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Introduction

Periodicity is an active area of current time series research and periodic time series models have
been extensively used in the recent decades to describe the many series with periodic dynamics,
encountered in a wide variety of scientific fields including environment (Jones and Brelsford, 1967;
Salas et al., 1983; Vecchia 1985a, 1985b; Jymenez et al., 1989), economics (Cleveland and Tiao,
1979; Osborn, 1992; Franses, 1996; Franses and Paap, 2004) engineering (Gardner and Franks, 1975;
Meyer and Burrus, 1975; Bittanti and De Nicolao, 1993; Adams and Goodwin 1995) and various
other physical and natural sciences. Three basic models have been suggested in the literature,
namely impulse response models with periodic structure, periodic state-space characterizations,
and differential or difference equations with periodic coefficients, such as periodic autoregressive
moving average (PARMA) models. The success of PARMA models is due to their efficient
representation of many stochastic phenomena exhibiting a periodic autocorrelation structure that
cannot be adequately explained by the traditional seasonal ARIM A (SARIM A) models. Another
important reason for the growing interest is that they can be exploited in the analysis of wvector
ARM A models (VARMA) in order to appreciably reduce the number of model parameters (e.g.,
Pagano, 1978; Newton, 1982). Moreover, such models arise usually by the discretization of linear
continuous-time periodic models. However, compared to traditional seasonal characterizations,
PARM A models involve more complex representations including a larger number of parameters and
a complex covariance structure. This makes the model building problem (identification, estimation,
and diagnostic checking) as well as the study of the main properties of such models more difficult
than those for traditional time-invariant seasonal models.

The inability of SARIM A models suggested by Box and Jenkins (1976) to adequately represent
many seasonal time series, especially those exhibiting a periodic autocovariance structure (e.g. Tiao
and Grupe, 1980), has motivated the developments of research related to the class of PARM A

models and periodically correlated processes. There has been a constantly increasing interest in the

building problem (identification, estimation, and diagnostic checking) of PARM A models as well



INTRODUCTION vi

as in the study of some algebraic and probabilistic properties of such models, such as causality
(Tiao and Grupe, 1980; Boshnakov, 1997; Hurd et al., 2002) invertibility (Cipra, 1985; Bentarzi
and Hallin, 1994) spectral factorization (Bittanti and De Nicolao, 1993; Bentarzi and Hallin, 1998;
Bentarzi, 1998), strict periodic stationarity, periodic ergodicity (cycloergodicity, e.g. Boyles and

Gardner 1983) and the existence of higher order moments.

Since the end of the seventies, PARM A modelling (identification, estimation and diagnostic
checking) has seen significant interest in a wide variety of systems. The great majority of the
works concerning PARM A models represent extensions of similar methods for stationary ARM A.
Several authors have studied the identification problem, in particular we mention the works of
Cleveland and Tiao (1979), Sakai (1982), Vecchia (1985b), Mcleod, (1993) and Ula and Smadi
(2003). These works are aimed at generalizing standard methods based on information theory, such
as the AIC and BIC criteria (Sakai, 1982; Vecchia, 1985b) or those based on simple and partial
autocorrelation functions (Ula and Smadi, 2003). On the other hand, the diagnostic checking
stage for building periodic linear models has received much less interest. The attention has been
concentrated mainly on the case of periodic autoregressions (see e.g. Vecchia and Ballerini, 1991
for the test of periodicity for PARM A models and Mcleod, 1993 and 1994 for the diagnostic
checking of periodic autoregressions). By studying the property of locally asymptotic normality
(LAN) as well as the asymptotic linearity property, Bentarzi and Hallin (1996) have built a locally
asymptotically (parametric and nonparametric) test for testing traditional autoregressions (null

assumption) against their periodic counterparts.

Of particular importance in building a time series model is the parameter estimation stage.
Estimation methods can be classified into two general categories according to the type of data
on which they are based : off-line methods and on-line methods. In the first case, time series
data are of fixed size, whereas in the second case, they are indefinitely available in real time. For
PARM A models, existing off-line estimation techniques have been confined to a variety of methods
and approaches, such as the method of moment (Pagano, 1978; Boshnakov; 1996; Anderson and
Meerschaert, 2005), the Bayesian approach (Andel, 1983), the least squares technique (Adams
and Goodwin, 1995; Basawa and Lund, 2001; Bentarzi and Aknouche, 2006) and the maximum
likelihood method (Vecchia, 1985a; Li and Hui, 1988; Jymenez et al., 1989; Lund and Basawa,
2000; Basawa and Lund, 2001). These techniques can be classified into two general classes, namely

methods that use the data directly, and methods that apply some preliminary transformations to the
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data (see Porat and Friedlander 1986a for the ARM A case). Among the methods in the first class,
we mention in particular the exact maximum likelihood and its many approximations (conditional
and unconditional) and the least squares method with its particular variants (ordinary, weighted,
conditional and unconditional). Typically, these methods are aimed at preserving some desirable
asymptotic properties, namely consistency, asymptotic efficiency and asymptotic normality, while
reducing their computational complexity. Among the second class of methods, the most common
approach, known as the method of moments, is to transform the data into a finite set of statistics
and then estimate PARM A parameters from these statistics. As a special case, we mention the
periodic Yule-Walker method (Pagano 1978), their order-recursive Durbin-Levinson formulations
(Sakai, 1982; Boshnakov, 1996), and the innovations algorithm (Anderson et al., 1999; Anderson
and Meerschaert, 2005).

The off-line estimation stage for building linear periodic time series models has a long history.
It has seen significant developments since the early 1960’s. The literature is superabundant and
the interest is increasingly growing. John and Brelsford (1967) have considered the estimation
problem for particular periodic autoregressions, but without studying the asymptotic properties.
After some empirical works (Bhuiya, 1971; Tao and Delleur, 1976) did not lead to consistent re-
sults, Pagano (1978) obtained interesting formal results for periodic autoregressions. The author
generalized the Yule-Walker equations to the periodic case, determined the moment estimators and
established their large statistical properties. After the seminal work of Pagano (1978), Cleveland
and Tiao (1979) defined PARM A models and showed the usefulness of such models for modelling
seasonality. A similar periodically time-varying formulation, but in another context, had been
proposed earlier by Meyer and Burrus (1975). When Tiao and Grupe (1980) showed the ineffi-
ciency of the SARIM A models of Box and Jenkins (1970) for representing certain seasonal series
with periodic autocorrelation structure, PARM A modelling has seen its apogee. A considerable

amount of research has been executed in the area of PARM A estimation. This research includes

contributions by authors such as Salas et al. (1982), Vecchia et al. (1983), Vecchia (1983) and
Andel (1983). Elsewhere, Sakai (1982) improved from the algorithmic viewpoint the Yule-Walker
type method of Pagano (1978) by proposing a recursive approach (with respect to the model order)
based on a generalization of the Levinson-Durbin algorithm to the periodic autoregression case.
Moreover, this author generalized the concept of partial autocorrelation, which represents a useful

instrument for the identification stage. Hitherto, most of the works and investigations on periodic

parameter estimation had concentrated mainly on periodic autoregressions. Cipra (1985), however,
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considered the estimation problem of periodic moving average models. This author adapted the
methods of Durbin (1959) consisting of transforming a moving average model to a higher order AR
model. Independently of the former works, Vecchia (1985a) proposed a more efficient algorithm
based on the maximum likelihood criterion. The suggested method gives exact estimators in the
case of PM A (periodic M A) models and approximate ones in the presence of a PAR (periodic
AR) component. With the same approach, Li and Hui (1988) proposed an exact M L algorithm for
PARM A models which is statistically more efficient than that of Vecchia (1985a), but computa-
tionally cumbersome since it requires a Cholesky decomposition of matrices with a large dimension.
Using also the ML criterion, Jymenez et al. (1989) developed a more efficient algorithm based on
the Kalman filter. This algorithm requires, however, a considerable number of preliminary opera-
tions to start the filtering recursion. A few years later, Boshnakov (1996) combined the recursive
method of Sakai (1982) for PAR models and that of Franke (1985) for ARM A models to develop
an order-recursive Yule-Walker algorithm for PARM A parameter estimation. On the other hand,
Anderson et al. (1999) generalized the innovation algorithm (cf. Kailath, 1968) for the moment
estimation to the case of PARM A models. The large sample properties of the periodic innovations
algorithm can also be found in Anderson and Meerschaert (2005). More recently, Lund and Basawa
(2000) combined the Ansley (1979) method for likelihood evaluation (for ARM A models) and the
periodic innovations algorithm (Anderson et al., 1999) to derive an efficient likelihood evaluation
algorithm for PARM A models. The proposed algorithm generalizes the one proposed by Brock-
well and Davis (1988) for stationary ARM A models. A possible limitation of this method is the
great number of operations needed to compute the likelihood in the multivariate case. The large
statistical properties of the least squares and the M L methods have been studied by Basawa and

Lund (2001).

As it is easily seen, the quasi-totality of existing procedures are of an off-line nature which deal
with a beforehand fixed size time series. The need to deal with a progressive size is becoming,
nowadays, increasingly necessary. Indeed, in many time series application fields— such as trans-
mission, telecommunication, signal treatment, meteorology, financial bourses and many others —
the need to deal with variable series sizes is clear. In short, off-line estimation methods are ineffi-
cient when used in the presence of on-line data, mainly because their applications require, for each
new available observation, start-from-scratch computations. Thus, off-line estimation algorithms
are very costly in terms of the spatial and temporal complexities. For all these reasons, on-line

estimation methods are appealing (or the recursive identification methods, as they are known in
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the engineering literature, e.g. Kushner and Clark, 1978; Ljung and Soderstrom, 1983; Goodwin
and Sin, 1984; Young, 1984; Benveniste et al., 1990; Solo and Kong 1995; Kushner and Yin, 1997;
Ljung, 1999; Belister, 2000; Pollock, 2003; Moulines et al., 2005 and further references therein), to
reduce the computation time and save memory space. The main usefulness of the recursive form
of on-line algorithms is due to the possibility of processing data in real time, because of a finite
memorizing in a vector of fixed size. Indeed, the current estimate is updated at each new available
observation so that the number of operations and the memory space do not increase with respect

to the sample size, and depend only on the selected model.

Existing recursive estimation algorithms in the literature are usually associated with a particular
model parametrization and the approach by which the method is built. Several approaches can
be taken to derive a recursive algorithm. We mention in particular the modified off-line, the
Bayesian, the stochastic approximation, and the pseudo linear regression approaches. These four
approaches cover the derivation of most suggested methods (see e.g. Ljung and Soderstrom (1983)
which contains extensive examples on this subject). However, the resulting algorithms exhibit very
similar features and can be interpreted in different ways. Another way of expressing this is to say

that a given recursive algorithm can be obtained from different approaches.

Despite their remarkable importance, on-line estimation methods for PARM A models remain
relatively unexplored, especially when compared to their stationary ARM A counterparts. Indeed,
it appears that the work of Adams and Goodwin (1995) is the first one to focus on this inter-
esting problem. Adams and Goodwin (1995) adapted recursive pseudo-linear regression methods
to estimate the parameters of PARM A models. Moreover, they studied, based on the works of
Solo (1979) and Goodwin and Sin (1984), the convergence problem of their algorithms. Unfortu-
nately, the obtained estimators are not efficient since they are based on the ordinary least squares

estimation methods. Moreover, no information about their asymptotic distribution is given.

It is evident that many physical and natural processes are more accurately modelled by a
nonlinear model than by a linear representation. At present, the conditional heteroskedasticity
approach for modelling stationary time series with nonlinear dynamics offers powerful analysis and
design tools based on solid theoretical grounds. Such models, known as ARC H-type (autoregres-
sive conditionally heteroskedastic models), have dominated the nonlinear modelling field since the
appearance in 1982 of the fundamental paper of Engle (1982). Originally intended for modelling
financial time series (exhibiting an instantaneous variability feature), ARC H-type models find by

now applications of interest in many other fields such as climate (e.g. Tol, 1996), environment (see
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Bordignon and Lisi, 2000 and references therein) and many others. In the last few years there has
been an increased cross-fertilization (cf, Tsay, 1987; Wong and Li, 1997) of ideas between ARC'H
-type models and other important classes of nonlinearity such as bilinear models (e.g. Tong, 1990)
and random coefficient autoregressive (RC A) models (Nicholls and Quinn, 1982; Tsay, 1987; Bera
et al., 1996). This has also played a crucial role in the development of the three formulations.
On the other hand, several extensions of ARC H models have been made in order to absorb other
time series characteristics, including in particular moving average dynamics (Generalized ARCH :
GARCH models, Bollerslev, 1986), long memory feature (Ding and Granger, 1993; Baillie et al.,
1996) and simultaneous dependences (multivariate ARC H, Ling and McAleer, 2003), while keeping
stationarity. As is well known, many difficulties are encountered in developing consistent exten-
sions to the nonstationary case (cf, Dahlhauss and Subba Rao, 2005; 2006). An important class of
nonstationarity is the one associated with periodic phenomena. In fact, periodic processes arise in
economics and finance often spontaneously (Bollerslev and Ghysels, 1996; Franses and Paap, 2000)

or often intentionally (e.g. Bibi and Francq, 2003).

Furthermore, in the last decade, the notion of periodically correlated processes was successfully
exploited in a variety of new classes of time series models, such as ARC H-type models (Boller-
slev and Ghysels, 1996; Franses and Paap, 2000), Autoregressive Fractionally Integrated Moving
Average (ARFIM A) models (cf., Hui and Li, 1995; Franses and Paap, 2000), periodic Markov
switching models (Ghysels, 1994; Ghysels, 1997), Threshold AR models (Lewis and Bonnie, 2002)
and Mixture autoregressive models (Shao, 2005). Indeed, it was observed that for many economic
time series, particularly in the financial domain and monetary market (exchange rate, inflation rate,
prices of economic active in a bourse, ...), many observed time series exhibit hidden periodicity in
the autocovariance function, which needs the use of periodic models (cf., Abraham and Ikenberry,
1994; Bessembinder and Hertzel, 1994; Franses and Paap, 2000, Franses and Paap, 2004). Thus,
the economic time series analysts have become, nowadays, more convinced for the need to include
the periodicity and conditional heteroskedasticity in a time series model. In fact, the class of Pe-
riodically correlated Generalized Autoregressive Conditionally Heteroskedastic (PGARC H) models
has recently received considerable interest from many economic time series analysts (see Bollerslev
and Ghysels, 1996; Franses and Paap, 2000 and references therein). The motivation behind the
proposition of such models for modelling economic processes, is practically justified on the one

hand, by their use of the stochastic conditional variance to capture the instantaneous volatility
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features and, on the other hand, by the fact that they allow the underlying coefficients to be pe-
riodic time-varying to capture the periodicity in the covariance structure of the generator process.
Nowadays, many financial time series display a similar dynamics to that of the data met in the
adaptive control and signal processing fields. Indeed, these data (stock exchange courses, rate of
exchange) are by now gradually available in small time intervals and it was theoretically proved
that the GARC H models are good approximations for certain continuous time series models (cf.
Drost and Werker 1996; Nelson and Foster, 1994; Gourieroux et al., 1993; Nelson, 1990). Thus, the
real-time estimation procedure adapted to an increasing sample size is necessary by now in such
fields.

The present thesis is concerned with the study of modelling time series with periodic dynam-
ics. We consider here two formulations, one of which is linear being expressed through stochastic
difference equations with periodic (scalar and matrix) coefficients, and the second one is nonlinear

of the conditionally heteroskedastic type. Our contribution is threefold :

i) First, the study of certain algebraic and probabilistic properties of such models, namely :
stability (causality and invertibility), strict periodic stationarity, the autocorrelation structure, the

Fisher information and the existence of higher order moments.

ii) Then, the development of estimation methods based on the maximum likelihood criterion
and the least squares method. Certain methods are restricted to the univariate case and others to
the multivariate one. Moreover, the estimation problem is developed according to two approaches

: on-line estimation and off-line estimation.

i11) And finally, the study of the statistical properties (asymptotic) of the developed meth-
ods, including the strong consistency, the asymptotic normality and asymptotic efficiency of the

estimates provided by these methods.

0.1 Presentation and contributions of the thesis

Our thesis entitled "Theoretical and algorithmic study of periodic time series modelling" comprises

two parts : linear periodic modelling and nonlinear periodic modelling.
Part I : Linear modelling of periodic time series
Chapter 1

Chapter 1 studies some algebraic and probabilistic properties of periodic VARM A (PVARM A)
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models, such as causality, invertibility, the autocovariance structure and the PARM A Fisher in-
formation matrix. We first propose some necessary and sufficient conditions for causality and
invertibility, which seem computationally simpler to check than existing conditions in the litera-
ture. Moreover, we develop efficient calculation procedures for the PVARM A autocovariances,
based on a state space representation of such models. The proposed methods compute the au-
tocovariances for distinct seasons separately, thereby facilitating efficient computation for models
with a large period. Furthermore, the autocovariance calculation procedure will be exploited in the
computation of the limiting Fisher information matrix for PARM A models, through a conditional
likelihood expression. Our established algorithm extends Klein and Mélard’s algorithm (1989) de-
veloped for stationary ARM A models. The singularity problem of such an information matrix will
also be studied. Indeed, we propose a necessary and sufficient condition for nonsingular Fisher

information matrix for PARM A models.

Chapter 2

In this chapter we are mainly concerned with off-line estimation methods for periodic VARM A
models. Our study will be restricted to the class of methods that use the data directly, such as the
maximum likelihood and the least squares methods. We first deal with the likelihood evaluation
of PVARM A models. We exploit the method for PVARM A autocovariances calculation given
in Chapter 1 to evaluate the PV ARM A likelihood by means of the Kalman filter. An alternative
technique based on the Ljung and Box (1979) method for the particular class of PARM A models
introduced in Bentarzi (1995) is also proposed. Then, we study the large sample properties of
parameter estimates for PVARM A models. Our results generalize the ones obtained by Basawa

and Lund (2001) to the multivariate PARM A case.
Chapter 3

Chapter 3 provides an adaptation of some on-line recursive algorithms, well-known in the lit-
erature of time-invariant ARM A models, to deal with PARM A models. Though transforming
PARM A estimation problems to the ones for multivariate VARM A models where several efficient
on-line methods are available, the large number of parameters in the corresponding VARM A mod-
els suggests direct development of a specific PARM A theory would be fruitful. After reviewing
some basic principles and criteria of recursive on-line estimation, we concentrate for the first time
on the on-line estimation problem for PAR models. Furthermore, we provide an adaptation of
the well-known recursive least squares (RLS) algorithm to deal with PAR models. We show un-

der mild conditions that the obtained estimators are asymptotically efficient. Then, we study the



INTRODUCTION xiii

general PARM A recursive estimation. In particular, we generalize the obtained PRLS algorithm
to the PARM A case. The generalization is carried out by means of two approaches, namely the
pseudo-linear regression (PLR) and the recursive prediction error (RPFE) method. Several variants
of the PLR method (such as the extended least squares, ELS) are developed to take into account
the stochastic convergence problem. The developed PELS (Periodic FLS) algorithms provide
strongly consistent estimators under weaker conditions than the ones given by Adams and Good-
win (1995). Moreover, we explore an alternative approach based on the recursive predictor error
method (RPEM). In particular, we extend the well-known recursive maximum likelihood (RM L)
algorithm to the PARM A case. The obtained estimates are shown to be asymptotically efficient.
Then, we show that both PRM L (Periodic RM L) and PELS algorithms can be formulated via
a single set of recursions through a certain prefilter. Moreover, it will be shown that with a mod-
ified version of this prefilter, the resulting algorithm lies somewhere in between the PELS and
the PRM L. The last part of the chapter develops an improved variant of the PRM L algorithm,
based on the Fisher information matrix. The resulting algorithm is an on-line analogue of the
well-known Fisher scoring algorithm, which is devoted exclusively to the off-line case. Finally, the
finite properties of the obtained estimates are studied in the last section by means of a simulation
study. Furthermore, we show, through various applications of this algorithm on many PARM A

models, that various desirable properties take place in our periodic case.
Part II : Nonlinear modelling of periodic time series
Chapter 4

In this chapter, some probabilistic and algebraic properties of some periodic conditionally het-
eroskedastic models are investigated. The first part is concerned with the study of periodic GARC H
models. In particular, we review the basic definitions, concepts and assumptions concerning this
class. Moreover, the causality and invertibility properties of such models are studied. Then, we
explore the existence of strict periodic stationary solutions of a PGARCH difference equation. In-
deed, we derive a periodic Markovian state space representation from which we obtain a necessary
and sufficient periodic stationarity condition for a PGARCH model. Then, we obtain, under gen-
eral and tractable assumptions, a necessary and sufficient condition for a general PGARCHg (q,p)
model to have finite higher-order moments. Our established condition extends the sufficient mo-
ment condition for PGARC H models obtained by Bibi (2004) and coincides, for the particular case
S =1 (non periodic) with the necessary and sufficient condition provided by Ling and McAleer

(2002) for the classical GARCH (p,q). In addition, an equivalent simple necessary and sufficient
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moment condition for the particular and useful first order PGARCH (1,1) model is given. The
second part of the chapter studies the class of periodic autoregressions with period ARCH errors
(PAR— PARCH). We propose a random coefficient formulation of the PARCH part in order to
describe parsimoniously the varying conditional variance feature. We call the new model double pe-
riodic AR. The existence of a strictly periodic stationary solution and the existence of higher-order

moments for such a model are studied.

Chapter 5

The main goal of this chapter is to develop some recursive estimation methods based on a
two-stage least squares scheme (25 — LS) for estimating PGARCH models. These methods,
inspired from the on-line estimation litterature, (cf, Chapter 3) provide consistent and asymptot-
ically Gaussian estimators. Firstly, we generalize the off-line two-stage least squares (25 — LS)
method proposed by Bose and Mukherjee (2003) for ARCH models (see also Pantula, 1988 for
the ARCH(1) case) to their periodic counterparts. The obtained off-line 25 — LS method will
be adapted to a recursive on-line context. We call the resulting algorithm the two-stage RLS
algorithm (2S5 — RLS). These two methods, besides their robustness for the conditional normal-
ity assumption, are shown to provide asymptotically Gaussian estimators. Moreover, the second
method is particularly well adapted to capture the dynamic features of the financial time series
that are more and more often observed on a high-frequency basis. Then, recursive estimation for
PGARCH models is considered. We propose two algorithms that parallel the ones available for
standard linear models (cf, Chapter 3). The first one is the Two-Stage Pseudo-Linear Regression
(T'S — PLR) which is a version of the well-known Pseudo-Linear Regression (PLR) approach given
in two stages; while the second one, namely the Two-Stage Recursive Predictor Error algorithm
(T'S — RPFE) is an adaptation of the traditional Recursive Maximum Likelihood (RLM ) method to
deal with PGARC H models. It will be shown that the obtained estimators are strongly consistent

and in particular the RPFE algorithm provides asymptotically Gaussian estimates.
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Linear modelling of periodic time
series



Chapter 1

Periodic ARM A models and some of
their properties

1.1 Introduction

Periodic linear time series models have been extensively used in the three recent decades in a
variety of theoretical and practical research fields, such as hydrology (Salas et al., 1983; Vecchia
1985a, 1985b; Jymenez et al., 1989), economics (Cleveland and Tiao, 1979; Osborn, 1992; Franses,
1996; Franses and Paap, 2004), and electrical engineering (Gardner and Franks, 1975; Bittanti
and De Nicolao, 1993; Adams and Goodwin 1995). The success of the latter models is due to
their efficient representation of many stochastic phenomena exhibiting a periodic autocorrelation
structure that cannot be adequately explained by the classical SARIM A models. Another reason
of the growing interest is that they can be exploited in the analysis of Vector Autoregressive
Moving Average models (VARMA) in order to reduce appreciably the number of parameters to
be taken into account (e.g., Pagano, 1978; Newton, 1982). However, compared to the SARIM A
formulation, periodic ARM A (PARM A) models involve more complex representations, which use
a much larger number of parameters and a more complex covariance structure. This makes the
model building problem (identification, estimation, and diagnostic checking) and then the study of

the main properties of such models more difficult than those for traditional SARIM A models.

The inability of the SARIM A models suggested by Box and Jenkins (1970) to adequately
represent several seasonal time series, especially those exhibiting periodic autocovariance structure
(e.g. Tiao and Grupe, 1980), has motivated the development of research related to the class of

PARM A models and periodically correlated processes. Several researchers were interested in the
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study of some algebraic properties of PARM A models, such as the causality (Tiao and Grupe,

1980; Boshnakov, 1997; Hurd et al., 2002) the invertibility (Cipra, 1985; Bentarzi and Hallin,
1994) and the spectral factorization (Bittanti and De Nicolao, 1993; Bentarzi and Hallin, 1998;
Bentarzi, 1998); as well as in some probabilistic properties such as the strict periodic stationarity
(strict cyclostationarity), the periodic ergodicity (cycloergodicity) and the existence of higher order
moments (e.g. Boyles and Gardner, 1983). For instance, the spectral factorization problem for
PARM A models, which consists of the construction of all possible adequate models corresponding
to an autocovariance function of a certain periodically correlated process, has been completely
solved by Bentarzi (1998). Similarly, the causality and invertibility problems have been widely
considered in the literature of PARM A models. However computationally simple necessary and
sufficient conditions to check such properties remain needed in the problem of building periodic

linear models.

Furthermore, most of the existing methods of building PARM A models are conditioned on the
causality and invertibility properties. The main difficulties involved by these methods for PARM A
models compared to those for their stationary counterparts lie in the periodic autocovariance struc-
ture, which does not have a symmetry and then the Toeplitz property. The main goal of this chapter
is to study some algebraic and probabilistic properties of periodic VARM A (PVARM A) models,
such as causality, invertibility, the autocovariance structure and the PARM A Fisher information
matrix of models. We first propose some, necessary and sufficient conditions for causality and in-
vertibility, which seem computationally simple to check. Moreover, we develop efficient calculation
procedures for the PVARM A autocovariances, which will be exploited in the calculation of the

PARM A Fisher information matrix.

The remainder of this chapter is organized as follows. In section 2, we present a succinct
retrospective of the class of periodically correlated processes and their linear representation, periodic
VARM A models. Furthermore, we study the causality and invertibility problems of such models.
Section 3 is devoted to the calculation of the PVARMA autocovariances. We propose a fast
algorithm based on a state space representation of the PV ARM A model. This algorithm works well
both for univariate and multivariate models. Section 4 is mainly concerned with the calculation and
the invertibility of the asymptotic Fisher information matrix of PARM A models, which is a useful
devise for some statistical inferences. We provide a computation algorithm based on the conditional
likelihood expression. The established algorithm extends Klein and Mélard’s algorithm (1989)

developed for stationary ARM A models. This algorithm is based on the theoretical autocovariances
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which can be obtained from Section 3. In addition, we give a necessary and sufficient condition for

nonsingular Fisher information matrix of a PARM A model.

1.2 Periodically correlated processes and periodic ARMA models

The purpose of this section is to present some basic results concerning periodic linear times series
models, which proved its usefulness and appropriateness for modelling time series exhibiting peri-
odical autocorrelation structure. We first present the strict periodicity property, which is needed
for a formal theory. The more handled concept of periodic correlation (weak periodicity, cyclosta-
tionarity), which conserve the essential properties of the strict periodicity feature is then given.

Finally some probabilistic and algebraic properties of periodic linear models will be studied.

1.2.1 Strictly periodic processes

Definition 1.2.1

An m—variate process {y, t € Z} is said to be strictly periodic with period S if for all n € N*,
h € Z and (ty,t2,...t,) € Z", the joint distribution of the random vector (yj,,y1,, ...,ygn), is the
same as that of (y£1+5h,y22+5h, ...,y£7l+5h)/.

Remark 1.2.1

Clearly, the strict periodicity concept generalizes that of strict stationarity. Indeed, from Defi-

nition 1.2.1 it follows that a strictly periodic process with period S =1 is strictly stationary.

A particular and useful subclass of strict periodic processes is the class of independent and

periodically distributed (i.p.d.) random variables.

Definition 1.2.2

A random sequence {e;, t € Z} is said to be independent and periodically distributed random

variables with period S, denoted here by (i.p.d.), if :
i) {&4, t € Z} is a sequence of independent random variables,
i1) the probability distribution of €; is the same as that of ;g for all t, h € Z.

Obviously, an (i.p.d.) sequence of period S is a strictly S-periodic process. Moreover, for S = 1

it coincides with an independent and identically distributed random (i.i.d.) sequence.
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Furthermore, the following proposition shows that any mean square convergent combination

(with S-periodic coefficients) of S-periodic (i.p.d.) sequence is a strictly S-periodic process.
Proposition 1.2.1 (Aknouche and Guerbyenne, 2005)

Let {e4, t € Z} be (i.p.d.) random sequence with period S and define the random process

{y:t, t € Z} by

o0
yi = E Vyj€t—js
=0

where {wtj }j is a sequence of absolutely summable S—periodic matriz coefficients, i.e. ¥, gp ; = ¥y,
for any t,h € Z. Then, the process {y:, t € Z} is strictly periodic with period S.

Proof

The proof can be straightforwardly established by showing that the characteristic function of
the vector Y (h,n) = (y£1+5h,y£2+5h, ...,y£n+5h)/ is the same as that of Y(n) = (y},, ¥, ...,ygn),
for any n € N*, h € Z and (t1,t2,...t,) € Z™. This can be easily shown using the representation
ye = Z]O'io Vy;€t—j, the S-periodicity of the sequence {T/th} and the (i.p.d.) property of the process

{Et, t e Z} |

As for strict stationarity, it is also practically impossible to check the strict periodicity in sto-
chastic processes except in very special cases. However, many of the important statistical properties
of stochastic processes can be obtained from their first and second order moment (if these exist) ;
therefore, periodicity in these two moments can be enough to explain the periodic property of the

process. These facts lead to the concept of periodic correlation.

1.2.2 Periodically correlated processes

The concept of periodic correlation introduced by Gladyshev (1961) was the cornerstone of the class
of periodic linear autoregressive moving average models. The second order process {y;, t € Z} is
said to be periodically correlated (weakly periodic, cyclostationary) if there exists a positive integer
S such that the mean and the autocovariance function are S-periodic in time, that is

i) My 5r = M
tftisr) "o VYthTeZ,

i) Th =
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where p, = E (y) is the mean of the process and 'ygf) = E (yiy)) is the autocovariance (matrix)
function at time ¢ and lag h. By periodicity, this last one can be seen as a set of S functions. As

basic properties of these functions we have

and

In his seminal article, Gladyshev (1961) has given a one to one correspondence between univariate
S-periodically correlated processes and S-variate second order stationary processes. This relation
allows the study of some basic properties of an m-variate S-periodically correlated process from
its equivalent Sm-variate stationary process, where many theoretical results have been already

explored.
Theorem 1.2.1 (Gladyshev, 1961)

Let {y¢, t € Z} be an m-variate periodically correlated process of period S from which is defined

the Sm-variate process {X (1), T € Z} by

/
X(r) = (X{(T),Xé(r),...,Xg(T)),
/

= (yi—i-ST’y/Q-i-ST?""y/S-‘rST) :

Then, {y, t € Z} is periodically correlated if and only if {X (1), T € Z} is second order stationary.
|

A very simple and important periodically correlated process is the so-called periodic white noise.
We recall that a periodic white noise {e;,t € Z} is a zero mean sequence of uncorrelated random
variables with a periodic covariance matrix F (ets;_ h) = dp02¢ where  denotes the usual Kronecker

function. In what follows, an (i.p.d.) sequence will be called strongly periodic white noise.

As for stationarity, a very wide class of periodically stationary processes can be generated by
using periodic white noise as a general term in a set of linear difference equations. This fact was
theoretically motivated by the well-known Wold-Cramér theorem (established by Cramér (1961)
which has generalized the Wold (1938) theorem to nonstationary processes), which states that any

stochastic process (either stationary or not) with finite variance can be decomposed as a mean
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square convergent sum of the past and the present of an innovation sequence. The latter Wold-
Cramer result was the origin of the so-called time varying ARM A models (see e.g. Hallin 1984; 1986;
Dahlhauss, 1997) which are approximations of the Wold-Cramér decomposition. A particular class
of time varying ARM A models which is useful for representing stochastic phenomena exhibiting
periodic structure is the class of periodic ARM A models whose coefficients are periodic-time-

varying.

1.2.3 Periodic VARM A models

A second order m—variate periodically correlated process {y, t € Z} is said to have a periodic vec-
tor autoregressive representation of orders p; and ¢ and period S, denoted by PVARM Ag (pt, qt),

if it is a solution of a linear stochastic difference equation of the form
Pt qt
Yt — Z Dy ;Yi—j = Et — Z 0 €1, (1.2.1)
j=1 j=1

where {&¢,t € Z} is an m—variate periodic white noise process with covariance matrix F (e.&}) = ;.

The m X m matrix coefficients ¢, ;, j = 1,...,p and 60, © = 1,...,q, the white noise covariance

matrix ¥; and the orders p; and ¢; are S—periodic in time. The PV ARM A model (1.2.1) is usually

written in the symbolic form

¢(L)y: = 0¢(L)et,

pt , a ,
where ¢ (L) =L, — > ¢y ;L7, 0:(L) =1, — > 0; ;L7 and L is the backshift operator.
j=1 j=1

Note that the latter PV ARM Ag (py, q;) model contains the periodic autoregression

PV ARg (p:) model

Pt
Yt — Z Oy jYi—j = €t (1.2.2)
j=1

and the periodic moving average P — VM Ag (g;) model
qt
Yt =€t — Z 0 j€i—;, (1.2.3)

j=1

as special cases when ¢; = 0 and p; = 0 respectively.
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For convenience, for the particular case m = 1, the univariate PV ARM A process {y;, t € Z},

denoted by PARM A, will be written in this work as follows

Pt qt
Yr — E Gy jYt—j = €t — E Ot j€i—j,
j=1 Jj=1

where {e;,¢t € Z} is a univariate periodic white noise process with variance F (6%) = a%.

Based on the aforementioned Gladyshev theorem (1961), which ensures that any S-periodically
correlated process can be represented equivalently as a stationary S—dimension process, one can
rewrite an m-variate S-periodic PV ARM A model with order (p;,¢;) in an equivalent stationary
mS-variate VARM A model with orders (p*, ¢*) obtained from (p,q). Letting t =i + 7.5, where
T= [%1 ,t=1,...,5 and t, 7 € Z, the periodic model (1.2.1) can then be written in the following

form, which will be used very often in the subsequent sections
Pi ai
Yitrd = E @i j Yi-jtrd = Eitrd — E 0ij €i—jird-
j=1 j=1

For the parsimony problem, we suppose that the polynomial operators ¢, (L) and 6, (L) have no
common roots. Thus, the former equation can be written in the Sm-variate VARM A form (e.g.

Tiao and Grupe 1980; Vecchia 1985; Bentarzi, 1995)

* *

p q
DX, =Y DY, = Oge, — Y Oper (1.2.4)
k=1 k=1
where Y; = (Y1+(¢f1)57}’2+(i71)s7'--YS+(ze1)s),, € = (51+(i71)57€2+(i71)87'”7 €S+(i71)S),a p* =

maxi<i<s [(pi —1) /S| +1, ¢ = maxi<i<s[(¢ — %) /S ]+ 1, where [z] denotes the smallest integer

greater than or equal to x. The matrices of autoregressive and moving average coefficients are given

by

L, 1=
(@0)ij = Om i <j 5 (Rr)ij = Pigsti-j, L<E<PT,
Giij >]
and
I, 1=7

0 i<j 3 (Or)ij =Oiksti—j, 1<k<q".
Oiij 1>]
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Note that the elements of the nonsingular matrices ®, and O, are such that
(®,)ij =0, for k=1,...,p" and j < i — p; + Sk,

and

(©4)ij =0, for k=1,...,¢" and j < i—¢; + Sk.

1.2.4 A particular class of PARM A models

This subsection is devoted to studying an important particular subclass of the family of univariate
PARM A models. Assuming that the orders p; and ¢; and the period S satisfy some relations which
are widely encountered in practice, one can show that the corresponding univariate PARM A can
be written as a stationary VARM A model of order (1,1). This last equivalent form enables to
investigate deeply many properties and to obtain many explicit results concerning in particular the
autocorrelation structure, the Wold representation and the deconvolution formula. This class of
models has been introduced by Bentarzi (1995). Let 11 be the class of PARM A models whose
corresponding S-variate VARM A with equation (1.2.4) is of order (1,1). Then a PARM A model

is an element of 17 if and only if
1<ps<S and 1< gy <8, (1.2.5)

where pp = maxj<j<s(p;i — 7+ 1) and go = maxj<;<s(q; — i+ 1).

Consider a univariate PARM A model from the class &p

Pt qt
Yt — E Gy jYt—j = €t — E 0 jct—j
j=1 Jj=1

where its corresponding S-variate VARM A is defined by the following equation (cf, equation
(1.2.4))

@OXT - gl&ﬂ'fl == @OET - @167.71

This can also be written as

XT - ﬂT*l = @oﬁr - ngTfl (126)

where & = @61@1, Q, = @alﬁo, and ©; = @51@1. Note that since the S — pg first columns of
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the matrix ®; are null, it will be the same for the matrices ®, ©, and ©,. Hence

3= ( O(s—po)x(5—p0)  L(5—po)xp0 ) L 0, = ( O(s—po)x(s5—p0)  Lo(5—po)xp0 >

* *
Opo x (S—po) @po Xpo Opo x (S—po) @Opo Xpo

(1.2.7)

*
OPOX(S—po) @11)0 XPo

o, - < 0(S—po)x(S—p0)  ©1(5—po)xpo ) ,

and it is easy to verify that

0 o(P*)m?
P = AN . 1.2.8
Let © = @0_1@1. Because the S — g first columns of the S x S-matrix © are null, (¢op being given
by (1.2.5)), the matrix © has then the form

0= < O(S—po)X(S—po) QiS—po)Xpo ) ) (1.2.9)
Opox (5—po) O%0xpo

As for (1.2.8), we can deduce a similar expression for @', @7, and ©". This can be exploited

to reduce the calculation of ™ to that of (®*)™, which has a lower dimension. In section 2.2

we concentrate on the likelihood expression of a PARM Ag (p, q:) with an associated multivariate

VARMA (1,1).

One of the most important properties of PV ARM A models are the causality and invertibility.
We recall that a PV ARM A model is causal if it can be expressed as a mean square convergent sum
of the past of the innovation process. Similarly, it is called invertible if the innovation process can
be given as a mean square convergent sum of the past of the underlying process. In the following

subsection we study such properties.

1.2.5 Causality and invertibility of PV ARM A models

We first study the causality (periodic stationarity) problem of model (1.2.1).

Causality conditions

As causality involves only the autoregressive part, we consider the PV AR model given by (1.2.2). A
necessary and sufficient periodic stationarity condition for an S-periodic m—variate PV AR model is

frequently established using the so-called “Period Span Lumping” approach of Gladyshev (1961).
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This approach consists of embedding the underlying S-periodically correlated m-variate process
into an mS-variate stationary process and then studying the properties of this one (cf. Tiao and

Grupe, 1980; Vecchia, 1985; Ula and Smadi, 1997; Lund and Basawa, 1999). Considering now

: / / / / / / / /
a backward representation Y, = (y5+n5, ...,y2+n5,y1+ns) and €, = (€555 €94n5 E14ng)s

model (1.2.2) can be rewritten in the mS-variate VAR form

*

p
@OX’T - Z q)szr—k =E&5 (1210)
k=1

where p* = maxi<s<gs [(ps — $) /S|+1, with [x] denotes the smallest integer greater than or equal

to z. The autoregressive coefficients are given by

I, 1=7
((I)g)ij = Om ) >j
—@ii; <]

and

where 0,,, denotes the null square matrix of order m. Therefore, the periodic stationarity condition
of the model (1.2.2) is the same as the stationarity condition of its equivalent VAR representation

(1.2.4b); that is, the roots of the determinantal equation
p*
det | Inz?" = @' ®p2” 7 F | =0, (1.2.11)
k=1

are less than unity in modulus (e.g., Hannan 1970, Fuller 1976). Moreover, Ula and Smadi (1997),
have simplified the latter condition for model (1.2.10) by means of its corresponding state space
representation. Indeed, they showed that the roots of (1.2.11) are exactly the eigenvalues of the

matrix appearing in the obtained first order state space representation

. < i P T P )
Im(P**l)Xm(p**l) OM(p*fl)Xm

Consequently, model (1.2.10) is causal if and only if the eigenvalues of ® are less than 1 in modulus.

On the other hand, using the so-called "order span lumping" approach introduced by Bentarzi

and Hallin (1994), in which they considered a lumping of the periodic process over a span of order
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p (cf. Bentarzi and Hallin, 1994; Ula and Smadi, 1997; Bentarzi, 1998), we can also obtain a

necessary and sufficient causality condition for a periodic m-variate PV AR model. Indeed, letting

! !
. ! ! / _ ! ! / —
Y,r = (ypT,ypTil, ""yprerl) and g, = (spT, €y 10 ""eprerl) where p = 1r<nsa<xs{ps}, one

can rewrite (1.2.10) as a first order periodic mS-variate PV AR model
AroYrp +Ari1Yrp-1 = epy, (1.2.12)

where the coefficient A7 and Ar; are given by

L. 1=
(A70)ij =1 Om 1>7
—Prp_itij—i I <t
and
I, i=j
(A71)ij = 0, 1<y,
—Prp—itip—it; >
are periodic with period S, such that pS is the least common multiple of p and S. From represen-

tation (1.2.12), which is equivalent to (1.2.10), one can easily verify that a necessary and sufficient

causality condition for model (1.2.10) is that the eigenvalues of the matrix
Q= Ag As:. Ay (A 1A (A,

are all less than 1 in modulus (see Ula and Smadi, 1997; Bentarzi and Hallin, 1994).

In what follows, we use an alternative approach, based on a state space representation of (1.2.10),
to obtain an equivalent necessary and sufficient causality condition for model (1.2.2). This condition

seems simpler than the two previous conditions.

Define the mp-variate random vectors Y = (y;,y;_ 1, ¥;_p41) and 0, = (&}, O:n(pq)u)/ and

the S-periodic matrix ®; of dimension mp x mp by

q)t — < ¢t,1 ce ¢t,p71 ‘ (:bt,p > )

Im(pfl)xm(pfl) Om(pfl)xm

Then one can rewrite model (1.2.10) in the following equivalent S-periodic state space representa-

tion, which will be used in the subsequent sections

Yt = @th_l + - (1213)



CHAPTER 1. PERIODIC ARMA MODELS AND SOME OF THEIR PROPERTIES 13

This representation was first exploited by Liitkepohl (1991, Chapter 12) for studying both the
causality (stability) and the maximum likelihood estimation problems for PV AR models, via the

Gladyshev’s (1961) period span lumping approach.

S
Let @ = [] ®5-s+1. Then the following proposition gives a necessary and sufficient causality
s=1

condition for model (1.2.13) and hence for model (1.2.10).
Proposition 1.2.2 (Aknouche, 2006)

The m—variate, S—periodic PV AR model (1.2.2) is causal if and only if
p(2) <1, (1.2.14)

where p (A) denotes, as usual, the spectral radius of the matriz A, i.e. the mazimum eigenvalue in

modulus of the matriz A.

Proof

It is easy to verify that the solution of the homogeneous first order difference equation associated

to the first order autoregressive operator of (1.2.13) is given by
G (t, t()) = @t @t_l. . .(]:)t0+2 ¢t0+1'

This solution corresponds to the initial value G (tg,t9) = Ly xm, where tg is the starting time of
the process. The general solution of the nonhomogeneous first order stochastic difference equation

(1.2.13) is then given by

t
Y= > G(t5) m;+G(tto) Yy
Jj=to+1
By letting ¢y decrease without limit we have

t
lim |\'Yy— Y G(tj)ny|| = lim |G (¢,20) Yool

to——o0 . to
Jj=to+1

where ||.|| stands for the Euclidean norm. Thus, a necessary and sufficient causality condition for
model (1.2.13) can be obtained by applying Hallin’s Theorem (Hallin, 1986, Theorem 3.1) to our

present particular periodic case (see also Bentarzi and Hallin, 1994); that is,

\ lim |[|G(¢,t0)] = 0 for some fixed ¢. (1.2.15)
0——00
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Let t — tg = sp +noS, for sg € {0, ..., 5 — 1} and ng € Z. Using the periodicity of ®;, one can write
G (t,to) in the form

G (t,t0) = (Prots0 Protso—1- Protso—5+1)"" Protso Pro+so—1-+-Prot+2 Prot1-
Since || ®so4to Psotto—1---Pto+2 Pio41] is uniformly bounded by say

b, P, . D, _ =
121835(5,” s Ps—1 s S—l—lH C:

then the left member in (1.2.15) can be rewritten in the form

Hm |G (£, t0)|| < C Hm || ®gy Bogot .. ®uy_s542 Pog_s1]"
to——o0 ng—00

from which, by a cyclical rearrangement, follows the mentioned necessary and sufficient condition.

Similar arguments for a univariate first order PAR model can be found in Hurd et al. (2002).
Thus, under (1.2.14), the PV AR process {y;,t € Z} given by (1.2.10) or equivalently by (1.2.13)

admits the following two equivalent Wold-Cramér representations

oo
Yo = Zwt,ﬁt—j, (1.2.16)
j=0

o
Yt = Z ‘Ilt,jnt—jv
j=0
where the S-periodic 1, ; are obtained recursively via the equations

ws,o = Im><m

min(k,p) ,s=1,...,5 keN,
/ll}s,k = — ¢Saj¢5_jvk_j

]:
and the S-periodic coefficients (¥, ;) are explicitly given by
;=P P11 ... 21—, jJENTEL

From the above, we see that the three studied approaches are similar in essence; that is, they
reduce the determination of periodic stationarity conditions to eigenvalue problems. However, it
seems that our proposed approach is much simpler than the others. To see the relations between

the results of these different approaches, we consider some examples.
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Examples

i) For the PV AR5 (3) model of period 2 and order 3 given in Ula and Smadi (1997, p. 1933),

and by means of which they noticed that ® is analytically much simpler than ®, we have

Do+ Pr1P11 Pa3t+ Pr1Pra Pri1Pis

Q=1 ¢, P12 $13 ;
L, O O
0
B Q O
P = 0,, ,
Im @21 Goo+ @211, $23 Om  Op
Q=1 0n Iy D11 $12 b13 Opm | X
0, Oy I, Do Pao Pa3
Lo @11 P12t d11021 $13 0m  Op
0, Ln P21 P22 P23 Om
0, O I, P11 b2 P13

and therefore €2 is equivalent to ®.
y A _ P21P11 Om
ii) For the PV ARy(1) model, we have 2 = Q = ¢ 1¢; ; and @ = 0 .
m
P

iii) Finally with a PV ARy (2) model of order 2 and period 2, we have =

< Q21911+ P2a Pa1012
D11 ®12

construct.

