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General introduction

The contact problem is an important problem in computational mechanics. The modeling
of unilateral contact problems of elastic bodies with friction is quite challenging and
encounters some difficulties. Frictional contact problems are of crucial importance in
many engineering branches, they involve contact and friction interactions between two or
more deformable and/or rigid bodies in the Coulomb friction law. Despite their simple
nature, contact problems with Coulomb friction are rather difficult to analyze. This is
mainly due to the non-monotone, non-compact and even non-smooth character of the
friction term in the weak formulation of the contact problem.

The problem of a unilateral contact with Coulomb friction attracted attention of many
research workers both in engineering and mathematics. It is characterized by unilateral
inequalities, describing the physical impossibility of tensile contact tractions (except under
special circumstances) and of material inter-penetration. Additional inequalities and / or
non-linearities are introduced when friction laws are taken into account. These complex
boundary conditions can lead to problems with existence and uniqueness of quasi-static
solution and to lack of convergence of numerical algorithms. In frictional problems, there
can also be lack of stability, leading to stick-slip motion and frictional vibrations.

The first formulation of the problem (without friction) has been established by Sig-
norini in 1933. He stated the prescribed boundary conditions and contact conditions for
an elastic body against a rigid foundation. Its mathematical analysis is due to Fichera [44]
using an equivalent minimizing problem. Some existence results for a class of problems
are established by Duvaut and Lions [39] where they have pointed out an open problem
of existence and uniqueness in the case of Coulomb friction law (local). In 1980, Néčas,
Jarušek and Haslinger [81] have established only the existence of a solution under the
condition that the friction coefficient is small enough. After that, more general results
have been established by Jarušek [54], Kato [57], Eck and Jarušek [42]. R. Hassani, P.Hild
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and I.Ionescu [50] have found a sufficient condition for non uniqueness result. Recently,
for dynamic case, M. T. Cao and P. Quintela [10] have established an existence theorem
for a linear elastic Signorini problem without friction.

Thin structures are elastic bodies for which one dimension is small compared with
other ones, standard exemples are plates, shells and rods. Under realistic mechanical
hypotheses, some models are proposed by Kirchhoff, Love, Mindlin, Reissner, Koiter and
Naghdi. A major advantage in the modeling of thin structure in linear elasticity is the
possibility of the justification of the convergence of the 3D model towards the 2D model,
which is not the case in general within the framework of nonlinear elasticity.

In 1979, Ciarlet and Destyunder [24] performed a mathematical justification of some
of these models.

The unilateral contact problem of thin plate with Coulomb friction was treated by
Dhia [36] using a penalty method.

In 2002-2003, J. C. Paumier [85, 83, 84], has studied the linearized elastostatic Sig-
norini problem with Coulomb friction of a plate where he has proved that the three
dimensional problem converges strongly to the solution of the two-dimensional Signorini
problem without friction.

During its research task he raised some open questions:

1. how is it possible to get a lower-dimensional model including friction?

2. is the study of the quasi-static case possible?

3. is it possible to replace a part of the clamped condition by an unilateral one?

4. is this approach valid for shells and rods?

5. what happens in the non-linear case (von Kármán equations)?

6. what happens for other constitutive laws?

It is announced that A. Léger and B. Miara [70] generalized the work of J. C. Paumier
to the case of linearized shallow shell but without friction, which gives a partial answer
to the fourth open question. The study carried out by J.C. Paumier is the modeling of
a Coulomb frictional unilateral contact problem between an elastic thin plate and rigid
foundation, within the framework of linear elasticity, by a two-dimensional Signorini model
without friction by using the method of convergence. One can find the same results by
using the method of the asymptotic expansions, one obtains that with the first significant
order the same model obtained by the method of convergence.

The objective of this thesis is to realize some extensions of the study of Paumier
[85, 83, 84] in point of view material (nonlinear), boundary conditions (von Karman
types), geometry (shallow shells) and to dynamic state. The method used is "convergence
method" in case of linearized elastic material and the method of "formal asymptotic
expansions" in case of non linear elastic material. This thesis is divided into four chapters.
The first chapter is devoted to the recall of some results on asymptotic modeling of plates
with some boundary conditions as in the literature of Ciarlet [20, 28, 25], L. Gratie [48]
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and Chacha, Ghezal and Bensayah [14, 13]. The second chapter presents the description
of Signorini problem static and dynamic one, without/with friction in case of linear three
dimensional elasticity. The third chapter deals with Signorini problem in case of von
Karman conditions with Coulomb friction for plates which is the objective of the paper
Chacha and Bensayah[12] after that we pass to the problem with generalized Marguerre-
von Karman conditions for shallow shells with Coulomb friction which is the objective
of the paper Bensayah, Chacha and Ghezal [5]. In the fourth chapter, we pass to the
dynamic case but in linearized elasticity and without friction which is the object of the
paper Bensayah, Chacha and Nicase [6]. Finally we end this thesis with a conclusion
which contains general results, some perspectives and some open problems.

ix



Chapter 1

Description of some boundary

value problems for elastic plates

1.1 Introduction

Throughout this dissertation, we make the following conventions and notations: Greek
indexes (except ε) belong to the set {1, 2}, Latin indexes belong to the set {1, 2, 3}, the
symbols of differentiation ∂εj = ∂/∂xεj , ∂j = ∂/∂xj, δij the Kroneker symbols, and the
summation convention with respect to the repeated indexes is systematically used.

Also we make the following geometrical assumptions and mechanical hypothesis. Let
Ωε = ω×]−ε,+ε[, where ε is a small parameter, be an open bounded set from R3, such that
ω is an open subset from R2 with Lipschitz boundary γ. We denote the lateral boundary
of Ωε by Γε0 = γ × [−ε, ε], the upper and the lower faces are denoted, respectively, by Γε+
and Γε−. We suppose that Ωε is occupied by an elastic, homogeneous, isotropic body.
In its natural configuration: a plate of thickness 2ε whose Lamè’s constants are denoted
λ > 0, µ > 0 and assumed to be independent of ε. The plate is supposed to be subjected

1



SEC. 1.2 CHAP. 1

ΩεΩε

}2ε

ω

Γε−

Γε+

Γε0

Figure 1.1: Geometric illustration of a thin plate.

to a body force of density f ε, its lower and upper faces are subjected to a surface force of
density gε. Note that we keep the same notation of the function to denote its trace.

1.2 Dirichlet-Neumann conditions for linearly elastic

thin plates

In this section, we suppose that the material occupying the domain Ωε is linearized, the
plate is totally clamped by its lateral boundary Γε0 and the system is in static case. This
situation is modeled by the following three-dimensional boundary value problem in terms
of displacement uε : Ωε → R3 such that uε(xε) = (uε1(x

ε), uε2(x
ε), uε3(x

ε)) and

(CP ε)


Find uε such that
−∂εjσεij = f εi in Ωε (1.1)
σεijn

ε
j = gεi on Γε− ∪ Γε+ (1.2)

uε = 0 on Γε0 (1.3)

where
σεij (u

ε) = aijkle
ε
kl (u

ε) (1.4)

are the components of the stress tensor, and also represent the constitutive equation of
the elastic material,

eεij(u
ε) =

1

2

(
∂εi u

ε
j + ∂εju

ε
i

)
(1.5)

being the components of the linearized deformation tensor. For homogeneous, isotropic
material aijkl are constants independent of xε and verify:

aijkl = λδijδkh + µ(δikδjh + δihδjk)( Hook’s law ).

Hence
σεij (u

ε) = λeεpp(u
ε)δij + 2µeεij(u

ε) (1.6)

2



SEC. 1.2 CHAP. 1

First, we rewrite the above boundary value problem (C.P̂ ε) in the weak form, by using
Green’s formula, we show that any smooth solution of the boundary value problem also
satisfies the following variational problem

Proposition 1 If uε is a solution of (C.P ε) then uε verifies the problem :

(V.P ε)

 Find uε ∈ V⃗ (Ωε) such that

aε(uε, vε) = Lε(vε) ∀vε ∈ V⃗(Ωε)

where

aε (uε, vε) =

∫
Ωε

σεij (u
ε) ∂εjv

ε
i dx

ε

=

∫
Ωε

[
λeεii(u

ε)eεjj (v
ε) + 2µ eεij(u

ε)eεij (v
ε)
]
dxε (1.7)

Lε (vε) =

∫
Ωε

f εi v
ε
i dx

ε +

∫
Γε
−∪Γε

+

gεi v
ε
i dΓ, (1.8)

and

V (Ωε) =
{
vε ∈ H1 (Ωε) /vε = 0 on Γε0

}
,

V⃗ (Ωε) = V (Ωε)× V (Ωε)× V (Ωε),

Note that the trace of the function v of V (Ωε) belongs to the space H1/2
00 (Γε+∪Γε−), its dual

space is denoted by H−1/2(Γε+ ∪ Γε−). For more details see [64].

Remark 2 For uε smooth enough, the problems (C.P ε) and (V.P ε) are equivalent.

Remark 3 Under the assumption that f εi ∈ L2(Ωε), gεi ∈ H−1/2(Γε− ∪ Γε+) the problem

(V.P ε) admits a unique solution due to Lax-Milgram lemma. This solution realize the

minimum of the function

F (vε) =
1

2
aε (vε, vε)− Lε (vε) , ∀vε ∈ V⃗ (Ωε) .

1.2.1 Asymptotic study

Scalings on data

We follow here the same method as in [19, 20, 21, 28]. Let Ω = ω×] − 1,+1[,Γ± =
ω × {±1},Γ0 = γ × [−1,+1]. Let x = (xi) ∈ Ω̄ denote a generic point in the set Ω̄.

3
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2ε}Ωε

ω
Γε−

Γε+

Γε0

Ω

πε

2

Γ+

Γ−

Γ0

Figure 1.2: Transformation of the domain Ωε into a domain independent of ε.

We now transform the domain Ω̄ε having the thickness 2ε into a fixed domain Ω̄ indepen-
dent of ε via the simple mapping: πε : Ω̄ → Ω̄ε where xεα = xα, x

ε
3 = εx3 hence

πε(Ω) = Ωε, πε(Γ±) = Γε±, π
ε(Γ0) = Γε0, ∂

ε
α = ∂α, ∂

ε
3 =

1

ε
∂3.

See Figure1.2.
We introduce the scaled displacement u(ε), the scaled test function v(ε), the scaled stress

tensor σ(ε) such that for all xε = πε(x)
uεα(x

ε) = ε2uα(ε)(x), u
ε
3(x

ε) = εu3(ε)(x),
vεα(x

ε) = ε2vα(x), v
ε
3(x

ε) = εv3(x),
σεαβ(x

ε) = ε2σαβ(ε)(x), σ
ε
α3(x

ε) = ε3σα3(ε)(x), σ
ε
33(x

ε) = ε4σ33(ε)(x).

We also introduce the scaling of the forces: f εα = ε2fα, g
ε
α = ε3gα, f

ε
3 = ε3f3, g

ε
3 = ε4g3

where fi and gi are supposed independent of ε. Therefore we denote

V (Ω) = {v ∈ H1(Ω), v = 0 on Γ0}, (1.9)

V⃗ (Ω) = V (Ω)× V (Ω)× V (Ω) (1.10)

The scaled variational problem

Using the upper assumptions and notations lead to the following result

Proposition 4 If uε is solution of the problem (V.P ε) then u(ε) solves the problem

(SV P (ε))

 Find u(ε) ∈ V⃗ (Ω) such that

aε (u(ε), v) = L (v) , ∀v ∈ V⃗ (Ω),

4
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where

aε (u(ε), v) =

∫
Ω

σij(ε)∂jvidx, (1.11)

L(v) =

∫
Ω

fividx+

∫
Γ−∪Γ+

gividΓ, (1.12)

such that 
σαβ(ε) = λeγγ(u (ε))δαβ + 2µeαβ(u (ε)) + ε−2λe33(u (ε))δαβ

σα3(ε) = ε−22µeα3(u (ε))

σ33(ε) = ε−4 (λ+ 2µ) e33(u (ε)) + ε−2λeγγ(u (ε))

(1.13)

This problem has a unique solution u(ε) under the assumption that fi ∈ L2(Ω), gi ∈
H−1/2(Γ− ∪ Γ+), this solution realizes the minimum of the function

F (v) =
1

2
aε(v, v)− L(v),∀v ∈ V⃗ (Ω).

Convergence theorem

First, we introduce the space of Kirchhoff-Love displacements defined by VKL such that

VKL (Ω) =
{
v = (vi) ∈ V⃗ (Ω) / ∂iv3 + ∂3vi = 0

}
(1.14)

Also it can be defined by

VKL (Ω) =

{
v = (vi) ∈

(
H1 (Ω)

)3 / vα = ηα − x3∂αη3, v3 = η3 such that
ηα ∈ H1

0 (ω) , η3 ∈ H2
0 (ω)

}
In addition this space is isomorph to the space

V⃗ (ω) = H1
0 (ω)×H1

0 (ω)×H2
0 (ω) .

Theorem 5 Let u(ε) be a solution of the problem (SV P (ε)), then

u(ε) → u(0), in VKL (Ω)

where u(0) satisfies the following problem:

(V PKL(0))


Find u(0) ∈ VKL (Ω) , such that,∫
Ω

σαβ(0)∂βvαdx = L (v) , ∀v ∈ VKL (Ω) ,

where

σαβ(0) = λ⋆eσσ(u(0))δαβ + 2µeαβ(u(0)), λ
⋆ =

2λµ

λ+ 2µ
. (1.15)

5
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Proof. See [20, Theorem 1.4-1, p.34].

Two dimensional reduced model

Remark 6 From the definition of the space VKL(Ω), look for u(0) in VKL(Ω) is similar

to look for (ξ1, ξ2, ξ3) in V⃗ (ω) therefore we can reduce our three-dimensional problem to a

two-dimensional problem.

Theorem 7 Let u(0) be such that uα(0) = ξα−x3∂αξ3,u3(0) = ξ3, where ξα, ξ3 are smooth

enough. If u(0) is a solution of the problem (V PKL(0)) then ξα, ξ3 verify the following

bi-dimensional problem (BP (0))
Find ξα ∈ H1

0 (ω) , ξ3 ∈ H2
0 (ω) such that

k∆2ξ3 = h03 + h11 + h12

−∂βnαβ = h0α

where

k =
8

3
µ
λ+ µ

λ+ 2µ
, h0i =

∫ +1

−1

fidx3 + g−i + g+i , h
1
i =

∫ +1

−1

x3∂ifidx3 − ∂ig
−
i − ∂ig

+
i ,

g±i = gi (x1, x2,±1) , nαβ =
4λµ

λ+ 2µ
eγγ (ξ) δαβ + 4µeαβ (ξ)

Proof. Special case of [20, Theorem 1.7-2, p.66].

1.3 Time dependent problem

1.3.1 Strong and weak Formulation of the problem

6
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Using the assumptions in the Section 1.1 one can state the following classical elastody-
namic problem 

Find uε := uε(xε, t) such that for all t ≥ 0 :

ρε
∂2uεi
∂t2

− ∂εjσ
ε
ij = f εi in Ωε × ]0,+∞[ (1.16)

σεijn
ε
j = gεi onΓ

ε
± × ]0,+∞[ (1.17)

uε = 0 on Γε0 × ]0,+∞[ , (1.18)
uε(., 0) = pε, u̇ε(., 0) = qε, (1.19)

where σεij (uε) are defined by (1.4).
We rewrite the above boundary value problem in the following weak form, by using

Green’s formula, we show that any smooth solution of the boundary value problem also
satisfies the following variational problem :

(V P ε)


Find uε(t) ∈ V⃗ (Ωε), t ≥ 0 such that
∂2

∂t2
ρε
∫
Ωε

uεiv
ε
i dx

ε + aε(uε, vε) = Lε(vε), ∀vε ∈ V⃗ (Ωε) , t > 0 (1.20)

uε(., 0) = pε, u̇ε(., 0) = qε, (1.21)

where aε (uε, vε), Lε (vε) and V⃗ (Ωε) are defined respectively by (1.7), (1.8) and (1.10).
Note that, under restrictive conditions on applied forces, body forces and initial data,
this problem has a unique solution, see [55]. We can also consult [20, Section 1.14, p.113]
and references therein.

1.3.2 Asymptotic study

In this subsection, we keep the same transformation and scalings on data and on unknowns
as in the paragraph 1.2.1 and we add the assumption that there exist p and q independent
of ε such that:

pεα = ε2pα, p
ε
3 = εp3, q

ε
α = ε2qα, q

ε
3 = εq3

Inserting the upper scalings in the variational problem leads to the following proposi-
tion

Proposition 8 The variational dynamic problem (V P ε) is equivalent to the following

scaled variational dynamic problem (SV P (ε)): Find u(ε)(t) ∈ V⃗ (Ω) , t ≥ 0 such that

∂2

∂t2
ρ

∫
Ω

u3 (ε) v3dx+ ε2
∂2

∂t2
ρ

∫
Ω

uα (ε) vαdx+

∫
Ω

σij (ε) ∂jvidx = L (v) , ∀v ∈ V⃗ (Ω) , t > 0

u(ε)(., 0) = p, u̇(ε)(., 0) = q

7
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where

eij(u(ε)) =
1

2
(∂iuj(ε) + ∂jui(ε))

L (v) =

∫
Ω

fividx+

∫
Γ−∪Γ+

gividΓ

1.3.3 Two-dimensional problem

Theorem 9 Let u(ε) be a solution of the dynamic problem (SV P (ε)), then

u(ε) → u(0) in L2(0, T,VKL (Ω)) as ε→ 0,

where u(0) satisfies the following dynamic problem:

(V PKL(0))


Find u(0) ∈ VKL (Ω) , such that,

∂2

∂t2
ρ

∫
Ω

u3(0)v3dx+

∫
Ω

σαβ(0)∂βvαdx = L (v) , ∀v ∈ VKL (Ω) ,

u(0)(., 0) = p, u̇(0)(., 0) = q

where σαβ(0), L (v) and VKL (Ω) are defined respectively by (1.15), (1.12) and (1.14).

Proof. See [20, Thm. 1.14-2, p.115].

In the next proposition, we re-write the problem (V PKL(0)) in terms of ξα and ξ3.
Hence we get a two dimensional problem (P b (0)) whose solutions are ξα and ξ3. The
vector field (ξi) represents the (scaled) displacement of the middle surface ω of the plate.

Proposition 10 If u(0) is a solution of (V PKL(0)) such that uα(0) = ξα − x3∂αξ3 and

u3(0) = ξ3, with ξα, ξ3 sufficiently smooth. Then ξα, ξ3 verify with σ0
33, at least formally,

the two-dimensional boundary value problem :

(P b(0))



Find ξα ∈ H1 (ω) , ξ3 ∈ H2
0 (ω) , for a.e t ≥ 0 such that

2
∂2

∂t2
ρξ3 + k∆2ξ3 = h11 + h12 + h03 on ω × ]0,+∞[ (1.22)

−∂βnαβ = h0α on ω × ]0,+∞[ (1.23)

ξi(., 0) = φi,
∂ξi
∂t

(., 0) = ψi

where k, h0i , h1i , g
±
i and nαβ are defined in the Theorem 7.

Proof. See [20, Thm. 1.14-3, p.117].

8
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Ωε

admissible displacements uε

von Karman forces

Γε0

Figure 1.3: Description of von Karman forces and admissible displacements of the points

of the boundary Γε0. See [32] or [19].

1.4 The von Karman equations for elastic plates

In this section, we replace the linear elastic body occupying the domain by a nonlinear
one. And we apply on the lateral face forces with horizontal direction as described in the
following paragraph.

1.4.1 Setting of the problem

Let Ωε defined as in the Section 1.1. We suppose that Ωε is occupied by a nonlinear,
elastic, homogeneous, isotropic body. In its natural configuration: a plate of thickness
2ε whose Lamè’s constants are denoted λ > 0, µ > 0 and assumed to be independent
of ε. The plate is supposed to be subjected to a body force of density f ε ∈ (L2(Ωε))

3,
its lower face subjected to a surface force of density gε ∈

(
L2(Γε− ∪ Γε+)

)3 and subjected,
on Γε0 to applied surface forces of "von Kármán’s type" which are horizontal, and only
their resultant

(
F̃ ε
1 , F̃

ε
2

)
∈ (L2(γ))

2 after integration across the thickness is given along
the boundary γ. Therefore, the displacements uε derived from this situation verify uεα
independent of xε3 and uε3 = 0 on Γε0 which mean that the only horizontal displacements
of equal direction and magnitude are allowed along each vertical segment of the lateral
face Γε0. See Figure1.3. For more details on the von Kármán equations we return to [32]
and [19].

Our aim is to find the asymptotic behavior of the equilibrium state of the plate Ωε

9
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which is characterized by a displacement vector uε solution of the classical problem:

(CP ε)


−∂εj σ̂εij = f εi inΩε

uεα independent of xε3 and uε3 = 0 on Γε0
1

2ε

+ε∫
−ε
σ̂εαβ.ν

ε
βdx

ε
3 = F̃ ε

α on γ

σ̂εijn
ε
j = gεi on Γε−

where: σ̂εij = σεij + σεkj∂
ε
ku

ε
i , σεij = λEε

pp (u
ε) δij + 2µEε

ij (u
ε) the components of the stress

tensor, Eε
ij (u

ε) =
1

2
(∂εi u

ε
j+∂

ε
ju

ε
i+∂

ε
i u

ε
k∂

ε
ju

ε
k) the components of the nonlinear strain tensor,

nε = (nεi ) is the unit outer normal vector along the boundary of the plate Ωε, νε = (νεα) is

the unit outer normal vector along the boundary of the set ω. To give a weak formulation
of our problem we introduce some notations. Let

V (Ωε) =
{
v ∈ W 1,4(Ωε)/ v independent of xε3 on Γε0

}
,

V0(Ω
ε) =

{
v ∈ W 1,4(Ωε)/ v = 0 on Γε0

}
V⃗ (Ωε) = V (Ωε)× V (Ωε)× V0(Ω

ε)

Multiplying the system of equilibrium equations in (CP ε) by functions vεi and inte-
grating over the set Ωε, using the Green formulas and the boundary conditions we obtain:

The variational formulation of the classical problem (CP ε) is :

(V P ε)

 Find uε ∈ V⃗ (Ωε) such that:∫
Ωε

σ̂εij∂
ε
jv

ε
i dx

ε = Lε (vε) + 2ε

∫
γ

F̃ ε
αṽ

ε
αdγ, ∀ vε ∈ V⃗ (Ωε)

,

where: Lε (vε) =
∫
Ωε

f εi v
ε
i dx

ε +

∫
Γε
−∪Γε

+

gεi v
ε
i dΓ

ε.

1.4.2 Asymptotic study

The scaled problem

Using the same transformation and scalings on data and on unknowns as in the paragraph
1.2.1 and we add the assumption on the von Kàrmàn forces. Then the scaled displacement
u(ε), the scaled test function v(ε), the scaled stress tensor σ(ε) satisfy:{

uεα ◦ πε = ε2uα (ε) , uε3 ◦ πε = εu3 (ε) , v
ε
α ◦ πε = ε2vα (ε) , v

ε
3 ◦ πε = εv3 (ε)

σεαβ ◦ πε = ε2σαβ (ε) , σ
ε
α3 ◦ πε = ε3σα3 (ε) , σ

ε
33 ◦ πε = ε4σ33 (ε)

(1.24)

We also introduce the scaling of the forces:

f εα ◦ πε = ε2fα, f
ε
3 ◦ πε = ε3f3, g

ε
α ◦ πε = ε3gα, g

ε
3 ◦ πε = ε4g3, F̃

ε
α = ε2F̃α (ε) (1.25)

10
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Then we obtain: Lε (vε) = ε5L (v) with L (v) =

∫
Ω

fividx+

∫
Γ−∪Γ+

gividΓ (1.26)

Therefore we denote by:

V (Ω) =
{
v ∈ W 1,4(Ω), v independent of x3 on Γ0

}
, (1.27)

V0(Ω) =
{
v ∈ W 1,4(Ω), v = 0 on Γ0

}
, (1.28)

V⃗ (Ω) = V (Ω)× V (Ω)× V0(Ω), (1.29)

Using the upper assumptions and notations leads to the following proposition:

Proposition 11 The variational problem (V P ε) is equivalent to the following scaled

variational problem (SV P (ε)):
Find u (ε) ∈ V⃗ (Ω) such that:∫
Ω

σij (ε) ∂jvidx+

∫
Ω

σij (ε) ∂iu3 (ε) ∂jv3dx+ ε2
∫
Ω

σij (ε) ∂iuα (ε) ∂jvαdx

= L (v) +

∫
γ

F̃α(

∫ +1

−1

vαdx3)dγ, ∀v ∈ V⃗ (Ω)

1.4.3 The two-dimensional problem

We assume that the scaled displacement-stress (u (ε) , σ (ε)) admit a formal asymptotic
expansion of the form:

(u (ε) , σ (ε)) = (u0, σ0) + ε(u1, σ1) + ε2(u2, σ2) + . . . (1.30)

We introduce the Kirchhoff-Love space of admissible displacements

VKL (Ω) =

{
v = (vi) , vα = ηα − x3∂αη3, v3 = η3 such that:

ηα ∈ H1 (ω) , η3 ∈ H2
0 (ω)

}
and the space

L2
s(Ω) =

{
τ = (τij) ∈ L2(Ω); τij = τji

}
.

Substituting expansion (1.30) into the scaled variational problem (SV P (ε)), we obtain :

Proposition 12 Assume that ∂3u03 ∈ C0
(
Ω̄
)

then the leading term (u0, σ0) of the expan-

sion (1.30) is solution of the problem (SV P (0)):
Find (u0, σ0) ∈ VKL (Ω)× L2

s(Ω) such that∫
Ω

σ0
αβ∂βvαdx+

∫
Ω

σ0
αβ∂αu

0
3∂βv3dx = L (v) +

∫
γ

F̃α(

∫ +1

−1

vαdx3)dγ, ∀v ∈ VKL (Ω) ,

where σ0
αβ = 2λµ

λ+2µ
E0
γγ(u

0)δαβ + 2µE0
αβ(u

0) and E0
αβ(u

0) = 1
2
(∂iu

0
j + ∂ju

0
i + ∂iu

0
3∂ju

0
3).

11
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Next, we project the previous problem on the space V (ω).

Proposition 13 Let u0 ∈ VKL(Ω) be such that u0α = ξα − x3∂αξ3 and u03 = ξ3, where

ξα, ξ3 sufficiently regulars. Then the problem (SV P (0)) can be formulated in the classical

form as two-dimensional problem:

(P b (0))



Find ξ ∈ (H1
0 (ω))

2 ×H2
0 (ω) such that

k∆2ξ3 − ∂β(nαβ∂αξ3) = h11 + h12 + h03 on ω

−∂βnαβ = h0α on ω

nαβνβ = 2F̃α on γ

where

nαβ =
4λµ

λ+ 2µ
E0
γγ(ξ)δαβ + 4µE0

αβ(ξ), k =
8

3
µ
λ+ µ

λ+ 2µ
,

h0i =

∫ 1

−1

fidx3 + g−i + g+i , h
1
i =

∫ 1

−1

x3∂ifidx3 − ∂ig
−
i − ∂ig

+
i , g

±
i = gi(x1, x2,±1).

Proof. See [20, Thm. 5.4-2, p.384].
We deduce that the displacement u0 is characterized by a two dimensional problem. Then,
our three-dimensional offers toward a two-dimensional problem.

1.5 The Generalized Marguerre-von Karman problem

for shallow shells

The aim of this section is to extend the study of the von Karman problem for plates treated
in the previous section to shallow shells subjected to von Karman forces type applied on
only a part of the lateral boundary, this condition is called "Generalized Marguerre-von
Karman condition".

Using the formal asymptotic expansion method, Ciarlet and Paumier [28] justified the
Marguerre-von Kármán equations for shallow shells. Until 2001, Ciarlet and Gratie [25]
generalized these equations for plates, after that Ciarlet, Gratie and Sabu [26] established
an existence theorem for them. Next, in 2002 Gratie [48] formally extended in the same
time the works [28] and [25] to generalized Marguerre-von Kármán equations for shallow
shells, after that, Ciarlet and Gratie [31] gave the existence of solutions to this problem.
For more details, one can consult [30].

12
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..

θε

.

ω̂

.
ω

Figure 1.4: Illustration of the mapping θε.

Setting of the problem

Let Ωε defined as in the Section 1.1. Let ω be a connected bounded open subset of R2 with
a Lipschitz-continuous boundary γ, ω being locally on a single side of γ, we assume 0 ∈ γ
and we denote by γ(y) the arc joining 0 to the point y ∈ γ. Let γ1 be a relatively open
subset of γ such that lengthγ1 > 0 and lengthγ2 > 0, where γ2 = γ\γ1. The unit outer
normal vector (να) and the unit tangent vector (τα) along the boundary γ are related by
τ1 = −ν2 and τ2 = ν1. The outer normal and tangential derivative operators να∂α and
τα∂α along γ are denoted respectively by ∂ν and ∂τ .

For any ε > 0, let Ωε = ω×] − ε, ε[, Γε± = ω × {±ε} and θε : ω̄ → R is a function of
class C3 that satisfies θε = ∂νθ

ε = 0 on γ1. See Figure1.4.
We define the mapping

Θε : Ω̄ε → R3 : Θε(xε) = (x1, x2, θ
ε(x1, x2)) + xε3a

ε
3(x1, x2),

for all xε = (x1, x2, x
ε
3) ∈ Ω̄ε, where aε3 is a continuously varying unit vector normal to

the middle surface Θε(ω̄). For small enough ε, the mapping Θε : Ω̄ε → Θε(Ω̄ε) is a
C1 − diffeomorphism (see [28]), and we suppose also that Θε is orientation preserving
i.e det∇εΘε(xε) > 0, ∀xε ∈ Ω̄ε. Let Ω̂ε = Θε(Ωε), γ̂ε1 = Θε(γ1), Γ̂ε± = Θε(Γε±). See
Figure1.6. We denote by x̂ε = Θε(xε) a generic point in ¯̂

Ωε, (n̂εi ) is the unit outer normal
vector along the boundary of the set Ω̂ε.

Following the definition proposed by Ciarlet and Paumier [28], we say that a shell
is shallow if there exists a function θ ∈ C3(ω̄) independent of ε such that θε(x1, x2) =
εθ(x1, x2), for all (x1, x2) ∈ ω̄. See Figure1.5.

Consider a nonlinearly elastic shallow shell occupying in its reference configuration the
set ¯̂

Ωε, with thickness 2ε, its constituting material is a St Venant-Kirchhoff material with
Lamé constants λε > 0 and µε > 0.

The shell is subjected to vertical body forces of density f̂ ε = (0, 0, f̂ ε3 ) in its interior
Ω̂ε and to vertical surface forces of density ĝε = (0, 0, ĝε3) on its upper and lower faces
Γ̂ε+ and Γ̂ε−. On the portion Θε(γ1 × [−ε, ε]) of its lateral face, the shell is subjected to
horizontal forces of von Kàrmàn type (ĥε1, ĥ

ε
2, 0), of the form introduced by Ciarlet [29],

13
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O(ε)

Ω̂ε

Figure 1.5: Graphic illustration of a shallow shell

the remaining portion Θε(γ2 × [−ε, ε]) being free.

