
E, and U C C open with 0 € U. As before, we denote by Ky, (U, C’) the set of compact
maps f: U — C that are fived point free on OU.

Definition 1.1.9 If P C £ is a cone and o > 0, we let
By={z € P/llz| <o}, So={xeP/|az] =0}, K, =5,U B,.

Lemma 1.1.3 Let £ be a Banach space and | | be any norm in E. let f € Kg, (U, C’).

and assurne that one of the following conditions holds for all x € QU :

@) [ f (@) |<] 2],

15
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(@) [ f(2) |<] e = f(2)],

(iid) | f (x) <[ |* + 2~ f(2) ",

() (z, f (z)) < (x,z). where () is a scalar product in E.
Then

i(fU)=1
( the proof of lemma can be found in [10] ).

Lemma 1.1.4 Let f € Kg, (K,, P) satisfy || f (x)|| > ||z||for all x € S,. Then:
(a) Z(fv Bg) =0,

(b) f has an eigenvector on S, with characteristic value p € (0,1).
( the proof of lemma can be found in [10] ).

Theorem 1.1.9 (Krasnosel’skii). Let £ be a Banach space, P C & a proper cone, and
assume that f : P — P is a completely continuous map such that for some numbers rand R
with 0 < r < R, one of the following conditions is satisfied:

(@) [If @) < =l for x € Sy, and |[f (z)|| = [|z|| for z € Sk.

®) If @I = 2]l for o € Sy, and | @)]| < [lo]] for = € S.

Then f has a fized point x with r < ||z|| < R.

Proof : We may assume that f has no fixed points on S, and Sg. We make the following
observations:

(7) if (a) holds, then i (f, Bg) = 0 by (Lemma 1.1.4) and i (f, B,) = 1 by (Lemma 1.1.3),

(22) if (b) holds, then i (f, Bg) = 1 by (Lemma 1.1.3) and i (f, B,) = 0 by (Lemma 1.1.4).

1.2 Lebesgue and Arzela—Ascoli Theorems

1.2.1 The Lebesgue Dominated Convergence Theorem

Definition 1.2.1 Let
F={fi: X—->Y,iel}

16
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be a family of functions indexed by I, where X is an arbitrary set and Y is the metric space
with metric d.
We call F uniformly bounded if there exists an element a from'Y and a real number M
such that
d(fi(x),a) <M Viel, Vze X.

Theorem 1.2.1 If {fn}n20 s a sequence of measurable functions and f, — f a.e, on a set

S and there is an integrable

function g on S such that |f,| < g for all n, then f is integrable and [ fy,dx — [ fdx
s S

Proof : Notice that all fn are integrable since |f,,| < g and g is integrable.
Since f, — f, f is measurable, and f is integrable since |f| < g.
Let € > 0 and let T" be a finite measure subset of S such that g is bounded on T and

[ gdz <e.
S—T
Clearly {f,} is uniformly bounded (by a bound for g) on T,

SO
[ fndz — [ fdx
T T

by the bounded convergence theorem. Since |f,| < g and |f| < ¢,

<e€, <e€

f fndx
S—T

[ fdx
S—T

Therefore, if we choose N so that <eforn > N,

[ fodx — [ fdx
T T

then for n > N

< + < 3e

[ fudx — [ fdx
s S

[ fadx — [ fdx
T T

[ fodz— [ fdx
S-T S—T

The dominated convergence theorem says in essence that pointwise convergence of { f,,}
implies convergence of the integrals, provided only that the graphs of the f,, all lie in some
fixed finite area.

If the f,, are positive and their graphs are not all in some fixed finite area, then the
integrals [ f,dz may get too big, but they are always at

least as big as [ fdz in the limit.

17
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1.2.2 Arzela—Ascoli Theorem

Definition 1.2.2 Consider a subset A C C'[0,1]. We call A equicontinuous if,
Ye>0, 36>0

such that,
VieAVr,ye|01], |z -yl <d = [f(z) - fly)| <e

This is very similar to the definition for continuity of a specific function fin A.

The only difference is that, for a given €, we must choose & > 0 which works for all
possible functions f in A. That is, we must choose the before we are allowed to look at
the function, making this a property of a set rather than a function, whereas in proving

continuity, we choose our  for a specific function.

Remark 1.2.1 Since we are trying to show that equi continuity is the additional property
which compact sets in C'[0,1] contain, our example of a closed, bounded but not compact
subset of C'[0,1], should fail to be equi continuous.

We will prove that the unit ball in C'[0, 1] is not equi continous.

Recall that the unit ball contained the sequence {z"}, ..

Theorem 1.2.2 For A C C'[0,1], A is compact if and only if A is closed, bounded, and

equicontinuous.

Proof : A compact = A closed, bounded, and equicontinuous.
We have already shown, that A must be closed and bounded. It remains to show that
A is equicontinuous.
To do so, we assume first that A is compact but not equicontinuous.
Since it is not equicontinuous, we note that 3e > 0 such that Vé3z,y € [0,1] and f € A
such that
|z —y| <,

but
|f(z) = f(y)] > e

18



1.2. Lebesgue and Arzela—Ascoli Theorems

In particular, we can create a chain of ’s, which we label by ¢, = %, such that dz,,y , €
[0,1] and f, € A
such that

1
|xnayn| < 571 =
n

but
| fo (T0) [ (yn)] > €

This of course defines at least one sequence of functions in A.

We choose one sequence of functions with this property, and we note that by the above
this sequence cannot possibly be equicontinuous.

Also, all subsequencesf,,(x) of this sequence would clearly also have the property that for

the n (k)’th function in the sequence, 3z, k), y nk) € [0,1] such that

| k) Ynwy| < 0

but
| Futy (k) » Fry (Wniry) | > €

by the above. And so,it is also true that no subsequence can be equicontinuous.

However, we have shown already that all convergent sequences must in fact be equicon-
tinuous.

And so, under the assumption that A is not equicontinuous, we have demonstrated the
existence of a sequence in A with no subsequence that converges.

This is a contradiction with the assumption that A is compact, and so we conclude that
A must be equicontinuous.

A closed, bounded, and equicontinuous = A compact.

We begin by considering an arbitrary sequence {f,},-, in A.

We must show that it contains a convergent subsequence. Unfortunately, it is not very
clear how to do this.

Intuitively, we may look at the interval [0,1], and find a subsequence which converges
pointwise at one point, zo. We could then find a subsequence of that subsequence which

converged at a second point, z1, and so on.