=Q =

>. Here, the three matrices require the same level of difficulty to

Remark 1.2.2

Another advantage of (1.2.14) is that in the case where {&;} are independent and periodically
distributed with finite higher order moment, it is also a sufficient condition for the existence of

higher order moments for the PV ARM A process {y:, t € Z}.

Invertibility conditions

The invertibility problem is closely related to that of causality since it involves similar mathematical
techniques. For simplicity and without loss of generality, we consider the moving average model

(1.2.3). A similar condition for invertibility can be easily obtained by replacing in ®; (given in
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(1.2.13)) the autoregressive matrices ¢ by the moving average 6 and the order p by ¢q. Consider the
mg-variate random vectors € = (€},€;_1,-,€1_g41)s UVt = (Y1 O1xm(g—1))’> and the S—periodic

matrix ®; of dimension mp x mp :

@t _ < ft,l .. .atjqf]_ ‘ gt,q ) 7
m(g-1)xm(g-1) | Om(g—1)xm

where ¢ = 1213<Xs{q8}, then one can rewrite model (1.2.3) in the following equivalent mg-variate

S-periodic PV M Ag(1) model
€ = ®t6t71 + vy (1217)

S
Let ® = [] ©®g_st1. Then the following proposition gives a necessary and sufficient invertibility
s=1

condition for (1.2.11) and hence (1.2.3).
Proposition 1.2.3

The m—uwariate, S-periodic PV M A model (1.2.3) is invertible if and only if
p(©) < 1. (1.2.18)

Proof

The proof is similar to that of Proposition 1.2.2 and hence it will be omitted. l

This condition seems much simpler than the other existing conditions in he literature (Tiao and

Grupe, 1980; Bentarzi and Hallin, 1994).

1.3 The autocorrelation structure

Despite the importance of periodic VARM A autocovariances for statistical inference purposes, their
calculation has received little attention. It is worth noting that the autocovariances calculation is
more tedious for periodic ARM A models than for their stationary counterparts, mainly because of
the absence of symmetry and hence the Toeplitz property in the autocovariance structure. Indeed,
it appears that the periodic autocovariance function cannot be computed by recursive methods
such as the most efficient algorithm of Wilson (1979), which is devoted exclusively to stationary
univariate ARM A autocovariances. Based on the difference equation approach introduced by

McLeod (1975) for the standard ARM A case, Shao and Lund (2004) and Li and Hui (1988) have
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studied the autocovariance structure of univariate PARM Ag(p, q) models. Furthermore, Boteva
and Boshnakov (1992) and Bentarzi and Aknouche (2005) considered the PARg(p) autocovariance
calculation. A serious drawback of this approach is the need to solve a linear system of order
(p+1)S, from which the initial autocovariances (i.e., those of lag less than p) of all the seasons
are computed in the same block. This makes the calculation very costly for models with a large
period. Based on a state space representation of PV AR models, we derive an efficient procedure to
compute the autocovariance function of causal PV AR models, where the autocovariance function
for a fixed season, say s, is calculated and from which the autocovariances corresponding to the
other seasons are easily deduced. Based on a state space representation of PVARM A models,
we derive an efficient algorithm for computing the autocovariance functions of causal PVARM A
models, where the autocovariances for a fixed season, say s, are calculated and from where the
autocovariances corresponding to the other seasons are easily deduced. To simplify the exposition
we present in the first subsection autocovariance calculations for PV AR models. The more general

PV ARM A case will be considered in the second subsection.

1.3.1 Calculation of the PV AR autocovariances

This subsection deals with the calculation of theoretical autocovariances of an m—variate PVAR

model by exploiting the periodic state space representation (1.2.13). The technique used here will
be generalized below to deal with a general m—variate PVARM A model. Letting ¢t = s 4+ n.S,

where n = [%W , s =1,...,5 and t, n € Z, the periodic model (1.2.13) can be rewritten in the

form
Yoins =PsYo 1405 +Nsins, s=1,...,8, neZ, (1.3.1)
where E (n ! ) = 6nols, Ay = As Omxm(p-1) and A, = E (e
s+ns775_h+n5 h0Rs) s Om(p—l)xm Om(p—l)xm(p—l) ; s s+nS

€;+ns) . Let 'ygf) = F (ywy}_,,) and Fg) = E(Y¢Y,_,) be the autocovariance functions at time ¢

and lag h of {y;,t € Z} and {Y,t € Z}, respectively. Then 'ygf) and Fﬁf) are S-periodic in t, i.e.,

’yngrnS) = 'ygf), FELH"S) = F;ls), s=1,...,.5, and we have
s) (s s)
’71(1 7hJ)rl o 7§L+p—1
(s—1) (s—1) o (s—1)
e _ [ T Th Vhyp—2
h . . . )
T S
Vot oy e
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!/
with the property *y(_s,)l = (’ygfrh)) .

It is possible to obtain the PV AR autocovariances via a difference equation approach (e.g. Li
and Hui, 1988 and Shao and Lund, 2004; Bentarzi and Aknouche 2005), which calls for solving
a block system, obtained from the periodic Yule-Walker equations (see Pagano, 1978 and Vecchia
19850 for the univariate case). As is well-known, from the autocovariance function these equations
allow the calculation of the PV ARg(p) parameters by solving S independent linear systems of

order mp, for each season.

Indeed, postmultiplying both sides of (1.3.1) by y;_,, h =0, ...,p, and then taking expectation,

we obtain S linear systems of equations (of order pm) of the form

d)srs =7
5 ,s=1,...,85, 1.3.2a
{AS:’Y(())—Q’)S»')/S ( )

where ¢, = (¢871,¢572, ...,(ﬁs,p), (Fs)kj = 'ygc‘s__j?), k,j=1,..,pandy_ = ( gs),'ygs), ...,’y,(f)).

The reverse problem which consists of finding the autocovariances 'ygf) from given model para-

meters can be formulated by rearranging (1.3.2a) to obtain the following system, which we solve

with respect to

Gy=y, (1.3.20)

where v = (7(()1)’, ...,'yg),,'y((f)/, ...,722)/, ...,7(()5)/, ...,'yés)')’ is the matrix of initial autocovariances,

G is an mS (p + 1)-square circular matrix of some suitable elements and g is an appropriate matrix

whose form is unimportant here. So, the calculation of the initial autocovariances requires the
resolution of a block system (of order mS(p + 1)) associated to all the seasons. This makes the
calculation very costly for models with a large period. Moreover, explicit expressions for G seem

very difficult to obtain in the multivariate case. The following example clarifies this approach.
Example
Consider the following second order 2-periodic PAR3(2) model
Yitar — GiYit2r—1 — Pio¥it2r—2 = Eiv2r, 1=1,2, T €Z,

where {¢;, t € Z} is a periodic white noise with variance o?. Then, the periodic Yule-Walker
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equations are given by

7§;)¢11 + W%)%z = 761) — o}
’Yéz)ﬁbn + 7&1)4512 = 751)
’Yg )¢11 + 76 )¢12 = “Yg )

’Ygi)%l + ’Ygi)¢22 = ’Y(()z) — 03
’Yéli%l + 7%2;%2 = Wé;
Y1 P21+ P22 = Vs

(1.3.3)

where 'y;f), is the autocovariance of season i and lag h. To calculate the initial autocovariances 'ygf),

i=1,2 and h = 0,1; one can transform (1.3.3) to the following system

[ 1 —d1 —d10 0 0 0 1 7?1) [ ot ]
o 1 0 by by O M 0
— P12 0 1 0 —du 0 ’Yél) _ 0
0 0 0 L —¢o —0o VAT e |
—Pa1 —Pap O 0 1 0 752) 0
0 —¢o1 0 — P29 0 1 J ,yg?) L 0 ]

which we solve with respect to fyg).

Another well-known approach for calculating the autocovariances 'y;f) uses the causal represen-

tation (1.2.16) of (1.2.2) (see Lund and Basawa, 1999 and 2000 for the univariate PARM A case).

The autocovariances 'y;f) can be obtained, for all s =1,...,.5 and h € Z, by

() _ N\~
s /
Y = Z ¢s7jA8—j1l)s—h,h+j?

J=0
where the previous infinite sum will be truncated under the causality condition, taking into account
the geometric convergence of "»bs,kAs—k@blsfh,thk to zero as k — oco. However, the computation of
this latter expression is very tedious, particularly for large dimensions and when the parameters lie

near the boundary of the causal domain.

Based on the state space representation (1.3.1), we propose another method, which computes the

PV AR autocovariances for distinct seasons separately, thereby facilitating efficient computation.

Let ® be the Kronecker product, vec(A) the usual column stacking and A®™ the Kronecker

product A® A® ---® A of m factors. Using these notations, we can state the following proposi-



CHAPTER 1. PERIODIC ARMA MODELS AND SOME OF THEIR PROPERTIES 20

tion, which establishes a simple computational expression of the theoretical autocovariances, while
avoiding the above inconveniences.

Proposition 1.3.1 (Aknouche, 2006)

For a causal PV AR model, the autocovariances are given by the following equations

-1 S—-1 J
vec (F((JS)) = <I «(mp)2 H<I>s k+1> vec ( —I—ZH o kHvec s—i) |, (1.3.4a)
j=1k=1
and
h
vec (F( ) H mpxmp @ Ps_j11) vec (I‘(() )) , heN's=12..,8. (1.3.4d)
j=1
Proof

Suppose that (1.2.14) holds. Postmultiplying both sides of (1.3.1) by Y,_,_ s, where h is a

positive integer, and then taking expectation, we find the periodic Yule-Walker equations

) = &1+ A, (1.3.50)
r = @, Y heN*s=1,2..,8 (1.3.5b)
h - sth—1 y s =1,4,...,0. 3.

From (1.3.5a) and (1.3.5b) with h = 1, we obtain the following discrete-time periodic Lyapunov
equation (e.g., Bittanti et al., 1988; Varga 1997)

1l =&, ri Vel + A, (1.3.5¢)

Taking the column stacking operator of both sides of (1.3.5¢) and applying the property vec(ABC') =

(C' @ A)vec(B), we find the first order linear difference equation
vec (F(()S)) = ®%?yec (F(()S_l)> +vec (Ag) . (1.3.6)

After r (r > 1) successive replacements in the latter equation, we obtain

r—1

vec <F(()s)> _ ﬁ@?—QkH”ec <F( )) + vec (A —i—iﬁ@s prvec (Ds—j) . (1.3.7)

k=1 j=1k=1
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Putting » = S in (1.3.7) and taking into account the S-periodicity of Fés), we get (1.3.4a). Notice

S
that the invertibility of <I(mp)2 < (mp)? k]:[ @?% +1> follows from the periodic stationarity of model

S ®2
okl = < II @S_k+1> are the product of the eigenvalues
k=1

(1.3.1). Indeed, the eigenvalues of H P2
k=

S
of [] ®s—k+1 and hence (by a cyclical rearrangement) of Q in (1.2.14).
k=1

Otherwise, using the property vec(AB) = (I® A)vec(B), equation (1.3.5b) can be written in a

stacking column form as
vee (T} = Mgy © @) vee (TR (1.3.8)

Finally, by successive substitution in (1.3.8) we get (1.3.4b). B

Though (1.3.4a) and (1.3.4b) express the autocovariances in a simple form, they have however
two main drawbacks. First, for each season s € {1,...,S} we need to invert a matrix of order

mp X mp, which is computationally cumbersome for large orders and/or periods. Second, the
vector vec (F(()S)> contains some identical entries because of the symmetry and the periodicity (this
occurs only when p > S) of F(()S), thereby causing an undesirable redundancy in the calculation.

The following corollary allows one to avoid the first drawback, while the second one is remedied

below.

Corollary 1.3.1 (Aknouche, 2006)

Ezpressions (1.3.4a) and (1.3.4b) are equivalent to

S S—1 S
(I(mp)z — H @?zkH) vec (FE)S)> = | vec(Ag) + Z H g k+1vec (As—j) |, (1.3.9)

k=1 j=1 k=1

s s—1 j
vec (I‘és)) = H @?Ekﬂvec (F(S)) + vec (As) + Z H o kHvec s—j) 5 (1.3.10)
k=1 j=1k=1

and

T — o 1.
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Furthermore, the block geometric structure of the autocovariances is characterized by

S T
r o= <H1 <1>8_j+1> I, v, s=1,..,5 reN. (1.3.11)
]:

Proof

Putting » = s in (1.3.7) we get (1.3.10) and replacing s by S in (1.3.10) we find (1.3.9).

Expressing the lag h in the form h = v +nS, v = 1,..., 5 and n € N, one rewrites (1.3.4a) in the

form
I =@ =@, &, 1.8 T, heN,
= (B @y .. Py g 1) B By B, T
S n
= < <I>Sj+1> Fl(,s), h=v+nS, wv,s=12..5.
j=1
n

From (1.3.11) we can see that the autocorrelation functions of a periodic VAR are characterized

by a geometric decay by a block of S lags. This feature is useful for the model identification stage.

It is worth noting that the computation of FE)S), s =1,...,5, via (1.3.9)-(1.3.11) need only solve

one linear system of order m?p? given by (1.3.9). Moreover, this computation can be improved as

follows.

i) For the case where S > p, which is very often encountered in periodic time series models, we

)

know that the redundancy in F((]S is caused only by its symmetry. Hence we can use the half colon
stacking operator vech rather than vec, by means of the formula vec(A) = Dyxrvech(A), where
A is a symmetric matrix of order k and Dy is the usual duplication matrix (e.g., Magnus and

Neudecker, 1989). Thus, equation (1.3.9) can be rewritten in the equivalent form
Buech (rgs)) - C, (1.3.12)

where the square matrix B of dimension % is the first block of

S

®2
<I<mp>2x<mp>2 -1 ‘I’s—k+1> D (112 x (mpy?>
k=1

and C is the vector containing the first % entries of the right-hand side of (1.3.9). Con-

sequently, we need only solve one linear system of order %mﬂ). This reduction is, of course,
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insignificant for large models (dimension and/or order) but can be important when the autocovari-

ance computation must be repeated many times, such as with maximum likelihood estimation.

i1) For the case S < p, it is possible to improve the computational complexity of (1.3.9) by stacking

all the distinct elements of F(()S) and using an appropriate permutation matrix rather than the

duplication matrix Dy to formulate a similar linear system to (1.3.12).

Remark 1.3.1

The main difficulty involved in the autocovariance calculation when using Proposition 1.3.1 lies

in solving a discrete-time Lyapunov equation
' =®I'd’ + A,

for T'. This equation has been widely studied in the engineering literature (see, for example,
Barnett, (1974); Barraud (1977); Kitagawa, (1977) and Anderson and Moore, (1979, p. 67) for the
case of unspecified solutions and Hammarling, (1982) for the case of nondefinite definite solutions).
However, there are two additional complexities caused by the periodicity in our case. First, to
obtain the above Lyapunov equation (see also (1.3.4a)), we need to form explicitly some matrix
products and sums of matrix products that will increase the computational burden. Second, for

a PV ARg(p) model with p > S, the matrix I'®) contains some redundant entries because of the

periodicity of 75? (see the examples below).

The main usefulness of the proposed method given by (1.3.4) or equivalently by (1.3.9)-(1.3.12)
is that the autocovariance function of each season is computed separately, contrary to the existing
methods in the literature (cf. Li and Hui, 1988; Shao and Lund, 2004; Bentarzi and Aknouche,
2005). The following examples illustrate the usefulness of formulae (1.3.4), (1.3.9), and (1.3.10).

Examples

i) Consider the first order m-variate S-periodic autoregressive model (PVARg(1))

Yt = ¢yi-1+ €, t €Z, (1.3.13a)

which has the state space representation in (1.3.1). Then, F,(Ls) = 728), P, = ¢, and A; = Ay. Using

the difference equation approach (1.3.2b), the calculation of the initial PV ARg(1) autocovariances
requires the resolution of a system of order 2mS, which is very tedious, for instance, for monthly

data with period 12. However, from Corollary 1.3.1, this calculation can be achieved more easily.
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Applying (1.3.9), (1.3.10), and assuming causality, we obtain the initial autocovariances directly

by solving a system of order m? :

S S-1 S
(Im2><m2 - H ¢§Ek+1) vec (7(()5)) = | vec(Ag) + Z H qﬁ?EkJrlvec (As—j) |(1.3.14a)
k=1 j=1 k=1
s g s—1 j
vec (7(()3)) — H ¢;®Ek+1vec (7(() )) +vec (As) + Z H (b?fkﬂvec (As—j) (1.3.140d)
k=1 j=1 k=1
and
h
7 =[] ¢e ™, s=1,2,..,5 and h e N. (1.3.14c)
j=1

For the particular PARg(1) model (i.e. when m =1 in (1.3.13a))
Yt = -1 t e, L EZ, (1.3.13b)

where {e;, t € Z} is a periodic white noise with variance o7, expressions (1.3.14a) and (1.3.14b)

reduce to
s -1 5-1 j
7((]@ — (1 _ H d)ng) o+ Z H 2 g0 | s=1,..8, (1.3.14d)
k=1 j=1 k=1
and
h
’YELS) = H Do jin 7(()5_}‘), s=1,2,..,8 and h € N, (1.3.14¢)
j=1

which have previously been obtained by Lund and Basawa (1999, Example 4.2). From Corollary

1.3.1, one can express the variances 'y(()s) in the equivalent form

(S) S o ! o = = 2
Yoo = <1_ I1 ¢k;) os+ > Il ¢s_ky105-5 |
k=1 j=1 k=1
J

() _ ) P2 2, A 2 2
Yo = 7 kH1 ¢s—k+1 + Og + 'Zl kHI ¢5—k+1 Js—ja
= ]: =

Note that expression (1.3.14e) can be exploited to reveal the periodic autocorrelation structure of
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the processes. Indeed, dividing both sides of (1.3.14¢e) by 'y(()s) \/ ’y(()s*h), we obtain the autocorre-

lation at lag h for the s—th season, pgs)

sh)

Htﬁs g1 ~——, heN, 5=1,2,..,8.
(5)
Yo

Writing the lag A in the form h=v +nS, v =1,...,5 and n € N, the latter expression becomes

/ (s—v+nS) [ (s—v)
v+nS o ¥
: (H %) H1 ¢s—j+1L

()
Poins = H ¢s—j+1
j=1 /78) (s)

Y0
(s)

= ¢"p,

,7—

S
where ¢ = [] OFNONCIIS {1,...,8} and n € N. The latter equation clearly shows the S-block
j=1

geometric decay of the autocorrelations as mentioned in Corollary 1.3.1. For instance, taking

S =4 in (1.3.13b) with ¢ = [¢1, ¢o, 3, d4] = [0.9, 0.85, 0.66, 0.45] and o0 = [07,03,03,0%] = [1,

1, 1, 1)/, the autocorrelation functions pgs), s =1,...,4, are represented by Figure 1.

1 -
0
084 E
=
= 06 E
m
£
2 4 R
o
i ‘ H |
“|||]”|I||||IIII LT
]

o1 2 4 5 & T B 9§ 10 11 12
Lag #

Figure 1 : PAR4(1) autocorrelations

ii) Consider the m-variate 2-periodic autoregressive model of order 4 (PV AR2(4))

Yt = G 1Yt-1t Groyi—2 + Oy 3yi-3 + Dy ayi—a + €t
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Since in this case the period is lower than the order, we can see that the matrix

7{)2’ ’YE? 1) 7%2) 1) 7%2) 1)
r§Y = 7%5)/ 7?5—1)/ 7%5) 7%5)

Y2 Y1 Yo 71

7:(),5), 755—1)/ 755)/ 7(()5—1)

contains some identical entries and hence its computation by means of Corollary 1.3.1 seems cum-

bersome. However, as emphasized above, by stacking all the distinct elements of F(()S) and using

an appropriate permutation matrix rather than the duplication matrix Dg«x, we can formulate a

similar linear system to (1.3.12), which computes the autocovariances 'y,(f) without any computa-

tional redundancy. This example clearly shows one of the difficulties caused by the periodic case,

as mentioned in Remark 1.3.1.

1.3.2 Calculation of the PVARM A autocovariances

In what follows we extend the previous autocovariance calculation algorithm to the general PVARM A

case. With ¢t = s + ST rewriting model (1.2.1) as follows

P q
t—1
Ys+Sr — Zd)s,j Ys—j+St = €s+S7 — ZOS,jES*j+ST7 s=1,.., 57 T = ’VS—‘ (1'3~15)
7j=1 7j=1
where p = max p; and ¢ = max ¢;. Under the causality assumption (1.2.14), the latter
i€{1,2,...,5} je{1,2,...,S}

model admits the following causal representation
oo

Yo=Y & (1.3.16)
j=0

where the sequences S—periodic coeflicients 1, ; are absolutely summable, in the sense that

j:OS HszH < oo for all ¢ with "||.||" stands for the usual Euclidian norm. Like the previous

PV AR case, these coefficients can be obtained recursively in terms of the model parameters via

the equations (see Lund and Basawa (2000) for the univariate PARM A case)

111)3,0 = Im
min(k,p) s=1,..,8. 1.3.17
'l,bs,]g = _es,kl[kgq] + 'Zl ¢s,j1nbsfj,k7j ( )
J:
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Next, we exploit a state space representation of the PVARM A(p,q) model (1.3.15) to obtain a

simple form of the theoretical autocovariances.

As in the latter subsection define the mp x 1 random vectors
Ys+n5 = (y;+ns7yls+ns_1~-7yls+ns_p+1)/7 €s+nS = (£;+n5” lem(pfl))/ where

q

€s+nS = €s4nS — Z 03,j55+n57j-
i=1

Using these notations, we can rewrite model (1.3.15) in the following equivalent periodic state space

representation
Ysins = PsYsins—1+ €sins, (1.3.18)
where the S—periodic (mp x mp) matrix ®; is defined as in Section 1.2.
let
1 = B (YosnsYoins—n) and T =B (YonsYh,,g 1)

be the autocovariance functions at period s and lag h € Z, of {y,t € Z} and {Y,t € Z}, respec-

tively. Let also F (es+n5Y’87h +ns) = A, be the cross autocovariance function at season s and lag
h € Z. Then as in the former subsection, vg), I‘Elt) and A, j, are S-periodic of ¢, (i.e., 'ygfrns) = 'ygf)

and so on) and we have

(s) (s) A

Tn Yht1 Y htp—1
(s—1) (s=1) (s—=1)
) _ | Tha Yh 0 Vhap2
h =1 : oo
. (s—p+1) . (s—p+1) (s—p+1)
Yh—p+1 h—pt+2 " Th

Define for h < g and s =1, ...,.S the matrices O, and ¥} of dimensions mp x m(q — h + 1)

and m(q — h + 1) X mp, respectively, as

[e) _ ( os,hxs—h 03,h+125—h—1 Bs,qzs—q >
s,h — 0
m(p—1)xm(g—h+1)
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and
Iml[q,h+121] 0 - 0
Yo pilig-nyi>y Imlignyisg :
U, = : Vi po1,1g—ht1>2] o 0

L1 [g—h+1>p]

Ve hgonlig=ht121] Psoh-1g-h-1lg—ht1>2 Vs hpilg—hpt1lig—h+1>p]
where the 1, ; are the solutions of (1.3.17).

Using the previous formulations, the autocovariances of the PVARM A model (1.3.15) can be

obtained via the following proposition.

Proposition 1.3.2 (Aknouche and Hamdi, 2005)

For a causal PVARM A model with p > 1, the autocovariances 1"515), for1<s<Sand he N,

are given by the following equations

(Im2 2xm?2p? H (I)S k+1> vec( ) Z {)@2 (ImemP ® (I)S—j)

(1.3.19a)
(A'S,j,l) z H BE2 vee (As- o).
r 3 )+ 1 292, 1 &
vec( ) H s— Hlvec( 0 ) + ZO [T 2755 Tnpxmp ® Bs—j)
JOk=0 (1.3.19)
X vec( i 1) + Z H <I>®2kvec (As—jo0),
h—1 ( h—1j—1
H@s—kros +Z [ ®s— kA, —j,h—j> for 1 < h <g,
)= TR0k : (1.3.19¢)
H@s kI‘(S h), forh>q+1
k=
where
As,h = _es,hqls,ha (1320)

with the convention [[}_, Ar =1 for z > y.

Proof
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As for Proposition 1.3.1, postmultiplying both sides of (1.3.18) by Y. _, . ¢, (h € N*) and then

taking expectations gives the following periodic Yule-Walker equations

F((]S) — @SI‘gs),_i_As’O’ (1321@)
ryY = &I+ A, 1<h<gq (1.3.21D)
r = o1t h>q+1, (1.3.21¢)

fors =1,...,S. From (1.3.21a) and (1.3.21b) with h = 1, we find the following discrete-time periodic
Lyapunov equation DTPLE (e.g. Bittanti et al., 1988; Varga, 1997)

Fés) — @SFésfl)(I); + (I;,ijls’1 + A870’

and taking the column stacking operator of both sides of the above equation, we obtain the first-

order linear difference equation
vec (I‘(()S)) = d%pec (I‘és_l)> + (Lnpxmp @ ®5) vee (AL 1) +vee (Asp)

where the property vec(AB) = (I ® A)vec(B) has been used. After r (r € N*) successive replace-

ments in the latter equation, we obtain

T _ r—15—1

vec (Fés)) = H1 i’;@_zjﬂvec (Fés T)) + ZokHO @;@Ek (Impxmp ® i)sfj) vec (Alsijl)
= =

(1.3.22)

+ @?}kvec (As—j0) -

Taking now r = s in (1.3.22), after some simple manipulations we get (1.3.19b). Replacing s by S
in (1.3.196) we find (1.3.19a). Finally, equations (1.3.19¢) are obtained by successive substitution
in (1.3.21b) and (1.3.21c¢), respectively. B

Of course, for the case where p = 0, the autocovariance function of a pure periodic vector

moving average (PV M A) model can be obtained from

q
() _ ) D 05580 pjn if 0<h<g
j=h

v, = , (1.3.23)

O xm if h> q

where 050 = ILxm, s =1,...,5 (see also Vecchia, (1985b) for the univariate PARM A case).
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Remark 1.3.2

As for Proposition 1.3.1, equation (1.3.19a) has the drawback of inverting a matrix of order
mp X mp. This seems computationally cumbersome for models with a large order or period. It is
possible to reduce the computational complexity of the PV ARM A autocovariance calculation by

using the same techniques as in (1.3.12).

It is worth mentioning that the main usefulness of the proposed method given by (1.3.19) is
that the autocovariances for each season are computed separately, unlike existing methods in the
literature (e.g. Li and Hui, 1988; Shao and Lund, 2004; Bentarzi and Aknouche, 2005). However,
a possible drawback of our method lies in the need to form explicitly matrix products and sum of

matrix products.

The following algorithm summarizes the computation of PVARM A autocovariances.
Algorithm 1.3.1

For p > 0,

i) compute Ay from (1.3.20), where ¥, j, is obtained from (1.3.17);

i1) use equation (1.3.19a) to solve the following discrete-time periodic Lyapunov equation (DT PLE)
F(()S) _ ‘I)SI‘(()S_I){); + q)SA/&l + As,(]; (1324)

for F(()S), and then deduce Fés), s=1,..,58 =1 from (1.3.19b);
iii) for h > 1, calculate F;ls), s=1,..,5 from (1.3.19¢).

If p = 0 compute 'yELS) (s=1,...,5, h € N*) from (1.3.23). B

Remark 1.3.3

Instead of the vector stacking argument for solving equation (1.3.24) by (1.3.19a), the autoco-
)

variance I‘((JS can be computed using two alternative approaches :

i) First, by reducing the DT'PLE (1.3.24) to a standard discrete-time algebraic Lyapunov equation
(DT ALFE) of the form

1" = er{e + A,

and solving this one for I‘SS) via standard exact methods (e.g. Barraud, 1977; Hammarling, 1982)



CHAPTER 1. PERIODIC ARMA MODELS AND SOME OF THEIR PROPERTIES 31

or iterative methods (e.g. Anderson and Moore, 1979, p. 67).

i1) Second, by solving the DT PLE (1.3.24) directly (e.g. Sreedhar and Van Dooren 1994; Varga
1997) while avoiding the construction of matrix products via the periodic Schur decomposition (e.g.,

Bojanczyk et al., 1992).

Thought the methods of the second approach seem computationally superior, they do not,

S)

however, take into account the particular structure of 1"((]

We conclude this section with the following example, which illustrates the usefulness of Algo-

rithm 1.3.1.

Example 3.5

Consider the m-variate S-periodic PVARM Ag(1, q) model

q
Ys+ns — ¢5 Ys+nS—1 = €s4+nsS — Zes,jes—j—i—nSa s = 1; ceey S and n € Z7
i=1

which we rewrite in the equivalent periodic state space representation

Ys4+ns = (I)sstrnSfl + €s1ns,

q
where €51n5 = €s4ns — Y. 0 j€sins—j, s = ¢, and I‘g) = 'ygls). Using Proposition 1.3.2 under
j=1

the causality and invertibility conditions, the PVARM Ag(1, q) autocovariances are given by

< m2xm?2 — H ¢S k+1> vec (70 ) Z_: H ¢ ( mxm ®¢S—j) vec (A%—j,l)

—1j-1

+ Z II qbs wvee (As—jo),

7=0 k=0

(1.3.25a)

vec( ) H »%? ivee (Y ) + Z H 322, (Lnxm ® ¢,_j) vec (A;_ﬂ)

141 TEOR=0 (1.3.25b)
+ 5 1T 62%vee (Aujo).
7=0k=0

and

(s—1)
s S — + A-S7 ) ]- S h S q7
¥ = { P " (1.3.25¢)

e h>q+ 1.
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Relations (1.3.25) reduce for m = 1 and ¢ = 1 to the ones given by Lund and Basawa (2000,

Example 5.1). For instance, for the particular bivariate 4-periodic PVARM A4(1,1) model (i.e.

withm =2, S=4andp=¢qg=1)

Ys4nS — @Ps YstnS—1 = €s4ns — 0s€s4ns—1, s=1,...,5 and n € Z, (1.3.26)

with parameters listed below

s P, 3

) < 0.30 0.50 ) < 0.50 —o 70 > < 1.00 3.00 )
0.45 —0.20 0.40 0.50 3.00 4.00

N < 0.25 —0.50 > < 0.30 —0.70 > < 9.00 4.00 >
—0.40 —0.60 0.60 0.20 4.00 1.00 ) |

5 < —0.20 —0.70 ) < —0.30 0.20 > < 9.00 4.00 >
0.60  0.70 0.80  0.90 4.00 1.00

A < —0.60 0.50 ) < —0.50 0.10 > < 1.00 3.00 )
0.50 —0.15 0.70  0.90 3.00 4.00

figures 1 — 4 plot the autocovariances of the above PV ARM A model for each of the four seasons.

PV ARM A Cross-covariances for season 1.
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PV ARM A Cross-covariances for season 3.
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PV ARM A Cross-covariances for season 4.

1.3.3 Conclusion

In this section an efficient procedure for obtaining causal periodic VARM A autocovariances has
been given. Even for the univariate PARM A case, the proposed method seems to be the most
efficient one, especially when the period S is greater than the order p. Adopting Gladyshev’s
theorem, a higher dimensional periodically stationary VARM A model can be transformed to an
equivalent PV ARM A model for which the aforementioned procedure can be applied efficiently to
obtain its autocovariances. A possible limitation of our algorithm is the need to form explicitly some
matrix products and sum of matrix products. This complexity can be avoided by some periodic

decomposition procedures, such as the periodic Schur decomposition (e.g., Bojanczyk et al., 1992;

Varga 1997).

1.4 On the limiting Fisher information matrix of PARMA models

It is well known that the structure of the Fisher information matrix plays a primordial role in a
large variety of estimation methods which are, under the Gaussian assumption, iterative in nature.
Indeed, the recognition of its importance and its utilization go back in the statistical analysis history
to Whittle (1953), who introduced for the first time the asymptotic matrix information, which is

based on the approximation of the Gaussian likelihood. Nowadays, recursive estimation algorithms
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need for the use of this important information tool (see, Klein et al., 1998; Klein and Mélard, 1989,
1990, 2005; Mélard and Klein, 1994; Porat and Friedlander, 1986b; Duflo, 1990; Newton, 1978 and

many others).

The quasi-totality of the existing results tied to the calculation of the Fisher information ma-
trices are devoted to the time-invariant coefficients of causal and invertible autoregressive moving
average models. The main goal of many works and investigations conducted in this subject is to
obtain algorithms which minimize the computation time and keep the needed memory space as

small as possible (see, Klein et al., 1998).

In spite of the primary importance and the increasing need for the estimation purpose of periodic
time series models, the calculation of Fisher information matrices of these models has received
much less interest in the litterature. Indeed, it appears that the only result existing in the literature
concerning the calculation of the periodic Fisher information matrix, is the result of Pagano (1978),
which is tied to the periodic autoregressive model. Moreover, this result cannot be explored in a
straightforward manner because it needs the calculation of the autocovariance function in terms
of the periodic model parameters. This section is concerned with the limiting Fisher information

matrix of univariate PARM A models.

The rest of this section is organized as follows. We first present an algorithm for the compu-
tation of the limiting Fisher information matrix for PARM A models. The established algorithm
extends the Klein and Mélard algorithm (1989), elaborated for the classical ARM A models. As
the Fisher information matrix is useful by its inverse, we give a necessary and sufficient condition
for nonsingular Fisher information matrix for a PARM A model. Finally, we illustrate our method

via an example.

Consider the following univariate PARM Ag(p, q) model
P q
Yt — Z Pij Yr—j =€t — Z@j €t—j, t € Z, (1.4.1)
j=1 j=1

where {e;,t € Z} is a periodic white noise with variance o7. Let L denote, as usual, the backward
operator, i.e., LY yy = y;—;, 7 € N, and let ¢, (L) and 60; (L) denote the unidimensional linear
difference operators associated, respectively, to the autoregressive and moving average parts of

model (1.4.1). Using this notation, one can rewrite (1.4.1) in the condensed form

¢i(L) ye = 0u(L) ey, t € Z. (1.4.2)
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As in section 1.2, letting t = i + 7.5, where 7 = {%W ,t=1,...,5 and ¢, 7 € Z, the periodic model

(1.4.1) can then be written as

P q
YitrS — Zﬁbi,j Yij+78 = EitrS — Zei,j Ei—jt1S- (1.4.3)

p= =1
Let 8/ = <Q’1, 0, Q’z, 05, ..., Qig, Qg) be the (p+ ¢) S x 1-vector of the autoregressive and moving

average parameters and o’ = (a%,a%, ...,025) be the S x 1-vector of parameter variances, where

¢, = (bins Diges Gip) and 0; = (0;1,0:2...,0:4)', i = 1,2,...,S. For the parsimony problem, we
suppose that the polynomial operators ¢, (L) and 6; (L) have no common roots. As we can see

below, this condition allows the Fisher information matrix of the PARM A model (1.4.3) to be

nonsingular. Furthermore, we make the following assumptions :
Al. The distribution of the innovation process {;} is supposed Gaussian with periodic variance
o2, ie., g ~ N(0, 0?).

A2. The model (1.4.1) is causal and invertible (e.g. the autoregressive and the moving average
parameters satisfy, respectively, the necessary and sufficient causality and invertibility conditions

(1.2.14) and (1.2.18)).

1.4.1 Fisher’s information matrix for PARM A models

Assume that y' o = (y1,¥2,...,yns) is a realization of the PARMA model (1.4.3) with a size

M = NS supposed without loss of generality multiple of the period S. Recall that the Gaussian

Fisher Information Matrix, noted Fiyg, relative to this time series y Ng 18 by definition given by

9 log (L (B, U))}

S0 (1.4.4)

Fys(B,0) = —E[

where £ (3, 0) is the Gaussian likelihood function associated to the series y . Let F'(3, o) denote

the limiting Fisher information matrix (see Whittle, 1953). This last matrix can be partitioned as

F(B8,0) = (Fj)ji=1,..s

where
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and the matrices F¢_¢l, Fy 9, nggl are given by
i 5= —J=

0?log L (B, o)
_ _ _ 1 S\t Vs

k=1,...ppom=1,...,p

0?log L (B,0)

= . —_1lp|Z o™ VH 7

(Pt 0)im = (st Oums ) = = B [ 06,1.001m }
k=1,...,pm=1,..q

0?log L (3, 0)

( Qj Ql)km (ejk7elm7o-) N |: 89]k801m :|
k=1,...,qo m=1,...,q and j, [ =1,..., 5.

(1.4.5)

For the periodic autoregressive case, Pagano (1978) proved that

F(¢,0) = + Fxs(9,0)

and showed that the moment estimator é of ¢ is asymptotically normally distributed with zero

mean and covariance matrix equal to the inverse of the limiting Fisher information matrix. The

expression of this matrix is given by

(o)
¢ Tmek, k,m=1,..p
F(d)jk)qslmvo') = 5][ 2 s j,l _ 17 ”.75,7 (146)

Tk
where d; is the Kronecker function with j—k = ig+75, ig = 1,2, ...,.S and r is the smallest positive

integer such that 1 < 5 —k < S.

For the PARM A case, it seems that there is no corresponding result to (1.4.6). However, in
the case of a time-invariant coefficients ARM A model, there exist several adequate algorithms for
the computation of the underlying limit information matrix F' (see, Klein and Mélard 1989). In

this section, we extend this algorithm to the periodic case.

To calculate the elements of the matrix F(/3,0), we associate to the underlying process {y,
t € Z} given by (1.4.3) the S—periodically correlated adjoint process {Z:, t € Z}, solution to the

following PAR difference equation

& (L) Ziysr = €isgr, i=1,..,8, 7 €L (1.4.7)
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where

©; (L) = ¢;(L) Z% :
J
(lﬁj = - Z¢’k Qi,j—k, j = 1, ..P
k=0

and P = p + g, with the convention ¢;;, 0;; =0 for k > ¢, j > p or j,k <0.

Furthermore, let ¢} = (¢}, ¢k, ..., dip) , i = 1,..., S, be the (P x 1)—vector of the parameters

associated to the ¢-th period.

This approach, based on Whittle’s result (see Whittle, 1953), was suggested and used by McLeod
(1984) and Klein and Mélard (1989) for the classical univariate ARM A models and by Pham (1986)
for VARM A models. This one can also be used in our periodic case without ambiguity if we
suppose that the periodically correlated process Z;, defined above, admits a spectral factorization
(cf., Bentarzi and Hallin, 1998). Using these notations and definitions we can state the following

main result which provides the computation of F(53, o).
Proposition 1.4.1 (Bentarzi and Aknouche, 2005)

The Fisher information matriz of the parameters vector (8 for a Gaussian S— PARM A model

1s symmetric block diagonal with elements given by :

F(¢jk7 i, O Jl U ZZGJS ejh fy m+h) (k+s) (1.4.8)

s=0h=0
jl=1..8 kand m=1,..,p;

(i0)
F (ejlm Hlm7 - 5_][ U ZZ ¢]5 ¢]h 7(72+h (k+s)7 (149)
s=0h=0

5, l=1,...8 k and m=1,..,q;

-2
F(ajk’ Pim, ) = — 63[ 7 ZZ QSJS Jh fy m+h —(k+s)’ (1'4.10)
s=0h=0

l=1..,8 andk=1,...,q, m=1,...,p,

where j — (k+s) = ig+ 1S, 10 = 1,2,...,.S and r is the smallest positive integer such that 1 <
j—(k+s) <8,

Proof
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For the observed time series vector y;\,s = (y1,92,.-,YNs), the logarithm of the conditional

likelihood is given by :

S N 15
NSlog(2r) N Psr
log £ (8,0) = —g() - ?E log (07) — = § > isr (9) (1.4.11)
i=1 7' 0i=1

Since 4(3) coincides with ; under the assumption that Q/N o is a realization of a process satisfying

(1.4.3), we can then recursively calculate g¢(5), t = 1,2, ..., SN, for the initial values €;() = 0 and
y; = 0 for t < 0. Hence,

N-1

9*log L (B, 0 ZS: 1 85% ) Ozivsr (B)
0805 o2 o

=1

325i+57 (5)

+Ei+ST (/6) 6,886/

=0

&% (B)
0pBos

past values of y;, then it is uncorrelated with () which coincides with the innovation processes.

We note that the second derivative

can be expressed as a linear combination of only the

Consequently, we have the property which we need ulteriorly

8ey (5)} _o

E |:Et (ﬁ) 8,58/8/

From the latter remark we can write the matrix F' as follows

51 = [0cirsr (B) Ozirsr (B)
F(p.o) = NS { isr () Oewrsr ]
22 T o

and by periodic stationarity

_ i O€iysr (B) Oeivsr (B)
F(B,0 —Z E [ 8 o7 } (1.4.12)

Hence we have to calculate only the S expressions

5 [aEH_ST (B) Ociysr (5)]
op op’ .

The derivatives of ¢; (8) with respect to 5 can be established from (1.4.2). Indeed,

Ocivsr (B) _ [ —LF0:i (L) yirsr = —LF¢; ' (L) cipsr (B) if j=i
r _{ . ey (1.4.13)
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and

M _ Lm0;2 (L) $;(L) yivrsr = ngf;l (L) €irs-(B), ifl =i (1.4.14)
01m 0, otherwise o

Consequently, the elements of F' can be obtained from (1.4.12) — (1.4.14). More precisely,

S
F (¢jka¢lmv ) Z

1. [GEHST (B) Oeitsr (5)}

121012 a¢jk ad)lm
1 i+ST 1+ST . .
L [55 +57 (B) Ociys (5)] 1=,
Uj 8¢jk agblm
= i t=1..,8
k, m=1,...,p
0 otherwise
Using (1.4.7) and (1.4.13)
1
o E(L*0;(L) Z; L™ 0, (L) Z;),
(5 bim, o) = ! itl=j

0, otherwise

q q

s |(£0:5) 27 ((Lourr) 7],
J s=0 h=0

= it =j

0, otherwise

q q
= 81 0522%20938 O E (Zj—(kts) Zj—(m+h))

k+s
= 53[ 0, 2 Z Z 035 ejh W(m—lgh) %L—i—s)

(4)

where v, " = E(Z;i+s:Zi—n+sr) is the autocovariance function at lag h and season 7 of the process

{Z;, t € Z}. In the same manner,

%E(L’“@(L)Z L™mg,; (L) Z;) if 1 =j

(oa
0, otherwise

F 0k, 01m,0) = {

1 q q
=0y E [(z Bis Lk+8) Z; (z i Lm+h> Zj]
Uj s=0 h=0

(k+s
jl 0 252 Z ¢]S ¢]h Y m+h+ z) +s)
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Finally, from (1.4.7), (1.4.13) and (1.4.14)

1

—E(L*¢,; (L) Z;L™0, (L) Z;, ifl = j

F(ejkagblmao-) = ? 7 ’ ’ ’
0, otherwise

k+s
- 5]l U Z Z ¢j8 ih Y in-igh)—zgc-l-s)'

Consequently, we obtain the Fisher information matrix F (3, ) and its inverse F~1(3, o), which is

block diagonal. l

In the case where § = (07,05, ...,0,) = Ogsx1 we find again Pagano’s result (1978). Note

that relations (1.4.8) — (1.4.10) can be given in another form by using the auxiliary matrix J of a

PARM Ag(p, q) model, which is defined by (see McLeod (1984) in the ARM A case)

J = diag (J;),
i=1,...,S
where
. ifj=1,..,rk=1,.
J; ,k‘ b=k 1 . ’
U k) = { d)z,] k 1f.7217' kZQ+ g +p
i=1, 58, r=m aX(p,q),

and diag (J;) denotes the block diagonal matrix formed by the matrices J;. Thus
i=1,..,8

F(B,0) = JF(¢*,0)J.

Remark 1.4.1

From (1.4.8) — (1.4.10) we see that the calculation of the PARM A Fisher information matrix
involves the computation of the autocovariances of an adjoint PAR model. Thus, estimation of
the elements of the PARM A Fisher matrix can be obtained simply by replacing the unknown
autocovariances by their corresponding empirical estimations as McLeod (1993) has made (see also

Vecchia, 1985), or more efficiently by using the theoretical autocovariances as shown in section 1.3.

In the present subsection, the calculation of the Fisher information matrix for PARM A models
has been explored. Next, we study the invertibility property of such a matrix, which is a very useful

tool for statistical inferences tied to PARM A models.
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1.4.2 Necessary and sufficient condition for nonsingular Fisher information ma-

trix

In this subsection, we give a necessary and sufficient condition for the invertibility of the Fisher
information matrix in PARM A models. It is known in the literature of stationary ARM A models
that the Fisher information matrix is nonsingular if and only if the corresponding model is non
redundant, in the sense that the polynomials AR and M A do have no common roots (see Brockwell
and Davis, 1991 Theorem 8.11.1). Poskitt and Treymane (1981) have given a proof of this result,

but McLeod (1999) showed it in a much simpler way. The following theorem is inspired from this

one.

Theorem 1.4.1 (Bentarzi and Aknouche, 2005)

The Fisher information matriz F(3,0) of the PARMA model (1.4.3) is nonsingular if and

only if the model (1.4.3) is non redundant.
The proof of this theorem is based on the following lemma.