The problem consists of finding the displacement ûε which satisfies the problem:

(CP̂ ε)



−∂̂εj (σ̂εij + σ̂εkj ∂̂
ε
kû

ε
i ) = f̂ εi in Ω̂ε

(σ̂εij + σ̂εkj ∂̂
ε
kû

ε
i )n̂

ε
j ◦Θε = 0 on γ2 × [−ε, ε]

(σ̂εij + σ̂εkj ∂̂
ε
kû

ε
i )n̂

ε
j ◦Θε = ĝεi ◦Θε on Γε−

ûεα independent of x̂ε3 and ûε3 = 0 on Θε (γ1 × [−ε, ε]) ,
1

2ε

∫ ε

−ε

{(
σ̂εαβ + σ̂εkβ∂̂

ε
kû

ε
α

)
◦Θε

}
νβdx

ε
3 = ĥεα ◦Θε on γ1

where
σ̂εij = λÊε

pp (û
ε) δij + 2µÊε

ij (û
ε) (the components of stress tensor)

Êε
ij (û

ε) =
1

2
(∂̂εi û

ε
j + ∂̂εj û

ε
i + ∂̂εi û

ε
k∂̂

ε
j û

ε
k) (the components of nonlinear strain tensor)

We consider the following functional spaces

V (Ω̂ε) =
{
v̂ ∈ W 1,4(Ω̂ε)/v̂ independent of x̂ε3 on Θε(γ1 × ]−ε,+ε[)

}
V0(Ω̂

ε) =
{
v̂ ∈ W 1,4(Ω̂ε)/v̂ = 0 on Θε(γ1 × ]−ε,+ε[)

}
V⃗ (Ω̂ε) = V (Ω̂ε)× V (Ω̂ε)× V0(Ω̂

ε),

Multiplying the system of equilibrium equations in (CP̂ ε) by functions v̂εi and integrating
over the set Ω̂ε, after that using the Green formula and the boundary conditions we obtain
the following variational formulation of the problem (CP̂ ε):

(V P̂ ε)

 Find ûε ∈ V⃗ (Ω̂ε) such that

Âε(ûε, v̂ε) = L̂ε(v̂ε) +

∫
γ̂1

(

∫ ε

−ε
(v̂εα ◦Θε)dxε3)ĥ

ε
αdγ̂∀ v̂ε ∈ V⃗ (Ω̂ε)

where
Âε(ûε, v̂ε) =

∫
Ω̂ε

(σ̂εij + σ̂εkj ∂̂
ε
kû

ε
i )∂̂

ε
j v̂

ε
i dx̂

ε,

L̂ε(v̂ε) =

∫
Ω̂ε

f̂ εi v̂
ε
i dx̂

ε +

∫
Γ̂ε
−∪Γ̂ε

+

ĝεi v̂
ε
i dΓ̂

ε

14
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In order to transform the problem (V.P̂ ε) into problem posed over the cylindrical domain
Ωε, we use the one to one mapping (Θε)−1 and the following relations obtained from this
transformation

∂̂εj v̂
ε
i = bεkj (x

ε) ∂εkv
ε
i (x

ε) , dx̂ε = |det∇εΘε (xε)| dxε = δεdxε, dΓ̂ε = δεβεdΓε,

where
∇εΘε(xε) = (∂εjΘ

ε
i (x

ε)), δε(xε) = det∇εΘε(xε),

bεij(x
ε) = ({∇εΘε(xε)}−1)ij ∀xε ∈ Ω̄ε,

βε(xε) = {b3i(xε)b3i(xε)}
1
2 ∀xε ∈ (Γε+ ∪ Γε−).

We define the following functional spaces related to Ωε:

V (Ωε) =
{
vε ∈ W 1,4(Ωε)/vε independent of xε3 on γ1 × ]−ε,+ε[

}
V0(Ω

ε) =
{
vε ∈ W 1,4(Ωε)/vε = 0 on γ1 × ]−ε,+ε[

}
,

V⃗ (Ωε) = V (Ωε)× V (Ωε)× V0(Ω
ε)

Then by a simple computation, we obtain

Proposition 14 Suppose that ε is small enough. Then the variational problem (V P̂ ε) is

equivalent to the following variational problem :

(V P ε)


Find uε ∈ V⃗ (Ωε), such that,

Aε(uε, vε) = Lε(vε) +

∫
γ1

hεα{
∫ ε

−ε
vεαdx

ε
3}dγ, ∀vε ∈ V⃗ (Ωε),

where

Aε(uε, vε) =

∫
Ωε

σεijb
ε
kj∂

ε
kv

ε
i δ
εdxε +

∫
Ωε

σεijb
ε
ki∂

ε
ku

ε
l b
ε
mj∂

ε
mv

ε
l δ
εdxε

Lε(vε) =

∫
Ωε

f ε3v
ε
3δ
εdxε +

∫
Γε
−∪Γε

+

gε3v
ε
3δ
εβεdΓε,

uεi = ûεi◦Θε, σεij = σ̂εij◦Θε, Gε
i = Ĝε

i◦Θε, nεi = n̂εi◦Θε, f εi = f̂ εi ◦Θε , gεi = ĝεi ◦Θε , hεα = ĥεα◦Θε.

1.5.1 Asymptotic study

The scaled problem

In this subsection we use the same transformation πε described in Section1.1 to define the
domain Ω independent of ε. See Figure1.6. Next, we introduce the scaled displacement
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Ωε

Ω

ω̂

ω

Θε

θε

πε

Ω̂ε

Figure 1.6: Transformation of the domain Ω̂ε into a cylindrical domain independent of ε.

u(ε), test function v(ε) and stress tensor σ(ε) for all xε = πε(x) as follows:{
uεα(x

ε) = ε2uα (ε) (x), u
ε
3(x

ε) = εu3 (ε) (x), v
ε
α(x

ε) = ε2vα (ε) (x), v
ε
3(x

ε) = εv3 (ε) (x),
σεαβ(x

ε) = ε2σαβ (ε) (x), σ
ε
α3(x

ε) = ε3σα3 (ε) (x), σ
ε
33(x

ε) = ε4σ33 (ε) (x).

We also introduce the scalings: f ε3 = ε3f3, g
ε
3 = ε4g3 and hεα = ε2hα where f3, g3 and hα

are supposed independent of ε. Therefore we denote:

V (Ω) =
{
v ∈ W 1,4(Ω)/v independent of x3 on γ1 × ]−1,+1[

}
V0(Ω) =

{
v ∈ W 1,4(Ω)/v = 0 on γ1 × ]−1,+1[

}
V⃗ (Ω) = V (Ω)× V (Ω)× V0(Ω).

The use of the above assumptions and notations, we obtain the result:

Proposition 15 For ε small enough the scaled solution of the problem (V P ε) solves the

problem (SV P (ε)):


Find u(ε) ∈ V⃗ (ε)(Ω) such that,

Aθ(u(ε), v) = L(v) + 2

∫
γ1

hαvαdx3dγ + ε2r1,∀v ∈ V⃗ (Ω),

where

Aθ(u(ε), v) =

∫
Ω

σij (ε) γ
θ
ij(v)dx+

∫
Ω

σij (ε) ∂
θ
i u3 (ε) ∂

θ
j v3dx,

L(v) =

∫
Ω

f3v3dx+

∫
Γ−∪Γ+

g3v3dΓ,

∂θ3v = ∂3v,γθij(v) =
1
2

(
∂θi vj + ∂θj vi

)
, r1 is a uniformly bounded function with respect to ε.
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1.5.2 The two-dimensional problem

We assume that the scaled displacement-stress (u(ε), σ(ε)) admit a formal asymptotic
expansion of the form:

(u(ε), σ(ε)) = (u0, σ0) + ε(u1, σ1) + ε2(u2, σ2) + ... (1.31)

We introduce the space of Kirchhoff-Love admissible displacement

VKL (Ω) =

{
v = (vi) /vα = ηα − x3∂αη3, v3 = η3 such that
ηα ∈ H1 (ω) , η3 ∈ H2 (ω) , η3 = ∂νη3 = 0 on γ1

}
(1.32)

Substituting expansion (1.31) into the scaled variational problem (SV P (ε)), we obtain:

Proposition 16 Assume that ∂3u03 ∈ C0
(
Ω̄
)

then the leading term (u0, σ0) of the expan-

sion (1.31) is a solution of the problem (SV P (0)):

(SV P (0))


Find (u0, σ0) ∈ VKL (Ω)× L2

s(Ω) such that :∫
Ω

σ0
αβ∂βvαdx+

∫
Ω

σ0
αβ∂α(u

0
3 + θ)∂βv3dx = L (v) + 2

∫
γ1

hαvαdγ, ∀v ∈ VKL (Ω)

where

σ0
αβ =

2λµ

λ+ 2µ
E0
σσ(u

0)δαβ + 2µE0
αβ(u

0),

E0
αβ(u

0) =
1

2

(
∂αu

0
β + ∂βu

0
α + ∂αu

0
3∂βu

0
3 + ∂αθ∂βu

0
3 + ∂βθ∂αu

0
3

)
.

We deduce from the following proposition that the leading term (u0, σ0) is character-
ized by a two dimensional problem.

Proposition 17 If u0 is a solution of the problem (SV P (0)) such that u0α = ξα−x3∂αξ3

and u03 = ξ3, ξα, ξ3 sufficiently regular. Then ξα, ξ3 verify the two-dimensional problem

(P b (0)):

(P b (0))



Find ξα ∈ H1 (ω) , ξ3 ∈ H2 (ω) , such that

−∂αβmαβ − nαβ∂αβ(ξ3 + θ)) = h03 in ω

∂βnαβ = 0 in ω,

ξ3 = ∂νξ3 = 0 on γ1,

nαβνβ = 2hα on γ1

∂αmαβνβ + ∂τ (mαβνατβ) = 0 on γ2,

mαβνανβ = 0 on γ2,

nαβνβ = 0 on γ2,

17
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where

mαβ = −1

3
{ 4λµ

λ+ 2µ
∆ξ3δαβ + 4µ∂αβξ3},

nαβ = 2λ⋆E0
γγ(ξ)δαβ + 4µE0

αβ(ξ), λ
⋆ =

2λµ

λ+ 2µ

E0
αβ (ξ) =

1

2
(∂αξβ + ∂βξα + ∂αθ∂βξ3 + ∂βθ∂αξ3 + ∂αξ3∂βξ3) ,

h0i =

∫ 1

−1

fidx3 + g−i + g+i ; g
±
i = gi(x1, x2,±1).

Proof. See [48, Theorem 5].

1.5.3 The associated generalized Marguerre-von Kármán equa-

tions

We can rewrite the two-dimensional boundary value problem (P b (0)) as generalized
Marguerre-von Kármán equations which depends on the Airy function Φ, the vertical
component ξ3 of the displacement field of the middle surface of the shallow shell as fol-
lows:

Proposition 18 Assume that the set ω is simply-connected and that its boundary γ is

smooth enough, and let ξ = (ξi) be a solution (P b (0)) with the regularity ξα ∈ H3(ω),

ξ3 ∈ H4(ω). Then

a) The functions h̃α : γ × [0, T ] → R defined by :

h̃α = hα on γ1 × [0, T ] and h̃α = 0 on γ2 × [0, T ],

are in the space H
3
2 (γ) and satisfy the compatibility conditions :∫
γ

h̃1dγ =

∫
γ

h̃2dγ =

∫
γ

(x1h̃2 − x2h̃1)dγ = 0.

b) Furthermore, there exists a function Φ ∈ H4(ω), uniquely defined by the relations

Φ(0) = ∂1Φ(0) = ∂2Φ(0) = 0, such that

n11 = 2∂22Φ, n12 = n21 = −2∂12Φ, n22 = 2∂11Φ.
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c) Finally, the pair (ξ3,Φ) ∈ H4(ω)×H4(ω), satisfies the following problem



k∆2ξ3 = 2 [Φ, ξ3 + θ] + h03 in ω,

∆2Φ = −µ(3λ+2µ)
2(λ+µ)

[ξ3, ξ3 + 2θ] in ω,

ξ3 = ∂νξ3 = 0 on γ1,

mαβνανβ = 0 on γ2,

∂αmαβνβ + ∂τ (mαβνατβ) = 0 on γ2,

Φ = Φ0 and ∂νΦ = Φ1 on γ,

where

k =
8

3
µ
λ+ µ

λ+ 2µ
,

Φ0(y) = −y1
∫
γ(y)

h̃2dγ + y2

∫
γ(y)

h̃1dγ +

∫
γ(y)

(x1h̃2 − x2h̃1)dγ,

Φ1(y) = −ν1
∫
γ(y)

h̃2dγ + ν2

∫
γ(y)

h̃1dγ, y = (y1, y2) ∈ γ,

[Φ, ξ] = ∂11Φ∂22ξ + ∂22Φ∂11ξ − 2∂12Φ∂12ξ.

Proof. See [48, Theorem 6].

1.6 Time dependent problem of generalized Marguerre-

von Karman shallow shells

In a recent work in the static case, Gratie [48] has generalized the classical Marguerre-von
Kàrmàn equations studied by Ciarlet and Paumier [28], where only a portion of the lateral
face of the shallow shell is subjected to boundary conditions of von Kàrmàn type, while
the remaining portion is subjected to boundary conditions of free edge. Then Ciarlet
and Gratie [31] have established an existence theorem for these equations. In [14], we
extended formally these studies to dynamic case. More precisely, we considered a three-
dimensional dynamic model for a nonlinearly elastic shallow shells with a specific class of
boundary conditions of generalized Marguerre-von Kàrmàn type. Using techniques from
formal asymptotic analysis, we showed that the scaled three-dimensional solution still
leads to two-dimensional dynamic boundary value problem called the dynamic equations
of generalized Marguerre-von Kàrmàn shallow shells. In this section, we establish the
existence of solutions to these equations using compactness method of Lions [76].
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The first part of this section concerns the formal derivation of the two-dimensional
dynamic model for thin elastic shallow shells of generalized Marguerre-von Kàrmàn type
starting from the three-dimensional nonlinear elastodynamics problem. To this end we
follow the same techniques of Gratie [48], this part is detailed in [14]. The second part
concerns the study of existence of solutions to the problem obtained in the first part which
generalizes the study carried out by Ciarlet and Gratie [31].

Setting of the problem

In this section, we keep the same situation as in the paragraph 1.5. We suppose that the
system is dynamic. Next, we define the space

V(Ω̂ε) =

{
v̂ε = (v̂εi ) ∈ W 1,4(Ω̂ε;R3); v̂εα independent of x̂ε3 and v̂ε3 = 0

on Θε(γ1 × [−ε, ε])

}
.

The unknown in the three-dimensional formulation is the displacement field ûε = (ûεi )(x̂
ε, t),

where the functions ûεi are their Cartesian components. The unknown ûε satisfies the fol-
lowing three-dimensional boundary value problem

(C.P̂ ε)



ρ̂ε
∂2ûεi
∂t2

− ∂̂εj

(
σ̂εij + σ̂εkj ∂̂

ε
kû

ε
i

)
= f̂ εi in Ω̂ε × ]0,+∞[ ,{

ûεα independent of x̂ε3 and ûε3 = 0 on Θε (γ1 × [−ε, ε])× ]0,+∞[
1
2ε

∫ ε
−ε{(σ̂

ε
αβ + σ̂εkβ∂̂

ε
kû

ε
α) ◦Θε}νβdxε3 = ĥεα ◦Θε on γ1 × ]0,+∞[

,

(σ̂εij + σ̂εkj ∂̂
ε
kû

ε
i )n̂

ε
j ◦Θε = 0 on (γ2 × [−ε, ε])× ]0,+∞[ ,

(σ̂εij + σ̂εkj ∂̂
ε
kû

ε
i )n̂

ε
j ◦Θε = ĝεi ◦Θε on

(
Γε+ ∪ Γε−

)
× ]0,+∞[ ,

ûε (x̂ε, 0) = p̂ε and ∂ûε

∂t
(x̂ε, 0) = q̂ε in Ω̂ε,

where 
σ̂εij = λεÊε

pp(û
ε)δij + 2µεÊε

ij(û
ε),

Êε
ij(û

ε) = 1
2
(∂̂εi û

ε
j + ∂̂εj û

ε
i + ∂̂εi û

ε
m∂̂

ε
j û

ε
m),

ρ̂ε : the mass density,
p̂ε, q̂ε : the given initial data.

(1.33)

First, we rewrite the above boundary value problem (C.P̂ ε) in the weak form, by using
Green’s formula, we show that any smooth solution of the boundary value problem also
satisfies the following variational problem

(V.P̂ ε)



Find ûε(x̂ε, t) ∈ V(Ω̂ε) ∀t ≥ 0, such that,
d2

dt2

{
ρ̂ε
∫
Ω̂ε û

ε
i v̂
ε
i dx̂

ε
}
+
∫
Ω̂ε(σ̂

ε
ij + σ̂εkj ∂̂

ε
kû

ε
i )∂̂

ε
j v̂

ε
i dx̂

ε =
∫
Ω̂ε f̂

ε
3 v̂

ε
3dx̂

ε

+
∫
Γ̂ε
+∪Γ̂ε

−
ĝε3v̂

ε
3dΓ̂

ε +
∫
γ̂ε1
{
∫ ε
−ε (v̂

ε
α ◦Θε) dxε3}ĥεαdγ̂ε,

∀v̂ε ∈ V(Ω̂ε), ∀t > 0,

ûε (x̂ε, 0) = p̂ε and ∂ûε

∂t
(x̂ε, 0) = q̂ε in Ω̂ε.
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In order to transform the problem (V.P̂ ε) into problem posed over the cylindrical
domain Ωε, we use the one to one mapping (Θε)−1 and the following relations obtained
from this transformation 

∂̂εj v̂
ε
i = bεkj (x

ε) ∂εkv
ε
i (x

ε) ,
dx̂ε = δεdxε,

dΓ̂ε = δεβεdΓε,

(1.34)

where 
∇εΘε(xε) = (∂εjΘ

ε
i (x

ε)) ∀xε ∈ Ω̄ε,
δε(xε) = det∇εΘε(xε) ∀xε ∈ Ω̄ε,
bεij(x

ε) = ({∇εΘε(xε)}−1)ij ∀xε ∈ Ω̄ε,

βε(xε) = {b3i(xε)b3i(xε)}
1
2 ∀xε ∈ (Γε+ ∪ Γε−).

Let there be a given C1-diffeomorphism Θε that satisfies the orientation-preserving con-
dition. Then the variational problem (V.P̂ ε) is equivalent to the following variational
problem

(P ε)



Find uε(xε, t) ∈ V(Ωε) ∀t ≥ 0, such that,
d2

dt2

{
ρε
∫
Ωε u

ε
iv
ε
i δ
εdxε

}
+
∫
Ωε σ

ε
ijb

ε
kj∂

ε
kv

ε
i δ
εdxε

+
∫
Ωε σ

ε
ijb

ε
ki∂

ε
ku

ε
l b
ε
mj∂

ε
mv

ε
l δ
εdxε =

∫
Ωε f

ε
3v

ε
3δ
εdxε +

∫
Γε
+∪Γε

−
gε3v

ε
3δ
εβεdΓε

+
∫
γ1
hεα{
∫ ε
−ε v

ε
αdx

ε
3}dγ, ∀vε ∈ V(Ωε), ∀t > 0,

uε(xε, 0) = pε and ∂uε

∂t
(xε, 0) = qε in Ωε,

where

uεi = ûεi ◦Θε, f εi = f̂ εi ◦Θε, gεi = ĝεi ◦Θε, hεα = ĥεα ◦Θε, pεi = p̂εi ◦Θε, qεi = q̂εi ◦Θε.

1.6.1 Asymptotic analysis

The scaled problem

In the sequel we follow Ciarlet [19]. We first transform (P ε) into a problem posed over
an open set independent of ε. Accordingly to Section1.1, we recall Ω = ω×] − 1, 1[,
Γ± = ω × {±1} and to any point x ∈ Ω̄, we associate the point xε ∈ Ω̄ε by the bijection
πε : x = (x1, x2, x3) ∈ Ω̄ → xε = (x1, x2, εx3) ∈ Ω̄ε. See Figure1.6.
Next we define the functional spaces

V(Ωε) =

{
vε = (vεi ) ∈ W 1,4(Ωε;R3); vεα independent of xε3 and vε3 = 0

on γ1 × [−ε, ε]

}
, (1.35)

L2
s(Ω

ε) =
{
τ ε = (τ εij); τ

ε
ij = τ εji, τ

ε
ij ∈ L2(Ωε)

}
(1.36)
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To the functions uε, vε ∈ V(Ωε) and σε ∈ L2
s(Ω

ε), we associate the scaled functions u(ε),
v and σ(ε) defined by

uεα(x
ε, t) = ε2uα(ε)(x, t), u

ε
3(x

ε, t) = εu3(ε)(x, t),
vεα(x

ε) = ε2vα(x), v
ε
3(x

ε) = εv3(x),
σεαβ(x

ε, t) = ε2σαβ(ε)(x, t), σ
ε
α3(x

ε, t) = ε3σα3(ε)(x, t),
σε33(x

ε, t) = ε4σ33(ε)(x, t),

(1.37)

for all xε = πεx ∈ Ω̄ε. Then the appropriate functional spaces become

V(Ω) =

{
v = (vi) ∈ W 1,4(Ω;R3); vα independent of x3 and v3 = 0

on γ1 × [−1, 1]

}
, (1.38)

L2
s(Ω) =

{
τ = (τij); τij = τji, τij ∈ L2(Ω)

}
(1.39)

After that, we make the following assumptions : there exists constants λ > 0, µ > 0,
ρ > 0 and for some T > 0, the functions f3 ∈ L2(0, T ;L2(Ω)), g3 ∈ L2(0, T ;L2(Γ+ ∪Γ−)),
hα ∈ L2(0, T ;L2(γ1)), θ ∈ C3(ω̄) independent of ε and p(ε) ∈ V(Ω), q(ε) ∈ L2(Ω;R3),
such that 

λε = λ, µε = µ, ρε = ε2ρ,
f ε3 (x

ε, t) = ε3f3(x, t) ∀xε = πεx ∈ Ωε,
gε3(x

ε, t) = ε4g3(x, t) ∀xε = πεx ∈ (Γε+ ∪ Γε−),
hεα(y1, y2, t) = ε2hα(y1, y2, t) ∀(y1, y2) ∈ γ1,
θε(x1, x2) = εθ(x1, x2) ∀(x1, x2) ∈ ω̄,
pεα(x

ε) = ε2pα(ε)(x) ∀xε = πεx ∈ Ωε,
pε3(x

ε) = εp3(ε)(x) ∀xε = πεx ∈ Ωε,
qεα(x

ε) = ε2qα(ε)(x) ∀xε = πεx ∈ Ωε,
qε3(x

ε) = εq3(ε)(x) ∀xε = πεx ∈ Ωε.

(1.40)

Using the scalings (1.37) and the assumptions (1.40), we obtain

Proposition 19 The scaled displacement field u(ε) = (ui(ε)) satisfies the following vari-

ational problem

(P (ε))



Find u(ε)(x, t) ∈ V(Ω) ∀t ∈ [0, T ], such that,

At (u (ε) , v) +Bθ (σ (ε) , v) + 2Cθ (σ (ε) , u (ε) , v) = F (v)

+ε2R (ε;σ (ε) , u (ε) , v) , ∀v ∈ V(Ω),∀t ∈ ]0, T [ ,

u (ε) (x, 0) = p (ε) and ∂u(ε)
∂t

(x, 0) = q (ε) in Ω,

where

At (u (ε) , v) = − d2

dt2

{
ρ
∫
Ω
u3 (ε) v3dx

}
,

Bθ (σ (ε) , v) = −
∫
Ω
σij (ε) γ

θ
ij(v)dx,
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Cθ (σ (ε) , u (ε) , v) = −1
2

∫
Ω
σij (ε) ∂

θ
i u3 (ε) ∂

θ
j v3dx,

F (v) = −
∫
Ω
f3v3dx−

∫
Γ+∪Γ−

g3v3dΓ−
∫
γ1
hα{
∫ 1

−1
vαdx3}dγ,

∂θαv = ∂αv − ∂αθ∂3v, ∂θ3v = ∂3v, γθij(v) =
1
2

(
∂θi vj + ∂θj vi

)
.

The limit three-dimensional problem

Assume that the scaled displacement-stress (u(ε), σ(ε)) admit a formal asymptotic ex-
pansion of the form:

(u(ε), σ(ε)) = (u0, σ0) + ε(u1, σ1) + ε2(u2, σ2) + · · · , (1.41)

with
u0 = (u0i ) ∈ V (Ω), ∂3u03 ∈ C0

(
Ω̄
)
, up = (upi ) ∈ W 1,4(Ω;R3) ∀p ≥ 1, σ0 ∈ L2

s(Ω).
We also assume that when ε→ 0

p (ε) → p0 in V(Ω), q (ε) → q0 in L2(Ω;R3).

We substitute the formal asymptotic expansion (1.41) into the variational problem
(P (ε)) and using techniques from asymptotic analysis, we prove that the leading term
u0 should satisfy the following scaled three-dimensional problem. First we define the
following spaces

VKL(Ω) =

{
v = (vi) ∈ H1(Ω;R3); vα independent of x3 and v3 = 0

on γ1 × [−1, 1], ∂iv3 + ∂3vi = 0 in Ω

}
, (1.42)

V(ω) =
{
η = (ηi) ∈ H1(ω)×H1(ω)×H2(ω); η3 = ∂νη3 = 0 on γ1

}
. (1.43)

Proposition 20 The leading term u0 ∈ VKL(Ω) ∀t ∈ [0, T ] (Kirchhoff-Love displacement

field) is solution of the problem

(PKL)



Find u0 ∈ VKL(Ω) ∀t ∈ [0, T ], such that,
d2

dt2

{
ρ
∫
Ω
u03v3dx

}
+
∫
Ω
σ0
αβ∂βvαdx+

∫
Ω
σ0
αβ∂α(u

0
3 + θ)∂βv3dx =∫

Ω
f3v3dx+

∫
Γ+∪Γ−

g3v3dΓ + 2
∫
γ1
hαvαdγ, ∀v ∈ VKL(Ω),∀t ∈ ]0, T [ ,

u0 (x, 0) = p0 and ∂u0

∂t
(x, 0) = q0 in Ω,

where  σ0
αβ = 2λµ

λ+2µ
Ē0
σσ(u

0)δαβ + 2µĒ0
αβ(u

0),

Ē0
αβ(u

0) = 1
2
(∂αu

0
β + ∂βu

0
α + ∂αu

0
3∂βu

0
3 + ∂αθ∂βu

0
3 + ∂βθ∂αu

0
3).

(1.44)
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The limit two-dimensional displacement problem

We use some techniques employed by Raoult [88], who assumed that the initial data p03
and q03 are independent of x3 and smooth enough.

First, we show in the next proposition that (PKL) is in sense of two-dimensional
problem posed over the two-dimensional domain ω̄.

Proposition 21 The components of the leading term u0 = (u0i ) are of the form u0α =

ζα − x3∂αζ3 and u03 = ζ3 with ζ = (ζi) ∈ V(ω) ∀t ∈ [0, T ], where the field ζ satisfies the

following limit scaled two-dimensional displacement problem

(P (ω))


2ρ
∫
ω
∂2ζ3
∂t2

η3dω −
∫
ω
mαβ(∇2ζ3)∂αβη3dω +

∫
ω
N̄αβ∂α(ζ3 + θ)∂βη3dω

+
∫
ω
N̄αβ∂βηαdω =

∫
ω
p3η3dω + 2

∫
γ1
hαηαdγ, ∀η ∈ V(ω), ∀t ∈]0, T [,

ζ3(., 0) = p03 and ∂ζ3
∂t
(., 0) = q03 in ω,

where

mαβ(∇2ζ3) = −1
3

{
4λµ
λ+2µ

∆ζ3δαβ + 4µ∂αβζ3

}
,

N̄αβ = 4λµ
λ+2µ

Ē0
σσ (ζ) δαβ + 4µĒ0

αβ (ζ),

Ē0
αβ (ζ) =

1
2
(∂αζβ + ∂βζα + ∂αθ∂βζ3 + ∂βθ∂αζ3 + ∂αζ3∂βζ3),

p3 =
∫ 1

−1
f3dx3 + g3(.,+1) + g3(.,−1).

Next, we write the two-dimensional boundary value problem in an equivalent vari-
ational problem (P̄ (ω)). We equate to zero all the factors of ηα, η3, and ∂νη3 in their
respective domains of integration, we obtain

Proposition 22 Assume that the boundary γ is smooth enough. Then any smooth enough

solution ζ = (ζi) of the variational problem (P (ω)) is also a solution of the following two-
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dimensional displacement problem

(P̄ (ω))



Find ζ ∈ V(ω) ∀t ∈ [0, T ], such that,

2ρ∂
2ζ3
∂t2

− ∂αβmαβ(∇2ζ3)− N̄αβ∂αβ (ζ3 + θ) = p3 in ω × ]0, T [ ,

∂βN̄αβ = 0 in ω × ]0, T [ ,

ζ3 = ∂νζ3 = 0 on γ1× ]0, T [ ,

N̄αβνβ = 2hα on γ1 × ]0, T [ ,

mαβ(∇2ζ3)νανβ = 0 on γ2 × ]0, T [ ,

∂αmαβ(∇2ζ3)νβ + ∂τ (mαβ(∇2ζ3)νατβ) = 0 on γ2 × ]0, T [ ,

N̄αβνβ = 0 on γ2 × ]0, T [ ,

ζ3 (., 0) = p03 and ∂ζ3
∂t

(., 0) = q03 in ω.

1.6.2 Dynamic equations of generalized Marguerre-von Kàrmàn

shallow shells

We rewrite the two-dimensional boundary value problem (P̄ (ω)) as dynamic equations of
generalized Marguerre-von Kàrmàn shallow shells as follows:

Proposition 23 Assume that the set ω is simply-connected and that its boundary γ is

smooth enough. Let ζ = (ζi) be a solution of (P̄ (ω)) with the regularity

ζα ∈ H3(ω), ζ3 ∈ H4(ω) ∀t ∈ [0, T ].

Then

a) The functions h̃α : γ × [0, T ] → R defined by :

h̃α = hα on γ1 × [0, T ] and h̃α = 0 on γ2 × [0, T ],

are in the space H
3
2 (γ) and satisfy the compatibility conditions :∫
γ

h̃1dγ =

∫
γ

h̃2dγ =

∫
γ

(x1h̃2 − x2h̃1)dγ = 0.

b) Furthermore, there exists a function Φ ∈ H4(ω), uniquely defined by the relations

Φ(0) = ∂1Φ(0) = ∂2Φ(0) = 0, such that

N̄11 = 2∂22Φ, N̄12 = N̄21 = −2∂12Φ, N̄22 = 2∂11Φ.
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c) Finally, the pair (ζ3,Φ) ∈ H4(ω) × H4(ω) ∀t ∈ [0, T ], satisfies the following scaled

dynamic equations of generalized Marguerre-von Kármán shallow shells

(P )



2ρ∂
2ζ3
∂t2

+ 8µ(λ+µ)
3(λ+2µ)

∆2ζ3 = 2 [Φ, ζ3 + θ] + p3 in ω × ]0, T [ ,

∆2Φ = −µ(3λ+2µ)
2(λ+µ)

[ζ3, ζ3 + 2θ] in ω × ]0, T [ ,

ζ3 = ∂νζ3 = 0 on γ1× ]0, T [ ,

mαβ(∇2ζ3)νανβ = 0 on γ2× ]0, T [ ,

∂αmαβ(∇2ζ3)νβ + ∂τ (mαβ(∇2ζ3)νατβ) = 0 on γ2 × ]0, T [ ,

Φ = Φ0 and ∂νΦ = Φ1 on γ × ]0, T [ ,

ζ3 (., 0) = p03 and ∂ζ3
∂t

(., 0) = q03 in ω,

where

Φ0(y) = −y1
∫
γ(y)

h̃2dγ + y2
∫
γ(y)

h̃1dγ +
∫
γ(y)

(x1h̃2 − x2h̃1)dγ,

Φ1(y) = −ν1
∫
γ(y)

h̃2dγ + ν2
∫
γ(y)

h̃1dγ, y = (y1, y2) ∈ γ,

[Φ, ζ] = ∂11Φ∂22ζ + ∂22Φ∂11ζ − 2∂12Φ∂12ζ.