19
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This would work if [0, 1] had only finitely many points. Unfortunately, the interval has
uncountably many points, and so this strategy must be modified.

The first modification is to use a diagonal argument, familiar from previous arguments
in analysis, to extend convergence of a subsequence from a finite number of points to a
countable set of points. We will then use the equicontinuity property to extend convergence
at a well-chosen countable set of points to uniform convergence over the entire interval [0, 1].
For now, we continue the proof.

We let x1, 29, .., 2, .. be an enumeration of the rational points of [0, 1].

This is possible since, as we have shown, the rationals are a countable set.

We note that {f.},,, evaluated at x1, forms an infinite sequence of real numbers.

Since A is closed and bounded, each { f,,} must also be bounded, and so our sequence of
real numbers, {f, (z1)}, is also bounded.

By the Bolzano-Weierstrass Theorem, then, there exists a subsequence of our sequence
of real numbers which converges. This is equivalent to stating that there is a subsequence
of { fn}n21 which converges pointwise at x;.

For notational convenience, we label this sequence f,, ), where n; (k) is a strictly in-
creasing function from the positive integers to the positive integers.

With exactly the same argument, we can create a subsequence of that subsequence which
converges at xy, which we label f,,,). Since f, &) converges at 1 and f,, (1) is a subsequence
of fn,(efnl(k), fu,x) must also converge at x;.

We can continue this chain of subsequences, and so obtain a sequence, for each positive
integer m, a subsequence f,,, ) which converges at the rational points xy, xs, .., z,,, created
in such a way that f,,, ) Is a subsequence of f,, . ()-

Thus, for any particular finite number of rational points in [0, 1], we can find a sub-
sequence which converges at those rational points.

As pointed out earlier, this will not be enough to find a subsequence which converges on
the entire interval. However, we have not yet used the hypothesis of equicontinuity.

Before doing that, we define a sequence {g,},,, by making the n’th function in the

sequence equal to the n’th function in the sequence f,,, ).
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That is, the n’th function in ¢ is equal to the n’th function of the n’th subsequence of
the f,’s.

We note that, for any given rational point z;, g, is a subsequence of f,, ) for all n > 1,
and so g, converges at x;. Thus, this sequence in fact converges at every single rational
point on [0, 1]. Since the elements of {g,} are all taken from subsequences of {f,}, we note
that it is also a subsequence of {f,}. At this point, it remains to show that g, converges
everywhere on [0, 1], and also that it converges uniformly.

First, we will show that it is a Cauchy sequence. We consider an arbitrary = € [0, 1].

We note immediately that, by the triangle inequality,:

19n () = gm(2)| < |gn() = gn ()] + g0 () = g (i) + [gm(T) — g (3|

for any point z; in [0, 1].
Here, for the first time, we use equicontinuity.

We can choose a such that |z — ;| < ¢ implies both that

|gn () — gn(3)| <

and that

[9(2) = gm(2)] < .

This §, we recall, is completely independent of m and n, and it is also completely independent
of x,x;.

We note that the rational points are dense in the reals, and so we choose now x; to be
a rational point satisfying |z — z;| < 4.

As for the middle term, g, converges at z;, and so g, evaluated at z; forms a Cauchy
sequence, after we have already chosen x;.

Thus, 3N > 0 such that m,n > N forces the middle term to be less than £ . And
so, we have shown that g, (z) is itself a Cauchy sequence, that is, it converges pointwise
everywhere on [0, 1].

We need to show now that this convergence is uniform.

That is, the convergence is essentially independent of x.

The proof above of pointwise convergence depended on x.
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Fortunately, it can actually be modified to prove not only pointwise convergence, but uni-
form convergence. Once again to start, we also € > 0 to be given. Since A is equicontinuous,

we can choose a d independent of n and x such that
|z — x| <6

implies that
lgn () — gn(z;)| < g for all n.

Now, we partition the interval into intervals of length g . We can now choose exactly
one rational point in each such interval. We are now looking at a finite number of rational
points, only. Since g converges at each rational point, for each rational point x; which we
are looking at,

there exists an N; such that m,n > N; implies that

[9m(2) = gn(a)| < 5

Now, we define N to be the maximum over all the IV, ’s, which exists, since we are taking
the maximum over a finite set.

Having done this preparatory work, we will now show that in fact the convergence is
uniform.

For €,d, N and the set of rational points ; with their associated partition as above, we
continue.

Note that for any = € [0, 1], we can choose one of our special rational points, x; , that is
within ¢ of x. Choosing this rational point, and forcing m,n to be strictly greater than N,

we obtain:

19n(%) = gm(2)] < [gn(2) = gn(2:)| + |90 (2:) = G ()] + |G (2) = gum ()]
but
90(2) = gu(@))] < 5. |gm(@) = gm(2))] < 3

since

|z —xj| < 0.
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We also see that
Va; € 0,11, 19 (2) = gn(a))] < 5,

since we have already imposed the restriction m,n > N > N; .

And so

19n(%) — gm(2)] <,

as we wished to show. Since A is closed and this sequence converges, it must of course
converge to a function in A.

Thus, from the assumptions that A is closed, bounded and equicontinuous, we have

demonstrated for a general sequence the existence of a convergent subsequence with limit

point in A.
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2.1. Preliminaries

2.1 Preliminaries

Definition 2.1.1 A Banach space £ is a partially ordered Banach space if there exists a
partial ordering < on & satisfying

(a) u < w, for u,v € € implies tu < tv, for allt >0,

(b) uy < vy and ug < vy, for uy, ug, v1,v2 € E , Uy + uz < vy + vo.

Let P C &€ be a cone and define u < v if and only if v —u € P. Then < is a partial
ordering on £ and we will say that < s the partial ordering induced by P. Moreover, £ is
a partially ordered Banach space with respect to <. We also state the following definitions

for future reference.

Definition 2.1.2 The map « is a nonnegative continuous concave functional on P provided

a: P —0,00) is continuous and
atr+(1—-t)y) >ta(x)+(1—t)a(y) foralz,y e P and 0 <t < 1.

Similarly we say the map (B is a nonnegative continuous convex functional on P provided

B :P —0,00) is continuous and
Btr+(1—-t)y) <tB(x)+(1—t)B(y) forallz,y e P and 0 <t < 1.

Definition 2.1.3 An operator A is completely continuous if A is continuous and compact,
1.e. A maps bounded sets into precompact sets.

Let ~, 3,60 be nonnegative continuous convex functionals on P and o, be nonnegative
continuous concave functionals on P.

