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(GENERAL INTRODUCTION

The contact problem is an important problem in computational mechanics. The modeling
of unilateral contact problems of elastic bodies with friction is quite challenging and
encounters some difficulties. Frictional contact problems are of crucial importance in
many engineering branches, they involve contact and friction interactions between two or
more deformable and/or rigid bodies in the Coulomb friction law. Despite their simple
nature, contact problems with Coulomb friction are rather difficult to analyze. This is
mainly due to the non-monotone, non-compact and even non-smooth character of the
friction term in the weak formulation of the contact problem.

The problem of a unilateral contact with Coulomb friction attracted attention of many
research workers both in engineering and mathematics. It is characterized by unilateral
inequalities, describing the physical impossibility of tensile contact tractions (except under
special circumstances) and of material inter-penetration. Additional inequalities and / or
non-linearities are introduced when friction laws are taken into account. These complex
boundary conditions can lead to problems with existence and uniqueness of quasi-static
solution and to lack of convergence of numerical algorithms. In frictional problems, there
can also be lack of stability, leading to stick-slip motion and frictional vibrations.

The first formulation of the problem (without friction) has been established by Sig-
norini in 1933. He stated the prescribed boundary conditions and contact conditions for
an elastic body against a rigid foundation. Its mathematical analysis is due to Fichera [44]
using an equivalent minimizing problem. Some existence results for a class of problems
are established by Duvaut and Lions [39] where they have pointed out an open problem
of existence and uniqueness in the case of Coulomb friction law (local). In 1980, Nécas,
Jarusek and Haslinger [81] have established only the existence of a solution under the
condition that the friction coefficient is small enough. After that, more general results
have been established by Jarusek [64], Kato [67], Eck and Jarusek [42]. R. Hassani, P.Hild
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and I.Ionescu [60] have found a sufficient condition for non uniqueness result. Recently,
for dynamic case, M. T. Cao and P. Quintela [I0] have established an existence theorem
for a linear elastic Signorini problem without friction.

Thin structures are elastic bodies for which one dimension is small compared with
other ones, standard exemples are plates, shells and rods. Under realistic mechanical
hypotheses, some models are proposed by Kirchhoff, Love, Mindlin, Reissner, Koiter and
Naghdi. A major advantage in the modeling of thin structure in linear elasticity is the
possibility of the justification of the convergence of the 3D model towards the 2D model,
which is not the case in general within the framework of nonlinear elasticity.

In 1979, Ciarlet and Destyunder [24] performed a mathematical justification of some
of these models.

The unilateral contact problem of thin plate with Coulomb friction was treated by
Dhia [36] using a penalty method.

In 2002-2003, J. C. Paumier [85, 83, 84|, has studied the linearized elastostatic Sig-
norini problem with Coulomb friction of a plate where he has proved that the three
dimensional problem converges strongly to the solution of the two-dimensional Signorini
problem without friction.

During its research task he raised some open questions:

1. how is it possible to get a lower-dimensional model including friction?

2. is the study of the quasi-static case possible?

3. is it possible to replace a part of the clamped condition by an unilateral one?
4. is this approach valid for shells and rods?

5. what happens in the non-linear case (von Karman equations)?

6. what happens for other constitutive laws?

It is announced that A. Léger and B. Miara [70] generalized the work of J. C. Paumier
to the case of linearized shallow shell but without friction, which gives a partial answer
to the fourth open question. The study carried out by J.C. Paumier is the modeling of
a Coulomb frictional unilateral contact problem between an elastic thin plate and rigid
foundation, within the framework of linear elasticity, by a two-dimensional Signorini model
without friction by using the method of convergence. One can find the same results by
using the method of the asymptotic expansions, one obtains that with the first significant
order the same model obtained by the method of convergence.

The objective of this thesis is to realize some extensions of the study of Paumier
[85, 83, 84] in point of view material (nonlinear), boundary conditions (von Karman
types), geometry (shallow shells) and to dynamic state. The method used is "convergence
method" in case of linearized elastic material and the method of "formal asymptotic
expansions" in case of non linear elastic material. This thesis is divided into four chapters.
The first chapter is devoted to the recall of some results on asymptotic modeling of plates
with some boundary conditions as in the literature of Ciarlet |20, PR, 25|, L. Gratie [48]
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and Chacha, Ghezal and Bensayah |14, I3|. The second chapter presents the description
of Signorini problem static and dynamic one, without/with friction in case of linear three
dimensional elasticity. The third chapter deals with Signorini problem in case of von
Karman conditions with Coulomb friction for plates which is the objective of the paper
Chacha and Bensayah[I?] after that we pass to the problem with generalized Marguerre-
von Karman conditions for shallow shells with Coulomb friction which is the objective
of the paper Bensayah, Chacha and Ghezal [6]. In the fourth chapter, we pass to the
dynamic case but in linearized elasticity and without friction which is the object of the
paper Bensayah, Chacha and Nicase [6]. Finally we end this thesis with a conclusion
which contains general results, some perspectives and some open problems.
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—— (CHAPTER 1

DESCRIPTION OF SOME BOUNDARY

VALUE PROBLEMS FOR ELASTIC PLATES

1.1 INTRODUCTION

Throughout this dissertation, we make the following conventions and notations: Greek
indexes (except €) belong to the set {1,2}, Latin indexes belong to the set {1,2,3}, the
symbols of differentiation 95 = 9/0x5, 0; = 0/0x;, di; the Kroneker symbols, and the
summation convention with respect to the repeated indexes is systematically used.

Also we make the following geometrical assumptions and mechanical hypothesis. Let
QF = wx|—¢, +¢[, where ¢ is a small parameter, be an open bounded set from R?, such that
w is an open subset from R? with Lipschitz boundary . We denote the lateral boundary
of Q° by I'§ = v x [—¢, €], the upper and the lower faces are denoted, respectively, by Iy
and I'°. We suppose that 2° is occupied by an elastic, homogeneous, isotropic body.
In its natural configuration: a plate of thickness 2¢ whose Lamé’s constants are denoted
A > 0, > 0 and assumed to be independent of €. The plate is supposed to be subjected
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Figure 1.1: Geometric illustration of a thin plate.

to a body force of density f¢, its lower and upper faces are subjected to a surface force of
density ¢g°. Note that we keep the same notation of the function to denote its trace.

1.2 DIRICHLET-NEUMANN CONDITIONS FOR LINEARLY ELASTIC

THIN PLATES

In this section, we suppose that the material occupying the domain ¢ is linearized, the
plate is totally clamped by its lateral boundary I'; and the system is in static case. This
situation is modeled by the following three-dimensional boundary value problem in terms
of displacement u° : QF — R3 such that u®(z°) = (u§(z°), u§(x°), u5(z°)) and

Find u° such that

-0, = f7in Q°
(CPS) € JEZ] Efz &€ 15

u® =0 on [T
where
5 (u%) = aijreyy (u7) (1.4)
are the components of the stress tensor, and also represent the constitutive equation of
the elastic material,

1
el (u®) = 5 (85us + O5us) (1.5)

ij
being the components of the linearized deformation tensor. For homogeneous, isotropic
material a;j,; are constants independent of z° and verify:

Aijkl = A(Sijékh + ,u(dlkd]h + (5lh(5]k)( Hook’s law )

Hence
o (u®) = Aep, (u®)dij + 2pef; (u®) (1.6)

ij

2
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First, we rewrite the above boundary value problem (C’.PE) in the weak form, by using
Green’s formula, we show that any smooth solution of the boundary value problem also
satisfies the following variational problem

Proposition 1 If u® is a solution of (C.P?) then u® verifies the problem :

Find uf € V () such that

(V.P?) -
a®(uf,v°) = L#(v°) Yo € V(QF)
where
a® (u®,v%) = / oi; (u®) 05v;dx*
:/‘D@@ﬂéﬁf)+wﬁywk%@ﬂdﬁ (1.7)
r) = [ i [ gngar, (1.8)
0 re urs,
and

V() ={v" e H () /v* =00on T },
V() = V() x V() x V(Q),

Note that the trace of the function v of V(QF) belongs to the space H&f(f‘ir ure), its dual
space is denoted by H=Y*(T'S. UT=). For more details see [64].

Remark 2 For u® smooth enough, the problems (C.P) and (V.P?) are equivalent.

Remark 3 Under the assumption that ff € L*(Q), g € H-Y2(T'= UT<) the problem
(V.P) admits a unique solution due to Laz-Milgram lemma. This solution realize the

manimum of the function

1 o
F (%) = §a€ (v°,0%) — LF (v°) ,Vo° € V (9).

1.2.1 Asymptotic study

Scalings on data

We follow here the same method as in [19, 20, 21, 28|. Let Q = wx] — 1, +1[,T'y =
wx {£1}, T =~ x [-1,+1]. Let x = (x;) € Q denote a generic point in the set €.
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Figure 1.2: Transformation of the domain 2° into a domain independent of ¢.

We now transform the domain ° having the thickness 2¢ into a fixed domain Q) indepen-
dent of € via the simple mapping: 7°: 2 = Q° where 2§, = x,, x5 = cx3 hence

1
(Q) = 0, 7°(Py) =I5, 7°(L) =T, 92 = 0a, 05 = —0s.

See Figurel™.
We introduce the scaled displacement u(e), the scaled test function v(e), the scaled stress
tensor o(¢) such that for all ¢ = 7°(z)

ug () = e%ua(e)(x), u5(a) = cus(e)(x),
Ve (2°) = e%v4(x), v5(2°) = evz(z),
0as(1%) = €%0a5(e)(x), 055(2%) = E%0us(e)(7), 053(2°) = loss(€)(2).

We also introduce the scaling of the forces: fS = e*f,, ¢5, = e%ga, [f5 = &3f3, g5 = g3
where f; and g; are supposed independent of €. Therefore we denote

V(Q)={ve H(Q),v=0 on Ty}, (1.9)
V(Q) =V(Q) x V(Q) x V() (1.10)

The scaled variational problem

Using the upper assumptions and notations lead to the following result
Proposition 4 If u® is solution of the problem (V.P?) then u(e) solves the problem

Find u(e) € V(Q) such that

(SVP(e)) B
a® (u(e),v) = L(v),Yv e V(Q),

4
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where
a’ (u(s),v):/ 0,j(€)0jvidz, (1.11)
Q
Q r_ury

such that
G (E) = e (1 ()i + 2 (2)) + & 2Aess (1 (£))das
Oa3(€) = e 22ueqs(u(€)) (1.13)
o3x(6) = € (A 2u) (1 () + €A (1 (0))

This problem has a unique solution u(e) under the assumption that f; € L*(Q), ¢; €
H=Y2(D_UT,), this solution realizes the minimum of the function

1 .
Fv) = §a6(v,v) — L(v),Yv € V(Q).
Convergence theorem
First, we introduce the space of Kirchhoff-Love displacements defined by Vi such that
Vicr () = {v = (v) € V() / dhws + i = 0} (1.14)
Also it can be defined by

_Juv=(y) e (H1 (Q))3 / Vo = Mo — 30413, V3 = M3 such that
Viw ()= { o € HY ()13 € H3 ()

In addition this space is isomorph to the space

V(w) = H} (w) x H} (w) x H2 (w).

Theorem 5 Let u(e) be a solution of the problem (SV P(e)), then
where u(0) satisfies the following problem:

Find u(0) € Vi (Q), such that,

V Prer,(0
( ) /90&5(0)85%6& =L v),Yv € Vi (Q),
where
a5(0) = Moo (1(0))00s + 2pteas(w(0)), \* = fjgu. (1.15)
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Proof. See |20, Theorem 1.4-1, p.34|. m

Two dimensional reduced model

Remark 6 From the definition of the space Vi (S2), look for u(0) in Vi (Q) is similar
to look for (&1,&2,&3) in V(w) therefore we can reduce our three-dimensional problem to a

two-dimensional problem.

Theorem 7 Let u(0) be such that uy(0) = £, —x304E3,u3(0) = &3, where &y, &3 are smooth
enough. If w(0) is a solution of the problem (V Pkr(0)) then &,,&s verify the following
bi-dimensional problem (BP(0))

Find &, € Hy (w),& € HE(w) such that
kD63 = hy + hi + hy

—85%5 = hg
where
— i W= [ hdear g gl W= [ wi0ide - 07 - O]
37 A + 2/,L -1 -1

4\
9 = e (21,22, 41), Tl = 350 (€) Bag + dpeas (€

Proof. Special case of |20, Theorem 1.7-2, p.66]. m

1.3 TIME DEPENDENT PROBLEM

1.3.1 Strong and weak Formulation of the problem
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Using the assumptions in the Section I one can state the following classical elastody-
namic problem

([ Find u® := u®(2°,t) such that for all ¢>0:
EaQuf e & g s 3
F op d505; = fi in Q° x |0, +o0] (1.16)
ouns = g; onl'y x 0,400 (1.17)
u® =0 on Iy x]0,4o00], (1.18)
[ u®(.,0) =p%,4°(.,0) = ¢, (1.19)

where o7; (u°) are defined by (I4).

We rewrite the above boundary value problem in the following weak form, by using
Green’s formula, we show that any smooth solution of the boundary value problem also
satisfies the following variational problem :

Find () € V(€¥), ¢ > 0 such that

2
(VFP) %pg/ usvida® + af(uf,v°) = LF(v°), YoF e V(Q°), t >0  (1.20)
w (-, 0) = p, (., 0) = ¢, (1.21)

where af (uf,v), L7 (v°) and V() are defined respectively by (IC7), (IR) and (IM).
Note that, under restrictive conditions on applied forces, body forces and initial data,
this problem has a unique solution, see [b4]. We can also consult |20, Section 1.14, p.113|
and references therein.

1.3.2 Asymptotic study

In this subsection, we keep the same transformation and scalings on data and on unknowns
as in the paragraph 21 and we add the assumption that there exist p and ¢ independent
of € such that:

i = %P D5 = €P3, 45 = €70, G5 = €03
Inserting the upper scalings in the variational problem leads to the following proposi-
tion
Proposition 8 The variational dynamic problem (V P) is equivalent to the following

scaled variational dynamic problem (SV P (¢)): Find u(e)(t) € V (Q),t > 0 such that

2 2
%p/ ug (€) vadx + 628—2p/ Uq (€) Vodx + / oij (€) Ojuide = L (v),Yo e V(Q),t >0

u(e)(-,0) = p,u(e)(,0) = q
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where

ey (u(e)) = 5 (Ou () + 1)

L (v) :/fivid$+/ gividl’
Q F_UF+

1.3.3 Two-dimensional problem

Theorem 9 Let u(e) be a solution of the dynamic problem (SV P(g)), then
u(e) — u(0) in L*(0,T, Vi (Q)) as € — 0,
where u(0) satisfies the following dynamic problem:
Find u(0) € Vi, (), such that,

82
(VPe(0) ] o /Q s (0)vsdar + /Q 0os(0)Dsvadz = L (v), Yo € Vicr (),

u(0)(-,0) = p,u(0)(.,0) = ¢

where 0,5(0), L (v) and Vi () are defined respectively by (I13), (I12) and ({TI3).
Proof. See [20, Thm. 1.14-2, p.115]. =

In the next proposition, we re-write the problem (V Pk (0)) in terms of &, and &s.
Hence we get a two dimensional problem (PP (0)) whose solutions are &, and &. The
vector field (&;) represents the (scaled) displacement of the middle surface w of the plate.

Proposition 10 If u(0) is a solution of (V Pkr(0)) such that u,(0) = &, — x30,&3 and
u3(0) = &, with &, & sufficiently smooth. Then &, & verify with 03, at least formally,

the two-dimensional boundary value problem :

( Find &, € H (w),& € H2 (W), for a.et>0 such that

2

2%/753 + kA*¢3 = hy + hy + hY on w x ]0, +o0] (1.22)

P*(0

(F0) —gnag = hY  on w x 0, +oo| (1.23)
9&i

i'aO = Wiy 5, '70 = ¥y

6.0) = o1 20(.0) =

where k, hY, ht, g and n.g are defined in the Theorem .