Lemma 1.4.1 (Bentarzi and Aknouche, 2005)

A necessary and sufficient condition for redundancy of model (1.4.3) is that there exist 2.S

polynomials a;(L) = pﬁl(l — Ei;L) and 5;(L) = qﬁl(l —Fj;L),i=1,...,8, such that
j=1 =1
oi(L) _ §~Ai(L)
Z@(L) = Zei(L) (1.4.15)

i=1 =1
Proof

p q
Fori=1,...,5, let ¢;(L) = [[ (1 — G4L) and 6;(L) = [[ (1 — H;;L), then (1.4.15) becomes

j=1 i=1
p—1 q—1
s [ IT(1— EyL) S (1 - FyL)
o el
DI [ — N | (1.4.16)
=1 | [[(1-GyL) =1 | [[(1— Hi;L)
j=1 J=1

If Hy = Gy for all 4, ¢ = 1,...,S, then (1.4.16) holds immediately by setting E;, = Gj 1,

k=1,..,p—1and Fj = H; 41, k=1,...,p—1,i=1,..., 5. Conversely, equation (1.4.16) can be
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written as follows

S g

1— H;L
1131]1;[1( ) _ B(L) (1.4.17)
S T A.
mfia-cn|
i=1j=

where A(L) and B(L) are two polynomials of degrees (p — 1)S and (¢ — 1)S respectively. As
H;j # Gy for all 4,7k, the left member of (1.4.17) is then irreducible, whose numerator and
denominator are of degrees pS and ¢S, respectively. Consequently, identity (1.4.17) can never hold
taking into account the degrees (p — 1)S and (¢ — 1)S of the numerator and denominator in the

right member of (1.4.17). B

Proof of Theorem 1.4.1

The matrix F' in (1.4.12) can be written as

51
Z?E i+ST z+ST] ’ (1418)
=1 1
where
(Qll‘rvul 7'70/7 0,), f L=
Ai+ST = (Q, 0,5 v; 7-) U, T2 0 5 ) f 2 S S ]-7 (1419)
(9179/ 0 USTa uSr) ) f = S

and where the S x (p + q) vectors v; . = (ViySr—1,VitSr—2, . Vitsr—p) and u; . = (Uipsr-1,
Uiy S7—2, .-, Uit Sr—p) are, respectively, the vector of derivative of €;45,(f) with respect to ¢ and
to 8, with

gbi (L) Vi+St = €i+ST)
1.4.20
Hi (L) Ui+ ST = —E€i+ST; ( )

(In the ARM A case, this formula was given by Box and Jenkins (1976), p.241). However, F(3, o)

is singular if and only if there exist € R®T9S, such that : 2/F(8,0)z = 0. In other words,

doj, Byt =1,..,58,7=0,...,p—1and k=0, ...,¢ — 1, such that

S p—1 q—1

1
E ?VGT’ E QUi+ Sr—j + E Bikulqrsf,k =0. (1.4.21)
i=1 1 j=0 k=0
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Taking account of (1.4.13), (1.4.14) and (1.4.20), equation (1.4.21) is equivalent to

Varzo_ Z QUi+ St—j + Zﬁzku%k&r k|l = 07
i

i=1 =0

or to the condition that there exist 2S5 polynomials «;(L) = Z?;é aij L' and B;(L) = Z?;é B L,

it =1,..,.5 such that

S
1
Zf L)vipsr—1 + Bi(L)tirsr—1) = 0. (1.4.22)

By using (1.4.20), equation (1.4.22) can be written as

S 3 .
;01 (Z ((?) s 58 E”ST) =0 (1.4.23)

For i = 1,..., S, multiplying equation (1.4.23) by €;4 5., taking expectation and then summing the

S obtained equations, we get

which by the previous lemma is a necessary and sufficient condition for the redundancy of model

(1.4.3). m

1.4.3 Illustrative example

The following example is devoted to a simple illustration of the application of the computation pro-
cedures presented in the previous sections. We consider a 4—periodic autoregressive moving average

. / / / / : !/ !/ !/ /.
of order (3,2) with @) by, O, ¢, are respectively (.1,-.5,.2),(.5,.4,.8),(.1,.2,.3), (—.4,-.2,.9);
0, 05, 05, 0 being (.2,.3), (.1,.3), (.1,.8), (=.5,.5)" and & = (1,2,1,1)". The Fisher information

matrix is then given by F' = diag (F'i) where
i=1,..,8

3.1530 —1.0470 —1.4221 .3782 1.3282
2.3826  .2078 2.3634 1.6994
3.1444 6240 2.8895 |,
1.5738 .6996
3.3971

Fy
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9270 3328 —.6286 —1.3504 —.7445
1.4605 —.4427 —1.3701 —.8031

Fy = 1.2861 —.8677 .2876 |,
1.4455 8163
2.4958
2.8074 —.8031 —.6444 —.0350 —.4635
41373 1.5205 —1.0410 —.3262

F3 = 5.2450 —1.0100 —1.2100 |,
2.2652 8427
3.0309
4.8660 3.2234 2.8248 .1180 —.6237
41320 1.3849 2.0551 —2.2753
Fy = 4.1781 2.3062 —2.4219
2.1559 —.4021
4.2843

1.4.4 Conclusion

The aforementioned algorithm makes it possible to obtain the elements of PARM A Gaussian Fisher
information matrix for only the autoregressive and moving average parameters. The presented
algorithm extends both Pagano’s result concerning the the Fisher information matrix for PAR
models and the Klein and Mélard (1989) relative to stationary ARM A models. We saw that
this matrix is based on the expression of the Gaussian conditional likelihood. This algorithm is
recommended for its simplicity and for the fact that for a long time series, this one will be very
close to the exact information matrix. We finally note that the adaptation of results (1.4.8)-(1.4.10)
to the multivariate PV ARM A case can be made straightforwardly.

1.5 Summary

In this chapter, PVARM A models and some of their algebraic and probabilistic properties have
been studied. Our contribution is threefold. First, the causality and invertibility problems for
PV ARM A models have been considered. We have proposed some necessary and sufficient causality
and invertibility conditions that seem computationally and analytically simple to check. Second, we
have considered the autocorrelation structure of PV ARM A models. We developed a computational
procedure for PVARM A autocovariances, that compute the autocovariances for distinct seasons

separately. It has been shown that the autocovariance calculation reduces to solve a discrete
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time periodic Lyapunov equation (DT PLE). The proposed method can be improved by taking
into account the particular periodic structure of the variable of the DT'PLE. Finally, we have
studied the limiting Fisher information matrix for PARM A models. An algorithm for computing
the limiting Fisher information matrix for PARM A models has been developed. The proposed
algorithm uses the PARM A autocovariance calculation procedure as a subroutine. We have also
given a necessary and sufficient condition for the invertibility of such a matrix in terms of the
model parameters. As a possible future research, it is interesting to extend the algorithm to the
multivariate case. Moreover, the calculation of the exact Fisher information matrix seems not to

have been explored until there.



Chapter 2

Off-line estimation of periodic linear
models

2.1 Introduction

Estimation methods for time series models can be classified into two general categories, according
to the type of data on which they are based : off-line methods and on-line methods. In the first
case, time series data are of fixed size, whereas in the second case, they are gradually available in
real time. The present chapter is concerned with off-line estimation methods. on-line estimation

algorithms for periodic time series models will be treated in the third and the fifth chapters.

Off-line estimation techniques for PARM A models have been widely studied in the last two
decades. Existing investigations have been confined to a variety of methods and approaches, such
as the method of moment (Pagano, 1978; Boshnakov; 1996; Anderson and Meerschaert, 2005),
the Bayesian approach (Andel, 1983), the least squares technique (Adams and Goodwin, 1995;
Basawa and Lund, 2001; Bentarzi and Aknouche, 2006) and the maximum likelihood method (Vec-
chia, 1985a; Li and Hui, 1988; Jymenez et al., 1989; Lund and Basawa, 2000, Basawa and Lund,
2001). These techniques can also be classified into two general classes : methods that use the data
directly; and methods that apply some preliminary transformations to the data (see Porat and
Friedlander (1986a) for the ARM A case). Among the methods in the first class, we mention in
particular the exact maximum likelihood and its many approximations (conditional, unconditional)
and the least squares method with its particular variants (ordinary, weighted, conditional, uncon-
ditional). Typically, these methods are aimed at preserving some desirable asymptotic properties,
namely consistency, asymptotic efficiency and asymptotic normality, while reducing their compu-

tational complexity. Among the second class of methods, the most common approach, known as

47
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the method of moments, is to transform the data into a finite set of statistics and then estimate
PARM A parameters from these statistics. As a special case, we mention the periodic Yule-Walker
method (Pagano 1978) and its order-recursive Durbin-Levinson formulations (Sakai, 1982; Bosh-
nakov, 1996). Another well-known moments technique is the innovations algorithm (Anderson et
al., 1999; Anderson and Meerschaert, 2005). In the special case of PAR models, methods of the
second class (methods of moment) are known to be asymptotically equivalent to the maximum like-
lihood and the weighted least squares methods (Pagano, 1978; Basawa and Lund, 2001; Bentarzi
and Aknouche, 2006) which generally provide asymptotically efficient estimates. However, with the
presence of a moving average component, ARM A parameter estimation methods based on sample
covariances are known to be less efficient than the direct methods such as the maximum likelihood
method (cf., Porat and Friedlander, 1986a). This result can be easily generalized to the PARM A
case.

As we can see, most of the investigations relating to periodic linear models have been confined
to the univariate case. In this chapter we are mainly concerned with off-line estimation methods
for periodic VARM A models. Our study will be restricted to the class of methods that use the

data directly, such as the maximum likelihood and the least squares methods.

The following section deals with the likelihood evaluation of PV ARM A models. We exploit the
autocovariance calculation method for PVARM A given in Section 1.3 to evaluate the PVARM A
likelihood by means of the Kalman filter. An alternative technique based on the Ljung and Box
(1979) method for the particular class 37; introduced in Bentarzi (1995) (see Section 1.2) is also

proposed. Finally, in Section 3 we study the large sample properties of parameter estimates for

PV ARM A models.

2.2 Maximum likelihood estimation of PVARM A models

Under some suitable conditions, the maximum likelihood method is known to be statistically the
most efficient method. However, because of its iterative nature, which requires several likelihood
evaluations, it is computationally cumbersome, particularly for Periodic Vector ARM A models
(PVARM A), which generally retain a considerable number of parameters. Although the likelihood
evaluation problem of univariate PARM A models has been considered in the literature (see the
previous Section), the general multivariate PVARM A case remains unexplored. The main goal

of this section is to develop a fast algorithm for PV ARM A likelihood evaluation by means of the
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Kalman filter. Our algorithm differs from that of Jymenez et al. (1989) by the starting Kalman
recursions which is the key of our algorithm efficiency. This algorithm is presented in the first
subsection. For the particular class &q1 of univariate PARM A models, we exploit the particular

form of the matrix @ to derive an efficient algorithm for the exact likelihood evaluation.

2.2.1 Likelihood evaluation of PVARM A models

It is well known that the Kalman filtering technique is the most efficient tool, on the basis of the
theoretical operation counts criterion, for likelihood evaluation of time-invariant ARM A models
(e.g. Harvey and Phillips, 1978; Gardner et al., 1979; Pearlman, 1980; Mélard, 1984; Kohn and
Ansley, 1985). This technique has also been exploited by Shea (1989) for evaluating the likelihood
function of VARM A models and by Jymenez et al. (1989) for univariate periodic ARM A models.
This subsection develops a fast algorithm for the exact likelihood evaluation of Gaussian PV ARM A
models, by means of the Kalman filter. We shall consider a special equivalent state-space represen-
tation of the underlying model, from which the likelihood function is efficiently derived using the

Kalman recursion and the PV ARM A autocovariances given in Section 1.3.

Consider the following time-invariant orders PV ARM A model
P q
vt — Z Dy jyt—j =€t — Z 06— (2.2.1)
j=1 J=1

where {&;,t € Z} is an m—variate periodic white noise process with covariance matrix F (e;&}) = ;.
Note that the orders p and ¢ can also be considered periodic in time (p; and ¢;) in order to reduce
the number of parameters to be estimated. However, we need in this case a constrained estimation
procedure, which is not the objective of this chapter. Furthermore, assume that A1 and A2 given

in Section 1.4 hold.

For a given realization y = (y},¥5,...,¥vg) of model (2.2.1), the likelihood of the parameter

vector

!/

B = (vec () ,vec(8)",vec (%))

can be expressed as follows

L(Bry) = (2m) V572 jdet(T)| 2 exp {—iy'r—ly} , (2.22)
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where
b11 P12 0 D1y 011 612 -+ 01,
b= .(l"2,1 ‘¢2,2 : ‘¢)2,p 0 92,1 f92,2 . ?2,(1 |
$s1 Ps2 0 Py Os1 Os2 - Os4
E=(3 ¥ - Xg),

and I" is the covariance matrix of y.

Let §S+n5/5+n5_1 be the best linear predictor of ysi,s based on yi1,y2,...,¥stns—1, (i.e. the
vector formed by the orthogonal projection of the entries of y;i,s in the subspace spanned by
{¥1,¥2, 1 ¥stns-1}) and Esyns = YsinS — YsinS/s+ns—1 be the sample innovation at time s +nS

with mean square error

~ ~ !/
hs+nS =FE (YS—i-nS - ys+nS/s+nS’fl) (YS—i—nS - yS+TLS/S+TL571) :

Because the normality assumption, {€1,5} is a sequence of independent Gaussian random vectors.

~

. . ~ —~ ’
Furthermore, the innovations vector € = (€1,€5, ...,Eng)

and the observations vector y are in a
one-to-one correspondence with unit Jacobian. Therefore, the likelihood given by (2.2.2) can be

written (cf, Schweppe, 1965) in the innovation form

l\D\'—‘

7]\]7 S N-— Y S N-—
L(B;y) 2 H H (det hyipns)™ eXp ZZ s+nSh3+nS€8+nS (2.2.3)

in which we need to evaluate hsyns, ¥sing/stns—1 and hence €55 for s = 1,..,5 and n =
0,..., N —1. This can be achieved recursively by using the well-known Kalman Filter, provided that

we can express model (2.2.1) in a state space form.

Among several state space forms that can be used (e.g. Jymenez et al., 1989; Mélard, 1985;
Azrak and Mélard, 1998) to represent a PV ARM A model, we choose the well-known max(p, q +
1) representation (e.g. De Jong and Penzer, 2004), which involves fewer operations. Let r =

max(p,q + 1) and define the rm-variate process {Xy, t €} as follows

.
Xs—i—nS(i) = Z ¢s+n5+ifl,jy$+n5+i—j—1 - 95+n5+i—1,j—1€s+n5+i—j> (2 9 4)
Jj=t /N

i=1,..,7, s=1,...,Sand n=0,...,.N — 1.

Then model (2.2.1) can be represented in the following state space form (see, e.g. Jymenez et al.,
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1989 and Azrak and Mélard, 1998)

{ Xs+nS = Fs+nSXs+nS—1 + Gs+nS€s+nS (2 9 5)
Ys+ns = HXs+nS ’

for some initial state Xy with zero mean and covariance matrix Wy, where

¢s,1 Im><m o Omxom Im><m
F, = .¢5+172 9mxm AR G, = =051 |
: : Ime
¢s+7’71,r Omxm *+ Omxm —03+T,17T71
and
H = [ Ime Ome e Ome ] .

From (2.2.5), the orthogonal projection §s+n5/s+ns,1 can be obtained as follows

Ys4+nS/s+nS—1 = HXs+nS/s+nS—1>

where )A(S+n5/5+n5_1 is the best linear predictor of X,,,g5 based on yi,..., Ysins—1, with mean

square error covariance matrix
~ ~ /
Ps+nS/s+nSfl =F (Xs+n5 - XernS/ernSfl) <X8+n5 - XernS/ernSfl) :

Returning now to the calculation of the PVARMA likelihood given by (2.2.3). As is well
known, it is possible to evaluate recursively hsi,s and €54, involved in (2.2.3) by means of the

Kalman recursion (cf, Kalman, 1960), which gives

€s+nS = ¥Ys+nS — HXs+nS/s+nS—17
’
hs—i—nS =H PernS/ernSle )
— "n,—1
Ks+n5 = FS+1Ps+nS/s+nS—1H h5+n5a (226)

Xs+nS+1/s+nS = Fs+1Xs+nS/s+nS—1 + Ks4+nS€s+ns;

/ / !
Ps+nS+1/s+nS’ = FS+1Ps+nS/s+nS—1Fs+1 + GS+128+1G5+1 - K8+n5hs+nSKs+nS7

with start-up values

X1/0 = Ormx1
and

Pyjo = FiWoF| + G13,Gy, (2.2.7)
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!/

where ¥, = F (58+n355+ns

) and Wo = E (XoX{). The latter covariance matrix can be efficiently

derived from (2.2.4) as follows

T T

_ (i—k—1) SR
(Wo), ; = kZhZ Gi 1kl in D1 — kZ hZ i1 Wik 1imjth—k-125-10G_1 p_1
=t h=j =i h=j

(2.2.8)

r

7 7
! / /
B kz hz i1 k12 k5 1 hirk1Djo1n T kZ Oi1k—13i k05 1 jip—i-1-
=t h=) =1

)

Note that the calculation of the autocovariances I‘gf required in (2.2.8) can be easily obtained from

the method given in Section 1.3.
Remark 2.2.1

Instead of using (2.2.7) and (2.2.8), the starting covariance matrix Py/y can be derived by
solving a DT PLFE of the form

Py = F1Py/ 1F] + G13,GY,

on Py as done by Jymenez et al. (1989, p. 235). However, the former equation is of order

mmax(p + 1,¢) and it is more suitable to use the (2.2.8) which is based on I‘[(]S), solution of a
DTPLE of order mp (cf, Section 1.3). A similar approach for the ARMA and the time-varying
ARDM A cases has been used, respectively, by Mélard (1984) and Azrak and Mélard (1998).

The following algorithm summarizes the maximum likelihood procedure for PV ARM A models.

Algorithm 2.2.1 (Aknouche and Hamdi, 2005)

~

~ . ! ! N N/
i) Start with initial estimates ,8(0) = (vec (¢(0)> , vec (0(0)) ,vec (E(O)) ) of
B = (vec(¢)',vec(8)",vec (E)I)/ .

it) Compute Wy = E (XpX{) from (2.2.7), where I‘Els) is calculated from Algorithm 1.3.1.
iii) Compute the starting value Py = F1WoF)| + G131 G/ of the Kalman recursion (2.2.6).
iv) Compute hy s and €545 for s = 1,...,S and n = 0, ..., N — 1 via the Kalman recursion (2.2.6).

v) Use an optimization routine to find [Ai' that minimize —2£(8;y). The likelihood £(8;y) can be
evaluated from (2.2.3). W
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Note that the proposed likelihood evaluation algorithm for PV ARM A models is no more com-
plex than the evaluation of the stationary VARM A likelihood (cf, Shea, 1989). However, some
useful devices such as the Chandrasekhar type recursion (Morf et al., 1974) are needed to improve

Kalman recursions for periodic linear systems.

2.2.2 Likelihood evaluation of the particular class <y

Under the normality assumption, the part which follows deals with the exact likelihood evaluation
of the univariate class, 11, studied in Section 1.2. One thus considers the S-variate ARM A model
of order (1,1) equivalent to the PARM A of departure. Although the Kalman filtering technique
for likelihood evaluation is considered as the most computational efficient method on the basis of
the theoretical operation counts criterion, as mentioned in Mauricio (2002), this technique requires
a significant number of preliminary operations to start the filtering recursion, which is not counted
in the total number of operations. With regard to the number of preliminary operations, Mauricio
(2002) adapted for the VARMA case, the so-called innovations method of Ansley (1979) which
is computationally equivalent to the Ljung and Box (1979) method. Mauricio (2002) has shown
that the obtained method is the most efficient one and performs better than the Shea (1989)
Kalman filter algorithm. Under these last considerations, while basing oneself primarily on the
direct method of Ljung and Box (1979) which requires to estimate initial values, one will then
exploit the particular form of the matrix ® (cf, Section 1.2) and an autocovariances calculation
method given below, to derive an efficient algorithm for evaluating the exact likelihood. Consider

the PARM Ag(p¢, q:) model
Pt qt
Yt — Z Gy jYt—j =€t — Z Ot j€t—j, (2.2.9a)
j=1 j=1

belonging to the class 11 with corresponding VARM A(1,1) of the form
XT - ﬂr—l = @OQT - @1§T—17 (229b)

where E (e.€.) = diag(c?,03,...,0%) = 02D with ¢ > 0 and D is an S—diagonal matrix. The

specification 02D as the covariance matrix of ¢ is just a useful device for the evaluation of the

concentrated likelihood function as we will show below.
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Let QINS = (y1, %2, ---,yns) be a particular realization of model (2.2.9b). If we put

X = (yisi-1s Y24i-1)8» ---3/S+(i71)5)/ )
and
€ = (51+(i71)57 €24 (i—1)8 =+» ES+(i71)S)/7

o4

for i = 1,..., N, then the series g&vs can be written as : X;, X5, ..., Xy. By rewriting equation

(2.2.9b), for i = 1,...N, we obtain the following matrix relation
AX =B e+ Cy,
where the vectors X, €, v, and the matrices A, B, C are given by :

X = (X}, X5,..XY), €= (6,6, ....ey) and v = (Xg, ),

I
-2 1 0o
A=1 0 -® ] . C = '
0 ) :
0 0 -2 I/ nsuns o 528
[OF)
-0, 9O
and B~ ! = 0 -6, 9,
0 i .
0 0 -9 9 NSNS

(2.2.10)

Note that the block matrices A and B~! are triangular invertible. The block matrix C' is such that

only the first block line is non null.

Let 0?T = EX X’ be the covariance matrix of vector X. Taking into account that the elements

of v and of ¢ are uncorrelated random variables, one has then

I'=A"'B'(£+BCQC'B)BTA,

(2.2.11)

where ¥ = Iy ® D, 0 is the covariance matrix of the vector of initial values v and, as usual,

the symbol ® denotes the Kronecker product. Since the elements of € are zero-mean normally

distributed, the vector X is also normally distributed of zero mean and covariance matrix oI .

Then the log likelihood function of 3 = vec (®, 0, O, D) and o2 is given as follows :

log L(3,0% X) = —NS/2log(2m0?) + log |det(I')| /% — ( =
(o

X'T1X)
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As usual, 02 may be concentrated out to yield
02— L xrx
NS— 7
so that maximizing L(B, 0%; X) with respect to 3 and o2 is equivalent to minimizing

L(8; X) = (X'T71X) (det(D)) /N9, (2.2.12)

To evaluate this expression, one will base on Dent (1977) and Ljung and Box (1979) which exploited

the form of the matrix I', from where while serving (2.2.11), the quadratic form in (2.2.12) becomes

XT7'X =¢ (X + BCQC'B) g, (2.2.13)

where €¢ = BAX is the vector of ¢; which one obtains if one replaces v by 0 in the equation (2.2.10).
This can be provided by the conditional method
pi gi
Eitrs = Yitrs — O i Vi jirs + O _0ijEi jirs,
j=1 Jj=1

fori=1,...,58 and 7 = 0,..., N — 1, with null initial values.

Let us use the fact that BC' can be written as B*C* where the (N x 1)-block matrix B* is the
first column of B and C* = [®,—0,] is the first (1 x 2) block-line of C. Thus expression (2.2.13)

becomes

XT7'X =¢ (T + B*C*QC"B") & (2.2.14)

Otherwise, the well-known Woodbury formula (also known as the matrix inversion lemma MIL, see

Chapter 2) states that
(A+BCD) ' =A"1 - A 'B(DA'B+CcH)"'DA™, (2.2.15)

for all matrices A, B, C,V of compatible dimension such that the required inverses exist. Applica-

tion of (2.2.15) to (2.2.11) with A=%, B=V = B*, C = C*QC", gives
I\fl — AIBI |:271 o Ele* [B*IB* + (C*Qc*l)fl] -1 B*/] BAE*lj
so that the left member of (2.2.14) will be written

Elzflg_ Efl(B*IE)/ [B*/B* + (C*QC*/)fl] -1 (B*/@Eil,
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which requires the inverse of a matrix of lower dimension.

The calculation of detT" in (2.2.12) appears as a sub-product. Using the same notations as in

(2.2.15), the calculation of the determinant of a block matrix give

-A B _ _
det[ D 01] = —det Adet(DA™'B+C™)

= —detC 'det(A+ BCD).
It results, since det A = 1 and det B = (det ©,)~" = 1, that

detT = (%4 B*C*QC*BY)
S N
- (HDi) det (C*QC™) det (B*’z—lB*+(c*Qc*’)‘1),
=1

where D; are the ith diagonal element of the matrix D. It is easy to check from the construction

of the triangular matrix B~! that its inverse, B, has the following structure
b11 [She
B=| ba b2 6,
bnv-11 bn-12 by-in-1 6y

from which we need only the first column in order to identify the matrix B*. This gives, taking

into account the fact that BB~ = Iy ® Ig,

b1 = 6,'9,0,"
Q()bj,l —@1bj,171 =0 ] = 27 7N - 17

or equivalently
bii=(0:9,"Y6,", j=1,.,N-1 (2.2.16)

For higher-period models, exploitation of (1.2.86) for calculating the nth power of ©; and @61 in

(2.2.16) can be very useful.

Finally, to evaluate (2.2.12), it remains to determine the covariance matrix o?Q of the vector
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v, which has the following form

0 = 0 2E (X Xy) 0 ?E (Xoe)
B 0 2E (eXy) 0 ?E (epep)

[Ty 6D
- (D(% D ) (2.2.17)

where T'g = 072F (X, X{). The normalized autocovariance I is derived by means of the following

subsection.

2.2.3 Calculation of the autocovariances for a VARMA(1,1) model

To obtain the theoretical autocovariances of the stable PARM A model (2.2.9a) belonging to the

class $11, we use a procedure based on a modified form of the Yule-Walker equations.

Postmultiplying equation (2.2.96) by X , where k € N, and taking expectations gives the

following system

[y — @I} = ©,D6; + ©,D0' — 6, D6 P’

Iy — @'y = -0, D6y

Iy —@l'y_1=0 k>2
where I'y, = 0 72E (X, X”_,). The first equation of the latter system of equations can be rewritten
as a discrete time algebraic Lyapunov equation (DT ALE)

Ty — @Tpd’ = A

Iy = @Iy — ©, DOy (2.2.18)
), = @Iy — ®*'0,D8 k> 2,

where A = QODQ6 +0,D0} fQID@E)Q/f@OD@E). If I'yp and the model parameters are known, the
I}, can be computed by using (2.2.19). It is worth noting that the use of (1.2.8) for calculating ®* in
(2.2.18) is very useful in reducing the computational burden. Furthermore, provided that the model
parameters are known, I'g can be determined as follows. taking the column stacking operator, vec,
of both sides of the first equation of (2.2.18) and using the relation vec(ABC) = (C' @ A) vec(B)

we obtain

vee (Tg) = (Ig2ig2 — @ @ @) T wec (A), (2.2.19)

for a causal VARM A(1,1) model. Moreover, to reduce the computational complexity of (1.4.19),

we can apply the doublin algorithm (e.g. Anderson and Moore 1979), which allows one to calculate
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Iy without explicitly inverting (/g2 g2 — ® ® ®). A more efficient technique to obtain I'y is to solve
directly the (DT ALE) equation
o — @Td" = A,

using standard methods (Barraud, 1977; Kitagawa, 1977; Hammarling, 1982).

Finally to get the autocovariances ”yg) = E (Yi+S+Yi+sr—k) of the periodic model (2.2.9a), for

i=1,...,5 and k € Z, we solve the system (2.2.19) on I'y; and use the relation

Iy (ia .]) = 0-_2751_)]'4_5@

. i itk i+ST i
with 7(—2 :7,(€+ ) and 7,g+ ) = 7,2).

2.3 Asymptotic inference for PV ARM A models

It is well known that the maximum likelihood, the weighted least squares and the Yule-Walker
methods provide asymptotically equivalent estimators for PAR models. In this simple case, the
asymptotic properties can be found in Pagano (1978), which has studied the Yule-Walker estimates
for PAR models. For the general PARM A case, large statistical properties of the least squares
and the maximum likelihood estimates have been considered by Basawa and Lund (2001). In this
section we give a brief survey of some results concerning the large sample properties of parameter
estimates for PV ARM A models. The main results given here generalize those given in Basawa and
Lund (2001) for the univariate PARM A case. Thus, we omit the proofs and present only a brief
discussion with related references for each result. The main purpose here is to provide the necessary
background for the next chapters, concerning the asymptotic properties of on-line estimates for
PARM A models (Chapter 3) and periodic GARCH models (Chapter 5). Thus, we concentrate
in our study on the class of methods that directly use the data (e.g. the maximum likelihood and
least squares methods) because they generally provide asymptotically efficient estimates, even in
the presence of a moving average component. The first subsection is devoted to analyzing the
properties of the (ordinary and weighted) least squares estimates, while the second treats the large

M L estimates properties.

Throughout the rest of this chapter we use 5 to denote the parameter of a model. Occasionally,
when analyzing the (limiting) statistical properties of different estimates, we shall use 5* to denote

the true value of the model parameters, thus assuming that the observed data have actually been
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generated from a particular model. This value 3* is, of course, available only to the analyst and
not to the user. However, we use 8* and  interchangeably to represent the model parameters, the

latter notation being preferred when emphasis on the true value is not paramount.

2.3.1 Least squares estimation of PARM A models

Consider a PVARM A model given by the following stochastic difference equation
P q
Ye— > Gyyij=e—» Oyej, t€L, (2.3.1)
j=1 j=1

where {g;,t € Z} is an m-variate strongly periodic white noise (not necessarily Gaussian) with
covariance matrix ¥;. The independence assumption on {e;} can be replaced by a less stringent as-
sumption, which requires this sequence to be only a multivariate Martingale difference sequence with
periodic covariance F (g€} /Fi—1) = X4, where F; denotes the o—Algebra generated by €1, €2, ..., &;.
Suppose that model (2.3.1) is causal and invertible (i.e. the assumption A2 given in Section 1.4

holds) and that the following fourth moment assumption holds.

A3 : The periodically ergodic process {y;; t € Z} is such that F (ny) < 00, for any t € Z.

Let 8 = (vec ()", vec (0)'), be the autoregressive and moving average parameters, where

¢ = (¢1,,¢p) and 0 == (01,,0(1) Wlth ¢'L = (¢i,1?¢i,2""¢i,p) and 91 = (9171,07;’2...,07;4]),

i =1,2,...,.S. The periodic white noise covariance matrices are denoted by ¥ = (31, X, ..., Xg).

Suppose that we have a data sample {yi,...,yns} generated from model (2.3.1), which we

rewrite as

p q
Y=Y ®yij=e— Y 05e teL,
=1 =1

where 8* = (vec (¢p*)", vec (9*)/), is the true value of the unknown parameter vector . Let

e(B) =y — yu(B)

be the prediction error function obtained when approximating y; by a prediction y;(3), which is

obtained from

p q
Ve(B) = dyvij— > 0uej(8), tEZ, (2.3.2)
j=1 j=1
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for a given B. Assuming &:(8%) = &y, it is clear that y.(8*) = E (y:/Fi—1) represents the best
prediction of y; (in the mean squares sense) based on data until time ¢ — 1, where F; denotes the

o—Algebra generated by €1, €9, ..., &¢

Ordinary least squares

The ordinary least squares estimate, BLSa of 3, based on a data sample {y1, ..., yns}, is an argument

of # that minimizes

1Nl

s
= N3 > (Viesk = Yirsk (B) (Yiesk — Virs (8)) (2.3.3)

k=0 i=1

Vis (8

The prediction function y; (8) can be obtained from (2.3.2). Furthermore, under the Gaussian
assumption on the innovations, such a prediction can be computed recursively from the Kalman
recursion (see Section 2.2) or by means of the innovations algorithm (cf, Anderson et al., 1999;

Lund and Basawa, 2000).

As with classical ARM A analyses, several approximations are made in order to simplify the

analysis. To compute &;(3) from the data sample, one can use the invertible representation
o0
ei(B) = Zﬂt,j}’t—j, (2.3.4)
j=0

under the invertibility condition (on ), which implies that

o0
D il < oo,
7=0

for all t € {1, ..., S}, where the periodic coefficients (7r; ;) can be obtained from the model parame-

ters as follows (see, e.g. Lund and Basawa (2000) for the univariate case).

Ts0 = Im7
min(k,p) s=1 S
=1,...,5.
Tsk = —Gsplip<g + > OsiTsjhjs
Jj=1

Unfortunately the computation of €,(3) via (2.3.4) is not possible as yg,y_1, ... are unobservable.

However the sequence {&;(f)} can be approximated by the sequence {€;(5)} which satisfies the
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following conditional stochastic difference equation (a version of the PV ARM A model )

qutj Yioj = Zgw & 4(B), t>1, (2.3.5)

with g,(8) = y¢+ = 0 for t < 0. Similar techniques to the ARM A case (see e.g. Brockwell and
Davis, 1991, Section 8.11) show that &;(3) can be given by

-1
&(B) = mijyij
i=0

Using the approximation &;(3) for &,(3) in (2.3.3) gives an approximate least squares function

criterion, which will be denoted by Vis (B) :

=

1S
~ 1

Vis (8) = N3 E €irsk(8) €irsk(B)- (2.3.6)
0 =1

el
I

Let E s be an argument that minimizes Vis (B). It is easy to show that B s 1s a solution of the

normal equation

N-1 S

> (8%% > €it5k(B) = O(p+qymx1- (2.3.7)

k=0 =1

Similar arguments as that in Section 8.11 of Brockwell and Davis (1991) show that BLS and f3 LS
have the same limiting distribution (see Basawa and Lund (2001) for the univariate PARM A case).
The adaptation to the multivariate PVARM A case is tedious but straightforward. Therefore, we

only study the properties of the estimator B LS-

Before presenting the limiting distribution of 3 ¢, we need some convergence results concerning

a version of the law of large numbers. For simplicity consider the following notations.

N—

s
Put Zy (8) = = > $rrsk (B) €k (B), Sy (B) = Y Zk (B) and let ¢, (8) = —
= k=0

[ary

Oe(B)’
op

denote

the m(p + q) x m gradient matrix. The following lemma shows that the gradient matrix v, (5*)

satisfies a law of large numbers.

Lemma 2.3.1
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i) Under the above assumptions, we have

=
L

Yirsr (B%) 20

=| -
Eol
i
o

r

Virsk (B%) Virse (B%) 2 B [y or (B%) Yipsr (B7)]

==
Eond
i
o

as N — oo forie{1,..,S}.

ii) Moreover,

where

F(B,Y) = ZE [Vits (B%) ity 51 (5)]

Fa(B%) = D E e (B7) %s (87)]

i=1

Proof

62

(2.3.8)

The proof is a straightforward adaptation of that given in Basawa and Lund (2001, Section 4)

to the multivariate case, hence it will be omitted. W

The following theorem shows the v/ N —consistency of the least squares estimates B s and E LS-

Theorem 2.3.2

Under the above assumptions, we have

VN (Brs—87) o N(0.FH (8 R (859 By (8Y)

(2.3.9)
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where X* is the true value of the parameter covariances 3*.

Proof

The proof is classical in the literature. It is based on the Taylor expansion of Sy (B I S) on a

neighborhood of 8%, a central limit version for martingales (e.g. Hall and Heyde, 1980, Chapter 3)

and Lemma 1.6.1. See Basawa and Lund (2001) for the univariate case.ll

It is worth noting that (2.3.7) does not involve the parameter covariances ¥, therefore, the least

squares estimator can be obtained without any information about 3*.

Let EELS) be the ordinary least squares estimator of ¥} by averaging product errors during
season ¢, ¢ = 1,...,.5 (cf, Basawa and Lund 2001, Adams and Goodwin 1995 for the univariate

PARMA)

N-1

(LS 1 N ~ N ~

B = = Euvsn(Brs)Eirsi(Brs) (2:3.10)
k=0

(LS)

i .

The following theorem assures the consistency and asymptotic normality of by

Theorem 2.3.2

Under the above assumptions, we have

VN (vech (iELS)) — vech (E:‘)) L, N(0,E (58))) (2.3.11)

—00
forany i =1,..., S, where

2; = vech (eirsk€itsr — E (€irsk€ivsy))
and vech(A) denotes the half column stacking of the matriz A.

Proof

Standard arguments show that the asymptotic distribution of

1 N—-1 N .
N €ivsk(Brs)€ivsk(Brs)
k=0
and that of
| N1 ~ R
¥ irsk(Brs)€irsk(Brs)

e
Il
o
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are identical. Moreover, application of the central limit theorem for the latter expression gives

N-1
N (h (Z ei+5k<BLs>ei+Sk<BLs>'> ~vech @;-*)) N 0.EEE)),

—00
k=0

for any i = 1,..., 5. Combining these two facts achieve the proof. W

It should be noted that under the independence assumption on {e;}, Theorem 2.3.2 means that

EELS), 1 =1,..., 5 are asymptotically independent.

Weighted least squares

The weighted least squares estimate of 8, denoted by BW g, based on a data sample yq, ..., yng is

an argument of 5 that minimizes the weighted sum of squares

N-1 §
1 - _ ~
Vivrs (8,%) =N > (Virsk = Yirsk (B) hilsp (B, %) (Vissk — Yirsk (B)),  (2.3.12)
k=0 =1
where as in Section 2.2
ht(ﬂ,z):E[(Yt—yt(ﬁ))(Yt /yla' 5 Yt— 1]

is the conditional prediction error variance, which coincides, for the Gaussian assumption on the

innovations model, with the unconditional ones

E [(Yt -yt (ﬁ)y (¥t — ¥t (5))} )

(see Brockwell and Davis 1991, Section 2.3).

As in the ordinary least squares analysis, the limiting properties of the estimates are the same

when one minimizes the approximated weighted sum of squares

=

S

1

NS Eitrsk(B) S Eirsk(B), (2.3.13)

0 =1

Vives (8,%) =

il

in which ¥; and &;1 gx(3) approximate h;si(5,%) and y; sk — Yitsk (3), respectively. Note that

approximating h;si (5, %) by X; is quite natural since one can easily show that

ke
hivsk(B,%) "=° %,
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(for the univariate case with the sample innovations obtained from the innovations algorithm see

part (i) of Proposition 3.1 in Lund an Basawa (2000)).

Let BW s be an argument that minimizes VivLs (8,%), for a fixed X. It is easy to show that

EW 1.5 is a solution of the estimating equation

ey Z (831'+Sk(5)

a8 > 2 v 5k(B) = Omiprg)x1- (2.3.14)

k=0 i=1

As in the ordinary least squares case, to find the asymptotic distribution of the parameter estimate

BW s we need similar convergence results as Lemma 2.3.1. Consider the following notations

s
ZI(CW) (B,%) =4 Z%‘wk (B) 2 teivsk (B),

=1
and
w def N (W
sV .2 =S 2 (5:).
k=0
Then we can obtain the following result
Lemma 2.3.2
Under the above assumptions, we have
1T vy, o
S (8 L0
| V-1 o o
T4 )7 (B B () (2.3.15)
k=0
Lasg” @] s
— F(B*,x*
v | T

S
where F (8,%) = S F [, (B) 7" g1 (B)] denotes the asymptotic Fisher information matriz
i=1

(as given in Section 1.4. for the univariate PARM A case).

Proof

See for example Basawa and Lund (2001). W
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The following theorem show the asymptotic efficiency of the W LS-estimator BW LS-

Theorem 2.3.3

Under the above assumptions, we have
A * D — * *
m(ﬁWLS —p ) N:)OON(O,F LB, ) (2.3.16)

Proof

The proof is similar to that of Theorem 2.3.1. B

2.3.2 Maximum likelihood estimation of PVARM A models

As shown in Section 2.2 (see (2.2.3)), the Gaussian likelihood of the PV ARM A model (2.3.1), for

a sample data y of size NS, is given by

l\')\»—\

N-1§ N1 S
£(8,%;y) = 2m) V52 I T1 (det(hissr)) ™ ZGXP{ Y. Y E +Skhz+5k€z+5k} (2.3.17)

k=0 i=1 k=0 i=1

where €;; g) is the innovation sample obtained from the Kalman recursion (2.2.6).

As in the least squares analysis, using the approximation ¥; for h;,gr in (2.3.17) gives an

approximate likelihood function which will be denoted by L
R S 1 S
L(B,5;y) = 2m) VP (det(3)) ™ exp {—2 > sk (B) 57 Eivsn (5)} (2.3.18)
i=1 '

As is well known, the estimators obtained by maximizing £ and E, respectively, are asymptotically
equivalent. Therefore, we only study the estimator obtained when maximizing (2.3.18). Let B ML

and Ef\/lL, i =1,...,.5S be arguments that maximize E(ﬁ, Y;y). Then, differentiating (2.3.18) with

respect to 8 and ¥ gives the following normal equations
N-1

s
Z( = )Eilgi—i—Sk(ﬁ) = Ongptg)x1 (2.3.19a)

k=0 i=1

1
Nz H-S'k: €2+Sk(6),_zi = Omxm (2319b)
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Combining (2.3.19a) and (2.3.19b) shows that BML and f]wa are the solutions to

Nt agz’+5k(5)>' ( 1Nt 2 = 2 >_1
— ~ > Cirsk(Bur)€ivsk(Barr)
& & ( 8 )lp=p,, \N P ts’“( wn )ik (Bars) (2.3.20a)
X gi+5k(BML) = 0m(p+q)x1
~ L N1 ~ R
MR = N kZO Eirsk(Byr)€ivsk(Bar) , i=1,..,8 (2.3.200)

Clearly, these last equations show that the M L and the W LS estimators are asymptotically equiv-

alent. The following theorem shows the consistency and the asymptotic normality of the ML

estimator (.

Theorem 2.3.4

Under the above assumptions, we have

VN (BML _ 5*) L, N0, F (5,5 (2.3.21)

N—o0

where F (B*,%*) is the asymptotic Fisher information matriz as given above.

Proof

See Theorem 2.3.30

2.4 Summary

In this chapter, the off-line estimation problem of periodic VARM A models has been studied. In
the first part, an efficient calculation of the PV ARM A likelihood, by means of the Kalman filter,
has been proposed. In the univariate case, the resulting algorithm differs from existing algorithms
(e.g. Jymenez et al., 1989) by the starting Kalman recursion, which is the key of our algorithm
efficiency. The proposed likelihood evaluation for PVARMA models is no more complex than
the evaluation of the stationary VARM A likelihood. However, some useful devices such as the
Chandrasekhar type recursions (e.g. Morf et al., 1974; Houacine and Demoment, 1986) which
have been generalized to the periodic case by Aknouche and Hamdi (2006), are needed to improve
Kalman recursions for periodic linear systems. In the second part of the chapter the large sample
properties of parameter estimates for PV ARM A models have been investigated. We have shown

that the class of methods that use data directly provides consistent, asymptotically Gaussian and,
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in some cases, asymptotically efficient estimators. The main limitation of these estimation methods
is their computational complexities and flat character (especially for the M L method) caused by
the large number of parameters involved by the PVARM A formulation. Moreover, these methods
do not want to fit the model from scratch every time a new data point is taken. The following

chapter treats this problem.



Chapter 3

On-line estimation of periodic linear
models

3.1 Introduction

Parameter estimation problems for time series models have seen significant recent interest from
statisticians and engineers. However, most of the existing estimation methods and algorithms are
mainly concerned with classical time-invariant time series models. Moreover, it appears that the
quasi-totality of existing procedures are of an off-line nature which deal with a beforehand fixed size
time series. The need to deal with a progressive size is becoming, nowadays, increasingly necessary.
Indeed, in many time series application fields— such as transmission, telecommunications, signal
treatment, meteorology, financial bourses and many others — the need to deal with variable series
sizes is clear. In short, off-line estimation methods are inefficient when used in the presence of
on-line data, mainly because their applications require, for each new available observation, start-
from-scratch computations. Off-line estimation algorithms are very costly in terms of the spatial
and temporal complexities. For all these reasons, on-line estimation methods are appealing (or
the recursive identification methods, as they are known in the engineering literature, e.g. Kushner
and Clark, 1978; Ljung and Soderstrom, 1983; Goodwin and Sin, 1984; Young, 1984; Benveniste
et al., 1990; Solo and Kong 1995; Kushner and Yin, 1997; Ljung, 1999; Pollock, 2003 and further

references therein), to reduce the computation time and save memory space.

The main usefulness of the recursive form of on-line algorithms is due to the possibility of
processing data in real time because of a finite memorizing in a vector of fixed size. Indeed the
current estimate is updated at each new available observation, so that the number of operations

and the memory space do not increase with respect to the sample size, and depend only on the

69
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selected model.

Existing recursive estimation algorithms in the literature are usually associated with a particular
model parametrization and the approach by which the method is built. Several approaches can
be taken to derive a recursive algorithm. We mention in particular the off-line approach for on-
line algorithms, the Bayesian approach, the stochastic approximation approach, and the pseudo
regression method. These four approaches cover the derivation of most suggested methods (see e.g.
Ljung and Soderstrom (1983) which contains extensive examples on this subject). However, the
resulting algorithms exhibit very similar features and can be interpreted in different ways. Another
way of expressing this is to say that a given recursive algorithm can be obtained from different

approaches.

On-line parameter estimation methods for PARM A models are still, despite their remarkable
simplicity, much less common than off-line methods. Indeed, it appears that the work of Adams
and Goodwin (1995) is the first one to focus on this interesting problem. Adams and Goodwin
(1995) adapted recursive pseudo-linear regression methods to estimate the parameters of PARM A
models. Moreover, they studied, based on the works of Solo (1979) and Goodwin and Sin (1984), the
convergence problem of their algorithms. Unfortunately, the obtained estimators are not efficient
since they are based on the ordinary least squares estimation methods. Moreover, no information

about their asymptotic distribution is given.

In this chapter, we mainly provide an adaptation of some on-line recursive algorithms, well-
known in the literature of time-invariant ARM A models, to deal with PARM A models. Though
transforming PARM A estimation problems to the ones for multivariate VARM A models where
several efficient on-line methods are available, the large number of parameters in the corresponding
VARM A models suggests direct development of a specific PARM A theory would be fruitful (see
Pagano, 1978; Basawa and Lund, 2001).

The rest of this chapter is organized as follows. In Section 2, we review some basic principles and
criteria of recursive on-line estimation. Section 3 concentrates on the on-line estimation problem
for PAR models. Furthermore, we provide an adaptation of the well-known recursive least squares
(RLS) algorithm to deal with PAR models. We show under mild conditions that the obtained
estimators are asymptotically efficient. The following sections are then concerned with the general
PARM A recursive estimation. In particular, Section 4 generalizes the obtained PRLS algorithm to
the PARM A case. The generalization is done by means of the pseudo-linear regression approach

(PLR). Several variants of the PLR method (such as the extended least squares, ELS) are
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developed to take into account the stochastic convergence problem. The developed PELS (Periodic
ELS) algorithms provide strongly consistent estimators. In Section 5, we explore an alternative
approach based on the recursive predictor error method (RPEM). In particular, we extend the
well-known recursive maximum likelihood (RM L) algorithm to the PARM A case. The obtained
estimates are shown to be asymptotically efficient. In Section 6, we show that both PRM L (Periodic
RML) and PELS algorithms can be formulated via a single set of recursions through a certain
prefilter. Moreover, it will be shown that with a modified version of this prefilter, the resulting
algorithm lies somewhere in between the PELS an the PRM L. Section 7 develops an improved
variant of the PRM L algorithm based on the Fisher information matrix. The resulting algorithm
is an on-line analogue of the well-known Fisher scoring algorithm, which is devoted exclusively to
the off-line case. Finally, the finite properties of the obtained estimates are studied in the last
section by means of a simulation study. Furthermore, we show, through various applications of this

algorithm on many PARM A models, that various desirable properties take place in our periodic

case.

3.2 Principle and criteria of recursive estimation

Next, we shall recall the general principle of a recursive estimation problem.

3.2.1 Principle

Consider a second order stochastic process {y;, t € Z}, which is supposed to satisfy a certain sto-
chastic model, parametrized in terms of a parameter vector 8; and let y* = {y1,%2,...,9:} be the

available realization of the underlying process at time ¢t. Then, based on the observation y, a recur-

sive estimates of 3, denoted by Bt = B (t, yt), is a mapping from the data to the model parameters,

subject to the special restriction that the temporal and the spatial complexities must be independent

of the sample size, i.e., the memory space and the computing time involved in the calculation of Bt

do not increase with ¢. Basically, the idea of a recursive algorithm is to condense the information
contained in g’ into an estimate Bt and in an auxiliary quantity (¢, and then updating Bt and Q
from their previous value at time ¢ — 1 (namely Bt_l and Q1) and from the new observation ;.