Then for nonnegative numbers h,a,b,d, and c, we define the following convex sets:

P(y,c) = {zeP|v(x) <c},
P(y,a,a,¢c) = {rePla<a@),y(@) <},
Q(7,8,d,c) = {z€P[B(zx)<dy(z)<c},
P(v,0,a,a,b,¢c) = {xePla<a(x),d(x)<b~y(z)<c},
Q(v,B,,hd,c) = {zeP|h<¢(z),B(x) <dy(z)<c},
S(a,a,b) = {zeP:a<a(z) and |z|| <b},
P. = {zeP: |z <c},0<c< o0,
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and

Py =

2.2 Leggett-Williams Theorem

Let the map A : P. — P satisfying the following property:
() A has a continuous extension A; : P — P such that range A; =range A and A; has

no fixed points in P\ P. .

Theorem 2.2.1 suppose A : P. — P, is completely continuous, and suppose there exist
a concave positive functional o with o (z) < ||z|| (x € P) and numbers a,b and d, with
0 <d<a<b<ec, satisfying the following conditions:

(1) {z € S(a,a,b): a(x) >a} #0 and o (Az) > a if v € S (e, a,b),

() [[Az]| < d if x € Py,

(3)a(Azx) > a if x € P. and ||Az|| > 0.

Then A has at least three fized points in P, .

( the proof of theorem can be found in [17] ).

Theorem 2.2.2 Let A : P. — P be a completely continuous operator satisfying property

(%) suppose there exist a concave positive functional o with
a(r) < [lz]| (z € P)

and numbers a,b and d, with

0<d<a<b<cg,

satisfying the following conditions :
(1){z € S(a,a,b):a(x)>a} #0 and a(Az) > a if v € S (a, a,b),
(2) |Az|| < d if x € Py,
(3)a(Az) > a if v € P. and ||Azx|| > .
Then A has at least three fived points in P, .
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2.2. Leggett-Williams Theorem

Proof : Let A; be the extension of A described in property (x) and choose r > ¢ such
that A; (P.) C P..
Note that conditions (1) and (2) of Theorem (2.2.1) hold for A;.
If
z € S(a,a,b) and ||Ajz| > b,

then
Az = Ay

for some y € P, and o (Ax) = a(Ay) > a (since ||Ay|| > b).

Hence condition (3) of Theorem (2.2.1) is satisfied for P, and A; , and A; has at least
three fixed points in P, .

Since A; has no fixed points in P\ P. , these fixed points lie in P, and therefore are fixed
points of A .

It is possible to obtain two fixed points of A even if A dose not satisfy property ().
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2.3 A generalization of the Leggett-Williams Theorem

Definition 2.3.1 Let E be a real Banach space, a subset K of E is said to be a retract of
E if ther exists a continuous map Y : E — K such that Yz =z for all x € K .

Remark 2.3.1 Any closed convexr subset C' of E is a retract of E. That is, there is a
continuous mapping R : E — C' such that Rx = x for each x € C.

Theorem 2.3.1 Let X be a retract of a real Banach space &.

Then, for every bounded relatively open subset U of X and every completely continuous
operator A : U — X which has no fized points on OU (relative to X ), there exists an integer
i (A, U, X) satisfying the following conditions:

(G1) Normality:

i (AU, X)=1if Av=yo € U for any v € U,

(G2) Additivity:
P (AU, X) =i (A, Uy, X) +i (A, Us, X)

whenever Uy and U, are disjoint open subsets of U such that A has no fized points on U—
(U UUy),

(G3) Homotopy Invariance: i (H (t,.),U, X) is independent of t € [0,1] whenever H :
[0,1] x U — X is completely continuous and H (t,x) # x for any (t,z) €[0,1] x U ,

(G4) Permanence:

i(AU,X)=i(AUNY,Y)

if Y is a retract of X and A(U) C Y ,
(G5) FEzcision:
i (AU, X) =i (A, Us, X)

whenever Uy is an open subset of U such that A has no fized points in U — Uy,
(G6) Solution: if
i(AUX)#0
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then A has at least one fixed point in U.
Moreover, i(A,U, X) is uniquely defined.

( the proof of theorem can be found in [8] & [11] ).

Theorem 2.3.2 Let X be a retract of the real Banach space £ and X1 be a bounded convex
retract of X. Let U be a nonempty relatively open subset of X with U C X;.

Suppose that A : X1 — X is completely continuous, A (X;) C X1 and A has no fized
points on X1 —U. Then i (AU, X)=1.

( the proof of theorem can be found in [11] ).

corollary 2.3.1 Let X be a nonempty bounded closed conver set of the real Banach space
E.
Suppose that A : X — X is completely continuous.
Then
i(AX,X) =1

The following is a generalization of the Leggett-Williams Fixed Point Theorem.

Theorem 2.3.3 Let P be a cone in a real Banach space £; ¢, M be positive numbers; o,
be nonnegative continuous concave functionals on P and v, 5,0 be nonnegative continuous

conver functionals on P with

a(r) < B(x) and ||| < M~y (z)

for all x € P (v,c). Suppose

A:P(y,¢) = P(v,c)

18 completely continuous and there exists nonnegative numbers h,d,a,b with 0 < d < a

such that:
{P(v,0,c,a,b,¢): a(x) >a} #0 and a(Azx) > a for x € P(v,0,a,a,b,¢), (C1)

{Q (v, 8,0, h,d,c): B(x) <d} #0 and B (Az) < d for x € Q (v, 5,¢,h,d,c), (C2)
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a(Ax) > a for x € P(v,a,a,c) with 6 (Ax) > b, (C3)
B (Ax) < d forx € Q (v, B, h,d,c) with ¢ (Az) < h. (C4)

Then A has at least three fixed points x1, x5, x5 € P (v, ¢) such that;

ﬂ (.Tl) < d7

a < o ()
and

d < B (x3) with a(z3) < a.
Proof : Let
X =P(v,0),
U={xeP(y,a,a,c):ax)>a}

and

V={zeQ(y,8.dc):p(x) <d}.

Thus U and V' are two nonempty bounded (since ||z| < M~ (z) < Mec for all x € X)
open convex sets relative to X. Also if x € V then g (z) < d hence a(z) < d since
a(x) < p(x)foralze X .

Therefore U and V are disjoint.

Choose z; € P (7,0, a,a,b,c) with a(2z1) > a. Let

Hy (t,x) =tz + (1 —t) Az,

thus H; : [0,1] x U — X is completely cotinuous.
Claim 1: H, (t,z) # z for all (¢,2) € [0,1] x OU.
Suppose to the contrary, that is there exists (t1,x1) € [0,1] x9U such that

Hl (tl,lj) =1 .