Proof. See [20, Thm. 1.14-3, p.117]. =

\
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von Karman forces

admissible displacements u®

Figure 1.3: Description of von Karman forces and admissible displacements of the points

of the boundary I'§. See [32] or [19].

1.4 THE VON KARMAN EQUATIONS FOR ELASTIC PLATES

In this section, we replace the linear elastic body occupying the domain by a nonlinear
one. And we apply on the lateral face forces with horizontal direction as described in the
following paragraph.

1.4.1 Setting of the problem

Let QFf defined as in the Section . We suppose that €2° is occupied by a nonlinear,
elastic, homogeneous, isotropic body. In its natural configuration: a plate of thickness
2¢e whose Lameé’s constants are denoted A > 0, > 0 and assumed to be independent
of e. The plate is supposed to be subjected to a body force of density f¢ € (LZ(QE))g,
its lower face subjected to a surface force of density ¢° € (Lz(FE_ U Fi))g and subjected,
on I'y to applied surface forces of "von Karman’s type" which are horizontal, and only

their resultant <ﬁf : ﬁf) € (L2(7))” after integration across the thickness is given along

the boundary «y. Therefore, the displacements u® derived from this situation verify w,
independent of z5 and u3 = 0 on I'y which mean that the only horizontal displacements
of equal direction and magnitude are allowed along each vertical segment of the lateral
face I'§. See Figurel=3. For more details on the von Karmén equations we return to 32|
and [T9].

Our aim is to find the asymptotic behavior of the equilibrium state of the plate (2°
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which is characterized by a displacement vector u® solution of the classical problem:

=050, = fi mQF
u;, independent of x5 and u§ =0 on I'y
(C Pa) 1 t¢

— [ 6% ,05d2s = F< on
25,{. ap” B3 « Y

A€ € __ € &
og;n5 = g; on I'S

where: 6%, = of; + 0f,;07u;, 0f; = AE; (u®) 0y + 20 E5; (u®) the components of the stress
tensor, B (uf) = E(af us+05u; +05 uj05uy,) the components of the nonlinear strain tensor,

n® = (nf) is the unit outer normal vector along the boundary of the plate Q°, v = (12) is

the unit outer normal vector along the boundary of the set w. To give a weak formulation
of our problem we introduce some notations. Let

V(QF) = {"U € WH4(QF)/ v independent of 25 on Fg} ,
Vo(€) = {v e W)/ v=0o0nT}}

—

V() = V(QF) x V() x V()

Multiplying the system of equilibrium equations in (C'P¢) by functions v and inte-
grating over the set ¢, using the Green formulas and the boundary conditions we obtain:
The variational formulation of the classical problem (C'P¢) is :

Find uf € V (QF) such that:
(VPE) AE O, E JE € (€ [E~E € 7 (O
0;.05v5da® = L (v°) +2¢ | Fovidy, V v € V (QF)
Qe ¥

[ e )

where: L (v°) :/ ffvfdxa—l—/ givzdle.

e urs

1.4.2 Asymptotic study

The scaled problem

Using the same transformation and scalings on data and on unknowns as in the paragraph
2T and we add the assumption on the von Karman forces. Then the scaled displacement
u(e), the scaled test function v(e), the scaled stress tensor o(e) satisfy:

{ us o = c%uy (8), u§om® =cuz(e),vS on® =cv,(g), v§on® =cuvs(e) (1.24)

_ 2 _ 3 _ 4
00T =el0ap(€), 0oz0m =e%043(€), 05301 =eto33(¢)
We also introduce the scaling of the forces:

foomt =2, f5om = fy, gL 0n° = E%ga, g5 07 = gy, FS = 2F(e)  (1.25)

10
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Then we obtain: Lf (v°) = L (v) with L (v) = / fividz +/ gividl  (1.26)
Q r_ury

Therefore we denote by:

V(Q) = {ve W"(Q), v independent of z3 on I'y} (1.27)
Vo() = {veW"(Q), v=0onTy}, (1.28)
V(Q) =V(Q) x V(Q) x Vo(Q), (1.29)

Using the upper assumptions and notations leads to the following proposition:

Proposition 11 The variational problem (V P) s equivalent to the following scaled

variational problem (SV P (¢)):
Find u(e) e V(Q) such that:

/ oij (€) Ojvdx + / 0ij (€) Ous (¢) Ojvsdx + & / 0ij (€) Oiug (€) Ojvada
Q

=L (v)+ /ﬁa(/_+ vadzs)dy, Yo € V () )

1

\

1.4.3 The two-dimensional problem

We assume that the scaled displacement-stress (u(¢),0 (¢)) admit a formal asymptotic
expansion of the form:

(u(e),o(e)) = (u°, 0% + e(u',o") + (u? o) + ... (1.30)
We introduce the Kirchhoff-Love space of admissible displacements

Vi (Q) = v =(v;), Us = 1o — x30,M3, V3 = 13 such that:
e Mo € H' (W), 13 € HE (w)

and the space
Lo(Q) = {7 = (ryj) € L*(Q); 7y =7} -
Substituting expansion (IZ30) into the scaled variational problem (SV P(g)), we obtain :

Proposition 12 Assume that d3ul € C° (Q) then the leading term (u°, o) of the expan-
sion (I=30) is solution of the problem (SV P(0)):

Find (u°,0%) € Vi (Q) x L2(Q) such that
+1

/ oo 508vadr + / 00 30au30svsde = L (v) + /Fa(/ vadxs)dy,Yv € Vi (Q),
0 Q

o —1

where 035 = /if—guEgv(uo)éag + 2uE2 5(u°) and EQy(u°) = §(9ul 4 0;ul + 9;u3o;us).

11
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Next, we project the previous problem on the space V' (w).

Proposition 13 Let u® € Vir(Q) be such that ud = &, — v30,&3 and ud = &, where
o, &3 sufficiently requlars. Then the problem (SV P(0)) can be formulated in the classical

form as two-dimensional problem:

)
Find ¢ € (H} (W))* % HZ(w) such that
(P (0)) kA%Es — 05(nap0als) = hi + hi + h3 onw

—dpnes = hY onw

| MasVs :2Fa on y

where
A\

8 A+pu
EY (€)dap + AuEns(&),k = <
'y'y(f) ,3+ H a6<£)7 3M/\+2N7

1 1
hy :/ fidzs + g; +gi+7hi1 :/ x30; fidxs — 0,9, — aig;r7gii = gi(x1, xo, £1).

—1 -1

Proof. See |20, Thm. 5.4-2, p.384]. m

We deduce that the displacement u is characterized by a two dimensional problem. Then,
our three-dimensional offers toward a two-dimensional problem.

1.5 THE GENERALIZED MARGUERRE-VON KARMAN PROBLEM

FOR SHALLOW SHELLS

The aim of this section is to extend the study of the von Karman problem for plates treated
in the previous section to shallow shells subjected to von Karman forces type applied on
only a part of the lateral boundary, this condition is called "Generalized Marguerre-von
Karman condition".

Using the formal asymptotic expansion method, Ciarlet and Paumier |28] justified the
Marguerre-von Karmén equations for shallow shells. Until 2001, Ciarlet and Gratie [25]
generalized these equations for plates, after that Ciarlet, Gratie and Sabu [26] established
an existence theorem for them. Next, in 2002 Gratie [48] formally extended in the same
time the works [28] and [25] to generalized Marguerre-von Karmén equations for shallow
shells, after that, Ciarlet and Gratie [31] gave the existence of solutions to this problem.
For more details, one can consult [30].

12



SEC. 1.5 CHAP. 1

T
>

Figure 1.4: lustration of the mapping 6°.

96

Setting of the problem

Let Q° defined as in the Section I-I. Let w be a connected bounded open subset of R? with
a Lipschitz-continuous boundary =, w being locally on a single side of v, we assume 0 € ~
and we denote by v(y) the arc joining 0 to the point y € . Let 7, be a relatively open
subset of v such that lengthy; > 0 and lengthvy, > 0, where 75 = 7\7;. The unit outer
normal vector (v, ) and the unit tangent vector (7,) along the boundary ~ are related by
71 = —1p and 75 = v;. The outer normal and tangential derivative operators v,0, and
To0q along 7 are denoted respectively by 0, and 0, .

For any ¢ > 0, let Q° = wx] —¢g,¢[, 'L = w x {£e} and 6° : @ — R is a function of
class C® that satisfies #° = 0,0 = 0 on 7. See Figurel 4.

We define the mapping

©° . O — R?: ©°(2°) = (w1, 19, 0° (21, 22)) + 525 (11, 72),

for all 2° = (11,79, 25) € QF, where a§ is a continuously varying unit vector normal to
the middle surface ®%(w). For small enough ¢, the mapping ©° : QF — ©°(Q°) is a
C' — diffeomorphism (see [28]), and we suppose also that ©F is orientation preserving
ie detVeOs(zf) > 0, Va© € Q. Let QO = ©°(Q), 45 = ©°(yy), I'y = ©°(I'9). See
Figurel®. We denote by &° = ©°(z°) a generic point in ¢, (7¢) is the unit outer normal
vector along the boundary of the set Q.

Following the definition proposed by Ciarlet and Paumier [28|, we say that a shell
is shallow if there exists a function § € C?(®) independent of & such that 6°(z,xy) =
e0(x1, x2), for all (z1,22) € w. See Figurel 3.

Consider a nonlinearly elastic shallow shell occupying in its reference configuration the
set QS, with thickness 2¢, its constituting material is a St Venant-Kirchhoff material with
Lamé constants A* > 0 and p° > 0.

The shell is subjected to vertical body forces of density f¢ = (0,0, f§) in its interior
() and to vertical surface forces of density ¢° = (0,0, ¢5) on its upper and lower faces
f‘i and [ . On the portion ©°(vy, X [—¢,¢]) of its lateral face, the shell is subjected to
horizontal forces of von Karman type (h,hS,0), of the form introduced by Ciarlet [29],

13
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Figure 1.5: Graphic illustration of a shallow shell

the remaining portion @°(y2 X [—¢,¢]) being free.

The problem consists of finding the displacement @° which satisfies the problem:

( —05(65; + 67;0705) = ff in
(6 + 6};@;@&5)%2 00° =0on1y X [—¢,¢]

(CP?) (ﬁfj. + 07,0505 )05 o ?5 = giio ©° on I'®

s, 1n(eiependent of 25 and 45 =0 on ©°(y x [—¢,¢])

\ 2—15 3 { (&;ﬂ + &;ﬁ;a;) o @f} vsdas = B 0 © on 1y

where R
65, = AEE, fﬂa) bij + 2pE5; (0°) (the components of stress tensor)
5 (07) = 3

We consider the following functional spaces

(0505 + 0505 + OFugd5us,) (the components of nonlinear strain tensor)

V(§r) = {f} e WY Q%) /v independent of &5 on ©°(y, x |—e, +6[)}
Vo(€F) = {@ e WY(QF) /6 = 0 on ©° (71 x | —e, +g[>}
V() = V() x V() x V()
Multiplying the system of equilibrium equations in (Cps) by functions 07 and integrating

over the set €27, after that using the Green formula and the boundary conditions we obtain
the following variational formulation of the problem (CP?):

R Find ¢ € V() such that
(VPN Aegae, o) = Fe(o%) + / ( / (05 0 ©°)dal)hEdAN o € V(CF)

A1 J—e

where

A% (a8, 6°) = /Q (65, + o5, 0505) 05 o5 die,

LE(0°) = / feocdis + / - giosdre
Qs reurs

14
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In order to transform the problem (V.Pa) into problem posed over the cylindrical domain
Q°, we use the one to one mapping (@°¢)~! and the following relations obtained from this
transformation

005 = by (a°) 9505 (2°) , di® = |det V2O (27)| da® = 6°da®, dI* = 6°5°dT™,

where

VEO® (%) = (0505 (27)), 0°(2°) = det V=O°(z°),
bi;(2) = ({V°O°(a7)} 1)y Va© € O,
3 (2%) = {bas(2°)bgi (2%)}7 Va € (T3, UT2).
We define the following functional spaces related to 2°:

V() = {v° e WH(Q°)/v" independent of x5 on 1 x |—¢, +e[}
Vo(€¥) = {v° e W (Q%)/v° =0on v x |—¢, +e[},
V(QF) = V() x V(QF) x V()

Then by a simple computation, we obtain

Proposition 14 Suppose that € is small enough. Then the variational problem (VPE) 18

equivalent to the following variational problem :

Find u¢ € V(QF), such that,

(VP?) € .
Af(uf,v®) = L& (v°) +/ hg{/ vodasdry, Yo € V(QF),
71 —€
where
A% (uf,0%) = / 070305 v; 0°dx* +/ 0500k b5, ;05,0 6= dx®
QE £
L (v°) = fsv50°da® —|—/ g5v50°3°dTe,
Q= e urs

_ ~e e € _ ne € € _ A € € _ ~g € pre __ fe € € _ s € e _ e €
u'_uio®70ij_aijo@7Gi_Gio@7ni_ni097fi = [;00° , g; = §;o0° , h;, = h;00".

1.5.1 Asymptotic study

The scaled problem

In this subsection we use the same transformation 7€ described in SectionI1 to define the
domain 2 independent of €. See Figurel@. Next, we introduce the scaled displacement

15
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(._)6

Figure 1.6: Transformation of the domain QF into a cylindrical domain independent of €.

u(e), test function v(e) and stress tensor o(e) for all 2° = 7°(z) as follows:
{ 03,(2) = g () (2),15(27) = 215 (£) (2), 06,(27) = 2200 () (), 05(2%) = 203 (£) (),
0as(1%) = €200 (€) (v), 055(2%) = %003 (¢) (), 055(2) = o33 (¢) ().

We also introduce the scalings: f§ = &3f3, g5 = e*g3 and hS, = €2h,, where f3, g3 and h,
are supposed independent of €. Therefore we denote:

V(Q) = {v e W' (Q) /v independent of x5 on v x |—1,+1[}
Vo() = {v e W (Q)/v=0o0ny x]-1,+1[}
V(Q) = V(Q) x V(Q) x Vp(Q).

The use of the above assumptions and notations, we obtain the result:

Proposition 15 For ¢ small enough the scaled solution of the problem (V P¢) solves the
problem (SV P(e)):

Find u(e) € V(e)(Q) such that,
A%(u(e),v) = L(v) + 2/ hovadzsdy + €211, Yo € V(Q),

71

where

Qule),v) = [ oy 0 (v)dx O O3 Ovade,
2u)0) = [ 0y @00+ [ oy (0 ofus () o

Q

L(U) :/f3U3d$+/ ggvng,
Q r_ury

v = agv,'yfj(v) = % (Q%j + 8?%), r1 1s a uniformly bounded function with respect to e.

16
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1.5.2 The two-dimensional problem

We assume that the scaled displacement-stress (u(e),o(e)) admit a formal asymptotic
expansion of the form:

(u(e),o(e)) = (u°,0°) +e(u', o) + 2 (u?, 0%) + ... (1.31)
We introduce the space of Kirchhoff-Love admissible displacement
v = (1}1) /Ua = Na — 1'38047737 U3z =13 such that
Vi (2) = 1.32
@ = e e o T (152

Substituting expansion (I=31) into the scaled variational problem (SV P(g)), we obtain:

Proposition 16 Assume that d3ul € C° (Q) then the leading term (u°, ) of the expan-
sion (E30) is a solution of the problem (SV P(0)):

Find (u°,0°) € Vir (Q) x L2(Q) such that :
(SVP(0)) 0 0 0
g 0430800 dT + g 0o30a(uz + 0)0gvsdr = L (v) +2 [ havady,Vv € Vi ()

Y1
where

201
0 0 0 0 0
Uozﬁ - )\+ QMEGU(U )6065 + ZIU’EaB(U )7

1
Eos(u’) = 5 (Oau + Ogug + Oauldsus 4+ 0,005us + 0500,u) .

We deduce from the following proposition that the leading term (u°, ¢%) is character-

ized by a two dimensional problem.