The recursive estimate Bt and the quantity Q); will be calculated according to an algorithm of the
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following structure (cf, Ljung and Stderstrom 1983)

{ B = Fu(Bio1, Qu ) (3.2.1)

Qt = Hi(Qt—1, B1—1,yt)
where F; and H; are functions depending on the used method and the selected model (generally

we have F} = F and H;, = H, Vt). Thus, the recursive estimate Et is calculated for each ¢, from
current data, the previous estimate and the auxiliary variable Q);. These quantities are updated
with a fixed number of operations that does not depend on time ¢. The problem of recursive
estimation therefore is reduced to determine the functions (F};) and (H;) and in general to analyze

the statistical properties of the obtained estimates.

3.2.2 Criteria

Suppose the model that generates the data y' is given by
Yt = ft (Yt—1, Y125 -Yt—ps Et—1,Et—2, -Et—g; B7) + &1, t EZL

where fi(.,...,.) is a measurable function, {e¢, t € Z} is an innovation process satisfying certain
suitable conditions, and £* is the true value of the unknown parameter vector. Let e¢(3) = v —v:(5)

be the prediction error function obtained when approximating y; by a prediction y;(3) of the form

Ye(B) = fr Wi—1,Yi—2, - Yi—ps -1 (B) ;=2 (B) , ...1—q (B) : B) , t € Z,

in which * is replaced by any . Assuming &;(8%) = ¢, it is clear that y(8*) = F (yt/yt_l)
represents the best prediction of y; (in the mean squares sense) based on data until time ¢ — 1.
Since data are generally available only for ¢t > 1, the calculation of 4(3), for a given [, requires
p—+ ¢ initial values. As the effect of these starting values decrease exponentially for, a causal model,

it is possible to approximate €;(/3) by the following conditional prediction error function, denoted

by gt(ﬁ)

a(B) = ye—u(B), t>1

= y— [t (ytfly Yt—2, ---yt—pagtq (5) ,Et—2 (ﬁ) ) ---agt—q (5) ;6) )

which is conditioned on the initial values £.(5) =y = 0 for ¢t < 0.
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It is worth nothing that any recursive algorithm can be seen as a stochastic analog of a deter-
ministic optimization method. Thus the building of any recursive method starts from an objective
function to realize, passes by a choice of a structure of realization and procedures of stochastic
optimization, and leads to a precise algorithm for effective implementation on the data. Several
criteria can then be interesting to optimize, such as the maximum likelihood criterion, the quadratic
criterion or the Bayesian approach. However, the most frequently selected criterion to optimize the

choice of parameters in the recursive estimation literature is the minimization of the mean squares

error function, i.e. one has to choose a value 8 € M that minimize

V(B)=F <Et2(6)> (3.2.2)

Qi

where M is the parameter space, which is generally assumed to be a compact set and (oy) is a

sequences of appropriate weights. The symbol E (.) denotes the "statistical mean" which is defined

by
_ 1

with an implied assumption that the limit exists when the symbol is used. For example, when the
sequence {¢¢(f)} is second order stationary and (o) is stationary (in the sense that oy = a, Vt),

the criterion (3.2.2) can be rewritten as follows

V(o) = F )

and for a periodically correlated sequence {€;(5)} with period S, and S-periodic coefficients («y),

it becomes
1 ZS i5:(8)
o= s =1 b ( i

We note in passing that, for the optimality of criterion (3.2.2), the weights sequence (o) is generally

taken to be the inverse of the innovation variances.

For the latter criterion function, it can be easily shown that the global minimum of V(3), f3,
when it is unique, coincides with the true value of the parameter 5*. However, it may happen

that V () does not have a unique global minimum. In that case, we define the set of minimizing
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arguments as

M = inV(B8)=<8€M/V(B)=minV
arg min V' (6) {5 / V() = min (5)}
Thus, the minimization of the criterion function (3.2.2) can lead to a local minimum of V (f),

thereby causing difficulties.

The theoretical criterion (3.2.2) defines the goal to reach by the most recursive estimation
algorithms. However, this criterion can be the subject of a (deterministic) numerical optimization
algorithm, provided that one can obtain the function V() and its differential properties (gradient
and Hessian). This requires prior knowledge about the second order statistical properties of the
treated processes, which generally depend on the unknown parameter 8* to be estimated and the
assumed structure of {e;}. At this time the identification of the parameter will not be done directly
from data and the estimation problem will have no sense. In order to estimate the model parameter
directly from data (we are supposed to have ¢ observations) we thus replace the function V(3) by a
calculable criterion using the available data. A "natural" way to do this is to replace the theoretical
criterion in (3.2.2) by its empirical estimate. Thus we calculate the estimate Bt that minimize the

following weighted least squares function

t ~2
Vi(B) = %Z S(6) (3.2.4)

provided that we can estimate the coefficients (o). This approach allows to build, for the unknown
parameter 3, a sequence of estimates Bt, making it possible, under some suitable assumptions, to
approach more and more the value 8 that minimizes (3.2.2). One of the main goals of recursive

estimation is to study the behavior of Bt when t goes to infinity, and in particular the convergence

to the solution 3 (or into the set M in the sense that inf Bt - B‘ 28° 0 almost surely) and hence
BeM

to #*. Certain desirable properties, such as the "compactness" of M, the differentiability of V" and
the ergodicity of the underlying prediction error process, allow us to expect such a result whenever

Vi(B) converges (uniformly on 3 in the sense that sup |[Vi(5) —V ()] — 0 a.s. as t — o0) to V()
BeEM

as t — o0.

In what follows we shall use the weighted least squares criterion (3.2.4) to build our recursive

estimation algorithms for PARM A models. First, we begin by estimating the parameters of PAR
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models. A generalization to more general PARM A case is then given. The following section is
devoted to the adaptation of the best-known and the most widely used algorithm, the recursive

least squares algorithm (RLS) to the PAR case.

3.3 Recursive least squares estimation algorithm for PAR models

Consider the periodically correlated process {y;; t € Z} that satisfies the following PARg(p) rep-
resentation

Yt — PraYt—1 — o — Oy pYt—p = €t, L € Z,

where {e;; t € Z} is an independent process with zero mean and variance o7. As mentioned in

Section 2.4, the order p can also be considered periodic in time, say p;, in order to reduce the
number of parameters to be estimated. However, in this case a constrained estimation procedure,
which is not the objective of this paper, would be needed. Also, we note that the independence
assumption on {g;} can be replaced by a less stringent assumption which requires this sequence
to be only a Martingale difference with periodic variance E (5? / ft,l) = 02 where F; denotes the
o—algebra generated by €1, €9, ...,&;,. With the above definitions, the PAR model can be written

in the form

p
Ys+S7 — j;qbs,j Ys—j+Sr = Es+Sr (3.3.1)

witht=s+ 857, s=1,...,5 and 7 = [%1 € 7.

Let ¢ = (fll’ flz’ ey g’s)’ be the pS x 1 vector of unknown autoregressive parameters, where p =
(P51 Ps2s - Psp)s s =1,2,...,8 and 0 = (01,03,...,0%)  the S x 1 vector of unknown variances
of the innovation process {g;}. Furthermore, we consider the following hypotheses
H1: the ergodic process {y;; t € Z} is such that E (yfy?) < oo, for all 7,5 € Z,
H?2 : the periodic model (3.3.1) is causal.

Model causality can be established from two existing approaches (see Troutman, 1979; Tiao and
Grupe, 1980; Bentarzi and Hallin, 1994; Bentarzi, 1998; Ula and Smadi, 1997, and many others).

We note that H1 is a univariate version of assumption A3 given in Section 2.3.



CHAPTER 3. ON-LINE ESTIMATION OF PERIODIC LINEAR MODELS 76

3.3.1 The PRLS algorithm

Let y1,y2,...,y: denote the available observations, until time ¢, of {y;, ¢ € Z}, which satisfies
the stochastic difference equation (3.3.1). It is important to establish an estimation procedure
to estimate the parameter vectors ¢ and o? of this model, that keeps the spatial and temporal
complexity invariant, in the sense of (3.2.1), with respect to an increasing ¢. The adopted optimality

criterion in the RLS estimation is, as in most recursive estimation procedures, the mean square

error. Thus the problem consists of finding the argument which minimizes

w\»—l

=Y Ui (3.3.2)

2
k=1 k

where & (f) =y — U ( ) denotes the error of the one-step-ahead forecast yt( ) of the future

value y;, based on observed series from 1 to t — 1. Expression (3.3.2) is the same (except for a
multiplicative constant) as the conditional likelihood when {e;} is Gaussian. Let Y _. o be the

pS x 1 vector of series values given by

/ ! ! !
XS_A'_ST = 0 7"'70 7yS+ST71)"')ys+STfp7O 7"'70 ) (333)
s—1 time S—s time

where 0 is the px 1 null vector and where s and 7 are such that ¢t = s+75, (1 < s < S, 7 € Z). When
s=1ors=.51in (3.3.3), the notation "0 time" means that there are no zero entries in the vector.

The start-up values in (3.3.1) are represented by the vector g’l o Using these notations, we can

state the following result, which establishes a periodic recursive least squares (PRLS) algorithm.
This algorithm provides optimal estimators, in the sense of the aforementioned criterion, of the

periodic PAR parameters.

Proposition 3.3.1 (Bentarzi and Aknouche, 2006)
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The following algorithm, defined via the recursive equations

~1

Es—i—ST = Ys+St — ?S+ST—1XS+ST’
T—90 ~2(s,7—1) 1 ~2 .
- % - F4 < s
2(s,7) T+1—5JJ T+1-96 jsm =5
3j )= T >0,
T—1-0 a%sr-1) L o ,
— 0, — € > s
T—0 7o ats- 7 (3.3.4)
5 . a 4 P8+S’T—125+STES+ST g —0
- _ ~ Y e - Y
Ls+St  Zs+S1—1 0.?(8,7) + XIS-&-STPSJFST*le-FST 0
Porsr 1Y gV g Povsr1
PerST = Ps+S7'71 - A;(::T; 7SI+ST78+ST SroT ) PO =K.I ,1 <s< S, T € Z,
\ Ts +ls+STPS+ST_1zs+ST

provides estimators which minimize (3.3.2), where I denotes the identity matrix. Here

~2 . .
S ] ]-< < 9
32<,0>:{€g TISISs 5 i1,

i 0 if j>s,

and K is required, for technical purposes in order to obtain an on-line estimator which has the
same finite properties as its analogous off-line one, to be a large number.

Proof

The periodic autoregressive model (3.3.1) can be written in the regression form

Ystsr =& Vo gy +Est8r (3.3.5)

It is well known that the best one-step-ahead linear prediction ¥sisr @) of ys+sr, based on the
past values y1, ..., Ys+5r—1, 1S

/y\s"‘ST (?) = ?l ls—i—ST’

from which the objective function can be written as

1 s+ST 1 / )
Virsr (¢) = o ; ;’Qﬂ(?/k_?%;) :

If the variances 02, 1 < s < S, are known, the least squares estimator @S +Sr of ¢ is then given,

conditional on the initial values y’l o by the normal equation

s+57 1 R s+ST 1
(Z ;i yky;c> ?54_57 = <Z ) ykyk> . (3.3.6)

k=1 k=1 k
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The main idea of the desired algorithm is to resolve recursively the normal equation (3.3.6). For

this, let
s+ST 1
R = — '
s+ST Z o2 Xklk
k=1 "k
Then
1
Rsysr = Rsysr—1+ ;zsw@; L (3.3.7)
S

Using (3.3.6) and (3.3.7), one can, after some simple manipulations, obtain the recursive equation

~ o~

1 71 o~
?s—l-ST - ?S—‘—S’T—l + ? R s+ST zS+S‘I'€S'~‘S7—’ (338)

s

where

~/

gs+ST = Ys+St — ?S+ST7123+ST' (339)

Equation (3.3.8) needs, at each iteration, the inversion of a pS x pS matrix. This is practically
undesirable from the point of view of algorithmic complexity which is of order O (p3S3). To over-

come this difficulty, let Psig, = R;isr and apply in (3.3.7) and (3.3.8) the Woodbury matrix

inversion lemma given by (1.4.13) (see for example, Plackett, 1950; Solo, 1979, p. 961 or Ljung and

Soderstrom, 1983, Lemma 2.1)with A = Py 9,1, B=)

1
srgr C=—Fand D = ! we obtain
= o

< s+ST7
(3.3.4).

2

Recall that the variances 0%,

s =1,...,5, in the above recursions are, until now, assumed to
be known. These parameters are typically unknown in practice and need to be estimated. The

following recursive formula provides an estimator 8?(5’7) of a?, for j = 1,2,...,5, by using the
available prediction errors to t = s + S7. From the well-known least squares theory, a consistent

estimator of O'? (cf, Chapter 1, Section 1.6, or Basawa and Lund, 2001) is given by

1 T 9
L SN2 i<s >0
A2(57T) T+ 1-— 5 k;Z::() Sk )= T=
0 = 1 -1

~2 .
Ejrsk, J>8 T=20+1
T80 =0t 3.3.10
1 ~2(s,7—1) | ~2 . ( )
7T+1_5<(T—5)0'j +sj+57),j§s,725,
1

~2(5,7—1) | ~2 . ’
7__6((7'—(5—1)ajﬂ +€j+ST>,j>S,TZ5+1
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with
2(s0) _ [ & j<s,
o = .
J 0 g>s,
and 33(8’1) = AJQ- if j > s, where the denominator (741 —4) is introduced to obtain an approximately

unbiased estimator. In the start-up case where 1 < 7 < 4, we use

T 2(s,7—1) 1 . '
32(8’T) B T 1 j + p +41 5j+ST7 J S S, 1 S T S 6, ] = 1, ,S,
J ) 71 oG- 1 .
(s,7—1) 2
7 ZEj+S(r=1), J > 8

P
hence, our work is complete. ll

It is well known in Bayesian time series analysis (e.g. Ljung and Soderstrom 1983, Lemma
2.2) that the posterior distribution of ¢ given a time series until time ¢, relative to a Gaussian
prior distribution with mean E(O) and covariance matrix P(©), is also Gaussian. The mean and
the covariance matrix of this posterior distribution are, respectively, @t and R, Las given by the
recursions (3.3.7) and (3.3.8), with initial values = g(o) and Ry' = PO). Thus, these starting
values can be viewed as prior knowledge about ¢. This permits one to consider the inverse variances,

-2

O-S Y

s=1,2,...,5, of the periodic white noise process {cx} as optimal weighting factors in (3.3.2).
It is worth noting that the proposed PRLS algorithm (3.3.4) needs to execute (p x S )2 multi-
plications and to memorize a pS dimensional vector and a pS x pS dimensional matrix. Thus, the

algorithmic complexity is of order O ((p xS )2) .

3.3.2 Asymptotic properties of the PRLS estimator

Concerning the properties of the estimator obtained by the PRLS algorithm, we state the following
theorem, which shows under the above conditions that the PRLS estimator is strongly consistent

and asymptotically efficient.

Theorem 3.3.1 (Bentarzi and Aknouche, 2006)

i) Under the above assumptions, the PRLS algorithm provides a recursive estimator @t which

converges almost surely to the true value ©* of the unknown parameter vector .
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i1) Furthermore, we have

Vs+97(p . —¢") = N(0,5F7Y), (3.3.11)

s+ST — T—00
D o
where F'= Y —F (XS+STX;+ST> and ’—’ denotes convergence in distribution.
s=10%
Proof

We only prove part ii) of the theorem as the first part is easily obtained by similar techniques.

From (3.3.7) and (3.3.8), we can easily verify, by backward recursion, that @H g, satisfies the

relation

s+ST s+ST
51 AP R .

(RO + 82(sk,’rk) ykyk> 95-‘,—5’7’ - <R0¢0 + 6_\2(sk,7'k) ykyk> ’ (3312)
k=1 Sk k=1 Sk

which is asymptotically equivalent to

s+ST 1 s+ST 1
(Z 25,7 r) ykyk> ¢S+ST = Z m V1 Yk (3.3.13)
k=1 sy k=1 Tsy

Note that in (3.3.12), s; and 7y are such that k = s + S7g, s = 1,..., 5, 7, = Lk—glJ Hence, to

analyze the asymptotic properties of @S+ST in (3.3.12), we can use (3.3.13). This yields, with

/
Ys+St = XS—FSTE* + Es+575

the following expression

~ 1 s+ST 1 -1 1 siST )
—AF) = /
m<95+5‘r ¢ ) <s+5’7 ; 82(s;c,m)yk:yk> (m /; 82(sk,7k)yk;5k) .
— Sk _ Sk
(3.3.14)
To establish (3.3.11), it is enough to show that
s+ST 1 1
-1 ;L
(a+57) ;(ymm—@)nn—-mm (3.3.15)
= Sk

S 12 s+ST 1 1 - ) -
(s+57)71% 3 2 g2 ) 2k = o), (3.3.16)
Sk

k=1 Sk
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from which we deduce that

s+ST s+ST

-1
1 1 , 1
k=1 k=

1

Applying the Martingale central limit theorem (cf. Hall and Heyde, 1980, Corollary 3.1) to (3.3.17),
(under the independence or the Martingale difference assumption of the innovations process) we

find (3.3.11).

First, note that from to the univariate version of Theorem 1.6.2 (see also Theorem 4.2 of Basawa

and Lund, 2001)
VEG2eRTH — 62 ) = 0,(1). (3.3.18)

Sk Sk

Now, to establish (3.3.15), we have

s+ST s+ST ~2(sk,T) _ 2
_1 1 1 1 (Usk Usk)

o o Vi
— Ug/(jk’ k o — Ug}(jk, k)ng
©_p. (3.3.19)
From (3.3.18), AQ(S’“’T’“) and 3;’3(8’“7’“) are bounded in probability. Let C; > 0 and Cy = max (052)
s=1,...,
1
be bounding constants, respectively. Because of (3.3.18), AZIES’“’T’“) and then ——— are bounded

2(sk,Tk)
O,

1
in probability. Let C; (C; > 0) and Cy = Jmex <2) be their bounding constants, respectively.
=1,..5 \ 0},

From (3.3.18), (3.3.19) and the Cauchy-Schwarz inequality, we have

s+ST )
IDI < GGy (s+57)7" 30 |aa ™) — o | [l
k=1
s+ST s+ST 1/2
< 0102 <S+ST Z ‘A25k77—k) k ) <S+ST Z Hka )] :
where ||.|| stands for the Euclidian norm, that is ||v|| = v/v'v for any vector v. Since
G2em) — g2 | T80 for all s, = 1,..., S, a Toeplitz 1 i
O, 5 r=1,...,5, a Toeplitz lemma gives

s+S’T
(s+S7)” Z ‘AZ T =% 0.

8 .
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From assumptions H1 and H2, we have
S+ST

Jim o577 3 [ <o

Thus (3.3.15) holds.

To prove (3.3.16), we set for some ¢ such that 0 < § < 1/2

s+ST (AQ(Sk k) 0-2 )

—1/2+406
SS+S’T - (8 + ST / Z AQ (sk,75)
k=1 Ty,

yk{':k

0-2

82

Thus, if we can show that F ||SS+STH2 is finite for all s = 1,...,.5, then Tchebyshev’s inequality

proves that
(54 57) 7 [|Ssrsrll = 0p(1),

which is equivalent to (3.3.16). Indeed, using H1 and H2 we have

gl =) ua

E(ISersrl?) < (548577

— agll(cSk,Tk)Uzslk
s+ST )
< (s+80)ERGAG Y (B BE) K
k=1

< <ClCQC’3 max EHka | ax E5k> (s +S7) " " log(s 4 S7)

< o0

where, by (3.3.18), C3 is a positive number such that k*/2 )33158’“7"’) - J?k‘ < (5 almost surely. Now

(3.3.16) is established and completes our proof. W

Note that the limiting covariance matrix of our on-line estimator @S +5r coincides with that

of the efficient off-line Yule-Walker’s estimator (Pagano, 1978) and with that of the maximum

likelihood and hence of the weighted least squares estimators (Basawa and Lund, 2001).

Remark 3.3.1

The proof of Theorem 3.3.1-ii) does not straightforwardly follow from the Pagano’s (1978) or

Basawa and Lund’s (2001) proofs. In fact, the proof of part i7) is necessary for a good understanding
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of the major difference in the consideration of the weighting factors in our on-line procedure and
those in Pagano’s (1978) or Basawa and Lund’s (2001). More precisely, the M L estimator of PAR
models (which is statistically equivalent to the W LS estimator (see section 16, or Basawa and
Lund, 2001) or the Yule-Walker estimator (cf, Pagano, 1978)) can be considered as based on the

following normal equation (see Section 1.6, formulae (16.13) or (1.6.19))

t t
1 ;| ~ 1
(Z — %%) M =3 5252 (3.3.20)

Tk

1 ~ . .
in which the weights ((A)) are functions of the same estimator o, obtained by using a
Pr) ) k=14 a

time series of beforehand fixed size ¢.

In our on-line case, the PRLS estimator is however based on the normal equation (3.3.13)

which we rewrite for convenience as follows

t t
1 R 1
(z yky;) SRS SRS .

=2/~

Ok <£k)

In (3.3.21), th ight
n ( ), the weig s( .y

) are functions of the successive parameters estimates <@k>
k=1,t

obtained from a time series of size k, k = 1,...,¢t. This is the major difference which motivates us

to draw the proof ii) of Theorem 3.3.1. Indeed, one can easily show that the M L estimator @EMV)

based on equation (3.3.20) has the same limit properties as the estimator which one obtains when we

replace in (3.3.20) the weights (1/8%(@)) by (1/0%)]6:“. i.e. the one based on the following

k=1,t

equation
t 1 t 1
(Z -2 y;&’k) 2= 3 Vi (3.3.22)
k=1 "k k=1 k
The proof of the (asymptotic) equivalence between (3.3.20) and (3.3.22) is classical in the literature

and can be established by proving the following relations

-1 : 1 1 /
Y e = S [ WY = (1),

k=1 ai (@t) Ok

t

1 1
t1/2 ——— — — | Vier = op(1),
; (ﬁ(sﬁ) Ui) -t !

k
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which generally follow from the law of large numbers (LLN').

In our on-line case however, the proof of the equivalence between (3.3.21) and (3.3.22) by means
of the classical techniques based on the LLN seems difficult. This is the reason for which we have

shown the relations (3.3.15) and (3.3.16).

3.3.3 Discussion

In this section, a new algorithm called (PRLS) has been developed for an on-line estimation of
periodic autoregressive models. This algorithm extends the usual recursive least squares (RLS)
established for stationary models. The convergence and asymptotic efficiency properties of our
developed algorithm were established. As we can see in Section 8 below, intensive simulations
demonstrate good performance and favorably compare to other methods. The algorithm developed
here is recommended for its simplicity for parameter estimation in both on-line and off-line data.
It should be noted that a fast (regularized) version of the PRLS algorithm can be easily developed
along the lines of the ones available in the time-invariant AR models (see, e.g. Houacine, 1991 and
references therein), provided that a (periodic) Chandrasehkar-type recursion for a PAR model is

obtained (Aknouche and Hamdi, 2006).

Of course, in the case of PARM A models, the PRLS algorithm cannot be applied to estimate
the model parameters since the criterion (3.3.2) will not be quadratic with respect to the parameter
vector 5 and no exact least squares solution like (3.3.6) can be given explicitly or recursively. In
this case, two directions can be taken to generalize the PRLS. The first one consists of writing the
given PARM A model in a pseudo regression form (as in (3.3.5)), in which the regressor contains
some unobservable variables, and then estimating both the model parameters and the unobserv-
able components in a same recursive algorithm. This approach, known as recursive pseudo linear
regression method (thus called by Solo, 1978), will be explored in the next section. The second
direction consists of optimizing the given prediction error criterion using several approximations
(among which we mention in particular the Taylor formula). This approach known as "recursive

predictor error method" will be studied in Section 5.
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3.4 Periodic extended least squares algorithms for PARMA mod-

els

In this section, we propose to adapt the well-known extended least squares algorithm (ELS),
which belongs to the class of pseudo linear regression methods (see Panuska, 1968; Young, 1974;
Ljung, 1977a; Solo, 1979; Ljung and Soderstréom, 1983; Goodwin and Sin, 1984; Duflo, 1990;
Adams and Goodwin, 1995; Ljung, 1999) to deal with PARM A models. As we can see below,
the pseudo linear regression approach for PARM A parameter estimation consists of writing the
PARM A model (1.2.3) in a linear regression form, with respect to the process {y;,t € Z}, where
some regressors are unobservable; and then estimating, by the least squares method, both these
unobservable components and the unknown parameters of the underlying model. This problem was
already considered by Adams and Goodwin (1995) for PARM A recursive estimation. However,
their method was based on the ordinary least squares (OLS) method which does not provide an
asymptotically efficient estimator even under the normality assumption. Thus, we propose in this
work to slightly modify the Adams and Goodwin (1995) algorithms by using the weighted least
squares (W LS) method instead of the OLS one. This can lead to a more efficient algorithm as we

show below.

Consider the following univariate PARM Ag(p, q) model

p q
Yt — Z ¢tj Yt—j = €t — Z@tj Et—j, L € Z, (3.4.1)

=1 =1
where {e¢,¢ € Z} is a periodic white noise with variance o7. Let 8 = (¢}, 07, ¢h, 05, ..., &5, 05)

denote the (p+¢)S x 1 vector of parameters where ¢; = (¢; 1, ®; 2+, ¢; ) and 0; = (0;1,0;2...,0; )’
i=1,2,..,5.

3.4.1 The PELS algorithm

Fort=i+S7,i=1,2,..,5 and 7 € Z, let ¢, g, denote the S(p+¢) x 1 "pseudo regressor" vector

defined as follows

/ / / /
PitrSr — 0., 0, YitSr—15 - Yit-St—py —EitST—15 +++y —Eit-ST—q> 0,..0 ’ (342)
~—— ~——

i—1 time S—i time
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where 0 is the (p+¢) x 1 null vector, i = 1,2,...,.S and 7 € Z. Using these notations one can rewrite

model (3.4.1) in the following pseudo linear regression form

yr = 8oy + et - (3.4.3)

in which the pseudo-regressor vector ¢, contains unobserved components (innovations). If we

suppose, for instance, that these unobservable values are known, model (3.4.3) can then be seen

as a linear regression model, for which the off-line least squares solution B(t) minimizing (3.3.2) is

given by the following normal equation

(Z % %Ok%) B(t) = (Z ;3”“) : (3.4.4)

k=1 Fk k=1

in which the unknown parameter variances 0%, k = 1,..,5 will be replaced by their estimates

¢ 1
ai(lm)' Let Ry = ) mcpkcp% be the "weighted" design matrix of the pseudo-linear regression
k=10,""
k

problem (3.4.3) with respect to the time series {yx, k = 1,...,t}, where i and 71 are such that

k =i + S7k. Then one can apply the recursive least squares algorithm (PRLS) given in Section

3.3 (see relation (3.3.4)) to solve (3.4.4) recursively, where ,@t is the recursive solution. This gives

the following recursive equations

( ~ -~/
Ei+St = Yit+St — 5#5771%457,

—~ 1 R
IBi-i-ST = 62‘-{-5’7’—1 + A2(i,7’) R i_t,-STgDi—‘,-STgi-i-ST;
o
‘1 , (3.4.5)
Ri+ST = Ri+5771 + m¢i+5T¢i+Sr7
o

(2

o6y T—0  _2>r-1) I
e e A A
1 ~
with starting up values R; = m(plgo'l and 8, = Rflwlﬁ, provided that R; is nonsingular,
o oy

where 0 = S (p + q) is the number of PAR and PM A parameters.

However, as the innovations (¢;) are unknown, the parameter /3 cannot be forwardly estimated
from algorithm (3.4.5) which cannot be applied as it stands. Thus we have first to estimate the
innovations &; from (3.4.1) using the current estimate Bt. Let € denote such an estimate. Replacing

in (3.4.1) the true parameter § by its current estimation Bt and &; by its estimate €, one obtain
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the following expression
P q
-~ () A(8)
€& =Yt — E bij Yt—j — g 01 €—js (3.4.6)
J=1

in which the initial values are taken to be null. Let @, be an estimate of the pseudo regressor ¢,

obtained when replacing ¢; in (3.4.2) by its estimate €

/

~ / ! -~ -~ / /

Pit+Sr — 0 3 ey 0 > YitSt—15 -+ Yi+St—ps —€i+STt—1, ---s —€i+ST—q> 0, ) 0 ) (347)
~— ~—
i—1 time S—1i time

where 0 is the (p+¢) x 1 null vector, i = 1,2, ...,S and 7 € Z. Then equation (3.4.6) can be written

o~ A//\
€ = Yt — Bioy- (3.4.8)

Replacing now the vector ¢, by @, in (3.4.5), one obtains the following periodic extended least

squares algorithm

( -~/

Cit+sr = YitSr — Biysr—1Pitsrs
_2(i,7) T—0 _2%ir-1) I
G- = 5 - % T>0
i TH1-—6 ¢ TH1—g T ’
~ ~ ~
Bitsr = Bitsr—1 + Tmﬁ) R 6 PitsrE€itsr (3.4.9)

(2

~ ~ . y
Ritsr = Riysr—1+ 2(i,r) PitSTPitsT
o

2

-~/

€irSr = Yi+Sr — BirsrPitsrs

~ t 1
where @, is computed from (3.4.7), Ry = > m@kfo; and the starting values are given by
k=10,""
k
5 I PN - S~ o . . o
R = mgolgo'l and 3 = R 1@%. Note that it is possible to improve the algorithmic
oy’ o1’

complexity of the last algorithm (3.4.9) by setting ]3t = }A%t_ 1 and updating 13,5 using again the
matrix inversion lemma (MIL) (cf, Appendix A). Moreover, as for the PRLS algorithm, to avoid

the singularity problem in the calculation of the starting up value Bl = ﬁl_l@l%, and to
52,

1

obtain an estimate closer to the off-line solution of (3.4.4) we use the approximation, Bo = 0 and

]/%0 = K~'I, where K is a large enough number. This gives the following algorithm.

Algorithm 3.4.1 (The PELS algorithm)
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The periodic extended least squares (PELS) algorithm for PARMA models is given by the

following recursive relations

( ~/

EitSr = YitSr — Bi+5’7’—1¢i+37’5
T _2(i,r—1) I o
, — 0, Gr 0<7<6
520m) _ ) 4170 T+ 1 Z*lsf’ =
! T ~2(i,7—1) -2
= 0; —F; T>9
T+1-90 " _ T+1-6 i+ST) )
2 7 Py srPits:Ei >
_ +Srci+ST .
Birsr = Bissr1+ Sy = ——, B =0, (3.4.10)
0+ PirsrPirsr—19itsr
~ ~ Piisr 1p; o P B
+87PitrSsrdi+ST-1
Pisr=bisr— i &~ =K1,
G + @it srPivsr—1%it 57
/e\i—l-ST = Yi+St — Bi+5’7¢@'+s7—,
compute @, g, from (3.4.7),

where 6 = (p+q) S, K is a large enough number and &

Remark 3.4.1

The main difference between Adams and Goodwin (1995)’s algorithm (Algorithm 1, p130)
and our proposed PELS one lies in the fact that the first one is based on the ordinary least
squares method which is shown to provide (asymptotically) inefficient estimators for the PARM A
case, whereas the PELS algorithm is based on the weighted least squares method (see section 1.6
or Basawa and Lund, 2001) which might lead to more efficient estimates. Moreover the pseudo
regressor g, expression used in the PELS algorithm (see equation (3.4.7)) is slightly different
to the one given in the Adams and Goodwin (1995) algorithms (see equations (8) and (9) in Adams
and Goodwin (1995)).

Remark 3.4.2

A principle part of the algorithm and proofs given below is the distinction between the estimated

predictive error and residual error, that is

~ /\, ~
estimated prediction error & =y — 5,19,
. . ~ A,/\
estimated residuals & = vy — 3,9;.

The difference in the above is the parameter estimates used.

Remark 3.4.3

A major advantage of the PELS algorithm is its simple algorithmic complexity which is com-

parable to that of the PRLS algorithm.
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3.4.2 Consistency of the PELS estimator

To study the convergence property of the estimator obtained from algorithm (3.4.10), one can
use one of the well-known approaches, in the on-line estimation literature, such as the Ordinary
Differential Equation approach (Ljung 1977a, 1977b), the Hannan (1976, 1980)’s approach or the
stochastic Lyapunov function approach due to Moore and Ledwich (1980) and Solo (1979). How-
ever, we adopt the last approach, which is proved to assure the strong convergence property of the
recursive estimator without being monitored, i.e., to be projected into a stability region when it
is not admissible (stable). The mentioned approach introduces a function (of the estimate) that
plays the role of a stochastic Lyapunov function for the recursive algorithm (3.4.10) and then uses
Martingale theory to study the convergence of this function, which implies the consistency of the

estimate.

Consider the following assumptions :

Bla : The PARM A model (3.4.1) is causal, invertible and the process {y;,t € Z} is periodically

ergodic in the sense that

¢
: 1 2
tlgglo sup - kg_l Y < 00, (3.4.11a)

B1b : The PARM A process {y;,t € Z} is such that

t

: 1 4
t]iglo sup 5 ;yk < 00, (3.4.11d)

q :
B2 : The polynomials 0,(L) =1 — )" 0, ;L7, are such that
i=1

1 1
Re [Hs(eiw) - 2] >0, Vwe|-mn[, forals=1,..,5. (3.4.12a)

t
B3 : The limiting matrix tlim n > —5 0¥y, = R exists and is positive definite.
—ol =1 O,

Remark 3.4.4
Note that similar assumptions have been considered by Adams and Goodwin (1995). However,

instead of the assumption B2, they assumed that a certain related model given by (3.4.34) is very

strictly passive (cf. Hill and Moylan, 1980, Moore and Ledwich, 1980). Since this assumption
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is difficult to check, they also gave a frequency domain sufficient condition for this model to be
very strictly passive. This property can be used here, but we prefer the condition B2 which seems
much simpler to check and so weaker than the sufficient condition of Adams and Goodwin (1995).

Further discussions about this point will be given in the following subsections.

Remark 3.4.5

Notice that assumption B2 is equivalent to
05(e™) — 1] <1 Vw € ]—m,7[, forall s =1,..., S, (3.4.12b)

which is more easy to check. To see this equivalence we know, on the one hand that

1 1 2Rez — |2]?
[Re[—]>0} = ez72]z\>0’
z 2 ‘Z‘

& 2Rez > |z)?,
and on the other hand, that
lz—-1<1] < [(z—-1)(z-1)<1],
& 2P —2Rez+1<1,
which establish the result (see Ljung 1977a for further discussions).
For example, for a PARM Ag (p, q) model with ¢ = 1, condition (3.4.12b) means that

sup 0s1] <1,
s=1,...,8

which is more stringent than the invertibility condition

S
H 0s1 < 1.
s=1

It should be noted that because of the F;—measurability of the included weights 8;2(“’”), the

~(t—1
PELS algorithm as it stands, does not guarantee the stability of 0? )(L) and hence we must pre-

vent the recursive estimate Et from getting outside the stability region. This may be accomplished
by including a projection facility in the algorithm as follows
Z+ST¢@+ST‘€Z+ST

/31'—4-57 = ﬁl—‘rST 1 + A2(z ) ;
+Q/)’L+ST i4+ST— lwz—l—ST Mg
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where Mg denotes such a stability region, i.e. the region of causality and of invertibility, and

[5]/\45:{5 if € Mg

a value strictly interior to Mg otherwise.

Practically, for each value t, we must monitor the admissibility of the values Bt., i.e. the autoregres-
sive and moving average polynomials must satisfy the causality and invertibility conditions. Ljung
and Soderstrom (1983) proposed various approaches, which consist of testing the admissibility of
the current estimate and in the event of rejection to apply a projection of the estimate into Mg,

where the values are acceptable. Such a projection is implemented as successive reductions of the
correction term for the parameter estimates. We apply the following method to monitor Bt (cf,

Ljung and Soderstrom, 1983, p. 367).

Monitoring algorithm

P,
92 o~ ~ ~
o (’Lt77) + wtpt—1¢t

it

i) Compute u; = (the updating term).

ii) Compute Bt = th + uy.
i1) Test if Et € Mg (is admissible). If yes stop.

iti) If By ¢ Mg, set uy — Aug, for some 0 < X < 1 and go to ii).

The forgoing algorithm is applied until we obtain an admissible value. Further discussion on
the choice of A is given in Ljung and Soderstrom (1983, chapter 5). It is worth noting that the
projection assumption does not imply that the projection is necessary for the practical use of the

algorithm. Thus for some variants of the PELS we make the following additional assumption

B4 : The algorithm includes a projection that keeps Bt in the stability region (at least infinitely
often).

The following theorem shows the strong consistency of the PELS estimator.

Theorem 3.4.1

i) Under assumptions B1, B2 and B4 the obtained PELS estimator ﬁt converges almost surely
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to the true value B*, in the sense that

1 /~ SN

n (Bt - ﬁ*) Ry (ﬁt - B*) 250 ast— oo, (3.4.13a)

1 t

n Z G—en)? 250 ast— oo. (3.4.13b)
k=1

it) If, in addition, B3 holds then we have

B, =% . (3.4.14)

2(’Lt,Tt 1)

ii1) For the PELS algorithm (3.4.10) with the weights 7, instead of Eft(it’”), the obtained

estimator satisfies the conclusions i) and i) without the assumptions B1b and B4. B

The proof of this theorem is based on the stochastic Lyapunov function approach (cf, Solo,
1979; Moore and Ledwich, 1980) which lies on a version of the Robbins and Siegmund’s (1971)
Martingale convergence theorem, slightly modified by Solo (1979). This theorem can also be found
in Neveu (1972, p.33) or in Duflo (1990). The proof is quite long and requires the several necessary
lemmas given below. We first begin with the basic Robbins and Siegmund’s (1971) convergence

results, modified by Solo (1979), which we give without proof.
Lemma 3.4.1 (Robbins and Siegmund, 1971; Solo, 1979)

Let {Li}, {ous1}, {Bes1} {veg1} be sequences of nonnegative random variables adapted to a

filtration {F:}, such that

E(L/Fi-1) < (1 +7¢) Li—1 + ar — By, (3.4.15a)

(e o]

Z’yt < o0 a.s.,

t=1

[e.e]

Zat < 00 a.s. (3.4.15b)

Then
L,—L as., (3.4.16a)

and

> Bi<oo as, (3.4.16b)
=1
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where L is a nonnegative random variable.

Proof

See Solo (1979, p. 961) for the particular case v, = 0 and Duflo (1990) for a general proof. B

In order to apply the forgoing result to show the strong consistency of the PELS estimator, we

need to introduce some notations. Set

and

~ ~ N

By = By — B,
~] o~ ~

T: = 5thBta
2 ’\2(7'77—)
wi,T =0; )
2 _ ’\2(i7T)
wi,T =0y ’

_ -1 ~1'5

at = —W;, -, PPt

Then one can prove the following lemma.

Lemma 3.4.2

The following inequality

s true for any t.

Proof

_ ~ 1
bt = wit}” (Gt — &t — 2wit77—tat> .
T, <Ti 1 —2a:b + Qw;it@;ﬂt_léft + 2w;2’_t@;R;1¢tf§t6t, (3417)

For convenience, we rewrite using the above notations, the first, the third and the fourth

equations of the PELS algorithm (3.4.9)

By = Biqgtw

-~/ ~
& = Yt— Bi1Pp (3.4.18a)

2 R;'%.z, (3.4.18b)

1,Tt

Ry = Rey+uw;2 3,8 (3.4.18¢)
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These equations can be written, with the fact that Et = Bt — (8%, as follows

-~/ ~
gt = Yt — P19
% _ 3 -2 D1~
By = Bt wz‘t;rth Pty
R = Ri1+w 23,3
t = t—1 ie,me PtPL

Otherwise, from (3.4.8), (3.4.18a) and (3.4.18b) we have

~ ~I D
& = Yt — Pb

~ID —2 A D -1~ ~
= Y- (P;Bt—l - witﬂ-t‘P;Rt Pt
2~ -1~ \~
= (1 - wit,ﬂ@iRt @t) Ety
and by the matrix inversion lemma (see Appendix A, equation (A3))

~

t Pt -2 D1~

2 A/R 1~ _wit,Tth—lgot'
Wi, 7, — Pl Py

Hence, using (3.4.20) and (3.4.21), equation (3.4.19) becomes

)

B5—1~ ~
_ 7 Ry, e
Wi, 7, — Pedry Py

= Bt w;itR;—llszﬁt’
this permits us to rewrite (3.4.18b) and (3.4.18c¢)
By = Bia+ w;itR;—l1@t€t,

~

R, = R\t—l + w;’%_t@t@;.
Pre-multiplying now (3.4.22a) by Ry_1 one find

fay > o > —2 A~ ~
Ri—18y = Ri—1B4—1 + Wy, . Pt€ts

and using the relation (3.4.22b) in the left member of this last equation, it gives

~ ~ 2~~~ B —2
R, — wz‘t,n@t%ﬁt =Ry 1By 1+ Wy, 7, Pt€t-

94

(3.4.19)

(3.4.20)

(3.4.21)

(3.4.224)

(3.4.22b)

(3.4.23)
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~1
Pre-multiplying again (3.4.23) by /3, we obtain
~) o~ ~ ~~ o~ —o 5 o (=2
Bl = ByRi-1B8y 1 +w;, 7 Bipier +w;, 7, (5#%) ;
and using (3.4.22a) in the first term of the right member of (3.4.24) it follows

5% _7 B 7 2 1T -~ -2 2~ 2 (7~ )2
BiuBy = Broa R By + w2 @18, + wi2 Biie + wil%, (i) -

95

(3.4.24)

(3.4.25)

Substituting the expression of Bt—l from (3.4.22a) into the second term of the right member of

(3.4.25), with the notation

~) o~ ~

T, = B Riby,
_ -1 ~17
Ay = Wy, - PPy
b, = wl (&= 1
t = Wi | & &t 2wzt7nat )

one obtains

2 ~1TH A~
T; Ty 1+ wit,n@tﬁtet —

o s ([~ 1= 1
Tia + 2“’@3,2”@2@ <€t + 2‘!’2@) - wy,, Tt%Rt 11<Pt€t7

o g [~ 1_,~ o
ﬂ4+%%%%m<q—&+2%&>+%%i%@&—z”yﬁ

1 ~~2

Ti1 —2aby + 2111;,27@2@& - A A

7ft Tt

Exploiting (3.4.19) in the third term of the right member of (3.4.27), we find

—2 ~I'n —2 ~I p—1~~
Ty = Tio1 — 2aebe + 2w;, -, @y By 180 + 2w, 7 9 Ry DErer —

2
w;, TtSOth \Bre; + w;, T,ﬁt%et + th - (@t%) )

1 ~ ~2
t—1PtC¢ >

51 ~ ~2
w;, T,SOth 1Pt€tH

(3.4.26a)

(3.4.26b)

(3.4.27)

(3.4.28)

and using the fact that the last term of the right member of (3.4.28) is nonnegative, one deduces

(3.4.17). W

Let Tt =

&+ | =

t
(Tt +2 > akbk>, then the following result can be obtained.
k=1

Lemma 3.4.3
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Under assumptions Bl and B2 we have

E(Ty/Fo1) S Tooy —t 7Ty + 2t e odwy 2 B RB, + Ct 2 x

~ o D1~ 3.4.29
(190~ 2 B (el /Foms) + BRTBE (2] Fi)] as. (3.4.29)
where
T¢
o Tt+1 if0<7-t§57
G = Tt — 0 if T > 0.
Tt + 1-— 5
Proof
Rewrite the inequality (3.4.17) as follows
Ty < Ty1 — 2ashy + 2¢; ' wi %, BBy 20 + 2ct . n,@;R‘l@aet
-1, -2 -1 ~
+2 ( w; T, TG WD 1) PiBy_1et + 2 ( w; S, — G w% e 1) gptR DiEret,
= Ti1 — 2aby + 2¢; wzt Te— 1%@& 180+ 2¢; Mw it, Tt—l/@:nglat (€t —&1) et
2 —2 /\/ﬁ—l/\ 2 2 ¢ w'?t T¢—1 w'?t Tt /\IB
+ 2w, T, Py et 7 — | PiPi-16t
o thlztﬂ'twiztﬂ't—l
2 2
CWw; . — W PR
+2 %2” - 3 et @;Rt 190155755157
Wi,y Wiy r—1
< Ty1 — 2aeby + QCt lz Ti— 1%515 16t + 2Ct thTt 1‘PtR_ Py (Bt —et) e
+2¢, 'w VPR Bre + 2 “’2”7 3 T ) BB, e
Zt Tt th’itﬂ't ’it,Tt*]. (3430)

+2

B, T o, Te—1

2 2
CHW; . — W; ~
t,Tt 1t,Tt ~/ —1~ ~
o R pEes
( cw? _w? Tt ’

where according to (3.3.10) the constant ¢, is, for convenience, given by

Tt
o — T+ 1 if0 < <0,
t= Tt—5 if Tt>5,
Tt+1—5
so that
1 Az i

2 2 1 S ~2
CWiyr—1 — Wiy ry = th_ ~2 :_78“
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for some suitable bounded function kg = k(S) of S, where 7, = [1Z2]. Since wiT = Ef(i’ﬂ is a
. . 2 1 .
strongly consistent estimator for o > 0, then —5———5—— is bounded a.s. Let M be such a
Wy, 7 Wiy -1

bounding constant. Hence, from (3.4.30) we obtain

T, <Ti_1—2a:b; + 2Ct i, Tt 1907&/815 1€t + QCt zt%—t—laéRt_lat (Et — €t) €t
_ _ 2k5M - 2ksM |, a.s. (3.4.31a)
+ 2wz‘t,n—1‘Pth Pl + BiBi_1Ere| + 2 ; B RBE ey

As the quantities wj, r,—1, @y, Et and th are F;_i-measurable and since F(g;/F;—1) = 0 and
E(e?/F;—1) = o3, taking the conditional expectation of both sides of (3.4.31a) with respect to F;_1

we then get

2ksM | . ~
E(Ty + 2atby/ Fy—1) < Tp1 + 2¢; w“ Ti— 180th Prof + —— 2 A 1) (‘53515‘/]:15*1)
2k:SMA
+2 SDth tE ( ‘Etgt‘/ft—l) .
t—1
Add 2 )" agbi to both sides of this last equation. This gives
k=1
_ _ - PN 2ksM | ..
E(Ty/Fieq) < (t— 1)Tioq +2¢,'w it n 1%0th 130% + =2— |31, 1‘
QkSMA, (3.4.31d)

E (|/E\?Et|/.7'—t71) goth I@tE ( ‘5t5t‘/ft71) .