Case 1: 6 (Azy) > b.

By assumption « (Ax;) > a hence

« (171) = (tlzl + (]_ — tl) A[L’l) Z thZ (21) + (1 — tl) (0% (Al’l) >a
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which is a contradiction since z; € OU implies that « (z1) = a.
Case 2: 0 (Az;) <b.

We have z; € P (7,0, ,a,b,c) by definition since o (z1) = a and
0 ([El) =0 (t121 + (1 — tl) Al’1> S t1«9 (Zl) + (]. — tl) 0 (AZL’l) <b

Therefore a (Az1) > a by assumption, which is the same contradiction we found in the

previous case.

Thus by the homotopy invariance and normality properties of the fixed point index we

have

(AU X) =1i(2,U,X) =1.
Choose z3 € Q (v, 8,1, h,d, c¢) with 8 (z2) < d. Let
Hy (t,x) =tzg + (1 — tAx,)

thus Hy : [0,1] x V — X is completely continuous.
Claim 2: H, (t,z) # x for all (t,2) € [0,1] x IV
Suppose to the contrary, that is there exists (t2,x2) € [0, 1] x OV such that

H2 (tg,l‘g) = T2 .

Case 1: ¢ (Azy) < h.
By assumption f (Azy) < d hence

ﬁ (;Ez) = ﬁ (tQZQ + (1 — t2) A.TQ) < tQ/B (22) + (1 — tz) ﬁ (Awg) <d

which is a contradiction since xo € OV implies that 5 (Azy) < d.
Case 2: ¢ (Axs) > h.
We have x5 € Q (v, 8,%, h,d, ¢) by definition since 5 (z3) = d and

U (w2) = (222 + (1 — t2) Awz) = ta1p (22) + (1 — t2) ¢ (Azz) = I

Therefore 3 (x2) < d by assumption, which is the same contradiction we found in the

previous case.
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Thus by the homotopy invariance and normality properties of the fixed point index we
have

i (A VX)) =i(2,V,X)=1.
By Corollary ( 2.3.1 ) we have
i(AV,X)=1.

Hence by the additivity property

i(AX—(VUl),X)=i(A4X,X)—i(AV,X)—i(AUX)=-1.

Therefore by the solution property of the fixed point index there exists three fixed points

x1, 22,03 € X = P(7v,c) for A such that ;

6 (.1'1) < d,

a < a(xg)

and

d < B (z3) with a(z3) < a.
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3.1. Main results

3.1 Main results

The propose of this section is to prove the existence positive solutions of the fourth order

lidstone boundary value problem (BVP):

s =f (v, -y ®), 0<t<t, (BVP 1)
y(0)=y (1) =0, (BVP 2)
y (0)=y (1)=0, (BVP 3)

Where f: R x R — [0, +00[ is continuous.
We will show that imposing conditions on f yields at least three positives solutions by

using the generalized Leggett-Williams fixed point theorem.
We first give a definition and two lemmas necessary to the main result.
Lemma 3.1.1 The Green function of the problem Lv = —v" =0 on (0,1) satisfying
Dv=v(0)=v(1)=0

18 given by

Proof : Let G(t,s), is the Green function for —v" = 0, satisfying in the boundary
conditions BVP (2).
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The equation

implies
v=at+b

we seek the Green function G(t,s) of the problem

Lv = 0 on (0,1),
Dv = 0.

which satisfies the following conditions:

1- G continues on t = s,

2- For t # s LG (t,s) =0,

3- D@ satisfies the boundary conditions,

4-The jump derivative lii%Gl (s+e€t)— G (s —et)=—1.

The Green function for the linear operator Lv = 0 is defined as the solution to:
G(t,s)=0(t—s)

if the t # s, then the general solution is

art + by ,t < s,
G(t,s)=at+b=
ast + by ,t > s.
Since G is continuous on t = s, the
a18 + by = ass + be, so (ag —ay)s+ (be —by) =0 (3.1.1)

and since G satisfies the assumption (4), then

(CLQ — (Il) = —1. (312)
So from (3.1.1), (3.1.2) we have:
a9 — a1 = —1,
(3.1.3)
bg — b1 = S.
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The boundary conditions v (0) = v (1) = 0 implies
G (0,s) =G (1,s) and then

bl =0 and b2 = —das.

From (3.1.2) and (3.1.3), we obtain:
bo=s and a3 =1-s.

Thus we have

(1-s)t ,0<t<s<1,
G(t,s) =
(1-t)s ,0<s<t<1.

We will make use of various properties of GG, namely:

Lemma 3.1.2 )
t(l—t
/G(t,s)ds: (2 ) o<t<i (3.1.4)
0
1
f e 1
1
/G<§,s)ds: /G(ﬁ,s)d(s:@ 2<r, (3.1.5)
0 L1
% 1 17% 1 24
re —
- = Z e 2 3.1.6
/G(Q,s)ds /G(2,5> ds 67 NV 2<r, ( )
1 1
r 2
to 1—t1 1
/G(tl,S)d3+ / G(tl,S)dSZtl (tg—tl) ,th,tz, O0<ti <ta < 5, (317)
t1 1—to
G (L.7) |
= — t < = 3.1.8
BXGun —u TS 1
. G(tl,T‘) tl 1
= — ty < = . 3.1.9
OrﬁnrlglG(tQ,T) to O<thi<ts 2 ( )
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Proof :

1 t 1
1) /G(t,s)ds = /sl—tds—i—/tl—s
0 0 ¢

2) Let r > 2

s s\ t(1—1)
= |-t tls—=)| =
Fo-o]  [(-9)), -5
when t =1 and s<%<% then

2
1 1 1
G(é,S)—8<1—§>—§S
andwhent:% and 7“<1—%<s<1 then
1 1
G(i,s) 25(1—3)

so that clearly

1

T 1
1 1 1
/G(é,S)dS—/G<5,8>dS—E for 2<r.
0

3) For the some reasons that for 2, we have (3.1.6) and (3.1.7).
4) We have

(t(lg_r) 0<t§7”<%

g?%fé%? = X r(lg_t) O<r<t<}
| &= O<t<li<r<i

( 2t(lr—r) ,O<t§r§%

] ﬁ ,0<7‘§t§%
| = 0<t<i<r<i1

,VO<t<l1.
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first we have max =-— =

o<r<12(1-r) 2
SO

d —lf 0<t
23512t(1—7“)_2t or .