Proposition 17 If u° is a solution of the problem (SV P(0)) such that u® = &, — 130,&3
and ud = &, &a,&s sufficiently reqular. Then &, & verify the two-dimensional problem
(P (0)): (
Find &, € H' (w),& € H* (w), such that

—DopMag — NapOap(&3 +0)) = hY in w
Opnapg = 010 w,
&= 0,8 =0 on n,
Napls = 2ha on 1
OaMapls + 0r(MaplaTs) = 0 00 72,

MapValp = 0 on ya,

Nasvg = 0 on 7,

17
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where
1. 4\u
S 4
Map 33U\ ¢ 2,& 53601,8 + ,uaozﬁg?)}a
By = N ED ()5 + ApED 5 (€), X" = —22!
af 0% af af ) )\ _I_ 2/,L
1
Egﬁ (f) = 5 (aafﬁ + aﬁécx + aaeaﬁ&i + 8/3080453 + aa§3aB§3> y
1
R = / fidrs + g7 + g5 97 = gi(z1, w2, £1).
-1
Proof. See |48, Theorem 5|. m
1.5.3 The associated generalized Marguerre-von Karman equa-

tions

We can rewrite the two-dimensional boundary value problem (P°(0)) as generalized
Marguerre-von Karman equations which depends on the Airy function ®, the vertical
component &3 of the displacement field of the middle surface of the shallow shell as fol-

lows:

Proposition 18 Assume that the set w is simply-connected and that its boundary v is

smooth enough, and let & = (&) be a solution (P’ (0)) with the regularity &, € H*(w),

& € HY(w). Then
a) The functions he : v x [0,T] — R defined by :
he, = hy, on 1 % [0,T] and ho =0 on o X 0,77,

are in the space H %(7) and satisfy the compatibility conditions :

/illd”}/ = /ilzd”}/ = /(xlilz - SL’QiLl)d”)/ = 0.
ol 2l 8l

b) Furthermore, there exists a function ® € H*(w), uniquely defined by the relations

®(0) = 0,9(0) = 0,P(0) = 0, such that

ni = 2522‘1)7 N1z = No1 = —2812(1), Ngg = 2011 P.

18
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c¢) Finally, the pair (&, ®) € HY(w) x HY(w), satisfies the following problem

kA%E3 =2[P,& + 0]+ hY in w,

A = R 65, € + 20) in w,

53 = 81,53 =0 on Y15

MapValg =0 on 7,

OaMapVs + Or (MapvaTs) = 0 00 72,
| ® =Py and 9,9 = P, on v,

where
k—8 A
3TN 2

Dy(y) = —yl/ ﬁ2dv+y2/ Bldwr/ (x1hy — 22hy )dr,
~(y) () 7(y)

Dy (y) = _VI/ B2d7+ 7/2/ ]~11d%y = (y1,42) €7,
() 7(v)

(@, &] = 011P022E + 022P011E — 2012P012€.

Proof. See |48, Theorem 6|. m

1.6 TIME DEPENDENT PROBLEM OF GENERALIZED M ARGUERRE-

VON KARMAN SHALLOW SHELLS

In a recent work in the static case, Gratie [48] has generalized the classical Marguerre-von
Karman equations studied by Ciarlet and Paumier |28|, where only a portion of the lateral
face of the shallow shell is subjected to boundary conditions of von Karman type, while
the remaining portion is subjected to boundary conditions of free edge. Then Ciarlet
and Gratie [31] have established an existence theorem for these equations. In [I4], we
extended formally these studies to dynamic case. More precisely, we considered a three-
dimensional dynamic model for a nonlinearly elastic shallow shells with a specific class of
boundary conditions of generalized Marguerre-von Karman type. Using techniques from
formal asymptotic analysis, we showed that the scaled three-dimensional solution still
leads to two-dimensional dynamic boundary value problem called the dynamic equations
of generalized Marguerre-von Karman shallow shells. In this section, we establish the
existence of solutions to these equations using compactness method of Lions |76].
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The first part of this section concerns the formal derivation of the two-dimensional
dynamic model for thin elastic shallow shells of generalized Marguerre-von Karman type
starting from the three-dimensional nonlinear elastodynamics problem. To this end we
follow the same techniques of Gratie [48], this part is detailed in [I4]. The second part
concerns the study of existence of solutions to the problem obtained in the first part which
generalizes the study carried out by Ciarlet and Gratie [31].

Setting of the problem

In this section, we keep the same situation as in the paragraph [C3. We suppose that the
system is dynamic. Next, we define the space

V() = o = (05) € Wh4(F; R?); 6 independent of 25 and 05 = 0
on ©°(71 X [—¢,¢])

The unknown in the three-dimensional formulation is the displacement field 4° = (45)(z°, t),

where the functions 4 are their Cartesian components. The unknown 4° satisfies the fol-

lowing three-dimensional boundary value problem

( gaatQ _86<A fz‘a in QaX]O;—FOO[’
u¢, independent of 25 and 4§ = 0 on ©° (1 X [—¢,¢]) x |0, +00]
i fE {(o Aiﬁ + &;ﬁa;ag) 0 ®°}ugdry = hi, 0 ©° on v x |0, 4+00[

EJ + Jk] kuf)ﬁj °©©®°=0on (72 X [_575]) X ]07 +OO[’

+ a,wﬁku > =

>

(C.F7)

>
Q>/_/H

1,
£
Z

(
(05 + 0F; kuf)fz;‘o@i =g 0 ©° on (ljiUFi) x 10, 4o00],
| @ (2°,0) = pf and %L (2°,0) = ¢° in OF,
where .
. 61‘59’ = )‘EEE ( )5ZJ + QMEEE (A ),
Efj(ui) = (8€u + 85u + 8fumaj us,), (1.33)
p° the mass den81ty,
pPs. q° the given initial data.

First, we rewrite the above boundary value problem (C’.lﬁg ) in the weak form, by using
Green’s formula, we show that any smooth solution of the boundary value problem also
satisfies the following variational problem

( Find ac(25,t) € V(Q°) Vt > 0, such that,
LA [ 1505dT Y 4 [0 ( % + 65,0705) 0505 da® = [, f505da°
+friuri g505d0° + f {f 05 0 ©F) da§}hsdie,
Vi< € V(QF),Vt > 0,
([ @° (#°,0) = p° and 2

(V.FPF)

4= (25,0) = ¢F in Qs
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In order to transform the problem (VPE) into problem posed over the cylindrical
domain ¢, we use the one to one mapping (©°)~! and the following relations obtained
from this transformation

o505 = b, (a%) Ofuf (2°),
dif = &6da®, (1.34)

dl = é°pedr,

where _

(z%) = (050;(x7)) Va® € Q°,
6°(z°) = detVe@®%(27) Va©® € 0,

(@) ({VeO (a7)} 1) Va© € O,

1
Ba(xa) = {bgi(ﬁa)b3i<xa)}5 VY € (Fi U Fi)

Let there be a given C'-diffeomorphism ©° that satisfies the orientation-preserving con-
dition. Then the variational problem (V.P?) is equivalent to the following variational
problem

( Find u(xf,t) € V(°) VYt > 0, such that,
dtQ {,0 st 555dm5} + an Ufjbijazvf(SdeE
() d ¥ o o5 b Ol O o dat = . frusoidat + Jre e g5v50°5dT?
+ f,yl he{ [ vidas}dry, Vs € V(QF),Vt > 0,
u(z%,0) = p° and %(1’5,0) = ¢° in €)°,

uf =500, fi = ffo®°, g = 0O, hi =hi 0@, pf = 0@, ¢ =§ 0O

1.6.1 Asymptotic analysis

The scaled problem

In the sequel we follow Ciarlet [T9]. We first transform (P¢) into a problem posed over

an open set independent of . Accordingly to SectionlTl, we recall Q = wx| — 1,1],

I’i = w x {£1} and to any point # € Q, we associate the point 2° € QF by the leeCtIOIl
cx = (11,79, 23) €Q — 2° = (:El,xQ,ea:g) € Q°. See FigurelA.

Next we define the functional spaces

V(Q) = v® = (vf) € WH(Q5; R3); v independent of 25 and v§ = 0 (1.35)
B on 7y X [—¢,¢€] ’ ’

L2() ={7° = (m;);75; = T, 75; € L* () } (1.36)

) g gir g
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To the functions u®, v° € V() and o° € L2(Q2), we associate the scaled functions u(g),
v and o(¢) defined by

ul (2°,1) = 2ugq(e

)(, ) :
v (27) = ), v (o) = i) .
0o5(2%, 1) = 2043(e) (2, 1), 053(2%, 1) = %043(e) (w, 1), '
053(a%,t) = etoss(e)(x, 1),
for all 2° = 72 € Q°. Then the appropriate functional spaces become
(o L4(0). R3Y. 0y 3 —
V(Q) = { v=(v;) €W (Q,Ro)r,lva 1:(1[e_p1enl(]16nt of x3 and v3 =0 } | (1.38)
7 )
Li(Q) = {T = (Tij>;7—z'j = Tjinij S L2(Q)} (139)

After that, we make the following assumptions : there exists constants A > 0, u > 0,
p > 0 and for some T > 0, the functions f3 € L*(0,T; L*(Q)), g3 € L*(0,T; L*(T . UT_)),
he € L*(0,T; L*(7)), 0 € C3(w) independent of € and p(e) € V(Q), q(e) € L*(;R?),
such that

(

)
t) Vaf =7 e (I ule),
e2ha(y1,y2,t) Y(y1,42) € 71,
IEQ) v<.’ll'1, xg) € CI), (140)

(xl,xg) = ef(z,
5 (2°) = e2pa(e)(x) Vaf = m°z € QF,
p5(2%) = eps(e)(z) Va© = 7z € Q°,
¢ (2°) = e%qq(e)(z) V2 = m°z € QF,
| ¢5(2%) = eq3(e)(x) Va© = 72 € Q.

Using the scalings (IZ34) and the assumptions ([Z20), we obtain

Proposition 19 The scaled displacement field u(e) = (u;(€)) satisfies the following vari-

ational problem

Find u(e)(z,t) € V(Q) YVt € [0,T], such that,

(P(e) At (u(e),v) 4+ B (o () ,v) + 2C% (0 () ,u (€) ,v) = F (v)
+e2R (;0 (), u(e) ,v), Yo € V(Q),Vt €10, T,
| (&) (2,00 =p(e) and %2 (2,0) = q(e) in
where
At (u(e) U) = —j—;{pfgug () vada },
B (o ( — [, 055 (£) 74 (v)da,
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C? (0 (), ule),v) = —3 [, 04 () Hus () Hvsdz,
F (U) = - fQ f3'U3dI - fr+uF7 93U3dr - f"/l hoé{f_ll UadJ?g}d’}/,
PBv = 0qv — 0a0030, dv = D30, 7Y5(v) = 5 (8v; + ;).

The limit three-dimensional problem

Assume that the scaled displacement-stress (u(e),o(e)) admit a formal asymptotic ex-
pansion of the form:

(u(e),o(e)) = (u°,0°) +e(u', o) + 2 (u?, 0%) + - - -, (1.41)

with
u = (u)) € V(Q), 95u € C°(Q), uP = (uf) € WH(Q;R?) Vp > 1, 0¥ € LA(Q).
We also assume that when ¢ — 0

p(e) = p’in V(Q), q(¢) — q” in L*(Q;R?).

We substitute the formal asymptotic expansion () into the variational problem
(P(g)) and using techniques from asymptotic analysis, we prove that the leading term
u® should satisfy the following scaled three-dimensional problem. First we define the
following spaces

[ v=(v) € H(;R?);v, independent of z3 and v = 0
Vier () = { on v X [—1,1],0;v3 + O3v; = 0 in Q ’ (1.42)
V(w)={n=(n) € H(w) x H'(w) x H*(w);n3 =0,m3 =0o0n}. (1.43)

Proposition 20 The leading term u® € V1, (Q) Vt € [0, T| (Kirchhoff-Love displacement

field) is solution of the problem

(

Find u® € Vg (Q) Vt € [0,T), such that,

L1 [ udvsda} + [, 00508Vad + [, 00300 (ug + 0)gvsdr =

Jo favsde + [ p g3vsdD +2 [ havady, Yo € Vi (Q), 9t €]0,T7,
u® (2,0) = p° and 86—1;0 (,0) =q° in Q,

where

oy = 2o B0 (1), + 20, (),

E25(u®) = 5(0aul + 9pul + 9auldzul + 0a005u3 4 0p00,us).

(1.44)
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The limit two-dimensional displacement problem

We use some techniques employed by Raoult [88], who assumed that the initial data p}
and ¢ are independent of z3 and smooth enough.

First, we show in the next proposition that (Pgy) is in sense of two-dimensional
problem posed over the two-dimensional domain @.

Proposition 21 The components of the leading term u® = (u?) are of the form ud =

Co — 1304C3 and ul = (3 with ¢ = (¢;) € V(w) Vt € [0, T, where the field ¢ satisfies the

following limit scaled two-dimensional displacement problem

20 [, L8 nsdw — [, mas(V2(3)utisdw + [, NopOa(Cs + 0)Dsrsduw
(P(W) + [, NagOsnadw = [, panadw +2 [ hanady,Vn € V(w), Yt €]0, T,
G(.,0) = p§ and %(.,O) =q) in w,

where

man(V2Gs) = =4 { 385 AC0as + 410asCs |

Nap = 38 Eo5 (€) dap + 4nEQs (),

ES5(C) = 3 (0aCs + 05Ca + 0a005C3 + 05004C3 + 0al305C3),
p3 = f_ll fadws + g3(., +1) + g3(., —1).

Next, we write the two-dimensional boundary value problem in an equivalent vari-
ational problem (P(w)). We equate to zero all the factors of 7,, 13, and 0,73 in their
respective domains of integration, we obtain

Proposition 22 Assume that the boundary v is smooth enough. Then any smooth enough

solution ¢ = (¢;) of the variational problem (P(w)) is also a solution of the following two-
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dimensional displacement problem

;

Find ¢ € V(w) YVt € [0,T], such that,

2,0% - aaﬁmaB(VQC:S) - Naﬁaaﬂ ((3+0)=p3 inwx]0,T[,
9sNop =0 inw x 10,T],

(3=0,(3=0 0onyx]0,T],

(P(W)) {4 Nagvs = 2ha on v x10,T],

Mas(V2G)Varg = 0 on g x 10, T,

Damas(V2(3)vg + Or (Map(V2(3)VaTs) = 0 on vo x 10,77,

Nagl/ﬁ =0 on Yo X }O,T[,
C3 (70) :pg and % <7O> = qg N wW.

1.6.2 Dynamic equations of generalized Marguerre-von Karman

shallow shells

We rewrite the two-dimensional boundary value problem (P(w)) as dynamic equations of
generalized Marguerre-von Karman shallow shells as follows:

Proposition 23 Assume that the set w is simply-connected and that its boundary v is
smooth enough. Let ( = (¢;) be a solution of (P(w)) with the reqularity

(o € H*(w), (3 € HY(w) Vt € [0,T).

Then

a) The functions h - y x [0,T] = R defined by :
ho = he on v % [0,T] and ho =0 on v, x [0,7T7,

are in the space H%(y) and satisfy the compatibility conditions :

/ile”)/ = /iLQd”)/ = /(xliLg — QfgiLl)d’)/ =0.
ol 2l 2

b) Furthermore, there exists a function ® € H*w), uniquely defined by the relations
®(0) = 0,9(0) = 02P(0) = 0, such that

Nit = 2055®, Nip = Noy = —2012®, Ny = 201, P.
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c) Finally, the pair ((3,®) € HYw) x H*(w) Vt € [0,T], satisfies the following scaled

dynamic equations of generalized Marguerre-von Kdrmdn shallow shells

;

2055 + AN = 2[@, G+ 0] + ps inw x |0, 7T,

AP = 3?—12’; (3,83 +20] inw x10,T7,
(3=10,G3 =0 onyx]0,TT,

(P) S mas(V3G)vars =0 on v2x 10,77,

Domas(V2(3)vg + Or (Map(V2(3)1aTs) = 0 on vo x 10,77,
b =Py and 0,9 = 1 on vy x 10,77,

G (.,0) =ps and 843 (.,0) = ¢) in w,

where

Po(y) = —y1 [ hady + 42 [ ady + [ (@1ha — 22hn)dy,
O1(y) = —w1 [, hady + 12 [ ady, y = (y1,92) €7,

(@, (] = 011P022( + O22P011( — 2012P015C.