Hence, after some simple manipulations, with the fact that @;Bt,l =1y — ¢ and C = 2kgM, we

finally find (3.4.29), which proves the lemma. B

Now, we will apply Robbins and Siegmund’s (1971) Martingale result given by Lemma 3.4.1 to

(3.4.31a). We have only to show that T;_; is positive and that the two last terms in (3.4.31a) are

summable, i.e.

t
1
- <:nt +2 Zakbk> >0, (3.4.32a)

k=1

2
Z G lwz,an 1g0th $,02 < o0, (3.4.320)

ZC’t_ []yt —&| FE (‘stst‘ JFi— 1) + @tR_lAtE (‘etet} [ Fi— 1)} 0. (3.4.32¢)

The remaining lemmas deal with the proof of the relations (3.4.32).
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It should be noted that equation (3.4.32a) holds once the model linking aj to by given below
(equation (3.4.34)) is very strictly passive (Hill and Moylan, 1980), i.e. there exist u, n > 0 and
K > 0 such that

T
Z (arby — pai — nbf) +K>0 as. VI>1 (3.4.33)
t=1

A frequency domain sufficient condition for (3.4.33) to hold is given in Adams and Goodwin (1995).
This condition is intractable in practice and will not be considered here. A more simple and weaker

condition is given by (3.4.12) (assumption B2). In the following lemma we show that assumption

t _
B2 assures the positivity of >  arbr and hence that of T. Before giving this lemma, we need to
k=1

quantify the relationship between aj and by which is a key step in the proof of the theorem.

Lemma 3.4.4

With a; and by given in (3.4.26) we have

by = (0;,(L)' —1/2)a, (3.4.34)

- H’it(L)ata

0o
= <Z Hl't75Ls> ag,
s=1

P ,
where 0; (L) =1— % 0; ;L7 and iy € {1,...,S} is such that t = iy + STy.
j=1

Proof

We have
G —e = Y — By — yr + o8,
! Q% ~ID ! %k ! %k
= o — B +eB" — P8
= —@iBs+ (ps — @) B,

p
= BB+ 0i @y —er ). (3.4.35)
j=1
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Thus, from (3.4.35) we obtain
G@—e = —0i,(L)'@B,
witﬂ'teit (L)_lah (3436)

provided that 6;,(L) is stable. Combining (3.4.26b) and (3.4.36), one get (3.4.34). H

Lemma 3.4.5

Provided that B2 holds, we have

t t
Z aiby, > )\Zai, for any t > 1, (3.4.37)
k=1 k=1
where
A= inf inf [Re Hs(eiw)] )
se{l,..,S}—m<w<m
Proof

From the definition of a; and by, we can write

S (Yo, |
k=1 7=0

t
E akbk
k=1

t o]

= akZHk,jakfja
k=1 j=0

t
ZH Q- (3.4.38)
k=1

Mg

<.
Il
o

For convenience and without loss of generality, suppose that ¢ is a multiple of S, that is t = S7.

Then we can rewrite (3.4.38)

Zakbk = Z Z Hy Z Us+SmbstSm—j- (3.4.39)

7=0s=1

Using the facts that

™

o ) © e otherwise,

—T
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and
7—1
Z Qs+ Smls+-Sm—j = Z Z A5+ S51As+Sn s
m=0 {n,le{0,...7—1}/Sl—Sn+;j=0}
we have
St o S T—171-1 1 n
(S-S j
Zakbk = ZZHSJZZQW/GHSZ@H-Snel( n+])wdw’
k=1 7=0s=1 =0 n=0 g
1 T o S T—1 T—1
Zr J=0s=1 =0 n=0
1 T o S T—1 2
- g
53 3L SR P
Zr 7=0s=1 =0
1 T8 |r-1 2 oS
e s=111=0 §=0
1 T8 |r—1 2
= 277/2 ZaerSle’Sl“’ Hy(e")dw,
r s=111=0
1 T8 |r—1 2
= %/Z ZaergleZSl‘“ Re Hs(e")dw
o s=111=0
S 1 T lr—1 2
> AY o [ s
s=1 o 11=0
S 71
_ 2
= AZ G545
s=1 1=0
St
S
k=1
where A =  inf inf [Re H(e™ )] Using the real positiveness assumption B2, we get from
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this last inequality

ST ST
Sah =AY
k=1 k=1

v

0.

This completes the proof. H

To establish the proof of the theorem, we need to prove (3.4.32b). The following lemma, proves

an equivalent relation to (3.4.32b) under a certain assumption.

Lemma 3.4.6

Provided that the following condition

¢
tgnoo supt ! Zw;?ﬂ 13112 < o0, (3.4.40)
k=1
holds, we have
1 Bl
Z Ew;igaiRt_lnpt <00, a.s. (3.4.41)
t>1

Proof

First, we have

GRTe = tr(GRR),

IN
-~
g
— — /‘67 e
RS}
—
=
-
[ V]
S~
&~
=3
—
ek
~—~—

~ N2
—1 —~ -2 1~ 112
Ry ) %Zwim 1Pell” -
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In the latter inequality we have used the well-known trace inequality for nonnegative matrices (e.g.

Yang and Feng, 2002, Lemma 2.3)
tr (AB) < tr (A)tr (B), for any nonnegative matrices A and B

By using the properties of the matrix inversion lemma given in Appendix A, we can write

t
2
- — ~ - — ~ 112
Zt 1wzt T(Pth < szt 730t< 1) Pt (t 1Zwit,27- H(pkH )7
k=1
o] 5—1 ~
~ R,
~/ t—171 -1

= SDth 5-1 /\ <t sz T||(10k|| )

=1 w, -+ PR By "
<

szt TSOth 1Rt 1P <75 ! szt T 1Pkl >

= Zt?" < it T@ttpth ) (t_l szt T ||90kH )
t=1

= S ((ﬁt—ﬁfH) E;lﬁ;jl) (t—lzwm||¢k|| )
t=1

= > (R -R) (t IZwW 12l )
t=1
since
> tr (R;}l - Rt*) = tr(Ry') — tr(R3}) < oo,
t=1

by the assumption (3.4.40) we can conclude that (3.4.41) is true, which completes the proof. l
Remark 3.4.6

A strong counterpart of Theorem 1.6.2 (equation (1.6.10)), that is

~2(2,7) a.s.
w? :ai( )—>a >0as 77— 00,

can be easily proved. Therefore w;_ 2 and wZ <, are bounded a.s. so that (3.4.32b) and (3.4.41)

may be equivalent.

It is worth noting that the assumption (3.4.40) is intractable as it stands. The following lemma

shows that assumption Bla implies (3.4.40).
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Lemma 3.4.7

If the assumption Bla holds, which implies

t
. 1~ 1,
tlg(r)lo sup 5 kg_l U—%yk < 00, (3.4.42a)

then (3.4.40) is satisfied.

Proof

By similar arguments as for the proof of relation (3.3.15), one can easily show under B1 that

~+ | =

—2 —2 2
Z (wiwk ~ %% ) Ye = op(1).

t
k=1
This immediately implies that

t
- 1 -2 2
tlg{)lo sup 5 kg 1wik77kyk < 0. (3.4.42b)

Hence to establish the lemma, it remains to show that (3.4.42a) implies

t
: 1 9 9
tEI})O sup kg 1 w; * € < 00. (3.4.43)

To do this, premultiplying (3.4.18b) by ﬁt and the resulting equation by B;, after some simple

manipulations one gets

A~~~

o~~~ ~/
. ) ~ ~
BBy = BiRify_q1 + wit,nﬁt%ffta
~ 9 B 1~ ~ I~ ~ 9 S~
= (51571 +w; 7 Ry Sﬁtgt) RiBy 1 +w;, 5, BipiErs
_ ~/ E ~ D RN . —9 S~
= B BiBio1 +w;, 5, 01818+ wy, L, B,
3 (R A A 2 3 o
t—1 \Lu—1 +w;, 7 0y ) Proq + Wy, L, PP g€t
~ —~ !/
_9 _9 Aa~ ) A~ ~
wit,’rt (IBt*]. + witﬂ'th Sotgt) PiEts

~/ ~ -~ _92 ~I' 2 -2 ~ID =
Bi1Ri—1By—1 +wy, 7, (‘P;Bt”) 2w 7 PibiErt (3.4.44)

4 D1 2
witJtSDth Pt
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Knowing that SAOQBt—l = y; — €, equation (3.4.44) can be written

~/ ~ ~
B/E B B ReaBig + w;, Yy + wit T Et Qth Ttytﬁt + 2“% thptﬂt 15t
e B —4 /\,R_l/\ ~2
+w t Pty

7ft Tt

5t 1Rt 16t 1+ w“ Ttyt + wzt Tt/\? — 2w Wi, 14 (@tﬁt 1+ 5t) €t

1~ ~2

+2w;, n@tﬁt 15t+% n%R Py,

-~/ ~ ~ _ _ /\ RN
= BiiRi1Biq + wifnyf + wit?n g2 _ wlt 7.E (1 —w;,’ thpth 19015) (3.4.45)
Summing the two sides of (3.4.45) for k = 1, ..., ¢, and using equation (3.4.20) we obtain

PNIENPN

t t
2 H 2 -2 2 -2 22 -2~ D -1~
BiRiBy = BoRoby + Zwimmyk - Zwikﬂ'ksk (1 - wi,mTkSOkR k gpk)
k=1 k=1

w2 2
W 7, €k
- 50R0B0+szwkyk+z 8 kR*lA'
lk TkSOk; k ()Ok
Hence
1 ’L_kQ’TkA2 1 t Lo
ZZ Zw% Uit ﬁOROﬁO BBy (3.4.46)
i U TkSOkRk P k:l

Thus, from (3.4.46) it is clear that (3.4.42b) implies

—2 ~2

€k
lim sup — Z D i ——— <00,
b0 w;, rk@kRk Pk

and as w;_ ’2” PR 1P, < 1 (see Appendix A equation (A4)) we then have

—2 ~2
wlkﬂ'kek -2 ~2

T 2 Wi, ks

1 Zk: Tk @/{,‘R k SOIC
which implies (3.4.43) and hence (3.4.40). This completes the proof. B

Lemma 3.4.8

Under assumptions Bl and B2 we have

> G RGE ([Ble] /Fi1) < o0 as. (3.4.47a)
t>1
St 2y — &l B ([Ele] /Fir) < 00 as. (3.4.47b)

t>1
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Proof

From Lemma 3.4.6 and the boundedness of 8i(i’“’7’“) (see Remark 3.4.6), we have

—1~/ D1~
Zt O Ry < o0, a.s.
t>1

Thus to establish (3.4.47a), it suffices to show that t~'F (‘??at‘ /,7-}_1) is bounded a.s. Indeed, by
the Markov inequality and assumptions B2b and B4 (see also Section 3.5 for more details) we have
P E([Eal /Fia) 2n) < n W E[E (el /Fia)],

B ().

)

IN

Ct™'E (|}

t—o00
—

0,

for any n > 0, where C' is an appropriate positive constant. Thus, (3.4.47a) is established. Return-

ing now to (3.4.47b). Using again the Markov inequality and assumptions B2 we have

P (t_(s ’yt —§t|E (‘E?Et‘ /ft—l) Z 77) = P <t_5E (‘(yt —/E\t)/é\%&?t‘ /ft_1) Z 77) 5

< B ((y —E)Eer)

t—o0
— 0,

provided that the model linking y; to &; is causal. Hence, t 0 |y, — 5| F (Efat‘ /.7-}_1) is bounded

a.s. and then the sum

S [ g =2l B (] JFm) | = 30 b =Bl B (] ).
>1 t>1

is finite a.s., which achieves the proof. B
Proof of Theorem 3.4.1

i) We shall apply the Robbins-Siegmund Martingale lemma (Lemma 3.4.1) to the function

t
_ 1
T = n (Tt-l-Qzakbk) ;

k=1
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with L, 8, and oy in Lemma 3.4.1 corresponding to

Lt = Ttv

Bt = tith—h

o = Ot |ly &l B (Bal /Fia) + BRTGE (Ba] /7).

By Lemma 3.4.5, t~1T;_; is positive and by Lemma 3.4.6 and Lemma 3.4.8, a; is absolutely
summable. Therefore, the conclusions of Lemma 3.4.1 are true, i.e. there exists a nonnegative

finite random variable T such that

and

Y 7T 1 <0 as. (3.4.48)
t=1

The latter conclusion (3.4.48) implies necessarily that
T=0,a.s.
Since T’ is the sum of two positive terms we conclude that
1 (B - 87) R (B 67) 7500, s,
t
t! Z agbe "=5°0, a.s. (3.4.49)
k=1

Thus the conclusion (3.4.13a) of Theorem 3.4.1 has been proved. To prove (3.4.13b) we note that

Lemma 3.4.5 implies that

t
Z a2 "22°0, a.s., (3.4.50a)
k=1
and hence
t
S0, as, (3.4.500)

T
I

since b; is obtained by exponentially stable filtering of a;. Moreover, as we have from (3.4.26)

- 1
€t — &t = witﬂ'tbt - 7wit77'{;at7

2
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the conclusion (3.4.13b) of Theorem 3.4.1 follows from (3.4.49) and (3.4.50). The first part of
Theorem 3.4.1 is now proved.

i1) To show the second part of the theorem, note that under B3 we can write
1. 1< 1
<th - R> = Z ( S Pk — (f]%soksf)?g) :
=1
! 1 1 1~ 1
= (() - Qgﬁ) PrPi + 7 Z ;% (Prpl — PuPk) - (3.4.51)
k:l

Using similar techniques for proving (3.3.15) (cf, Section 3.3), one can easily show that, under the
existence of fourth moment (B2b), the first term in the right member of (3.4.51) can be neglected,

i.e.

t
1 1\ .,
Z Z <a2(1k,7k) i) PrPr = Op(l)'

k=1

Moreover, by the conclusion (3.4.13b) of the first part of Theorem 3.4.1, it also follows that

1 1 o~
n Z ? (Pl — PuPk) = 0p(1),
k=1 k
and then
1~
<th — R) = Op(l). (3.4.52)

1 ~
Therefore, by B3 and (3.4.52) we conclude that ERt is bounded by a positive definite matrix and

hence, from the conclusion (3.4.13a) of Theorem 3.4.1, we finally obtain
Bt t:OO 6*a

which completes the Proof of part 7).

2(i¢,m¢—1) . 2(i¢,7¢)

i41) When we use in algorithm (3.4.10) the weights 7, in lieu of 7, the analysis will be

2(ig,me—1)

much simpler because of the F;_j-measurability of o, . Indeed rewriting (3.4.17) as follows

-2 ~1'7 -2 ~I D=1~ [~ —2 ~I D=1~ 2
Ty < Tiey = 2aiby + 2wy, 7 PBr 16 + 2w 7 PRy 0y (B — ) & + 2wy, 7GRy Biey
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Now because of the F;_i-measurability of w;, 2 Lemma 3.4.3 will be simplified. With T; =

,Te—1

1 t
n (Tt +23 akbk>, it is easy to show, along the lines of Lemma 3.4.3, that from the F;_q-
k=1

measurability of w; 72”71 and &; — ¢; and the fact that F(¢?/F;_1) = 07 we have

E(Ty/Foer) <Tooq —t Ty + 2t 02w 2 B\R'G,  as.

14, Te—1

Applying Robbins and Siegmund’s (1971) Martingale result given by Lemma 3.4.1 to the latter
inequality proves part iii) of the Theorem. B
Remark 3.4.7

We note that condition (3.4.11¢) is used only to do some of the algebraic manipulations. It
holds once (3.4.11b) is verified. Otherwise, it is worth mentioning that if we replace the weights
Wi, 7, bY Wi, 7,—1 in the PELS algorithm (3.4.10), the convergence analysis can be made more
easily, since the weights w;, r,—1 will be F;_;-measurable and conditions (3.4.11b) and (3.4.11c) can

be omitted. In Chapter 5, we shall return to this important point.

Having shown under B1 — B4 the consistency of the PELS estimator, we can in fact also give

the rate of convergence. The following Theorem is devoted to this point.
Theorem 3.4.2

i) Under the conditions B1 — B4 of Theorem 3.4.1, we have
$1/2=0 (Bt - 5*) 1290, a.s., (3.4.53)

for any 6 > 0.

—2(7&,7’15—1)

i) For the PELS algorithm (3.4.10) with the weights ;, instead of c/fi(i“”), the ob-

tained estimator satisfies the conclusion i) without the assumptions B1b and B4.

Proof

We only prove part i) of the theorem as the second one is obvious.

By the same approach to prove the latter theorem, we can show (3.4.53), once we replace in
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(3.4.31b) the divisor n by n® for any § > 0. Thus it suffices to establish the following relations

Zt_éwi_t?nqﬁﬁt_l@t < 00, a.s., (3.4.54a)
t>1

ZCFP& “yt 3| E (‘2/’5\%51&‘ /ft—l) + @;ﬁt_latE ("E\g’ﬁt‘ /.7'}—1)} < 00 a.s. (3.4.54b)
t>1

Relation (3.4.54b) can be easily proved by similar arguments as for (3.4.47) (cf, Lemma 3.4.8).
Hence we only prove (3.4.54a) along the lines of Solo (1979). Note that if 6 > 1, then (3.4.54a)
follows immediately from (3.4.47). Next, only the case when § < 1 will be of interest. Before doing

this we need to expose the following lemma due to Solo (1979).
Lemma 3.4.9 (Solo, 1979)
Let (v;) be a sequence of nondecreasing positive numbers such that

Z (ve —vi_1) 0 (E&) < 00,

t=to

where o (A) denotes the smallest eigenvalue of the matrix A and to is such that ﬁ;l exists for

t > tg. Then

o0 9

-2 ~! [ H—1 ~
E w;, 7, V19 (Rt ) Py < Q.
t=to

Proof

We refer to Solo (1979, p.962) for the proof. B

~ t t
Since tr (Rt> =) w;}fmtr (Br&r) = > w;kZTk |P5lI* the smallest eigenvalue of
k=1 k=1 "

N ¢
Ri=>" wf;ik@k@;ﬂ is of order ¢, that is
k=1 "

Thus because of the fact that

i (t+1)170 — 410

: <oo, for0<d<1,

t=1
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it follows from Lemma 3.4.9 that

Ztlf‘sw;iﬁl?pgﬁfl@ < 00, a.s., (3.4.55)
t>1

where the nondecreasing sequence (v;) corresponds to (tl_‘;). Now since

1, ~ 1 a2~
Z‘P;Rt 1‘Pt = ztr (‘Pt‘P;: (Rt 1) Rt) )

1 o (a1)\2 ~

ZW PPt (Rt ) tr <Rt> )
1\ o, /o 1\2 .

= tr <th) 802 <Rt 1) Pt

IN

and by assumption B3

t—o0

1~
lim tr <th) < 00,

and the a.s. boundedness of (uf2 ) we conclude that (3.4.54a), which will ensure (3.4.53) and

it,Tt

t
0> (@ —er)® =50 as t— oo, (3.4.56)
k=1

3.4.3 The PELS algorithm with a prefilter

In the above, we have seen that the PELS algorithm provides consistent estimates provided that

the positive realness condition on the transfer functions

wY) 1 _} _
H, (e )— (Gs(eiw) 2), s=1,...,5,

holds. This condition is too restrictive, especially for higher order PARM A models because the

class of filters which allow the condition to be satisfied is small. As we have seen in Lemma 3.4.4

and Lemma 3.4.5, the positive real condition results from the particular form of @, and that of a;

and by given by (3.4.26). If we want to relax assumption B2, we must replace the pseudo-regressor

vector 3, in (3.4.7) by a certain prefiltered vector 1, such that

Mt(L)lzt = % (3.4.57)
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,
where p, (L) = 1— Z oy L7 is a suitable periodic stable filter, i.e. pj are periodic in time such that
j=1

(11;(L)) " exist for any . The choice of 11,(L) is made so that the condition B2 will be replaced by

a weaker condition as we can see below. Thus we obtain the following modified PELS recursion.

Algorithm 3.4.2 (A modified PELS algorithm with prefiltering)

o~ A, o~
€i+St = Yi+St — 5¢+ST—1%’+ST7
T ~2(i,7—1) + 1 %\2 0<7< 5
~2(ir) Tl T+1 ”13“ =
i T—0  _2%ir—1) 2
— 5 + — T>0
T4+1-4§ " 7'+1—6z+5‘r7 ’
> > ’L+ST¢7,+ST€Z+ST >
51’-&-57’ = 61—&-5’7’ 1T A2( ) ) /BO =0,
+ ¢Z+ST i+ST— ]-wl-‘rST
fan A PH—ST 1’¢ 1/)
+S i+S ’L-‘rS’T‘ 1
-P'L'+ST = F)'H»STfl /\2(Z - e PO = K. I
+ ¢Z+ST i+ ST— IQJZ)7,+ST
VYirSre1 = Z Pit1,jVitSr+1—j + PitSr41
i=1
—~ /\/ o~
€it5r = YirSr — BitsrPitsrs

Compute @, g, from (3.4.7).

With ;Dt in place of @, it is easy to see that the consistency of the resulting estimate provided by

Algorithm 3.4.2 follows in the same manner as in the above, provided that

t
Z by, > 0,
=1

where a; and b; are defined similarly to (3.4.26) by

~f~

a o= —wl P, (3.4.584)
~ 1 . 1 -
bt = w’it,Tt €t — & — §wit,7tat . (3458b)

Using these notations, we can obtain similarly to Lemma 3.4.4 the following result, which gives the

relation between a; and gt.
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Lemma 3.4.10

With 1, defined by (3.4.54) and @, and by given by (3.4.58) we have

by = (Z:Ef)) —1 /2) ar, (3.4.59)

P , : .
where 0; (L) =1— > 6;;L7, p,(L) =1— Z“LJ’LJ and iy € {1,..., S} is such that t =iy + ST4.
=1

J j=1
Proof
From (3.4.36) and (3.4.57) we have
~ _ ~1~
(& —e) = —0;(L) lﬂt(L)wtﬁt,
i, (L)~
= i Q. 4.
w t Tt Qit (L) a’t (3 60)

Combining (3.4.60) and (3.4.58b), gives (3.4.59). &

Thus we now establish without proof the consistency of the estimates obtained from Algorithm

3.4.2.
Theorem 3.4.3

Under the same assumptions of Theorem 3.4.1, except that in B2 the transfer functions H;(L) =

1 ~ (L
D)~ 1/2 may be replaced by H;(L) = Z,Z((L)) —1/2, i.e.. that the following conditions
Re [ 1T Vw € |-, forall s =1,...,S (3.4.61)
05(61"‘}) 2 b ) 7 0 e

hold, the estimates obtained from Algorithm 3.4.2 are strongly consistent. B

Next, we discuss the choice of the prefilter coefficient p, ;. We know from Remark 3.4.5 that

the positive realness condition (3.4.61) is equivalent to

08 (eiw)
s (€")

—1‘ <1, Ywe|-mmn[, foralls=1,...,5, (3.4.62)

W

which means that the transfer function is close to the unity. Hence a good choice of

s (€)

the prefilter u (L) which can be considered to be a way of guaranteeing the positive realness of
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) =

—1/2 is to set

for any preliminary estimated filter ES(L) of 05(L). This approach has been suggested firstly by
Ljung (1977a) and used by Friedlander (1982a), (1982b), Goodwin and Sin (1984) and Adams and
Goodwin (1995).

3.4.4 Concluding remarks

In this section we have developped two recursive on-line estimation algorithm for PARM A models,
namely periodic extended least squares algorithms (PELS) without and with prefilter. The pro-
posed algorithms, derived from the pseudo linear regression approach, generalize the well-known
extended least squares algorithm (ELS) developed for stationary ARM A models (cf, Panuska,
1968; Young, 1974) and coincide with the PRLS algorithm (cf, section 3.3) in the case of PAR
models. Similar algorithms developed for PARM A models was already considered by Adams and
Goodwin (1995). The main difference between the PELS algorithms given here and those of
Adams and Goodwin (1995) lies in the fact that our algorithms are based on the weighted least
squares method instead of the ordinary least squares method, in order to take into account the het-
eroskedasticity of the innovations process. Moreover, our algorithms converge under positive real
conditions which are weaker than the very strict passivity condition given in Adams and Goodwin
(1995). An advantage of our algorithms is that they are computationally equivalent to the periodic
recursive least squares algorithm (PRLS). Moreover, it has been shown that the PELS estimators
are strongly consistent under the positive realness condition on a certain transfer functions (see
assumption B2, and equation (3.4.61)). The latter condition seems much simpler than the suffi-
cient frequency domain condition for the very strict passivity assumption considered by Adams and
Goodwin (1995). However the positive real condition B2 is too restrictive for higher order models,
and the PELS algorithm (Algorithm 3.4.1) will not guarantee the convergence for a certain choice
of the moving average polynomials 6;(L). The inclusion of a prefilter y,(L) in the PELS algorithm

can then relax the condition B2, while increasing the algorithmic complexity.
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Another limitation of the pseudo linear regression approach when used in the presence of the
moving average component, lies in the asymptotic inefficiency of the obtained estimates. Indeed,
the limiting covariance matrix of a PLR algorithm is, to our knowledge, not fully understood at
the present time (see also Ljung and Soderstrom, 1983 p. 231; Solo 1978, 1980). Moreover, Ljung
and Soderstrom (1983, p. 231) showed via a particular counterexample, without giving the corre-
sponding asymptotic distribution, that the PLR estimator (for an M A(1) model) is asymptotically
inefficient. To avoid these drawbacks, one can choose in the algorithm a particular prefilter, as out-
lined above, which on the one hand allows the consistency of the estimates without the need for
the positive real condition, and on the other hand, makes these estimates asymptotically efficient.
This leads to an algorithm which is an analogous to the well-known Recursive Maximum Likelihood
(RM L) method (cf, Soderstrom, 1973; Getler and Banyas, 1974) that we develop in the following

section.

3.5 Periodic recursive maximum likelihood algorithm for PARM A

models

In the present section we shall develop a recursive on-line estimation algorithm for PARM A models
that avoids the two aforementioned drawbacks of the PELS algorithm, namely the statistical
inefficiency and the restrictive positive realness (and hence the strict passivity) conditions. Among
the many existing approaches for building recursive algorithms, we chose the off-line approach for
on-line methods, i.e. a family of recursive algorithms resulting from off-line estimation methods.
The basic criterion for the algorithms of this class named "Recursive Predictor Error Method"
(RPEM), is the minimization of the mean square error forecast, expressed in empirical form (see
(3.2.4)). For many linear models such as the ARM A and PARM A models, the RPE criterion is the
same as the conditional maximum likelihood criterion (when the innovation process is Gaussian),
and gives estimators whose properties are equivalent to this one. This is the reason for which the
obtained recursive algorithm is generally named "Recursive Maximum Likelihood" (RML). For
other model structures such as conditionally heteroskedastic models, the RPFE criterion does not
coincide with the ML one, and the name RM L will be inappropriate (see chapter 5). The RM L
algorithm is a recursive version of the very general class of maximum likelihood and prediction error
methods. It was introduced by different authors using different approaches (cf, Soderstrom, 1973;

Getler and Banyaz, 1974; Moore and Weiss, 1979) and was called Recursive Maximum Likelihood
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because of the similarity between the criterion functions, whereas the estimate obtained is not an
exact maximum likelihood. Indeed, for the presence of a moving average component, the criterion
function (3.3.2) would not be quadratic with respect to the parameters and the estimates cannot
be obtained analytically as in the recursive least squares case (3.3.6). Instead, using a stochastic
version of the Gauss-Newton optimization routine with some approximations, leads to the RM L
algorithm. As we can seen below, this algorithm can be seen as a generalization of the PRLS

algorithm when the underlying model includes a moving average component.

The remainder of this section is organized as follows, the first subsection recalls the principle
of the class of recursive predictor error method, RPEM. In the second subsection, we build
a recursive maximum likelihood algorithm type for PARM A models, called periodic recursive
maximum likelihood (PRML). Finally, the statistical properties of the PRM L estimates are

studied in the third subsection.

3.5.1 Recursive prediction

We recall that the best prediction (in the mean square sense) of y;, based on the past information

until time ¢ — 1, is given by the conditional mean E (y;/F;—1), where F; denotes the information

until time ¢. For the PARM A model
P q
Y — Z bijyi—j = €t — Zet]ft—j, t € Z,
j=1 J=1

where {g;, t € Z} is a periodic white noise with variance o7, this prediction is then given by
P q
E(y/Fio1) =Y ¢fim-j+ Y 05e4 te, (3.5.1)
J=1 J=1

where $* denotes the true value of the unknown parameter (. Since the innovations (¢¢) are unob-
servable and the data are generally available only for ¢ > 1 the computation of E (y¢/F;—1) is not
possible via (3.5.1). However as in Section 2.3, the innovations {e;} can be approximated, for a

given f3, by the prediction error function {e:(3)} which satisfier the following stochastic difference
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equation

p q
e(B) = w—> byy—i— > Oe—j(B), tEL,
=1 =1

= Y-y (B),

with the assumption that e; (5*) = ;. The calculation of &; (f) requires p + ¢ starting up values
of the latter stochastic difference equation. For a causal model, the effect of these values decreases
exponentially. Therefore they can be arbitrarily fixed without affecting the prediction error. Thus,
we approximate again g, () by the "conditional prediction error function" €y (8) which satisfies

the following "conditional" stochastic difference equation (a version of PARM A model )
P q
GB) =w—> byyj— Y 0yt (B), t>1 (3.5.2)
j=1 J=1

with &, (8) = y; = 0 for ¢t < 0. Nevertheless, more sophisticated devices such as back-forecasting
can be used to choose initial values. The conditional prediction function of y., denoted by y: (5),

can then be deduced from (3.5.1) by

P q
U (B) =) b vi—j— Y O (), t>1 (3.5.3)
j=1 g=1
from which we have of course
e (B) =y — 1y (B)- (3.5.4)
Combining (3.5.3) and (3.5.4), one can easily express the prediction y: (3) in the following recursive
form :
q T
Ue(B) =Y 01005 (B) =Y (¢ — Ou) n, £ > 1, (3.5.50)
j=1 i=1

with null initial values, where r = max(p, ¢). The same technique can be used for ¢; () and y: (5)

to lead to

T

e (B) =D Oy (B) =Y (¢1; — 0s) yi, t € Z. (3.5.5b)
j=1

=1
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The used criterion is as mentioned in Section 2.2 (see criterion (3.2.4)) the weighted least squares

which we rewrite for convenience in an equivalent form

t o
v =33 (3.5.6)

Standard arguments (see Ljung and Séderstrom, 1983, p. 82) show that if the innovation process
{et, t € Z} is Gaussian, the function V;(8) given by (3.5.6) is the negative log conditional likelihood

function.

3.5.2 The PRML algorithm

Though the derivation of an RM L type algorithm is well known and can be found in the on-line
estimation literature (see e.g. Soderstrom, 1973; Getler and Banyaz, 1974; Moore and Weiss, 1979;
Ljung and Soderstrom, 1983), in order to have a self-contained work, we present a summary of our
Periodic RM L algorithm (PRM L) and some of its properties. The derivation given here is similar
to the RM L version given by Ljung and Soderstrom (1983).

Let Et_l denote the recursive estimate of the PARM A parameter 8 at time ¢t — 1, i.e. the one

that (approximately) minimizes the function V;_1(/3). We wish to obtain the estimate Bt at time

t, that (approximately) minimizes the criterion function V;(3). Developing V;(5) by means of the

Taylor formula around Btfl, we obtain

Vi(8) = Vi(By1) + ‘Wtég“) (B=Bia) +5(8-Bur) azav;(fgl) (8-B1)

2, (3.5.7)
+o <‘/6_/Bt—1) ) )
where o(x) denotes a function such that
L:C)HO, as |z| — 0.
]
Minimization of the right member of (3.5.7) with respect to /3 gives
~ -1 ~
5 = PVi(Byy) | 9Vi(By) 53
By =Byq— %85,1 o L +o(‘6t—,@t,1‘). (3.5.8)
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As in Section 2.3, let 1,(8) and 17)15([3) denote, respectively, the negative derivative with respect to
3, of the unconditional prediction error function ¢; () and that of the conditional one €; (3), that

is

L 05(8) 9w (B)

-~ 0¢, oYy
e - TP -
» - | | _u)
and let also R; () be the second derivative of V;(/3) with respect to 3, i.e. R (8) = 9805 Then
from (3.5.6) we have
Mi(B) _ B
(9,3 - ; 0_% wk(ﬁ)v
_ WP E(B)~
and by differentiating once more
—~ —~/ = 22
Ri(B) = Rt (8) + > 9u(B)(8) + LD L 1F) (3.5.10)

o; o? 0pBop

Therefore, equation (3.5.8) can be rewritten

-1 aV;‘/(Btfl)

By =By 1~ [Rt (Bt—l)} o5 + (0 ‘Bt - Bt—l’) :

This last equation, seeming to determine the vector of parameters in a recursive way, is not com-

pletely usable. We shall make some approximations to evaluate it.

i) For t sufficiently large we suppose that Bt lies in a small neighborhood of Bt,l. On the basis

of this assumption it seems reasonable to make the following approximations

Neglect o ‘Bt — Bt_l

in (3.5.8), (3.5.11a)

and from the continuity of R;_1 we take

R, @) ~ R, (BH) (3.5.11b)
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ii) We assume that /B\t,1 is the optimal estimate at time ¢ — 1, i.e.
Ri_: (BH) ~0. (3.5.12)

iii) Finally we take

& (Bir) 0% (Bia)
o? 0p0p'

= 0. (3.5.13)

The motivation for using the approximation (3.5.13) lies in the fact that for the true value 5* we

have

8 (B")~ ony _
E (Wst (ﬂ )) =0,

since & (8*) ~ &, (in the sense that E (&, (8*) — &;)? e 0) and &; is uncorrelated with the past

02 (8Y) _ 5 (8)
opos ~  9pop

true value 5%, the last term of (3.5.10) can be neglected since it makes an order of magnitude less

values of the process, in particular with Thus, when (3 is close to the

contribution than the second term.

With the approximations (3.5.13) and (3.5.11b) inserted in (3.5.10) we can approximately eval-

uate Ry (Bt_l). Let R; be such an approximation. Then we have

Ri=Ry 1+ Ulgfbt (Bia) 91 (B (3.5.14)

Using now the assumption (3.5.12) into (3.5.9) we obtain

B

Iy gi)t—l) & (2_1) 7, (A ) ' (3.5.15)

Finally, with the approximations (3.5.11a) and (3.5.15) inserted into (3.5.8) we get the following

system

By = B+ R (Bt_l) a(ﬁ?) (3.5.16)

0y

Ri = Ri1+ 01%% <Bt—1> "‘Z:‘, (Bt—l) .
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It remains now to determine recursively ; <Bt_1> and TZt (Bt_1> in the sense of (3.2.1). For this,

we again make some approximations. In light of (3.5.2) we approximate &, (Btfl) for a given th

by €; obtained from the following stochastic difference equation (a modified version of (3.5.2))
P q
. ~(t-1) ~(t—1) .
Be=w— Y by Y= D Oy B t>1 (3.5.17)
j=1 j=1

1) (

~(t— ~(t—1
where the initial values are supposed to be known and where ¢§j and 6, ) are respectively the

"autoregressive-part" and the "moving average-part" of the vector //ét—l'

To evaluate 1/1315 (Bt,l), deriving with respect to 5 both sides of the equality (3.5.5), we then

obtain
q
Ui(B) =D 0n05(8) = BulB), (3.5.18a)
j=1
q
i(B) =D 0y () = @), (3.5.18b)
j=1

where ¢, (/3) is similar to ¢, given by (3.4.2) except that the unmeasurable innovation process {e;} is
replaced by the prediction error function ; () and so on. Equation (3.5.18a) represent a recursive

filter with an infinite impulse response. This cannot be used by a recursive algorithm subject to
the constraint (3.2.1). Instead of 1, (Bt_1>, we use an approximate t,, which is the solution to

the following difference equation
— E-—
(P Zet,j Ve =y, (3.5.19)
j=1

where @, is just ¢, given by (3.4.2) in which ¢ is replaced by €; obtained from (3.5.17), i.e.

_ ’ / ~ ~ ’ ’

Pi+Sr = 0.0, YirSr—1, -y Yi+St—ps —€i+St—15 -y —€i+ST—q> 0,..,0 1|, (3520)
—— ——
i—1 time S—i time

where 0, is the (p + ¢) x 1 null vector, and where ¢ and 7 are such that ¢ = 1,2,...,S and 7 € Z.

With the vector @, defined by (3.5.20), equation (3.5.17) can be rewritten

G=y— BBy (3.5.21)
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Thus, using &; and v, in the system (3.5.16) gives the following algorithm

& = w-@b, (3.5.22a)
o > ——1— Et
Be = Bra+ R T/Jt?y (3.5.22b)
¢
— — 1 ——
Ry = Re1+ ¥, (3.5.22¢)
¢
— T —1)—
Vi1 = Z 01 "Yiy1-5 + Prsas (3.5.224d)
j=1

where R; is obtained from R; in (3.5.14) when replacing 1, (Bt—l) by ;.

It is still possible to improve the recursions (3.5.22). In (3.5.22d) we use the "a priori" prediction

error &y = Yy — @2@_1 in @, to compute ;. Since at this time we have already updated Bt, we can
improve the estimate ; by taking the new knowledge y; into account. We then replace the estimated

prediction error by the estimated residual € which satisfies the difference equation (3.4.6), i.e.
(1) o)
== Gy v— Y Oy ey, t>1, (3.5.23a)
j=1 J=1

with null initial values. Now rewrite (3.5.23a) in a vectorial form

& =y — PiBy, (2.5.23b)
where @, is the one defined in (3.4.7). Let 17175 be the vector obtained from 1, by filtering the vector
¢, instead of @,, through the current estimate of the ;—polynomial, i.e.

q

- At=1)~ ~

Yy = Z 0 Yyt o (3.5.24)
j=1

With these improved estimates of zjjt and ¢, R; given by (3.5.22¢) is now replaced by R, with

~ ~!

~ ~ 1
Ri=Ri_1+ ﬁdjt@/}t
0%

Before stating our modified algorithm of (3.5.22), it remains to estimate the unknown variances o2

as in the above by means of the recursive relation (3.3.10) (cf, Section 3.3). Thus we obtain the
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following recursions

gt = Yt — @;/Bt—la
T A2(” n 1
~2(im)  _ T+1 T4+1 T
? T — (5 32(1'77_1) 1
T+1—-6 ° T+1-—

/\

By = »Bt 1+Rt lbt 2”,”)

~ ~ o~/

R, = Ri1+ A2(Zt G Ve

~ ~I' D
€& = Yt — PBy
R q
Y1 = Z t+1,ﬂ/’t+1 —j T Praa

?—:\2 ST7O<T§5’

~2
5EZ+ST7 T > 5,

122

(3.5.25a)

(3.5.25b)

(3.5.25¢)

(3.5.25d)

(3.5.25¢)

(3.5.25f)

Just as in Sections 3.3 and 3.4, we can of course introduce P, = }A?; ! and update P, using the

MIL (see Appendix A). We then obtain the following RM L type algorithm which we call Periodic

RML, (PRML).

Algorithm 3.5.1 (The PRM L algorithm)

The periodic recursive mazimum likelihood (PRML) algorithm for PARM A models is given

by the following recursive relations

~/

[~
Ei+St = Yi+St — /Bz—f—ST 1(701+ST?

T ~2(i,m—1) ~2

— 0, €irgr 0 <1 <9,

5207 _ ) T41 gz T+1 z+15‘r T
i T—30  _a3r-1) -2

— 7, _— , T >0,

T+1-96 ’A tT—Fl goitsT
% % +5: Vi +5 Cits 5
Bi+ST = BZ’+ST7]. + A2(,L - s Lo s /BO =0,

+77Z)z+57- I+ST 17p1+ST

Pi+ST = L4571 —

~ /\I A~
€i+St = Yi+St — /BiJrSTSOz‘-i-STv
( Compute @, g, from (3.4.7),

where § = (p+q) S, K is a large enough number and o; 2(60) _

-F)Z+ST 11/}1+57¢7,+S7— i+ST—1 ﬁ — K]
=
A2(z T)‘i"(/) w
+ST Z+S’T 1%i4+51

Vi1 = Z 0t+1 Vi1 + Pryr, (B =1+ 57T),

Z

(3.5.26)



CHAPTER 3. ON-LINE ESTIMATION OF PERIODIC LINEAR MODELS 123

Remark 3.5.1

It is of interest to compare the PRM L algorithm with the PELS algorithms (Algorithm 3.4.1
and Algorithm 3.5.2).
i) The only difference between the PRM L algorithm (Algorithm 3.5.1) and the PELS one (Algo-
rithm 3.4.1) is that the vector @, in Algorithm 3.4.1 is replaced by @t (in the updating equation of

Bt and P;) by filtering it through the current estimate of the #;—polynomial in (3.5.24), that is

A=) A
0, (L)Y = (3.5.27)

ii) Similarly, Algorithm 3.5.1 can be obtained from Algorithm 3.4.2 by setting

(L) =0, (L), (3.5.28)

instead of

In the following subsections we investigate what this difference means for the convergence properties

of the respective algorithms.

3.5.3 Large sample properties of the PRM L estimates
Consistency of the PRM L estimator

It is clear that the consistency of the PRM L estimator follows immediately from that of the
PRLS, because of the link between these algorithms as pointed out in Remark 3.5.1. Thus the

same conditions of Theorem 3.4.1 will be considered except that the condition B2 is replaced by

ey 1
Re ﬁ—i >0, VYwe]|-mn[, foralls=1,...,5, (3.5.29)

which holds provided that the filter git_l) (L) is stable. However, the PRM L algorithm as it stands,
)

~(t—1 -~
does not guarantee the stability of 05 (L) and hence we must prevent the recursive estimate [,

from getting outside the stability region.

Thus, for the PRM L algorithm we assume (unlike the PELS) that B4 holds even if we replace

~—2(it,7¢) ~—2(i¢,7¢—1)
a;, by o, .
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Theorem 3.5.1

Under assumptions B1, B3 and B4 we have
{1/2-5 (Bt _ 5*) 290, a.s. (3.5.30)

for any 6 > 0.
Proof

The proof follows from similar arguments used in the proofs of Theorem 3.4.1 and Theorem

3.4.2. 1

Once the consistency of the PRM L estimate was established under the aforementioned as-
sumptions, a natural question is to determine the "speed of convergence" to the limit. This is
usually expressed in terms of an asymptotic distribution for the estimate. Next, we deal with this

important point.

Asymptotic efficiency of the PRM L estimator

As is well known in the literature of the ARM A recursive estimation, the F LS has an asymptotic
error variance strictly larger than the Cramér-Rao bound (cf, Solo, 1978; Ljung and Soderstrém,
1983). It is also known that the RM L type algorithm provides asymptotically efficient estimates, i.e.
the covariance of the estimate converges to the Cramér-Rao lower bound (cf, Solo, 1981, Soderstrom
et al., 1978, Ljung and Soderstrom, 1983). For ARMAX models, Solo (1981) established the
asymptotic efficiency of the monitored RM L recursion under the assumption of the existence of
higher order moments (strictly higher than the fourth moment). His proof was based on the
introduction of a fictitious term (related to the recursion) which obeys a central limit theorem
(CLT). The term is subtracted from the normed up recursion and the remainder shown to converge
to zero (a.s.). Ljung and Soderstrom (1983) have used this technique to prove the asymptotic
efficiency of the more general recursive predictor error algorithm (RPFE), which is devoted to a
general class of time-invariant linear models. However, to simplify their proof, they considered the
very restrictive assumption that the underlying processes are bounded a.s. Such an assumption
will exclude a large class of stochastic processes such as the Gaussian one. In our PARM A case,
we adopt Solo (1981)’s technique to show the asymptotic efficiency of the PRM L estimator. The
adaptation is relatively straightforward but the details are tedious. Certain steps of our proof are

nearly identical to the proofs stated in Solo (1981) for other algorithms and can then be omitted.
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However, to have a self-contained demonstration, we prefer to expose the entire proof. Consider

the following assumptions on the PARM A model.

B5 : There exists a small 0 < 6* < 1/3, such that

supE (]5t|4/1736*) < K < o0. (3.5.31)
teZ

B6 : The PARM A model is not redundant in the sense that the polynomials ¢, (L) and 65 (L)

have no common roots for any s € {1, ..., S}.
Notice that when the process {g;, t € Z} is periodically distributed, the moment assumption
(3.5.31) can be replaced by

sup FE <|£5\4/1_35*) < K < o0.
se{l,...,S}

We also note that condition B6 is made to ensure the existence of the asymptotic covariance
matrix of the PRM L estimator, which is related to the inverse of the limiting Fisher information
matrix (See Theorem 1.4.1). Using the previous assumptions and notations, we can state the
following result which establishes the asymptotic normality and asymptotic efficiency of the PRM L

estimator.
Theorem 3.5.2

Consider the PRML algorithm (3.5.26) subject to B1 and B3 — B6. Then

% (Bi— ) 2 N (0. 1F (800 ), (3.5.32)

where

S
F(ﬂ, 0') _ Z%E |:8€’L+ST (B) 85145957/ (6):| 7
=1

S
1
= Y SEWirs (B) s (8)]
=1

2
gy

denotes the asymptotic Fisher information matrix for a PARMA model. B

Before giving the proof of the latter theorem, we need to show several lemmas.
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Substract §* from (3.5.25¢) and multiply the resulting equation by R, to obtain

/\

R, (Bt—5*> = ﬁt(gtq—ﬁ)*'?/)t

,\2 (3¢ ‘rt)

/\

= Rea (Br = 87) 4 i (Boa = 07) + gty

~2(i¢,T A2ZT'
o_tt tt)

1t

The latter expression can be summed from ¢t = 0 to ¢, giving

. s <¢k5k 1+ 5k>
R, = RoBy+ Z¢k 2inrr)
k=1 i
(Wﬁk 1+ &k — Ek) L
= RoBo + Z¢k ~20i,78) + Zwkm’
i k=1 Oj,

where the notation Bt = Bt — B has been used. Rearranging this last equality leads to

- L 1) s o
1/2 ,-1/2 —-1/2
1125, — ¢/ <th> RoBy +17Y (th> Z¢km+

N wﬁ VB e
+—1/2 <1Rt> Z ( kFk—1 k k)

A2 (%k,Tk)
k= zk

(3.5.33)

Now, the following lemmas are devoted to analyzing each term of (3.5.33). Lemma 3.5.1 shows that
under the assumptions B4 and B5, the norms ||| and H%CH verify a moment condition similar to
B5. With these results, Lemma 3.5.2 establishes the asymptotic nullity of the difference between the
gradient of the unconditional prediction error v, (5*) and its approximate @t- Similarly, Lemma

3.5.3 gives a similar result between the Hessian ]3% (8*) and its approximate ]3%. Based on this

1 ~
result, the limit of ZRt is shown to be equal to the asymptotic Fisher information matrix of a

PARM A model. Finally, Lemma 3.5.4 shows that the last term of the right member of (3.5.33)
is asymptotically negligible (a.s.), while Lemma 3.5.5 gives a central limit theorem for the second
term of the right member of (3.5.33). In the following proofs, C, A and D will denote any positive

constant not necessarily the same when appearing in different terms.