F0r0<t§% , t<1—1t and then

1 < 1
2(1—1t) — 2t
Finaly, we find
G(r) 1
max = —
o=r<1 G (t,7) 2t
5)
(:8:2% O0<r<t; <t <1
G (tl T) .
iy AL T . 1(1—7) A
orﬁnT'lglG (tQ, T) OI%lTléll r(1—t2) ,O S tl S r S t2 S 5
t1(1—r) L
\t;(l—r) a0<t1§t2<7“§§
(
i:g 70§T§t1§t2gé
= i t1(1—r) 1
a 01%17‘121 T‘l(l—tg) 70 < tl S r < tQ < 3
. <t <ty <r <y
we have

min —
0<r<1] — ¢4 r 1—1,

and for t; <t <3 : - <4

1—ty — E
thus
G(tbr) tl 1
min ————= = — | 0<t <ty < 2
o<r<1G (fa, 1) 1 P
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Let £ = ([0, 1] be endowed with the maximum norm,

Joll = maz v (6)

and for 0 < t3 < 1/2 define the set P C € by

P={ve&vt)=v(l—t),v(t)>0,v(t) is concave for all ¢t € [0,1],

and  min v (t)| > 2t5|v]} .
te(ts,1—ts]

Proposition 3.1.1 P is a closed cone

Proof : First we prove that P is a cone
Let v and v € P
It is obvious that all o, 5 > 0

e au+pvel

e au+fv>0

o (au+ Pv)(t) = (au+ fv) (1 —1) vt € [0, 1]
e au+ fv is concave Vit € [0,1]

Now we show

min |(au + Bov) (t)] > 2t3 ||au + G|
te(ts,1—t3]

Since u,v € P then

min |u(t)| > 2ts [|u
i [u(0)] > 2ta [u]

min |v (t)| > 2t53||v
min [0 (O] = 2ta o]

As au,fv >0 then

min |au (t)| > 2t ||oul| , Ya >0
te(ts,1—t3]

min |Bv (t)] > 2t3||fv]] , VB >0
te(ts,1—t3]
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As au+ v >0

= min |au+ fv|= min (Jau|+ |Fv|)
tE[t3,17t3] tE[tg,lftg]

2ts ||au + Bol|

IN

2t3 ([l + [|Boll)

IN

2ats [|ull + 2t365 [|v]|

IN

a min |u|+F min |y
tE[t3,17t3] te[tg,lftg}

i +
efhin (alul + Bv|)

IN

IN

min |ou + Bou| .
te[tg,l—tg}

Now we prove that u, —u € P imply u =0
If uw € P then

{ue€lut)=u(l—1t),u>0,u(t) isconcave and [mzln }|u(t)| > 2ts ||u||}
telts,1—t3

If —u € P then
{—uel|—-ut)=—-u(l—1t),—u>0,—u(t) is concave

d i —u(t)] > 23 ||—
and_min |=u(0) = 2 |-}

But v >0 ,—u>0 then u=0.

From the above we conclude that P is a cone.

Now we prove that P is closed i.e V v, € P : nEIvan =7v impliesv € P
We will prove this in four steps :

Let v, € P

Then

{vpe€: v, (t)=v,(1—1t),v, >0,v, concave and min |v, (t)] > 2t3||v,[}
te[tg,lftg]

e We first show that

vel:
Since vy, (t) = v, (1 — 1)
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then
lim v, (t) = lim v, (1 —1)

n—"too n—too
which implies

v(t)=v(1l—t) since wv, is continuous.

Hence v € £.

e 7 > 0 because v,, > 0 vVt € [0,1] and lim v, >0

n—+too

e 7 is concave :
Indeed since v, is concave then VA € [0,1] , Vi1, t5 € [0, 1]
Un (At + (1= N)t2) > A, (t1) + (1= A) vy, (2)

then
lim [v, (Aty + (1= N)t2)] > lim [Av, (t1) + (1 — A) v, (t2)]

n—too n—Too
which implies

(M1 + (1= A)te) > Ao (t1) + (1 — N) T (t2)

hence 7 is concave.

e As v, concave then

i n (B)] = v, (t3) > 2t3 ||v,
in o (0] = v (1) = 2ta [0,

then
ng@mvn (ts) > ng@m2t3 | vn |
T (t3) > 2t5 ||v]].
So
1 v(t) > 2ta ||l .
te[ggllrimv( ) > 2t3||7]|
Then v € P

and therefore P is closed.

We define the nonnegative continuous concave functionals «, 1 and the nonnegative con-

tinuous convex functionals 3,60,y on P by
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= t
(W) = pmax, V()

Y(w) = min v (1),
)= min (o)

b (v) = max v(t),
0= max 00

a(v) tG[tl,tQ]{Jr[Lllr—ltz,l—tl]U ( )

0(v) = max v (t)

te[tl,tQ]U[].*tQ,l*tl]

where t1, 15, and r are nonnegative numbers such that

1 1
O<ti<ta<—and — <ty.
2 r

Lemma 3.1.3 The functionals v,1, 3, and 6 are such that

y(v

<

()

(v)
(v)
p) = v
(v)
(v)

e

v

0

v

and for each v € P

(3.1.10)

(3.1.11)

(3.1.12)

(3.1.13)

(3.1.14)

(3.1.15)

(3.1.16)

Before starting the proof of this lemma, we give these two propositions:
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Proposition 3.1.2 There is equivalence between:
1- f convex on interval I C R.
2-V (a,b,c) € I3such that a < b < ¢, we have

1) = fla)  fle) = fla)  flo) = Fb)

b—a c—a c—b

Proposition 3.1.3 If a function f is convex and continue on a segment I C R, then
1- If f has a mazximum point T, then T an extreme point of I.

2- If this maximum is also taken in the interior to I, then f is constant.