Proof. See [14]. m

1.6.3 Existence theory

The asymptotic analysis carried out in the first part is purely formal. In what follows, we
establish the existence of solutions to the dynamic equations of generalized Marguerre-von
Karman shallow shells. We first deduce that they are equivalent to another variational
problem (P), we then solve this problem, by adapting a compactness method.

We use the following Lemma

Lemma 1 If (¢,n,x) € [H*(w)]® such that
§=0,£=0o0ny and x = d,x =0 on 7,

then

[t = [fenede, (1.45)

where

€] = 011(922n.8) + 022(01110.€) — 2012(0127.€).
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Proof.
Since C>°(w) = H*(w), let the functions &, n, and x in C*°(w). Integrating by parts,
we obtain

/[ﬁ,n]xdw - /[X,n]fdw = /X{a227761§V1 + 011102 €vy — O19m02€vy — 3127781§V2}d7

~

- /5{3227731XV1 + 011n0Oax vy — O12n0ax 11 — O12mO1X V2 by
.
If¢&=0,6 =0o0n~ and x = d,x = 0 on 9, consequently

/w[é,n]xdw - /[x,n]gdw = 0.

w

Theorem 24 Assume that the set w is simply-connected and that the functions he €
L3(y) YVt € [0,T] satisfy the compatibility conditions. Let x € H?*(w) be the unique

solution in the sense of distributions of
A%y =0 in w,
X =@y and d,x = @1 on 7, (1.46)
®y € HY?(7), @1 € H'?(v)

and let

g 1BA+ 2
A+

V(w)={ne H*(w)in=0,n=0 on}. (1.48)

,52@63,52 @9,f=\/§p3,<f>:®—x, (147)

The pair ((3,®) € H*(w) x H*(w) Vt € [0,T], satisfies the scaled dynamic equations
of generalized Marguerre-von Kdrmdn shallow shells in the sense of distributions, if and

only if, the pair (&, ED) € V(w) x HE(w) Vt € 0,7, satisfies
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2008 — DgMap(V3E) = 2[® + x, € + 0] + f in wx]0,T],
AP = —1[€, €+ 26] in wx]0, T,

£=0,£ =0 onyx|0,T7,

(P) S map(VZE)vavs = 0 on v2x]0, T,

Oamas(VZE) v + 0-(Map(VE)VaTs) = 0 on 72x]0, T,
® =09,8 =0 on yx]0,T],

£(.,0) = &(.) and G(.,0) = &(.) inw.

\

Proof. By the classical elliptic theory, there exists a unique function y € H?(w) such
that

A?y =0in w, y = @y and 9,x = ®; on v (see |20, Theorem 5.6-1]),

and let & = @ — X- Obviously,

A2P = A20 in w x 0,77,
® =0,0=0o0nvyx]0,77.

Using the functions &, 6, f and @ defined in (Z72), the scaled dynamic equations of
generalized Marguerre-von Karméan shallow shells presented in proposition 3 is equiva-
lent to the scaled problem (P). m

Theorem 25 Assume f € L*(0,T; L*(w)), & € V(w) and & € L*(w), then there exists

a solution (§,®) to the problem (P), such that

§€ L>(0,T;V(w)),
% € 1=(0,T; L*(w)), (1.49)
® e L>=(0,T; H2(w)).

Proof. Denote by G5 the inverse of A? with homogenous Dirichlet boundary condition
in w (the Green operator), we write

EIS:—%GQ [g,g+2§] inwx10,7T],
then
2 0°¢ — DapmMap (V) =2 —EG [£§+25]+ E4+ 0|+ finwx]0,T]
patQ aplltap - 2 2 ) X5 ) ’
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From (C29), we get
[EIS et 5} e L0, T; L'w)),

and for the first equation in (P), we have

92
a—thLOO(OTH Y(w)),

so that the initial conditions make sense.
Step 1: (Faedo-Galerkin approximation)
Let w;, i > 1 denote an orthonormal basis of the Hilbert space V' (w) and let V;,, denote,
for each integer m > 1, the subspace of V(w) spanned by the functions w;, 1 <i < m.
We construct the Faedo-Galerkin approximation &,,(t) of a solution in the form

= Z Qi (H)w

So the function &,,(t) is the solution of the following approximate problem

(20 [, 5p P wdw — [, Oapmmas (V2n (1)) wjdw =
2 [ [-2G2 [6).6(8) + 28] + .6 (0) + 8] s + [, Fuy o,
1<j<minwx]0,T7Y,
(P) Y &nlt) = 0,6m(t) = 0 on 71 x 0, T,
Meag (V2 (t)) vavs = 0 on 12 x 10, T7,
Oamap (V2En(t)) Vs + Or (Mag (VZEm(t)) vaTs) = 0 on 2x |0, T7,
L & (5,0) = &om(.) and (%m (,0) = &im(.) in w,

and we have
Eom € Vi and o, — & in V(w), & € Vi and &,y — & in Lz(w).
We define

B, (1) = —%GQ [€00). (1) +20] inw x 10,77 (1.50)

then, we obtain
A2, (1) = —% [Sm(t),fm(t) + 25} in w x 10,77, (1.51)
D,,(t) € H2(w), (1.52)

and we rewrite the first equation of (P,,) as
D*E(t ~
29 [ Foustr+ alnt,) =2 [ [B(0).60(0)+7) wytr =

2/ [X,fm(t)+§] wjdw+/fwjdw, 1<j<m inwx]0,T][, (1.53)
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where

a(§, 77) = 2k /[AfAU - (1 - 0){311582277 + 0228011 — 2312531277}]6500

3(1—=02) J,

The constants £ > 0 and o €]0, %[ are respectively the Young’s modulus and the
Poisson’s coefficient of the constitutive elastic material of the shallow shells. B

In general ®,,(¢) is not in V;,,, one assures the existence of &,,(t) and therefore of ®,,(t)
in an interval [0,,,], t;, > 0 (see |6, Theorem 4.1]).

Step 2: (A pr10r1 estlmates)

Multiplying a“" on both sides of (IC53) and summing up from j, we obtain that

0%Em(t) 9&m(t) ()
2 [ S e + a6, 0). S5

0m, OEm
2 [ [Bnt0). 600+ 9] 22 =2 [ [yt + 7] E2

+/f‘%aLt(t)dw in w x 0, 7] (1.54)
We have
0?Em(t) 06 (t) () o, d 0&n(D)

QP/W o ot dt/| B dtH ot 0.0:

and since a is elliptic, we conclude that there exists a constant a > 0, such that

(& (1), En(t)) = allém®)l[V ),
thus
o6, 20y = Lae, ), 600 2 2L lEDI
Since @,,(t) € H2(w) and by [20, Theorem 5.8-2 |, we infer
[ [Bn0.600+9) %500 = [ %08 6,00 +3) 800

Using (A1), we get

9 ., ,0

S, () = A (I)at(t)
- 2 - [§m<> Em(t) +20)
— -5 | B+ 28] - 5 60, 25
_ [%gt(),gm(twr?},
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I () A = B LB (1) ~
—2/w{ () 0| Bp(t)dew = QL[A T](I)m(t)dw
- 2/[ a2 OynG,, (1))

= / |AD,, (t)[?dw

= —||AD, (¢ .
RO

Since 8§m(t) € V(w) i aggt( ) — c%[aggt(t)] =0on v and x = d,x = 0 on 75, then applying
Lemma I]] gives

2/w [X,gm(t)—i-g} Oom®) 1y = 2/w [afaLt@,gm(t)jLé} xdw

ot
O, (t)
= -2 [ A2
/w 9 xdw,

and we have

d ~ ox
2 2 _ 2
/A at Xdw = dt/A D, (t).xdw /WA @m(t).at dw.

From (I28) and ([C52), it follows that

d

pr A2CI> m(t).xdw = —/ t).A%xdw = 0,

and since the function y is independent of ¢, so that

~ 8X
A2D, (1) 2dw =
/w mlt) gedo =0,

0P, (1)
2 m
[45%

Then (I]:ﬂ) can be written now as

S 2R+ Sal6n(t). 6nle) + 10T = [ £

integrating from 0 to ¢, we obtain

thus

9&m(t)

[ %2+ Jaenlr) () + A7) i =

[ 2Dy
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hence, there exists constants C; > 0 and C5 > 0 such that

0&n(t « ~ ¢
AEED R+ SOl + 1A OIR. < 1 [ 171R a7
" 1106m(7) 0€,,(0) a -
+Co [P ar + ol P52 R + SOl + AT A OB

Since
828, (0) = =5 [€n(0), £a(0) +27]
then, there exists a constant C'3 > 0 such that
188,0(0)] o < Cs.
Thus, there exists a constant Cy > 0 such that

0&m
ol éat(t)

Q@ ~ b 06 (T
I+ SlnlF e + 18T < €+ €, [ 112200
0 T

for all ¢ € [0, T, these imply that t,, = T.

Then, via Gronwall’s inequality, we conclude that
En(t) € L0, TV (w)),

(‘3£m(t) oo .72
o € L>(0,T; L*(w)),

B (t) € L0, T; H (w)).
Step 3: (Passing to the limit)

16,007

)

(1.55)

(1.56)

(1.57)

From (ICBA)-(CA7), we observe that there exists &,(t) and ®,(¢) such that (weak conver-

gence is denoted —)

Ea(t) — &(t) in L=(0,T;V (w)) weaks,

oL(t) | OE)
ot ot

in L°°(0,T; L*(w)) weaks,

O,(t) — ®(t) in L2(0,T; HZ(w)) weak * .

According to the Rellich-Kondrachoff theorem |77, Chap 1, Theorem 16.1], the compact

imbedding of H?(wx]0,T) into L*(wx]0,T[) implies that

&.(t) — £(t) in L*(wx]0, TY).

(1.58)
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Let ¢;, 1 < j < jo are functions of C'([0,T]) such that

Jo
$(T)=0and ¥ = ¢; ®w;. (1.59)
j=1
For m = n > jy, we obtain

2p/w8gZQ(t)zp(t)dw+a(§n(t),¢(t))_2/ B (0).60(0) + 8] () —

w

2/w [X,gn(t)+5] w(t)der/wfw(t)dw in w x 10,77,

/ (2o vair+ [ a0

—2/ {/ (t)dw}dt = 2/ {/ X Enlt +9] b (t)dwdt

/0{wa Jdw}dt in w x 10,77,

[ 2omrn - [ 5000
4 /w af’(})iT)wT)d _ /w (%gi ) p(0)dw = / { / 35” W oy ar

- / £1,0(0

Since ¢ (T') = 0, we also obtain
/ ol (t), (1)t

[y %0
/{/ (t)dw}dt =
/{/ X &n(t) +9 dw}dt—i—/ {/f¢ (t)dw}dt +

Qp/ &1n0(0)dw in w x 0, T7. (1.60)

thus

we have

From (IC52), we get

/{/ (t)dw}dt = /{/ t) + 0)dwdt,
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we have

[@,(8), (1)) = [®(2), &(1)] in L*(wx]0, T),
and since &,(t) — £(t) in L?(wx]0,T[), we obtain

/0 Y /w [B,(0).€(0) + 8] wnydw}dr — / { / £) + B)dw}dt
_ / ( / () dw} .

[ En(t) + 0] — [\, &(t) + 0] in L2 (wx]0, ),

/OT{/N [x,rfn(t)w Hdwldt — /{/ VLE(D) +9 (bt
Then passing to the limit in (IT0), we obtain
0 [ g b / Ta<s<t>,w<t>>dt -
/ {/ Y(t)dw}dt =
/{/xé )+ v dw}dt+/{/f¢ (Odwtdt +

2,0/ &19(0)dw in w x 10,77, (1.61)

We have

thus

for all ¢ of the form (Ih9).
Passing to the limit, we deduce that (ICG0) still true for all

W(t) € L*(0,T;V(w)) such that 249 € 12(0, T; L?(w)) and (T) = O
Then (£, ®) satisfies

282‘S -0 (V2£)—2[§>+ §+§]+fin x 10, T[
pat2 aBMaps - X w ) )
and
35

!This comes from the density of functions of the form (I5Y) in the space of functions ¥(t) €

L*(0,T;V(w)) such that 240 e 12(0, T; L2(w)) with $(T) = 0 see [39, 7).
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Taking into account (I53) and (IH8H), then applying |76, Lemma 1.2|, we deduce that
&(0) — £(0) in L*(w),
and we obtain
§n(0) =&on — & in V(w),
thus
£(0) = &.
It remains to be shown
A2D = —% [g,g+2’é] in w x 10,77,

noting that

[€n(2), &n(2) + 20] — [€(2), £(2) + 260] in D'(wx]0,T),
if ¢ € D(wx]0,T), we obtain

[0, €n(t) +26] — [0, £(t) + 20] in L*(wx]0, T),

and from (IC58), we deduce that

/OT{/W [5n(t)>5n(t) + 20| pdwldt = /OT{/LU :¢,£n(t)+2§:| &, (1) dw}dt
- /OT{/w :qﬁ,ﬁ(t) +25} £(t)dw}dt

T r ~
- t),&(t) + 20| pdwltdt,
[ [e0.s0+ 28] od)
and passing to the limit in (I50) for m = n, we have
B(1) = 3G [e(0). (1) + 28] inw 0.7,
thus
T [g §+25] in w %10, 7]
2 Y Y *

This completes the proof. m
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Conclusion

The application of the asymptotic expansions method to the three-dimensional nonlinear
elastodynamic shallow shells, with a specific class of boundary conditions of generalized
Marguerre-von Karman type, shows that the leading term of the asymptotic expansions is
characterized by two-dimensional dynamic problem which depends on the Airy function
® and the vertical component (3 of the displacement field of the middle surface of the
shallow shell. We then establish an existence theorem for these equations by means of a
compactness method.

Note that, in the case 7 = 71, the dynamic equations of generalized Marguerre-von
Karman shallow shells reduce to the dynamic equations of classical Marguerre-von Kar-
man shallow shells. If the function § = 0 in @, we recover the dynamic equations of
generalized von Karman plate.
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—— (CHAPTER 2

SIGNORINI PROBLEM IN THREE

DIMENSIONAL ELASTICITY

INTRODUCTION

Let € be an open bounded subset of R? occupied by an elastic, isotropic homogeneous
linear material. The boundary of € is divided into three parts I'g,I';, T’y (mes(I'y) > 0).
Suppose that this material goes into contact with a rigid foundation on I'y and subjected
to a surface force g on I'; and a volume force f in 2. See FigureZ Suppose that the
system is in static state and the contact on [y is with Signorini conditions. Our objective
is to find the displacements of the points of Q.

2.1 FRICTIONLESS CONTACT
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////////////////

Rigid foundation

Figure 2.1: A body occupying a domain €2 goes in contact against a rigid foundation.

2.1.1 Classical problem C.P

The previous phenomenon is interpreted by the following problem: Find w such that

—diveo (u) = f in Q (2.1)
o(u)yn=gon I (2.2)
u=0on I (2.3)
uy<d ,on<0,0on(uy—d)=0,0r=0o0nT, (2.4)

Equation (1) is the equilibrium equation of the system where o (u) = (0 (u)) is the
stress tensor and ;5 (u) = aijmewn (u) where e;; (u) = 3 (G;u; + dju;) and e (u) = (e (u))
is the linearized strain tensor where O;u; = gizz. We note by o (u) = Ae (u), this is called
the constitutive law of the elastic body.

Assume that the coefficients a;;,; € L™ () verify the property of symmetry and the
ellipticity i.e.,

Qijkl =  Qjikl = Qklij
dM >0 y Qijkl €ij (U) €kl (u) > Mel-j (u) €ij (U) , Veij = €4;.