Lemma 3.5.1
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For the PRM L algorithm (3.5.26) suppose that B4 and B5 hold and that the PARM A model

is stable (causal and invertible). Then

i) supE(H@t|y4/1*35*) < oo (3.5.34a)
teZ
g ~ 4/1-36*
i7) supF (|et—5t| ) < 00, (3.5.34b)
teZ
. 14/1-36*
i) supE <wa“ ) < oo (3.5.34¢)
teZ

Proof

To see (3.5.34a), it suffices to show that

supE(!yt|4/1_36*> < o0, (3.5.35a)
tez
supE(\Et\4/1_35*) < 00, (3.5.35b)
teZ

and then i) follows from the C,-inequality (see e.g. Appendix B, and Sen and Singer, 1993, p. 21).

Now since the PARM A model

yr = ¢y (L) 0y (L) ey,

S

is supposed causal, there must exist S-periodic constants (\;) and (D) satisfying H |Ai] <1, such
i=1

that

t—1 /j—1 t—1
y = ( )\t_i> rj+ (H AH) Dy, (3.5.36)
=0 =0

j=0 \i
=1 /8 /06 s A0

= (sz> [TA ) e+ (HM) [Tx | D
j=0 \i=1 =1 =1 =1

where the integers nl), n®), e {1,..., S} and 7). 7 are such that t = n® + S7®) and j =
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, , t—1
n() + S70U) . Note that the term <H /\t_i> Dy in (3.5.36) accounts for initial conditions. Now
i=0

A

-1 / § [G/S] [ s [t/S] )
lyel < Z(HIMI) LTIl leesl + (HIMI) LTl 1D,
=1 =1 =1

j=0

-1 / S [3/S] S [t/S]
cy <H P\l\) let—j| +C (H P\l!) | Dyl
j=1 \i=1

<
=1
t—1
< Cz/\[j/s} les— + DA/S!
j=1
t—1 ‘
< CY Nlew;|+ DN, (3.5.37)
=0

t
= C> Mgl + DN

J=1

Using Holder’s inequality in the right member of relation (3.5.37) (cf, Appendix B) leads to

1-35* 3436*
=t . =1 o\djiesst\ [ 4
()\3/2 o ) N/2 4 DAL < Z <|€t_j‘ )\J/2> Z ()\j/Q) 3+36 1 DAL
7=0 7=0 7=0
Now from (3.5.37) with the C;-inequality, we obtain
A A t—1 a5t =1 4 it
|yt‘ 1-36* S 21-36* <|5t _]| )\]/ )4/1 3 Z ()\]/2) 3430 + DX 1—36° ,
7=0 Jj=0

which implies (3.5.35a).
Turn now to (3.5.35b). Rewrite (3.5.23a) as follows

~(t) ~ =@
‘9t (L) € = @y (L) YUt,

since by B4, Et lies in the stability region then as for (3.5.26), there must exist a positive constant

A < 1 and another D such that

t
el < CD N Jye| + DX, (3.5.38)
7=1
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whereupon (using a similar argument as in proving (3.5.35a)) (3.5.34a), Holder’s inequality and
the Cj-inequality will ensure that (3.5.34a) holds. This completes the proof of 7).

i7) Relation (3.5.34b) is a direct consequence of assumption B5, relation (3.5.34a) and the
Cr-inequality.

i41) From (3.5.27), it can be seen that @t is obtained from @, by filtering this last through the

filter git_l)

(L), which is supposed stable, in view of B5. Take one component of 77)15 say € with

0, " (L)& =4,
then for some positive A < 1 we have
-1
@l <C> N |y + DN, (3.5.39)
7=0

and by the same argument that shows (3.5.38) implies (3.5.34a) we see that

supF (|Et|4/1735*) < 00,
teZ

follows from (3.5.39). Similar arguments follow for the other component of @t, that is

supE ([g,|' ") < oo,
teZ

where ¥, is such that

/a\gtfl)

(L) Ye = yt-
Using again the C)-inequality will lead to iii). B
Lemma 3.5.2

Under the same assumptions of Lemma 3.5.1 we have

i) e —e =0 as., (3.5.40a)
.. * - t—oo
i7) v, ()=, = 0 a.s., (3.5.400)

where 1, (%) is given by (3.5.18b).

Proof
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i) Rewrite equations (3.4.1) for the true value of the parameter §* and (3.5.23a) as follows

0 (L)er = o7 (L),

()

~ ~(t)
0, ()& = ¢ (L),

Thus we obtain

o (L)@ —=) = (8" W - (0)un— (0

(L) = 6; (L)) &,
S (Bt - 5*) . (3.5.41a)

Since the PARM A model is assumed invertible, then similarly to (3.5.38), we must have for some

0 < A <1 and another D

t
@ — il < >N |l ||B; - 8] + DX (3.5.41b)
j=1
. o
using the result of Theorem 3.5.1 for § = >
HBt _ || = 2, (1), (3.5.42)

for some negligible positive function o; (1), we can write (3.5.41b)

t
t4 |/€\t - Et’ < t4ZAt_j H@j“j—l/m_(s*/zoj (1) —i—D)\t,
j=1

-3 <<§>4Woj<1>) (5745 12, ]) + DA
=1

J

4 oo .
Set a;; = (f) MNo;(1). Tt is clear that ay "2%° 0 for every fixed 1 < j < t and that
t 4

G) A'™Jo; (1) is bounded for all ¢. Thus if we can show that
=1

J

—00

YA/ 5 11290 0 s, (3.5.43)
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then by the Toeplitz lemma (see Appendix B, or e.g. Hall and Heyde, 1980, p. 31) we obtain the
desired result (3.5.40a). Now, we will show that this last fact follows from result ¢) of Lemma 3.5.1

(see (3.5.34a)). Indeed, by the Markov inequality (cf, Appendix B) we have from (3.5.40a)

o~ 4 E3
E (ueotu = )
<

= 1-25* 4
1367 1y 1-30°

o~ 4 *
T

5 1
135 7 T=36"

1 6
For every positive n, P (H@tH > t4277>

Y

6
using now (3.5.40a) and the fact that ) 717 T=85" < 0o we then obtain
>1

1 o
P (tm 13 > n) < oo,
t>1

and by the Borel-Cantelli lemma (see appendix B, or Theorem 2.1.1 of Stout 1974) we conclude

that (3.5.43) is true. Thus part ¢) of the lemma is established.

i7) Recall (3.5.25) and (3.5.18b) for g = *

A1) o N
915 (L)¢t = ¥

0y (L)Y (B%) = ¢ (B%),

with
!/
Pi+Sr (ﬁ) = Ola SE) O,a Yi+St—15 -+ Yi+-STt—ps —€i+ST—1 (6) 3oy TE+ST—q (B) aOla SY) o )
N—— N——
i—1 time S—1 time

where 0 is the (p+ ¢q) x 1 null vector and ¢ and 7 are such that ¢ = 1,2, ...,.S and 7 € Z. Notice that

since we assumed ¢&; (8*) = &; then ¢, (8*) = ¢,, where @, is given by (3.4.2). The vectors 1, (5%)

and 171t have the form

* _ / /o % * * * / /
wi-l—S’T (B ) - 0,..,0 7y7,'+ST717"'7yi+STfp7_ei+ST717"'7_61;4»5'7-7(170 yeers 0 s
i—1 time S—i time
1/13- — o o.u 7 _5 _7 o o
i+ST  — gy U Yt Sr—15 oy Yit ST—py —C€i4S7—15 ooy —€i4-S7—qy U 5 -ey 3
—— ——

i—1 time S—1i time
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where

0 (L) yi Yt, (3.5.440)

0r (L) e} £t (3.5.44b)

o wWu = (3.5.44¢)

o wea = @ (3.5.44d)

Hence the components of ¥, (%) — z//;t are of three types : either 0, y — ¥y, or e — €;. To establish
(3.5.400) it suffices to show

e -2 "°0 as., (3.5.45a)
yr =5 "23°0 a.s. (3.5.45b)

Next, we only show (3.5.45a), from which relation (3.5.45b) follows immediately.

From (3.5.44b) and (3.5.44d) we have

~(t—1)

0, (L)er — 07 (L) ey =€ — e,

and then

~(t—1) ,_ N N * ~(t—1) *
0, (et—et):et—et+(9t (L) — 0, )et.

~(t
Using again the fact that ﬂi) lies in the stability region, we have via Theorem 3.5.1 (see also

(3.5.42))

t
& —ef] < 3 A (|a — | + Y220, (1) ye;y) + D,
j=1

whereupon the Toeplitz lemma ensures (3.5.45a), provided that we can show

~ t—o00
e —e] — 0 as,

/2072 e "22°0 as.

The first relation of these holds since it is a consequence of part i) of Lemma 3.5.2, and the second

from

supE ([[v, (6917177 < o, (3.5.46)
teZ



CHAPTER 3. ON-LINE ESTIMATION OF PERIODIC LINEAR MODELS 133

in the same way that (3.5.43) follows from (3.5.34a). Note finally that (3.5.46) holds from assump-

tion B5 and (3.5.35a) and hence from
supE ([lof[ 17" < oo
teZ

in the same way that (3.5.34¢) follows from (3.5.34a). This completes the proof. B

Lemma 3.5.3
For a causal and periodically ergodic PARM A process, suppose that the assumptions of Lemma

3.5.1 hold, then

B (i, (8¢, (8) as. (3.5.47)

Proof

Neglecting the initial values, we have from recursion (3.5.25d)

¢
15 1 Vg
“R, = Z Z

t p E?k(ik,‘rk) ’
1<~ 0, 1< 1 1 :
k%Yk -7
- - 4= 5 — =3 | r (3.5.48)

in the same way that we have established (3.3.15) (see Section 3.3) from H1 and H2, the following

relation

b (L ) =0
n T_i EVYEk = I
t gfk(kv k) o'% p

k=1

holds from (3.5.34¢). Now the first term in the right member of (3.5.48) can be written as

L B 1 m i (B (8 | 1 (9n = (8) B
t; o2 _t; > +t; =
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in which the two last terms in the right member are weakly negligible, i.e.

¢k—¢k Ch ))1%

A = %Z ( = 0,(1), (3.5.49a)

k=

=

A w*)) ¥ (8)

2
Ok

B = 0,(1). (3.5.49b)

~+ | =

o
ey

Indeed, from the Cauchy-Shwarz inequality, we have

9= ve 8| |2
d ,

Al

A
S
M“
?S

2 1 i 1 1~ 112 2
)zl
=1 7k

IN
| —— |
N
S

P2 o B

(cf, Appendix

Since by Lemma 3.5.2, ii), we have Hﬂjk — 1, (B%)

B), we have

t

tzll%“wk—wk (8%)

[y

t%oo
— 0,

and because of Lemma 3.5.1, iii), the periodic stationarity and then the periodic ergodicity of the

PARM A process, we have

o1 1 |~ 2
hm — ) ’ k < oo,
t—oot oy

which implies (3.5.49a). Relation (3.5.49b) follows by the same argument.

Finally, to establish the lemma, it suffices to see that by periodic stationary and periodic

ergodicity, we obtain for t = s + ST

T =¥ (B) W, (BY) 11 = Yaigm (B) Wi (57
T > 2 +op(1),

S *\ 1/ *
1E(ws<ﬁ> s</3>>_

2

which completes the proof. B
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As mentioned above, to complete the proof, we have to show that the last term in (3.5.33) is
negligible. Before doing this, we need to obtain the following result.

Lemma 3.5.4

Under assumption B5, we have
$L/2+0" (Et - Bt_l) 220, a.s., (3.5.50)

where 0* is the one given in B5.

Proof

From (3.5.25¢) we have

SO e (L
t1/2+5 (ﬁt_ﬁtfl) =t 1/2+e (t >¢t/\2 (i¢,7¢)

—1/2+6 -1 1/2+46* gt —
/ (th > wt/\Q zt Tt) +t / ( > wt/\Q(Zt ’Tt).

it

2(7&,7’15)

In view of Lemma 3.5.3 and the strong consistency of al.t , to establish the lemma, it is enough

to show

— * — * t—
t 1/2+6 1/Jt€t +t 1/2+6 l[)t (Et — 5t) —>OO O, a.s.,

which will follow if

VA2 1, 1200, aus., (3.5.51a)
VAT 20, _ | 2200, as., (3.5.51b)
§1/446"/2 H@tH 220, a.s. (3.5.51¢)

By the Markov inequality and then the Borel-Cantelli lemma, assumption B5 ensures (3.5.51a).
The same argument shows that (3.5.51¢) follows from (3.5.34¢) and that (3.5.51b) from

supF (|€t — 515|4/173(S ) < 00,
teL

which holds, via the C,-inequality and Hoélder inequality in the same way that (3.5.34b) holds. B

Lemma 3.5.5
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Under the assumptions of Lemma 3.5.1 we have

o~ ~
¢ ViBr_1 +Ek — Ek)
—-1/2 " ( t—o0
12N ", S =0, a.s. (3.5.52)
k=1 ;

1k

Proof
We first notice that the following proof of this lemma is very similar to the one given in Solo

(1981, p. 315). Since 5200 ig hounded a.s., (3.5.52) may be replaced by

(I
t L
tq/zz Hwku ’T/’kﬁk—1 +E e 500, as.
k=1
~] ~ . )
Denote hy = |93 fg—1 + €k — sk). Then it suffices to show that

Zt:k:l/? H@kH ‘Zb;ﬁk_l 18 —en| < o0, (3.5.53)
k=1

and then (3.5.52) will follow from Kronecker’s lemma (see Appendix B). Now since 171,€ is obtained

from @, by an exponentially stable filter, it is easy to see that

/éit—l)

(L) %c (Bk—l - ﬂ*> = (Bk—l - 5*> +0 (HBk - Bk—lH HZA/%H) ) (3.5.54)
= Ok (qu - 6*) + dy,

(see also Solo (1981, Appendix, p. 317). The derivation of (3.5.54) is tedious but simple. From
(3.5.41a) and (3.5.54) we have

00O (B -0+ Gme) = (07 (L) -0 (D) G-+ (3559)

where in view of Lemma 3.5.4, (see (3.5.50)) we have

al



CHAPTER 3. ON-LINE ESTIMATION OF PERIODIC LINEAR MODELS 137

Thus, from (3.5.55) and the assumption B5, we then have

b = < ZM i+ 30N Bl e e 72 1)
7=1
- ZV T2 (Il + [ — el 7).
t .
= DNy,
where v, = ||§; ]| + [&¢ — ¢/ t?*". Now, we have

IN

3 IR v CY) w TSRO
k=1

S oLk VY N 9] 52
=1 ik

IN

t t—k
D T yon(1)) N H¢j+k ;
k=1 =0

t
= Zkil*é*’ykok(l)%k,
k=1

t—
where s, = Z)\j H@AZ’JHcH Using (3.5.40a), to establish (3.5.53), we need only to show

o0
Z%kk:_l_5 < 00,

w o~
S 1 < o,
k=1

which holds if

Y EGa)k " < oo,

28 () <o
k=1
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(see Lukacs, 1975, p. 80). These will hold if

supE (5¢) < oo, (3.5.56)
t

sup (4 (|9 < oo.

JE )

Now, part iii) of Lemma 3.5.1 ensure (3.5.56) via the Cauchy-Shwartz inequality. This completes

the proof.

Proof of Theorem 3.5.2

Using the previous lemmas, equation (3.5.33) can be written as

- . B 1~
12 (B, - ) =17 (th) 2%2(% — +op(1).
Ty,

To obtain result (3.5.32), we need to establish the following asymptotic convergence in law

- ~ 1 g
1/22¢k A2(zk Tk) ( g Z 72 ¢s (ﬂ )]) :
Zk s=1 k

But using similar arguments to those using to prove Lemma 3.5.3, we get

t t t

12\ Ck 412 x &k ~1/2 P 1 *

t ;wk&\?(ik,m) t Zwk (5% 2 + 1 Z <32(ik77k) Gi Vi (87 e
= ik 23

+Z (¢k ¥ (B ) 52 Zkﬂ'k) (3:5.57)
t Zk

=723 (B) 5+ 0p(L).
k=1 k

Thus, by the Martingale central limit theorem (cf, Hall and Heyde (1980, corollary 3.1)) which is

easily applicable and the periodic ergodicity and periodic stationary we have

¢ Ek D 1 > 1
t_1/22¢k (8%) ;% 2N (0, EZE <02 [V (B*) ¥, (ﬁ*)]>> J
k=1

s=1 k

which achieves the proof.
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3.6 Unified formulation of the PELS and PRML algorithms : A
summary

In the above, we have seen that the PELS and the PRM L are obtained from different approaches,
even though they have a similar form. Indeed, the PELS belongs to the class of pseudo-linear
regression methods, while the PRM L can be seen as a recursive predictor error method. The
distinction between these two algorithms is motivated by their different numerical and statistical
properties. The purpose of this section is to show that both algorithms can be formulated via
a single set of recursions through a certain prefilter. Moreover, it will be shown that with a
modified version of this prefilter, the resulting algorithm lies somewhere in between the PELS an

the PRM L. Similar ideas were already considered by Friedlander (1982) and Goodwin and Sin
(1984) for ARM AX recursive estimation.

Consider the following PARM A model written in a pseudo-regression form

Yr = @B + et (3.6.1)

where {e;, t € Z} is an S-periodic white noise with variance o? and where

/ / / /

PitrSr — 0 7"'70 7yi+S7‘—17"'7yi+S’T—p7_€i+ST—17~--7_€i+ST—q70 7"'70 ’ (362)
N—— ———
i—1 time S—i time

with 0 being the (p 4+ ¢) x 1 null vector, ¢ = 1,2,...,S and 7 € Z. Now, a general algorithm is
proposed

Algorithm 3.6.1

A general recursive parameter estimation algorithm for PARM A models is given by the follow-
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ing Tecursion

~/

Eixsr = Yitsr — Birsr_1Pirs, estimated prediction error (a priori), (3.6.3a)
T irn Lo g
G0 = Tl 1 ”157’ - (3.6.3b)
¢ T — ~2(i,7—1) -2 e
- 7. [ , > 57
T+1-6 " +7’—|—1—5€z+57 T
5 5 Pis TAﬁ'+S Cit+s >
5i+ST = ﬁi-l—ST—l + ~2(i,7) Z A/T - AT . TA ) BO =0, (3'6'30)
0+ iy s Pirsr1¥iysr
~ —~ —~/ ~
~ ~ P 1) . P _ ~
Pisr = Pisr1— 5= WirstVirsrPinst1 p_ g (3.6.3d)
;" +Yiis Pirsr—1v¥iys,
q
" . i 7 i7 \o ~ iy
Yy1 = Z Mi,10t+1,j + Mmet,j) Yip1-5 + Pry1 (t =1+ 57), (3.6.3¢)
j=1
€irSr = YirSr — B;+57¢i+5ﬂ estimated residual (a posteriori), (3.6.3f)
Compute @, g, from (3.6.2) with €, in place of €45, (3.6.39)

where 6 = (p+q) S, K is a large enough number, 0 < M; ; <1,j=1,2,i=1,...,.S and Ef(i’o) =22

7

We note that the key step in the latter algorithm is the prefilter equation (3.6.3¢), i.e.

Dy (L) %y = @y, (3.6.4)

where

()

Dy (L) =8, (M, 1L) + 0; (M;, 2L)

N a ).
with Hit) (M;,1L) =1— > 6,:L7 and so on. Any particular value of the "parameter prefilter"

given by (3.6.4) specifies a particular algorithm among the last ones studied in the above. We have
indeed,

i) for M; ; = 0and M; 9 = 0 for all i € {1,...,.S} Algorithm 3.6.1 reduces to the PELS algorithm
without prefilter (Algorithm 3.4.1);

ii) when M;; = 0 and M;2 = 1 for all ¢ € {1,..., 5}, Algorithm 3.6.1 reduces to the PELS
algorithm with prefilter (Algorithm 3.4.2);
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iii) let M;1 =1and M;o =0foralli e {1,..., S}, gives the PRM L algorithm (Algorithm 3.5.1,
given by (3.5.26)).

The convergence of the estimates provided by this algorithm is related to the positive realness

of the transfer functions Hy (L) where

s % te{l,.. S (3.6.5)

The PELS algorithm (Algorithm 3.4.1) will not always converge since Hy (L) is not positive real for
a certain choice of 6, (L), even if this last is stable, i.e., the PARM A model is invertible. This is due
to the fact that the positive realness condition is more stringent than the stability condition as we
have seen in the above (see Remark 3.4.5). The inclusion of a prefilter in the PELS (see Algorithm
3.4.2) can then relax the restrictive positive realness condition, while increasing the algorithmic
complexity. A common limitation of the PELS type algorithms (with or without prefilter) is the

asymptotic inefficiency of the parameter estimates. The PRM L algorithm, on the other hand is
(t)

~(t
shown to produce asymptotically efficient estimates. Moreover, the choice of D; (L) =6, (L) can

guarantee the positive realness of H; (L) provided that 6; (L) is stable. However, unlike the PELS
algorithms, this algorithm requires monitoring the stability of the 5?) (L) polynomials and then

the projection of the parameter estimate into a stable region. This can be very costly, and then

there is interest too in less efficient recursions without monitoring procedures.

Finally we note that the inclusion of the constants M;; and M;s (such that 0 < M; ; < 1) in the
prefilter D; (L) is motivated, in the case when the zeros of the 6, (L) are close to the unit circle,
by the fact that if z* is a root of D (zfl) then Mz* is a root of D (szl), and hence for M;; <1

the roots Mz~1 will be strictly withing the stability region. Thus for 0 < M;; < 1 the obtained
algorithm has properties that lie in between those of the PELS and the PRM L.

3.7 Periodic recursive Fisher-Scoring algorithm for PARMA mod-

els

3.7.1 The P-RFS algorithm

From a theoretical viewpoint, under certain assumptions the preceding algorithms give consistent

estimators. In particular the obtained PRM L estimator is asymptotically efficient and then it
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has the same asymptotic properties as its off-line homologue, the M L estimator (and then the
WLS estimator, see Section 1.6). However, for a finite sample size, and as is well known in
the time-invariant recursive estimation literature (e.g. Ljung and Soderstrom, 1983, p. 195) the
off-line ML estimate might be strictly better than the on-line one (i.e. our PRML). This is

mainly because the PRM L algorithm optimizes an approximate M L criterion instead of the exact

one. Furthermore, the approximate Hessian denoted by }Alt is extremely variable and might cause
undesirable disturbances for the current estimate, especially for the transient stage, before that

the estimate reaches to a "small" neighborhood of the true value. Since according to Lemma 3.5.3

1~
the approximate covariance matrix ERt converges to the asymptotic Fisher information matrix
1
F (p*,0*) (multiplied by g and evaluated at the true value of the parameter), the replacement

1 ~
of ;Rt by its limit F' (8%, o*) which is also the mean of the likelihood Hessian, will stabilize the

estimate. However, as the true values 5* and o* are unknown, the expression F (Bt, E't) will be a

good approximation of F' (5*, 0*) when Bt and &; are consistent estimates of 5* and o*, respectively.

In this section we propose to slightly modify the PRM L algorithm in order to improve its finite

properties. We replace in the updating equation (3.5.25¢) of the PRM L algorithm, the matrix Et

0*Vi(B)
0Bap’

t—1_/~
) by its expectation F} = TF (,6’1571,0'1/71)

which is an approximate of the Hessian (

evaluated at Btfl and o, where o; = (Gf(t), ...,5?”). This leads to a recursive analogue of the

well-known Fisher-Scoring algorithm (hence the name), devoted to the off-line minimization (see
e.g. Sen and Singer 1993, p. 205).

For the on-line case, the same idea was considered by Duflo (1990) for (i.i.d.) sequence and
by Zahaf (1998) for ARM A recursive estimation (the obtained algorithm was called RM Lz, see

also Klein and Mélard, 2004). Thus the updating equation (3.5.25¢) for the recursive estimate Et

becomes
By =01+ F;ld}té\ta Bo =10, (3.7.1)
t — 1 %) -~ : . . .
where Fy = TF (ﬂt—lv 0',5) is calculated from (1.4.8) (see Section 1.4). The recursive calculation

of R, in (3.5.25) is however useless and it will thus be removed. Using the last considerations, we

obtain the following recursive estimation algorithm for PARM A models.
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Algorithm 3.7.1

The recursive Fisher-Scoring algorithm for PARM A recursive estimation is given by the fol-

lowing recursions

~/

EirSr = YitSr — Birsr—1Pirs- estimated prediction error (a priori), (3.7.2a)
: . <7<6
526.m) T+1 gz i 1€Z+1ST’ = (3.7.20)
v T — ~2(i,7—1) ~2 5 o
T+1-§ " +T—|—1—5EZ+ST’T> ’
1+ St—1 -~ ~
Fiisr = ?F (5i+57—170'z‘+sr> , (from (1.4.8)), (3.7.2¢)
/Bi-i-S'r - /Bi—i-S'r—l + Fi;gTwi+STgi+ST7 /80 = 07 (372d)
~ g /\(t) ~
¢t+1 = Z gt—&—l,jwt-‘rl—j + @t—‘rl? (t = Z + ST), (3726)
j=1
€i+Sr = YitSr — B;+57®i+57 estimated residual (a posteriori), (3.7.2f)
Compute @, g, from (3.6.2) with € g, in place of €;4gr, (3.7.29)
with the starting up values 8?(1"0) =22 i=1,..5.

Remark 3.7.1

While the P-RF'S algorithm seems to improve the accuracy of the PRM L estimate (see the
following section) it has however less computational efficiency than the PRM L since on the one
hand, it requires the inversion of the Fisher information matrix F}, which has no Toeplitz structure
in our periodic case, and on the other hand no good devices such as the matrix inversion lemma
or the square root technique (cf, Breiman, 1977) may be used. Indeed, for the standard ARM A
case, Zahaf (1998) has exploited the Toeplitz structure of the Fisher information matrix for ARM A
models to develop a computationally simple method for inverting the Fisher information matrix

(e.g. Rissanen 1973). This method was shown to be comparable to the square root algorithm (cf,

Breimann, 1977) for updating and inverting ﬁt. In our periodic case, the Fisher information matrix
F; does not have a Toeplitz structure and we cannot alleviate the computational cost involved in

the calculation of Ft_l.

Remark 3.7.2
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Notice that since the P-RF'S algorithm is a particular variant of the PRM L, it must include
a monitoring procedure to prevent the estimate from being outside the admissibility region. Thus
we can apply the same monitoring procedure as that developed for the PRM L (see the Monitoring
algorithm, Section 3.5), except that, in addition to the stability test of the estimated PAR and
PM A polynomials, we must also test the redundancy of the estimated PARM A model, in order

to keep the Fisher information matrix invertible (see Theorem 1.4.1).

Remark 3.7.3

Zahaf (1998) has studied the statistical properties of the RM Lz algorithm based on the work
of Duflo (1990). The strong consistency and asymptotic normality of the RM Ly, estimates were

established on the basis of the Robbins and Monro (1951) theorem.

3.8 Simulation study

For the implementation of the above recursive algorithms, we mention the need to check, at each
iteration, the causality and invertibility of the obtained estimates and the algorithm robustness with
respect to the starting parameter values. To take into account these two points, we have applied
the procedures proposed by Ljung and Soderstrom (1983, p. 366), which tests the causality of the
current estimate and, in the case of rejection, project it into the causal domain. As mentioned
above, such a projection is implemented as successive reductions of the correction term for the
parameter estimates. Furthermore, the causality condition is checked at each iteration by using the
techniques given in Section 1.2. In this section we study the performance of some of the proposed
algorithms via a simulation study. In fact, the lack of space prevents us being studying the finite

properties of all the proposed algorithms.

3.8.1 Finite properties of the PRLS algorithm

The performance of the proposed PRLS algorithm was assessed by means of an intensive simulation
study. Indeed, our algorithm is applied to periodic autoregressive processes of different orders
(PAR(1), PAR(2) and PAR(3)), periods (4 and 7) and for a variety of sample sizes (T'). For each
model, we have considered one thousand Monte Carlo replications. The autoregressive parameters
and the variances for each season are given, respectively, by Table Al.4, Table A1.7, Table A2.4,
Table A2.7, Table A3.4 and Table A3.7. For all simulations, the unobservable starting values
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Yo = Wo,y-1,.,y1-p)" of the stochastic difference equation (3.3.1) and the initial parameters

estimates are set as zero and Py = 1000001.

Data generator processes

The considered models and their parameters values are :

Model 1. PARs(1) : Yst5r = Gs YstSr_1 + Est 57, Where 515, ~ N(0, 02), s =1,...,5, 7 € Z;

N 1 [2]3] 4 1 12[3[4] 56
¢, | —5|.8]2].35 1582711251
o2 1 [ 23] 4 1 [2|3/4] 5 |6
Table Al.4 Table A1.7

Model 2. PARS(2) P Ys+Sr = ¢s,1 Ys+Sr—1 + ¢372 Ys+Sr—2 + EspSr, Where €549, ~ N(07 Ug)a
s=1,...,5 17€7Z

NG| 1 2 3 4 1 2 3 |4 |5 6 |7
b1 | =5 [1.9] -2 [ -2 212 [-3]17]1 24 [ —1.4
bgo | — 75| 84| —.48 | 48 35 | —.27 | .54 | -7 | —24] .20 | —.45
o2 1 2 3 105 1 2 5 |3 4 10 | .1

Table A2.4 Table A2.7

Model 3.PARgS(3) : ystsr = ¢571ys+5771 + ¢572 Ys+Sr—2 T+ ¢573 Ys+S7—3 T Es+5r, Where €597 ~
N(0,0%),s=1,..,8,7 € Z;

N 1] 2] 3| 4 1 [2 [3 [4 |5 6 7
¢ | 43| 5 | =3] 45 435 [-3]45 | -3 [.25 | -7
g0 [14] 4] 6 [ -1 14 -4]6 [-1].7 —.34 | .65
¢.3 | 6 |12][-8] 5 6 [12]-8]5 |-15].8 1.1
o2 1] 2] 3 ]05 1 |1 1 1 1 1 1
Table A3.4 Table A3.7

Simulation results and comments

Our recursive algorithm is applied to obtain parameter estimates for several models given by Tables

Ap.d, for p =1,2,3 and d = 4,7. We have selected the parameters in order to remain compatible
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with Boshnakov (1996). The sample size was varied between 100 and 400 according to the orders
of the considered models, to obtain a good appreciation of the aforementioned algorithm when
applied to time series with a short and moderate size. Table Bp.d shows means and, in parentheses,
standard deviations of the obtained estimates corresponding to the PAR; (p) model, for the 1000
replications. In addition, Figure 1.s, s = 1,...,4, and Figure 2.s, s = 1, ..., 4, illustrate the behavior
of the autoregressive parameter means and their standard deviations and the innovation variance
means and their standard deviations, respectively, for the PAR4(1) model given by Table Al.4.
One sees that the parameters are fairly well estimated even for small sample sizes and the obtained
PRLS estimates perform better than those obtained in Boshnakov’s (1996) algorithm (noted B*,

in Table B3.7). Moreover, our algorithm is of an on-line nature unlike that of Boshnakov (1996).

0N 1 2 3 4
~(100)
bs1 —.4992 | .7836 | 2.0036 | .3463

(.0843) (.1861) (.1992) (.0955)

52(100) 1 0532 | 2.0788 | 3.1416 | 4.1838
(.2167) (.4484) | (.7291) | (.8996)
~(200)

Do —.5026 | .7918 1.9995 | .3467
’ (0577) | (1258) | (.1336) | (.0670)

52200 11,0363 | 2.0495 | 3.1178 | 4.1294
(.1813) (.3639) | (.5550) | (.6920)
~(400)

Do —.5039 | .7922 | 2.0001 | .3476
' (.0412) | (.0894) (.0968) | (.0456)

52(100) 1110283 | 2.0462 | 3.0922 | 4.0923
(.1518) (.3124) | (.4670) | (.5968)

Table B1.4, PAR,(1)




CHAPTER 3. ON-LINE ESTIMATION OF PERIODIC LINEAR MODELS

|1 2 3 4
~(100)
DY 4768 | 1.8247 | —.1991 | —1.8750
’ (.2161) (:5175) (.1019) (.3199)
30 | 7181 | 8381 | —.4624 | 4615
' (.3381) | (.2050) (.2641) | (.0916)
52100 [ 1 0565 | 2.2241 | 3.2020 | .5887
((2321) | (55363) | (7201) | (.1917)
3P0 | _ 457 | 1.8652 | —.2018 | —1.9284
’ (1462) | (2565) | (.0856) (.2122)
a0 | _ 7993 | 8405 | —.4600 | 4690
' (.2409) | (.1070) (.1780) | (.0546)
52(200) 10462 | 2.1798 | 3.1785 | .5656
(1763) | (:3836) | (.5135) | (.1413)
31 4943 | 1.8853 | —.2004 | —1.9651
' (.1074) (.1572) (.0595) (.1187)
O | 7439 | 8308 | —.4740 | 4736
' (.1825) | (.0590) (.1206) | (.0324)
52490 | 1.0271 | 2.1507 | 3.1056 | .5460
(1296) | (:2785) | (.4187) | (.0936)
Table B2.4, PAR4(2)
EE 2 3 4
0 | aq17 | 5162 | —.2088 | 4415
: (.1328) | (.1178) (.1165) | (.0537)
30 113161 | —.4647 | 5501 | —.1096
’ (1195) | (1428) | (-1189) (.0364)
U0 | sgoa | 11250 | —.6684 | 4948
’ (0449) | (11952) | (1773) | (.0444)
o220 [ 11100 | 2.2839 | 3.3836 | .5411
((1870) | (.4206) | (:5999) | (.1001)
%9 | 4200 | 5140 | —.3099 | 4507
’ (.0830) (.1071) (.0965) (.0434)
300 | 12071 | —4512 | 5513 | —.0088
: (.0685) | (.1116) | (.1091) (.0372)
3% | 5805 | 11430 | —.6901 | 4960
' (.0370) (.1624) (.1751) | (.0327)
5209 [ 1.0989 | 2.2467 | 3.2995 | .5363
((1645) | (:3520) | (5152) | (.0826)
3 | 4343 | 5204 | —.2690 | 4502
’ (.0696) | (.1034) (.0906) | (.0376)
39 1 13530 | —.4349 | 5354 | —.0035
’ (.0578) | (.1064) | (.1144) (.0283)
390 | 5008 | 11252 | —.7280 | 5024
’ (.0384) | (.1445) (.1363) | (.0206)
o2(100) 10944 | 2.1279 | 3.1926 | .5159
((1468) | (2995) | (.4325) | (.0756)

Table B3.4, PAR4(3)
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EGE 2 3 4 5 6 7
9 [ 14971 | 7955 | 1.9900 | 6972 | 1.1041 | 4861 | 9814
: (0174) | (.0142) | (10103) | (.0111) | (:0215) | (.0277) | (.0251)
o240 10,9128 | 2.1239 | 3.4451 | 3.7180 | 4.7392 | 5.9821 | 7.5237
((1792) | (.4506) | (.6008) | (.7521) | (1.0455) | (.6881) | (1.8972)
350 | 14076 | 7967 | 1.9992 | 6980 | 1.1970 | 4903 | 9912
’ (.0088) | (.0084) | (:0066) | (.0064) | (.0094) | (.0169) | (.0129)
o289 11,0013 | 2.0685 | 3.3463 | 3.8651 | 4.8111 | 6.0907 | 7.1031
(11643) | (:3900) | (.5698) | (.5018) | (.9293) | (.6007) | (1.4076)
30 [ 1082 | 7972 | 1.9992 | 6982 | 1.1976 | 4926 | 9949
: (.0059) | (.0058) | (.0039) | (.0044) | (:0069) | (.0113) | (.0078)
52420 11,0013 | 2.0145 | 3.1455 | 4.0979 | 5.0473 | 6.0864 | 7.0881
((1378) | (:3882) | (4613) | (.4736) | (.6349) | (.5675) | (1.0959)
Table BL.7, PAR;(1)
o~ |1 2 3 1 5 6 7
30T 1075 | 12276 | —3076 | Le757 | 9917 | 2176 | —1.308s
(1267) | (:3188) (.1085) | (:4757) | (.6587) | (.1746) (.0231)
ol | 3430 | —2515 | 5534 | —6941 | —2603 | 1834 | —.44s0
(.2168) (.1364) | (.2040) (.0815) (.1263) | (.1086) (.0190)
o240 11,0937 | 2.3589 | 5692 | 3.1595 | 4.3596 | 10.4457 | .1129
(13204) | (:6317) | (.2476) | (1.0425) | (1.0955) | (3.3437) | (.0328)
o7 | 1977 [ 12195 | —3112 | 16745 | 9942 | 2206 | —1.4001
(0995) | (:2545) | (.0907) | (4274) | (.0998) | (.1377) (.0182)
300 | 3500 | —.2558 | 5615 | —.6996 | —.2928 | 1877 | —.4483
’ (.1710) (.1064) | (.1727) (0627) | (.1032) | (.0846) (.0160)
o210 [ 10716 | 2.2499 | 5412 | 3.0895 | 4.2046 | 10.1347 | .1063
(:2535) | (5642) | (.1274) (19491) | (:9715) | (2.3780) | (.0246)
o7 | —2016 | 1.2085 | —.3081 | 1.6750 | 9963 | 2202 | —1.4005
(0859) | (:2126) (0812) | (:3680) | (:0862) | (.0969) (.0157)
05" | 3519 | —.2593 | 5550 | —.7005 | —.2550 | 1928 | — 4486
(.1497) (.0894) | (.1488) (.0553) (.0570) | (.0761) (.0133)
5220 11,0605 | 2.2073 | 5343 | 3.0789 | 4.1850 | 10.0696 | .1067
(:2139) | (.4654) | (.1077) (7405) | (:8404) | (2.0271) | (.0209)

Table B2.7, PAR7(2)
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EE 2 3 4 5 6 7
oM 1 4336 | 5950 | —.2050 | 4458 | —.3015 | 2493 | —.6960
’ (.0813) | (.1650) (1138) | (.1118) (1128) | (.0484) (.1256)
309 | 14001 | —.4303 | 6021 | —.0933 | 6965 | —.3241 | .6472
’ (.1239) (.2311) | (.0904) (.0875) | (.1330) (.1246) | (.0569)
30 | 5064 | 12038 | —.7959 | 4949 | —1.4041| 7895 | 1.0077
’ (0290) | (:2505) | (.1061) | (.0669) (.0740) | (.1232) (10949)
52(140) 111299 | 1.0280 | 1.0954 | 1.1786 | 1.1259 | 1.1240 | 1.0594
(12330) | (o721) | (:2607) | (12513) | (.2751) (13099) | ((1983)
dP | 4300 | 5532 | —2084 | 4486 | —.2095 | 2498 | —.7038
’ (.0562) (.1420) (.0811) (.0856) (.0851) (.0353) (.0945)
a9 114067 | —.3883 | 5998 | —.0968 | 6976 | —.3363 | .6501
’ (.0917) (.0975) (.0656) (.0672) (.0930) (.0902) (.0433)
a2 | 5089 | 1.2503 | —.7966 | 4978 | —1.4977 | 7937 | 1.0996
’ (0215) | (‘1440) | (.o752) | (.0509) (.0559) | (.0928) (10691)
5221 [ 10391 | 1.0163 | 1.0533 | 1.0488 | 1.1050 | 1.0466 | 1.0395
((1618) | (.1288) | (.1686) | (1828) | (.2741) (:2238) | (.1753)
3 1 aam | s3s8 | —2520 | 4577 | —.2570 | 2503 | —.6547
’ (.0984) | (.0502) (0914) | (.0837) (.3040) (.0369) (.1182)
(B
3 | 14656 | —.4116 | 5651 | —.0749 | 6550 | 0.3147 | 5047
’ (1805) | (o718) | (.0732) (0734) | (.1882) (10943) | (.0689)
o5 | ssss | 1arrs | —7sa2 | amss | —1.3727 | 7661 | 1.0732
’ (.0526) (.1877) (.0838) (.0561) (.1632) (.0980) (.1077)
2B 111660 | 1.1337 | 1.0727 | 9913 | 1.2111 | .9871 | 1.1136
(12081) | (:1908) | (.1637) | (.2620) (:2499) (:2822) (11812)

Table B3.7, PAR7(3), B* : Boshnakov (1996)
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3.8.2 Study of the PRML algorithm

The PRM L algorithm (Algorithm 3.5.1) has been applied to PARM A models of different orders
(PARMA»(1,1), PARMA2(2,1)) and for a variety of sample sizes (T). For each model, we

have considered one thousand Monte Carlo replications. The unobservable starting values g’l 0=

(Y0, Y—1, ---, y1—p)" of the PARM A stochastic difference equation and the initial parameter estimates
are set as zero. The parameters and the variances for each season are given, respectively, by Table
C1.1.2, and Table C2.1.2. The mean and standard deviation for the 1000 replications of the
obtained estimates are reported in the same tables. In addition, Figure 3.s, s = 1, 2, illustrates the
behavior of the moving average parameter means for the PM As(1) model given by Table D1.2.
We observe that the parameters are well estimated, but less accurate than the PRLS algorithm.
This is due to the fact that the PRM L algorithm optimizes an approximate least squares criterion

(unlike the PRLS) when the model includes a moving average part.

Parameters estimation of a PARMA»(1,1) model via the PRM L algorithm
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Sample size 50 100 150 200
Parameter values

0.5328 0.5181 0.5165 0.5102

011 =05 (0.1060) | (0.0752) | (0.0545) | (0.0480)
0 — 0.9 0.7972 0.8485 0.8716 0.8761
L= (0.2090) | (0.1452) | (0.1076) | (0.0885)
2 0.9662 0.9924 0.9823 0.9936

! (0.3029) (0.2025) (0.1682) (0.1447)
61— 14 1.3767 1.3794 1.3856 1.3867
21— (0.1749) (0.1085) (0.0931) (0.0797)
Bo 1 — —0.7 —0.5638 | —0.6362 | —0.6413 | —0.6647
21 (0.2393) | (0.1582) | (0.1246) | (0.1017)
21 0.9883 0.9967 0.9939 0.9906

2 (0.3045) | (0.2116) | (0.1633) | (0.1470)

Table C1.1.2

Parameters estimation of a PARMA2(2,1) model via the PRM L algorithm

Sample size
Parameter values 50 100 150 200

611 = 0.7 0.7211 0.7073 0.7103 0.6917
L= (0.3881) (0.2074) (0.1657) (0.1360)
—0.5338 | —0.5078 | —0.5060 | —0.5044
¢12=-05 (0.1579) | (0.1118) | (0.0849) | (0.0716)
0 — 05 —0.4763 | —0.4893 | —0.4924 | —0.5140
1 (0.4198) | (0.2323) | (0.1864) | (0.1546)
21 0.9408 0.9525 0.9659 0.9848
L= (0.3087) | (0.2040) | (0.1668) | (0.1408)
6,1 = 0.4 0.3429 0.3810 0.3915 0.3861
1= (0.2268) | (0.1587) | (0.1354) | (0.1091)
6y 0= 0.3 0.3279 0.3137 0.3033 0.3095
22— = (0.2290) (0.1608) (0.1346) (0.1067)
Dyt — O 0.5570 0.6331 0.6548 0.6603
21 = (0.3007) | (0.2058) | (0.1672) | (0.1467)
52— 1 0.9154 0.9519 0.9707 0.9694
2 (0.2960) | (0.1920) | (0.1629) | (0.1399)

Table C2.1.2

NAERE

6, | 6] .4

o2 | 1]1

Table C0.1.2
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3.9 Conclusion

Despite their remarkable importance, on-line estimation methods for PARM A models remain
relatively unexplored, especially when compared to their stationary ARM A counterparts. This
chapter has tried to close this gap by studying the on-line estimation problem for periodic time-
varying models. We have proposed several algorithms for estimating PARM A parameters by

means of two different approaches, namely the pseudo-linear regression and recursive predictor
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error methods. For the particular PAR case, these two methods coincide with the recursive least
squares, PRLS. The proposed methods parallel the ones available for standard time-invariant
models. It has been shown that various desirable properties of the obtained algorithms take place

in our periodic case.



Part 11

Nonlinear modelling of periodic time
series
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Chapter 4

On periodic conditionally
heteroskedastic models

4.1 Introduction

The class of periodic GARCH models (PGARCH) introduced by Bollerslev and Ghysels (1996)
have shown their appropriateness in capturing some interesting features of financial time series
that cannot be explained by PARM A or GARC H models. Compared to the PARM A modelling
approach (Bessembinder and Hertzel, 1994; Abraham and Akenbery, 1993) for modelling economic
time series with periodic dynamics, the appropriateness of PGARC H models is partially explained
and practically justified by their use of the stochastic conditional variance to capture the instan-
taneous volatility features and to allow the underlying coefficients to be periodic time-varying in
order to capture the periodicity in the covariance structure of the generator process. However, this
class of models captures only the periodicity in the conditional variance but not in the conditional
mean. Franses and Paap (2000) have combined the PAR model for the conditional mean with
the PGARCH model for volatility. The resulting model has been called periodic autoregression
(PAR) with PGARCH(1,1) errors (PAR — PGARCH). They have investigated parameter es-
timation and tests based on the work of Bollerslev and Ghysels (1996), and applied with success
their PAR — PGARC H modelling to real daily data. However, for the asymptotic properties of
the "inferenced" parameters, periodic stationarity and the existence of higher-order moments are

required, while conditions under which these requirements are satisfied have not been found.

It is recognized that the existence of finite-order moments for a time series model is primordial for
many statistical inference procedures, particularly for those dealing with the ARCH type models,

which require the existence of moments of higher orders than for the traditional linear models. In
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spite of this primary importance and interest of conditions, which assure the existence of higher-
order moments for PGARCHg (q, p) models, it seems that there is no result tied to this problem.
However, this problem was completely resolved for the classical GARCH (q, p) models. Indeed, a
necessary and sufficient condition for the existence of higher-order moments has been established
for the general ARCH ( p) by Milhoj (1985), for the particular GARCH (1, 1) by Bollerslev (1986)
and for the general GARCH (q, p) by Ling and McAleer (2002).