Proof : of the Lemma (3.1.3)

It is obvious that o, are nonnegative continuous concave functionals and 3,6 and ~

are nonnegative continuous convex functionals.
Let v € P, then —v is convex and v (0) = v (1).
So from Proposition 3.1.2 (2) if 0 < t3 < 1 then v (t3) > v (0)

and from Proposition 3.1.3 (1) :

= t) = t 1—t
W) te[&t?]lua[i{—tg,l}v( ) 0.l —t1] {olta) o 3}

= U(tg) :’U(]_—tg)
For the some reasons, we have:

()= min v(t)=wv(%).

re[b1-1]

Since —v is convex and % < % then

from Proposition 3.1.2, for % < % <1- % we can show that

(3)> ()= 03)

and then from Proposition 3.1.3 (2), we have

max Mw:v(ii%:i):v@y

et 1]

For the equality (3.1.13), we can first see that for ¢; <ty < % ,then t; <ty <1 —1t
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SO
v (tl) < (tQ) ,
and then
= i t) = i t 1—1t
a(v) te[tl,tQ]IJ[lllI—ltg,l—tl]v ( ) tE[tl,tQ]{JI[lllr_th,l—tl] {,U ( 1) Y ( 1)}

= U(tl) :U(]_—tl)
And we have also:

(U) te[thtz]gl[?i(tz,l_tl]v ( ) v ( 2) 0 ( 2)

From the above, it is obvious that

av)=vt) <v(l).
By applying Proposition 3.1.2 (2) to t3 such that 0 < ¢35 < % , we obtain:

—v(t3) +v(0)  —v (%) +v(0)

and so:

|lv]| = v 1 <v(t3):7(v) for o<ty <t .
t 2

Proposition 3.1.4 y € P is a solution the BVP (1),(2),(3) if and only if there ezists
v € P such that

1

y(t) = /G(t, sju(s)ds ,0<t <1,
0
where v 1s of the form
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Proof : Let v € P, we want show that y € P :

1

y(t) = /G(t, s)v(s)ds ,0<t<1,

0

e It is clear that y is continuous, positive and symmetric.

e y(t) is concave

t

J(t) = — / sv(s)ds + (1 — t)to(t)dt + / (1= $)o(s)ds — £(1 — tyo(t)dt

- —/sv(s)ds—{—/(l —s)v(s)ds ,
y'(t) = —to(t) = (1= t)(t)

then
y'(t) <0

As the second derivative of the y (t) is negative so y (¢) is concave.

o y(ts) > 2t5y(1/2)

i )=yt
eiiin v (8) =y (ts)

G is a positive, continuous and convex function, then

1

i t) = i G(t d
min y(t) = _min / (t,5) v (s) ds
0
1
= i G (t d
efhim (t,s)v(s)ds
0
1

= /G(tg,s)v(s) ds

= y(ts)
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and

We have from (3.1.8)

and from that

So

By taking t =13 < %

gél{&)lc]y(t) = %gﬁ/G(t,s)v(s)ds
0
1
= t d
tem[(%G( s)v(s)ds
0
1
= /G(§,s)v(s)ds
0
B 1
_= y 2 .
G (3:9)
= — <—
021 G (ts) 2t O=hi=g
1
i 1
;SS)) §% (t,s) #0 Because t #0
1
2t G< ,s)gG(ts) 0<t<§

1
= 2t3G<§,S) §G<t3,8).

Now we multiply by the positive function f and from the integration procedure for s,

we obtain

O\H
Q

which implies

and then

Thusy € P .
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Now we let y € P, we want show that v € P :

Let
y(t) = /G(t, s)v(s)ds—i—/G(t,s)v(s)ds
then
y(t) = /3(1 —t)v(s)ds + /t(l — s)v(s)ds
= (1- t)/sv(s)ds + t/(l — s)v(s)ds
y (t) = — [ sv(s)ds+ (1 —t)to(t)dt + /(1 —s)v(s)ds —t(1 —t)v(t)dt
= — [ sv(s)ds+ /(1 — s)u(s)ds ,

and

t 1

0 t

= /5(1 —t)f (/1 G(S,T)U(T)dT,U(s)) ds + /t(l —s)f (/1 G(s,7)v(r)dr,v(s)> ds

= (1 —t)/tsf (/1 G(S,T)U(T)dT,v(s)) ds—l—t/l(l —3)f (/1 G(s,7‘)u(7‘)d7‘,u(s)> ds ,

0 t
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v (t) = —/tsf (/1 G(S,T)U(T)dT,v(s)) ds+(1—t)tf (
+/1(1 —s)f (/1 G(S,T)U(T)dT,v(s)) ds—t(1—
- _jsf (jG(S,T)v(T)dT,U(S)) ds+/1(1—s>f
and
v”(t)tf(/thr 7)dr, v(t ) 1t)f(
R —
So: 0

y(0) = /G(O, s)v(s)ds
- /0(1 — s)u(s)ds =0
y(1) = /5(1 —Do(s)ds =0
y' (0) = " (0)=0
and
y (1)=—v"(1)=0
Thus v € P.
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/G(t, T)v(T)dT, v(t)

0

g
<

! )+

/G(t, T)v(T)dT, v(t)

0

|
o

1

/G(S,T)U(T)dT,v(s)

0



3.1. Main results

Now we define the operator A by

Av (t) = /G(t, s)f (Bv(s),v(s))ds ,

where

Lemma 3.1.4 The operator A opers from P to P .

Proof : A:P — P Means that A(P) C P
Let v € P, we want show that Av € P

o Avu(t) = Av(l —1t)

Av(l—t) =

= [G(ts) f(Bv(s),v(s))] =0

f(Bv(s),v(s)) =0

— Av(t) >0 Vv e P

e Au(t) is concave

49



3.1. Main results

[Av(t)]" =

[Av()]" = (=t) f (Bv(s),v(s)) = (1 —t) f (Bv(s),v(s))
= (=t—1+1t)f(Bv(s),v(s))
= —f(Bv(s),v(s))

As the f (Bv(s),v(s)) >0 then

—f(Bu(s),v(s)) <0

As the second derivative of the Av (t) is negative so Awv (t) is concave.

o Au(ts) > 2t Av(1/2)

min  Av (t) = Av (t3)

tG[t3,1—t3}

G is a positive, continuous and convex function, then

1

te{g{llritS]Av (t) = te[gl,llgtg} / G (t,s) f(Bv(s),v(s))ds
0

min G (t,s) f (Bv(s),v(s))ds

te[tg,l—tg}

G (ts,s) f (Bv(s),v(s))ds

O\H O\H

= Av (tg)
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and

max Av (t) = maX/G(t, s) f(Bv(s),v(s))ds

te[ovl] t€[071}

We have from (3.1.8)

DN | —

and from that

SO

by taking t = t3 < %

— 2t3G<%,8) SG(tg,S).

Now we multiply by the positive function f and from the integration procedure for s,

we obtain

1 1
1

/G(t3,3> F(Bu(s),v(s)ds > 2t3/G (—,s) F(Bo(s),v(s)) ds

2
0 0

o1
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which implies that

min Aw (t) 2t3 > max Av (t
t€(ts,1—ts] ( ) 3= te[o,)li] ( )

and then

Av (tg) > 2t3A’U <%> .