Equations (22) and (233) are the conditions imposed on the edges respectively I'y and
I'y. The conditions (Z4) are called the Signorini conditions, ux = un denotes the normal
component of displacement and n is the outward normal.

uy < d ( contact condition ).

on = (0 (u)n) is the normal component of the force applied to a section with normal
n.

on (uy — d) = 0 means detachment or contact.

or = 0 means no friction, no shear.

d is the gap function defined on I'y measured in the normal direction and assumed in

(o) -

[NIE

H
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2.1.2  Variational problem (V.P)

We denote 3
H' (Q) = (H' (2)",
L (Q) = (L* ()’
KV
V={veH (Q) /Jv=00n Iy},
and

K={veV /v, <0on Iy}

is a convex closed subset in V.

Theorem 26 If u is a solution of (C.P) then u verifies the problem (V.P):
Find w € K such that :

a(u,v) =1(v) + (on,vn), Yo EV (2.5)
<O’N,UN — UN> >0, Yve K (26)

where

a(u,v):/ga(u):e(v)dx,

l(v):/fvd:c—i—/ gudl’,
Q Ny
(UN,UN> _/ onvundl,
To

Proof. Weak formulation of (ET):
Let v € K, the equation () gives

/Q —dive (u) vdz — /Q fodz (2.7)
We have
/Qdiva () vdz — /890(u) no dF—/QU(u) e (v) da (2.8)

with o (u) : e (v) = 045 (u) €5 (v) .

Combining (Z8) with (220) and using (22) and (23) we find (223).
Weak formulation of the unilateral contact condition or complementarity condition: we
have

<O'N7UN—UN> = <O'N,UN—d+d—UN>
= <O'N,UN—d>+<O'N,d—UN>
= <0'N,UN—d> 20
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hence (Z4). =

Theorem 27 Assume that the solution u is reqular enough, then u is a solution of (C.P)
if and only if u is solution of (V.P).

Proof. Taking in (Z3) v = ¢ for all ¢ € (D (R))* (since v remains in V). It is
found that
a(u,9) =1(p), Yo € (D(Q))’ (2.9)

where, using the Green formula in (Z9), we find

/Q(—diva (u) — f)pdx =0

therefore
—divo(u) — f=0 aein Q (2.10)

then we have (E1). For (232), we take v = ¢ for all ¢ € (D (QUT,))” in (23), and
taking into account (Z10), we find [ (o (u)n — g) ¢ dI' = 0 whence (22). We take v = ¢
in (23) for all p € (D (QUTy))® with (Z9) we find (o7, ) = 0 whence op = 0 on T.

We take v = u + ¢ in (E8) with ¢ € (D (QUT,))* and gy < 0 on Ty, we find that
(on,on) > 0 giving oy < 0 on I'g. After that we take vy = d then vy = 2uy — d in
(23), we obtain (oy,uy —d) =0 . Since oy (uy —d) > 0 then oy (uy —d) = 0 on I'y
therefore (24) is proved. m

2.1.3 Existence and uniqueness

Theorem 28 If f; € L*(Q), g; € L?(T'y) then the problem (V.P) admits a unique
solution in V.

Proof. see [10] and [21] =

2.2 FRICTIONAL CONTACT WITH TRESCA LAW

We assume that exerts a force on an elastic body that comes into contact with a rigid
foundation. Note that if the tangential force exceeds a certain threshold, the body loses
its resistance and goes on slip. This phenomenon is interpreted by the law of Tresca.
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So this law imposes on the contact area the following conditions :
lor| < s, s is the threshold of friction
|0’T| <s—ur=20
lor| = s — 3§ > 0,ur = —dor
2.2.1  Classical problem (V.P)
The strong formulation of the problem is : find u such that
(—divo (u) = f in Q (2.11)
o(u)n=gon I’ (2.12)
u=0on I'y (2.13)
uy <d ,ony<0,0n(uy—d)=0onTy (2.14)
lor| < s — ur =0o0nT (2.15)
( lor| =5 — 36 > 0,ur = —bop on Iy (2.16)
2.2.2  Variational problem (V.P)
Theorem 29 If u is a solution of (C.P) then u verifies the problem (V.P)
( Find uw € K such that
a(u,v) =1(v) + (on,vn) + (or,v1), YO EV (2.17)
<O'N,UN — UN> > 0, Yve K (218)
L <O'T,’UT — UT> + <S, |’UT‘ — ‘UTD >0 ,V’UT e Vr (219)
where Vp = {v e (H* ()’ /v=0on Fg}
Proof. From (EZZ11), we find
/ —divo (u) vdx = / fvdz,Yv eV (2.20)
Q Q
On the other hand, using the Green formula, we have
/ —divo (u) vdx = / o(u):e(v)de —/ o (u) nvdl’
Q Q I
—/ o (u) nvdl’ — / o (u) nvdl’ (2.21)
I's I
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Using (Z12)-(E13) in (2220), and taking in account (2220), we find (2I4). To prove
(218), we have

(on, oy —un) = (on,ony —d+d—un)
= <O'N,UN—d>+<O'N,d—UN>
= <O’N,UN—d> ZO

which is the weak formulation of Signorini condition. To prove the weak formulation
of the friction conditions, we have

—/ aTderg/ |0T||UT|dF§/ s [ug| dT (2.22)
Ty T. Io

For ur = 0 or ur = —do we have

/ orupdl = / —0|op[*dl = —/ lop| Jur| dl = / s |up| dl (2.23)
I I r. I
At the end, from (I222) and (223), we deduce (Z19). =

Theorem 30 Assume that u is reqular enough. Then w is solution of (C.P) if and only

if w is solution of (V.P).

Proof. See Duvaut-Lions [39] m

2.2.3 Existence and uniqueness

We need some tools to establish the existence and uniqueness of the solution of the
variational problem. Let

j(v):/ slup|dl, v € K
To

and 1
I(v) zﬁa(u,v)—l(v),vEK.

We have
e j is convex in K, non linear and non differentiable.

e [ is strictly convex and Gateaux differentiable: I’ (u) u = a (u,u) — [ (u), u # 0.
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Corollary 31 Let u € K. u is a solution of the variational problem (V.P) if and only if

w is a solution of the variational inequality:

a(u,v—u)—Il(v—u)+jw) —ju) >0,YVvekK (2.24)

Proof. Suppose that u, the solution of the variational problem, is regular enough.
Equation (217) gives

a(u,u) =1(u) + (on,vn —un) + (o7, v — ur) . (2.25)

To obtain (2224), it suffices to insert (ZIR) and (219) in (214). Conversely, suppose
that w is sufficiently regular and satisfies (2224). Introducing the test function v = u + ¢,
with ¢ € (D ()%, in the inequality (224) then we obtain (2I7). After inserting (211)
and (Z12) in (2224), we find

(on, o8 —un) + (o7, vr —ur) + (s, |vr| — |ur|) > 0,Yor € V (2.26)

we take vr = ur then vy = uy in (E2239), we obtain respectively (Z18) and (Z19). =

Corollary 32 The following two problems are equivalent:

Find v minimizing
(7) (2.27)
F)=1(w)+jv), YveK.

- Find u in K such as
(i) (2.28)
a(u,v—u)—Il(v—u)+7w) —ju) >0, e K.
Proof. We first show that (¢) implies (7). Let u satisfying (i), we have: Yv € K,

u+t(v—u)e K Vte]0,1. So we have

Fu) < Fu+t(v—u))
< T(utt(o—u)+jutt(—u)
where:
Tw)+j(u) <Iut+t(w—u)+(1-10)j(u)+tj(v)
therefore

Iut+t(v—u))—1I(u)
t

Letting ¢ goes to zero, we find (ii).
Now we show the converse. Suppose [ is convex and G-differentiable, then I’ (u)w =
a(u,w)—1(w), w#0,s01(v)>1I(u)+1(u)(v—u)forall veV hence u satisfies 7).

+j(w)—j(u) >0
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When combined with (i7), we find:

I(v) = I (u)+ 7 (u) =5 (v)

whence
I(u)+j(uw) <I(v)+j(v),VweK

as u € K, it follows that:
Fu)<F),YVweK

hence (ii). =

Remark 33 This corollary allows us to pass from the variational inequality problem to

a minimization problem.

Corollary 34 Suppose that f; € L*(Q), g; € L*(T1), s € L?(Tg) . So the minimization

problem (2X0) admits at least one solution in K.

Proof. To establish the existence of u, it suffices to show that F' is weakly [.s.c and
coercive on K. Iis a convex function and G-differentiable on K, it is weakly l.s.c on K.
So it suffices to show that j is [.s.c. For this it suffices to show that its epigraph is closed.
Which is easy to prove and this is due to the continuity of j.

Since the sum of two [.s.c functions is [.s.c function, then F'is [.s.c.

It remains to establish the coercivity. According to the coercivity of a (., .), the linearity
of [(.) and the continuity of the trace mapping from H! () into L? ('), we have

2 2
11 (V)] = cllvllgg) — ¢ vl

and
j(v) = / s|vp|dl < / s[v|dl < " [[v]|g gy for s € L?(Ty)
Ty Ty

where lim /' (v) = 400 when [[v[|g1 o, — oo therefore F is coercive. Moreover, if F'
is strictly convex, this solution is unique. m

Theorem 35 For f; € L?(Q), g; € L*(T'y),and s € L*(Ty) . The problem (V.P) admits

at least one solution.

Proof. Just use the corollaries B1, B2 and B4. m
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2.3 FRICTIONAL CONTACT WITH COULOMB’S LAW

Besides the Tresca law, the experience shows that the threshold s is proportional to the
normal component of the force exerted on the contact area, i.e, there exist a constant x >
0 such that s = k |on]|, & is called the coefficient of friction which depends on the elastic
and the rigid foundation. Hence the Coulomb law which is interpreted by the conditions

lor| < K |on]
lor| < Kloy| — ur =0
’UT’ = H’O'N’ — 36 > O,UT = —5UT.

2.3.1  Classical problem (C.P)

Find w such that

(—divo (u) = f in Q (2.29)
o(uyn=gon I (2.30)
u=0on I'y (2.31)
UNSd,UNgo,O'N(UN—d):OOHFO (232)
lor| < klony| — ur =0on I, (2.33)
|O'T’ =K ‘O’N’ — 36 > O,’LLT = —50'T on F() (234)
2.3.2  Variational problem (V.P)
Theorem 36 If u is a solution of (C.P) then u verifies the problem (V.P)
( Find u € K such that :
a(u,v) =1(v)+ (on,vn) + (o1, v1) , YO EV (2.35)
<0’N,UN — ’LLN> >0,Yve K (236)
L <O'T,UT — UT> + <Ii |O'N| , |UT| — |UT|> >0 ,\V/UT e Vp (237)
where Vi = {v e (H*(Q)* /v=0on Fg}
Proof. From (2Z29), we find
/—diva (u) vdx = / f vde,Yv eV (2.38)
Q Q
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On the other hand, using the Green formula, we have

/Q —dive (u) vdz — /Q o () e(v)de — / o (u) nodl

— /F2 o (u) nvdl’ — /1“1 o (u) m)cjli (2.39)

Using (229)-(2332) in (239), and introducing the result in (238), we find (2235). We
have

<O'N7UN—UN> = <O'N,UN—d+d—UN>
= <O'N,UN—d>+<O'N,d—UN>
= <0'N,UN—d> 20

hence (E538).
Weak formulation of the friction conditions: We have

—/ aTderg/ |0T||UT|dF§/ i |og| [vp] dT (2.40)
Ty I'e To

and ur = 0 or up = —dor we have:

/ O'TUTdF = / -0 IUTIQdF = —/ ‘O'T‘ |’LLT’ dl’ = / K |0N‘ ‘UT‘ dl’ (241)
T I r. I
From (E40) and (E22), we deduce (E37). m

Theorem 37 Assume that u is reqular enough. Then u is a solution of (C.P) if and only

if w is a solution of (V.P).

Proof. see [39] =

2.3.3 Existence theorem

Corollary 38 The problem (V.P) is equivalent to the following inequality :

Find v in K such as:

a(u,v—u)—Il(v—u)+jw) —ju)>0 YvekK. (2.42)

where

i) :/ i |ow| vr] dT.
o
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Proof. At first, we have from (Z239) that
a(u,v—u)=1(v—u)+ (on,ony —Un) + (o1, V7 — ur) (2.43)
After inserting (2229) and (2230) in (2243), we find
(on,vn —un) + (or,vr —up) + (k|on|, |vr| — Jun|) > 0,Yur € Vp, (2.44)

we take vr = up then vy = uy in (224), we obtain respectively (2236) and (2=37).
For the converse, it suffices to insert (2238) and (2231) in (Z43). =

Theorem 39 Suppose that fi € L?(Q), gi € L*(T'1), and |&| wpyy < Ko. For ko small

enough, the problem (V.P) admits at least one solution in V.

We can see Necas, Jarusek and Haslinger [81] for an existence result to a two-dimensional
problem where they assume that the coefficient of friction is small enough. Recently, Fck
and Jarusek [41] gave a demonstration using the penalty method.

2.4 TIME DEPENDENT SIGNORINI PROBLEM

In this section we present the same mechanical situation as in previous chapter but in the
dynamic state. We consider the following problem

2.4.1 Classic problem C.P

( Find u such that

pu — divo(u) = f in §) (2.45)

o(uyn =g on Ty (2.46)

u=0 on Iy (2.47)
(2.48)
(2.49)

uy <d,on <0,0n(uy —d)=0,00 =0 on [}y

u(z,0) = ug, w(zr,0) =wu; in Q.

2.4.2 Variational problem (V.P)

Let H'(Q) = (H'(Q))%, L*(Q) = (L*())°
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Theorem 40 If u is a solution of the problem (C.P), then u verifies the problem (V.P):

( Trouver uw € K,t > 0 such that
p(t,v) + a(u,v) = L(v)+ < on,oy >,Yv € V (2.50)
<on,oy —uy >>0, Yve K (2.51)
L u(z,0) = up; (z,0) = uy in Q (2.52)

where

a(u,v):/o(u):e(u)dx, L(v):/fvd:c—l—/ gudl,
Q Q I
< OoN,UN >:/ onundl'  (duality sens).
o

Proof. Weak formulation of (2-23):
Let v € K, (Z243) then

/Q (pii — dive (u))vdz = /Q fodz (2.53)
We have
/de'va(u)vdx = /8(2 o(u)nvdl’ — /Qa(u) ce(v)de, (2.54)

with o(u) : e(v) = o04(u) @ e;(v). We introduce (E54) in (253) and using (Z46) and
(221) we find (249).
Weak formulation of the Signorini problem:

We have Yv € K,

<O’N,UN—UN> = <O’N,1}N—d+d—uN>
= <O’N,’L)N—d>+<UN,d—UN>
= <0'N,UN—d>ZO.

hence (Z01). =

Theorem 41 We suppose that the solution w is reqular enough, then wu is a solution of
(C.P) if and only if u is a solution of (V.P).
Proof. Inserting (Z50) v = ¢ for all p € (D(9))? (because v stills in V'), we have

plii, @) + a(u, ) = L(v), Yy € (D(Q))* (2.55)

Using the generalized Green formula in (2253), we obtain:

/(pll —divo(u) — f)edr =0
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then

pu — divo(u) — f=0 a.e on (2.56)
hence (Z2H). To obtain (248), we take v = ¢ for all ¢ € (D(Q UT,))? in (2350) and
taking in account (Z58), we find: / (o(u)n — g)pdl’ = 0 hence (228). We take v = ¢

Iy

in (2350) with ¢ € (D(Q2UTy))3, taking in account (Z53) leads to (o7, pr) = 0 Vor then
or = 0 on [y a.e. After that, we choose v = u + ¢ in (EZ&1) with ¢ € (D(QUTy))? and
on < 0 on 'y we find: (on,pn) > 0 which shows that oy < 0 on I'g. Taking vy =0
then vy = 2uy — d in (Z321), we obtain (ox,uy — d) = 0 and since oy (uy — d) > 0 then
on(uy —d) =0 on I'y. Then finally we have (Z43). m

The associated variational inequality to the problem (V.P)
The variational problem (V.P) is equivalent to the following variational inequality:

Find w such that

p/ (v — u)dx—l—/ Ale(w):e(v—u)dz>L(v—u)Vv € K (2.57)
Q Q

u(z,0) = up; u(x,0) = uy in Q

For more details see [IT]. To simplify the computations, we assume that d = 0.