Proof. See [14].

1.6.3 Existence theory

The asymptotic analysis carried out in the first part is purely formal. In what follows, we
establish the existence of solutions to the dynamic equations of generalized Marguerre-von
Kàrmàn shallow shells. We first deduce that they are equivalent to another variational
problem (P), we then solve this problem, by adapting a compactness method.

We use the following Lemma

Lemma 1 If (ξ, η, χ) ∈ [H2(ω)]3 such that

ξ = ∂νξ = 0 on γ1 and χ = ∂νχ = 0 on γ2,

then ∫
ω

[ξ, η]χdω =

∫
ω

[χ, η]ξdω, (1.45)

where

[ξ, η] = ∂11(∂22η.ξ) + ∂22(∂11η.ξ)− 2∂12(∂12η.ξ).
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Proof.
Since C∞(ω̄) = H2(ω), let the functions ξ, η, and χ in C∞(ω̄). Integrating by parts,

we obtain∫
ω

[ξ, η]χdω −
∫
ω

[χ, η]ξdω =

∫
γ

χ{∂22η∂1ξν1 + ∂11η∂2ξν2 − ∂12η∂2ξν1 − ∂12η∂1ξν2}dγ

−
∫
γ

ξ{∂22η∂1χν1 + ∂11η∂2χν2 − ∂12η∂2χν1 − ∂12η∂1χν2}dγ.

If ξ = ∂νξ = 0 on γ1 and χ = ∂νχ = 0 on γ2, consequently∫
ω

[ξ, η]χdω −
∫
ω

[χ, η]ξdω = 0.

Theorem 24 Assume that the set ω is simply-connected and that the functions h̃α ∈

L2(γ) ∀t ∈ [0, T ] satisfy the compatibility conditions. Let χ ∈ H2(ω) be the unique

solution in the sense of distributions of
∆2χ = 0 in ω,

χ = Φ0 and ∂νχ = Φ1 on γ,

Φ0 ∈ H3/2(γ),Φ1 ∈ H1/2(γ)

(1.46)

and let

E =
µ (3λ+ 2µ)

λ+ µ
, ξ =

√
Eζ3, θ̃ =

√
Eθ, f =

√
Ep3, Φ̃ = Φ− χ, (1.47)

V (ω) =
{
η ∈ H2(ω); η = ∂νη = 0 on γ1

}
. (1.48)

The pair (ζ3,Φ) ∈ H4(ω) × H4(ω) ∀t ∈ [0, T ], satisfies the scaled dynamic equations

of generalized Marguerre-von Kármán shallow shells in the sense of distributions, if and

only if, the pair (ξ, Φ̃) ∈ V (ω)×H2
0 (ω) ∀t ∈ [0, T ], satisfies
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(P)



2ρ∂
2ξ
∂t2

− ∂αβmαβ(∇2ξ) = 2[Φ̃ + χ, ξ + θ̃] + f in ω×]0, T [,

∆2Φ̃ = −1
2
[ξ, ξ + 2θ̃] in ω×]0, T [,

ξ = ∂νξ = 0 on γ1×]0, T [,

mαβ(∇2ξ)νανβ = 0 on γ2×]0, T [,

∂αmαβ(∇2ξ)νβ + ∂τ (mαβ(∇2ξ)νατβ) = 0 on γ2×]0, T [,

Φ̃ = ∂νΦ̃ = 0 on γ×]0, T [,

ξ(., 0) = ξ0(.) and ∂ξ
∂t
(., 0) = ξ1(.) in ω.

Proof. By the classical elliptic theory, there exists a unique function χ ∈ H2(ω) such
that
∆2χ = 0 in ω, χ = Φ0 and ∂νχ = Φ1 on γ (see [20, Theorem 5.6-1]),
and let Φ̃ = Φ− χ. Obviously,{

∆2Φ̃ = ∆2Φ in ω × ]0, T [ ,

Φ̃ = ∂νΦ̃ = 0 on γ× ]0, T [ .

Using the functions ξ, θ̃, f and Φ̃ defined in (1.47), the scaled dynamic equations of
generalized Marguerre-von Kármán shallow shells presented in proposition 23 is equiva-
lent to the scaled problem (P).

Theorem 25 Assume f ∈ L2(0, T ;L2(ω)), ξ0 ∈ V (ω) and ξ1 ∈ L2(ω), then there exists

a solution (ξ, Φ̃) to the problem (P), such that
ξ ∈ L∞(0, T ;V (ω)),

∂ξ
∂t

∈ L∞(0, T ;L2(ω)),

Φ̃ ∈ L∞(0, T ;H2
0 (ω)).

(1.49)

Proof. Denote by G2 the inverse of ∆2 with homogenous Dirichlet boundary condition
in ω (the Green operator), we write

Φ̃ = −1

2
G2

[
ξ, ξ + 2θ̃

]
in ω × ]0, T [ ,

then

2ρ
∂2ξ

∂t2
− ∂αβmαβ

(
∇2ξ

)
= 2

[
−1

2
G2

[
ξ, ξ + 2θ̃

]
+ χ, ξ + θ̃

]
+ f in ω × ]0, T [ .
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From (1.49), we get [
Φ̃ + χ, ξ + θ̃

]
∈ L∞(0, T ;L1(ω)),

and for the first equation in (P), we have

∂2ξ

∂t2
∈ L∞(0, T ;H−1(ω)),

so that the initial conditions make sense.
Step 1: (Faedo-Galerkin approximation)

Let wi, i ≥ 1 denote an orthonormal basis of the Hilbert space V (ω) and let Vm denote,
for each integer m ≥ 1, the subspace of V (ω) spanned by the functions wi, 1 ≤ i ≤ m.

We construct the Faedo-Galerkin approximation ξm(t) of a solution in the form

ξm(t) =
m∑
i=1

αim(t)wi.

So the function ξm(t) is the solution of the following approximate problem

(Pm)



2ρ
∫
ω
∂2ξm(t)
∂t2

wjdω −
∫
ω
∂αβmαβ (∇2ξm(t))wjdω =

2
∫
ω

[
−1

2
G2

[
ξm(t), ξm(t) + 2θ̃

]
+ χ, ξm(t) + θ̃

]
wjdω +

∫
ω
fwjdω,

1 ≤ j ≤ m in ω × ]0, T [ ,
ξm(t) = ∂νξm(t) = 0 on γ1× ]0, T [ ,
mαβ (∇2ξm(t)) νανβ = 0 on γ2× ]0, T [ ,
∂αmαβ (∇2ξm(t)) νβ + ∂τ (mαβ (∇2ξm(t)) νατβ) = 0 on γ2× ]0, T [ ,

ξm (., 0) = ξ0m(.) and ∂ξm
∂t

(., 0) = ξ1m(.) in ω,

and we have

ξ0m ∈ Vm and ξ0m → ξ0 in V (ω), ξ1m ∈ Vm and ξ1m → ξ1 in L2(ω).

We define
Φ̃m(t) = −1

2
G2

[
ξm(t), ξm(t) + 2θ̃

]
in ω × ]0, T [ , (1.50)

then, we obtain

∆2Φ̃m(t) = −1

2

[
ξm(t), ξm(t) + 2θ̃

]
in ω × ]0, T [ , (1.51)

Φ̃m(t) ∈ H2
0 (ω), (1.52)

and we rewrite the first equation of (Pm) as

2ρ

∫
ω

∂2ξm(t)

∂t2
wjdω + a(ξm(t), wj)− 2

∫
ω

[
Φ̃m(t), ξm(t) + θ̃

]
wjdω =

2

∫
ω

[
χ, ξm(t) + θ̃

]
wjdω +

∫
ω

fwjdω , 1 ≤ j ≤ m in ω × ]0, T [ , (1.53)
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where

a(ξ, η) =
2E

3(1− σ2)

∫
ω

[∆ξ∆η − (1− σ){∂11ξ∂22η + ∂22ξ∂11η − 2∂12ξ∂12η}]dω.

The constants E > 0 and σ ∈]0, 1
2
[ are respectively the Young’s modulus and the

Poisson’s coefficient of the constitutive elastic material of the shallow shells.
In general Φ̃m(t) is not in Vm, one assures the existence of ξm(t) and therefore of Φ̃m(t)

in an interval [0, tm], tm > 0 (see [76, Theorem 4.1]).
Step 2: (A priori estimates)
Multiplying dαjm(t)

dt
on both sides of (1.53) and summing up from j, we obtain that

2ρ

∫
ω

∂2ξm(t)

∂t2
∂ξm(t)

∂t
dω + a(ξm(t),

∂ξm(t)

∂t
)

−2

∫
ω

[
Φ̃m(t), ξm(t) + θ̃

] ∂ξm(t)
∂t

dω = 2

∫
ω

[
χ, ξm(t) + θ̃

] ∂ξm(t)
∂t

dω

+

∫
ω

f
∂ξm(t)

∂t
dω in ω × ]0, T [ . (1.54)

We have

2ρ

∫
ω

∂2ξm(t)

∂t2
∂ξm(t)

∂t
dω = ρ

d

dt

∫
ω

|∂ξm(t)
∂t

|2dω = ρ
d

dt
||∂ξm(t)

∂t
||20,ω,

and since a is elliptic, we conclude that there exists a constant α > 0, such that

a(ξm(t), ξm(t)) ≥ α||ξm(t)||2V (ω),

thus

a(ξm(t),
∂ξm(t)

∂t
) =

d

2dt
a(ξm(t), ξm(t)) ≥

α

2

d

dt
||ξm(t)||2V (ω).

Since Φ̃m(t) ∈ H2
0 (ω) and by [20, Theorem 5.8-2 ], we infer∫

ω

[
Φ̃m(t), ξm(t) + θ̃

] ∂ξm(t)
∂t

dω =

∫
ω

[
∂ξm(t)

∂t
, ξm(t) + θ̃

]
Φ̃m(t)dω.

Using (1.51), we get

∂

∂t
∆2Φ̃m(t) = ∆2∂Φ̃m(t)

∂t

= −1

2

∂

∂t

[
ξm(t), ξm(t) + 2θ̃

]
= −1

2

[
∂ξm(t)

∂t
, ξm(t) + 2θ̃

]
− 1

2

[
ξm(t),

∂ξm(t)

∂t

]
= −

[
∂ξm(t)

∂t
, ξm(t) + θ̃

]
,
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thus

−2

∫
ω

[
∂ξm(t)

∂t
, ξm(t) + θ̃

]
Φ̃m(t)dω = 2

∫
ω

[∆2∂Φ̃m(t)

∂t
]Φ̃m(t)dω

= 2

∫
ω

[∆
∂Φ̃m(t)

∂t
][∆Φ̃m(t)]dω

=
d

dt

∫
ω

|∆Φ̃m(t)|2dω

=
d

dt
||∆Φ̃m(t)||20,ω.

Since ∂ξm(t)
∂t

∈ V (ω) i.e ∂ξm(t)
∂t

= ∂ν [
∂ξm(t)
∂t

] = 0 on γ1 and χ = ∂νχ = 0 on γ2, then applying
Lemma 1, gives

2

∫
ω

[
χ, ξm(t) + θ̃

] ∂ξm(t)
∂t

dω = 2

∫
ω

[
∂ξm(t)

∂t
, ξm(t) + θ̃

]
χdω

= −2

∫
ω

∆2∂Φ̃m(t)

∂t
χdω,

and we have∫
ω

∆2∂Φ̃m(t)

∂t
.χdω =

d

dt

∫
ω

∆2Φ̃m(t).χdω −
∫
ω

∆2Φ̃m(t).
∂χ

∂t
dω.

From (1.46) and (1.52), it follows that

d

dt

∫
ω

∆2Φ̃m(t).χdω =
d

dt

∫
ω

Φ̃m(t).∆
2χdω = 0,

and since the function χ is independent of t, so that∫
ω

∆2Φ̃m(t).
∂χ

∂t
dω = 0,

thus ∫
ω

∆2∂Φ̃m(t)

∂t
.χdω = 0.

Then (1.54) can be written now as

d

dt
{ρ||∂ξm(t)

∂t
||20,ω +

1

2
a(ξm(t), ξm(t)) + ||∆Φ̃m(t)||20,ω} =

∫
ω

f
∂ξm(t)

∂t
dω,

integrating from 0 to t, we obtain∫ t

0

d

dτ
{ρ||∂ξm(τ)

∂τ
||20,ω +

1

2
a(ξm(τ), ξm(τ)) + ||∆Φ̃m(τ)||20,ω}dτ =∫ t

0

{
∫
ω

f
∂ξm(τ)

∂τ
dω}dτ,
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hence, there exists constants C1 > 0 and C2 > 0 such that

ρ||∂ξm(t)
∂t

||20,ω +
α

2
||ξm(t)||2V (ω) + ||∆Φ̃m(t)||20,ω ≤ C1

∫ t

0

||f ||20,ωdτ

+C2

∫ t

0

||∂ξm(τ)
∂τ

||20,ωdτ + ρ||∂ξm(0)
∂t

||20,ω +
α

2
||ξm(0)||2V (ω) + ||∆Φ̃m(0)||20,ω.

Since

∆2Φ̃m(0) = −1

2

[
ξm(0), ξm(0) + 2θ̃

]
,

then, there exists a constant C3 > 0 such that

||∆Φ̃m(0)||0,ω ≤ C3.

Thus, there exists a constant C4 > 0 such that

ρ||∂ξm(t)
∂t

||20,ω +
α

2
||ξm(t)||2V (ω) + ||∆Φ̃m(t)||20,ω ≤ C4 + C2

∫ t

0

||∂ξm(τ)
∂τ

||20,ωdτ,

for all t ∈ [0, T ], these imply that tm = T .

Then, via Gronwall’s inequality, we conclude that

ξm(t) ∈ L∞(0, T ;V (ω)), (1.55)

∂ξm(t)

∂t
∈ L∞(0, T ;L2(ω)), (1.56)

Φ̃m(t) ∈ L∞(0, T ;H2
0 (ω)). (1.57)

Step 3: (Passing to the limit)
From (1.55)-(1.57), we observe that there exists ξn(t) and Φ̃n(t) such that (weak conver-
gence is denoted ⇀)

ξn(t) ⇀ ξ(t) in L∞(0, T ;V (ω)) weak∗,

∂ξn(t)

∂t
⇀

∂ξ(t)

∂t
in L∞(0, T ;L2(ω)) weak∗,

Φ̃n(t) ⇀ Φ̃(t) in L∞(0, T ;H2
0 (ω)) weak ∗ .

According to the Rellich-Kondrachoff theorem [77, Chap 1, Theorem 16.1], the compact
imbedding of H2(ω×]0, T [) into L2(ω×]0, T [) implies that

ξn(t) → ξ(t) in L2(ω×]0, T [). (1.58)
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Let ϕj, 1 ≤ j ≤ j0 are functions of C1([0, T ]) such that

ϕj(T ) = 0 and ψ =

j0∑
j=1

ϕj ⊗ wj. (1.59)

For m = n > j0, we obtain

2ρ

∫
ω

∂2ξn(t)

∂t2
ψ(t)dω + a(ξn(t), ψ(t))− 2

∫
ω

[
Φ̃n(t), ξn(t) + θ̃

]
ψ(t)dω =

2

∫
ω

[
χ, ξn(t) + θ̃

]
ψ(t)dω +

∫
ω

fψ(t)dω in ω × ]0, T [ ,

thus

2ρ

∫ T

0

{
∫
ω

∂2ξn(t)

∂t2
ψ(t)dω}dt+

∫ T

0

a(ξn(t), ψ(t))dt

−2

∫ T

0

{
∫
ω

[
Φ̃n(t), ξn(t) + θ̃

]
ψ(t)dω}dt = 2

∫ T

0

{
∫
ω

[
χ, ξn(t) + θ̃

]
ψ(t)dω}dt

+

∫ T

0

{
∫
ω

fψ(t)dω}dt in ω × ]0, T [ ,

we have ∫ T

0

{
∫
ω

∂2ξn(t)

∂t2
ψ(t)dω}dt = −

∫ T

0

{
∫
ω

∂ξn(t)

∂t

∂ψ(t)

∂t
dω}dt

+

∫
ω

∂ξn(T )

∂t
ψ(T )dω −

∫
ω

∂ξn(0)

∂t
ψ(0)dω = −

∫ T

0

{
∫
ω

∂ξn(t)

∂t

∂ψ(t)

∂t
dω}dt

−
∫
ω

ξ1nψ(0)dω.

Since ψ(T ) = 0, we also obtain

−2ρ

∫ T

0

{
∫
ω

∂ξn(t)

∂t

∂ψ(t)

∂t
dω}dt+

∫ T

0

a(ξn(t), ψ(t))dt −

2

∫ T

0

{
∫
ω

[
Φ̃n(t), ξn(t) + θ̃

]
ψ(t)dω}dt =

2

∫ T

0

{
∫
ω

[
χ, ξn(t) + θ̃

]
ψ(t)dω}dt+

∫ T

0

{
∫
ω

fψ(t)dω}dt +

2ρ

∫
ω

ξ1nψ(0)dω in ω × ]0, T [ . (1.60)

From (1.52), we get∫ T

0

{
∫
ω

[
Φ̃n(t), ξn(t) + θ̃

]
ψ(t)dω}dt =

∫ T

0

{
∫
ω

[
Φ̃n(t), ψ(t)

]
(ξn(t) + θ̃)dω}dt,
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we have

[Φ̃n(t), ψ(t)]⇀ [Φ̃(t), ψ(t)] in L2(ω×]0, T [),

and since ξn(t) → ξ(t) in L2(ω×]0, T [), we obtain∫ T

0

{
∫
ω

[
Φ̃n(t), ξn(t) + θ̃

]
ψ(t)dω}dt →

∫ T

0

{
∫
ω

[
Φ̃(t), ψ(t)

]
(ξ(t) + θ̃)dω}dt

=

∫ T

0

{
∫
ω

[
Φ̃(t), ξ(t) + θ̃

]
ψ(t)dω}dt.

We have

[χ, ξn(t) + θ̃]⇀ [χ, ξ(t) + θ̃] in L2(ω×]0, T [),

thus ∫ T

0

{
∫
ω

[
χ, ξn(t) + θ̃

]
ψ(t)dω}dt →

∫ T

0

{
∫
ω

[
χ, ξ(t) + θ̃

]
ψ(t)dω}dt.

Then passing to the limit in (1.60), we obtain

−2ρ

∫ T

0

{
∫
ω

∂ξ(t)

∂t

∂ψ(t)

∂t
dω}dt+

∫ T

0

a(ξ(t), ψ(t))dt −

2

∫ T

0

{
∫
ω

[
Φ̃(t), ξ(t) + θ̃

]
ψ(t)dω}dt =

2

∫ T

0

{
∫
ω

[
χ, ξ(t) + θ̃

]
ψ(t)dω}dt+

∫ T

0

{
∫
ω

fψ(t)dω}dt +

2ρ

∫
ω

ξ1ψ(0)dω in ω × ]0, T [ , (1.61)

for all ψ of the form (1.59).
Passing to the limit, we deduce that (1.61) still true for all

ψ(t) ∈ L2(0, T ;V (ω)) such that ∂ψ(t)
∂t

∈ L2(0, T ;L2(ω)) and ψ(T ) = 01.
Then (ξ, Φ̃) satisfies

2ρ
∂2ξ

∂t2
− ∂αβmαβ

(
∇2ξ

)
= 2

[
Φ̃ + χ, ξ + θ̃

]
+ f in ω × ]0, T [ ,

and

∂ξ

∂t
(0) = ξ1.

1This comes from the density of functions of the form (1.59) in the space of functions ψ(t) ∈

L2(0, T ;V (ω)) such that ∂ψ(t)
∂t ∈ L2(0, T ;L2(ω)) with ψ(T ) = 0 see [39, 77].
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Taking into account (1.55) and (1.56), then applying [76, Lemma 1.2], we deduce that

ξn(0) ⇀ ξ(0) in L2(ω),

and we obtain

ξn(0) = ξ0n → ξ0 in V (ω),

thus

ξ(0) = ξ0.

It remains to be shown

∆2Φ̃ = −1

2

[
ξ, ξ + 2θ̃

]
in ω × ]0, T [ ,

noting that

[ξn(t), ξn(t) + 2θ̃] → [ξ(t), ξ(t) + 2θ̃] in D′(ω×]0, T [),

if ϕ ∈ D(ω×]0, T [), we obtain

[ϕ, ξn(t) + 2θ̃]⇀ [ϕ, ξ(t) + 2θ̃] in L2(ω×]0, T [),

and from (1.58), we deduce that∫ T

0

{
∫
ω

[
ξn(t), ξn(t) + 2θ̃

]
ϕdω}dt =

∫ T

0

{
∫
ω

[
ϕ, ξn(t) + 2θ̃

]
ξn(t)dω}dt

→
∫ T

0

{
∫
ω

[
ϕ, ξ(t) + 2θ̃

]
ξ(t)dω}dt

=

∫ T

0

{
∫
ω

[
ξ(t), ξ(t) + 2θ̃

]
ϕdω}dt,

and passing to the limit in (1.50) for m = n, we have

Φ̃(t) = −1

2
G2

[
ξ(t), ξ(t) + 2θ̃

]
in ω × ]0, T [ ,

thus

∆2Φ̃ = −1

2

[
ξ, ξ + 2θ̃

]
in ω × ]0, T [ .

This completes the proof.
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Conclusion

The application of the asymptotic expansions method to the three-dimensional nonlinear
elastodynamic shallow shells, with a specific class of boundary conditions of generalized
Marguerre-von Kàrmàn type, shows that the leading term of the asymptotic expansions is
characterized by two-dimensional dynamic problem which depends on the Airy function
Φ and the vertical component ζ3 of the displacement field of the middle surface of the
shallow shell. We then establish an existence theorem for these equations by means of a
compactness method.

Note that, in the case γ = γ1, the dynamic equations of generalized Marguerre-von
Kàrmàn shallow shells reduce to the dynamic equations of classical Marguerre-von Kàr-
màn shallow shells. If the function θ ≡ 0 in ω̄, we recover the dynamic equations of
generalized von Kàrmàn plate.
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Chapter 2

Signorini problem in three

dimensional elasticity

Introduction

Let Ω be an open bounded subset of R3 occupied by an elastic, isotropic homogeneous
linear material. The boundary of Ω is divided into three parts Γ0,Γ1,Γ2 (mes(Γ2) > 0).
Suppose that this material goes into contact with a rigid foundation on Γ0 and subjected
to a surface force g on Γ1 and a volume force f in Ω. See Figure2.1 Suppose that the
system is in static state and the contact on Γ0 is with Signorini conditions. Our objective
is to find the displacements of the points of Ω̄.

2.1 Frictionless contact
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Ω Γ1

Γ0

Γ2

g

u = 0

Rigid foundation

d(x)

Figure 2.1: A body occupying a domain Ω goes in contact against a rigid foundation.

2.1.1 Classical problem C.P

The previous phenomenon is interpreted by the following problem: Find u such that
−divσ (u) = f in Ω (2.1)
σ (u)n = g on Γ1 (2.2)
u = 0 on Γ2 (2.3)
uN ≤ d , σN ≤ 0 , σN (uN − d) = 0 , σT = 0 on Γ0 (2.4)

Equation (2.1) is the equilibrium equation of the system where σ (u) = (σij (u)) is the
stress tensor and σij (u) = aijklekl (u) where eij (u) = 1

2
(∂iuj + ∂jui) and e (u) = (eij (u))

is the linearized strain tensor where ∂iuj =
∂uj
∂xi

. We note by σ (u) = Ae (u), this is called
the constitutive law of the elastic body.

Assume that the coefficients aijkl ∈ L∞ (Ω) verify the property of symmetry and the
ellipticity i.e.,

aijkl = ajikl = aklij

∃ M > 0 , aijkl eij (u) ekl (u) ≥ Meij (u) eij (u) , ∀eij = eji.

Equations (2.2) and (2.3) are the conditions imposed on the edges respectively Γ1 and
Γ2. The conditions (2.4) are called the Signorini conditions, uN = un denotes the normal
component of displacement and n is the outward normal.

uN ≤ d ( contact condition ).
σN = (σ (u)n) is the normal component of the force applied to a section with normal

n.
σN (uN − d) = 0 means detachment or contact.
σT = 0 means no friction, no shear.
d is the gap function defined on Γ0 measured in the normal direction and assumed in

H
1
2 (Γ0) .
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2.1.2 Variational problem (V.P)

We denote
H1 (Ω) =

(
H1 (Ω)

)3
,

L2 (Ω) =
(
L2 (Ω)

)3
,

KV
V =

{
v ∈ H1 (Ω) / v = 0 on Γ2

}
,

and
K = {v ∈ V / vn ≤ 0 on Γ0}

is a convex closed subset in V .

Theorem 26 If u is a solution of (C.P ) then u verifies the problem (V.P ):
Find u ∈ K such that :

a (u, v) = l (v) + ⟨σN , vN⟩ , ∀v ∈ V (2.5)

⟨σN , vN − uN⟩ ≥ 0, ∀v ∈ K (2.6)

where

a (u, v) =

∫
Ω

σ (u) : e (v) dx,

l (v) =

∫
Ω

fvdx+

∫
Γ1

gvdΓ,

⟨σN , vN⟩ =
∫
Γ0

σNvNdΓ,

Proof. Weak formulation of (2.1):
Let v ∈ K, the equation (2.1) gives∫

Ω

−divσ (u) vdx =

∫
Ω

fvdx (2.7)

We have ∫
Ω

divσ (u) vdx =

∫
∂Ω

σ (u)nv dΓ−
∫
Ω

σ (u) : e (v) dx (2.8)

with σ (u) : e (v) = σij (u) eij (v) .
Combining (2.8) with (2.7) and using (2.2) and (2.3) we find (2.5).

Weak formulation of the unilateral contact condition or complementarity condition: we
have

⟨σN , vN − uN⟩ = ⟨σN , vN − d+ d− uN⟩
= ⟨σN , vN − d⟩+ ⟨σN , d− uN⟩
= ⟨σN , vN − d⟩ ≥ 0
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hence (2.6).

Theorem 27 Assume that the solution u is regular enough, then u is a solution of (C.P )

if and only if u is solution of (V.P ).

Proof. Taking in (2.5) v = φ for all φ ∈ (D (Ω))3 (since v remains in V ). It is
found that

a (u, φ) = l (φ) ,∀φ ∈ (D (Ω))3 (2.9)

where, using the Green formula in (2.9), we find∫
Ω

(−divσ (u)− f)φdx = 0

therefore
− divσ (u)− f = 0 a.e in Ω (2.10)

then we have (2.1). For (2.2), we take v = φ for all φ ∈ (D (Ω ∪ Γ2))
3 in (2.5), and

taking into account (2.10), we find
∫
Γ2
(σ (u)n− g)φ dΓ = 0 whence (2.2). We take v = φ

in (2.5) for all φ ∈ (D (Ω ∪ Γ0))
3 with (2.9) we find ⟨σT , φT ⟩ = 0 whence σT = 0 on Γ0.

We take v = u + φ in (2.6) with φ ∈ (D (Ω ∪ Γ0))
3 and φN ≤ 0 on Γ0, we find that

⟨σN , φN⟩ ≥ 0 giving σN ≤ 0 on Γ0. After that we take vN = d then vN = 2vN − d in
(2.6), we obtain ⟨σN , uN − d⟩ = 0 . Since σN (uN − d) ≥ 0 then σN (uN − d) = 0 on Γ0

therefore (2.4) is proved.

2.1.3 Existence and uniqueness

Theorem 28 If fi ∈ L2 (Ω), gi ∈ L 2 (Γ1) then the problem (V.P ) admits a unique

solution in V.

Proof. see [10] and [21]

2.2 Frictional contact with Tresca law

We assume that exerts a force on an elastic body that comes into contact with a rigid
foundation. Note that if the tangential force exceeds a certain threshold, the body loses
its resistance and goes on slip. This phenomenon is interpreted by the law of Tresca.
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So this law imposes on the contact area the following conditions :

|σT | ≤ s, s is the threshold of friction
|σT | < s −→ uT = 0

|σT | = s −→ ∃δ > 0, uT = −δσT

2.2.1 Classical problem (V.P)

The strong formulation of the problem is : find u such that

−divσ (u) = f in Ω (2.11)
σ (u)n = g on Γ1 (2.12)
u = 0 on Γ2 (2.13)
uN ≤ d , σN ≤ 0 , σN (uN − d) = 0 on Γ0 (2.14)
|σT | < s −→ uT = 0 on Γ0 (2.15)
|σT | = s −→ ∃δ > 0, uT = −δσT on Γ0 (2.16)

2.2.2 Variational problem (V.P)

Theorem 29 If u is a solution of (C.P ) then u verifies the problem (V.P )

Find u ∈ K such that

a (u, v) = l (v) + ⟨σN , vN⟩+ ⟨σT , vT ⟩ , ∀v ∈ V (2.17)

⟨σN , vN − uN⟩ ≥ 0, ∀v ∈ K (2.18)

⟨σT , vT − uT ⟩+ ⟨s, |vT | − |uT |⟩ ≥ 0 ,∀vT ∈ VT (2.19)

where VT =
{
v ∈ (H1 (Ω))

3
/ v = 0 on Γ2

}
Proof. From (2.11), we find∫

Ω

−divσ (u) vdx =

∫
Ω

f vdx, ∀v ∈ V (2.20)

On the other hand, using the Green formula, we have∫
Ω

−divσ (u) vdx =

∫
Ω

σ (u) : e (v) dx−
∫
Γ0

σ (u)nvdΓ

−
∫
Γ2

σ (u)nvdΓ−
∫
Γ1

σ (u)nvdΓ (2.21)
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Using (2.12)-(2.13) in (2.21), and taking in account (2.20), we find (2.17). To prove
(2.18), we have

⟨σN , vN − uN⟩ = ⟨σN , vN − d+ d− uN⟩
= ⟨σN , vN − d⟩+ ⟨σN , d− uN⟩
= ⟨σN , vN − d⟩ ≥ 0

which is the weak formulation of Signorini condition. To prove the weak formulation
of the friction conditions, we have

−
∫
Γ0

σTvTdΓ ≤
∫
Γc

|σT | |vT | dΓ ≤
∫
Γ0

s |vT | dΓ (2.22)

For uT = 0 or uT = −δσT we have∫
Γ0

σTuTdΓ =

∫
Γ0

−δ |σT |2 dΓ = −
∫
Γc

|σT | |uT | dΓ =

∫
Γ0

s |uT | dΓ (2.23)

At the end, from (2.22) and (2.23), we deduce (2.19).

Theorem 30 Assume that u is regular enough. Then u is solution of (C.P ) if and only

if u is solution of (V.P ).