From the above

and therefore

Proposition 3.1.5 The operator A is completely continuous.
Proof : A is completely continuous, that is A is continuous and compact

e A continuous :

Let v, € P such that lim v, =v,v, € P
n—too

since v, and 7 € P C C'[0,1]

then there exists a constant My > 0

such than

[onll < Mo and  [[o] < Mo .

If ||v]| < My , then

Bo(s)| = /G(S,T)U(TW g/|G(s,T)v(T)dT\

0
1
ol / G (s,7) dr
0

<
1
< MO/G(S,T)dT
0
1—
< Mow Vs € [0,1]
< Mo

2
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and so Bv is bounded.
We can also see that the operator B is continuous on v .

In fact

Bu, — BY| — /G (5.7) (vn () — T (7)) dr

< /G<T,T>|vn<r>—@<7>|df

0

andsoif v, — v then Bv, — BU.

n—-+o0o n—-+o0o
Let
Ml = ma‘X{f (BU,’U) y U € [07 MO]}
and let
P =G (s,8) [ (Buy (s) v (5))
then

|pn| < MlG(S78) :

Since f is continuous then for each € > 0, there exists § > 0 such that if |v; — ve| < 0

then

|f (Bua (s),v2(s)) — f (Bui (s),v1(s))] < G(Z,s) '
In the view of

Un ($) = Tn(s) as n—+oo ,
there exists N € N: such that for n > N with
oy (8) =0 (8)] <0,
we have
€
B — F(Bv(s),v '
f (Bua (s),vn () = £ (BO (5),7 ()] < 57

Thus, for € >0, there exists N > 0, such that whenn > N |

G (s,8)|f (Bv,(s),v,(8)) — f(Bvu(s),v(s))] <e a.e[0,1] .

53



3.1. Main results

Then for ¢t € [0,1] , we have

Av, (1) — AT ()] < / (t,5) £ (Bun () 0a (5)) — £ (BU(5),7(s)) ds

< /G (t,8)|f (Bvy (s),vn(s)) — f(Bu(s),v(s))|ds

and an application of Lebesgue’s dominated convergence theorem implies:
|Av, (t) — Av(t)| = 0 as n— oo, te€[0,1]

so the operator A : P — P is continuous.

e A compact

Let Q C C'[0,1] ,€Q bounded
dR>0:QC{veC01],|v|| <R}

Let M such that
M = max {f (Bv,v),v € }

For any v € () , we have

|Av (t)] = /G(t, s) f(Bv(s),v(s))ds

IN

<

which implies that A (€2) is uniformly bounded.
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Furthermore, for any v € Q and ¢ € [0,1] , we have
1 !/

((Av)’ (t)) - / G (t,s) f (Bu(s),v(s))ds

0

0 t

M /—sds+/(1—s)ds

IN

IA
<

Hence

and then A (§2) is equicontinuous.

So, according to the theory of Arzela - Ascoli, A (2) is relatively compact and therefore

A is compact.

In light of these preliminaries, we are now ready to present the main result of this section.

Theorem 3.1.1 Suppose there exist 0 < a < b < ’;—Qb < ¢ such that f satisfies each of the
1

following growth conditions:

(G1) [ (z,w) < <r§7“_24> (a— e > for all (z,w) € [a(:f),%] x [%,4a],

4t3 2t t1

2_ 42
(G2) [ (z,w) > m for (z,w) € |bty (ts — 1), c(t3+t2(1-2t2)) n bt (13 tl)} y |:b,t—2b] |

(G)S (2,0) < e Jor (5w) € [0 5| x [0, 5]
Then the Lidstone BVP (1),(2),(3) has at least three symmetric positive solutions vy,

Yo, Y3, such that
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max —y, (t) < ¢ for i=1,2,3
te[0,t3]U[1—t3,1]
min —y, (t) > b,

te[t1,t2]u[17t2,17t1]

max — vy, (1) < a,
e[aod] Y (1)

and
min —ys () <b with max —y, (t) > a,
te(ty,ta]U[1—ta,1—11] s ( ) te[%l_%] s ( )

for some vy, vy, v3 € P satisfying

1

%(t):/G(t,S)Ui(S)dS, i=1,2,3.

0

Proposition 3.1.6 A: P(v,c) — P(v,c¢)

Proof : We have identified previously the completely continuous operator A in lemma

(3.1.5) by

Where

Also, for all v € P, by (3.1.15) we have a(v) < 8 (v) and by (3.1.16) , ||v|| < %
If

vE P(y,0)={veP/y(v) <c}

then
7 (v)

C
< -
Ioll < 25 = 2y

which implies that, for s € [0, 1],
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We have Bv (s) = OfIG(s,T) v(r)dr

Bu(s)] — /G(S,T)v(r)dT

VAN
= °
O\H
()
w
\]
S~—
QU
\]

VAN VAN

= =

oo | ‘
g’

=

V)

I

|

IN
|
|

then

By condition (G3) we have

v (Av) = max /G’(t, s)f (Bv(s),v(s))ds

te(0,t3]U[1—t3,1]
1
= /G(tg, s)f (Bv(s),v(s))ds

0
1

2c
< —— | G(ts, s)d
>~ t3(1—t3)0/ (373) S
< 2c % t3 (]_ —t3)
= (= ty) 2

= C

Therefore, A : P (y,¢) — P (v,c).
Proof : (of Theoreme 3.1.1)

We seek three fixed points vy, v, v3 € P of A which satisfy the conclusion of the theorem.
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For this, using the assumptions G1,G2 and G3, we will verify the hypothesis of theorem

(2.2.3) :

We recall that

P(v,@,a,b,?b,c) = {UEP |b<a(v),0(v) < t—2b,’y(v) Sc}
1
and

@ (o 2 )= {reP |2 <u0) 60 <ar@) <c)

so, it is immediate that the sets

Sy = {UGP(’Y,Q,a,b,%b,C) |« (v) >b} # 0,
1

so={veQ (180 ac) 15w <af 20
And thus the first parts of (C1) and (C2) are satisfied.
In order to show the second part of (C1) holds, let v € P (7, 0,a,b, i—fb, c) )
For each s € [t1,ts] U[1 —t2,1 — ¢;] and from (3.1.14)

and from (3.1.13)

We will show now that

c(t2+1ty (1 —ty)) N bty (3 — t2)

bti (ty —t1) < B <
1(t2—t) < Bu(s) < 45 2t

We have

Bu(s) — /G(S,T)U(T)dr

G(s T)v (T)dT+/G(S,T)U(T)dT

1—to
1—t1

> b GSTdT+/GST

1—to

Vv

> bs (tQ - tl
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3.1. Main results

by using (3.1.7)
> bty (ty — 1) .