2.4.3 Existence of solutions

Theorem 42 Under the following conditions:

few>>(0,T; L* (),
g € W (0,T;L*(I)),

and ug,u; € H' (Q) with divo (ug) € L* ().
Then the problem (C.P) has at least one solution (u,o (u)) verifying
o . 00 2 3 .. / 2 3
e uecI®(0,T;K), el (o,T;[L Q)] ) and i € D <O,T;[L Q)] )
e o () € D' (0, Ea (9)) N 2 (0,7 [L2 (2)]°).

The proof of the theorem is divided into five steps and is integrally taken from [9].
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Step 1. The time discretization of the problem (V.P)

First, suppose that the interval time [0, T is divided into I equal sub-intervals. We
define the following problem in the time t = ¢;.

Problem (P17)

Find v’ € V, i’ € [H' (Q)}3 and @' € [L? (Q)}3 such that

i il iy i1
Lp(%) (v—ui)d:v%—/QA_le (%) :e(v—ui)da:

>L (v—u'),YveK (2.58)

The following relations between sub-intervals of displacement, velocity and acceler-
ation is given by the Newmark method (see Huges [62]) with parameters 3 = 1 and

; : o1 AR+
u' = ’U/zi1 + Atu ! + T%, (259)
W=t At% (2.60)
From (2Z319), we have the acceleration in time ¢; :
4 [u” —u AT - ATtQéf*l
i = (2.61)

At?

which allows us to write the variational inequality (Z258) only in terms of displace-
ment. Thus, we consider the following algorithm:

- At initial instant u® = u (0) = u and @° = @ (0) = uy, with divA~le (u°) € L2(9),
then the acceleration 4’ is calculated from the equilibrium equation:

i = % (f° + divA~'e (u")) (2.62)

With f° = f(0). Noting that @ € (L?(2))°.

For each time step #;, for given w1, %' " and @' ', the displacement u’ is obtained

as the solution of the following variational inequality

Problem (P2!) : '
Find u* € K such that

2 .
/ pu’. (v — uz) dm—i—A—t / A e (ul) e (v — uz) dr > / p [uifl + Atul_l] : (v — ul) dx
Q 4 Jao Q
_ae
4

Next, ' and @' are calculated by (2561) and (2560). Once we know u’, %' and 4’ in
t; we repeat the process for the next time step.

2
Ale(w ™) e(v—u')de + ATtLi (v—u') WveK. (2.63)
Q
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Theorem 43 Let u'' € K, 4" € H (Q) and &'~ € L2(Q). Then there exists

a unique solution u' of the problem (P2"). In addition, W and @' constructed from

relations (ZZ60) and (Z61) verify:

W e HY Q)i e L2(Q), and i+ e HY(Q), 1<i<I (2.64)
Proof. Assuming the following bilinear form b, continuous and coercive on V' x V:
At?
b(u,v) = / puvdr + - / A e (u):e(v)dr (2.65)
Q Q
and the linear mapping defined on V' by:
AV - el
L(v) = TLZ (v)+ [ p |:UZ + Atu } vdx
Q
AP

—1 (i1 .
1 QA e(u) e (v)da.

The existence and uniqueness result is obtained by applying Stampacchia theorem.
Now, as u’, u’™", W'~ belong to H* () from (Z59) we get that ' + W e H (Q).
Thus, since &' € L2 (), and that &' € L? (), we obtain from (EB0) that @' €
H' (). =

Remark 44 Assumptions on the initial conditions ensure that ug € H' (Q), i e
H'(Q) et i’ e 12 (Q). Therefore, Theorem 3 guarantees that the displacement,
velocity and acceleration fields are calculated with the previous algorithm for all

0<e <.

Corollary 45 Suppose that vi™* € H'(Q), ¢ € H*(Q) and i’ € L2(Q) are
known. If (u', ', ') is solution of the problem (P1%). Then, u' is a solution of the
problem (P2%), 1 <i< 1.

Conversely, if u® is the solution of problem (P2') and i and i’ are defined by (Z00)
and (Z61) then (u', ', ") is solution of the problem (P1%).

The properties of u’

First, to simplify the notation, we denote:

7 i—1
if:EJgLﬂ1§¢§1 (2.66)
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Corollary 46 If u' is a solution of (P2%) and o (h') = A~te (h?). Then
i
2

where i is obtained by (ZA) and (ZBD), f = f (t;) and h' is given by (Z6E). Also

o (h') € Equq(g).

p — dive (h') = f* on (2.67)

Proof. The result is a direct consequence of the relation (2.2.12) and the proposition
2.25in ([9]). =

Corollary 47 If (u', ', ") is a solution of the problem (P1?) and o (h') = A~*e (h') ,1 <
i < I. Then (E561) holds, o (h') € E,q(g') and

<7Tn (O‘ (hl>) |F1, U;|F1>F1 =0. (268)

Proof. The proof is trivial, using Proposition (2.2.7) in [9]. =

Step 2. Approximations of the solution of the problem (P)
First approximation
In this paragraph, we construct by the mean of {u!, i, ul} 1 =0,1,...1, a function
h1 (t) defined on [0,T] such that A’ is of the class C' ([0,7]) and of class C* on
(ti_1,t;) i =1,2,...1. To this end, we define the function h! as follows:

—1—1 -1

A==t 0 (t—t) + (- tii1)? Wt € [tioa, ty) (2.69)

1
and at the instant ¢t = T, h! (T) = u!,h (T) = 4'. This choice guarantees the com-
patibility of h! (t) with Newmark scheme. The function A’ (t) verifies the following
properties:

o Wl (t) € H' (), ¥t e [0,T].

[ J
-1 Cie1 u —i—i'LZil
h (t) =Uu + T (t — tifl) s te [tifl, tl) (270)
o h (t;)=u' foralli=0,.1,
T
e € L>(0,T;H'()), such that:
I - i—1
i ZZngi—gte[m_hm). (2.71)
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e At time t; by (2209) and (E60), we obtain for i = 1,..1
i1

s bl LS i’
th_gllh (t) =u" +u At + 1

At? =u' = bl (), (2.72)

v A i ' v
im A () =+ S A= = (4 (2.73)

t—t; 2

then ! (t) € C(0,T; H' (Q)) .

Remark 48 Note that h! (t;) € K, but there is no guarantee that h! (t) € K for
allt € [0,T7.

Another approximations

Now we define below other approximations of a solution of the problem (P) which
are also convergent when I — oc:

( ' i1

lI (t) = ’LLl_l A—t (t - ti—l) 5 vVt € [ti—la tl) (274)
) i—1

B (1) = I = % Vi € [, t;) (2.75)

WL (t)=4', Vteltit) (2.76)

Remark 49 Note that in this case 1! (t), h! (t), ul (t) belong to K for allt € [0,T).
Step 3. A prior estimations

Lemma 2 If (u',4',4") is the solution of problem (P1?), 1 <i < I and h! defined
by (Z69). Then, we have:

t; 1d T 9 t; 1d . , i i .
p/ti_ﬁ% 7 () 11220 dt+/ti_1§£a (W' (), BF (1)) dt < L (uf —u'™") (2.78)

where

0 (u,v) = /QA—le(m e (v) da.
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Proof. Taking v = u'~! in (E5R) gives:

i i1
dx + / Ae(W+u")re (%) dx
Q

<L (u'—u'h), (2.79)

First, we rewrite the first member of equation (2279) in terms of h! (). Using (2Z59),
we can show that displacement verifies

i—1

/p(ui_{_ui—l)'u —u
Q 2

Ui — Ui_l . At Li—1 At2 UZ + ’di_l

5 5 R (2.80)

AL+

2 2
Substituting these expressions in the first member of equation (E279) we obtain

At i il e Nz o i il
P (u +u 1>.u 1d$+ﬂ—/<u+u 1><u +u )dx
2 Ja 4 Jo 2

; 2 - <=1
—|—At/ Ale (v e (ul‘l) dx + At Ae (u) s e (u +u ) i
Q 2 9

w4 =20 AT 4 (2.81)

Q

2 . ) 3 ) . i—1
20 [ A (a7) e (W) do+ A [ ate (i) e (—“ t ) do
2 Jg 4/, 2
At T TR
= [ A e . - -
+ A e ( 1 e 5 dz
At i at i A
+T Ale —5 ce (u ) de < L' (uZ — ul_l) (2.82)
Q

Now, the first member of this expression is

bld o oar b1d o, I

Indeed, the definition A’ (t), t € [t;_1,t;) shows that:

g sg—1 - - i—1
1 i + i +
15 ®) o= [ <u L <t—tm>>.(u L <t—tu>) dz.
Q

and
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Thus,
. . . . 2
ti 1 T . ) =1 A 2 Y =1
/ —fwuzwngmﬂu:A{/u (S t/"1L+“ da
o, 2dt Q 2 2 Jq 2
(2.83)

also, on [t;_1,1;) :

léawqﬂJfﬁnziéA1605@0:6@%@%&

X -i—1
_ /QAle (uz—l + % (t — t11>> :

Then

/:1 %%a (' (t), W (1)) dt = At/QA_le (u“) e (uh) do

+A7t2 QA_le <ui—1> e (ui—1> dr + ATZSS QA_le (ui—l) . (uz_,_Tuz_l) ,

2 2
A3 T i

+T QA_le (u +4u ) e <u )d:v

At i it i

= At —— ) e[ —— . 2.84

T, e( 2 ¢ 4 (2:84)
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And from (282) - (284), we conclude the result. m

Proposition 50 Let h! (t) defined by (2=53). Then :

o [|h(ti)ll gy is bounded by a constant independent of I and k,1 <k < I.
1
e ! and h are bounded in C (0,T;L?* () by a constant independent of I.

Proof. For all £ such that 1 < k < I we have the following expression:

Tl d P 1 2 4 2
Z [ 1 @ =5 (1 @) By = 1)
ia g I _
Z / tha (h!(t), B (t)) dt

Then, by Lemma B we deduce that for 1 < k <[

(a (W (1) (1) — a (W (0). B (0)))

DO | —

1 1
5 (210 @0 B +a 07 ) 1 0)) ) < 5 (1) Iy o (4 0,07 0))
k
+Y L (uf —u). (2.85)
i=1
Now, we obtain an upper bound for the second term on the right side of (Z283). As

u' —uTt =R () — b (ti) (2.86)
we deduce that:
i L =) = éﬂ'(hl (t:) — ' (ti1))
(Zl — L) (B! (t3) + LR (1)) — LY(R (0))) . (2.87)
We have also that:
L' (h(t)| < '/Q Fih ()| + 5 g'h (i)

< | M @l + N9 |y, NP (el g1

< (Il oo o220y + € N9l oo o722y 1 (Bl 1
< Cul[h @)l o (2.88)
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and
L (b (1)) — 4 (B (0] < 17 = 741, D )+ [l = 072, 1 )
< (1], * Hillimomacay ) W)l
< Co[[h (8) || (2.89)

Then, by taking the absolute value of (2287), using (2288) and (ZX9) and applying
Hlder’s inequality we get:

k—1

| ZLZ (' — ™) [ CLAEY B () I +Co (I 1 (8) iz + | A7 (0) lan)

=1

where C, Cy are positive constants . Thus, from (E283), it follows that:
Lo I 1 2 Lo I
IR (t) 720 +pa(h (k) 2 (t) ) < [ 1A (0) I3 o (' (0),h"(0))
(Czﬁtz I A" () [l +Co (1A' (8) [l + 1| A7 (0) ||H1)> (2.90)

Now, since the bilinear form a(..) Is coercive, the above equation allows us to con-
clude that there are positive constants C, C5, 3, which do not depend on I or k such
that:

k—1
127 () 17y < Co 4+ Ca || A (t) e +03Atz RGO R (2.91)

for 1 < k < I. Without loss of generality, we assume that C; > 1, the previous
inequality implies that:

k—1
| A" () | < Cr + Co + CgAtZ | B () || o) (2.92)

i=1

Applying discrete Gronwall Lemma (see Lions [[75]), we get that :
| 2" () [ @< Ce™,C € RY (2.93)
Then A’ (t;,) is bounded in H' () by a constant independent of I and k.

1
It is easy to obtain from (2Z90) that h (f;) is bounded in L?(2) by a constant
I

independent of I and k. Therefore, since hois piecewise linear

. I v
I i () IZ2@ <maX{H he (tia) (22 | 1 () ||iz(m} Vit € [tio, ti].-
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T
Then h (t) is bounded in L?(Q), and as it is continuous, then it is bounded in
C(0,7;L*(€)). Then

Ny

h’(t):hI(O)Jr/th (s)ds

hence h! (t) is bounded in C(0,7; L*(2)) by a constant independent of I for all
te(0,7) m

Corollary 51 Let h! defined by (Z53). Then, there exist subsequences indexed by

I, such that, when I — +00 we obtain the following convergences:

h' — hweak* in L™ (0,T; L*(2)), (2.94)
i .
h — h weak® in L (0,T; L*(Q)) (2.95)

for some h in L™ (0,T; L* (Q)).

Another a prior estimations

Proposition 52 Let I' (t),h! (t), hi (t) et ul(t) defined by (Z-74)-(Z11) respec-
tively, then :

i) || B () e and || uf (t) ||m@) are bounded by a constant independent of T
for all t €10, 7).

) || () e, |l I (t) L2 and || hi (t) ||L2@) are bounded by a constant
independent of I for all t € [0,T].

iii) h' is bounded in L (0,T; H' (Q)).

Proof. From the definition of ! we have u’ = hf (¢;) for all 0 < i < I, then A can
be expressed by :

hl(t) = b () +2hI (ti1) Ve [tisy, L) (2.96)

and

ul (t) = h' (t;), WVt € [ti,t) (2.97)
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also hf € L (0,T; H' (Q)) sice u' € H' (Q) for all ¢, and

() Ny =) LE I o)

(I A" @) Ny + | AT (tiet) ) s VE € [t t) (2.98)

@)

—

<

DO |

Therefore, by the Proposition B0 Af () is bounded in L (0, T’; H' (2)) by a constant
independent of I. In the same way, u! (t) is bounded in L* (0,T; H'(2)) by a

% )

constant independent of I. Now, since /! is piecewise linear,

1) o< {1 (i) i) | () iy} VE € [t ]

and since 1! () = h' (tx) and || k' (t) || 41 (q) is bounded by a constant independent
of I and k, ||I* () || 1 () is bounded by a constant independent of 7. To show that
' is bounded, we express in terms of A’ :

iyt
At

which can be written, using (280) and (2770) as :

I (t) =

. T .
9] o1 AtuaY R (6 Rl (¢,
) (t):'u, 1+7U+2U = ( 1)2+ ( ),Vte [tifl,ti).

Then
I

W)+ b (8
2

||ZI () [|22(0) = (2.99)

L2(Q)
¥
Thus, again by Proposition b, || [ (Z) |lL2(q) is bounded by a constant independent
of I for all t € (0,7). In the same way :

v
I (&) lz=ll 7 () N2z, ¥t € [tima, ti) -

Finally, the boundedness of A in L> (0,T; H~* (Q)) is obtained as a direct conse-

T
quence of the previous boundedness. Equation (262) can be written in terms of h
and h! as :

T
ph —divo (hl) = f§ in Q (2.100)
such that : fI(t) = fiforallt € [t;_1,t;). =

Step 4. Weak convergence of approximate solutions to the same limit
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Corollary 53 Let I' (t),h] (t),h (t) and u] (t) defined by (273)-(Z°Z7) respec-
tiwely. Then, there exist extracted subsequences (still indexed by I) such that :

' = lweak™ in L™ (0, T; H" (), (2.101)
1" — [ weak™ in L= (0,T; L* (), (2.102)
h! — howeak™ in L™ (0,T; H' (Q)), (2.103)
ul — waweak* in L™ (O,T; H! (Q)) , (2.104)
h# — hy weak” in L™ (0,T; L* (), (2.105)
HI — h weak” in L® (0,T;H' (2)) . (2.106)

when I — oo and have the same limit.