Proof. See Duvaut-Lions [39]

2.2.3 Existence and uniqueness

We need some tools to establish the existence and uniqueness of the solution of the
variational problem. Let

j (v) =

∫
Γ0

s |vT | dΓ, v ∈ K

and
I (v) =

1

2
a (u, v)− l (v) , v ∈ K.

We have

• j is convex in K, non linear and non differentiable.

• I is strictly convex and Gateaux differentiable: I ′ (u)u = a (u, u)− l (u), u ̸= 0.
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Corollary 31 Let u ∈ K. u is a solution of the variational problem (V.P ) if and only if

u is a solution of the variational inequality:

a (u, v − u)− l (v − u) + j (v)− j (u) ≥ 0, ∀v ∈ K (2.24)

Proof. Suppose that u, the solution of the variational problem, is regular enough.
Equation (2.17) gives

a (u, u) = l (u) + ⟨σN , vN − uN⟩+ ⟨σT , vT − uT ⟩ . (2.25)

To obtain (2.24), it suffices to insert (2.18) and (2.19) in (2.17). Conversely, suppose
that u is sufficiently regular and satisfies (2.24). Introducing the test function v = u±φ,
with φ ∈ (D (Ω))3, in the inequality (2.24) then we obtain (2.17). After inserting (2.11)
and (2.12) in (2.24), we find

⟨σN , vN − uN⟩+ ⟨σT , vT − uT ⟩+ ⟨s, |vT | − |uT |⟩ ≥ 0,∀vT ∈ V (2.26)

we take vT = uT then vN = uN in (2.25), we obtain respectively (2.18) and (2.19).

Corollary 32 The following two problems are equivalent:

(i)

 Find u minimizing

F (v) = I (v) + j (v) , ∀v ∈ K.
(2.27)

(ii)

 Find u in K such as

a (u, v − u)− l (v − u) + j (v)− j (u) ≥ 0,∀v ∈ K.
(2.28)

Proof. We first show that (i) implies (ii). Let u satisfying (i), we have: ∀v ∈ K,

u+ t (v − u) ∈ K ,∀t ∈ ]0, 1[. So we have

F (u) ≤ F (u+ t (v − u))

≤ I (u+ t (v − u)) + j (u+ t (v − u))

where:
I (u) + j (u) ≤ I (u+ t (v − u)) + (1− t) j (u)+t j (v)

therefore
I (u+ t (v − u))− I (u)

t
+ j (v)− j (u) ≥ 0

Letting t goes to zero, we find (ii).
Now we show the converse. Suppose I is convex and G-differentiable, then I ′ (u)w =

a (u,w)− l (w), w ̸= 0, so I (v) ≥ I (u) + I ′ (u) (v − u) for all v ∈ V hence u satisfies ii).
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When combined with (ii), we find:

I (v) ≥ I (u) + j (u)−j (v)

whence
I (u) + j (u) ≤ I (v) + j (v) , ∀v ∈ K

as u ∈ K, it follows that:

F (u) ≤ F (v) , ∀v ∈ K

hence (ii).

Remark 33 This corollary allows us to pass from the variational inequality problem to

a minimization problem.

Corollary 34 Suppose that fi ∈ L 2 (Ω), gi ∈ L 2 (Γ1), s ∈ L 2 (Γ0) . So the minimization

problem (2.27) admits at least one solution in K.

Proof. To establish the existence of u, it suffices to show that F is weakly l.s.c and
coercive on K. I is a convex function and G-differentiable on K, it is weakly l.s.c on K.
So it suffices to show that j is l.s.c. For this it suffices to show that its epigraph is closed.
Which is easy to prove and this is due to the continuity of j.

Since the sum of two l.s.c functions is l.s.c function, then F is l.s.c.
It remains to establish the coercivity. According to the coercivity of a (., .), the linearity

of l (.) and the continuity of the trace mapping from H1 (Ω) into L2 (Γ), we have

|I (v)| ≥ c ∥v∥2H1(Ω) − c′ ∥v∥2H1(Ω)

and
j (v) =

∫
Γ0

s |vT | dΓ ≤
∫
Γ0

s |v| dΓ ≤ c′′ ∥v∥H1(Ω) for s ∈ L 2 (Γ0)

where limF (v) = +∞ when ∥v∥H1(Ω) −→ ∞ therefore F is coercive. Moreover, if F
is strictly convex, this solution is unique.

Theorem 35 For fi ∈ L 2 (Ω), gi ∈ L 2 (Γ1),and s ∈ L 2 (Γ0) .The problem (V.P ) admits

at least one solution.

Proof. Just use the corollaries 31, 32 and 34.
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2.3 Frictional contact with Coulomb’s law

Besides the Tresca law, the experience shows that the threshold s is proportional to the
normal component of the force exerted on the contact area, i.e, there exist a constant κ >
0 such that s = κ |σN |, κ is called the coefficient of friction which depends on the elastic
and the rigid foundation. Hence the Coulomb law which is interpreted by the conditions

|σT | ≤ κ |σN |
|σT | < κ |σN | −→ uT = 0

|σT | = κ |σN | −→ ∃δ > 0, uT = −δσT .

2.3.1 Classical problem (C.P)

Find u such that 

−divσ (u) = f in Ω (2.29)
σ (u)n = g on Γ1 (2.30)
u = 0 on Γ2 (2.31)
uN ≤ d , σN ≤ 0 , σN (uN − d) = 0 on Γ0 (2.32)
|σT | < κ |σN | −→ uT = 0 on Γc (2.33)
|σT | = κ |σN | −→ ∃δ > 0, uT = −δσT on Γ0 (2.34)

2.3.2 Variational problem (V.P)

Theorem 36 If u is a solution of (C.P ) then u verifies the problem (V.P )

Find u ∈ K such that :

a (u, v) = l (v) + ⟨σN , vN⟩+ ⟨σT , vT ⟩ , ∀v ∈ V (2.35)

⟨σN , vN − uN⟩ ≥ 0, ∀v ∈ K (2.36)

⟨σT , vT − uT ⟩+ ⟨κ |σN | , |vT | − |uT |⟩ ≥ 0 ,∀vT ∈ VT (2.37)

where VT =
{
v ∈ (H1 (Ω))

2
/ v = 0 on Γ2

}
Proof. From (2.29), we find∫

Ω

−divσ (u) vdx =

∫
Ω

f vdx, ∀v ∈ V (2.38)
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On the other hand, using the Green formula, we have∫
Ω

−divσ (u) vdx =

∫
Ω

σ (u) : e (v) dx−
∫
Γ0

σ (u)nvdΓ

−
∫
Γ2

σ (u)nvdΓ−
∫
Γ1

σ (u)nvdΓ. (2.39)

Using (2.29)-(2.32) in (2.39), and introducing the result in (2.38), we find (2.35). We
have

⟨σN , vN − uN⟩ = ⟨σN , vN − d+ d− uN⟩
= ⟨σN , vN − d⟩+ ⟨σN , d− uN⟩
= ⟨σN , vN − d⟩ ≥ 0

hence (2.36).
Weak formulation of the friction conditions: We have

−
∫
Γ0

σTvTdΓ ≤
∫
Γc

|σT | |vT | dΓ ≤
∫
Γ0

κ |σT | |vT | dΓ (2.40)

and uT = 0 or uT = −δσT we have:∫
Γ0

σTuTdΓ =

∫
Γ0

−δ |σT |2 dΓ = −
∫
Γc

|σT | |uT | dΓ =

∫
Γ0

κ |σN | |uT | dΓ (2.41)

From (2.40) and (2.41), we deduce (2.37).

Theorem 37 Assume that u is regular enough. Then u is a solution of (C.P ) if and only

if u is a solution of (V.P ).

Proof. see [39]

2.3.3 Existence theorem

Corollary 38 The problem (V.P ) is equivalent to the following inequality :

Find u in K such as :

a (u, v − u)− l (v − u) + j (v)− j (u) ≥ 0 ∀v ∈ K. (2.42)

where

j (v) =

∫
Γ0

κ |σN | |vT | dΓ.
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Proof. At first, we have from (2.35) that

a (u, v − u) = l (v − u) + ⟨σN , vN − uN⟩+ ⟨σT , vT − uT ⟩ (2.43)

After inserting (2.29) and (2.30) in (2.43), we find

⟨σN , vN − uN⟩+ ⟨σT , vT − uT ⟩+ ⟨κ |σN | , |vT | − |uN |⟩ ≥ 0,∀vT ∈ VT , (2.44)

we take vT = uT then vN = uN in (2.44), we obtain respectively (2.36) and (2.37).
For the converse, it suffices to insert (2.36) and (2.37) in (2.43).

Theorem 39 Suppose that fi ∈ L 2 (Ω), gi ∈ L 2 (Γ1), and |κ|L ∞(Γ0)
< κ0. For κ0 small

enough, the problem (V.P ) admits at least one solution in V .

We can see Nečas, Jarusek and Haslinger [81] for an existence result to a two-dimensional
problem where they assume that the coefficient of friction is small enough. Recently, Eck
and Jarusek [41] gave a demonstration using the penalty method.

2.4 Time dependent Signorini problem

In this section we present the same mechanical situation as in previous chapter but in the
dynamic state. We consider the following problem

2.4.1 Classic problem C.P



Find u such that
ρ
..
u− divσ(u) = f in Ω (2.45)
σ(u)n = g on Γ1 (2.46)
u = 0 on Γ2 (2.47)
uN ≤ d , σN ≤ 0, σN(uN − d) = 0, σT = 0 on Γ0 (2.48)
u(x, 0) = u0,

.
u(x, 0) = u1 in Ω. (2.49)

2.4.2 Variational problem (V.P)

Let H1(Ω) = (H1(Ω))3, L2(Ω) = (L2(Ω))3
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Theorem 40 If u is a solution of the problem (C.P), then u verifies the problem (V.P):

Trouver u ∈ K, t ≥ 0 such that

ρ⟨ü, v⟩+ a(u, v) = L(v)+ < σN , vN >, ∀v ∈ V (2.50)

< σN , vN − uN >≥ 0, ∀v ∈ K (2.51)

u(x, 0) = u0; u̇(x, 0) = u1 in Ω (2.52)

where

a(u, v) =

∫
Ω

σ(u) : e(u)dx, L(v) =

∫
Ω

fvdx+

∫
Γ1

gvdΓ,

< σN , vN >=

∫
Γ0

σNvNdΓ (duality sens).

Proof. Weak formulation of (2.45):
Let v ∈ K, (2.45) then ∫

Ω

(ρ
..
u− divσ(u))vdx =

∫
Ω

fvdx (2.53)

We have ∫
Ω

divσ(u)vdx =

∫
∂Ω

σ(u)nvdΓ−
∫
Ω

σ(u) : e(v)dx, (2.54)

with σ(u) : e(v) = σij(u) : eij(v). We introduce (2.54) in (2.53) and using (2.46) and
(2.47) we find (2.49).
Weak formulation of the Signorini problem:
We have ∀v ∈ K,

⟨σN , vN − uN⟩ = ⟨σN , vN − d+ d− uN⟩
= ⟨σN , vN − d⟩+ ⟨σN , d− uN⟩
= ⟨σN , vN − d⟩ ≥ 0.

hence (2.51).

Theorem 41 We suppose that the solution u is regular enough, then u is a solution of

(C.P) if and only if u is a solution of (V.P).

Proof. Inserting (2.50) v = φ for all φ ∈ (D(Ω))3 (because v stills in V ), we have

ρ⟨ü, φ⟩+ a(u, φ) = L(v), ∀φ ∈ (D(Ω))3 (2.55)

Using the generalized Green formula in (2.55), we obtain:∫
(ρ

..
u− divσ(u)− f)φdx = 0
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then
ρ
..
u− divσ(u)− f = 0 a.e on Ω (2.56)

hence (2.45). To obtain (2.46), we take v = φ for all φ ∈ (D(Ω ∪ Γ2))
3 in (2.50) and

taking in account (2.56), we find:
∫
Γ2

(σ(u)n − g)φdΓ = 0 hence (2.46). We take v = φ

in (2.50) with φ ∈ (D(Ω ∪ Γ0))
3, taking in account (2.55) leads to ⟨σT , φT ⟩ = 0 ∀σT then

σT = 0 on Γ0 a.e. After that, we choose v = u + φ in (2.51) with φ ∈ (D(Ω ∪ Γ0))
3 and

φN ≤ 0 on Γ0 we find: ⟨σN , φN⟩ ≥ 0 which shows that σN ≤ 0 on Γ0. Taking vN = 0
then vN = 2uN − d in (2.51), we obtain ⟨σN , uN − d⟩ = 0 and since σN(uN − d) ≥ 0 then
σN(uN − d) = 0 on Γ0. Then finally we have (2.48).

The associated variational inequality to the problem (V.P)

The variational problem (V.P) is equivalent to the following variational inequality:
Find u such that

ρ

∫
Ω

ü(v − u)dx+

∫
Ω

Λ−1e (u) : e (v − u) dx ≥ L (v − u) ∀v ∈ K (2.57)

u(x, 0) = u0; u̇(x, 0) = u1 in Ω

For more details see [11]. To simplify the computations, we assume that d = 0.

2.4.3 Existence of solutions

Theorem 42 Under the following conditions:

f ∈ W 2,∞ (0, T ;L2 (Ω)
)
,

g ∈ W 2,∞ (0, T ;L2 (Γ)
)
,

and u0, u1 ∈ H1 (Ω) with divσ (u0) ∈ L2 (Ω) .

Then the problem (C.P ) has at least one solution (u, σ (u)) verifying

• u ∈ L∞ (0, T ;K ) , u̇ ∈ L∞
(
0, T ; [L2 (Ω)]

3
)
, and ü ∈ D ′

(
0, T ; [L2 (Ω)]

3
)
.

• σ (u) ∈ D ′ (0, T ;Ead (g)) ∩ L∞
(
0, T ; [L2 (Ω)]

3×3
)
.

The proof of the theorem is divided into five steps and is integrally taken from [9].
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Step 1. The time discretization of the problem (V.P )

First, suppose that the interval time [0, T ] is divided into I equal sub-intervals. We
define the following problem in the time t = ti.

Problem (P1i)

Find ui ∈ V,
.
u
i ∈
[
H1 (Ω)

]3 and ..
u
i ∈
[
L2 (Ω)

]3 such that∫
Ω

ρ

(
..
u
i
+

..
u
i−1

2

)(
v − ui

)
dx+

∫
Ω

Λ−1e

(
ui + ui−1

2

)
: e
(
v − ui

)
dx

≥ Li
(
v − ui

)
,∀v ∈ K (2.58)

The following relations between sub-intervals of displacement, velocity and acceler-
ation is given by the Newmark method (see Huges [52]) with parameters β = 1

4
and

γ = 1
2
:

ui = ui−1 +∆t
.
u
i−1

+
∆t2

2

..
u
i
+

..
u
i−1

2
, (2.59)

.
u
i
=

.
u
i−1

+∆t

..
u
i
+

..
u
i−1

2
(2.60)

From (2.59), we have the acceleration in time ti :

..
u
i
=

4
[
ui − ui−1 −∆t

.
u
i−1 − ∆t2

4

..
u
i−1
]

∆t2
(2.61)

which allows us to write the variational inequality (2.58) only in terms of displace-
ment. Thus, we consider the following algorithm:
- At initial instant u0 = u (0) = u0 and .

u
0
=

.
u (0) = u1, with divΛ−1e (u0) ∈ L2(Ω),

then the acceleration ..
u
0 is calculated from the equilibrium equation:

..
u
0
=

1

ρ

(
f 0 + divΛ−1e

(
u0
))

(2.62)

With f 0 = f (0). Noting that ..
u
0 ∈ (L2 (Ω))

3.
For each time step ti, for given ui−1,

.
u
i−1 and ..

u
i−1, the displacement ui is obtained

as the solution of the following variational inequality

Problem (P2i ) :
Find ui ∈ K such that∫

Ω

ρui.
(
v − ui

)
dx+

∆t2

4

∫
Ω

Λ−1e
(
ui
)
: e
(
v − ui

)
dx ≥

∫
Ω

ρ
[
ui−1 +∆t

.
u
i−1
]
.
(
v − ui

)
dx

− ∆t2

4

∫
Ω

Λ−1e
(
ui−1

)
: e
(
v − ui

)
dx+

∆t2

2
Li
(
v − ui

)
∀v ∈ K. (2.63)

Next, ..
u
i and .

u
i are calculated by (2.61) and (2.60). Once we know ui, .

u
i and ..

u
i in

ti we repeat the process for the next time step.
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Theorem 43 Let ui−1 ∈ K,
.
u
i−1 ∈ H1 (Ω) and

..
u
i−1 ∈ L2 (Ω). Then there exists

a unique solution ui of the problem (P2i). In addition,
.
u
i and

..
u
i constructed from

relations (2.60) and (2.61) verify:

.
u
i ∈ H1 (Ω) ,

..
u
i ∈ L2 (Ω) , and

..
u
i
+

..
u
i−1 ∈ H1 (Ω) , 1 ≤ i ≤ I (2.64)

Proof. Assuming the following bilinear form b, continuous and coercive on V × V :

b (u, v) =

∫
Ω

ρu.vdx+
∆t2

4

∫
Ω

Λ−1e (u) : e (v) dx (2.65)

and the linear mapping defined on V by:

L (v) =
∆t2

2
Li (v) +

∫
Ω

ρ
[
ui−1 +∆t

.
u
i−1
]
vdx

−∆t2

4

∫
Ω

Λ−1ε
(
ui−1

)
: e (v) dx.

The existence and uniqueness result is obtained by applying Stampacchia theorem.
Now, as ui, ui−1,

.
u
i−1 belong to H1 (Ω) from (2.59) we get that ..

u
i
+

..
u
i−1 ∈ H1 (Ω).

Thus, since ..
u
i−1 ∈ L2 (Ω), and that ..

u
i ∈ L2 (Ω), we obtain from (2.60) that .

u
i ∈

H1 (Ω).

Remark 44 Assumptions on the initial conditions ensure that u0 ∈ H1 (Ω) ,
.
u
0 ∈

H1 (Ω) et
..
u
0 ∈ L2 (Ω). Therefore, Theorem 43 guarantees that the displacement,

velocity and acceleration fields are calculated with the previous algorithm for all

0 ≤ i ≤ I.

Corollary 45 Suppose that ui−1 ∈ H1 (Ω) ,
.
u
i−1 ∈ H1 (Ω) and

..
u
i−1 ∈ L2 (Ω) are

known. If (ui,
.
u
i
,
..
u
i
) is solution of the problem (P1i). Then, ui is a solution of the

problem (P2i), 1 ≤ i ≤ I.

Conversely, if ui is the solution of problem (P2i) and
.
u
i and

..
u
i are defined by (2.60)

and (2.61) then (ui,
.
u
i
,
..
u
i
) is solution of the problem (P1i).

The properties of ui

First, to simplify the notation, we denote:

hi =
ui + ui−1

2
, 1 ≤ i ≤ I (2.66)

51



SEC. 2.4 CHAP. 2

Corollary 46 If ui is a solution of (P2i) and σ (hi) = Λ−1e (hi). Then

ρ

..
u
i
+

..
u
i−1

2
− divσ

(
hi
)
= f i on Ω (2.67)

where
..
u
i is obtained by (2.59) and (2.60), f i = f (ti) and hi is given by (2.66). Also

σ (hi) ∈ Ead (g
i).

Proof. The result is a direct consequence of the relation (2.2.12) and the proposition
2.2.5 in ([9]).

Corollary 47 If (ui,
.
u
i
,
..
u
i
) is a solution of the problem (P1i) and σ (hi) = Λ−1e (hi) , 1 ≤

i ≤ I. Then (2.67) holds, σ (hi) ∈ Ead (g
i) and

⟨πn
(
σ
(
hi
))

|Γ1 , u
i
n|Γ1⟩Γ1 = 0. (2.68)

Proof. The proof is trivial, using Proposition (2.2.7) in [9].

Step 2. Approximations of the solution of the problem (P)

First approximation

In this paragraph, we construct by the mean of {ui, .ui, ..ui} i = 0, 1, ...I, a function
hI (t) defined on [0, T ] such that hI is of the class C1 ([0, T ]) and of class C2 on
(ti−1, ti) i = 1, 2, ...I. To this end, we define the function hI as follows:

hI = ui−1 +
.
u
i−1

(t− ti−1) +

..
u
i−1

+
..
u
i

4
(t− ti−1)

2 , ∀t ∈ [ti−1, ti) (2.69)

and at the instant t = T , hI (T ) = uI ,
.

h
I
(T ) =

.
u
I . This choice guarantees the com-

patibility of hI (t) with Newmark scheme. The function hI (t) verifies the following
properties:

• hI (t) ∈ H1 (Ω) , ∀t ∈ [0, T ] .

•
.

h
I
(t) =

.
u
i−1

+

..
u
i
+

..
u
i−1

2
(t− ti−1) , t ∈ [ti−1, ti) (2.70)

•
.

h
I
(ti) =

.
u
i, for all i = 0, ..I,

•
..

h
I
∈ L∞ (0, T ;H1 (Ω)), such that:

..

h
I
=

..
u
i
+

..
u
i−1

2
, t ∈ [ti−1, ti) . (2.71)
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• At time ti by (2.59) and (2.60), we obtain for i = 1, ..I

lim
t→ti

hI (t) = ui−1 +
.
u
i
∆t+

..
u
i
+

..
u
i−1

4
∆t2 = ui = hI (ti) , (2.72)

lim
t→ti

.

h
I
(t) =

.
u
i−1

+

..
u
i
+

..
u
i−1

2
∆t =

.
u
i
=

.

h
I
(ti) , (2.73)

then hI (t) ∈ C (0, T ;H1 (Ω)) .

Remark 48 Note that hI (tk) ∈ K, but there is no guarantee that hI (t) ∈ K for

all t ∈ [0, T ].

Another approximations

Now we define below other approximations of a solution of the problem (P ) which
are also convergent when I −→ ∞:

lI (t) = ui−1 +
ui − ui−1

∆t
(t− ti−1) , ∀t ∈ [ti−1, ti) (2.74)

hI∗ (t) = hi =
ui + ui−1

2
, ∀t ∈ [ti−1, ti) (2.75)

hI# (t) =
.
u
i
, ∀t ∈ [ti−1, ti) (2.76)

uI∗ (t) = u i, ∀t ∈ [ti−1, ti) (2.77)

Remark 49 Note that in this case l I (t) , hI∗ (t) , u
I
∗ (t) belong to K for all t ∈ [0, T ].

Step 3. A prior estimations

Lemma 2 If (ui,
.
u
i
,
..
u
i
) is the solution of problem (P1i), 1 ≤ i ≤ I and hI defined

by (2.69). Then, we have:

ρ

∫ ti

ti−1

1

2

d

dt
∥

.

h
I
(t) ∥2L2(Ω) dt+

∫ ti

ti−1

1

2

d

dt
a
(
hI (t) , hI (t)

)
dt ≤ Li

(
ui − ui−1

)
(2.78)

where

a (u, v) =

∫
Ω

Λ−1e (u) : e (v) dx.
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Proof. Taking v = ui−1 in (2.58) gives:∫
Ω

ρ
(
..
u
i
+

..
u
i−1
)
.
ui − ui−1

2
dx+

∫
Ω

Λ−1e
(
ui + ui−1

)
: e

(
ui − ui−1

2

)
dx

≤ Li
(
ui − ui−1

)
, (2.79)

First, we rewrite the first member of equation (2.79) in terms of hI (t). Using (2.59),
we can show that displacement verifies

ui − ui−1

2
=

∆t

2

.
u
i−1

+
∆t2

4

..
u
i
+

..
u
i−1

2
, (2.80)

ui + ui−1 = 2ui−1 +∆t
.
u
i−1

+
∆t2

2

..
u
i
+

..
u
i−1

2
(2.81)

Substituting these expressions in the first member of equation (2.79) we obtain

ρ
∆t

2

∫
Ω

(
..
u
i
+

..
u
i−1
)
.
.
u
i−1
dx+ ρ

∆t2

4

∫
Ω

(
..
u
i
+

..
u
i−1
)
.

(
..
u
i
+

..
u
i−1

2

)
dx

+∆t

∫
Ω

Λ−1e
(
ui−1

)
: e
(
.
u
i−1
)
dx+

∆t2

2

∫
Ω

Λ−1e
(
ui−1

)
: e

(
..
u
i
+

..
u
i−1

2

)
dx

+
∆t2

2

∫
Ω

Λ−1e
(
.
u
i−1
)
: e
(
.
u
i−1
)
dx+

∆t3

4

∫
Ω

Λ−1e
(
.
u
i−1
)
: e

(
..
u
i
+

..
u
i−1

2

)
dx

+
∆t4

4

∫
Ω

Λ−1e

(
..
u
i
+

..
u
i−1

4

)
: e

(
..
u
i
+

..
u
i−1

2

)
dx

+
∆t3

4

∫
Ω

Λ−1e

(
..
u
i
+

..
u
i−1

2

)
: e
(
.
u
i−1
)
dx ≤ Li

(
ui − ui−1

)
(2.82)

Now, the first member of this expression is

ρ

∫ ti

ti−1

1

2

d

dt
∥

.

h
I
(t) ∥2L2(Ω) dt+

∫ ti

ti−1

1

2

d

dt
a
(
hI (t) , hI (t)

)
dt.

Indeed, the definition hI (t), t ∈ [ti−1, ti) shows that:

∥
.

h
I
(t) ∥2L2(Ω)=

∫
Ω

(
.
u
i−1

+

..
u
i
+

..
u
i−1

2
(t− ti−1)

)
.

(
.
u
i−1

+

..
u
i
+

..
u
i−1

2
(t− ti−1)

)
dx,

and

1

2

d

dt
∥

.

h
I
(t) ∥2L2(Ω)=

∫
Ω

..
u
i
+

..
u
i−1

2
.

(
.
u
i−1

+

..
u
i
+

..
u
i−1

2
(t− ti−1)

)
dx.
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Thus,∫ ti

ti−1

1

2

d

dt
∥

.

h
I
(t) ∥2L2(Ω) dt = ∆t

∫
Ω

.
u
i−1
.

..
u
i
+

..
u
i−1

2
dx+

∆t2

2

∫
Ω

(
..
u
i
+

..
u
i−1

2

)2

dx

(2.83)
also, on [ti−1, ti) :

1

2

d

dt
a
(
hI (t) , hI (t)

)
=

∫
Ω

Λ−1e

(
.

h
I
(t)

)
: e
(
hI (t)

)
dx

=

∫
Ω

Λ−1e

(
.
u
i−1

+

..
u
i
+

..
u
i−1

2
(t− ti−1)

)
:

e

(
ui−1 +

.
u
i−1

(t− ti−1) +

..
u
i
+

..
u
i−1

4
(t− ti−1)

2

)
dx

=

∫
Ω

Λ−1e
(
.
u
i−1
)
: e
(
ui−1

)
dx+

∫
Ω

Λ−1e
(
.
u
i−1
)
: e
(
.
u
i−1
)
(t− ti−1) dx

+

∫
Ω

Λ−1e
(
.
u
i−1
)
: e

(
..
u
i
+

..
u
i−1

4

)
(t− ti−1)

2 dx

+

∫
Ω

Λ−1e

(
..
u
i
+

..
u
i−1

2

)
: e
(
ui−1

)
(t− ti−1) dx

+

∫
Ω

Λ−1e

(
..
u
i
+

..
u
i−1

2

)
: e
(
.
u
i−1
)
(t− ti−1)

2 dx

+

∫
Ω

Λ−1e

(
..
u
i
+

..
u
i−1

2

)
: e

(
..
u
i
+

..
u
i−1

4

)
(t− ti−1)

3 dx.

Then ∫ ti

ti−1

1

2

d

dt
a
(
hI (t) , hI (t)

)
dt = ∆t

∫
Ω

Λ−1e
(
.
u
i−1
)
: e
(
ui−1

)
dx

+
∆t2

2

∫
Ω

Λ−1e
(
.
u
i−1
)
: e
(
.
u
i−1
)
dx+

∆t3

3

∫
Ω

Λ−1e
(
.
u
i−1
)
: e

(
..
u
i
+

..
u
i−1

4

)
dx

+
∆t2

2

∫
Ω

Λ−1e

(
..
u
i
+

..
u
i−1

2

)
: e
(
ui−1

)
dx

+
∆t3

3

∫
Ω

Λ−1e

(
..
u
i
+

..
u
i−1

4

)
: e
(
.
u
i−1
)
dx

+
∆t4

4

∫
Ω

Λ−1e

(
..
u
i
+

..
u
i−1

2

)
: e

(
..
u
i
+

..
u
i−1

4

)
. (2.84)

55



SEC. 2.4 CHAP. 2

And from (2.82) - (2.84), we conclude the result.

Proposition 50 Let hI (t) defined by (2.59). Then :

• ∥h (tk)∥H1(Ω) is bounded by a constant independent of I and k, 1 ≤ k ≤ I.

• hI and
.

h
I

are bounded in C (0, T ;L2 (Ω)) by a constant independent of I.

Proof. For all k such that 1 ≤ k ≤ I we have the following expression:

k∑
i=1

ρ

∫ ti

ti−1

1

2

d

dt
∥

.

h
I
(t) ∥2L2(Ω) dt =

ρ

2

(
∥

.

h
I
(tk) ∥2L2(Ω) − ∥

.

h
I
(0) ∥2L2(Ω)

)
k∑
i=1

ρ

∫ ti

ti−1

1

2

d

dt
a
(
hI (t) , hI (t)

)
dt =

1

2

(
a
(
hI (tk) , h

I (tk)
)
− a

(
hI (0) , hI (0)

))
Then, by Lemma 2 we deduce that for 1 ≤ k ≤ I

1

2

(
ρ ∥

.

h
I
(tk) ∥2L2(Ω) +a

(
hI (tk) , h

I (tk)
))

≤ 1

2

(
∥

.

h
I
(0) ∥2L2(Ω) +a

(
hI (0) , hI (0)

))
+

k∑
i=1

Li
(
ui − ui−1

)
. (2.85)

Now, we obtain an upper bound for the second term on the right side of (2.85). As

ui − ui−1 = hI (ti)− hI (ti−1) (2.86)

we deduce that:
k∑
i=1

Li
(
ui − ui−1

)
=

k∑
i=1

Li(hI (ti)− hI (ti−1))

=

(
k−1∑
i=1

(
Li − Li+1

)
(hI (ti)) + Lk(hI (tk))− L1(hI (0))

)
. (2.87)

We have also that:∣∣Li (h (tk))∣∣ ≤ ∣∣∣∣∫
Ω

f ih (tk)

∣∣∣∣+ ∣∣∣∣∫
Γ1

gih (tk)

∣∣∣∣
≤
∥∥f i∥∥

2
∥h (tk)∥2 +

∥∥gi∥∥
2,Γ1

∥h (tk)∥H1/2

≤ (∥f∥L∞(0,T ;L2(Ω)) + c ∥g∥L∞(0,T ;L2(Γ1))
∥h (tk)∥H1(Ω)

≤ C1 ∥h (tk)∥H1(Ω) (2.88)
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and∣∣Li (h (tk))− Li+1 (h (tk))
∣∣ ≤ ∥∥f i − f i+1

∥∥
2
∥h (tk)∥2 +

∥∥gi − gi+1
∥∥
2
∥h (tk)∥H1/2

≤
(∥∥∥ḟ∥∥∥

L∞(0,T ;L2(Ω))
+ c ∥ġ∥L∞(0,T ;L2(Ω))

)
∥h (tk)∥H1

≤ C2 ∥h (tk)∥H1 (2.89)

Then, by taking the absolute value of (2.87), using (2.88) and (2.89) and applying
Hlder’s inequality we get:

|
k∑
i=1

Li
(
ui − ui−1

)
|≤ C1∆t

k−1∑
i=i

∥ hI (ti) ∥H1 +C2

(
∥ hI (tk) ∥H1 + ∥ hI (0) ∥H1

)
,

where C1, C2 are positive constants . Thus, from (2.85), it follows that:(
∥

.

h
I
(tk) ∥2L2(Ω) +

1

ρ
a
(
hI (tk) , h

I (tk)
))

≤
(
∥

.

h
I
(0) ∥2H1 +

1

ρ
a
(
hI (0) , hI (0)

))
+
2

ρ

(
C2∆t

k−1∑
i=1

∥ hI (ti) ∥H1 +C1

(
∥ hI (tk) ∥H1 + ∥ hI (0) ∥H1

))
(2.90)

Now, since the bilinear form a(..) Is coercive, the above equation allows us to con-
clude that there are positive constants C1, C2, 3, which do not depend on I or k such
that:

∥ hI (tk) ∥2H1(Ω)≤ C1 + C2 ∥ hI (tk) ∥H1(Ω) +C3∆t
k−1∑
i=1

∥ hI (ti) ∥H1(Ω), (2.91)

for 1 ≤ k ≤ I. Without loss of generality, we assume that C1 > 1, the previous
inequality implies that:

∥ hI (tk) ∥H1(Ω)≤ C1 + C2 + C3∆t
k−1∑
i=1

∥ hI (ti) ∥H1(Ω) (2.92)

Applying discrete Gronwall Lemma (see Lions [75]), we get that :

∥ hI (tk) ∥H1(Ω)≤ CeT , C ∈ R+ (2.93)

Then hI (tk) is bounded in H1 (Ω) by a constant independent of I and k.