In this chapter, some probabilistic and algebraic properties of periodic GARC H processes are
investigated. Section 2 is concerned with the study of this class of models. In particular, we review
the basic definitions, concepts and assumptions concerning this class. Moreover, the causality and
invertibility properties of such models are studied in the first subsection. In the second one, we
explore the existence of strict periodic stationary solutions of a PGARCH difference equation.
Indeed, we derive a periodic Markovian state space representation which is fundamental for the
rest of this chapter and from which we obtain a necessary and sufficient periodic stationarity
condition for a PGARCH model. In the third subsection, we obtain, under general and tractable
assumptions, a necessary and sufficient condition for general a PGARCHg (q,p) model to have
finite higher-order moments. Our established condition extends the sufficient moment condition
for PGARCH models obtained by Bibi (2006) and coincides, for the particular case S = 1 (non
periodic) with the necessary and sufficient condition provided by Ling and McAleer (2002) for
the classical GARCH (p,q). In addition, an equivalent simple necessary and sufficient moment
condition for the particular and useful first order PGARCH (1,1) model is given. Section 3 studies
the class of periodic autoregressions with period ARCH errors (PAR — PARCH). We propose a
random coefficient formulation of the PARC H part in order to describe parsimoniously the varying
conditional variance feature. We call the new model double periodic AR. The existence of a strictly

periodic stationary solution and the existence of higher-order moments for such a model are studied.

4.2 Periodic GARCH models

We recall that a second order process {e;; t € Z} is said to be a periodic autoregressive conditional
heteroskedastic process with orders ¢ and p and period S, denoted by PGARCHg (q, p), if it is
given by

& = \/hité.ta

2 ! 2 L3 (4.2.1)
E (5t /~7'-t—1) =hi=0o0 + Y ouici ;+ > Brjhj, tEZ,
i=1 j=1
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where {(;, t € Z} is an independent and identically distributed (i.i.d.) sequence of zero mean
and unit variance. The symbol F; denotes, as usual, the c—algebra representing the available

information up to time ¢. The parameters oy ;, and §,; ; are periodic time varying with period S,
Le., apipsi = ai and By g = By j, such that ayp >0,y >0, 8, ;> 0,i=1,...,q, 7 =1,...,p
and Vt € Z.

Defining the innovation process {v;; t € Z}, where vy = €7 — hy = hyn, and 1, = (2 — 1, one can

rewrite equations (4.2.1) as a PARMA form for the squared process {e7; ¢t € Z} and {v;; t € Z}

(1 -y (L) e = auo+ (1 — B, (L)) v, t €Z, (4.2.2)

r . b .
where ¢t (L) = Z (Zst,i Lz? Bt (L) = Z 5t,j L7 and (bt,i = O‘t,i—i_ﬁt,i? for i = 17 -y ' =1ax {p7 q} such
i=1 j=1

that ay; = 0if i > g and B8, ; = 0 if j > p. The symbol L denotes the backward shift operator, i.e.,
L Xy = X;j.
Of particular interest is the periodic ARCH (PARC H ) model obtained from model (4.2.1) when

Bi; =0, Vt,j. Thus a second order process {es; t € Z} is said to have a PARCH representation

with orders ¢ and period S, denoted by PARCHg (q) , if it is given by

&t = \/ECt;

q
E (5% /ft—l) =hy =49 + > Qi E?_Z-, t eZ.
i=1

(4.2.3)

4.2.1 Causality and Invertibility Conditions

Using the period span lumping based on the Gladyshev (1961) theorem, Bollerslev and Ghysels
(1996) have obtained necessary and sufficient periodic stationarity conditions for the particular
PGARCH>(1,1) model. The establishment of an explicit result for a higher-order model using this
approach, seems very difficult. However, using the so-called "order span lumping" introduced by
Bentarzi and Hallin (1994) (cf, Chapter 1), we can derive explicit expressions of the causality and

the invertibility for a general PGARC Hg (q, p) model.
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Periodically stationary condition

To determine a periodically stationary condition for a general PGARC Hg (r, p) model given by

(4.2.2), which is equivalent to model (4.2.1), we need to define, for T' € Z, the r—variate processes

2 _ (2 2 2 / _ /
€1 = (7, E7p_1s s E7p_pyq) and wp = (Wrp, Wrr_1, ..., Wrr—ry1)" Where

wrr—j = apr—jo+ (1 = Bp,_j (L)) vrp—j, §=0,..,7 =1,

and the following periodic matrices

L —¢pr1 —Opra R
0 1 —¢rr_iq  —Prr_i-2

®ro=| : : S ,

I =9t
0 .- 0 1
and (4.2.4)

Oy 0 o - 0
(Z)Tr—l,r—l ¢Tr—1,7" 0 e

Q=] :
Orr—ri22 Prr—ri23 Orr—riy2r 0
Orr—r411  PTr—ri12 OTr—r41,-1 Prr—ri1r

Using the previous notations, one can rewrite model (4.2.2) in the form
CIZ‘T,()Q% -+ <I)T71§%71 = W, T e Z, (4.2.5)

from which we can obtain the following result.
Proposition 4.2.1
The PGARCHg(r,p) model given by (4.2.2) is second order periodically stationary (causal) if, and
only if, the eigenvalues \;, i = 1,...,7 of the positive definite matriz

Q= ‘1’5}){’5,14’52,0‘1’371,1 PP,
are such that

0< )\ <1,

Proof

We recall that the unique solution, on g%, of the first-order linear stochastic difference equation

(4.2.5) is uniquely determined by giving one initial value €2, where s € Z is the starting time of the
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process. Indeed, this solution is, for T' > s, given by :

T
§’_2F: EG(U,S)@U—FG(T,S) §2

S
u=s

where G (T, s) is the Green matrix associated to the periodic 7—dimensional linear matrix difference
operator of order 1,

@7 (L)= ®ro+ PraL,
and which is the unique solution of the homogeneous matrix difference equation
® (L) Gr =0,
taking on initial value <I>;é. It is easy to verify that the Green matrix is, in our case, given by
G(T,s)=(-1)""" (&7 &7y (@711 .. B (P11 Py, T>s.

Letting T — s =i+ 57 and ¥ = @}, (®.11®, ), (Pari11.. @)

sti—(5—1),0 sti—(s-1),1 one can

rewrite the latter expression in the form
_ T—s g7 1 -1 -1 -1
G(T,s) = (=) 07 (@7, 0®orin @7l 1 0Porit - Dol oPoiin 850

Since the Euclidean norm of the matrix ‘I)s_ii,o‘bs-ﬁ-i,l <I>;_&i_170<1>5+i_171 <I>;:170<I>S+171 <I>;(1) is uni-
formly bounded by Olgaéxs I <I>§’%)<I>5,1 (1)551,0@5*171 <I>1_’(1)<I>1,1 <I>;(1) || then a necessary and sufficient
condition for the causality of the periodic operator ®7 (L) is given by

hm o™ =
and which accordingly holds if and only if the eigenvalues of the matrix ¥ (from where we obtain

by a cyclic rearrangement the matrix Q) are less than one (for further details about this approach

one can see Bentarzi and Hallin, 1994; Ula and Smadi, 1997 and Bentarzi, 1998). B
For the particular first-order PGARCHg(1,1) model, we have the corollary.
Corollary 4.2.2

The particularly simple PGARCHg(1,1) model corresponding to ¢ = p = 1 in (4.2.2), is second

order periodically stationary if, and only if

S
H asl“‘ﬁsl
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Proof

S
Forp:q: 1, we have Q: H (as,l—i_ﬁs,l) -

s=1

It is worth noting that this condition, for the case S = 2, is the same causality condition

obtained by Bollerslev and Ghysels (1996) for the PGARC Hy(1,1) model with period 2.

It is of interest to rewrite Proposition 4.2.1 for the PARC H model (4.2.3). Therefore we have

the following corollary.
Corollary 4.2.3

The particular PARCHg(q) model corresponding to p = 0 in (4.2.2), is second order periodically

stationary if, and only if the eigenvalues T;, i = 1,...,7 of the positive definite matriz
-1 -1 -1
R =agjas1ag7 gas—11 0511,

are such that

0 <1, .

where aro and ar are just Pro and P, respectively, except that the coefficients ¢, ; in (4.2.4)

are replaced by oy ;.

Invertibility condition

Similarly to the last subsection, to determine an invertibility condition for the general

PGARCHg (r, p) model given by (4.2.2), we need to define, for T' € Z, the p—variate processes

/ /
Ur = (vaa UTp—1, -~7va—1)+1) and wp = (pr7pr—1, -"7pr—p+1) where

wrp—j = —arp—jo+ (1= dpp_j (L)) eFpjy §=0,.;p— 1,
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and the following periodic matrices

1 —Brp1 —Brpa o = Brppa1
01 —Brp—11 0 —Brp—1p-2

Bro=1| 1 : Lo ;

I —Brp_proa
0 - 0 1
and

Brpp 0 0o ... 0
BTpfl,pfl /BTpfl,p 0 e

Bra = :
Brp—pi22 Brp—pt23 Brp—pt2p 0
Brp—pt11 Brp—pti2 Brp—ptip—1 Brp—ptip

Using the previous notations, one can rewrite the model (4.2.2) in the form :

Brovr + Bravr 1 =wr, T € Z. (4.2.6)

From this form we can easily obtain the following result.
Proposition 4.2.3
The PGARCHg(q,p) model given by (4.2.2) is invertible if and only if the the eigenvalues p,;,

1 =1,...,p, of the positive definite matriz

—1 —1 —1
Q= 6570ﬁ5,1ﬁs_1,0ﬁ571,1 T 61,0:61,1

are such that
0<p<1. (2.4.7)
Proof

The proof is based on the same mathematical techniques used to prove Proposition 4.2.1, hence it

will be omitted.

4.2.2 Strict periodic stationarity

Letting 1 = 7 in (4.2.1), we obtain the following random coefficients representation

q p
ye = ol + Y ariClyei+ Y By i, t € Z, (4.2.8)
i=1 j=1
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which is more adequate for several theoretical purposes. Thoughout the rest of this chapter the
vectorial relation A > B, means that each element of A is greater than the corresponding element

of B.

Define the (p + ¢) — random vectors

i = (yt’"-’yt—q—l—laht’~'-)ht—p+1)/7
and
2 / !
Bt = (at,OCtaO(q_l)xlaat,070(p_1)><1) 3

and the (p 4+ ¢) X (p + ¢) random matrix A; given by

Qi1 02 ... Ot g1 At q Bt,l 51‘,,2 Bt,pfl Bt,p
I, _ 0y O(y_
A, = (g=1)x(q-1) (g—1)x1 (g-1)xp :
! e 1Ct aroC? o ango1CE gl Bt,lcg Bt,2C% ﬁt,p—lCtQ 5@@2
O(p—1)xq Tp-1yxp-1) Op-1)x1

where 0,,,x5 is the null matrix of order m x n.

Then, one can rewrite the model (4.2.8) in the following Markovian state space representation
Y; =AY 1+ By (4.2.9)

in which the matrix A; and the colon vector B; are both stochastic, where their expectations are

periodic in time with the same period and are given, respectively, by

Qg1 02 ... Qg1 Qg Bt,l Bt,2 Bt7p71 Bt’p
A, = FE(A) = (¢—1)x(g-1) (g—1)x1 (g—1)xp ’
t ( t) Qg1 Qg2 ... Qpg—1 Qtg ﬁt,l Bt,2 IBt,pfl Bt,p
0(p—1)><q I(P—l)X(P—l) 0(p—1)><1

and

/

b = E(Bt) = (a0, 0/(q—1)><1’ 1,05 O/(p—l)xl)

This Markovian state space representation was explored by Tong (1990) for ARC H models, Chen
and An (1998) and Ling and McAleer (2002) for studying the GARCH model with constant
coefficients and by Ling (1999b) in investigating the CH ARM A model. The recent review by Li et
al. (2002) contains extensive literature on this subject. It is easy to verify that the unique solution

of the stochastic difference equation (4.2.9), corresponding to the initial matrix value Ys, where s
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is the starting time, is given by :
t—s—1
Yy =B+ AAr 1. AcpaAsn Yo+ Y (AdAi 1A j1) By (4.2.10)
j=1
The following proposition provides a necessary and sufficient condition for the existence of a peri-
odically stationary solution of (4.2.10) as s — —oc.

Proposition 4.2.4

Suppose the PGARCH process given by (4.2.1) has finite second order moments. Then this process

admits a strict periodically stationary solution of the form
oo j—1
Y, =B+ > [[A-iBi-j, (4.2.11)

j=11i=0

if, and only if,

\\::jm

5+1> . (4.2.12)

Moreover, this solution is unique.
Proof

i) To prove the sufficiency part, we note first that the independence of A;_; and B;_j, for j # k,

allows one to have

oo j—1 oo j—1
ES JJAiBij | =D [[Ae-ibiy (4.2.13)
j=11i=0 Jj=11=0

If we can show that the right member of (4.2.13) is finite, then from the positivity of A; and b, we
get

oo j—1

Z H Ay iBij <0 a.s. (4.2.14)

j=1i=0

Letting t = n® + S7® and j = k@) 4+ ShU) such that n® kU € {1,...,5}, 7 € Z and hU) € N,

one can, taking into account the S—periodicity of A; and b;, rewrite the expectation in (4.2.13) as

RO/

00 S
Z <HAn<t>l+1> Hznuuﬂ bm (4.2.15)
=1 =1

J=1
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where hl9) = [j/S] and m € {1,...,S} is such that n® — k) = m + Sn with n € Z. Since

H A;_i41]| then a sufficient condition for (4.2.14)

k()
A iformly bounded b,
(lH1 n(t)—l—i-l) is uniformly bounded by Orgixs

to hold is given by

S

HA D141

lim
j—)OO

s _
which accordingly holds if and only if the eigenvalues of the matrix [] A, _;,; (from where we
I=1

S _
obtain by a cyclic rearrangement the matrix [[ As_s+1) are less than one. Hence, if (4.2.12) holds,

s=1

one can easily verify that Y;, given by (4.2.11), verifies (4.2.9).

i1) Necessity of (4.2.12). From (4.2.9), we have for some s € {1,..., S}

k—17—-1

Y B+HAS zY:s k+ZHAS ZBS —J»

j=11=0

and because of the independence of A;_; and B;_; for j # ¢, the non-negativity of Y;, B; and A;

and the finiteness of E (Y;) for all s € {1, ..., S}, we have for some positive integer k, (k > 1)

which, as kK — oo, implies that

oo j—1

> [ 4B < o, (4.2.16)

j=1i=0

where the constant ¢; is defined as the minimum of all positive elements of E (B;) forall s =1, ..., S,

and B = (1,0'( “yx1 b 0’(p 1)><1) Adopting the same notations as in (4.2.15) with s in place of ¢,

one can rewrite (4.2.16) as

o /8 /S (1)
Z(HAHH) [T4c11 | B<oo. (4.2.17)

j=1 =1
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Note that from (4.2.17) we cannot claim directly that

o S /5]
Z ( ASlH) < 0. (4.2.18)
=1

Jj=1

However, because of the particular forms of A; and B, which are the same as for the GARC H case,
and the nonnegativity of their elements, one can, similarly to Ling and McAleer (2002, formula

(4.5) p. 727), show that

k() 0 X&)
[I 4| B= II 4| [[[4=1 ] B>0, (4.2.19)
1=k() —r41 I=k() —r+1 =1

for all r > r* where r* = max(p, ¢). Thus, from (4.2.18) and (4.2.19), we have for some r > r*

J=1

o /8 /5] }0)
( As_m) Il 41| B<o. (4.2.20)
=1 I=k() —r+1

. S [j/S] o] )
Let rgi) be the (,k)-th element of (H Asl+1> . From (4.2.20) one can deduce that Z rgi) < 0o
=1 -
7j=1

for all 4,k. This implies (4.2.18) and hence (4.2.12). The proof of uniqueness is straightforward and

hence omitted.
Remark 4.2.1

S

~ S ~
Setting As15r = [] Astsr—i+1 and Bgisr = Z Il As+sr—i+1Bs—;, under the assumptions
=1 =1
7j=1

that {Asyg-}; and {Bs, g,}- are stationary processes and {A, g,}, has a negative Lyapunov
exponent, we can use Brandt’s theorem (see Brandt, 1986 and Bougerol and Picard, 1992b) to
show that {Ysis-}- has a unique stationary solution. We recall that the sequence {Y;1 .} is the
PGARCH process sampled every S points and at lag s. We also note that a sufficient condition

for {Asy1s-}- to have a negative Lyapunov exponent is that the largest absolute eigenvalue of

E(Ag s+s) is less than one (see for example Kesten and Spitzer, 1984, equation (1.4)).



CHAPTER 4. ON PERIODIC CONDITIONALLY HETEROSKEDASTIC MODELS 169

4.2.3 Existence of finite moments for PGARC Hg(q,p) models

For a classical GARCH model, i.e. when S =1 in (4.2.1), Chen and An (1998) have stated that a
sufficient condition for the existence of E (e7™) is that E (Cf (m_l)) is finite and p (E (A7™)) < 1.

Ling (1999a) obtained the same condition by using another approach. More recently, Ling and
McAleer (2002) have shown that only the last condition is sufficient and necessary. The following
proposition generalizes Ling and McAleer (2002)’s result to the class of PGARC H models.

Proposition 4.2.5

Let &4 be a strictly periodically stationary solution of (4.2.1). Then a necessary and sufficient

condition for E (E%m) to be finite is that

S
p (H E (A?Ts+1)> <1 (4.2.21)
s=1

Proof

i) The proof of the sufficiency part of the proposition is based on the weak convergence theory (see

Billingsley, 1968) which stipulates that a sufficient condition for the existence of E (¢(X)) is that

lim inf F (p(X;)),

T—00

is finite, where (X;) is a sequence of random variables which converge in distribution to the random
variable X and ¢(.) is a measurable function. Let Y1 g, be the solution of (4.2.9) corresponding to
the initial value Yy = 0 and Y* a random vector having the same distribution of (4.2.11) with ¢t = s,
for some s € {1,...,S}. Tt is clear that the S-periodic feature of the process generated by (4.2.9),
implies the convergence in distribution, as 7 — 400, of the solution Y, g, to Y*. Otherwise, taking

expectation on both sides of (4.2.9), with ¢ = s + ST, we obtain
Uy — AUy = by, (4.2.22)

where Uy = E (Y;). Equation (4.2.22) is a simplest S-periodic difference equation of order 1. In
view of Proposition 4.2.4 (see also Bentarzi and Hallin, 1994; and Bentarzi, 1998), we see that

lim Ustg, exists for every s € {1,...,S} if (4.2.21) holds for m = 1, in which case, {Us;s;} is
T—00

bounded.
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Now, define V; = E (vec (Y;Y/)), then from (4.2.9), we get
Vi = B (AP?) Vi1 + [E(A: ® By) + E(By ® Ay)] U + vec(E (B:By)), (4.2.23)

which is an ordinary S-periodic difference equation of order 1, where E (A?Q), E(A; ® B;) and

vec(E (B;Bj)) are periodic finite matrices. Since the last two terms of the right side of (4.2.23)

are bounded, then using again Proposition 4.2.4, we conclude that lim Vg, exists for every
T—00
s € {1,...,S} if (4.2.21) holds for m = 2. Finally because y2,_g, converges to yi* and hm V+5T is

finite, then F (y;‘Q) < oo which completes the proof for m = 2. For a general m the proof is similar

and hence omitted.

i1) It is clear that if E (5%’”) < 00, then F (Yt®m) < 00. Because of the non-negativity of Y;, A,

and By, and the periodicity of their m-order moments, we have for some positive k,

E(Y®™) > E(AYi)®"+E(B7™),

v

E(AP™M)B(YET) + aBO™,

v

CQZ (HE AP) ) Bem,

k [nirs_1 A
= oy | I EApm [T E@g™ | B, (4.2.24)

where asin (4.2.15) t = nW4+87® and j = sW+ShY) for j =1, ..., k such that n®, s0) {1,..., S},
7 € Z and h) € N. The constant c; is defined as the minimum of all positive elements of £ (BE™)

for all s =1,...,S. Hence, if k — oo, then from (4.2.24) we obtain

~ /S G/S] /40
> <HE (A% z+1)> HE ASH ) | B < oo, (4.2.25)
j=1 \i=1

from which we cannot obtain directly (4.2.21). However, similarly to Ling and McAleer (2002,

p727), one can show

5@ 0 5@

® ®m __ ® ® ®
I E@A% )| Bo"= I B ., HE AT ) | BE™ >0, (4.2.26)
1=s() —r4+1 1=sU) —pr+41
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for all » > r* = max(p, ¢). Hence from (4.2.25) and (4.2.26) we get

w© /8§ [3/5] ()

® ® ®
> (Meein) | I e e <
j=1 \i=1 I=5) —r41

which, by (4.2.26) implies that

00 [1/S]
221<HE AS’(T l+1> < 00,
=

for all n®) € {1,..., S}, from where we obtain by a cyclic rearrangement the result (4.2.21). B

Remark 4.2.2

Similar results to the ones given by Proposition 4.2.4 and to the sufficiency part of Proposition
4.2.5 have been obtained in Bibi (2004). However, our proofs are conducted in a different way.

Moreover, the necessity part of Proposition 4.2.5 seems not to have been explored hitherto.

4.2.4 Necessary and sufficient moment condition for the PGARCHg(1,1) model

Suppose that for the particular PGARCHg(1, 1) model, the moments ( ?m) exist for any positive

integer m and that the process starts infinitely far in the past with finite 2m-th moment. Then we

have the following result.
Proposition 4.2.6

A necessary and sufficient condition for the existence of the 2m-order moment for the PGARCHg(1,1)

process is that

S—-1 / m
H (Z (1)~ 185 10m- z) <1, (4.2.27)
s=0

=0
where a; —E( : )

Proof

For the PGARCHg(1,1) model the binomial formula yields

m k
m m 2(k-1)
E({™) = hi’am = <§ (Mt ST (b fllgt '8l bl 1) . (4.2.28)
0

k=0 =
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Since
E (53(’64)}15&71 /-7:75—2) = hz]‘ilak—la
we have
m k
E(h" [ Fra) =Y (T eds "m0 > () aft B yan—i. (4.2.29)
k=0 1=0

Let W; = (b, A%, ..., h)/, then from (4.2.28) we know that E(e7™) is a linear combination of
Wy and from (4.2.29) we find
E (Wt /.7:1‘/72) - bt + AtWtfl, (4230)

where the S-periodic A; is an upper triangular matrix where its diagonal elements are given by

> (’;) aﬁ]lﬁiylak,l. By successive substitution in (4.2.30), we obtain

Lk 141
EWi/Fia) =bi+ Y [T Ajoabe+ [ [ Arsra | Weu,
k=0 j=1 =1

and because of the periodicity of A, and using Proposition 4.2.4 again, one can see that

ZILHIOOE Wi/ Fii1) = E(Wy),

S—1
exists if, and only if, the eigenvalues of the upper triangular matrix [] Ag_s lie inside the unit
s=0

circle, which straightforwardly implies (4.2.27). B
Finally, note that condition (4.2.27) is the same for S = 1 as that given by Bollerslev (1986) for
the classical GARCH (1,1) case. Such a condition, although it requires the assumption that the

process starts infinitely far in the past with finite 2m-th moment, seems simpler than the condition

(4.2.30) for the particular PGARCHg(1,1).

4.3 On double periodic AR models

The main goal of this section is to study some probabilistic properties of the class of S-periodic
autoregressive models with constant order p and with periodic ARC H (q) errors (denoted by PAR—
PARCHgs (p,q)). We first propose a new formulation of the PAR — PARCHg (p,q) model in
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which the innovation equation has periodically correlated random coefficients, in order to describe
parsimoniously the varying conditional variance feature. The proposed model that we call double
periodic AR is, from a second order point of view, equivalent to the PAR— P ARC H model obtained
in Franses and Paap (2000), in the sense that the two models have the same conditional expectations
and variances. The simplicity of the proposed model allows us to investigate easily the strict-sense
periodic stationarity property and the existence of higher-order moments. The remainder of this
section is organized as follows. The first subsection introduces a random coefficient formulation of
the PAR — PARCHg (p,q) and some suitable assumptions. In the second subsection we derive a
periodic Markovian state space representation of a PAR — PARCHg (p, q) model, from which we
obtain necessary and sufficient periodic stationarity conditions. Furthermore, we give a sufficient

condition for a PAR — PARCHg (p,q) model to have finite higher-order moments.

4.3.1 Definitions and assumptions

In this section, we say that the second order process {y;, t € Z} has a periodic autoregressive
representation with periodic conditionally heteroskedastic errors of order p and ¢ and period S,
denoted here by PAR — PARCHg (p,q), if it is a solution of stochastic difference equations of the

form

p
Yo = D GyiY—j + et
=1
et = Vhi(,, (4.3.1)
q
h = E(&%/]:t_ﬂ =0+ > Oét,z‘?'f%_i, t ez,
=1

where {(;, t € Z} are independent and identically distributed (i.i.d.) with zero mean and unit
variance and where F; denotes the o—algebra representing the information up to time t. The
autoregressive and the heteroskedastic parameters ¢,; and oy ; are periodic in time with period S,
Le, ¢rips; = ¢rjrJ =1, pand auqpsi = aui, © = 0,..., ¢, such that a0 > 0, > 0,4 =1,..., ¢,

vVt € Z.

Under some suitable assumptions given below (A1-A5), the model (4.3.1) can be represented

equivalently, in a second order viewpoint, via the following double periodic AR model in which the
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innovation equation has periodically correlated random coefficients, that is

P
Yt = > &yt +e (Observation equation),

= (4.3.2)
et =er+ Y 0tict—i (Innovation equation),

i=1
where the sequences of random variables {e;} {y:} {e:} and random vectors {d0;}, with §; =

(041,042, -.., 01¢)’, obey the following assumptions.

A1l : {e:} is a sequence of independent variables with zero mean and S—periodic variance F (e?) =

a0, where oy is the same constant as the one given in (4.3.1);

A2 : {0;} is a sequence of independent vectors with zero mean and covariance matrix ¥; =

diag (a1, 042, ..., q), Where oy j,j = 1,...,q are defined in (4.3.1);
A3 : the sequences {e;} and {0;} are mutually independent;

A4 : {e:} and {0;} are S-periodically distributed, i.e. the distribution of J, is the same as that of
dstsr for all s € {1,..., S}, 7 € Z and so for {e;};

A5 : y; and g; are F;—measurable.

In A2, the assumption that the covariance matrix ¥; is diagonal can be relaxed to a more
general covariance matrix. This leads to a periodic augmented ARC' H formulation (denoted here
by P—AARCH), which coincides for S = 1 with the augmented ARC H model (AARC H) proposed
by Bera et al. (1992). It is worth noting that with the conditional normality assumption, i.e. if {e;}
and {0;} are jointly normal, and {(,, t € Z} are normally distributed, models (4.3.1) and (4.3.2) are
higher-order equivalent, in the sense that they have the same conditional higher-order moments.
This condition is not required in the derivation of the probabilistic properties of model (4.3.2)
and hence can be omitted here. The specification of the conditional heteroskedastic innovation
equation as an autoregression with random coefficients was introduced first by Tsay (1987) for
conditional heteroskedastic ARM A models (CHARM A), generalized by Wong and Li (1997) to
the multivariate case and investigated by Li et al. (2001) for a partially nonstationary AR model
with conditional heteroskedasticity. A similar representation applied to GARC H models have been
proposed by Bera et al. (1996). All of these works assume the strict stationarity of the random
coefficients, while in our case, the random coefficients are assumed to be periodically distributed.

In the rest of this paper, we use only the second representation, which is very useful to derive some
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basic properties of the model, whereas the representation (4.3.1) can be used to investigate the

parameters estimation problem.

4.3.2 Markovian representation of the model

In this subsection the PAR— PARC Hg(p, q) model given by (4.3.2) will be written in a Markovian
form which allows one to study easily the periodic stationarity, periodic ergodicity and existence

of higher order moments of the model. We rewrite model (4.3.2) as follows

p a
Yo = D PyiYe—j + D Ora€e—i + e,
o = (4.3.3)

q
€= 0ti€1—i + €1,
i=1

and define the (p + ¢) —random vectors Y; = (¢, ..., Yt—p+1, Et, s Et—g+1)’ and

By = (et,()’(p_l)X17 et, qu_l)xl)’, and the (p + q) X (p + ¢) random matrix A,

Ge1 P - Prpo1 Pip 0t1 Ot2 ... 0tg—1 Otg
Ay = Ip-1)x(p-1) Op-1)x1 Op-1)xq
0 0t1 Ot2 ... 0tg—1 Otg ’
X
o I(g-1)x(¢-1) Og-1)x1

where 0,,,x1 is the null vector of order m.

Using these notations, one can rewrite model (4.3.3) in the following equivalent Markovian
representation :

Y, = AY, 1+ By, (434)

in which the matrix A; and the vector By are both stochastic with S—periodic higher order moments
in view of assumption A4. This Markovian representation was explored first by Nicholls and
Quinn (1982) for random coefficients autoregressive models (RC' A), Tsay (1987) and Ling (1999)
in investigating the CHARM A model, Tong (1990) for studying ARC H models, Ling and Deng
(1993) for VAR models with conditional heteroskedastic errors and Bougerol and Picard (1992),
Chen and An (1998) and Ling and McAleer (2002) for studying the GARC H model with constant
coefficients (see Li et al., 2002).
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4.3.3 Strict periodic stationarity
It is easy to verify that the unique solution, for the starting time s, of the stochastic difference
equation (3.2) is given by

t—s—1

Vi =B+ AAr 1A o Aga A1 Yo+ Y (AiAr 1Ay 9. Ay j11) Bij. (4.3.5)
j=1

Furthermore, the following theorem gives a sufficient condition and another necessary condition for
the existence of a unique strict periodically stationary solution of (4.3.5) as s — —oc.
Theorem 4.3.1 (Aknouche and Guerbyenne, 2005)

In order that the PAR— PARCHg(p, q) model (4.3.2) admits a unique Fy—measurable periodically

stationary solution, in the strict sense, of the form
oo j—1
Y, =B+ Z H Ay By, (4.3.6)

j=1 =0

it is sufficient that
S—1
p <H E (A?ﬂ)) <1, (4.3.7)
s=0
and necessary that
S—1 J
Jim (HE(A%_J) B®?|| =0, (4.3.8)

where B = (17 Ol(p,1)><17 1’ Ol(qfl)xl)/'

Proof

i1 m
i) Proof of sufficiency. Let P;j_1 = [[ A4—; and St = ZPt,j_lBt_j, where the notation
i=0 .
7=0

y
[] Ai =1 for z > y is used. Obviously we have

i=x

Y, = St,m + Rt7ma (439)
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m
where Ry, = [ At—iYi—m—1. To prove the sufficiency part it is enough to show that £ (St,mSAm)
i=0

is finite as m — oo, for all fixed t € {1,...,S}. From the independence of B; and A; and that of

A—; and A;_; for j # ¢, we have

m
vec [E (StmSt,n)] = wvec ZE P, j 1B jB; jP; )|,
7=0

3

= E ZP®2 wee (BB, ;) | ,

m j—1
= ST (a2 weer (3251
§=0 i=0
Letting t = n® + S7® and j = n¥) 4+ 570 such that n®,n0) € {1,...,5}, 7 € Z and 7U) € N,
one can write the limit lim vec [E (S’t,mSLm)], since (A?Q) and F (vec (BBj})) are S-periodic, as
lim vec [E (StmSim)]| =

m——>00
o)

©)] j
Z(H E(Afg) z))h ( (1)1 . ( 2 J) - (4.3.10)

7=0

where 70) = [%—‘ and d € {1,...,5} is such that n® — nl) = d + Sn with n € Z. Since

nl)_1 S—1

H E ( S l) is uniformly bounded by A, IIE (A?fl) then a sufficient condition for
g 1=0
(4.3.6) to hold is given by
[3/5]
2
i H B(4)| =0

S—1
which accordingly holds if, and only if, the spectral radius of the matrix [[ F (A®(2t) l) (from

1=0
S—1
where we obtain by a cyclic rearrangement the matrix [[ E (A?E S)) is less than one.
s=0

i1) To prove the necessity part, we have first to show that the periodic stationarity of model (4.3.2)
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implies that

m j—1
mh_n}g()Z (7' ® %) H E (A?_%) veckE (Bt—jB{s_j) < 0 (4.3.11)
=0 i=0

for all fixed (p + ¢q) x 1 vector z. Consider the notations (4.3.9) and let V; = E (Y;Y/). Then since
E (StmR},,) =0 we have

vec(V;) = wec(E (St,msl{/,m)) +vec (E (Rt,ng,m)) ’

m j—1 m
= Z H E (AP%) vecE (By—;B;_;) + H E (A?%) vecE (Y{_pn-1Yimm—1) »
§=0 i=0 i=0
m j—1 m
= Z H E (AP%) vecE (By—;B;_;) + H E (A?2) vec (Viem—1) -
j=0 i=0 i=0

Let

{ Qi—jo=E (Bt—J'Bz,ffj) and Qrj = B (AQ1-1,j-14}) j=1,2,3..

Ri_jo=Vi—j and Ry j = E (ARi—1-14})

Obviously the S-periodic matrices @y ; and Ry j, j € N, are nonnegative definite for all t € {1, ..., S}

and we have

m
V;: = ZQtJ + Rt,m—f—l; m = O, 1,2,
=0

If z is any (p + q) x 1 fixed vector, then

m
oo > z'Vtz:g z/Qt7jz+z'Rt,m+1z,
Jj=0
m
/
> E ZQt,jZa
Jj=0
m

forallm € N and t € {1,...,S}. Thus Z z’®21)ecQt7j converge as m — oo to a nonnegative matrix
=0

for z, which is exactly (4.3.11).
Now, we know that (4.3.11) implies that
j—1

lim Wy; = lim [] E (AP%) vecE (Bi—;B;_;) = 0, for all ¢,
=0
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and hence
j—1
Jlim 11 E (AP%) vecE (BB') || = 0.

Therefore, all subsequences of sequence ||W; ;|| converge to 0, as j — oo, in particular when j is
a multiple of S, i.e.

lim [|[W g1 = 0,
j—o00

for all fixed ¢. Thus, adopting the notation (4.3.10) for the latter equation we get (4.3.8) as required.
This completes the proof. H

Note that condition (4.3.7) can be simplified by rewriting the matrix A; as a block triangular

o o, Ay
At_(o At>

matrix as follows

where
o, _ ( 9?,1 ...0 bi >
(p—Dx(p—1) Y(p—1)x1
A - < Ser- 01 )
Op-1)xq
5 5
At — ( It,l 0 t,q > .
(¢—1)x(g—1) F(g—1)x1
Thus we have the following corollary.

Corollary 4.3.2 (Aknouche and Guerbyenne, 2005)

The PAR — PARCHg(p,q) model (4.3.2) admits a unique F; —measurable strictly periodically

stationary solution of the form (4.3.6) if

S—1
p (H q>5_5> <1, (4.3.12a)
s=0

and

S—-1
p (H E (A?EJ) <1 (4.3.12b)

s=0
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Proof

We have
S—1 S—1
Dy . Ag_s Sy Ag_s
eee)-Te|( % A )e( %5 &)
s=0 s=0

S=1 (I)S—s AS—S
Il £ (@SS & ( 0 Ag_, )) K

— s=0
- S—1 dg_, Ag_ ) >
0 E(Ag o1 ® S—s s
sl;IO < et < 0 AS_S

where K is a block matrix of suitable elements whose expressions are unimportant to us. Since

S—1 o A S—1 dg_, 0
H E (@S_S_;’_l ® ( %—S AS—S >> = H (I)S—S ® 0 0 0 A 3
s=0 S_s 5=0 Tg-1yx(g- 0 7

then by a direct calculation, we obtain

S—1 P A S—1
S—s S—s o ®2
det [)\I(p+q)2 — H E <<I>SS ® < 0 N >>] — P9 det !)\IPQ — H PE?

s=0 s=0

Similarly, we can show that
S—1 P A S
o oo (5 22 ]
s=0 s=1

Therefore,
S—1
(I es)) <
s=0
if, and only if,

S—1
p (H 4)?38) <1,
s=0

and

(e e) <

s=0
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Note that

S5—1 S5-1 ®2
(o) o (Tser) <1
s=0

s=0

(see for example Ling (1999a, Lemma 2.2)) if and only if
S—1
p (H <I>s_s> <1,
5=0

as required. H

Remark 4.3.1

i) For the particular periodic ARCH (PARCH) model given by Bollerslev and Ghysels (1996),

which is obtained from model (4.3.2) when ¢;; =0, j = 1,...,p for all ¢, the periodic stationarity

condition is given by (4.3.12b). This condition is the same as that given by Bollerslev and Ghysels
S

S
(1996) for the particular PARCH of period 2 and order 1. i.e. p (H 0451) =p <H E (5§1)) < 1.
s=1 s=1

i) The periodic AR model (PAR) which one obtains when é;; = 0, ¢ = 1,...,¢, is periodically
stationary if and only if (4.3.12a) holds. This condition has been already given in Chapter 1 (cf,

Proposition 1.2.2).

4.3.4 Existence of Higher-order moments

The existence of finite-order moments for a time series model is primordial for statistical inferences.
Much attention has been given to this important point for the class of conditionally heteroskedastic
models (cf., Engle, 1982; Milhoj, 1985; Chen and An, 1998; Ling, 1999; Ling and McAleer, 2002)
because on the one hand, the implied conditions on the parameters are most "stringent" than
the stability conditions and, on the other hand, the inference procedures require the existence of
moments of a higher order for ARC H-type models than for traditional linear models. In what
follows, a sufficient condition for the existence of higher-order moments of the process generated

by (4.3.2) is given.

Theorem 4.3.2 (Aknouche and Guerbyenne, 2005)
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Suppose that E (efr) is finite for all t € Z and r > 1 and that

S—1

[I E(48%) < 1. (4.3.13)

s=0

Then under the aforementioned assumptions, the processes generated by (4.3.2) admits a unique
periodically stationary (y:, €) solution with E( ) < oo and E( ) < 0o for all t.
Proof

According to the weak convergence theory (e.g. Billingsley, 1968) it is well known that a sufficient

condition for the existence of E (¢(X)) is that lim inf Fp(X,) is finite, where (X ) is a sequence of
T—00

random variables which converge in distribution to the random variable X and ¢(.) is a measurable

n— 1 -1

function. This result is used here to prove this theorem. Define Yt( ) = B; + Z H Ay By for
=1 1=0

n > 0 and Y;(O) = 0. It is clear that Yt(n) verifies (4.3.2) and that Yt(n) converges a.s. to the unique

solution of (4.3.2) given by (4.3.6) as n — oo. Let

() = ¥ — D = nHI ApiBinp1 = A (t—1) n>1,
Bt n =20,
then using the properties of Kronecker product we get
R (1) = AP R (1 - 1),
for some r > 0 and
B(r(0) = E(AP)E (=5t~ 1), (13,14

= HE A®2r B£®2£+1)

which is a deterministic S-periodic difference equation of order 1. It is well known (e.g. Bentarzi

and Hallin, 1994; Bentarzi, 1998; Bibi, 2004) that, since E (Bf’f; Jr1) is finite, a sufficient condition

for E (7$%"(t)) to have a finite limit as n — oo is that (4.3.13) holds. Hence because y( ") converges

(n) . (n) . m)  m—-D\®2\ . . . :
to y; where y,  is the first entry of ¥;"” and lim E( (y; = —y; is finite, then using the

n——aoo
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weak convergence theory it follows that E (ytzr) < 00; the same argument can be used for £ (5?”).

This completes the proof.

4.4 Conclusion and future research

In this chapter we have attempted to give some probabilistic and algebraic properties of some
conditionally heteroskedastic models in which coefficients are not more strictly stationary but are
periodically stationary. In particular, we have explored, the causality and invertibility, the exis-
tence of a strictly stationary solution and the existence of finite moments for periodic GARCH
and double periodic AR models. A key role in our studies is played the Markovian formulation
(with periodically distributed random coefficients) of the underlying models. The proposed formu-
lations contain some useful models such as ARCH, Augmented ARCH, AR — ARCH, periodic
AR and as special cases. As a possible future study, it would be of interest to introduce some
flexible and parsimonious formulations that generalize the studied models. In particular we men-
tion the important class of periodic ARM A with periodic GARC H models (PARMA—-GARCH),
the class of periodic RC A models, and the class of conditionally heteroskedastic ARM A models
(PCHARMA).



Chapter 5

On-line estimation of periodic
GARCH models

5.1 Introduction

The class of Autoregressive Conditional Heteroskedastic models (ARCH), introduced by Engle
(1982) and their various extensions (FARCH, FIGARCH, PGARCH. ..., denoted here by ARCH-
type) have proved their usefulness and appropriateness for modelling economic time series models,
particularly the financial ones (stock exchange, rate of exchange,...) which are characterized by an
instantaneous volatility feature that cannot be accounted for by the standard time-invariant time
series models. Existing estimation methods for such models (see e.g. Weiss, 1986; Pantula, 1988;
Lumsdaine, 1996; Bose and Mukherjee, 2001; Ling and McAleer, 2003; Berkes et al., 2003; Berkes
and Horvath, 2004; Francq and Zakoian, 2004) are based on a beforehand fixed sample size thereby
ignoring the sequential character of certain data, in particular financial data that are observed
on a high-frequency basis and so, are progressively updated in real time. Furthermore, it was
theoretically proved that the ARC H-type models are good approximations for certain continuous
time series models (see Nelson 1990; Nelson and Foster, 1994; Drost and Werker, 1996). These

facts are a motivation to search for estimation methods invoking these interesting features.

The main goal of this chapter is to develop some recursive estimation methods based on a two-
stage least squares scheme (2S5 — LS) for estimating PGARC H models. These methods, inspired
from the automatic control field (cf, Chapter 3) provide consistent and asymptotically Gaussian es-
timators and generalize similar methods developped for GARC H models (cf., Aknouche and Guer-

byenne, 2006). Firstly, we generalize the off-line two-stage least squares (25— LS) method proposed

184
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by Bose and Mukherjee (2003) for ARC'H models (see also Pantula, 1988 for the ARCH (1) case)
to their periodic counterparts. The obtained off-line 25 — LS method will be adapted to a recursive
on-line context. We call the resulting algorithm the two-stage RLS algorithm (2S5 — RLS). Then,
recursive estimation for PGARC H models is considered. We propose two algorithms that paral-
lel the ones available for standard linear models (cf, Chapter 3). The first one is the Two-Stage
Pseudo-Linear Regression (7'S — PLR) which is a version of the well-known Pseudo-Linear Regres-
sion (PLR) approach given in two stages; while the second one, namely the Two-Stage Recursive
Predictor Error algorithm (7'S — RPE) is an adaptation of the traditional Recursive Maximum
Likelihood (RLM) method to deal with PGARCH models. It will be shown that the obtained
estimators are strongly consistent and, in particular, the RPFE algorithm provides asymptotically

Gaussian estimates.

The rest of this chapter is organized as follows. Section 2 extends the two-stage least squares
(25-LS) method proposed by Bose and Mukherjee (2003) and Pantula (1988) to the PARCH case.
In the third section, we develop from the latter off-line method, a two-stage recursive least squares
algorithm (2S-RLS). This recursive method will be the basis of the other proposed algorithm for
PGARCH models. In section 4, we develop a T'S — PLR algorithm for PGARC H model. Based
on the Stochastic Lyapunov function approach (cf, Solo, 1979; Moore and Ledwich, 1980), we show
the consistency of the obtained estimator. Section 5 develops a T'S — RPE algorithm. By means
of the same approach, we show that the obtained estimator is asymptotically Gaussian. Finally,

the performance of the proposed algorithms will be assessed by means of simulations.

5.2 Two-Stage Least Squares estimation of periodic ARC H models

Consider the PARCH process {e; t € Z} (cf, Chapter 4) given by

€t = \/ECta

q
E(ef/ Fio1) = ht = aro + E%at,i e2 ., tez,
1=

(5.2.1)

where {(;, t € Z} are independent and identically distributed (i.i.d.) of zero mean and unit variance
and finite fourth moments.
Defining the innovation process v; = €7 — hy = hyn,, where 7, = C? — 1, and letting t = s + ST,

s=1,..., 8, 7 € Z, one can rewrite equation (5.2.1) in the equivalent periodic autoregressive (PAR)
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form for the process {e?,t € Z} with respect to v

(1 —as(L) 2,9, = @50 + Vsisr, s=1,..,5 and 7 € Z, (5.2.2)
q ,
where a, (L) = Y ag; L'
i=1

Bose and Mukherjee (2003) have developed a two-stage procedure to estimate the ARCH
parameters by solving two systems of linear equations. The method has been previously proposed
by Pantula (1988) for the particular first order ARCH(1). They have shown that the obtained
estimators are asymptotically Gaussian and that the main estimator performs better than the
quasi—maximum likelihood one, even for small samples. In this section, we develop a version of

this method to deal with periodic ARC'H models. Consider the following regressor

_ / /2 2 2 ! /
£8+S7‘_ 07"‘707ES+ST717€8+ST727"'7ES+ST7q707"'70 N (523)
s—1 time S—s time

by means of which we rewrite model (5.2.2) in the linear regression form :

5?-&-57 = Els—l-STa + hS+ST(a)ns+S7'7 (524)

where 0 is the ¢ x 1 null vector and where

hs+ST(Q) = é;JrSTQa
/ / / /
of = (af, ay, ..., aS)S(q+1)><17

and
— I
Qs = (04507045717 --~7as,q) .

Let affq, e 53 be the starting up values, which are considered here to be known, and 5%, 5%, ey 62T

the observed values of the process {sf,t € Z}, where T'=n+ SN, n = 1,2,..., 5. To estimate «

on the basis of the given values siq, s Eg, 5%, 5%, o 5%,, we consider in the first stage hsig, (@) as

constant, while omitting its dependence on the unknown parameters o, which need to be estimated.

In this situation, the ordinary least squares method provides the following pre-estimator

T
a(T) = (Z m) > &t (5.2.5a)
k=1 k=1

(When the specification of the sample size is not paramount, &(7") would be denoted simply by

a). Obviously, a(T") does not take into account the heteroskedasticity feature of the innovation
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components and hence it is less efficient than the quasi-maximum likelihood estimator. However,
it can be improved (see Bose and Mukherjee, 2003). To achieve this improvement in its efficiency,

we first rewrite model (5.2.4) in the form :

2
Es+87 _ ( §S+ST

/
QO+ Mgy grs
hs+ST (a) hs+ST (OA)) st

and we replace the unknown vector a in hgy g, (o) by its pre-estimation a(7") obtained previously.