For the second part of inequality

1

Bv(s) = /G(s T)v(T)dr

< (/Gm dT+/G( )U(T)+dT1/t2G(S,T)U(T)dT+

+ /IG(S,T)WH / G (s, 7)v (r) dr

we know that from (3.1.7)

2
/G(S,T dT+/G8T dT<—b(/G to, T dT+/Gt2, )
31

as the
to ta
/G(tg,T)dT = /T(l—tg)dT
t1 t1
(13 — 1)
= (1—1) 5
and
1-t; 1-t;
/G(tg, ) = /tg(l—T)dT
17ty 17ty
ta (3 — t1)
B 2
then
to 1-t y
/G(s T)v(1)dr + / G(s,m)v(r)dr < btz(t;t_t )
t 15t '
As well
t 1ty 1
G (s,7)v(r)dr + / G(s,7)v(r)dr + / G (s,T)v(r)dr
0 t 15t
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3.1. Main results

Here we will take the largest value for s € [t1,t3] U [l —t2,1 — 1], 7 € [0,1] and v (s) €

0.5

Then
131 1—t 1
[com@ars [cunvmas [cenma
0 to 1-t,
t1 1—to 1
< 2—; /G(tg,T)dT+/G(t2,7‘)dT+ /G(tQ,T)dT
t2 1—t,
as
t t
/G(t2,7')d7' = /T(l—tg)dT
0 0
2
= (11 51 ;
1-t2 1—to
/ G (ty,7)dr = / ty(1 —7)dr
to b
oty 2t3
2 2
and
1 1
/G(tz,T)dT = /tQ(l—T)dT
1-t 1—t,
2ty
T2
then
t1 1—to 1
[ewneears [Ganvmars [ Genuima < 022D
0 t2 1-t,

from the above

c(t2 + 1ty (1 —15)) N bty (12 — 12)

bty (to —t1) < B <
1(ta —t1) < Bu(s) < . o

60



3.1. Main results

and by condition (G2) and (3.1.4) we see
to 1—t1

1
/G(tl,S)dS+/G(tl,S)dSZtl(tQ—tl) ,V0<t1<t2<§

t1 1—t2
1
a(Av) = min /G (t,s) f(Bv(s),v(s))ds
te(ty,t2]U[1—t2,1—1t1]

0
1

::/Gm@fww$w®ws

1—t1

> /G(tl,s)f(BU(s),v(s))ds+ / G (t1,s) f (Bv(s),v(s))ds

1—to

17
b
> G (t1,s)d _— t d
- (tl (ta —t1) ) (1, s)ds + (751 t2_t1)) / 1,8)ds
(

t1
G(
(
1—to
1—ty
( ) tl, d5—|— / G tl,S)dS
(ty — tl 7
= t (t —t
(tl 2 _ tl > 1 2 1
b.

To verify the second part of (C2), let
2
veQ (7,6,@/),7@,@,0) ,

1 1
s € {—,1——},

this implies that for each

r r
we have
v(s) < f(v) <a
and
2
< p) <o)
r
so that
2a
—<wv(s)<a
T
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3.1. Main results

So, for the operator B, we have :

Buv(s) =

IA
IS
— O\H

@
—~
[
B

~—
QU
)

Since v (s) > QT—“ then

Bu(s) =

vV
<
e

)
—~
3=

\]
SN—

¥

\‘

_ 2 (;(1-1)
o 2
_ a(r—1)
> a(r3—2)
Then
Bu (s) € {a (TTS_ 2>, %}

Frist, we notice that

a(r—2) a c 2a c
|:T,§:| C |:O, th:| and |:7,a:| C |:072_253:| .

Thus, by condition (G1) and the calculations in (3.1.2) and (3.1.3), we have
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3.1. Main results

p(Av) = teﬁl,?)fl O/G(t, s) f(Bv(s),v(s))ds

= Q/G(%,s)f(Bv(s),v(s))ds—i—Q/G(%,s)f(Bv(s),v(s))ds

by condition (G3) and the calculation in (3.1.2)

Q/G(%,s)f(Bv(s),v(s))ds <

/G
0
X

1
472

ts (1 t3)
C

r2ts (1 —t3)

Also by condition (G1) and the calculation in (3.1.3)

2jG<%,s)f<Bv<s>,v<s>>ds < (82 )( i tg)jG(és)ds

(525 (o= ) ()
>< e

) for 2<r

-
-



3.1. Main results

and then

c c
A —_— o 1 ] =a-
6( U>< (T2t3(1—t3))+(a 7’2t3(1—t3)) “
To show (C3) holds, suppose

with

Using (3.1.9), we get

a (Av)

v

veE P(y,a,b,0)

6(Av) > 2.

1

1

te[tl,tz]g%lu—ltz,l—tl]/G(t’s)f (Bv (s),v(s))ds
0

1

/G(tl, s)f (Bv(s),v(s))ds

% G(ta,s)f (Bv(s),v(s))ds
131
b

Finally, to show (C4), we take

with

UEQ(77/67G7C>

Y(Av) < —

64



3.1. Main results

Using (3.1.8), we get

f(Av) = max /G(t, s)f (Bv(s),v(s))ds

< 5 [ G Bo(s) ol ds
= Zu(av)
< a

Therefore, the hypotheses of a generalisation Leggett-Williams theorem are satisfied
and as a result there exist three positive solutions ¥, y2, and y3 for the Lidstone BVP
(1),(2),(3).

Moreover, these solutions are of the form

1

yi(t):/G(t,s)vi(s)ds, i=1,2,3,

0

for some

U1, V2, V3 € P.
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Conclusion

In this study, we discussed the existence of solutions to the fourth order Lidstone boundary
value problem.

After rewriting the initial value problem into an equivalent fixed point problem defined
by an integral operator, the general Leggett-Williams fixed point was used to prove the
existence of three fixed points of this operator.

Sufficient conditions on the nonhomogeneous term of the fourth order Lidstone boundary
value problem, and inequalities involving on the kernel of the integral operator are given to
show the existence of three positive solutions of this problem.

The generalized Leggett-Williams fixed point is based upon the construction of three
convex functionals which are used in place of the norm used in the case of the Leggett-
Williams fixed point. In addition a concave functional is introduced with relationships to
the one the convex functional. This hypotheses allow to give the main tool dealing with a
fixed point theorem of a completely continuous operator defined on a cone of an ordered

Banach space.
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