It is easy to obtain from (2.90) that
.

h
I
(tk) is bounded in L2 (Ω) by a constant

independent of I and k. Therefore, since
.

h
I

is piecewise linear

∥
.

h
I
(t) ∥2L2(Ω)≤ max

{
∥

.

h
I
(ti−1) ∥2L2(Ω), ∥

.

h
I
(ti) ∥2L2(Ω)

}
∀t ∈ [ti−1, ti] .
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Then
.

h
I
(t) is bounded in L2 (Ω), and as it is continuous, then it is bounded in

C (0, T ;L2 (Ω)). Then

hI (t) = hI (0) +

∫ t

0

.

h
I
(s) ds

hence hI (t) is bounded in C(0, T ;L2(Ω)) by a constant independent of I for all
t ∈ (0, T )

Corollary 51 Let hI defined by (2.59). Then, there exist subsequences indexed by

I, such that, when I → +∞ we obtain the following convergences:

hI ⇀ hweak∗ in L∞ (0, T ;L2 (Ω)
)
, (2.94)

.

h
I
⇀

.

h weak∗ in L∞ (0, T ;L2 (Ω)
)

(2.95)

for some h in L∞ (0, T ;L2 (Ω)).

Another a prior estimations

Proposition 52 Let l I (t) , hI∗ (t) , h
I
# (t) et uI∗ (t) defined by (2.74)-(2.77) respec-

tively, then :

i) ∥ hI∗ (t) ∥H1(Ω) and ∥ uI∗ (t) ∥H1(Ω) are bounded by a constant independent of I

for all t ∈ [0, T ].

ii) ∥ l I (t) ∥H1(Ω), ∥ l̇I (t) ∥L2(Ω) and ∥ hI# (t) ∥L2(Ω) are bounded by a constant

independent of I for all t ∈ [0, T ].

iii) ḧI is bounded in L∞ (0, T ;H−1 (Ω)).

Proof. From the definition of hI we have u i = hI (ti) for all 0 ≤ i ≤ I, then hI∗ can
be expressed by :

hI∗ (t) =
hI (ti) + hI (ti−1)

2
, ∀t ∈ [ti−1, ti) (2.96)

and
uI∗ (t) = hI (ti) , ∀t ∈ [ti−1, ti) (2.97)
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also hI∗ ∈ L∞ (0, T ;H 1 (Ω)) sice ui ∈ H 1 (Ω) for all i, and

∥ hI∗ (t) ∥H 1(Ω)=∥ hI (ti) + hI (ti−1)

2
∥H 1(Ω)

≤ 1

2

(
∥ hI (ti) ∥H 1(Ω) + ∥ hI (ti−1) ∥H 1(Ω)

)
, ∀t ∈ [ti−1, ti) (2.98)

Therefore, by the Proposition 50 hI∗ (t) is bounded in L∞ (0, T ;H 1 (Ω)) by a constant
independent of I. In the same way, uI∗ (t) is bounded in L∞ (0, T ;H 1 (Ω)) by a
constant independent of I. Now, since l I is piecewise linear,

∥ l I (t) ∥H 1(Ω)≤
{
∥ l I (ti−1) ∥H 1(Ω), ∥ l I (ti) ∥H 1(Ω)

}
∀t ∈ [ti−1, ti] ,

and since l I (tk) = hI (tk) and ∥ hI (tk) ∥H 1(Ω) is bounded by a constant independent
of I and k, ∥l I (t) ∥H 1(Ω) is bounded by a constant independent of I. To show that
l̇I is bounded, we express in terms of ḣI :

l̇I (t) =
u i+u i−1

∆t
,

which can be written, using (2.80) and (2.70) as :

.

l
I
(t) =

.
u
i−1

+
∆t

2

..
u
i
+üi−1

2
=

.

h
I
(ti−1) + ḣI (ti)

2
,∀t ∈ [ti−1, ti) .

Then

∥
.

l
I
(t) ∥L2(Ω) =

∥∥∥∥∥∥
.

h
I
(ti−1) +

.

h
I
(ti)

2

∥∥∥∥∥∥
L2(Ω)

(2.99)

Thus, again by Proposition 50, ∥
.

l
I
(t) ∥L2(Ω) is bounded by a constant independent

of I for all t ∈ (0, T ). In the same way :

∥ hI# (t) ∥L2(Ω)=∥
.

h
I
(ti) ∥L2(Ω),∀t ∈ [ti−1, ti) .

Finally, the boundedness of
..

h
I

in L∞ (0, T ;H−1 (Ω)) is obtained as a direct conse-

quence of the previous boundedness. Equation (2.67) can be written in terms of
..

h
I

and hI∗ as :

ρ
..

h
I
− divσ

(
hI∗
)
= f I0 in Ω (2.100)

such that : f I0 (t) = f i0 for all t ∈ [ti−1, ti).

Step 4. Weak convergence of approximate solutions to the same limit
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Corollary 53 Let l I (t) , hI∗ (t) , h
I
# (t) and uI∗ (t) defined by (2.74)–(2.77) respec-

tively. Then, there exist extracted subsequences (still indexed by I) such that :

l I ⇀ lweak∗ in L∞ (0, T ;H 1 (Ω)
)
, (2.101)

l̇ I ⇀ l̇ weak∗ in L∞ (0, T ;L2 (Ω)
)
, (2.102)

hI∗ ⇀ h∗weak
∗ in L∞ (0, T ;H 1 (Ω)

)
, (2.103)

uI∗ ⇀ u∗weak
∗ in L∞ (0, T ;H 1 (Ω)

)
, (2.104)

hI# ⇀ h# weak∗ in L∞ (0, T ;L2 (Ω)
)
, (2.105)

..

h
I
⇀

..

h weak∗ in L∞ (0, T ;H 1 (Ω)
)
. (2.106)

when I → ∞ and have the same limit.

Proof. The proof is similar to the one of Corollary 51.

Corollary 54 Let
.

h
I

and l I defined by (2.69) and (2.74) respectively. Then, there

exist extracted sub sequences (still indexed by I) verify, when I → +∞ :

l I → l in C
(
[0, T ] ;Hβ (Ω)

)
∩ Cs

(
[0, T ] ;H1 (Ω)

)
, 0 ≤ β < 1, (2.107)

.

h
I
→

.

hin C ([0, T ] ;Hα (Ω)) ∩ Cs
(
[0, T ] ;L2 (Ω)

)
, −1 ≤ α < 0, (2.108)

eventually after a modification on a set of zero measure.

Proof. The proof of this result is a consequence of the boundedness of
.

h
I
,
..

h
I
, l and

.

l and Lemma 8.1, page 297 of [77], Corollary 4, p. 85 of [93].

Uniqueness of the limit

In this section, we will show that all the limits in (2.94), (2.103), (2.106) and (2.107)
are equal : h = l = h∗ = u∗. First, from (2.75) and using Barrow formula for C1
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functions on [ti−1, ti], we have:

∥∥hI (t)− hI∗ (t)
∥∥
L2(Ω)

=

∥∥∥∥hI (t)2
+

hI (t)

2
− hI (ti−1)

2
− hI (ti)

2

∥∥∥∥
L2(Ω)

=

∥∥∥∥12
∫ t

ti−1

ḣI (s) ds− 1

2

∫ ti

t

ḣI (s) ds

∥∥∥∥
L2(Ω)

≤
∥∥∥∥12
∫ t

ti−1

ḣI (s) ds

∥∥∥∥
L2(Ω)

+

∥∥∥∥12
∫ ti

t

ḣI (s) ds

∥∥∥∥ ≤ ∆t
∥∥∥ḣI (s)∥∥∥

L∞(0,T ;L2(Ω))
→ 0, (2.109)

as I → +∞. Then h and h∗ are equal in L∞(0, T ;L2(Ω)), and since h∗ ∈ L∞(0, T ;H1(Ω))
also h ∈ L∞(0, T ;H1(Ω)). Similarly, we prove that h and u∗ are equal in H 1 (Ω).
In addition, as l̇ is bounded in L∞ (0, T ;L2 (Ω)),∥∥l I (t)− uI′∗ (t)

∥∥
L2(Ω)

=
∥∥l I (t)− l I (ti)

∥∥
L2(Ω)

=

∥∥∥∥∫ ti

t

l̇ I (s) ds

∥∥∥∥
L2(Ω)

≤ ∆t
∥∥∥l̇ I∥∥∥

L∞(0,T ;L2(Ω))
→ 0, (2.110)

when I → +∞. Similarly, we show that ḣ and h# coincide in L2(Ω). Then,
l = u∗= h∗= h. Henceforth, we denote this limit by u. In summary, we have shown
the following convergences:

Theorem 55 Let hI , lI , hI∗, hI# and uI∗ given by (2.69),(2.74),(2.75),(2.76) and

(2.77) respectively, then there exists u such that:

hI ⇀ u weak∗ in L∞ (0, T ;L2 (Ω)
)
,

ḣI ⇀ u̇ weak∗ in L∞ (0, T ;L2 (Ω)
)

l̇ I ⇀ u weak∗ in L∞ (0, T ;H1 (Ω)
)

l I ⇀ u̇ weak∗ in L∞ (0, T ;L2 (Ω)
)

hI∗ ⇀ u weak∗ in L∞ (0, T ;H1 (Ω)
)

uI∗ ⇀ u weak∗ in L∞ (0, T ;H1 (Ω)
)

hI# ⇀ u̇ weak∗ in L∞ (0, T ;L2 (Ω)
)

σ
(
hI∗
)
⇀ σ (u) weak∗ in L∞ (0, T ;L2 (Ω)

)
.
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Furthermore, we have the following limits :

lim
I→+∞

(
hI − hI∗

)
= 0, (2.111)

lim
I→+∞

(
hI − uI∗

)
= 0, (2.112)

lim
I→+∞

(
l I − uI∗

)
= 0, (2.113)

strongly in L∞ (0, T ;L2 (Ω)).

Corollary 56 Let hI and l I are given by (2.69) and (2.74) respectively. Then there

exists u such that

ḣI → u̇ in C (0, T ;H α (Ω)) ∩ Cs
(
[0, T ] ;L2 (Ω)

)
, − 1 ≤ α ≤ 0, (2.114)

l I → u in C
(
[0, T ] ;H β (Ω)

)
∩ Cs

(
[0, T ] ;H 1 (Ω)

)
, 0 ≤ β ≤ 1. (2.115)

Proof. From Corollary 54 and uniqueness of the weak limit.

Theorem 57 Let hI∗ and uI∗ are given by (2.75) and (2.77) respectively. Then

hI∗ − uI∗ → 0 in D′ (0, T ;H 1 (Ω)
)
, (2.116)

l I − uI∗ → 0 in L∞ (0, T ;H r (Ω)) , 0 < r < 1, (2.117)

when I → +∞.

Proof. Let φ ∈ D(0, T ). Let I ≥ I0, where I0 is such that the support of φ included
in [δ0, T − δ0] with δ0 = T/2I0 , so that supp(φ) ⊂ [δ, T − δ], δ = T/I. We have∫ T

0

(
hI∗ − uI∗

)
φdt =

I−1∑
i=0

∫ ti+1

ti

(
hI∗ (t)− uI∗ (t)

)
φ (t) dt

=
I−1∑
i=0

∫ ti+1

ti

(
u i−1−u i

)
θI (t)φ (t) dt

=
I−1∑
i=1

∫ ti+1

ti

u i (φδ − φ) (t) dt,
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with φδ = φ (t+ δ) and |φ− φδ| ≤ cδ with c = max
∣∣dφ
dt

∣∣. Therefore,∥∥∥∥∫ T

0

(
hI∗ − uI∗

)
φdt

∥∥∥∥
H1(Ω)

≤ cδ2
I−1∑
i=1

∥∥uI∥∥
H1(Ω)

≤ cδ2

(
(I − 1)

I−1∑
i=1

∥∥uI∥∥2
H1(Ω)

)1/2

≤ cδ2
(
(I − 1)2C

)1/2
≤ ĉδ2I

= ĉδ2T/δ = ĉδT → 0 si δ → 0,

where C and ĉ are positive constants. To show (2.117) we use the following conver-
gences :

l I ⇀ u weak∗ in L∞ (0, T ;H1 (Ω)
)

l̇ I ⇀ u̇ weak∗ in L∞ (0, T ;L2 (Ω)
)

Let 0 < r = θα + (1− θ) β < 1, r ̸= 1/2. There exists a set A ⊂ [0, T ] such that
mes (A) = 0 and for any t1, t2 ∈ [0, T ] \A, with t1 ≤ t2∥∥l I (t2)− l I (t1)

∥∥
Hr(Ω)

≤ Mθ

∥∥l I (t2)− l I (t1)
∥∥θ
L2(Ω)

∥∥l I (t2)− l I (t1)
∥∥1−θ
H1(Ω)

≤ Mθ

(∫ t2

t1

∥∥∥l̇ I (t)∥∥∥
L2(Ω)

dt

)θ
≤ Mθ (t2 − t1)

θ/2 . (2.118)

In particular, for any t ∈ [ti−1, ti) \A, we have :∥∥uI∗ (t)− l I (t)
∥∥
Hr(Ω)

=
∥∥l I (ti)− l I (t)

∥∥
Hr(Ω)

≤Mθ (ti − t)θ/2 → 0,

when I → +∞,

Theorem 58 Let u the limit defined in the Theorem 55, then:

u ∈ L∞ (0, T ;K) (2.119)

u̇ ∈ L∞ (0, T ;L2 (Ω)
)

(2.120)

ü ∈ D′ (0, T ;L2 (Ω)
)

(2.121)

σ (u) ∈ D′ (0, T ;H (div)) ∩ L∞ (0, T ;L2 (Ω)
)

(2.122)
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Proof. According to the relation 2.58 we have

ρ

∫
Ω

ḧIvdx+ a
(
hI∗, v

)
≥ Li (v) ∀v ∈ K

this inequality remains true for v (t) ∈ L2 (0, T ;V ) ; v (t) ∈ K p.p. i.e.,;

ρ

∫ T

0

∫
Ω

ḧIv (t) dxdt+

∫ T

0

a
(
hI∗, v (t)

)
dt ≥

∫ T

0

LI∗ (v (t)) dt, ∀v ∈ L2 (0, T ;V )

hence, we choose v (t) = φ (t)ω (t) such that φ (t) ∈ D (0, T ) ; ω (t) ∈ D (Ω). Inte-
grating by parts, we find

−ρ
∫ T

0

∫
Ω

ḣI v̇ (t) dxdt+

∫ T

0

a
(
hI∗, v (t)

)
dt ≥

∫ T

0

∫
Ω

f I∗ v(t)dxdt,

Next, taking v (t) = −φ (t)ω (t), we find

ρ

∫ T

0

∫
Ω

ḧIv (t) dxdt+

∫ T

0

a
(
hI∗, v (t)

)
dt =

∫ T

0

∫
Ω

f I∗ v (t) dt, (2.123)

We can show also that, when I → ∞∫ T

0

a
(
hI∗, v (t)

)
dt→

∫ T

0

a (u, v (t)) dt (2.124)

and that ∫ T

0

∫
Ω

f I∗ v (t) dxdt→
∫ T

0

∫
Ω

fv (t) dxdt. (2.125)

As a consequence

−ρ
∫ T

0

∫
Ω

u̇v̇ (t) dxdt+

∫ T

0

a (u, v (t)) dt =

∫ T

0

∫
Ω

fv (t) dxdt for v ∈ D ((0, T )× Ω)

To prove (2.119), we have that uI∗ = u ∈ K and since uI∗
∗
⇀ u in L∞(0, T ;H1(Ω))

then uI∗
∗
⇀ u in L∞(0, T ;K) hence (2.119). We have (2.120) directly from ḣI

∗
⇀ u̇

in L∞(0, T ;L2(Ω)) using the test function v(t) ∈ D(0, T ;K) we have

ρ

∫ T

0

∫
Ω

üv (t) dxdt−
∫ T

0

divσ (u) v (t) dt =

∫ T

0

∫
Ω

fv (t) dxdt.

ρü− divσ (u)− f = 0 a.e sur Q = (0, T )× Ω. (2.126)
As u̇ ∈ L∞(0, T ;L2(Ω)), then ü ∈ D′(0, T ;L2(Ω))

ü =
1

ρ
(divσ (u) + f) ∈ L∞ (0, T ;H−1 (Ω)

)
ü ∈ D′ (0, T ;L2 (Ω)

)
∩ L∞ (0, T ;H−1 (Ω)

)
hence (2.121)

Since σ
(
hI∗
)
→ σ (u) in L∞ (0, T ;L2 (Ω)) then σ (u) ∈ L∞ (0, T ;L2 (Ω)) and σ (u) ∈

H (div) implies that σ (u) ∈ D′ (0, T ;H (div)) hence σ (u) ∈ L∞ (0, T ;L2 (Ω)) ∩
D′ (0, T ;H (div)) therefore (2.122).
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Step 5. Characterization of u by the problem (V.P )
In this step, we will show that the weak limit u is a weak solution of the problem
(P ). For this, it suffices to show that u is a solution of the problem:

(V.P )


ρ ⟨ü, v⟩+ a (u, v) = L (v) + ⟨σn (u) , vn⟩ ∀v ∈ V

⟨σn (u) , vn − un⟩ ≥ 0, ∀v ∈ K.
u (x, 0) = u0, u̇ (x, 0) = u1.

We consider the following problem:{
ρ
⟨
ḧI , v

⟩
+ a (hi, v) = Li (v) + ⟨σn (hi) , vn⟩ ∀v ∈ V

⟨σn (hi) , vn − uin⟩ ≥ 0, ∀v ∈ K

which comes from the properties of solutions of the problem (P1i). Using functions
hI∗ and uI∗, we define the above problem is the gap [0, T ] as a result 1

ρ

∫ T

0

⟨
ḧI , v (t)

⟩
dt+

∫ T

0

a
(
hI∗, v (t)

)
dt =

∫ T

0

LI∗ (v (t)) dt+

∫ T

0

⟨
σn
(
hI∗
)
, vn (t)

⟩
dt

∀v ∈ L1 (0, T ;V )∫ T

0

⟨
σn
(
hI∗
)
, vn (t)− uI∗n

⟩
dt ≥ 0, ∀v ∈ L1 (0, T ;K)

such that

LI∗ (v) =

∫
Ω

f I∗ vdx+

∫
Γ1

gI∗v dΓ where f I∗ (t) = f i, gI∗ (t) = gi on ]ti−1, ti] .

For v (t) ∈ D (0, T ;V ) we have∫ T

0

⟨
ḧI , v (t)

⟩
dt = −

∫ T

0

⟨
ḣI , v̇ (t)

⟩
dt au sens de D′ (0, T ) .

And since

ḣI
∗
⇀ u̇ in L∞ (0, T ;L2 (Ω)

)
i.e
∫ T

0

⟨
ḣI , g (t)

⟩
dt→

∫ T

0

⟨u̇, g (t)⟩ dt ∀g ∈ L1
(
0, T, L2 (Ω)

)
and the fact that v (t) ∈ L1 (0, T, L2 (Ω)), then we can pass to the limit on I, we
obtain: ∫ T

0

∫
Ω

ḣI v̇ (t) dxdt→
∫ T

0

∫
Ω

u̇v̇ (t) dxdt,∫ T

0

a
(
hI∗, v (t)

)
dt→

∫ T

0

a (u, v (t)) dt,

1We define this problem in order to pass to the limit weak star u.

65



SEC. 2.4 CHAP. 2

∫ T

0

∫
Ω

LI∗ (v (t)) dxdt→
∫ T

0

∫
Ω

L (v (t)) dxdt.

Therefore we have

ρ

∫ T

0

⟨ü, v (t)⟩ dt+
∫ T

0

a (u, v (t)) dt =

∫ T

0

L (v (t)) dt+ lim
I→∞

∫ T

0

⟨
σn
(
hI∗
)
, vn (t)

⟩
dt

(2.127)
the form :

λn : vn (t) → ρ

∫ T

0

⟨ü, v (t)⟩ dt+
∫ T

0

a (u, v (t)) dt −
∫ T

0

L (v (t)) dt

defines a continuous linear form on D
(
0, T ;H1/2 (Γ0)

)
. Then

ρ

∫ T

0

⟨ü, v (t)⟩ dt+
∫ T

0

a (u, v (t)) dt =

∫ T

0

L (v (t)) dt+

∫ T

0

⟨λn, vn (t)⟩ dt ∀v ∈ D (0, T ;V )

Furthermore ∫ T

0

⟨
σn
(
hI∗
)
, vn (t)− uI∗n

⟩
dt ≥ 0, ∀v ∈ L1 (0, T ;K)

then ∫ T

0

⟨
σn
(
hI∗
)
, vn (t)

⟩
dt ≥

∫ T

0

⟨
σn
(
hI∗
)
, uI∗n

⟩
dt ∀v ∈ L1 (0, T ;K) .

Hence, we have from (2.127) for v = uI∗ in D′ (0, T ;H−1/2 (Γ0)
)
, that∫ T

0

⟨λn, vn (t)⟩ dt ≥ lim
I→∞

∫ T

0

⟨
σn
(
hI∗
)
, uI∗n (t)

⟩
dt

≥ lim
I→∞

(∫ T

0

⟨
ḧI , uI∗

⟩
dt+

∫ T

0

a
(
hI∗, u

I
∗
)
dt −

∫ T

0

LI∗
(
uI∗
)
dt

)
On the other hand, we have∫ T

0

⟨
ḧI , uI∗

⟩
dt→

∫ T

0

⟨ü, u⟩ dt au sens D′ (0, T )

and ∫ T

0

a
(
hI∗, u

I
∗
)
dt =

∫ T

0

a
(
hI∗ − uI∗, u

I
∗
)
dt+

∫ T

0

a
(
uI∗, u

I
∗
)
dt

hence from (2.116) ∫ T

0

a
(
hI∗ − uI∗, u

I
∗
)
dt→ 0 au sens D′ (0, T )
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and from the lower semi continuity of the norm defined by a(., .), we have

lim
I→∞

∫ T

0

a
(
uI∗, u

I
∗
)
dt ≥

∫ T

0

a (u, u) dt

and ∫ T

0

LI∗
(
uI∗
)
dt→

∫ T

0

L (u) dt

Therefore∫ T

0

⟨λn, vn (t)⟩ dt ≥ ρ

∫ T

0

⟨ü, u⟩ dt+
∫ T

0

a (u, u) dt −
∫ T

0

L (u) dt =

∫ T

0

⟨λn, un⟩ dt

hence ∫ T

0

⟨λn, vn (t)− un⟩ dt ≥ 0, in D′ (0, T ;K)

Finally, we obtain
ρ

∫ T

0

⟨ü, v (t)⟩ dt+
∫ T

0

a (u, v (t)) dt =

∫ T

0

L (v (t)) dt+

∫ T

0

⟨λn, vn⟩ dt ∀v ∈ D (0, T ;V )∫ T

0

⟨λn, vn (t)− un⟩ dt ≥ 0, ∀v ∈ D (0, T ;K)

Remark 59 Under regularity conditions, we can show that λn = σn (u).

Theorem 60 Let u the limit presented in the Theorem 55. Then u verifies the

initial condition 2.49.

Proof. According to the Corollary 56

l I → u en C
(
[0, T ] ;L2 (Ω)

)
.

Then, as l I (0) = u0 for all I , we can pass to the limit and obtain that : u (0) = u0.
Furthermore, since:

ḣI→ u̇ in Cs
(
[0, T ] ;L2 (Ω)

)
.

Then ∫
Ω

ḣI (0) vdx ⇀

∫
Ω

u̇ (0) .vdx, ∀v ∈L2 (Ω) .

As ḣI (0) = u1 for all I , we conclude that:∫
Ω

u̇ (0) vdx =

∫
Ω

u1vdx, ∀v ∈L2 (Ω)

and the initial conditions are fulfilled.
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Conclusion

In this section, we presented an existence result of a weak solution of dynamic Signorini
problem without friction in case of domain occupied by homogeneous and isotropic body.
Among the issues encountered are those related to the regularity of the solution and the
uniqueness of the solution. There was another issue related to extensions of the problem
and the study of the same problem but with friction. And other issues related to the
material:

• elastic non-linear.

• anisotropic.

• non homogeneous.
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Chapter 3

Asymptotic modeling of a Coulomb

frictional Signorini problem for

the von Kármán plates

3.1 Introduction

We study in this chapter the asymptotic modeling of Coulomb frictional unilateral contact
problem between an elastic nonlinear von Kármán plate and a rigid obstacle. To this end
we use a formal asymptotic expansions method in terms of the half-thickness of the plate
as the parameter. The leading term of the asymptotic expansion is characterized by two-
dimensional von Kármán plate problem with Signorini conditions but without friction.

Our objective in this chapter is to answer the fifth open question by a formal asymp-
totic analysis. So we generalized the study of J.C. Paumier to the non linear plate of von
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Kármán but by using a formal asymptotic expansions method.

3.2 Setting of the problem

We recall the following mechanical and geometrical assumptions introduced in the Sec-
tion1.1. Let Ωε = ω × ]−ε,+ε[, where ε is a small parameter, be an open bounded set
from R3, such that ω is an open subset from R2 with Lipschitz boundary γ. We denote
the lateral boundary of Ωε by Γε0 = γ× [−ε, ε], the upper and the lower faces are denoted,
respectively, by Γε+ and Γε−. We suppose that Ωε is occupied by a nonlinear, elastic,
homogeneous, isotropic body. In its natural configuration: a plate of thickness 2ε whose
Lamès constants are denoted λ > 0, µ > 0 and assumed to be independent of ε. The plate
is supposed to be subjected to a body force of density f ε ∈ (L2(Ωε))

3, its lower face sub-
jected to a surface force of density gε ∈

(
L2(Γε−)

)3 and submitted, on Γε0 to applied surface

forces of "von Kármán’s type" which are horizontal, and only their resultant
(
F̃ ε
1 , F̃

ε
2

)
∈

(L2(γ))
2 after integration across the thickness is given along the boundary γ. Therefore,

the displacements uε derived from this situation verify uεα independent of xε3 and uε3 = 0 on
Γε0 which mean that the only horizontal displacements of equal direction and magnitude
are allowed along each vertical segment of the lateral face Γε0. For more details on the von
Kármán equations we return to [32] and [19]. We suppose that the upper face Γε+ of the
plate is in unilateral Coulomb frictional contact with a rigid foundation. Let Λ denote
the frictional coefficient, Θε = {xε ∈ R3 / (xε1, x

ε
2) ∈ ω , xε3 ≥ εd} the foundation domain,

where d (≥ 0) is the gap function defined on Γε+ which describes the distance between
the upper face and the rigid foundation measured in the normal direction. The function
v denotes the trace of v on Γε+ and v denotes the one of v on Γε− or simply by v if there
is no confusion.

Our aim is to find the asymptotic behavior of the equilibrium state of the plate
Ωε which is characterized by a displacement vector uε solution of the classical prob-
lem:

(CP ε)



−∂εj σ̂εij = f εi inΩε

uεα independent of xε3 and uε3 = 0 on Γε0
1

2ε

+ε∫
−ε
σ̂εαβ.ν

ε
βdx

ε
3 = F̃ ε

α on γ

σ̂εijn
ε
j = gεi on Γε−

ūε3 ≤ εd, σ̂ε33 ≤ 0, σ̂ε33 (ū
ε
3 − εd) = 0 on Γε+ (the Signorini conditions)

|σ̂εT | < Λ |σ̂ε33| ⇒ uεT = 0 on Γε+
|σ̂εT | = Λ |σ̂ε33| ⇒ ∃δ > 0, uεT = −δσ̂εT , σ̂εT = (σ̂εα3) on Γε+,

where: σ̂εij = σεij + σεkj∂
ε
ku

ε
i , σεij = λEε

pp (u
ε) δij + 2µEε

ij (u
ε) the components of stress

tensor, Eε
ij (u

ε) =
1

2
(∂εi u

ε
j+∂

ε
ju

ε
i+∂

ε
i u

ε
k∂

ε
ju

ε
k) the components of the nonlinear train tensor,
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nε = (nεi ) is the unit outer normal vector along the boundary of the plate Ωε, νε = (νεα) is

the unit outer normal vector along the boundary of the set ω and the subscripts T to the
tangential components. To give a weak formulation of our problem we introduce some

notations. Let

V (Ωε) =
{
v ∈ W 1,4(Ωε)/v independent of xε3 on Γε0

}
,

V0(Ω
ε) =

{
v ∈ W 1,4(Ωε)/v = 0 on Γε0

}
V⃗ (Ωε) = V (Ωε)× V (Ωε)× V0(Ω

ε),

K(Ωε) =
{
v ∈ V0(Ω

ε)/v̄ ≤ εd on Γε+
}
,

K⃗(Ωε) = V (Ωε)× V (Ωε)×K(Ωε).