Proof. The proof is similar to the one of Corollary b1. m

T
Corollary 54 Let h and I! defined by (Z53) and (2-74) respectively. Then, there

exist extracted sub sequences (still indexed by I) verify, when I — 400 :
"= 1in C ([0,7];H° (Q)) NG, ([0,7];H' (), 0< B <1, (2.107)
B = hin € ([0,T);H® () N C, (10,7];L2 (), —1<a <0, (2.108)
eventually after a modification on a set of zero measure.

T T
Proof. The proof of this result is a consequence of the boundedness of h , h , [ and
[ and Lemma 8.1, page 297 of [[77], Corollary 4, p. 85 of [493]. =

Uniqueness of the limit

In this section, we will show that all the limits in (2294), (2103), (2108) and (2Z104)
are equal : h = [ = h, = u,. First, from (2Z74) and using Barrow formula for C*
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functions on [t;_1,t;], we have:

11 (1) - I _ ' (t) n RE(t) AWM (tia) A (h)
L2(Q) 2 2 2 2 |2
1 t . 1 t; . 1 t .
:H_/ hI(s)ds——/ h' (s)ds < H—/ h' (s)ds
2 ti—1 2 t L2(Q) 2 ti—1 L2(Q)
1 [t . )
S s ds| < At th H 2.1
*WLLZ (s)ds|| < O (2.109)

as [ — +00. Then h and h, are equal in L>(0,T; L*(€2)), and since h, € L>=(0,T; H'(Q2))
also h € L>*(0,T; H'()). Similarly, we prove that h and wu, are equal in H' (£2).
In addition, as [ is bounded in L> (0,T; L* (Q)),

117:8) = w” O] oy = (11 (0) = 2 )] e

/tt I (s)ds

when I — +oo. Similarly, we show that h and hy coincide in L*(€2). Then,
| = u,= h,= h. Henceforth, we denote this limit by u. In summary, we have shown
the following convergences:

< AtHl’IH -0, (2.110)

L2(Q) L>°(0,T;L2(%2))

Theorem 55 Let h', I', hl, hi and ul given by (Z23),(2°73),(2=23),(2=28) and
(ZZ7T7) respectively, then there exists u such that:

B = u weak® in L (0,T; L% (Q)) |
W= dweak® in L™ (0,T; L (Q))
i1 = u weak in L (0,T; H' (Q))
1! — dweak” in L™ (0,T;L*(Q))
hi = wweak” in L*(0,T; H' (Q))
ul = wweak™ in L* (0,73 H' (Q))

2))
(

o (hl) = o (u) weak® in L (0,T;L* (%)) .

h# — gweak™ in L (O,T; L*(Q
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Furthermore, we have the following limits :

Lim (A" = hl) =0, (2.111)

i (A" —u)) =0, (2.112)
: I I\ _

Jim (I' —uf) =0, (2.113)

strongly in L (0,T; L? (Q2)).

Corollary 56 Let h! and I' are given by (Z62) and (Z-74) respectively. Then there

exists u such that
W' — 4 in C(0,T; H*(Q) N G ([0,T]; L2 (), —-1<a<0, (2.114)
"= win C([0,T]); H ()N Cs ([0, T]; H' (Q)), 0< B <1 (2.115)

Proof. From Corollary b4 and uniqueness of the weak limit. m

Theorem 57 Let h! and ul are given by (2273) and (E222) respectively. Then

! —ul — 0 in D'(0,T;H'(Q)), (2.116)
' —u! = 0 in L™(0,T;H" (), 0<r<1, (2.117)

when I — +o0.

Proof. Let ¢ € D(0,T). Let I > Iy, where Ij is such that the support of ¢ included
in [0, T — dg] with &y = T'/2%, so that supp(¢) C [§,T — 6], § = T/I. We have

/0 (hf = ul) gt = Z_:/t (L () — ! (1) o () dt

I-1

-y /t ) (1) (1) de
_ i/t+ d (s — o) (8) dt,
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with @5 = @ (t 4+ 0) and |p — 5| < ¢d with ¢ = max ’i—ﬂ. Therefore,

-1
< Z HUIHHl(Q)
i—1

T
/ (hf — uf) pdt
0

HY(Q)

1 1/2
2
< e (-0 Sl
i=1
< 6(52 (([_1)20)1/2
< et

¢6*T /6 = ¢0T — 0 si 0 — 0,

where C' and ¢ are positive constants. To show (ZZI14) we use the following conver-
gences :

' = u weak" in L™ (0,T;H' (Q))
" — 4 weak® in L* (0,T;L*(Q))

Let 0 <r=0a+ (1—-0)8 <1, r # 1/2. There exists a set A C [0,7] such that
mes (A) = 0 and for any t1,t € [0,T]\ A, with t; <t

|1 (t2) — 1" (t1)]

H (Q) < My HZI (t2) — 3 (t1>HiQ(Q) ”ll (t2) — 3 (t1>H11*J_10(Q)

to 0
([l
t1 LQ(Q)

< My(ta—t,)"2. (2.118)

i (t)

In particular, for any ¢t € [t;_1,t;) \ A, we have :

| ey = 1 () =10 ()]

when I — +00, ®m

< My (t; — )" = 0,

uy (t) = 1" (1)]

*

H™(Q)

Theorem 58 Let u the limit defined in the Theorem B4, then:

ue L®(0,T; K) (2.119)

ue L®(0,T;L*(Q)) (2.120)

ie D' (0,T;L*(Q)) (2.121)

o(u) € D'(0,T; H (div)) N L>® (0,T; L* (Q)) (2.122)
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Proof. According to the relation we have
p/ hvdz +a (b, v) > L' (v) Vve K
Q

this inequality remains true for v (t) € L*(0,T;V);v (t) € K p.p. ie.;

p/OT/QB%(t)dde/OTa(hi,v(t)) dtz/OTLi(u(t))dt, Yo € L*(0,T;V)

hence, we choose v (t) = ¢ (t)w (t) such that ¢ (t) € D (0,7); w(t) € D (). Inte-
grating by parts, we find

—p/T/hfv (t)dxdt—i—/Ta(hi,v(t))dtz/OT/fov(t)da:dt,

Next, taking v (t) = —p () w (t), we find

/ /hf dxdt+/ a (hl,v(t)) dt:/OT/fov (t)dt, (2.123)

We can show also that, when I — oo

/Ta (hL,v (t)) dt — /Ta (u,v(t))dt (2.124)

T T
/ / flv(t) dedt — / / fu (t) dxdt. (2.125)
0o Ja 0 Jo
As a consequence

—p/OT/Qm}(t)dxdt—i—/OTa(u,v(t))dt:/OT/va(t)dxdt forve D((0,T) x Q)

To prove (Z119), we have that u! = u € K and since u! = w in L>®(0,T; H'(Q))
then u! = win L*®(0,T; K) hence (ZI19). We have (Z120) directly from h! = %
in L°°(0,T; L*(Q2)) using the test function v(t) € D(0,T; K) we have

//uv da:dt—/ divo (u)v (t) dt = //fv t) dzdt.
0

pii — divo (u) — f =0 a.e sur Q = (2.126)
As w € L*>(0,T; L*(Q)), then 4 € D'(0,T; L*(Q))

and that

i = %(diva (w)+f) €L*(0,T;H'(Q))
ie D' (0,T;L*(Q)) NL> (0, T; H ' () hence (2I21)

Since o (hl) — o (u) in L> (0,7 L* (2)) then o (u) € L> (0,T; L? ()
H (div) implies that o (u) € D’ (0,T; H (div)) hence o (u) € L*(0
D' (0,T; H (div)) therefore (E122). m

) and o (u) €
T3 L% () N
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Step 5. Characterization of u by the problem (V.P)
In this step, we will show that the weak limit u is a weak solution of the problem
(P). For this, it suffices to show that u is a solution of the problem:

p (i, v) +a(u,v) = L)+ (o, (u),v,) YveV
(V.P) (o (u), v, — un> >0, Yv € K.
u(x,0) =wug, 0 (x,0)=u;.

We consider the following problem:

p<h1,v>+a(m v) = L (v) + (o0 (B),00) Vo€V
(op (W) v, —ul) >0, Vv e K

which comes from the properties of solutions of the problem (P1°). Using functions
h! and u!, we define the above problem is the gap [0, 7] as a result ”

p/0T<hf,u(t)>dt+/oTa(hi, (t)) dt = /T dt+/ (o0 (1) v, () dt

‘v’vELl(OTV)
T
/)@ﬁwﬁﬂm@—ﬂmﬂthVveLWQﬂkj
0

such that
L (v /fmm+/gwdrwmmf<> Fogl(t) =g on Jtii,t].
'y
For v (t) € D (0,T;V) we have

/T <}'ll’u(t)> dt = _/T <;‘1qu> (t)>dt au sens de D' (0, 7).

And since
At S in L (0,75 L2 ()
T, T
e / (it g () dt — / (i,g (8)) dt Vg e L' (0,T, L% ()
0 0

and the fact that v (t) € L' (0,7, L*(Q)), then we can pass to the limit on I, we

obtain:
/ /hf dxdt—>/ /uv t) dxdt,
/ ( dt—>/ u v
0

'We define this problem in order to pass to the limit weak star wu.
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/ / L (v (t)) dzdt — / / )) dxdt.
Therefore we have

p/OT(u,v(t))dt+/OTa(u,v(t))dt:/OTL( dt—l—hm/ (0 (hy) s vn (1)) dt

(2.127)

the form :
T T T
)\n:vn(t)—>p/ (d,v(t)>dt+/ a(u,v(t))dt —/ L(v(t))dt
0 0 0
defines a continuous linear form on D (0,T; H'/? (I'p)). Then

p/OT <u’,v(t))dt—|—/OTa(u,v(t))dt :/OTL@ (t))dt+/0T Do o () dt o € D (0,T: V)
Furthermore
/ lon (W) o (1) — Yt > 0, Vo€ L (0,75 K)
then
/O o (1) on (1)) dt > /O o (W)l Y dt Vo€ LM (0,T; K)

Hence, we have from (2127) for v = u! in D’ (0,T; H/*(T'y)), that

/0 Owsvn () dt > lim /0 (o (W) ,ul, (1)) dt

I—o00

T, T T
> lim (/ <hl,ui> dt +/ a (hi,ui) dt —/ Ll (ui) dt)
I—o0 0 0 0

On the other hand, we have

T, T
/ <h1,ui> dt — / (i, u) dt au sens D' (0,T)
0 0

and
T T T
/ a(hi,ui) dt :/ (hl—u*,u*) dt+/ a(ui,ui) dt
0 0 0

hence from (EZ118)

T
/ a (hl —ul,ul)dt — 0 ausens D' (0,7)
0
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and from the lower semi continuity of the norm defined by a(.,.), we have

T T
lim a (ul,ul)dt 2/ a(u,u)dt
I—oo [ 0
and
T T
/ LI (ul) dt—>/ L (u) dt
0 0
Therefore
T T T T T
/ ()\n,vn(t))dtzp/ <u’,u>dt+/ a(u,w)dt —/ L(u)dt:/ (An, uy) dt
0 0 0 0 0
hence

T
/ Do v (8) — wn) dt > 0, in D' (0, T: K)
0

Finally, we obtain

p/OT(ii,v(t))dt#—/ja(u,v(t))dt :/OTL(U(t))dt+/OT<)\n,vn>dt Yve D(0,T;V)

T
/ Dot (8) — wn) dt > 0, Vo€ D(0,T: K)
0

Remark 59 Under regularity conditions, we can show that A\, = o, (u).

Theorem 60 Let u the limit presented in the Theorem BA. Then u verifies the
matial condition [2.29.
Proof. According to the Corollary

'"—=u en C([0,T];L%()).

Then, as 17 (0) = ug for all I, we can pass to the limit and obtain that : u (0) = up.
Furthermore, since:

= in G, ([0,T];L%(Q)).
Then

/Qiil (0) vdx — /Q i (0) .vdw, Vv €L (Q).

As h' (0) = u, for all I, we conclude that:

/u(()) vdr = / wvdr, Yv €L (Q)
0 0

and the initial conditions are fulfilled. m
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Conclusion

In this section, we presented an existence result of a weak solution of dynamic Signorini
problem without friction in case of domain occupied by homogeneous and isotropic body.
Among the issues encountered are those related to the regularity of the solution and the
uniqueness of the solution. There was another issue related to extensions of the problem
and the study of the same problem but with friction. And other issues related to the
material:

e clastic non-linear.
e anisotropic.

e non homogeneous.
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—— (CHAPTER 3

ASYMPTOTIC MODELING OF A COULOMB
FRICTIONAL SIGNORINI PROBLEM FOR

THE VON KARMAN PLATES

3.1 INTRODUCTION

We study in this chapter the asymptotic modeling of Coulomb frictional unilateral contact
problem between an elastic nonlinear von Karman plate and a rigid obstacle. To this end
we use a formal asymptotic expansions method in terms of the half-thickness of the plate
as the parameter. The leading term of the asymptotic expansion is characterized by two-
dimensional von Karmén plate problem with Signorini conditions but without friction.
Our objective in this chapter is to answer the fifth open question by a formal asymp-
totic analysis. So we generalized the study of J.C. Paumier to the non linear plate of von
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Karman but by using a formal asymptotic expansions method.

3.2 SETTING OF THE PROBLEM

We recall the following mechanical and geometrical assumptions introduced in the Sec-
tion . Let Q°F = w X |—¢, +¢[, where ¢ is a small parameter, be an open bounded set
from R3, such that w is an open subset from R? with Lipschitz boundary . We denote
the lateral boundary of Q° by I'§ = v x [—¢, €], the upper and the lower faces are denoted,
respectively, by I'Y and I'“. We suppose that Q° is occupied by a nonlinear, elastic,
homogeneous, isotropic body. In its natural configuration: a plate of thickness 2¢ whose
Lameés constants are denoted A > 0, > 0 and assumed to be independent of . The plate
is supposed to be subjected to a body force of density f¢ € (L2(Q5))3, its lower face sub-

jected to a surface force of density ¢° € (L2(Fi ))3 and submitted, on I'j to applied surface
forces of "von Karmén’s type" which are horizontal, and only their resultant (ﬁ T ﬁf) €

(Lz(fy))2 after integration across the thickness is given along the boundary ~. Therefore,
the displacements u° derived from this situation verify u¢, independent of 2§ and u5 = 0 on
I' which mean that the only horizontal displacements of equal direction and magnitude
are allowed along each vertical segment of the lateral face I'j. For more details on the von
Karman equations we return to [32] and [I9]. We suppose that the upper face I'Y. of the
plate is in unilateral Coulomb frictional contact with a rigid foundation. Let A denote
the frictional coefficient, ©° = {2° € R® / (25,25) € w , ¥§ > ed} the foundation domain,
where d (> 0) is the gap function defined on I'Y. which describes the distance between
the upper face and the rigid foundation measured in the normal direction. The function
v denotes the trace of v on I'Y. and v denotes the one of v on I'®. or simply by v if there
is no confusion.