Thus, we have the new "quasi" linear regression model

6§+Sf _ ( €S+ST )/Ol + n
hers (@ (T)) — \hsrs-(@(T)) sHoT

Applying again the ordinary least squares estimation method and being unaware of the presence of

the stochastic component a(7"), we obtain a new estimate a(7") that we call the main estimator :

T 1 -1 1
~ . / 9

k=1 k=1

To study the probabilistic properties of the previous estimators, consider the expressions

S

o= ZE(§S£;)7 (526&)
s=1
S

Fo= Y E(68(Ea"), (5.2.60)
s=1
S

A (A (5.2.6¢)
s=1

where o* is the true value of the parameter o, and the assumptions :

D1 : The process is strictly periodically stationary (cf, Chapter 4) and periodically ergodic.

D2 : The moments F (6?6?6%8?) exist and are finite for all ¢, j, k, [.

2 .2 .2

itk .

D3 : E</3> < oo foreach1<i,j,k<gq.
(€her)

The same assumptions were considered by Bose and Mukherjee (2003) in the stationary case.

Using the previous notations and assumptions, we can state the following theorem, which estab-

lishes, under the three previous assumptions, the asymptotic normality of & and a.
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Theorem 5.2.1 (Bentarzi and Aknouche, 2004)

i) Under D1 and D2, we have

VN(@&(T) — o) 25 N0, Var(n?) F7 B F Y. (5.2.7)

i1) If, in addition, D3 holds then,

VN(@(T) - o) 25 N(0, Var(n2)F; 1). (5.2.8)

Proof

Combining (5.2.5a) and (5.2.4) with a* substituting «, and neglecting the sums

1 n
N D Eoran€iisn
s=1

and

Z hsrsn(a*)nspsnEs s

which are o,(1) as N — oo, we then obtain

s 4 N-1 -1 g | N
\/N(a (T) - Oé*) = <Z N Z £S+Sm£,s+5m> Z \/i Z hS+Sm( )773+Sm£s+5m

s=1 m=0 s=1 =0

2

From D1 and D2, we have
| V-1
¥ O Esrsmbirsm — PELL (5:2.9)
m=0
forall s =1, ..., 5. Moreover, we can easily verify that the applicability conditions of the Martingale

central limit theorem (cf. Hall and Heyde 1980, Chapter 3 and Bose and Mukherjee, 2003) are
satisfied. Therefore,

\/7 Z hs+Sm ns+mS§s+Sm —> N (0 VC””(US) [gsffshg(@*)]) ’ (5210)

for any s = 1,...,.5. Combining (5.2.9) and (5.2.10), we straightforwardly obtain (5.2.7).
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To prove (5.2.8), we again replace €2, ¢ in (5.2.5b) by its expression (5.2.2), for the true value

a*. Neglecting the "o, (1)" sums

n /
L §s+SN€s+SN
2 ~ )
N ~ he sn(@)

and
hsisn(a)ns gn
gs SN>
\f Z h2sn (@) i
appearing in the obtained expression, we find
— g, (@) \/» h§+5m( a) e

Applying the same techniques used in Bose and Mukherjee (2003), one can easily prove

Siy (L S 0 (5:2.11)
EN: ~y s+SmSs+Sm — O ) L
=N hl i om(@) W2y, (%) FEmSstS P
and
ZS: Ly - : Pst-5m ()N ymsé op(1) (5.2.12)
~\ s+Sm s+mSSs+Sm — . 4.
s—1 \/Nm:o hYsm(@) B2 g, (a%) - FmSSstS b

-1
~ ) S i gs—i—Smgs—s—Sm al 1 N= Ns+ms
\/ﬁ(a (T) — )— (Z N ZO hs+Sm( *) ) 52231 \/Nmz::() hs+5m(a

1

*)€s+5'm + Op(l)'

and applying again the Martingale central limit theorem (cf. Hall and Heyde, 1980), we deduce
(5.2.8). &

5.3 Two-Stage Recursive Least Squares algorithm

This section is concerned with the adaptation of the well-known recursive least squares (Plackett,

1950) algorithm (RLS) to cope with PARCH models. The proposed method can, of course,
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be applied to the particular ARCH case. The main idea is to solve the normal least squares
equations (5.2.5) recursively via the RLS method, in two stages. In the first stage we obtain a
preliminary recursive estimate &, which corresponds to a recursive least squares solution of (5.2.5a)
when ignoring the conditional heteroskedasticity of the process given by (5.2.1). This preliminary
estimate is then used in the second stage to obtain an improved recursive estimator @;, based on a
modified form of (5.2.5b), which take into account the conditional heteroskedasticity by means of

appropriate weights.

Clearly, the pre-estimator & (T') given by (5.2.5a) has a standard OLS form and can be obtained

_ t
recursively. Indeed, it is well known that (cf, Section 3.3) setting Ry = > £.&). and & = & (),
k=1

the system (5.2.5a) can be solved recursively via the RLS algorithm, (e.g. Ljung and Soderstrém

(1983, p. 17)), which provides the following recursive equations

& = a1+ R (7 — €a), (5.3.1a)

R, = Ri_1+¢&¢, t>2, (5.3.1b)

with starting values Ry = £, and ag = Eflfle% provided that Ry is nonsingular.

Unfortunately, (5.2.50) cannot be solved recursively as (5.3.5a) because of the presence of a(T)
in the weights h; %(a(T)), k = 1,..,NS. However, it is possible to slightly modify (5.2.5b) to
obtain an adequate form for a recursive resolving method, while preserving the same asymptotic

properties of the main estimator a (7'). So, we propose the following modified equation

t 1 1~ ! Ei

in which the weight h *(@(T)) is replaced by h; *(@), where @y is our main recursive estimator of

« at time t.

It is obvious that (5.2.5b) and (5.3.2) give different estimators; however, they have the same

asymptotic properties, as we will show below.

t

To solve (5.3.2) recursively we set By = 3

=& #$%- Then, we have the following recursive
k=1 hk(ak—l)
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equations

B¢, (€2 — &har
B = @+ (EfN o), (5.3.30)
(ftat)
!
= Ry g+ Sibe t>2 (5.3.3D)

with starting values le

———&& and oy = R1 fl provided that R1 is nonsingular. To

h2( 1) h2( 1)

avoid the singularity problem of El and ]?21, the starting-up values ag, ag, EO and ]/%0 are fixed so
that the recursive estimators will as close as possible to the off-line solutions (5.2.5). So, starting

from the recursive equations (5.3.1) and (5.3.3) we shall (approximately) find (5.2.5). Multiplying

both sides of (5.3.1a) by R,, using (5.3.1b) and summing the resulting equations side by side, for
k =1 to t we obtain :

t t
(éo +) §k5§g) Goysr = Rodo + Y _ €36y (5.3.4a)

k=1 k=1

Similar manipulations applied to (5.3.3a) and (4.3.3b) give

s+ST ’ s+ST
= Z Eué Z
<RO ' k=1 (&0)? Oarsr = Rotlo + I~ 2§k (5.3.46)

Comparing (5.2.5) with (5.3.4), a reasonable choice of the starting values is to put

g = aO:O,

and

Ry = Eo =M ,
where M is a large enough positive real.

In order to improve the algorithmic complexity of the latter procedure, setting PS+ST = Rs LSy

and P,y gy = R}

5y and rewriting the set of equations (5.3.1) and (5.3.3) by using the well-known

matrix inversion lemma (cf, Appendix A), we obtain the following algorithm which we call the

two-stage RLS (25-RLS).

Algorithm 5.3.1 The 25 — RLS algorithm
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The two-stage recursive least squares algorithm (2S-RLS), for estimating PARCH models, is

given by the following set of recursive equations :

( v = E% — f;&t_l, v = 5% - géat—h
. P16 - ~ P17, -
at:at,l—&—%, ag =0, . o = Q-1 + I~ 2 t,/\ , ag =0,
1+ &Paé, ’ ( t?‘j) + & L-16
~ ~ P P ~ ~ = P VP ~
p-p, b 1§/tf~t SV -t | B=B, L ;ftft/i L B=MI
\ 1+ P& L ( tat) + & P&,
first stage second stage

(5.3.5)
To study the asymptotic properties of the recursive estimators given by (5.3.5), we need to consider

the following additional assumption :
D4 : The expectation E (5?) is finite for any ¢.

Note that a more stringent assumption that the eight-order moment of the ARC'H process

exists, has been considered in Bose and Mukherjee (2003).

The following theorem shows that our 25-RLS algorithm provides estimators that have the
same asymptotic distribution as the off-line ones proposed (cf, Section 5.2) and hence the main

estimator is asymptotically efficient under the conditional normality assumption.
Theorem 5.3.1

i) Under assumptions D1 the recursive estimators & and &g converge almost surely to the true

value a* of the parameter a.

i1) In addition, if D4 holds, we have :

Vs + St(@srsr — ) 2 N(0,SVar(n2)Fy ' B Py, (5.3.6)
and
Vs + St(Qsysr — a*) L2, N (0,SVar(m3)Fy '), (5.3.7)

forall s=1,...,S, where F1, Fy and F3 are given by (5.2.6).

Proof

Obviously, as t — oo, equations (5.3.4a) and (5.2.5a) are equivalent in the sense that the asso-

ciated estimators have the same asymptotic properties. Hence, result (5.3.6) follows immediately
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from (5.2.7) (Theorem 5.2.1). By the same argument, equation (5.3.4b) is asymptotically equiva-
lent to (5.3.2). Now, we analyze the asymptotic properties of the estimator obtained from this last

equation. From (5.3.2) and (5.2.2) we have

t ¢ -1
t/2(@; — a*) = [ 12 g ] !1/22 g’“,oi E Bel . (5.3.8)

k= 1

As in Bose and Mukherjee (2003), to establish (5.3.8), it is enough to show that

_ 1 ,
t! Z < 2 (5204*)2) Ex€l = op(1), (5.3.9a)

kak

and

-1/2 1 "ot -0
t Z( GENE (g;a*)2> (Er™) mi&y, = op(1), (5.3.90)

and by the Martingale central limit theorem (cf, Hall and Heyde, 1980) we conclude that (5.3.7) is
true. To prove (5.3.9a), we use the mean value theorem as in Bose and Mukherjee (2003). Then,

we have

t

- 1 1 / _
' 1; <<5;ak)2 - (g;a*y)gkﬁk = 2 12 (O =00 Sk et
=1

s, (5.3.10)

where the constant X% is such that

1 1 Lo ]?
0 < 73§ 3 |:1 §58:|
Xk (52(1*) Ok
3 3
1 d a:j -3
S g |11 EY | <(ab) 2+Z : (5.3.11)
(ke 7=0 ¥ J

in which the upper bound of the last inequality is bounded a.s., for all k, in view of (5.3.6). Let
C71 > 0 be such a bounding constant. Note that in the first inequality of (5.3.11), we have used the
relation (17) in Bose and Mukherjee (2003, p. 133), where the positive integer r is the remainder
of the division of k by S.
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Then from (5.3.10) and (5.3.11), we have

t

_ ~ 3

ISell < Cut™" Y llaw — o[ 11&x P
k=1

Since the terms in the latter inequality satisfy
1~ % 3 - 3
Eo [an — o[ I€x]® < Cak ™2 €)%,
where from (5.3.6), Cs is such that
kY2 G — o) < O,

by assumption D4 we have

S92 (g ) < oc,

k=1

and then (see Lukacs, 1975, p. 80)
(e.0)
D kT ak — o 1€l < oo.
k=1

Thus, from Kronecker lemma (cf. Appendix B) (5.3.9a) follows.

To establish (5.3.9b) we again use the mean value theorem

t_l/Qi ( o > (Eha™) el = —2t_1/2i (G — a*)' &) (€ha)
k=1

GENCRRCrE 2 &
W 919,

To establish (5.3.9b) it suffices to show that

St

)

gy Zt: (e — 04*)/5;@) (&a) e
k=1 Xk

= op(1).

However, if we can show that

E([[St.sll) < oo,

194

(5.3.12)

Mk
gka
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then by Markov inequality we have

P(t0)Susl =) = P (ISl =),

)

ton 7

= op(1),

E (IS5

which is exactly (5.3.9b). But using (5.3.12) and assumption D4 we have

t
_ 11
Cot™ 03k 5 B (6l Bl

E([Susl) <
k=1 k
1
< Ot/ Nogt,
Xk
< 00,

which completes the proof. B

5.4 A Two-Stage Pseudo-Linear regression algorithm

In this section, we extend the pseudo linear regression method (cf, Chapter 3) to the PGARCH
case. We recall that this approach consists of writing a PGARCH model (4.2.1) in a linear
regression form with respect to the square of the process {e?,t € N}, where some regressors are
unobservable; and then estimating, by the ordinary least squares method, both these unobservable
components and the unknown parameters of the underlying model. However, this method does
not provide efficient estimators, even under the conditional normality assumption. This is because
the innovations, function of the conditional variance, are correlated with the past of the dependent
variable £2. For this reason, we invoke the well-known two-stage least squares method which was
introduced initially to estimate autoregressive models with ARCH errors, by Pantula (1988) and
recently used by Bose and Mukherjee (2003) for estimating ARC'H models.

Consider the PGARC Hg(p, q) process {e; t € Z} given by

et = Vhi(y,
{ (1- 5t(L)t)ht =aio+ (L) €2, t €7, (5.4.1)
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where {(;, t € Z} is an independent and identically distributed (i.i.d.) sequence with zero mean and
q . p .
unit variance. The polynomials a;(L) and 8,(L) are given by : ay(L) = > au; L', B(L) = >_ B, ; 17,
i=1 j=1
where L is the backward shift operator, and a;; and §, ; are periodic in time such that ay; > 0,
ﬁtJ 2 07 1= 07 - 4, j = ]-7 Y

Letting vy = €7 — hy = hy7,, where 7, = ¢? — 1, model (5.4.1) can be rewritten in a regression

form, which will be used in the subsequent sections
q P
&2 — o — Z iEr ;= vy — Zﬁj (e —vi—j(8)) -
i=1 j=1

For the rest of this paper we suppose that model (5.4.1) is causal and invertible (cf. Chapter 4).
We also suppose that the process {e4; t € Z} is ergodic, that is {e51 g7 }. is an ergodic process. It is
possible to say under what conditions the PGARC H process is periodically ergodic. This could be
acheived by making a Volterra series expansion of €Z in terms of {l7}; (see for example Giraitis et
al. (2000), where a Volterra expansion and moment conditions for ARC H (c0) processes are given)

and using Theorem 3.5.8 of Stout (1974).
Letting 6, the prediction of €7 based on the available information up to time ¢ — 1 is given by
21(0) = &2 —vy(0), t € Z, (5.4.2a)

where v; () is the prediction error function which can be recursively evaluated in terms of &7,

i=1,..,qand v,—;(8), j = 1,...,p, from the following stochastic difference equation
q P
v(0) =ef —aro— Y onigr ;+ Y By (e —vi(0)), tE€ L. (5.4.2b)
i=1 j=1

Since the effects of initial values of (5.4.2b) are not much persisting for a causal model, one can
without affecting the quality of prediction use zeros or other initial values (see e.g. Francq and

Zakoian, 2004). Combining (5.4.2a) and (5.4.2b), £,(6) can be written in the recursive form

p q
a0) =) BEj0)+ao+ > aigf, t>1, (5.4.3)

j=1 i=1

with fixed starting values.
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Given a time series ¢! = {1, ...,&;} with a number of observations ¢ which is not beforehand

fixed, we consider the weighted least squares prediction error criterion

1
We mention that the use of the weights ——— in the latter squares error criterion is quite adequate

hi (6)
because, as is mentioned above, the square of the innovation v?(8*) = v? = h?(¢* —1)?, where 6* is
the true value of the unknown parameter 6, is conditionally correlated with the past of {5?} The
two recursive estimation algorithms which we present below, and which are obtained through the
minimization of this expression have the smallest temporal and spatial algorithmic complexities as

possible.

Fort=s4957,5=1,2,....,58 and 7 € Z, let ¢, 5, be the S(p+ g+ 1) x 1 "pseudo regressor"

vectors defined as follows

/ 1 / ’
Psrsr=10,..,0,¢ -, —w, ,0,..,0 |, (5.4.4)
s—1 time S—s time

where 0, g, , and w, . are, respectively, the (p + ¢ + 1) x 1 null vectors, the ¢ x 1 vectors of the

S, T T

squared process g5, = (5§+ST_1,5§+ST_2, ...,5§+57_q)’, and the p x 1 vectors of the unobservable
r 2 2 1 _ :
components w; . = (€5, g, 1 — Vs+Sr—1, s CaySrp Vst57—p)s s = 1,2,...,5 and 7 € Z. Using

these notations, model (5.4.2) can be rewritten in the pseudo linear regression form :
€2 = 0,0 + vy (5.4.5)

The inconvenience of the model (5.4.5) is that the regressor vector ¢, contains unobserved compo-
nents (innovations). Therefore, the unknown parameter vector cannot be forwardly estimated by
the ordinary least squares method. However, if we suppose temporarily that these unobservable
values are known, model (5.4.5) can then be seen as a linear regression model with periodically

conditionally heteroskedastic errors, for which one can use the well-known recursive least squares

algorithm (in two stages, namely 2S-RLS) to obtain firstly, the preliminary estimate Aét, which

corresponds to the least squares solution, in a recursive form, when ignoring the heteroskedasticity

of the errors. This preliminary estimate is then used to obtain an improved estimator 5,: that takes
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into account the conditional heteroskedasticity, by means of appropriate weights. Along the lines

of Chapter 3 (Section 3.4) we obtain the following recursive equations

;

vy =€ — 011, R
~ ~ o ~ v
Ut = ftZ - et—y% 0p =01+ Ry 1%%27
0,5 = et_l + R;lg[)t"ljt, s (@29,5) (546)
~ ~ /
Ry = Ri—1 + ¢y}, Ry = Ry 1 + _Pir 5)
first stage L (902075)

second stage

where Rt is an approximation of the design matrix of the regression problem (5.4.5) with respect

to the time series {6%, kE=1,..,t} and ﬁt is also the design matrix when dividing both sides of

1
(5.4.5) by the weights ; (5 ) Note that it is possible to improve the algorithmic complexity of
k\YE

the last algorithm by using the well-known matrix inversion lemma (MIL) (cf, Chapter 3).
Hitherto, the innovations (v;) were supposed known. However, as they are unknown in practice,

we can proceed to estimate them using an approximation of the expression (5.4.2) where the

unknown parameter 6 is replaced once by its current preliminary estimate 5t and for a second time,

by the improved estimate Et obtained by the recursive algorithm (5.4.6). This gives

515 == 5%-&;@;, (547&)

@t = 6%—@;@1‘/, (547b)
where @, and @, are obtained from (5.4.6) when replacing v; by 5,5 and @ respectively. Using
these notations, and combining the estimation of the unobservable components given by (5.4.7a)

with that of the unknown parameters, one can propose a pseudo linear regression algorithm, in two

stages, as follows.
Algorithm 5.4.1 (T'S — PLR algorithm)

The two-stage pseudo—linear regression (T'S— PLR) estimation of a PGARCH model is given

by the following recursive equations
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( ~/
- 9~ v =¢; — Ppbi
v =&~ i1 S~ s Pi13,0; ~
3.-7 Py 0p =011+ — 5"t , 00=0
t=0 1+ ——=——, 0_1=0, 30 LD

1+ ¢ P19y ) Pelt—1 Perdt—19¢
- - P_ ~ ~/P_ - = =N ﬁi o~ /\/ﬁi -
B=P_ - %, Po=MI, | B=h,- =Wl B M1

+ Q10 (%@—1) + Py Pio1py

first stage ~
second stage

(5.4.8)

where P, = R o P,=R ;+ and M is a large enough number.

To study the convergence property of the estimators obtained by the algorithm (5.4.8), one can
use one of the well-known approaches in the on-line estimation literature, such as the Ordinary
Differential Equation approach (Ljung 1977a; 1977b), Hannan (1980)’s approach or the stochastic
Lyapunov function approach due to Moore and Ledwich (1980) and Solo (1979). However, we
adopt the last approach which is proved to assure the strong convergence property of the recursive

estimator without being monitored. Consider the following assumptions :

E1 : The periodically causal, invertible and ergodic PGARC H process {g;,t € Z} given by (5.4.2)

has finite fourth moments, then satisfies

t
. 1 4
tli>nolo sup 5 Z € < 00, (5.4.9)
k=1
. 1 ¢ ~ ~7 S . 1 t ~I ] \—2~ ~/ fan ol . .
and ensures that lim — > ¢, = R and lim — Y (¢.0,)  “@rP, = R are positive definite matri-
ces.
E2: The filters 1 — 3,(L) are such that

, 1
Re [(1 — B, ()™t — 5> 0 Vwe|—m, x|, forall s=1,.... 5. (5.4.10)

Note that for the PARM A case, Adams and Goodwin (1995) have replaced the condition (5.4.10)
by the very strict passivity property (cf, Chapter 3, Hill and Moylan, 1980 and Moore and Ledwich,
1980) of a certain model. They have also given a sufficient condition for this model to be very strictly

passive. Under the above assumptions, we can prove the following result.

Theorem 5.4.1
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The T'S-PLR obtained estimators 5,5 and 5,5 converge almost surely to 0, in the sense that

1/~ I~ - a.s.
n (915 — 9*) Ry (Qt — 9*) —0, as t — oo, (5.4.11a)
1 [+ 2 4
= (ﬁk - vk) 23,0, as t — oo, (5.4.11b)
k=1
and
1/~ s ([~ a.s
n (915 — 9*) Ry (Qt — 9*) -0, as t — oo, (5.4.12a)
1 ! 3 2 a.s
n Z (ﬂk - vk) — 0, as t — oo. (5.4.12b)
k=1
Proof

The proof of this theorem is based on the stochastic Lyapunov function approach as in Chapter 3
(see also Solo, 1979 and Moore and Ledwich, 1980). Results (5.4.11) can be easily shown by similar

techniques used in Chapter 3 or in the proof of (5.4.12) given below; hence it will be omitted. Note

that one can establish more than the a.s. convergence property of gt to 6*. Indeed, from Theorem

3.4.2, one can straightforwardly show that under F1 and FE2, we have

§1/2-0 (b’t . 9*) a5 ), (5.4.13)

t—o0

for any § > 0.

The proof of (5.4.12) is based on the two lemmas given below. Lemma 5.4.1 establishes a condi-
tion of the summability of the terms t_lht%; 2@;&; 13,, which is a crucial point in the convergence
of Et to 0%; while lemma 5.4.2 shows that this latter condition is guaranteed by assumption E1.
Lemma 5.4.1

Provided that the following condition

¢
. “INTT-2 5 12
tgnoo supt th Pkl < o0, a.s., (5.4.14)
k=1
holds, we have for any 6 > 0
e ~ o~
Zt_‘shf@;R;l@t < 00, a.s., (5.4.15)

t=1
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where Et = &;5,5,1.
Proof

Result (5.4.15a) follows from the properties of the inversion matrix lemma revealed by Solo

(1979). &
Now we need to show that F1 implies (5.4.14). This is given by the following lemma.

Lemma 5.4.2

If the assumption E1 holds? which implies

lim sUp — g h, %l < 00, (5.4.16)
t— o0
k: 1

then (5.4.14) is satisfied.

Proof

We need first to show that (5.4.16) implies

lim sup - th £} < 00. (5.4.17)

t— 00

Thus, it is sufficient to show

t

Z ( Pbk) (¢§€0*)_2> er = O(1), a.s.

k=1

H—\)—t

Using the mean value theorem as in Bose and Mukherjee (2003), we can rewrite S; as follows
t ~
S =271 30X (b — 40" ) ef

where from the inequality given in Bose and Mukherjee (2003, formula (17), p. 133) x; is such that

i 1 g% 3
©—3 0" O
0 < xi<(ph0) " |1+ H=2F ’“] :

ik 045y,
3
3 pt+q+1 I?’j P 5zfj — Up—j
< (apo) |1+ |1+ Z ’9’(’“3 1+q+zﬁ . (5.4.18)
j=1 O ; =1 %k—j k—j
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k' is the remainder of the division of k£ by S and where the upper bound of the last inequality is

bounded a.s. in view of (5.4.11). In addition, this last expression allows us to obtain the inequality

A B A S R AR A

— 0, a.s.
k—oo

Thus, from the Toeplitz lemma and E'1 we have

t
i< 2SN b — ek e,

— 0, a.s.,
t—o0

where C* is the bounding constant in (5.4.18). In the same manner, we can prove that under F1,

we also have

t—00

t
. I 72
lim sup + Eﬁ hy © < oo. (5.4.19)

Now, it remains to show that (5.4.17) implies

t
. 1 ~_o~2
tE%o sup — kgl hy, "0, < oo. (5.4.20)

However, we can easily show that (see Solo (1979) or Ljung and Soderstrom (1983, Lemma 4.2))
t

! > T S it 4 L6 by - LR (5.4.21)
n ~ 51~ " Ek —Uoiptp — 0 vl 4.
¢ 1- k290§c kl‘Pk tk: t t

Thus, from (5.4.21), it is clear that (5.4.20) gives

—27
19
hm sup — Z 2A,k = <00,
L 1= W Ry, 3y

and as ﬁf@;ﬂﬁ;l@k < 1 (cf, Appendix A) then (5.4.20) is true. From (5.4.19) we find that

. 1 T2 2 3 2
tE}noosupEZ hy, +th Eh Z—I—Zh (Ek—j_ﬂk—j) < 00
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which is exactly (5.4.14). Hence the proof is achieved. B

T =1~

Let us return now to prove (5.4.12). Setting 6; = /H\t - 0%, T, = %ﬁt@, ar = —h; 304,

- - ~1 _ 1 i
by = h;l <19t — v — ht2at>’ and T} = n <Tt +2> thakbk>, then along the lines of Chapter 3,
k=1

we can easily obtain the relation

T = (t — )Ty + 2h; 23, R 302 + 20 230, 1vi+
PN ~ A 2
- _ R 2}1;29{;& t 1‘51&(% - Ut)i)t - h5\4<P:th_11<Pt"‘9t (5.4.22)
< (t = D)T-1 + 20 *BLRyBy0f + 2hy 200 1ve + 20 *BLR; 51T — vt
Since E(vi/Fi—1) =0, BE(W?/F1) = (E(nf) — 1) h: = Kh; and the quantities : Et, P ﬁt_l, 01,
Uy — vy are Fy_j-measurable, then taking the conditional expectation of both sides of (5.4.22) with

respect to F;_1, we obtain
BE(Ty/Fr1) <Tyy —t Ty + 2Kt 0 23R 13,y (5.4.23)

Now, we can apply Robbins and Siegmund’s (1971) Martingale theorem (1971), to (5.4.23). We have

only to show that T;_; is positive and that the two last terms in (5.4.23) are summable. However,
these last terms are effectively summable in view of Lemma 5.4.1, Lemma 5.4.2, assumption E1,

the Markov inequality and the Borel-Cantelli lemma. Then it remains to show that
t ~
> Pagbe > 0 (5.4.24)
k=1

Note that, from the definition of a; and by, one can easily show that (See also Adams and Goodwin,

1995)
bs+ST = ((1 - /BS(L))_l - 1/2)as+57' = Hs(L)as-i-ST (5'4‘25)

Then, (5.4.24) can be easily obtained as in Solo (1979), whenever E2 is verified. Indeed, we have
t t
IR
k=1 k=1

where \ = inf [Re(1 — B,(e"))~t —1/2] and k' = k mod[S]. Finally, application of

—m<w<m,se{l,..,5}

the Robbins and Siegmund (1971) theorem to (5.4.23) gives (5.4.12). W
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It is worth noting that, when lim inf %Rt > 0 and liminf %Et > 0, (cf, Solo, 1979), the results

(5.4.11a) and (5.4.12a) imply

0t a.s. 0*,

0; “% 6%,

Remark 5.4.1

It maybe possible to reduce the number of moment assumptions by normalisation of the re-
gression function (5.4.5) to obtain a normalised recursive on-line pre-estimator. Such an estimator
would be similar in spirit to Moulines et al. (2003) and Dahlhaus and Subba Rao (2005) (though
for technical reasons it seems that Dahlhaus and Subba Rao (2005) assume existence of the 4th
moment of the process). We note that the algorithms considered in the references given above
are for recursive on-line parameter estimation of (nonstationary) AR or ARCH processes - the
normalisation in a recursive on-line GARCH algorithm would have to be different. Of course one
must remember if one normalises the algorithm, the spectral arguments that we used in E2 may

not apply.

5.4.1 Summary

This section concentrates on the problem of recursive parameter estimation of PGARC H models.
In particular a pseudo linear regression method was proposed for estimating the PGARCH pa-
rameters. The basic method of the algorithm was based on a two-stage scheme. First an on-line

recursive pre-estimate was proposed which used the regression representation of the process :
2 2
ef = @i + hy (Ct - )a

where we note that {ht (Ctz — 1) } , are Martingale differences. A type of recursive least squares

was used to obtain estimates of the parameters. The pre-estimator was used to obtain the main

estimator, where the above equation was normalised by an estimate of conditional variance h; (say

ﬁt = gﬁggt,l) and a recursive on-line method was proposed based on the regression representation

st _ el e (¢t —1)

hy ht ht

)
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The estimator in the second stage was considered better than the pre-estimator, since in the limit
. . 2 ht .
the Martingale differences (Ct — 1) %— should be now independent.
tJ¢

5.5 A two-stage recursive predictor error algorithm

The desirable strong convergence property of the obtained T'S — PL R estimators 6, and 6, is ensured
by Theorem 5.4.1; however, there is no, in our knowledge, available theoretical results concerning

the asymptotic distribution of these estimators. Moreover, aside from modest simulation tools

(see Ljung and Soderstrom, 1983) which can suggest the superiority of /O\t over 5t, it appears that

there is no existing results in the literature concerning the theoretical study of either the asymptotic

efficiency of the two estimators gt and 5,5 nor their relative efficiency. Concerning these important
points, Ljung and Soderstrom (1983, p. 231) showed via a particular counterexample, without
giving the corresponding asymptotic distribution, that the PLR estimator is not asymptotically

efficient. To avoid these inconveniences, we propose, as in Chapter 3, to replace the vectors ¢, and
©y, in (5.4.8) by the vectors @th and 7//\% obtained through a linear filter as we show below. Doing

this, we can establish a two-stage recursive estimation procedure which is an analogous to the

well-known Recursive Maximum Likelihood (RM L) method.

Letting 1, (0) = 8’5; 9(,9) , where 9, (0*) = —ggi, and deriving with respect to 6 the two sides of
(3.4), we obtain
P
U(0) = > Boj¥ei(0) = £(0), (5:5.1)
j=1

where s = t mod[S] and ¢,(0) is obtained from ¢,,given in (5.4.4), by replacing v; by its approximate
v1(0). Replacing in (5.5.1), 1,(0) and ¢,(#) by their approximates 1, and @, respectively ,and on

a second time by their approximates @t and @, respectively, we obtain the following relations :

~(t—1)~

~ P
Yy — Zlﬂs,j ¢tfj = Pt
]:

o~

(5.5.2)

Using the previous formulation, we are able to build, as was already made for the RM L algorithm,
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(see Chapter 3), the following algorithm.

Algorithm 5.5.1 (T'S — RPE algorithm) The TS-RPE algorithm for estimating a PGARCH

model is given by the following recursive equations

Uy = 5,5 @tet 1,

~ 2
Ut =& — tet 1, ~ o~
P, ~
Pt 1¢tvt > 9,5 = 9,5_1 + b 11/1,51)1: ,00=0
0p =0, 1+ ——==———=,00=0, e 7~
1+ tht 19, (%Qt 1) + Pyt
~ o~
~ P, P, ~ ) ~ ~ P P,
CRRI S U/ VR N T R = (111 N Yy
- q ~<1)t veFt-1vs (710 1) + UP-1d,
Vir1 = D Bsp¥inr1 + Pry1s - ) =
\ i kzzjl sk Pi—k+l i ¢t+1 Z ﬁs kwt k+1 +30t+17
first stage

second stage

(5.5.3)
where s = (¢t + 1) mod[S] and ¢, and &, are given in Section 3.

It is worth noting that the consistency property of the estimators Et and /H\t obtained by the
recursive system (5.5.3) can be easily established as in (5.4.11) and (5.4.12) by only using 1, and
vzt in place of ¢, and @, respectively, and by replacing the assumption EF2 with the following
assumptions :

E3 : We suppose that Algorithm 5.5.1 includes a projection that keeps 5t and /H\t in the stability
region.

E4:
iwyy—1 o\t iw 1
Re [(1 —B,(e) (1 =5, () — 2} >0 Yw € |—m, 7| (5.5.4a)

Re [(1 — B,(e™) 7t - BS U (e™)) — ﬂ >0 Yw € |—m, 7. (5.5.4b)

- Po—(t) .
The latter assumptions hold whenever §,(L) is stable for all s = 1, ...,S, where Bit) (L)=>" 632L3

In addition to the establishment of the strong convergence property of the T'S — RPFE estima-
tors, we obtain under the following additional assumptions, the asymptotic distribution property

of these estimators.
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E5 : There exists M* > 0 such that }e%} < M*, a.s.
S S
Letting Fy = 3 E (4,(0")94(07)) , Fa = 3° E (1,(0")v(67)v3) and
s=1 s=1

S
Fs =3 E (¢, (0"),(0*)h;? (%)) , we can state the following results.
s=1

Theorem 5.4.2 Under the conditions E1 — E5, we have

t1/2(6, — 0*) = N (0, SF; 'Ry F Y

and

t1/2(§t —6%) 2N (0, SVar(nz)Fgl) .
where "2 stands, as usual, for the convergence in law.
Proof

207

(5.5.5)

(5.5.6)

The proof of results (5.5.5) and (5.5.6) can be easily drawn by similar techniques as those

used for other estimation algorithms stated in Solo (1981), Ljung and Soéderstrom (1983, Appendix

4.B) or in Chapter 3. Hence, we only give a sketch of the proof of result (5.5.6) while the proof of

(5.5.5) can be drawn similarly. By backward recursion, one can obtain from the last three recursion

relations in (5.5.3), the following relation

t ~I — R
R, = R000+Z¢k I b /S Rl
5oy B\ )

Now we analyze each term of (5.5.7) which can be written as

-1
N2 + t_1/2 (th> Wi,

_ 1\~
£1/29, = (th> —1/2 Zw (6%)

i)

where

o~ — R
%4 Robo + Zwk V101 tvkz— U,
st (%@) pt (%@)

(5.5.7)

(5.5.8)

(5.5.9)
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First, we have to show that

1= as 1 . ACx
gRt—> ZE(W),ast%oo.

However,

1~ 1
SRo= wki/}k2’
k=1 (%@)
1<~ 90, 1< 1 1 e
= 2> Gt - Py

2 ~\2 2
=1 (#107) b= (%Hk) (¢.07)
From E3 and F4, it is easy to show that the first term can by written as

m—m(ﬂ%

k=1 (%9*)2 k=1 ((%9*)2 ) tk:l ( ke*)
1 (U = 05 (07) ) 43 (07)
+- ;
’f; (¥167)"
1o ¥y (0%) ¥, (0%)
=7 + op(1)
t; (p,67)°

k=1 (SO;CG*)Z S 5215 m=0 ((p%+5m9*)2
e 1§ p ()
s& T e

Hence (5.5.10) is established provided that we have

H—\)—‘

t
1 ~ o~
bir = 0p(1),
2 (¢ ek) et

208

(5.5.10)

which can be obtained easily, along the lines of Lemma 5.4.2, by using again the mean value

theorem, assumption F4 and the Toeplitz lemma. Considering the last term in the second member
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of (5.5.8), one can show, under £'3 and E4 and according to Ljung and Stderstrom (1983, Lemmas
4B1, 4.B4 and 4.B.6), that

1 ~ -1
t_1/2 <th> Wt = Op(]_).

Finally, to obtain (5.5.6), we need to establish the following asymptotic convergence in law

i (ws w;;e*)ng)) |

CQ \

S e e

But

t—l/ZZd} 1/221/) 6%

(9%9 )

e | )
Z} (k9k> Cge)?)

in which the last term of the second member of (5.5.11) is "o0p,(1)". Indeed, by means of the mean

)

(5.5.11)

values theorem we have

_ 1 «
ey A E G

a (%gk) ()

t
til/ﬂéz (ﬂﬁk " ) Ve (0 ) v, = Sy

k=1

1
for some ¢ such that 0 < § < 1/2, where as in Lemma B.2, — is bounded almost surely. Since
Xk

under E1— E4, the expectation E ||S; || is finite for all ¢, it follows from the Tchebyshev inequality
that t=° ||S;|| = 0,(1) and hence t7%S; = 0,(1). Thus, by the Martingale central limit theorem
(cf, Hall and Heyde, 1980, Corollary 3.1) which is easily applicable and the periodic ergodicity and

stationary of the underlying process we have

> s 9* s 0
1/2Zw ( /9*) ( z:: <¢ /);Z:)( )77§>>,

which complete the proof.
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5.6 Discussion

Although the algorithms presented above provide consistent estimates without the need for moni-
toring procedure, because of the positivity constraints on the parameters which cannot be assured
by Newton-Raphson’s nature, they must include a procedure which monitors the positivity and
hence the stability of the estimates, in order to lie inside the positivity region. To take into account
this important point, one can apply the monitoring procedure proposed by Ljung and Séderstrém
(1983). The stability conditions can be checked, at each iteration, by the use of the results given
in Chapter 4. However, the above monitoring procedure disturbs the rapidity of the algorithm.
Moreover, the use of the constrained least squares estimator, for higher order models, seems to
be very useful (see Pantula 1988; Wang et al., 2004). Nevertheless, these algorithms which can
be applied even to off-line data, can take into account the currently dynamic character of many
economic time series particularly the financial ones. Thus, these methods derived from the adaptive

control field, will probably see a resurgence of real interest in the field of econometrics.

5.7 Simulation study

5.7.1 Case of GARCH models

In this subsection we will test the performance of the aforementioned recursive algorithms via
simulated data. Table 1 compares the results obtained by our T'S-RLS estimator and those obtained
by the algorithm of Bose and Mukherjee (2003) (noted by B&M), on several simulated time
series, generated from the standard Gaussian ARCH (1) model with (g, 1) = (0.1,0.3). For all
simulations, we consider one thousand Monte Carlo replications. The initial parameter values are
taken to be zeros and Py = Py = 100000I. The mean (M) of the obtained parameter estimations
of both algorithms and their corresponding mean square error (M SE) are reported, in the same

table wich follows :
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“(TS-RLS) “(TS-RLS) —(B&M) ~(B&M)
Data %o ! %o %1
length
MSFE MSE MSE MSFE
A0 .0902 2923 .1066 2831
.0112 .0737 .0103 .0608
60 .0912 .3054 .1039 .2869
.0092 .0493 .0084 .0465
20 .0942 .2953 .1037 .2891
.0085 .0409 .0072 .0399
100 .0946 2974 .1024 .2900
.0047 .0369 .0043 .0300

Observe that the T'S-RLS estimates are good compared to the B&M estimates, even for small
data length. For moderate data the T'S-RLS performs better than its homologue because of the

good monitoring of the positivity constraint.

In Table 2, we assess the performances of the T'S-PLR and RPFE estimates, based on simulated
data generated from the Gaussian GARCH (1,1) model with parameters (ag, a1, 51) = (.3,.05,.8).

The starting values are taken as being the same as in the previous example.

e | 7 AT AT A [ A
length M. M. M. M. M. M.
MSE MSE MSE MSE MSE MSE
30 3371 .0622 .8541 .3445 .0653 .8465
.0925 .0081 1028 1079 .0091 .0912

3213 .0588 8341 .3208 0547 .8265

300 .0649 .0066 0897 .0592 .0063 .0714
600 3105 .0518 8241 .3086 .0509 .8165
.0417 .0047 0718 .0491 .0043 .0676

Note that for small data length, the estimates given by our two last algorithms are acceptable
and that the T'S-PLR performs better than its homologue. However, for moderate and long times
series, the RPFE gives better estimates than the T'S-PLR algorithm. We also note that the proposed
algorithms must be monitored to cure the negative values in the obtained estimates, which violate
the stability constraint. Indeed, these algorithms are based on the Newton-Raphon method which
leads us to obtain some negative solutions. The monitoring procedure is derived from Ljung and

Soderstrom (1983).
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5.7.2 Case of periodic ARCH models

In this subsection we test for the performance of the above methods via simulated data. Indeed,
their performance was assessed on several time series generated from periodic ARCH of differ-
ent orders and periods for a variety of sizes. However, for the sake of brevity, we consider only
the results associated with simulated series of sizes, 80, 120, 160 and 200, from the standard
Gaussian PARC H3(1) model with (a1, a1, a0, 21) = (.05,.7,.3,.1). For each size, we consider

one thousand Monte Carlo replications. The initial parameter values are taken to be zeros and
]30 = ﬁg = 1000001. The following table presents the results obtained by the 25-L.S method (noted
LS) and the 25-RLS algorithm (noted RS). M and M SE denote the mean of the obtained para-

meter estimations of both algorithms and their corresponding mean squares errors, respectively.

ay” Ay Ay ay? ay Ay ay  ay
T M M M M M M M M
MSE MSE MSE MSE MSE MSE MSE MSE
30 0628  .6721 2847 1611 .0528 .6696 .2603  .1471
0016  .1932 .0056  .0568 .0013  .1627 .0399  .0468
120 0606 .6799 .2910 .1410 .0519 .6781 .2666 .1384
.0012 1450 .0040 .0232 .0011 .1341 .0329 .0284
160 0573  .6848 .2940 .1389 .0512 .6846 .2709  .1318
.0010 .12v5 .0033  .01v9 .0009 .1276 .0283  .0212
9200 0572 7127 2967  .1203  .0505 .6986  .2765  .1201
.0009 .1110 .0022  .0115 .0004 .1067 .0196  .0111

Observe that the 25-RLS estimates are good and are comparable to the off-line estimates 25-1.S,
even for small time series. Moreover, the second algorithm can take account of the good moni-
toring of the positivity and the periodically stationary conditions. However, the above monitoring
procedure slows down the rapidity of the algorithm because of its Newton-Raphson’s nature. Con-
sequently, the use of the constrained least squares estimator seems to be very useful (see also

Pantula, 1988 and Wang et al., 2004).

5.8 Conclusion

In this chapter we have proposed some recursive algorithms for estimating nonlinear heteroskedastic
models independently of the restrictive normality assumption. These methods, derived from the on-
line estimation, extend the recursive least squares method, the pseudo linear regression method and

the recursive maximum likelihood method to the case of periodic GARC H models and give, under
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general conditions, consistent estimators. The proposed methods can also be applied to off-line data
for which they guarantee a good monitoring of estimates, in order to lie inside the stability and
positivity regions. Moreover, they can be easily adapted to more general models such as PARM AX
models with PGARCH errors. Thus, the aforementioned algorithms are recommended as well for
their simplicity and precision as for their dynamic character, which is adequate for real-time time

series such as continuous time financial models for which GARC H models are good approximations.
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Chapter 6

Appendix A

The matrix inversion lemma (The Wooldbury Formula)

Lemma A.1 Let A, B and C be three matrices of compatible dimensions so that the sum

A+ BCD is possible.
[A+BCD ' = A"~ AT'B[DAT'B+C7'] T DAL (A1)

Consequences :

Let R; be a matrix given by

t
Ry = > &bl
k=1

= Ri_1+ MN&&,

where \; > 0. Then application of Lemma A.1 gives

R7' = (R +M&E) T,

R—l /R—l
= R - —_t;lgtft =L (A2)
AR

This implies

)\th:llft&Rt:lﬁt
)\t_l + f;Rt_—llft 7

MRYE = MRNE -

R
= ,lt—,,lv (A3)
A+ &R
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and then

GRL¢

MNER T, =
Tt N+ gR

< 1 (A4)

Applying again the forgoing lemma, we obtain

AT ERAE) T =0 (1- MERE) (A5)
and
Ry = (Ro—nge)
_ gt PGSR (46)
A HGRE
Therefore
MR7LE = B & (A7)

NGRS



Chapter 7

Appendix B

1- Some usual inequalities

We restate in this appendix without comment a few of the most important inequalities used

earlier.

Let X and Y be r.v. on a probability space (€2, A, P). Then :
C,-inequality : E|X +Y|" < C.{E|X|" + E|Y|"} for r > 0, C, = 20V)-1,

Holder : E|XY| < (E|X[)/ (E[Y|") forr>1,14+1=1.

X1

E|X
Markov : P (| X|>n) <

r

for all n > 0; requires r > 0.

Dispersion : E|X| < E|X + Y| for independent r.v.s with 0 means.

Jensen : g(EX) < Eg(X) if g is convex on some (a,b) C R having P (X € (a,b)) = 1, and if
E (X) is finite.

2- Some usual Lemmas

Toeplitz Lemma : Let a,; (for 1 < k < k,, with k, — o0) be such that :

() For every fixed k, we have ap; — 0.
(17) Z],zil lank| < ¢ < oo, for every n.
Let z], = Zﬁ’;l anixy. Then

(a) x, — 0 implies =/, — 0.

If 227;1 ani — 1, then

217
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(b) &, — x implies ], — x
In particular, if b, = > ,_; a / oo, then
(¢) xp — x finite entails Y, agry /by — .
As a particular case :
Cesaro summability lemma : If S, = >} | 2 — r, then >, Sp/n —r.
Kronecker’s lemma : Let x1, 9, ... be arbitrary real numbers. If
b, > 0 and /" oo, then
> — r implies Y 7 bgxg /by — 0.
Borel-Cantelli lemma :

We only state an important consequence of the Borel-Cantelli lemma due to Stout (1974).
Lemma (Stout, 1974, Theorem 2.1.1)

Let (Sn),>1 a sequence of r.v. such that

S P (S > €) < o0,

n>1

for every € > 0. Then

n—oo
Sn — 0, a.s.
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Résumé

L'objectif de cette thése est I'étude de la modélisation des séries chronologiques exhibant
une dynamique périodique. Nous considérons deux types de formulations dont I'une est
linéaire, s'exprimant a travers des équations aux différences stochastiques a coefficients
périodiques (scalaires et matricielles) et l'autre non linéaire du type conditionnellement

hétéroscédastique. Notre contribution est triple :

D'abord, I'étude de certaines propriétés algébriques et probabilistes de ces modeles, a
savoir : la stabilité (causalité et inversibilité), la stationnarité périodique stricte, la structure

d'autocorrélation, I'information de Fisher et I'existence des moments d'ordres supérieurs.

Ensuite, I'élaboration des méthodes d'estimation basées sur le critere du maximum de
vraisemblance et celui des moindres carrés (ordinaire, pondéré et en deux étapes). Certaines
méthodes sont restreintes au cas univarié et d'autres s’appliquent également dans le cas
multivarié. De plus l'estimation est abordée selon deux contextes différents, a savoir

I'estimation hors-ligne et I’estimation en-ligne.

Et enfin, I'étude des propriétés statistiques (asymptotiques) des estimateurs fournis par
les méthodes développées, telles que la convergence presque sure, la normalité asymptotique
et I'efficacité asymptotique.