Multiplying the system of equilibrium equations in (CP ε) by functions vεi and inte-
grating over the set Ωε, using the Green formulas and the boundary conditions we obtain:

The variational formulation of the classical problem (CP ε) is :

(V P ε)


Find uε ∈ K⃗ (Ωε) such that:∫
Ωε σ̂

ε
ij∂

ε
jv

ε
i dx

ε = Lε (vε) + 2ε
∫
γ
F̃ ε
αṽ

ε
αdγ + ⟨σ̂εi3, v̄εi ⟩ , ∀ vε ∈ V⃗ (Ωε)

⟨σ̂ε33, v̄ε3 − ūε3⟩ ≥ 0, ∀ vε3 ∈ K (Ωε)
⟨σ̂εα3, v̄εα − ūεα⟩+ ⟨Λ |σ̂ε33| , |v̄εT | − |ūεT |⟩ ≥ 0, ∀ vεα ∈ V (Ωε)

,

where: Lε (vε) =
∫
Ωε f

ε
i v

ε
i dx

ε +
∫
Γε
−
gεi v

ε
idΓ

ε and
⟨
σ̂εi3, ϕ

ε

i

⟩
=
∫
Γε
+

σ̂εi3 · ϕ
ε

idΓ
ε

3.3 Asymptotic study

3.3.1 The scaled problem

We make the same transformation and scalings as in paragraph 1.2.1. Let let Ω =
ω × ]−1,+1[, Γ− = ω × {−1}, Γ+ = ω × {+1}, Γ0 = ∂ω × [−1,+1]. Let x = (xi) ∈ Ω
denote a generic point in the set Ω. We now transform the domain Ωε having the thickness
2ε into fixed domain Ω independent of ε via the simple mapping:

πε : xε ∈ Ωε → x ∈ Ω, where xα = xεα, x3 = xε3/ε. (3.1)

Hence

πε(Ωε) = Ω, πε(Γε±) = Γ−, π
ε(Γε+) = Γ+, π

ε(Γε0) = Γ0, ∂
ε
α = ∂α and ∂ε3 =

1

ε
∂3. (3.2)
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We introduce the scaled displacement u(ε), the scaled test function v(ε), the scaled stress
tensor σ(ε) and the scaled contact condition as follow:{

uεα ◦ πε = ε2uα (ε) , uε3 ◦ πε = εu3 (ε) , v
ε
α ◦ πε = ε2vα (ε) , v

ε
3 ◦ πε = εv3 (ε)

σεαβ ◦ πε = ε2σαβ (ε) , σ
ε
α3 ◦ πε = ε3σα3 (ε) , σ

ε
33 ◦ πε = ε4σ33 (ε) , u3(ε) ≤ d

(3.3)

We also introduce the scaling of the forces:

f εα ◦ πε = ε2fα, f
ε
3 ◦ πε = ε3f3, g

ε
α ◦ πε = ε3gα, g

ε
3 ◦ πε = ε4g3, F̃

ε
α = ε2F̃α (3.4)

Then we obtain

Lε (vε) = ε5L (v) with L (v) =

∫
Ω

fividx+

∫
Γ−

gividΓ (3.5)

Therefore we denote by:

V (Ω) =
{
v ∈ W 1,4(Ω), v independent of x3 on Γ0

}
, (3.6)

V0(Ω) =
{
v ∈ W 1,4(Ω), v = 0 on Γ0

}
, (3.7)

V⃗ (Ω) = V (Ω)× V (Ω)× V0(Ω), (3.8)
K(Ω) = {v ∈ V0(Ω), v̄ ≤ d on Γ+} , (3.9)

K⃗(Ω) = V (Ω)× V (Ω)×K(Ω) (3.10)

Using the upper assumptions and notations (3.1)-(3.10) lead to the following:

Proposition 61 The variational problem (V P ε) is equivalent to the following scaled

variational problem (SV P (ε)):

Find u (ε) ∈ K⃗ (Ω) such that:∫
Ω
σij (ε) ∂jvidx+

∫
Ω
σij (ε) ∂iu3 (ε) ∂jv3dx+ ε2

∫
Ω
σij (ε) ∂iuα (ε) ∂jvαdx = L (v)+

+ ⟨σ̂33 (ε) , v̄3⟩ +
∫
γ
F̃α(
∫ +1

−1
vαdx3)dγ + ⟨σα3 (ε) , v̄α⟩+ ε2 ⟨σk3 (ε) ∂kuα, v̄α⟩ , ∀v ∈ V⃗ (Ω)

⟨σ̂33 (ε) , v̄3 − ū3 (ε)⟩ ≥ 0, ∀v3 ∈ K (Ω)

⟨σα3 (ε) , v̄α − ūα (ε)⟩+ ε ⟨Λ |σ̂33 (ε)| , |v̄T | − |ūT (ε)|⟩

+ ε2 ⟨σk3 (ε) ∂kuα (ε) , v̄α − ūα (ε)⟩ ≥ 0, ∀ vα ∈ V (Ω)
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3.3.2 The two-dimensional problem

We assume that the scaled displacement-stress (u (ε) , σ (ε)) admit a formal asymptotic
expansion of the form:

(u (ε) , σ (ε)) = (u0, σ0) + ε(u1, σ1) + ε2(u2, σ2) + . . . (3.11)

We introduce the Kirchhoff-Love space of admissible displacements

VKL (Ω) =
{
v = (vi) , vα = ηα − x3∂αη3, v3 = η3 such that: ηα ∈ H1 (ω) , η3 ∈ H2

0 (ω)
}

and the space
L2
s(Ω) =

{
τ = (τij) ∈ L2(Ω); τij = τji

}
.

Substituting expansion (3.11) into the scaled variational problem (SV P (ε)), we obtain :

Proposition 62 Assume that ∂3u03 ∈ C0
(
Ω̄
)

then the leading term (u0, σ0) of the expan-

sion (3.11) is solution of the problem (SV P (0)):
Find (u0, σ0) ∈ VKL (Ω) ∩ K⃗ (Ω)× L2

s(Ω) such that:∫
Ω
σ0
αβ∂βvαdx+

∫
Ω
σ0
αβ∂αu

0
3∂βv3dx = L (v) + ⟨σ0

33, v̄3⟩+
∫
γ
F̃α(
∫ +1

−1
vαdx3)dγ, ∀v ∈ VKL (Ω)

⟨σ0
33, v̄3 − ū03⟩ ≥ 0,∀v3 ∈ K (Ω)

,

where σ0
αβ = 2λµ

λ+2µ
E0
γγ(u

0)δαβ + 2µE0
αβ(u

0) and E0
αβ(u

0) = 1
2
(∂iu

0
j + ∂ju

0
i + ∂iu

0
3∂ju

0
3).

We deduce that the leading term (u0, σ0) is characterized by an unilateral contact
problem without friction.

Proposition 63 Let u0 ∈ VKL (Ω)∩ K⃗ (Ω) be such that u0α = ξα−x3∂αξ3 and u03 = ξ3,

where ξα, ξ3 sufficiently regulars. Then the problem (SV P (0)) can be formulated in the

classical form as two-dimensional problem:

(P b (0))



Find (ξ, σ0
33) ∈ (H1

0 (ω))
2 ×K0(ω)×H−2(ω), , such that

k∆2ξ3 − ∂β(nαβ∂αξ3) = h11 + h12 + h03 + σ0
33 on ω

−∂βnαβ = h0α on ω

nαβνβ = 2F̃α on γ

σ0
33(d− ξ3) = 0 and σ0

33 ≤ 0 in ω
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where

K0(ω) =
{
v ∈ H2

0 (ω) , v ≤ d
}
,

nαβ =
4λµ

λ+ 2µ
E0
γγ(ξ)δαβ + 4µE0

αβ(ξ), k =
8

3
µ
λ+ µ

λ+ 2µ
,

h0i =

∫ 1

−1

fidx3 + g−i , h
1
i =

∫ 1

−1

x3∂ifidx3 − ∂ig
−
i , g

−
i = gi(x1, x2,−1).

We deduce that the displacement u0 is characterized by a two dimensional problem
without friction. Then, our three-dimensional Signorini problem with Coulomb friction
offers toward a two-dimensional problem without friction.

Remark 64 The loss of the friction term in (SV P (0)) and (P b (0)) results owing to the

fact that the friction force behaves like O(ε3) whereas the contact pressure force scales as

O(ε4). Since the two measures are connected by Coulomb law via |σ̂α3 (ε)| ≤ εΛ |σ̂33 (ε)|.

Therefore, at least formally when ε tends towards zero, the friction force must be can-

celed. In the absence of unilateral contact the problem (P b (0)) is reduced to nonlinear von

Kármán plate model.

3.4 Extended study for generalized Marguerre-von Kár-

mán shallow shells

In the previous part of this chapter, we have studied the asymptotic modeling of Coulomb
frictional unilateral contact problem between an elastic nonlinear von Kármán plate and
a rigid obstacle. The main result obtained is that the leading term of the asymptotic
expansion is characterized by a two-dimensional Signorini problem but without friction.
In this section, we extend this study to the case of a shallow shell under generalized
Marguerre-von Kármán conditions.

In the case of linearly thin elastic structures, Paumier [83] studied the asymptotic
modeling of Signorini problem with Coulomb friction in the Kirchhoff-Love theory of
plates by using a convergence method. In the same way but for the frictionless case,
Léger and Miara [70, 71] extended the study to the elastic shallow shell. More recently,
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Ben Belgacem and all. [4] modeled the obstacle problem without friction for Naghdi
shell. In the nonlinear case, Chacha and Bensayah [12] studied the asymptotic modeling
of a Coulomb frictional Signorini problem for the von Kármán plates using the formal
asymptotic expansion method. Remind that by the same mean, Ciarlet and Paumier [28]
justified the Marguerre-von Kármán equations for shallow shells. Untill 2001, Ciarlet and
Gratie [25] generalized these equations for plates, after that Ciarlet, Gratie and Sabu [26]
established an existence theorem for them. Next, in 2002 Gratie [48] formally extended
in the same time the works [28] and [25] to generalized Marguerre-von Kármán equations
for shallow shells, after that, Ciarlet and Gratie [31] gave the existence of solutions to
this problem. For more details, one can consult [30]. The aim of this section is to extend
the study carried out in [12] to the nonlinear generalized Marguerre-von Kármán shallow
shell derived and analyzed by Gratie [48].

3.4.1 Setting of the problem

Let Ωε = ω × ]−ε,+ε[ , ε > 0, be an open bounded domain from R3, such that ω is
an open subset from R2, with smooth boundary γ. We denote the lateral boundary of
Ωε by Γε0 = γ × [−ε, ε], the upper and the lower faces are denoted, respectively, by Γε+

and Γε−. Let θε : ω̄ → R be a function of the class C3. The reference configuration
of the shell is {Ω̂ε}−, where Ω̂ε = Θε(Ωε), x̂ε = Θε(xε), Θε(xε) = (x1, x2, θ

ε(x1, x2)) +

xε3a
ε
3(x1, x2) for all xε = (x1, x2, x

ε
3) ∈ Ω̄ε and aε3 is a unit vector normal to the middle

surface Θε(ω̄) of the shell. Following the definition proposed by Ciarlet and Paumier [28],
we say that a shell is shallow if there exists a function θ ∈ C3(ω̄) independent of ε such that
θε(x1, x2) = εθ(x1, x2),∀(x1, x2) ∈ ω̄. For ε small enough, the mapping Θε : Ω̄ε → Θε(Ω̄ε)

is a C1-diffeomorphism see [28] and we suppose also that Θε is orientation preserving i.e
det∇εΘε(xε) > 0, ∀xε ∈ Ω̄ε. We suppose that Ω̂ε is occupied by a nonlinear, elastic,
homogeneous, isotropic body. In its natural configuration: a shallow shell of thickness 2ε
whose Lamès constants are denoted λ > 0, µ > 0 and assumed to be independent of ε. The
shallow shell is supposed to be subjected to applied body forces of density f̂ ε ∈ (L2(Ω̂ε))3,
its lower face Γ̂ε− = Θε(Γε−) subjected to a surface forces of density ĝε ∈ (L2(Γ̂ε−))

3 such
that f̂ εα = ĝεα = 0 and to applied surface forces of vonKármán‘s type ĥεα ∈ L2(γ̂ε1) only
on a portion Θε(γ1 × [−ε, ε]) of its lateral face Γ̂ε0, where γ̂ε1 = Θε(γ1), γ = γ1 ∪ γ2,
length(γ1) > 0, length(γ2) > 0. We suppose also that this shell is in unilateral contact
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d̂ε(x̂ε)

Rigid foundation

ĝε

Ω̂ε

Γ̂ε+

Γ̂ε0

Γ̂ε−

Figure 3.1: A shallow shell goes in contact against a rigid foundation.

with Coulomb friction at the upper face Γ̂ε+ = Θε(Γε+) against a rigid foundation. See
Figure3.1. The contact condition is expressed by ûεN ≤ d̂ε, ûεN = ûεi n̂

ε
i where d̂ε(≥ 0) is

the gap function defined on Γ̂ε+ which describes the distance between the upper face and
the foundation measured in the normal direction and n̂ε = (n̂εi ) is the unit outer normal
vector along the boundary of the shell Ω̂ε, Λ its frictional coefficient. We suppose, also
that the system is in static case. ν = (να) and τ = (τα) are respectively the unit outer
normal and the unit tangential vector such that τ1 = −ν2 and τ2 = ν1 along the boundary
of the set ω. The outer normal and tangential derivative operators να∂α and τα∂α along
γ are denoted ∂ν and ∂τ .

The problem consists of finding the displacement ûε and the force Ĝε which satisfy
the problem:

(CP̂ ε)



−∂̂εj (σ̂εij + σ̂εkj ∂̂
ε
kû

ε
i ) = f̂ εi in Ω̂ε

(σ̂εij + σ̂εkj ∂̂
ε
kû

ε
i )n̂

ε
j ◦Θε = 0 on γ2 × [−ε, ε]

(σ̂εij + σ̂εkj ∂̂
ε
kû

ε
i )n̂

ε
j ◦Θε = ĝεi ◦Θε on Γε−

ûεα independent of x̂ε3 and ûε3 = 0 on Θε (γ1 × [−ε, ε]) ,
1
2ε

∫ ε
−ε

{(
σ̂εαβ + σ̂εkβ∂̂

ε
kû

ε
α

)
◦Θε

}
νβdx

ε
3 = ĥεα ◦Θε on γ1

ûεN ≤ d̂ε, Ĝε
N ≤ 0, Ĝε

N

(
ûεN − d̂ε

)
= 0 on Γ̂ε+ (Signorini conditions)∣∣∣Ĝε

T

∣∣∣ < Λ
∣∣∣Ĝε

N

∣∣∣⇒ ûεT = 0 on Γ̂ε+∣∣∣Ĝε
T

∣∣∣ = Λ
∣∣∣Ĝε

N

∣∣∣⇒ ∃δ > 0, ûεT = −δĜε
T on Γ̂ε+

where
Ĝε
i = (σ̂εij + σ̂εkj ∂̂

ε
kû

ε
i )n̂

ε
j ,Ĝε

N = Ĝε
i n̂

ε
i , Ĝ

ε
T = Ĝε − Ĝε

N n̂
ε
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σ̂εij = λÊε
pp (û

ε) δij + 2µÊε
ij (û

ε) (the components of stress tensor)

Êε
ij (û

ε) =
1

2
(∂̂εi û

ε
j + ∂̂εj û

ε
i + ∂̂εi û

ε
k∂̂

ε
j û

ε
k) (the components of nonlinear strain tensor)

We consider the following functional spaces

V (Ω̂ε) =
{
v̂ ∈ W 1,4(Ω̂ε)/v̂ independent of x̂ε3 on Θε(γ1 × ]−ε,+ε[)

}
V0(Ω̂

ε) =
{
v̂ ∈ W 1,4(Ω̂ε)/v̂ = 0 on Θε(γ1 × ]−ε,+ε[)

}
V⃗ (Ω̂ε) = V (Ω̂ε)× V (Ω̂ε)× V0(Ω̂

ε),

and the convex closed set

K⃗(Ω̂ε) =
{
v̂ ∈ V⃗ (Ω̂ε)/v̂N ≤ d̂ε on Γ̂ε+

}
Multiplying the system of equilibrium equations in (CP̂ ε) by functions v̂εi and inte-

grating over the set Ω̂ε, after that using the Green formula and the boundary conditions
we obtain the following variational formulation of the problem (CP̂ ε):

(V P̂ ε)



Find (ûε, Ĝε) ∈ K⃗(Ω̂ε)× (L2(Γ̂ε+))
3 such that

Âε(ûε, v̂ε) = L̂ε(v̂ε) +
∫
γ̂1
(
∫ ε
−ε(v̂

ε
α ◦Θε)dxε3)ĥ

ε
αdγ̂ +

⟨
Ĝε
i , v̂

ε
i

⟩
∀ v̂ε ∈ V⃗ (Ω̂ε)⟨

Ĝε
N , v̂

ε
N − ûεN

⟩
≥ 0 , ∀v̂ε ∈ K⃗(Ω̂ε)⟨

Ĝε
T , v̂

ε
T − ûεT

⟩
+
⟨
Λ
∣∣∣Ĝε

N

∣∣∣ , |v̂εT | − |ûεT |
⟩
≥ 0, ∀ v̂ε ∈ V⃗ (Ω̂ε)

where
Âε(ûε, v̂ε) =

∫
Ω̂ε

(σ̂εij + σ̂εkj ∂̂
ε
kû

ε
i )∂̂

ε
j v̂

ε
i dx̂

ε,

L̂ε(v̂ε) =

∫
Ω̂ε

f̂ εi v̂
ε
i dx̂

ε +

∫
Γ̂ε
−

ĝεi v̂
ε
i dΓ̂

ε

and ⟨
Ĝε
i , ϕ̂

ε
i

⟩
=

∫
Γ̂ε
+

Ĝε
i ϕ̂

ε
idΓ̂

ε

In order to transform the problem (V.P̂ ε) into problem posed over the cylindrical domain
Ωε, we use the one to one mapping (Θε)−1 and the following relations obtained from this
transformation

∂̂εj v̂
ε
i = bεkj (x

ε) ∂εkv
ε
i (x

ε) , dx̂ε = |det∇εΘε (xε)| dxε = δεdxε, dΓ̂ε = δεβεdΓε,

where
∇εΘε(xε) = (∂εjΘ

ε
i (x

ε)), δε(xε) = det∇εΘε(xε),
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bεij(x
ε) = ({∇εΘε(xε)}−1)ij ∀xε ∈ Ω̄ε,

βε(xε) = {b3i(xε)b3i(xε)}
1
2 ∀xε ∈ (Γε+ ∪ Γε−).

We define the following functional spaces related to Ωε:

V (Ωε) =
{
vε ∈ W 1,4(Ωε)/vε independent of xε3 on γ1 × ]−ε,+ε[

}
V0(Ω

ε) =
{
vε ∈ W 1,4(Ωε)/vε = 0 on γ1 × ]−ε,+ε[

}
,

V⃗ (Ωε) = V (Ωε)× V (Ωε)× V0(Ω
ε)

and the convex closed set

K⃗(Ωε) =
{
vε ∈ V⃗ (Ωε)/vεN ≤ dε on Γε+

}
, dε = d̂ε ◦Θε

Then by a simple computation, we obtain

Proposition 65 Suppose that ε is small enough. Then the variational problem (V P̂ ε) is

equivalent to the following variational problem :

(V P ε)



Find (uε, Gε) ∈ K⃗(Ωε)× (L2(Γε+))
3, such that,

Aε(uε, vε) = Lε(vε) +
∫
γ1
hεα{
∫ ε
−ε v

ε
αdx

ε
3}dγ + ⟨Gε

i , v
ε
i ⟩ ,∀vε ∈ V⃗ (Ωε),

⟨Gε
N , v

ε
N − uεN⟩ ≥ 0 , ∀vε ∈ K⃗(Ωε)

⟨Gε
T , v

ε
T − uεT ⟩+ ⟨Λ |Gε

N | , |vεT | − |uεT |⟩ ≥ 0, ∀ vε ∈ V⃗ (Ωε)

where :

Aε(uε, vε) =

∫
Ωε

σεijb
ε
kj∂

ε
kv

ε
i δ
εdxε +

∫
Ωε

σεijb
ε
ki∂

ε
ku

ε
l b
ε
mj∂

ε
mv

ε
l δ
εdxε

Lε(vε) =

∫
Ωε

f ε3v
ε
3δ
εdxε +

∫
Γε
−

gε3v
ε
3δ
εβεdΓε, ⟨Gε

i , v
ε
i ⟩ =

∫
Γε
+

Gε
iv
ε
i δ
εβεdΓε

uεi = ûεi◦Θε, σεij = σ̂εij◦Θε, Gε
i = Ĝε

i◦Θε, nεi = n̂εi◦Θε, f εi = f̂ εi ◦Θε , gεi = ĝεi ◦Θε , hεα = ĥεα◦Θε.

3.4.2 Asymptotic study

The scaled problem

We keep the same process of transformation and scalings as in the paragraph 1.2.1. We
introduce the scaled displacement u(ε), test function v(ε) and stress tensor σ(ε) for all
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xε = πε(x) as follows:{
uεα(x

ε) = ε2uα (ε) (x), u
ε
3(x

ε) = εu3 (ε) (x), v
ε
α(x

ε) = ε2vα (ε) (x), v
ε
3(x

ε) = εv3 (ε) (x)
σεαβ(x

ε) = ε2σαβ (ε) (x), σ
ε
α3(x

ε) = ε3σα3 (ε) (x), σ
ε
33(x

ε) = ε4σ33 (ε) (x)

Noting that the unit normal n̂ε on Γ̂ε+ reads n̂ε = (−∂ε1θε+O(ε3),−∂ε2θε+O(ε3), 1+O(ε2)).
If we pose Gi = σijn

θ
j such that nθ = (−∂1θ,−∂2θ, 1) then a simple computation gives:

Gε
α = ε3Gα +O(ε5),

Gε
3 = ε4G3 + ε4σijn

θ
j∂

θ
i u3 +O(ε6)

then

vεT = (ε2(v1 − v3n
θ
1) +O(ε4), ε2(v2 − v3n

θ
2) +O(ε4), O(ε3)),

vεN = εvN(ε), vN(ε) = v3n
θ
3 +O(ε2)

and

Gε
T = (ε3G1 +O(ε5), ε3G2 +O(ε5), ε4(G3 −Gin

θ
i ) +O(ε6))

We also introduce the scalings: f ε3 = ε3f3, g
ε
3 = ε4g3, h

ε
α = ε2hα and dε = εd(ε) where f3,

g3 and hα supposed independent of ε.
Therefore we denote:

V (Ω) =
{
v ∈ W 1,4(Ω)/v independent of x3 on γ1 × ]−1,+1[

}
V0(Ω) =

{
v ∈ W 1,4(Ω)/v = 0 on γ1 × ]−1,+1[

}
V⃗ (Ω) = V (Ω)× V (Ω)× V0(Ω),

K⃗(ε)(Ω) =
{
v ∈ V⃗ (Ω)/vN(ε) ≤ d(ε) on Γ+

}
L2
s(Ω) = {τ = (τij) ∈ L2(Ω); τij = τji}.

Using the assumptions and notations above we obtain the result:

Proposition 66 For ε small enough the scaled solution of the problem (V P ε) solves the

problem (SV P (ε)):



Find (u(ε), G(ε)) ∈ K⃗(ε)(Ω)× (L2(Γ+))
3 such that,

Aθ(u(ε), v) = L(v) + 2
∫
γ1
hαvαdx3dγ + ⟨Gi(ε), vi⟩+

∫
Γ+
σij(ε)n

θ
j∂

θ
i u3(ε)v3dΓ + ε2r1,∀v ∈ V⃗ (Ω),⟨

Gi(ε)n
θ
i + σij(ε)n

θ
j∂

θ
i u3(ε), v3 − u3(ε)

⟩
+ ε2r2 ≥ 0 , ∀v ∈ K⃗(ε)(Ω)⟨

Gα(ε), (vα − uα(ε))− (v3 − u3(ε))n
θ
α

⟩
+ εr3 ≥ 0, ∀ v ∈ V⃗ (Ω)
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where

Aθ(u(ε), v) =

∫
Ω

σij (ε) γ
θ
ij(v)dx+

∫
Ω

σij (ε) ∂
θ
i u3 (ε) ∂

θ
j v3dx,

L(v) =

∫
Ω

f3v3dx+

∫
Γ−

g3v3dΓ,

⟨Gi(ε), vi⟩ =
∫
Γ+

Gi(ε)vidΓ, ∂
θ
αv = ∂αv − ∂αθ∂3v

∂θ3v = ∂3v,γθij(v) =
1
2

(
∂θi vj + ∂θj vi

)
, ri are uniformly bounded functions in with respect to

ε.

Proof. First, we infer from assumption θε(x1, x2) = εθ(x1, x2) for all (x1, x2) ∈ ω̄ with
θ ∈ C3(ω̄) that, for ε0 > 0 small enough,
bεαβ(x

ε) = δαβ + ε2rαβ(ε;x1, x2), bεα3(xε) = ε(∂αθ + ε2rα3(ε;x1, x2)), bε3β(xε) = −ε(∂βθ +
ε2r3β(ε;x1, x2)), bε33(xε) = 1 + ε2r33(ε;x1, x2), δε(xε) = 1 + ε2rδ(ε;x1, x2), for all xε ∈ Ω̄ε,
and βε(xε) = 1 + ε2rβ(ε;x1, x2), for all xε ∈ Γε+ ∪ Γε+, where the real-valued functions rij,
rδ, rβ are bounded. (For details see [28, Theorem 3.1]).
Next, we insert the above equalities with the change of variables, we obtain,∫

Ωε

σεijb
ε
kj∂

ε
kv

ε
i δ
εdxε = ε5

∫
Ω

σij(ε)γ
θ
ij(v)dx+ ε7ρ1(ε;σ(ε), v)∫

Ωε

σεijb
ε
ki∂

ε
ku

ε
l b
ε
mj∂

ε
mv

ε
l δ
εdxε = ε5

∫
Ω

σij(ε)∂
θ
i u3(ε)∂

θ
j v3dx+ ε7ρ2(ε;σ(ε), u(ε), v)∫

Ωε

f εi v
ε
i δ
εdxε +

∫
Γε
−

gεi v
ε
i δ
εβεdΓε = ε5(

∫
Ω

fividx+

∫
Γ−

gividΓ) + ε7ρ3(ε; v)

⟨Gε
i , v

ε
i ⟩ = ε5 ⟨Gi(ε), vi⟩+ ε7ρ4(ε;G(ε), u(ε), v)

where there exists a constant c1 such that, for all u(ε) ∈ K⃗(ε)(Ω), v ∈ V⃗ (Ω), σ(ε) ∈ L2
s(Ω)

and G(ε) ∈ (L2(Γ+))
3,

sup
0≤ε≤ε0

|ρ1 (ε;σ(ε), v)| ≤ c1 |σ(ε)|0,Ω |v|1,Ω ,

sup
0≤ε≤ε0

|ρ2 (ε;σ(ε), u(ε), v)| ≤ c1 |σ(ε)|0,Ω |u(ε)|1,4,Ω |v|1,4,Ω ,

sup
0≤ε≤ε0

|ρ3 (ε; v)| ≤ c1 ∥v∥1,Ω ,

sup
0≤ε≤ε0

|ρ4(ε;G(ε), u(ε), v)| ≤ c1(∥G(ε)∥− 1
2
,Γ+

+ ∥G(ε)∥− 1
2
,Γ+

∥u(ε)∥ 1
2
,Γ+

) ∥v∥ 1
2
,Γ+

.
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Diving by ε5 and combining the above estimates, we get

sup
0≤ε≤ε0

|r1| ≤ c1

(
(1 + |σ(ε)|0,Ω + |σ(ε)|0,Ω |u(ε)|1,4,Ω) ∥v∥1,4,Ω

+ (∥G(ε)∥− 1
2
,Γ+

+ ∥G(ε)∥− 1
2
,Γ+

∥u(ε)∥ 1
2
,Γ+

) ∥v∥ 1
2
,Γ+

)
.

For finding what the unilateral contact conditions become, we use the relations

⟨Gε
N , v

ε
N − uεN⟩ = ε5

⟨
Gα(ε)n

θ
α +G3(ε), v3 − u3(ε)

⟩
+ ε7r2,

⟨Gε
T , v

ε
T − uεT ⟩+ ⟨Λ |Gε

N | , |vεT | − |uεT |⟩ = ε5
⟨
Gα(ε), (vα − uα(ε))− (v3 − u3(ε))n

θ
α

⟩
+ ε6r3,

where there exists two constants c2 and c3 such that for all u(ε) ∈ K⃗(ε)(Ω), v ∈ K⃗(ε)(Ω)

and G(ε) ∈ (L2(Γ+))
3,

sup
0≤ε≤ε0

|r2| ≤ c2(∥G(ε)∥− 1
2
,Γ+

+ ∥G(ε)∥− 1
2
,Γ+

∥u(ε)∥ 1
2
,Γ+

)(∥u(ε)∥ 1
2
,Γ+

+ ∥v∥ 1
2
,Γ+

),

and for all u(ε) ∈ K⃗(ε)(Ω), v ∈ V⃗ (Ω) and G(ε) ∈ (L2(Γ+))
3,

sup
0≤ε≤ε0

|r3| ≤ c3(∥G(ε)∥− 1
2
,Γ+

+ ∥G(ε)∥− 1
2
,Γ+

∥u(ε)∥ 1
2
,Γ+

)(∥u(ε)∥ 1
2
,Γ+

+ ∥v∥ 1
2
,Γ+

).

The two-dimensional problem

We assume that the scaled displacement-stress (u(ε), σ(ε)) admit a formal asymptotic
expansion of the form:

(u(ε), σ(ε)) = (u0, σ0) + ε(u1, σ1) + ε2(u2, σ2) + ... (3.12)

then
Gi(ε) = G0

i + εG1
i + ε2G2

i + ..., with Gk
i = σkijn

θ
j .

We introduce the space of Kirchhoff-Love admissible displacement

VKL (Ω) =

{
v = (vi) /vα = ηα − x3∂αη3, v3 = η3 such that
ηα ∈ H1 (ω) , η3 ∈ H2 (ω) , η3 = ∂νη3 = 0 on γ1

}
(3.13)

and the convex closed set

K⃗(Ω) =
{
v ∈ V⃗ (Ω)/v3 ≤ d on Γ+

}
with d(ε) = d+O(ε).

Substituting expansion (4.12) into the scaled variational problem (SV P (ε)), we obtain:
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Proposition 67 Assume that ∂3u03 ∈ C0
(
Ω̄
)

then the leading term (u0, σ0) of the expan-

sion (4.12) is a solution of the problem (SV P (0)):
Find (u0, σ0, G0

3) ∈ (VKL (Ω) ∩ K⃗ (Ω))× L2
s(Ω)× L2(Γ+) such that :∫

Ω
σ0
αβ∂βvαdx+

∫
Ω
σ0
αβ∂α(u

0
3 + θ)∂βv3dx = L (v) + ⟨G0

3, v3⟩+ 2
∫
γ1
hαvαdγ, ∀v ∈ VKL (Ω)

⟨G0
3, v3 − u03⟩ ≥ 0,∀v ∈ K⃗ (Ω)

where

σ0
αβ =

2λµ

λ+ 2µ
E0
σσ(u

0)δαβ + 2µE0
αβ(u

0),

E0
αβ(u

0) =
1

2

(
∂αu

0
β + ∂βu

0
α + ∂αu

0
3∂βu

0
3 + ∂αθ∂βu

0
3 + ∂βθ∂αu

0
3

)
,

G0
3 = −σ0

31∂1θ − σ0
32∂2θ + σ0

33.

Proof. We introduce the formal series expansions of the scaled displacement and the
scaled stresses into the variational problem (SV P (ε)) and cancel the successive powers of
ε, until we can fully identify the leading term.

We deduce from the following proposition that the leading term (u0, σ0) is character-
ized by an unilateral contact problem without friction.

Proposition 68 If u0 is a solution of the problem (SV P (0)) such that u0α = ξα−x3∂αξ3

and u03 = ξ3, ξα, ξ3 sufficiently regular. Then ξα, ξ3 verify the two-dimensional problem

(P b (0)):

(P b (0))



Find ξα ∈ H1 (ω) , ξ3 ∈ H2 (ω) , ξ3 ≤ d,G0
3 ∈ L2 (ω) such that

−∂αβmαβ − nαβ∂αβ(ξ3 + θ)) = h03 +G0
3 in ω

∂βnαβ = 0 in ω,

ξ3 = ∂νξ3 = 0 on γ1,

nαβνβ = 2hα on γ1

∂αmαβνβ + ∂τ (mαβνατβ) = 0 on γ2,

mαβνανβ = 0 on γ2,

nαβνβ = 0 on γ2

G0
3(d− ξ3) = 0 in ω,G0

3 ≤ 0 in ω
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where

mαβ = −1

3
{ 4λµ

λ+ 2µ
∆ξ3δαβ + 4µ∂αβξ3},

nαβ = 2λ⋆E0
γγ(ξ)δαβ + 4µE0

αβ(ξ), λ
⋆ =

2λµ

λ+ 2µ

E0
αβ (ξ) =

1

2
(∂αξβ + ∂βξα + ∂αθ∂βξ3 + ∂βθ∂αξ3 + ∂αξ3∂βξ3) ,

h0i =

∫ 1

−1

fidx3 + g−i ; g
−
i = gi(x1, x2,−1).

Proof. The proof will be divided into 3 steps.

Step 1. First, we show that (SV P (0)) is in a sense a two-dimensional problem, posed over
the middle surface ω̄ of the shell.

−
∫
ω

mαβ∂αβη3dω +

∫
ω

nαβ∂α(ξ3 + θ)∂βη3dω +

∫
ω

nαβ∂βηαdω =

∫
ω

(h03 +G0
3)η3dω

+ 2

∫
γ1

hαηαdγ, ∀η ∈ V (ω),

where

V (ω) = {η = (ηi) ∈ H1(ω)×H1(ω)×H2(ω); η3 = ∂νη3 = 0 sur γ1}.

It is known that v = (vi) ∈ VKL(Ω) if and only if there exists η = (ηi) ∈ V (ω)

such that vα = ηα − x3∂αη3 and v3 = η3 (see [20, Théorème 1.4-4]). The same
proof works for Gratie [48, Theorem 3]. In (SV P (0)), we take test-functions
v = (−x3∂1η3,−x3∂2η3, η3), with η3 ∈ H2(ω) and η3 = ∂νη3 = 0 on γ1. Next
we take v = (η1, η2, 0), with ηα ∈ H1(ω). The first choice yields∫

Ω

−x3σ0
αβ∂αβη3dx+

∫
Ω

σ0
αβ∂α(ξ3 + θ)∂βη3dx =

∫
Ω

f3η3dx+

∫
Γ−

g3η3dΓ +
⟨
G0

3, η3
⟩

The second choice yields ∫
Ω

σ0
αβ∂βηαdx = 2

∫
γ1

hαηαdγ

Using Fubini’s formula to the above integrals, we get
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∫
Ω

−x3σ0
αβ∂αβη3dx = −

∫
ω

mαβ∂αβη3dω, (3.14)∫
Ω

σ0
αβ∂α(ξ3 + θ)∂βη3dx =

∫
ω

nαβ∂α(ξ3 + θ)∂βη3dω, (3.15)∫
Ω

f3η3dx+

∫
Γ−

g3η3dΓ +
⟨
G0

3, η3
⟩
=∫

ω

(∫ 1

−1

f3dx3 + g−3 +G0
3(x1, x2,+1)

)
η3dω, (3.16)∫

Ω

σ0
αβ∂βηαdx = 2

∫
γ1

hαηαdγ, (3.17)

where
G0

3(.,+1) = −σ0
31(.,+1)∂1θ − σ0

32(.,+1)∂2θ + σ0
33(.,+1)

Step 2. Applying Green formulas, we obtain∫
ω

[
−∂αβmαβ − ∂β (nαβ∂α (ξ3 + θ))− (h03 +G0

3)
]
η3dω−∫

ω

(∂βnαβ) ηαdω +

∫
γ

(
nαβνβ − 2h̃α

)
ηαdγ −

∫
γ2

mαβνανβ∂νη3dγ+∫
γ2

{[∂αmαβ + nαβ∂α (ξ3 + θ)] νβ + ∂τ (mαβνατβ)} η3dγ = 0

for all η = (ηα, η3) ∈ V (ω), and the functions h̃α : γ → R defined by :

h̃α = hα on γ1 and h̃α = 0 on γ2

So that, all the factors of ηα, η3, and ∂νη3 in the above integrals vanish in their
respective domains of integration. (For more details we refer the reader to [48,
Theorem 5])

Step 3. It remains to prove the unilateral contact conditions. To this end, substitute the
test function v = d after that v = 2ξ3 − d, with ξ3 ∈ H2(ω) into the inequality in
the problem (SV P (0)), then we obtain

G0
3(d− ξ3) = 0 in ω

Taking into account ⟨
G0

3, η3 − d
⟩
≥ 0, for all η ∈ K⃗ (Ω) ,
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we obtain
G0

3 ≤ 0 in ω.

Computation of σ0
i3 in case γ1 = γ

In the squel, we compute the components σ0
i3. In order to realize this, we suppose that

γ1 = γ which the case of Marguerre-von Kàrmàn conditions.

Computation of σ0
α3

In the identification process of factors of powers εk, k = 0, 1, 2, 3, ... we obtain at the order
ε0 the equation∫

Ω

σ0
ijγ

θ
ij (v) dx+

∫
Ω

σ0
ij∂

θ
i u

0
3∂

θ
j v3dx =

∫
Ω

f3v3dx+

∫
Γ−

g3v3dΓ

+

∫
Γ+

G0
3v3dΓ + 2

∫
γ

hα

{∫ 1

−1

vαdx3

}
dγ(3.18)

The term on the left hand side of the equation verifies∫
Ω

σ0
αβγ

θ
αβ (v) dx =

1

2

∫
Ω

σ0
αβ(∂αvβ + ∂βvα − ∂αθ∂3vβ − ∂βθ∂3vα)dx∫

Ω

σ0
α3γ

θ
α3 (v) dx =

1

2

∫
Ω

σ0
α3(∂αv3 + ∂3vα − ∂αθ∂3v3)dx∫

Ω

σ0
33γ

θ
33 (v) dx =

∫
Ω

σ0
33∂3v3dx∫

Ω

σ0
αβ∂

θ
αu

0
3∂

θ
βv3dx =

∫
Ω

σ0
αβ(∂αu

0
3 − ∂αθ∂3u

0
3)(∂βv3 − ∂βθ∂3v3)dx∫

Ω

σ0
α3∂

θ
αu

0
3∂

θ
3v3dx =

∫
Ω

σ0
α3(∂αu

0
3 − ∂αθ∂3u

0
3)∂3v3dx∫

Ω

σ0
3α∂

θ
3u

0
3∂

θ
αv3dx =

∫
Ω

σ0
3α∂3u

0
3(∂αv3 − ∂αθ∂3v3)dx∫

Ω

σ0
33∂

θ
3u

0
3∂

θ
3v3dx =

∫
Ω

σ0
3α∂3u

0
3∂3v3dx
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The equation (3.18) with v3 = 0 yields∫
Ω

σ0
αβ∂αvβ +

∫
Ω

σ0
α3∂3vα −

∫
Ω

σ0
αβ∂βθ∂3vα = 2

∫
γ

hα

{∫ 1

−1

vαdx3

}
dγ (3.19)

for all vα ∈ H1(Ω) independent of x3 on Γ0.
On other hand∫

γ

hα

{∫ 1

−1

vαdx3

}
dγ =

1

2

∫
Ω

nαβ∂βvαdx, for all vα independent of x3 on Γ0

then (3.19) is formally equivalent to the following boundary value problem
∂3σ

0
α3 = ∂3σ

0
αβ∂βθ − ∂βσ

0
αβ in Ω

σ0
α3 = σ0

αβ(.,+1)∂βθ on Γ+

σ0
α3 = σ0

αβ(.,−1)∂βθ on Γ−

(3.20)

Noting that σ0
αβ = 1

2
nαβ +

3
2
x3mαβ and from the Proposition 3.3 that ∂βnαβ = 0 which

makes the compatibility condition
∫ +1

−1
∂βσ

0
αβdx3 = 0 satisfied. Then, the explicit expres-

sions of σ0
α3 are given by

σ0
α3 =

3

4
(1− x23)∂βmαβ + σ0

αβ∂βθ

Computation of σ0
33

We take vα = 0 in the equation (3.18). As ∂3u03 = 0, we get∫
Ω

σ0
α3(∂αv3 − ∂αθ∂3v3)dx+

∫
Ω

σ0
33∂3v3dx+

∫
Ω

σ0
αβ∂αu

0
3(∂βv3 − ∂βθ∂3v3)dx+

+

∫
Ω

σ0
α3∂αu

0
3∂3v3dx =

∫
Ω

f3v3dx+

∫
Γ−

g3v3dΓ +

∫
Γ+

G0
3v3dΓ (3.21)

thus we see that it is formally equivalent to the following boundary condition problem
−∂3σ0

33 = −∂3σ0
α3∂αθ + ∂ασ

0
α3 + ∂β(σ

0
αβ∂αξ3)

− ∂3σ
0
αβ∂αξ3∂βθ + ∂3σ

0
α3∂αξ3 + f3 in Ω

σ0
33 = G0

3 + σ0
αβ(.,+1)∂αθ∂βθ on Γ+

σ0
33 = −g−3 + σ0

αβ(.,−1)∂αθ∂βθ on Γ−

(3.22)

such that G0
3 verifies with ξ3 on Γ+ the condition

G0
3(d− ξ3) = 0, G0

3 ≤ 0
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Taking in account that∫ x3

−1

∂3σ
0
α3∂αξ3dx3 =

3

4
(1− x23)∂βmαβ∂αξ3 +

3

2
x3mαβ∂βθ∂αξ3 +

3

2
mαβ∂βθ∂αξ3∫ x3

−1

∂3σ
0
α3∂αθdx3 =

3

4
(1− x23)∂βmαβ∂αθ +

3

2
x3mαβ∂βθ∂αθ +

3

2
mαβ∂βθ∂αθ∫ x3

−1

∂3σ
0
αβ∂αξ3∂βθdx3 =

3

2
x3mαβ∂αξ3∂βθ +

3

2
mαβ∂αξ3∂βθ∫ x3

−1

∂ασ
0
α3dx3 =

1

4
(3x3 − x33)∂αβmαβ +

1

2
x3nαβ∂αβθ +

3

4
x23∂αmαβ∂βθ

+
3

4
x23mαβ∂αβθ +

1

2
∂αβmαβ −

3

4
∂αmαβ∂βθ −

3

4
mαβ∂αβθ

+
1

2
nαβ∂αβθ∫ x3

−1

∂β(σ
0
αβ∂αξ3)dx3 =

1

2
x3nαβ∂αβξ3 +

3

4
x23∂βmαβ∂αξ3 +

3

4
x23mαβ∂αβξ3

+
1

2
nαβ∂αβξ3 −

3

4
∂βmαβ∂αξ3 −

3

4
mαβ∂αβξ3

Then

σ0
33 = −1

4
x3(1− x23)∂αβmαβ +

3

4
(1− x23)mαβ∂αβ(ξ3 + θ) +

3

4
(1− x23)∂βmαβ∂αθ

+
1

2
(1 + x3)

∫ 1

−1

f3dy3 −
∫ x3

−1

f3dy3 +
1

2
(1 + x3)G

0
3 −

1

2
(1− x3)g

−
3 + σ0

α3∂αθ

3.4.3 Generalized Marguerre-von Kármán equations with Sig-

norini conditions

We can rewrite the two-dimensional boundary value problem (P b (0)) as generalized
Marguerre-von Kármán equations with Signorini conditions which depends on the Airy
function Φ, the vertical component ξ3 of the displacement field of the middle surface of
the shallow shell and G0

3 as follows:

Proposition 69 Assume that the set ω is simply-connected and that its boundary γ is

smooth enough, and let ξ = (ξi) be a solution (P b (0)) with the regularity ξα ∈ H3(ω),

ξ3 ∈ H4(ω). Then
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a) The functions h̃α are in the space H
3
2 (γ) and satisfy the compatibility conditions :∫

γ

h̃1dγ =

∫
γ

h̃2dγ =

∫
γ

(x1h̃2 − x2h̃1)dγ = 0.

b) Furthermore, there exists a function Φ ∈ H4(ω), uniquely defined by the relations

Φ(0) = ∂1Φ(0) = ∂2Φ(0) = 0, such that

n11 = 2∂22Φ, n12 = n21 = −2∂12Φ, n22 = 2∂11Φ.

c) Finally, the pair (ξ3,Φ, G0
3) ∈ H4(ω)×H4(ω)×L2(ω), satisfies the following problem



k∆2ξ3 = 2 [Φ, ξ3 + θ] + h03 +G0
3 in ω,

∆2Φ = −µ(3λ+2µ)
2(λ+µ)

[ξ3, ξ3 + 2θ] in ω,

ξ3 = ∂νξ3 = 0 on γ1,

mαβνανβ = 0 on γ2,

∂αmαβνβ + ∂τ (mαβνατβ) = 0 on γ2,

Φ = Φ0 and ∂νΦ = Φ1 on γ,

G0
3(d− ξ3) = 0 in ω,G0

3 ≤ 0 in ω,

where

k =
8

3
µ
λ+ µ

λ+ 2µ
,G0

3 = −σ0
31∂1θ − σ0

32∂2θ + σ0
33,

Φ0(y) = −y1
∫
γ(y)

h̃2dγ + y2

∫
γ(y)

h̃1dγ +

∫
γ(y)

(x1h̃2 − x2h̃1)dγ,

Φ1(y) = −ν1
∫
γ(y)

h̃2dγ + ν2

∫
γ(y)

h̃1dγ, y = (y1, y2) ∈ γ,

[Φ, ξ] = ∂11Φ∂22ξ + ∂22Φ∂11ξ − 2∂12Φ∂12ξ.

Proof. The proof is divided into three steps.

Step 1. The regularity of the function ξi implies that nαβ ∈ H2(ω) and nαβνβ = 2h̃α on γ.
Hence the functions h̃α belong to the space ∈ H

3
2 (γ) and satisfy the compatibility

conditions (see [25, Theorem 4]).
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Step 2. Since the set ω is simply-connected and by using the generalized Poincaré theorem
(see [89, Theorem VI, p.59],[25, Theorem 7]), the equation ∂βnαβ = 0 in ω imply
that there exist distributions ψα ∈ D′(ω), unique up to the addition of constants,
such that n1α = 2∂2ψα, n2α = −2∂1ψα.

The equation n12 = n21 implies that ∂αψα = 0. Another application of the same
result shows that there exist a distribution Φ ∈ D′(ω), unique up to the addition
of polynomials of degree ≤ 1, such that ψ1 = ∂2Φ, ψ2 = −∂1Φ, so that n11 =

2∂22Φ, n12 = n21 = −2∂12Φ, n22 = 2∂11Φ in ω.

Step 3. Since nαβ∂αβ(ξ3 + θ) = 2[Φ, ξ3 + θ], we have

−∂αβmαβ = k∆2ξ3 = 2 [Φ, ξ3 + θ] + h03 +G0
3 in ω.

Since ∆2Φ = 1
2
∆nαα and ∂αβnαβ = 0, so that

∆2Φ = −µ (3λ+ 2µ)

2 (λ+ µ)
[ξ3, ξ3 + 2θ] in ω.

Conclusion

The result obtained in this chapter is similar to that of [84] and [12] that the leading term
u0 of the asymptotic expansion of displacements field is characterized by two dimensional
problem without friction. Thus if we consider the work of Léger and Miara [70] but with
Coulomb friction, we affirm that we obtain the same result formally.
At the end, we deduce that the displacement u0 is characterized by a two dimensional
problem without friction. Then, our three-dimensional Signorini problem with Coulomb
friction offers toward a two-dimensional problem without friction. The loss of frictional
densities in SV P (0) and P b(0) is due to the fact that the friction force behaves as O(ε3)
whereas the pressure force behaves as O(ε4) therefore, at least formally, via the Coulomb
law |G̃ε

T | ≤ Λ|G̃ε
N |, when ε tends towards 0 the friction force must be canceled. The

question which stands here is how to involve the friction force in the lower dimensional
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problem and, in the absence of convergence and the existence of asymptotic expansion,
is it possible to obtain an algorithm which allows us to compute the higher terms in the
asymptotic expansion?

90



Chapter 4

Asymptotic modeling of Signorini

problem for thin elastic plates.

Dynamic case.

Introduction

The aim of this chapter is to extend the work of Paumier [84] to a dynamic state problem
but without friction by using at first the formal asymptotic expansion method and then
the convergence method. First, we give the strong formulation of the three-dimensional
contact problem. Next, we rewrite the problem in a weak form. Using a convenient scaling
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of the unknowns and data, we get the scaled variational problem. For the first method,
called the displacement-stress approach, we insert the formal asymptotic expansion of the
unknowns in the scaled variational problem. In that way we characterize the problem
solved by the leading term (u0, σ0) of the expansion. For the second method, called
the convergence method, we prove that a subsequence of the sequence (u(ε), σ(ε)) has a
weak star limit denoted (u(0), σ(0)) which solves the same two dimensional problem than
(u0, σ0).

4.1 Setting of the problem

In this work, we use the following conventions and notations; Greek indexes belong to
the set {1, 2}, Latin indexes belong to the set {1, 2, 3}, the symbols of differentiation
∂i = ∂/∂xi, ∂εi = ∂/∂xεi ,

∂v
∂t

= v̇, ∂
2v
∂t2

= v̈, δij the Kronecker symbols, and the summation
convention with respect to the repeated indexes is used. Let ω ⊂ R2 be a bounded domain
with a Lipschitz boundary γ. We consider a plate as a three-dimensional body, occupying
the volume Ωε = ω×]−ε, ε[, where ε is small parameter (0 < ε ≤ 1). We denote the lateral
boundary by Γε0 = γ×[−ε, ε] , the upper and the lower faces respectively by Γε+ = ω×{+ε}
and Γε− = ω × {−ε}. We denote by v̄ the trace of v on Γε+ and by v the trace of v
on Γε−, or simply by v if there is no confusion. We restrict ourselves to the case of an
isotropic and homogeneous elastic body with Lamé constants λ > 0, µ > 0 in its natural
configuration and having ρε as a volume density. This plate is subjected to body force f ε

on Ωε× ]0,+∞[ and to surface force gε on Γε− × ]0,+∞[ and is in unilateral contact on
Γε+ with a rigid obstacle which occupies the domain Oε = {xε ∈ R3/ (xε1, x

ε
2) ∈ ω, xε3 > ε}.

The contact condition is defined by the inequality v̄3 ≤ 0. We assume that this system is
in dynamic state and the contact is without friction.

4.2 Strong and weak Formulation of the problem
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Using the above assumptions one can state the following classical elastodynamic Signorini
problem without friction:

Find (uε, σε) := (uε(xε, t), σε(uε)), t ≥ 0 such that

ρε
∂2uεi
∂t2

− ∂εjσ
ε
ij = f εi in Ωε × ]0,+∞[

σεijn
ε
j = gεi onΓ

ε
− × ]0,+∞[

uε = 0 on Γε0 × ]0,+∞[ ,

with Signorini boundary conditions

ūε3 ≤ 0, σε33 ≤ 0, σε33ū
ε
3 = 0 onΓε+ × ]0,+∞[ .

The contact is without friction that is interpreted by σεα3 = 0 on Γε+× ]0,+∞[, and finally
the initial conditions are

uε(., 0) = pε, u̇ε(., 0) = qε,

where σεij (uε) = λeεpp(u
ε)δij + 2µeεij(u

ε) are the components of the stress tensor, and also
represent the constitutive equation of the elastic material, eεij(uε) =

1
2

(
∂εi u

ε
j + ∂εju

ε
i

)
being

the components of the linearized deformation tensor.
The vector field σεijn

ε
j represents the force acting on the surface section ds whose the

unit outward normal vector nε. The quantity σεN = σεijn
ε
jn

ε
i is the component of the

pression force and σεT = σεnε − σεNn
ε is the friction force. In our case, σεN = σε33 and

σεT = (σε13, σ
ε
23, 0) on Γε+. Note that we keep the same notation of the function to denote

its trace.
We rewrite the above boundary value problem in the following weak form, by using

Green’s formula, we show that any smooth solution of the boundary value problem also
satisfies the following variational problem :

(V P ε)



Find (uε(t), σε(t)) ∈ K⃗(Ωε)× L2
s(Ω

ε), t ≥ 0 such that
∂2

∂t2
ρε
∫
Ωε

uεiv
ε
i dx

ε + aε(uε, vε) = Lε(vε) + ⟨σε33, v̄ε3⟩ , ∀vε ∈ V⃗ (Ωε) , t > 0

⟨σε33, vε3 − uε3⟩ ≥ 0,∀vε3 ∈ K (Ωε) , t > 0

σεij (u
ε) = λeεpp(u

ε)δij + 2µeεij(u
ε)

uε(., 0) = pε, u̇ε(., 0) = qε,
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where

aε (uε, vε) =

∫
Ωε

[
λeεii(u

ε)eεjj (v
ε) + 2µ eεij(u

ε)eεij (v
ε)
]
dxε

eεij(u
ε) =

1

2

(
∂εi u

ε
j + ∂εju

ε
i

)
Lε (vε) =

∫
Ωε

f εi v
ε
i dx

ε +

∫
Γε
−

gεi v
ε
idΓ,

⟨σε33, ϕε3⟩ means the duality pairing onΓε+.

and

V (Ωε) =
{
vε ∈ H1 (Ωε) /vε = 0 on Γε0

}
, K(Ωε) = {vε ∈ V (Ωε)/ v̄ε3 ≤ 0} ,

V⃗ (Ωε) = V (Ωε)× V (Ωε)× V (Ωε), K⃗ (Ωε) = V (Ωε)× V (Ωε)×K(Ωε),

L2
s(Ω

ε) = {τ ε = (τ εij) ∈ (L2(Ωε))9; τ εij = τ εji}.

Theorem 70 As described in [10], under the assumptions

f εi ∈ W 2,∞(0, T, L2(Ωε)), gεi ∈ W 2,∞(0, T, L2(Γε−) ∩H−1/2(Γε−))

and the initial conditions pεi , qεi are in H1(Ωε) with divσε(pε) ∈ (L2(Ωε))3, the problem

(V P ε) admits a solution uε verifying

uε ∈ L∞(0, T, K⃗ (Ωε)), u̇ε ∈ L∞(0, T, (L2(Ωε))3) and üε ∈ D′(0, T, (L2(Ωε))3).

The stress tensor σε(uε) belongs to D′(0, T, Ead(g
ε)) ∩ L∞(0, T, (L2(Ωε))9) with

Ead(g
ε) =

 τ ε ∈ L2
s(Ω

ε); divτ ε ∈ (L2(Ωε))3, τ εα3 = 0 and

τ ε33 ≤ 0 on Γε+; τ
εnε = gε on Γε−


The duality pairing ⟨σε33, ϕε3⟩ on Γε+ can be expressed as an integral on Γε+. Indeed,
we have σε33 ∈ L2(Ωε) and ∂ε3σ

ε
33 ∈ L2(Ωε) then σε33 ∈ L2(Γε+), in sense of trace, with

||σε33||L2(Γε
+) ≤ C(||σε33||2L2(Ωε) + ||∂ε3σε33||2L2(Ωε))

1/2 (see [21] page 219). More general, el-
ements of H(div,Ωε) = {τ ε = (τ εij) ∈ L2(Ωε); divτ ε ∈ (L2(Ωε))3} have normal traces
γN(σ

ε) on Γε+.
Proof. We give only the sketch of the proof, see [10]. The proof is divided into five steps.
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Step 1 First, a regular partition of the interval [0, T ] is considered. we introduce the
approximate problem (DV P ε) at time t = ti, 1 ≤ i ≤ 2I :

find uε,i ∈ K⃗(Ωε), u̇ε,i ∈ (H1(Ωε))3 and üε,i ∈ (L2(Ωε))3,

ρε
∫
Ωε

(
üε,i + üε,i−1

2

)(
vε − uε,i

)
dxε + aε

(
uε,i + uε,i−1

2
, vε − uε,i

)
≥ Lε,i(vε − uε,i)

∀vε ∈ K⃗(Ωε)

where
Lε,i(v) =

∫
Ωε

f ε,ivdxε +

∫
Γε
−

gε,ivdΓε

and the notation ϕε,i stands for ϕε,i := ϕε(ti), ϕ̇ε := d
dt
ϕε and ϕ̈ε := d2

dt2
ϕε. The dis-

crete displacement, velocity and acceleration are constructed via Newmark’s method
as follows:

uε,i = uε,i−1 +∆tu̇ε,i−1 +
∆t2

2

üε,i + üε,i−1

2
, (4.1)

u̇ε,i−1 = u̇ε,i−1 +∆t
üε,i + üε,i−1

2
. (4.2)

Lemma 3 If at each time ti, uε,i−1 ∈ K⃗(Ωε), u̇ε,i−1 ∈ (H1(Ωε))3 and üε,i−1 ∈

(L2(Ωε))3 then the problem (DV P ε) admits a unique solution.

Proof. see [10].

Step 2 Next, we construct the approximate functions:

hε,I(t) = uε,i−1 + u̇ε,i−1(t− ti−1) +
üε,i + üε,i−1

4
(t− ti−1)

2, (4.3)

uε,I⋆ (t) = uε,i, ∀t ∈ [ti−1, ti[, (4.4)

hε,I⋆ =
uε,i + uε,i−1

2
, hε,2

I

(T ) = uε,2
I

, hε,2
I

t (T ) = uε,2
I

t . (4.5)

Step 3 After that, we treat the contact condition with a Lagrange multiplier whose
orthogonality properties allow us to obtain the following a priori estimate:∫ ti

ti−1

d

2dt

[
ρε
∫
Ω

|ḣε,I(t)|2dxε + aε(hε,I(t), hε,I(t))

]
dt (4.6)

≤ Lε,i(uε,i − uε,i−1), ∀t ∈]ti−1, ti[. (4.7)
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Step 4 This estimate allows us to show the weak convergence of approximate solutions
and that these limits are equal.

hε,I(t)⇀ uε(t), ḣε,I(t)⇀ u̇ε(t) weak ∗ in L∞(0, T, (L2(Ωε))3) (4.8)

hε,I⋆ (t)⇀ uε(t), uε,I⋆ (t)⇀ uε(t) weak ∗ in L∞(0, T, (H1(Ωε))3) (4.9)

Step 5 Finally, we show that this limit is a solution of problem (V P ε).

4.3 Asymptotic study

In this section, we follow [19] as in the paragraph1.2.1. First we transform the shell
problem into a scaled problem posed over a set Ω independent of ε. After that, according
to the basic Ansatz of the method of formal asymptotic expansions, we inject the formal
expansion of the unknowns in the scaled variational problem. Finally, we identify the
leading term of the formal expansion of the scaled displacement and the scaled stress
tensor.

4.3.1 Assumptions on data

Let the mapping:

πε : Ω → Ωε

(x1, x2, x3) → (xε1, x
ε
2, x

ε
3) /x

ε
1 = x1, x

ε
2 = x2, x

ε
3 = εx3

hence

πε(Ω) = Ωε; Ω = ω × ]−1,+1[ ; πε(Γε−) = Γ− = ω × {−1}

πε(Γε−) = Γ− = ω × {+1} ; πε(Γε0) = Γ0 = ∂ω × [−1,+1]

We assume that ρε = ε2ρ and make the change (scaling) of unknowns:

96



SEC. 4.3 CHAP. 4


uεα ◦ πε = ε2uα (ε) , uε3 ◦ πε = εu3 (ε)
vεα ◦ πε = ε2vα (ε) , vε3 ◦ πε = εv3 (ε)

σαβ(ε) = ε−2 σεαβ (u
ε) , σα3(ε) = ε−3σεα3 (u

ε) , σ33(ε) = ε−4 σε33 (u
ε)

The scaling of the contact condition is defined by v̄3 ≤ 0. Then we denote

V (Ω) =
{
v ∈ H1 (Ω) /v = 0 on Γ0

}
, V⃗ (Ω) = V (Ω)× V (Ω)× V (Ω)

K (Ω) = {v ∈ V (Ω) / v̄3 ≤ 0 on Γ+} , K⃗ (Ω) = V (Ω)× V (Ω)×K (Ω)

L2
s(Ω) = {τ = (τij) ∈ (L2(Ω))3×3; τij = τji}.

For the forces we suppose that the following scaling holds: there exists fi, gi independent
of ε such that {

f εα ◦ πε = ε2fα, f
ε
3 ◦ πε = ε3f3

gεα ◦ πε = ε3gα, g
ε
3 ◦ πε = ε4g3

We finally suppose that there exist p and q independent of ε such that:

pεα = ε2p0α, p
ε
3 = εp03, q

ε
α = ε2q0α, q

ε
3 = εq03

The scaling of the differential operators is clearly governed by

∂εα = ∂α, ∂
ε
3 = ε−1∂3

4.3.2 The scaled variational problem

Inserting the upper scalings in the variational problem lead to the following:

Proposition 71 The variational problem (V P ε) is equivalent to the following scaled vari-

ational problem :

(SV P (ε))



Find (u(ε)(t), σ(ε)) ∈ K⃗ (Ω)× L2
s(Ω), t ≥ 0 such that

∂2

∂t2
ρ

∫
Ω

u3 (ε) v3dx+ ε2
∂2

∂t2
ρ

∫
Ω

uα (ε) vαdx+

∫
Ω

σij (ε) ∂jvidx

= L (v) + ⟨σ33 (ε) , v̄3⟩ ∀v ∈ V⃗ (Ω) , t > 0 (4.10)

⟨σ33 (ε) , v̄3 − ū3 (ε)⟩ ≥ 0, ∀v3 ∈ K (Ω) , t > 0 (4.11)

u(ε)(., 0) = p0, u̇(ε)(., 0) = q0
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with 
σαβ(ε) = λeγγ(u (ε))δαβ + 2µeαβ(u (ε)) + ε−2λe33(u (ε))

σα3(ε) = ε−22µeα3(u (ε))

σ33(ε) = ε−4 (λ+ 2µ) e33(u (ε)) + ε−2λeγγ(u (ε))

where

eij(u(ε)) =
1

2
(∂iuj(ε) + ∂jui(ε))

L (v) =

∫
Ω

fividx+

∫
Γ−

gividΓ

Since the problem (V P ε) has at least a solution uε then the problem (SV P (ε)) has at
least a solution u(ε) with the regularity

u(ε) ∈ L∞(0, T, K⃗ (Ω)), u̇(ε) ∈ L∞(0, T, (L2(Ω))3) and ü(ε) ∈ D′(0, T, (L2(Ω))3)

The tensor σ(ε) belongs to D′(0, T, Ead(g)) ∩ L∞(0, T, (L2(Ω))9) with

Ead(g) = {τ ∈ L2
s(Ω); divτ ∈ (L2(Ω))3, τα3 = 0 and τ33 ≤ 0 on Γ+; τn = g on Γ−}.

4.3.3 Two-dimensional problem

We assume that the scaled displacement-stress (u(ε), σ(ε)) admits a formal asymptotic
expansion of the form:

(u(ε), σ(ε)) = (u0, σ0) + ε(u1, σ1) + ε2(u2, σ2) + ..., (4.12)

u0 ∈ V⃗ (Ω), uq ∈ (H1(Ω))3, σ0, σq ∈ L2
s(Ω), q ∈ {1, 2, . . .}, t > 0

We introduce the space of Kirchhoff-Love admissible displacement

VKL (Ω) = {v = (vi) ∈
(
H1 (Ω)

)3
, ei3(v) = 0}

=

{
v = (vi) ∈ (H1 (Ω))

3 / vα = ηα − x3∂αη3, v3 = η3 such that
ηα ∈ H1

0 (ω) , η3 ∈ H2
0 (ω)

}
Suppose that there exist φi, ψi independent of x3 such that p0α = φα − x3∂αφ3, p

0
3 = φ3,

and q0α = ψα − x3∂αψ3, q
0
3 = ψ3.

In the next proposition, we give the problem that characterizes (u0, σ0) the leading
term in the expansion of the scaled displacement-stress (u(ε), σ(ε)).
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Proposition 72 The leading term (u0, σ0) of the expansion (4.12) is a solution of the

problem :

(V P 0
KL)



Find (u0(t), σ0(t)) ∈ (VKL (Ω) ∩ K⃗ (Ω))× L2
s(Ω), t ≥ 0 such that

∂2

∂t2
ρ

∫
Ω

u03v3dx+

∫
Ω

σ0
ij∂jvidx = L (v) +

⟨
σ0
33, v̄3

⟩
, ∀v ∈ V⃗ (Ω) , t > 0(4.13)⟨

σ0
33, v̄3 − ū03

⟩
≥ 0,∀v3 ∈ K (Ω) , t > 0 (4.14)

σ0
αβ = λ∗eγγ(u

0)δαβ + 2µeαβ(u
0) with λ∗ =

2λµ

λ+ 2µ
(4.15)

u0(., 0) = p0, u̇0(., 0) = q0

where

eαβ(u
0) =

1

2
(∂αu

0
β + ∂βu

0
α).

Proof. The inverted constitutive equation reads eεij(uε) = λ1σ
ε
ppδij +

1

2µ
σεij with λ1 =

− λ

2µ (3λ+ 2µ)
. Then the scaled deformation tensor reads


eαβ (u (ε)) = λ1σγγ (ε) δαβ +

1

2µ
σαβ(ε) + ε2λ1σ33(ε)δαβ,

eα3 (u (ε)) = ε2
1

2µ
σα3(ε),

e33 (u (ε)) = ε2λ1σγγ (ε) + ε4
λ+ µ

µ (3λ+ 2µ)
σ33(ε).

(4.16)

Inserting (4.12) in the system (4.16), we obtain

eαβ(u
0) = −λ1σ0

γγδαβ +
1

2µ
σ0
αβ, (4.17)

eα3(u
0) = 0, (4.18)

e33(u
0) = 0. (4.19)

From (4.18) − (4.19) and the contact condition, we deduce that u0 ∈ VKL (Ω) ∩ K⃗ (Ω)).
The equation (4.13) is obtained by inserting (4.12) in (4.10). By the same mean, we
obtain (4.11).
In the next proposition, we re-write the problem (V P 0

KL) in terms of ξα and ξ3. Hence we
get a two dimensional problem (P b (0)) whose solutions are ξα and ξ3. The vector field
(ξi) represents the (scaled) displacement of the middle surface ω of the plate.
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Proposition 73 If (u0, σ0) is a solution of (V P 0
KL) such that u0α = ξα − x3∂αξ3 and

u03 = ξ3, with ξα, ξ3 sufficiently smooth. Then ξα, ξ3 verify with σ0
33, at least formally,

the two-dimensional boundary value problem :

(P b(0))



Find ξα ∈ H1 (ω) , ξ3 ∈ H2
0 (ω) , ξ3 ≤ 0, for a.e t ≥ 0 such that

2
∂2

∂t2
ρξ3 + k∆2ξ3 = h11 + h12 + h03 + σ0

33 on ω × ]0,+∞[ (4.20)

−∂βnαβ = h0α on ω × ]0,+∞[ (4.21)

σ0
33ξ3 = 0 in ω × ]0,+∞[ , σ0

33 ≤ 0 in H−2 (ω) (4.22)

ξi(., 0) = φi,
∂ξi
∂t

(., 0) = ψi

where

k =
8

3
µ
λ+ µ

λ+ 2µ
, h0i =

∫ +1

−1

fidx3 + g−i , h
1
i =

∫ +1

−1

x3∂ifidx3 − ∂ig
−
i ,

g−i = gi (x1, x2,−1)nαβ =
4λµ

λ+ 2µ
eγγ (ξ) δαβ + 4µeαβ (ξ)

Proof. Let u0 be a solution of the problem (V P 0
KL) then ξα, ξ3 verify ξα ∈ H1

0 (ω), ξ3 ∈
H2

0 (ω), ξ3 ≤ 0. Substituting

eαβ(u
0) = eαβ(ξ)− x3∂αβξ3

in (4.15), we obtain

σ0
αβ =

1

2
nαβ +

3

2
x3mαβ

with

nαβ =
4λµ

λ+ 2µ
eγγ (ξ) δαβ + 4µeαβ (ξ)

mαβ = −4

3

(
λµ

λ+ 2µ
∆ξ3δαβ + µ∂αβξ3

)
We take v = (−x3∂1η3,−x3∂2η3, η3) then the second term in the left hand side of the
equilibrium equation in the problem (V P 0

KL) becomes∫
Ω

σ0
αβ∂βvαdx =

∫
Ω

−1

2
nαβx3∂αβη3dx+

∫
Ω

−3

2
x23mαβ∂αβη3dx

=

∫
Ω

x23(
2λµ

λ+ 2µ
∆ξ3∆η3 + 2µ∂αβξ3∂αβη3)dx

=
4

3

∫
ω

(
2λµ

λ+ 2µ
∆ξ3∆η3 + 2µ∂αβξ3∂αβη3)dx

′.
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For η3 ∈ D(Ω) we have, ∫
ω

∆ξ3∆η3dx
′ =

∫
ω

∆2ξ3η3dx
′∫

ω

∂αβξ3∂αβη3dx
′ =

∫
ω

∆2ξ3η3dx
′

which, by density, still holds for elements of H2
0 (ω). Hence∫

Ω

σ0
αβ∂βvαdx =

8

3
µ
λ+ µ

λ+ 2µ

∫
ω

∆2ξ3η3dx
′. (4.23)

On the other hand, the right hand side of the equation becomes

L (v) +
⟨
σ0
33, v̄3

⟩
=

∫
Ω

fαvαdx+

∫
Ω

f3v3dx+

∫
Γ−

g−α vαdΓ +

∫
Γ−

g−3 v3dΓ

+

∫
Γ+

σ0
33v̄3dΓ

=

∫
ω

{∫ +1

−1

x3∂αfαdx3 − ∂αg
−
α

}
η3dx

′

+

∫
ω

{∫ +1

−1

f3dx3 + g−3

}
η3dx

′ +

∫
ω

σ0
33η3dx

′

=

∫
ω

(
h03 + h1α + σ0

33

)
η3dx

′ (4.24)

with h0i =
∫ +1

−1
fidx3 + g−i , h1i =

∫ +1

−1
x3∂ifidx3 − ∂ig

−
i , g−i trace of gi on Γ−. Then,

from (4.23) and (4.24) we obtain (4.20), in sense of distributions. By taking v̄3 = 0

(resp. v̄3 = 2u03) in the inequality in the problem (V P 0
KL) we find ⟨σ0

33, ξ3⟩ = 0 (resp.
⟨σ0

33, η3⟩ ≥ 0, for all η3 ∈ H2
0 (ω) with η3 ≤ 0, which leads to σ0

33 ≤ 0 in H−2(ω)). This
proves (4.22). Now, we take v = (η1, η2, 0) in the left hand side of the equilibrium equation
in the problem (V P 0

KL), we obtain∫
Ω

σ0
αβ∂βηαdx =

∫
Ω

fαηαdx+

∫
Γ−

g−α ηαdΓ,∀η1, η2 ∈ H1
0 (ω).

Therefore ∫
ω

nαβ∂βηαdx
′ =

∫
ω

h0αηαdx
′,∀η1, η2 ∈ H1

0 (ω),

hence we find (4.21) in sense of distributions.

The next proposition is devoted to the characterization of σ0
i3.
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Proposition 74 If (u0, σ0) is a solution of the problem (V P 0
KL) and ξα, ξ3 verify the

problem (P b (0)), then u0 and σ0 are given by:

u0α = ξα − x3∂αξ3, u
0
3 = ξ3, (4.25)

σ0
αβ =

1

2
nαβ +

3

2
x3mαβ, (4.26)

σ0
α3 =

3

4
(1− x23)∂βmαβ +

1

2
(1 + x3)

∫ +1

−1

fαdy3 −
∫ x3

−1

fαdy3

+
1

2
(x3 − 1)g−α . (4.27)

Finally σ0
33 satisfies in sense of distributions:

∂3σ
0
33 = ρξ̈3 − ∂ασ

0
α3 − f3 in Ω× ]0,+∞[ , (4.28)

σ0
33 = −g−3 on Γ− × ]0,+∞[ , (4.29)

σ0
33ξ3 = 0, σ0

33 ≤ 0 on Γ+ × ]0,+∞[ . (4.30)
Proof. The proof of this proposition follows essentially the same pattern as in [20, Thm
4.8-1, p.301] or in [19, Thm 1.7-1, p.38]. The equations (4.25)−(4.26) are already obtained
in the Proposition 73.
Using test function v = (v1, v2, 0) in the equation (4.13), we obtain, formally that σ0

α3

verifies in sense of distributions the quasi-static boundary value problem
∂3σ

0
α3 = −∂βσ0

αβ − fα in Ω× ]0,+∞[
σ0
α3 = −g−α on Γ− × ]0,+∞[
σ0
α3 = 0 on Γ+ × ]0,+∞[

Integrating the first equation over [−1, x3] and taking in account the boundary conditions,
we obtain (4.27).
For the computation of σ0

33, we take as test functions v = (0, 0, v3) in the equation (4.13)

then we obtain
∂2

∂t2
ρ

∫
Ω

u03v3dx+

∫
Ω

σ0
33∂3v3dx = −

∫
Ω

σ0
α3∂αv3dx+

∫
Ω

f3v3dx

+

∫
Γ−

g3v3dΓ +

∫
Γ+

σ0
33v̄3dΓ,∀v3 ∈ V (Ω), t > 0. (4.31)

On the other hand, by Green’s formula and taking into account the cancellation on the
boundary Γ0, we have formally that∫

Ω

σ0
33∂3v3dx = −

∫
Ω

∂3σ
0
33v3dx+

∫
Γ+

σ0
33v̄3dΓ

−
∫
Γ−

σ0
33v3dΓ, ∀v3 ∈ V (Ω), t > 0 (4.32)
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and ∫
Ω

σ0
α3∂αv3dx = −

∫
Ω

∂ασ
0
α3v3dx, ∀v3 ∈ V (Ω), t > 0. (4.33)

Inserting (4.32) and (4.33) in (4.31) we find that

∂2

∂t2
ρ

∫
Ω

u03v3dx+

∫
Ω

∂3σ
0
33v3dx = −

∫
Ω

∂ασ
0
α3v3dx−

∫
Ω

f3v3dx−
∫
Γ−

g3v3dΓ

−
∫
Γ−

σ0
33v3dΓ,∀v3 ∈ V (Ω)

We derive from the inequality (4.14) that σ0
33 must formally verifies (4.30). In summary

the boundary value problem (4.28)-(4.30) is formally satisfied.

4.4 Convergence study

In this section, we suppose that u(ε) is a solution of (P (ε).V ), the forces verify f, ḟ ∈
L∞(0, T, L2(Ω)) and g, ġ ∈ L∞(0, T, L2(Γ−)) and we study the limit of the sequence (u(ε)),
after that, we compare the results. To this end, we introduce the tensor κ(ε, v) defined
as following

καβ(ε, v) = eαβ(v), κα3(ε, v) = ε−1eα3(v), κ33(ε, v) = ε−2e33(v) (4.34)

Then, the bilinear form aε(u(ε), v) can be rewritten as following

aε(u(ε), v) =

∫
Ω

[λκii(ε)κjj(ε, v) + 2µκij(ε)κij(ε, v)]dx

where κ(ε) denotes κ(ε) := κ(ε, u(ε)). The space L2
s(Ω) of symmetric, square integrable

tensors equipped with the scalar product ⟨σ, τ⟩ =
∫
Ω
σijτijdx is a real Hilbert space. As

it is known, the norms
∥σ∥A = ⟨Aσ, σ⟩1/2, ∥σ∥0,Ω (4.35)

are equivalent where ⟨Aσ, τ⟩ =
∫
Ω
(λσiiτjj + 2µσijτijdx).

Proposition 75 If u(ε) is a solution of the problem (P (ε).V ) then, for ε small enough,

the sequences (u(ε)), (κij(ε)) are bounded, respectively, in L∞(0, T, V⃗ (Ω)) and L∞(0, T,L2
s(Ω))
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hence, there exists a subsequences also denoted by (u(ε)) and (κij(ε)) which admit a weak

star limits respectively in L∞(0, T, V⃗ (Ω)) and L∞(0, T, L2
s(Ω)) denoted respectively by

(u(0)) and (κij(0)).

Proof. We suppose that the approximate solutions hε,I and hε,I⋆ have the same scaling as
the displacement uε, i.e., hε,Iα = ε2hIα(ε), h

ε,I
3 = εhI3(ε), hε,I⋆α = ε2hI⋆α(ε) and hε,I⋆3 = εhI⋆3(ε).

Since

hε,I ⇀ uε weak ∗ in L∞(0, T, (L2(Ωε))3), (4.36)

hε,I⋆ ⇀ uε weak ∗ in L∞(0, T, (H1(Ωε))3), (4.37)

then

hI(ε)⇀ u(ε) weak ∗ in L∞(0, T, (L2(Ω))3), (4.38)

hI⋆(ε)⇀ u(ε) weak ∗ in L∞(0, T, (H1(Ω))3), (4.39)

The above scalings and the scalings of f ε and gε leads to

ρε∥ḣε,I(t)∥2(L2(Ωε)3 = ρε7
2∑

α=1

∥ḣIα(ε)∥2L2(Ω) + ρε5∥ḣI3(ε)∥2L2(Ω), (4.40)

aε(hε,I(t), hε,I(t)) = ε5a(hI(ε), hI(ε)), (4.41)

Lε,i(vε) = ε5Li(v(ε)), (4.42)

where the forms a and Li are independent of ε. Then the inequality (4.7) becomes:

ρε2
2∑

α=1

∥ḣIα(ε)(tk)∥2L2(Ω) + ρ∥ḣI3(ε)(tk)∥2L2(Ω) + a(hI(ε)(tk), h
I(ε)(tk))

≤ ρε2
2∑

α=1

∥q0α∥2L2(Ω) + ρ∥q03∥2L2(Ω) + a(p0, p0)

+
k∑
i=1

Li(hI(ε)(ti)− hI(ε)(ti−1)), (4.43)

As a consequence we have the following prior estimate:

ρε2
2∑

α=1

∥ḣIα(ε)(tk)∥2L2(Ω) + ρ∥ḣI3(ε)(tk)∥2L2(Ω) + µ1∥hI(ε)(tk)∥2(H1(Ω))3

≤ µ2 + µ3∥hI(ε)(tk)∥(H1(Ω))3 + µ4

k−1∑
i=1

∆t∥hI(ε)(ti)∥(H1(Ω))3 , (4.44)
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where µk, k = 1, 2, 3, 4 are independent of ε and verify:

µ1 : coercivity constant of the form a, (4.45)

µ2 = ρ
2∑

α=1

∥q0α∥2L2(Ω) + ρ∥q03∥2L2(Ω) + a(p0, p0)

+ ∥f∥L∞(0,T,(L2(Ω)3).∥p0∥(L2(Ω))3

+ ∥g∥L∞(0,T,(L2(Γ−))3).∥p0∥(L2(Γ−))3 , (4.46)

µ3 = ∥f∥L∞(0,T,(L2(Ω)3) + λ1∥g∥L∞(0,T,(L2(Γ−))3) (4.47)

µ4 = ∥ḟ∥L∞(0,T,(L2(Ω)3) + λ2∥ġ∥L∞(0,T,(L2(Γ−))3) (4.48)

Without loss of generality, we suppose that µ2 ≥ 1. Then we obtain

µ1∥hI(ε)(tk)∥(H1(Ω))3 ≤ µ2 + µ3 + µ4

k−1∑
i=1

∆t∥hI(ε)(ti)∥(H1(Ω))3 . (4.49)

Using Discrete Gronwall lemma yields

µ1∥hI(ε)(tk)∥(H1(Ω))3 ≤ (µ2 + µ3)e
Tµ4/µ1 . (4.50)

then also the sequence (hI⋆(ε)(tk)) is bounded independently of k and ε in L∞(0, T, (H1(Ω))3).
Since the norm is weakly lower semi-continuous, one has

∥u(ε)∥L∞(0,T,(H1(Ω))3) ≤ lim inf
I>0

∥hI⋆(ε)(t)∥L∞(0,T,(H1(Ω))3) < C. (4.51)

such that C independent of ε. The we conclude:

u(ε) ∈ L∞(0, T, V⃗ (Ω)) and u̇3(ε), εu̇α(ε) ∈ L∞(0, T, L2(Ω)) (4.52)

Using the continuity of the form aε(., .), the assumptions (4.34) and the equivalence of
the norms (4.35), we get

∥eαβ(u(ε))∥0,Ω ≤ c, ∥eα3(u(ε))∥0,Ω ≤ εc, ∥e33(u(ε))∥0,Ω ≤ ε2c, (4.53)

for a.e t ∈]0, T ].

Proposition 76 The weak star limits u(0) and κ(0) verify the following

u(0) ∈ VKL(Ω) ∩ K⃗(Ω), for a.e t ∈]0, T ],

καβ(0) = eαβ(u(0)), κα3(0) = 0, κ33(0) =
−λ

λ+ 2µ
eαα(u(0)), (4.54)

for a.e t ∈]0, T ].
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Proof. From (4.53) and the lower semi-continuity of the norm

∥eij(u(0))∥0,Ω ≤ lim inf
ε>0

∥eij(u(ε))∥0,Ω, for a.e t ∈]0, T ] (4.55)

we deduce that e33(0) = eα3(0) = 0, for a.e t ∈]0, T ].
From the weak closeness of K⃗(Ω), we deduce that

u(0) ∈ K⃗(Ω), for a.e t ∈]0, T ]

Then
u(0) ∈ L∞(0, T, VKL(Ω) ∩ K⃗(Ω))

The equality καβ(0) = eαβ(u(0)) derives from καβ(u(ε)) ⇀ καβ(u(0)) in L∞(0, T, L2(Ω))

weak star and eαβ(u(ε)) ⇀ eαβ(u(0)) in L∞(0, T, L2(Ω)) and the uniqueness of the weak
limit.
To prove κα3(0) = 0 a.e t ∈]0, T ], we choose as test function ϕ(t)(εv1, εv2, 0), vα ∈ V (Ω)

and ϕ(t) ∈ D(0, T ) in (4.10) after that we integrate from 0 to T we obtain

ρ

∫ T

0

ϕ(t)

∫
Ω

ε2üαεvαdxdt+

∫ T

0

ϕ(t)aε(u(ε), εv)dt =

∫ T

0

ϕ(t)L(εv)dt. (4.56)

The term ρ
∫ T
0
ϕ(t)

∫
Ω
ε2üαεvαdxdt goes to 0 when ε→ 0. Indeed, integrating by parts we

obtain ρ
∫ T
0
ϕ̇(t)

∫
Ω
ε2u̇αεvαdxdt→ 0 when ε→ 0, reminding that (ϕ̇(t)vα ∈ L1(0, T, L2(Ω))).

The term∫ T

0

ϕ(t)aε(u(ε), εv)dt = ε

∫ T

0

ϕ(t)

∫
Ω

λκii(ε, u)κjj(ε, v) + 2µκij(ε, u)κij(ε, v)dxdt

= ε

∫ T

0

ϕ(t)

∫
Ω

λκii(ε, u)eββ(v) + 2µκαβ(ε, u)eαβ(v)dxdt

+

∫ T

0

ϕ(t)

∫
Ω

2µκα3(ε, u)(∂αv3 + ∂3vα)dxdt

+
1

ε

∫ T

0

ϕ(t)

∫
Ω

(λκii(ε, u) + 2µκ33(ε, u))e33(v)dxdt

= ε

∫ T

0

ϕ(t)

∫
Ω

λκii(ε, u)eββ(v) + 2µκαβ(ε, u)eαβ(v)dxdt

+

∫ T

0

ϕ(t)

∫
Ω

2µκα3(ε, u)∂3vαdxdt,

due to the choice of the test function. We now pass to the limit in (4.56) and get

lim
ε→0

∫ T

0

ϕ(t)

∫
Ω

2µκα3(ε, u)∂3vαdxdt = 0,∀ϕ ∈ D(0, T )
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Then ∫
Ω

2µκα3(u(0))∂3vαdx = 0 a.e for t ∈]0, T ],∀vα ∈ V (Ω).

Recalling that of [21, Theorem 3.4-1] states that any w ∈ L2(Ω) such that
∫
Ω
w∂3 vdx = 0

for all v ∈ C∞(Ω̄) that satisfy v = 0 on γ×[−1, 1] then w = 0, we deduce that κα3(u(0)) = 0

in Ω in sense of distribution for a.e t ∈]0, T ]. To prove κ33(0) = −λ
λ+2µ

eαα(u(0)) we use as
test function ϕ(t)(0, 0, ε2v3), v̄3 = 0, v3 ∈ V (Ω) and ϕ(t) ∈ D(0, T ) in (4.10) after that we
integrate from 0 to T in (4.10) then, we pass to the limit and obtain∫

Ω

(λκii(0) + 2µκ33(0))∂3v3dx = 0 a.e for t ∈]0, T ], ∀v3 ∈ V (Ω).

The result follows.

Proposition 77 The sequence (σ33(ε)) verifies

σ33(ε)⇀ σ33(0) in L
∞(0, T,H−2(ω)) weak star

and verifies with u(0) the inequality

⟨σ33(0), u3(0)⟩ ≤ lim
ε→0

⟨σ33(ε), u3(ε)⟩ in L∞(0, T ).

Proof. We recall that among unknowns of the problem is the contact stress σ33(ε) on
Γ+. Now, we prove that also this quantity has weak limit when ε tends to zero.
We prove now that ∫

Ω

ü3(ε)v3dx →
∫
Ω

ü3(0)v3dx in D′(0, T )

Let ϕ ∈ D(0, T ), we have∫ T

0

ϕ(t)

∫
Ω

ü3(ε)v3dx = −
∫ T

0

∫
Ω

u̇3(ε)ϕ̇(t)v3dx.

From (4.52) we deduce that there exists χ ∈ L∞(0, T, L2(Ω)) such that

u̇3(ε)⇀ χ in L∞(0, T, L2(Ω)) weak star

i.e ∫ T

0

(u̇3(ε), g(t))dt→
∫ T

0

(χ, g(t))dt,∀g ∈ L1(0, T, L2(Ω)).
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For g(x, t) = ϕ(t)w(x) such that ϕ(t) ∈ D(0, T ) and w ∈ L2(Ω), we have∫ T

0

(u̇3(ε), ϕ(t)w(·))dt = −
∫ T

0

(u3(ε), ϕ̇(t)w(·))dt.

On the other hand u(ε) converges strongly to u(0) in the space L∞(0, T, L2(Ω)). Therefore∫ T

0

(u̇3(ε), ϕ(t)w(x))dt→ −
∫ T

0

(u3(0), ϕ̇(t)w(·))dt =
∫ T

0

(u̇3(0), ϕ(t)w(·))dt.

From the density of functions ϕ(t)w(x) in L1(0, T, L2(Ω)) we deduce that∫ T

0

(u̇3(ε), g(t))dt→
∫ T

0

(χ, g(t))dt,∀g ∈ L1(0, T, (L2(Ω)))

with χ = u̇3(0). That means

u̇3(ε)⇀ u̇3(0) in L
∞(0, T, L2(Ω)) weak star

Therefore χ = u̇3(0) by virtue of the uniqueness of weak limit. Since u̇3(ε) ⇀ u̇3(0) in
L∞(0, T, L2(Ω)) weak star and ϕ̇v3 ∈ L1(0, T, L2(Ω)) then∫ T

0

∫
Ω

u̇3(ε)ϕ̇(t)v3dx→
∫ T

0

∫
Ω

u̇3(0)ϕ̇(t)v3dx = −
∫ T

0

∫
Ω

ü3(0)ϕ(t)v3dx

From (4.10), we get for all v ∈ VKL(Ω) and ϕ ∈ D(0, T )∫ T

0

ϕ(t) ⟨σ33(ε), v3⟩ dt = −
∫ T

0

ϕ(t)L(v)dt+ ρ

∫ T

0

ϕ(t) ⟨ü3(ε), v3⟩ dt

+ε2ρ

∫ T

0

ϕ(t) ⟨üα(ε), vα⟩ dt+
∫ T

0

ϕ(t)aε(u(ε), v)dt

when ε goes to 0, we obtain that for all v ∈ VKL(Ω) and ϕ ∈ D(0, T )∫ T

0

ϕ(t) ⟨σ33(ε), v3⟩ dt→
∫ T

0

ϕ(t)(a0∗(u(0), v)− L(v) + ρ ⟨ü3(0), v3⟩)dt

Then
⟨σ33(ε), v3⟩ → a0∗(u(0), v)− L(v) + ρ ⟨ü3(0), v3⟩ inD′(0, T )

such that

a0∗(u(0), v) =

∫
Ω

σαβ(0)∂βvαdx, σαβ(0) = λ∗eγγ(u(0))δαβ + 2µeαβ(u(0)), λ
∗ =

2λµ

λ+ 2µ
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The map v3 −→ a0∗(u(0), v) − L(v) + ρ ⟨ü3(0), v3⟩ defines a linear form on H2
0 (ω). Then

the sequence σ33(ε) admits a weak star limit in L∞(0, T,H−2(ω)) denoted by σ33(0) which
verifies the equation

ρ ⟨ü3(0), v3⟩+ a0∗(u(0), v) = L(v) + ⟨σ33(0), v3⟩ , ∀v ∈ VKL(Ω), a.e t ∈]0, T [ (4.57)

From (4.57), we deduce σ33(0) verifies with u(0) the equation

ρ ⟨ü3(0), u(0)⟩+ a0∗(u(0), u(0)) = L(u(0)) + ⟨σ33(0), u3(0)⟩ a.e t ∈]0, T [. (4.58)

We prove now that

⟨σ33(0), v3 − u3(0)⟩ ≥ 0, ∀v3 ∈ K(Ω), a.e t ∈]0, T [. (4.59)

To do this, we must verify that

⟨σ33(0), u3(0)⟩ ≤ lim
ε−→0

⟨σ33(ε), u3(ε)⟩ , for a.e t ∈]0, T [. (4.60)

then letting ε goes to 0, we obtain (4.59).
We take in (4.11) first v3 = 0 and secondly v3 = 2u3 and obtain that ⟨σ33(ε), u3(ε)⟩ = 0

then
⟨σ33(ε), u3(ε)⟩⇀ 0 in L∞(0, T ) weak star. (4.61)

We have that
∥κ(0)∥2A = a0∗(u(0), u(0))

hence for a.e t ∈]0, T [

⟨σ33(0), u3(0)⟩ = ∥κ(0)∥2A − L(0) + ρ ⟨ü3(0), u3(0)⟩

≤ lim inf
ε>0

(
∥K(ε)∥2A − L(ε) + ρ ⟨ü3(ε), u3(ε)⟩

)
≤ lim inf

ε>0
⟨σ33(ε), u3(ε)⟩

≤ lim
ε−→0

⟨σ33(ε), u3(ε)⟩

Indeed, since u3(ε) converges weak star to u3(0) in H2
0 (Ω) for a.e t ∈]0, T [ then converges

strongly in H1
0 (Ω) and ü3(ε) converges weak star to ü3(0) in H−1(Ω) for a.e t ∈]0, T [ then,

we have proved (4.60) therefore (4.59). For the initial conditions, u(0) verifies

u|t=0(0) = p(0), u̇|t=0(0) = q(0)

In summary we have proved the following theorem:
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Theorem 78 If u(ε) is a solution of the problem (P (ε).V ) then

u(ε) ⇀ u(0) in L∞(0, T, V⃗ (Ω)) weak − ∗

σ33(ε) ⇀ σ33(0) in L
∞(0, T,H−2(ω)) weak − ∗

where u(0) is a solution of the problem :

(V PKL(0))



Find u(0) ∈ VKL (Ω) ∩ K⃗ (Ω) for a.e t ∈ [0, T ] such that

ρ ⟨ü3(0), v3⟩+ a0∗(u(0), v) = L(v) + ⟨σ33(0), v3⟩ , ∀v ∈ VKL(Ω)

⟨σ33(0), v3 − u3(0)⟩ ≥ 0, ∀v3 ∈ K(Ω)

u|t=0(0) = p(0), u̇|t=0(0) = q(0)

with

a0∗(u(0), v) =

∫
Ω

σαβ(0)∂βvαdx, σαβ(0) = λ∗eγγ(u(0))δαβ + 2µeαβ(u(0)), λ
∗ =

2µλ

λ+ 2µ
.

Notice that the solution (u0, σ0) of problem (V P 0
KL) from Proposition 72 is also a so-

lution of problem (V PKL(0)), but since the uniqueness of the solution of this last problem
is not guaranteed we cannot conclude that (u0, σ0) = (u(0), σ(0)).

Conclusion

We have shown that the weak limit of the subsequence (u(ε), σ33(ε)) of the three-dimensional
unilateral problem is solution to a two-dimensional unilateral problem. Furthermore the
solution of the other two-dimensional problem which derives from the asymptotic method
is also solution of the one deduced from the convergence method. As there is no uniqueness
result for this problem, we cannot conclude that the solutions coincide. Nevertheless is it
possible to prove the strong convergence of the whole sequence by using the variational
inequality (2.57)? Another open problem is to prove similar results for the time-dependent
Signorini problem with Coulomb friction.
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General conclusion

As general conclusion to this thesis is that in the asymptotic modeling nonlinear Signorini
problem for plates or for extended geometry shallow shells, we get the same result that
the leading term in the formal asymptotic expansions of the solution is characterized by
a two dimensional problem without friction.

For linear shallow shells, we obtain the same result using convergence method as in
the work (in progress ) on " Asymptotic modeling of linear Signorini problem for shallow
shells with Coulomb friction ". This is a partial answer of questions of Paumier in the
introduction. The loss of friction force in the two dimensional problem does not still true
for shells as shown in the work (in progress ) on " Asymptotic modeling of Signorini
problem with Coulomb friction for linear membrane shells"

In the case of dynamic Signorini problem without friction for linear shallow shells,
we justify the reduced problem using convergence method as in the work (in progress) "
Asymptotic modeling of linear Signorini problem for shallow shells. The dynamic case "
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Some open questions

• Using Gamma convergence to justify the two-dimensional models in the nonlinear
case.

• Existence of solutions of the problem pointed out in Proposition 63.

• Existence of solutions of the problem pointed out in Proposition 69.

• Existence of solutions of the dynamic Signorini problem with given friction force
(Tresca Law ) (in progress).

• Existence of solutions of a hyperbolic problem with obstacle (in progress).
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