Our aim is to find the asymptotic behavior of the equilibrium state of the plate
¢ which is characterized by a displacement vector u® solution of the classical prob-
lem:

(—056% = ff inQF

JTg
u;, independent of 5 and u§ = 0 on I
1t ~
— [ 05pv5das = FJ on v
(cpe)d %=
o;ns = g; on I'S
us < ed, 653 <0, 053 (a5 —ed) =0 on I'Y (the Signorini conditions)
07| < Aloss| = up =0 on IS
(|07 = A6 = 36 > 0, uf = —06%, 67 = (653) onI%,
where: 67, = of; + op;0ui, o = AE;, (u7)di; + 2uE; (u®) the components of stress

tensor, B (u°) = Q(Q‘?uj +05uf +0f uj05uy,) the components of the nonlinear train tensor,
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n® = (nf) is the unit outer normal vector along the boundary of the plate Q°, v = (12) is

the unit outer normal vector along the boundary of the set w and the subscripts T to the
tangential components. To give a weak formulation of our problem we introduce some

notations. Let

V(Q°) = {v e WH () /v independent of z§ on '},
Vo () {’UEW14<QE)/U—OOH FE}
vm V) X V() X Vi(€),
K(Q°) = {ve Vp(Q)/v <ed on I3},
K(ﬂa) = V() x V(Q7) x K ().
Multiplying the system of equilibrium equations in (C'P¢) by functions v and inte-

grating over the set (2°, using the Green formulas and the boundary conditions we obtain:
The variational formulation of the classical problem (C'P¢) is :

Find v € K (Q°) such that:
Joe 05,0505 dx® = L7 (v°) + 2e [ Fevedry + (65, 05), V oF € V ()

(VP?) 95 Vi ,
(053,05 —1u5) >0,V v € K (Qs)
(03, Ua — ua) + (Mogs], [07] = [uz]) = 0, ¥V og € V()
where: L7 (v°) = [, fivide® + [ gfvidl® and <6i3,55> = [ 65 ¢,dl®
Iy

3.3 ASYMPTOTIC STUDY

3.3.1 The scaled problem

We make the same transformation and scalings as in paragraph 2. Let let 2 =

X]=1,+1 T- =w x {-1}, Iy = w x {+1}, Ty = 0w x [-1,+1]. Let z = (z;) € Q
denote a generic point in the set 2. We now transform the domain ° having the thickness
2¢ into fixed domain €2 independent of ¢ via the simple mapping:

w2 € Q°F — x € Q, where z, = z¢

)

T3 = x5/€. (3.1)

Hence

1
Q%) =Q, 7°(I'S) =T, 7°(I'%) =T, 7°(IF) =T, 0, = 0s and 05 = gﬁg. (3.2)
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We introduce the scaled displacement u(e), the scaled test function v(e), the scaled stress
tensor o(e) and the scaled contact condition as follow:

us, o = e%u, (8), u§om =cuz(e),viont =c’v, (g), viont =ev;(e)
{ oLgom =045 (e), 0hg0m = %003 (e), 05307 =e'os3 (), us(e) < d (3:3)
We also introduce the scaling of the forces:
foom® =& fa f5 on =& fs, g om® =20, g5 o =gy, BT =F, (34)
Then we obtain
LF (v°) = °L (v) with L(v) = /invidas + /1“ g;v;dT (3.5)

Therefore we denote by:

V(Q) = {v € W'(Q), v independent of z3 on FO} , (3.6)
Vo() = {veWwW"(Q), v=00nTy}, (3.7)

V() = V(Q) x V(Q) x (), (3.8)
KQ)={veW ), v<d on I'y}, (3.9)

K(Q) =V(Q) x V(Q) x K(Q) (3.10)

Using the upper assumptions and notations (B)-(BT0) lead to the following:

Proposition 61 The variational problem (V P¢) is equivalent to the following scaled

variational problem (SV P (¢)):

(

Find u(c) € K (Q) such that:
[y 03 (€) Bjvidz + [, 035 (€) Dy () Djvsda + €2 [, 03 (€) Ditta () Djvadc = L (v) +
+ (633 (), 03) + [ Fal "] vads)dy + (0a3 (), 0a) + €% (043 (€) Ontia, Ta) , Vo € V ()
(633 (€) , 75 — 15 () >0, Yoz € K (Q)
(003 (), U — o (€)) + € (A 633 (€|, [or| — |ur (e)])
+ 2 (043 () Dyt (€) , T — T (€)) > 0, ¥ 0y € V (Q)
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3.3.2 The two-dimensional problem

We assume that the scaled displacement-stress (u (¢),0 (¢)) admit a formal asymptotic
expansion of the form:

(u(e),o(e) = (u°0°) + e(u',oh) + 2(u* o) +... (3.11)
We introduce the Kirchhoff-Love space of admissible displacements
Vir (Q) = {v = (V;), Vo = Mo — 230473, v3 = 03 such that: n, € H' (w), 13 € Hy (w)}

and the space
Lo(Q) = {7 = (rj) € L*(Q); 7y = T} -
Substituting expansion (B) into the scaled variational problem (SV P(¢)), we obtain :

Proposition 62 Assume that dzuy € C° (Q) then the leading term (u°,c°) of the expan-
sion (1) is solution of the problem (SV P(0)):

Find (u°,0°) € Vip (Q) NK (Q) x L2(Q) such that:
Jo agﬁagvadx + Ugﬂﬁaugﬁgvgdx =L (v)+ (09, 03) + f7 Fa(fjll vedxs)dy,Yv € Vi (Q)
(03,03 —u}) > 0,Vvs € K ()

where 035 = %ng(uo)éalg + 2uE25(u°) and EQ4(u°) = §(9;u) 4+ 0;ul + dujod;ug).

We deduce that the leading term (u°, o) is characterized by an unilateral contact
problem without friction.
Proposition 63 Let u’ € Vi, (Q)NK (Q) be such that vl = &, — 230483 and ud = &,
where &4, &3 sufficiently requlars. Then the problem (SV P(0)) can be formulated in the

classical form as two-dimensional problem:

;

Find (€,0%) € (H! (w))* x Ko(w) x H2(w), , such that
kA%E3 — 05(nap0as) = hi + hy + hd + 055 on w
(P*(0)) —dgnas = hY onw

Naglg = 2}3’& on ry

\ 095(d—&)=0 and 093 <0 in w
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where
Ko(w) = {v € H} (w),v < d},

Y
AN+ 2

s B (€)0as + 4B (€), b = —p—— -

1 1
hy :/ fidzs + g; , : :/ x30; fidxs — 059, , 9; = gi(x1, 2, —1).
—1 —1

We deduce that the displacement u° is characterized by a two dimensional problem
without friction. Then, our three-dimensional Signorini problem with Coulomb friction
offers toward a two-dimensional problem without friction.

Remark 64 The loss of the friction term in (SV P(0)) and (P’ (0)) results owing to the
fact that the friction force behaves like O(g3) whereas the contact pressure force scales as
O(g*). Since the two measures are connected by Coulomb law via |643 (€)] < e |33 (€)].
Therefore, at least formally when e tends towards zero, the friction force must be can-
celed. In the absence of unilateral contact the problem (P (0)) is reduced to nonlinear von

Karmadn plate model.

3.4 EXTENDED STUDY FOR GENERALIZED M ARGUERRE-VON KAR-

MAN SHALLOW SHELLS

In the previous part of this chapter, we have studied the asymptotic modeling of Coulomb
frictional unilateral contact problem between an elastic nonlinear von Karmén plate and
a rigid obstacle. The main result obtained is that the leading term of the asymptotic
expansion is characterized by a two-dimensional Signorini problem but without friction.
In this section, we extend this study to the case of a shallow shell under generalized
Marguerre-von Karmén conditions.

In the case of linearly thin elastic structures, Paumier [83] studied the asymptotic
modeling of Signorini problem with Coulomb friction in the Kirchhoff-Love theory of
plates by using a convergence method. In the same way but for the frictionless case,

Léger and Miara |70, [71] extended the study to the elastic shallow shell. More recently,
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Ben Belgacem and all. [d] modeled the obstacle problem without friction for Naghdi
shell. In the nonlinear case, Chacha and Bensayah [[2] studied the asymptotic modeling
of a Coulomb frictional Signorini problem for the von Karmén plates using the formal
asymptotic expansion method. Remind that by the same mean, Ciarlet and Paumier [2§|
justified the Marguerre-von Karman equations for shallow shells. Untill 2001, Ciarlet and
Gratie [25] generalized these equations for plates, after that Ciarlet, Gratie and Sabu [26]
established an existence theorem for them. Next, in 2002 Gratie [48] formally extended
in the same time the works [28| and [25] to generalized Marguerre-von Karman equations
for shallow shells, after that, Ciarlet and Gratie [31] gave the existence of solutions to
this problem. For more details, one can consult [30]. The aim of this section is to extend
the study carried out in [I2] to the nonlinear generalized Marguerre-von Karman shallow

shell derived and analyzed by Gratie [4R].

3.4.1 Setting of the problem

Let QF = w x |—¢,+¢[,e > 0, be an open bounded domain from R?, such that w is
an open subset from R?, with smooth boundary v. We denote the lateral boundary of
Q° by I'§ = v x [—¢,¢], the upper and the lower faces are denoted, respectively, by I'.
and I'°. Let 6° : @ — R be a function of the class C3. The reference configuration
of the shell is {Q°}~, where Q° = ©°(QF), & = ©°(a°), ©°(2°) = (21,20, 0% (21, 22)) +
z5a5(z1, 29) for all 25 = (21, 29,25) € OF and af is a unit vector normal to the middle
surface ©¢(w) of the shell. Following the definition proposed by Ciarlet and Paumier [2§],
we say that a shell is shallow if there exists a function § € C3(@) independent of ¢ such that
0°(z1, 19) = €6(x1, 22),V(71, 29) € @. For € small enough, the mapping ©° : QF — ©°(QF)
is a C!-diffeomorphism see [28] and we suppose also that ©¢ is orientation preserving i.e
detVeOs(2°) > 0, Vat € Q. We suppose that QOF is occupied by a nonlinear, elastic,
homogeneous, isotropic body. In its natural configuration: a shallow shell of thickness 2¢
whose Lameés constants are denoted A > 0, ;4 > 0 and assumed to be independent of €. The
shallow shell is supposed to be subjected to applied body forces of density f¢ € (LQ(QE ))3,
its lower face I'= = ©°(I'?) subjected to a surface forces of density §° € (L*(I))? such
that f2 = g5 = 0 and to applied surface forces of von Kdarman'‘s type he, € L*(3%) only
on a portion ©°(y; x [—¢,¢]) of its lateral face I'§, where 45 = ©°(v1), v = 1 U 7o,
length(y1) > 0, length(y2) > 0. We suppose also that this shell is in unilateral contact
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cra T

Figure 3.1: A shallow shell goes in contact against a rigid foundation.

with Coulomb friction at the upper face fi = O°(I'}) against a rigid foundation. See
FigureB1. The contact condition is expressed by 45 < d°, 45 = 4SnS where d=(> 0) is
the gap function defined on fi which describes the distance between the upper face and
the foundation measured in the normal direction and n° = (75) is the unit outer normal
vector along the boundary of the shell QE, A its frictional coefficient. We suppose, also
that the system is in static case. v = (v,) and 7 = (7,) are respectively the unit outer
normal and the unit tangential vector such that 7, = —v5 and 7 = 14 along the boundary
of the set w. The outer normal and tangential derivative operators v,0, and 7,0, along
~ are denoted 0, and 0.

The problem consists of finding the displacement 4° and the force G¢ which satisfy

the problem:

4 AL o A AL oA
~05 (6%, + 03,08 = 7 in 6

(65 + 0%; Ai&f)ﬁ; 00° =0o0n"y X [—¢,¢]

(65, + 65,0505)7% 0 ©F = §F 0 O on T=

@S, independent of 25 and 4§ =0 on O° (y; x [—&,¢])

(C’PE) 2—15 fa { (635 + 6268@3) o @5} vgdx§ = hi, 0 ©° on v,

uy < &, CA??V <0, CA¥§V (ﬂfv — CZE> =0on fi (Signorini conditions)
Go| < A|Gy| = 05 =0o0n T2

el = A|Gy| = 30> 0, @5 = —0G5on T3

AE — AE’\E AE — € AE NE
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o5 = /\Ef,p (4°) 65 + 2uEfj (@) (the components of stress tensor)
A 1 4 A A N
5 (07) = 5(8511; + 0545 + Ofug05ug) (the components of nonlinear strain tensor)
We consider the following functional spaces
V() = {f) e WH(Q%) /b independent of &5 on ©°(y, x |—e, —i—a[)}
Vo(§F) = { e WH(EF) /6 = 0 on O (7, x | —¢, +g[>}
V() = V() x V() x Vp(€F),
and the convex closed set
R () = {v e V(S¥) /o < d on fi}

Multiplying the system of equilibrium equations in (C'P¢) by functions o¢ and inte-
grating over the set QF, after that using the Green formula and the boundary conditions

we obtain the following variational formulation of the problem (C'P?):

( Find (fﬁ,Ga) EK(Q‘E) (L*(1))? such that
| At o) = Lo + L (705 0 ©9)das)hedd + (G o7 Vot € V()
P* i
VPO (s 05 — >>0 Vi € R(0F)
G515 — u%} + (MG [ o] - lasl) = 0, 9o € V()
where
Ae(@F,0°) = / (65 + o g o5 i
ZA'JE( ) / f's de _,_/ AlsAdes

and

(i) = [ Gigiar

In order to transform the problem (V.]aa) into problem posed over the cylindrical domain
Q¢, we use the one to one mapping (©°)~! and the following relations obtained from this

transformation
85” = bij () Opvs (2°) , dz° = |det VFO® (2°)| dz® = 6°dz®, dlre = 0°pedI™,

where

VEO* (2°) = (0505 (7)), 6% (2°) = det VO (z°),
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b (%) = ({ VIO (a°)} 1)y Va© € O,
B7(27) = {bai(a%)bsi(2%)}2 Va© € (I UTE).
We define the following functional spaces related to )°:
V() = {v° e WH(Q°)/v" independent of x5 on 1 x |—¢, +e[}
Vo(€¥) = {v° e WH(Q%)/v° =00on v x |—¢, +e[},
VQF) = V() x V(QF) x V()

and the convex closed set

—

K() = {vs e V(Q°)Jv5, < d° on Fi} = dF 0 OF
Then by a simple computation, we obtain

Proposition 65 Suppose that € is small enough. Then the variational problem (Vpe) 18

equivalent to the following variational problem :
Find (uf,G) € K(Q°) x (LA(T<))?, such that,
Af(uf,0°) = LE(vF) + fﬂ he{ [° vidagtdy + (G5, 05) ,Vof € V (),

(V.Ps) .
(G, vy —uy) >0, Yo© € K(§)

| (G505 —ug) + (AGR], [v5| — [ug]) > 0, Vs € V()

where :

mj-m
£

AR (uf,0F) = / o5 b7, OF i dat + / 0% b OF U b, 05, 0 6
QE

L(v°) = [ f5v50°da + / g5u56°B°dLe, (G5, vf) = / ERI NN
Qe Ie Fi
uf = 500, 05, = 65,00°, G = G007, nf = 75007, f{ = f{0O° , gf = §700° , b, = 00",

3.4.2 Asymptotic study

The scaled problem

We keep the same process of transformation and scalings as in the paragraph 2. We

introduce the scaled displacement u(e), test function v(e) and stress tensor o(e) for all
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¢ = 7°(x) as follows:

{ ug (%) = e%uq () (2), u5(a%) = eus (¢) (v), v (2°) = €va (€) (2), v5(2°) = evs (¢) (w)
0ap(a%) = €205 (€) (1), 055(2°) = %003 (€) (), 055(2°) = €033 (€) ()

Noting that the unit normal #° on 1'% reads #° = (—9;6°+0(%), —950°+O0(£®), 1+0(£?)).
If we pose G; = Jijnf- such that n’ = (—=0,0, —0,0,1) then a simple computation gives:
G =G, +0(),
G = 'Gs + 54aijn§8fu;g + O(e%)

then
v5 = (eX(vy — v3n?) + O(eh), 2 (vy — v3nl) + O(e"), O(%)),
vy = evn(e), un(e) = vgnf + O(e?)
and
G5 = (3G, + O(£%),63Gy + O(e°), 64 (G5 — Gin?) + O(£°%))
We also introduce the scalings: f$ = 3 f3, g5 = e*g3, hf, = €%h,, and d° = ed(e) where f3,

g3 and h, supposed independent of e.

Therefore we denote:
)/v independent of x5 on v x ]—1,+1[}
Vo(©) = {v e WH(Q) /v =00ny x]-1,+1[}
)

Q) x Vo(Q),
R()(Q) = {v e V(Q)Jun(e) < d(e) on r+}
L2(Q) = {7 = (1) € L*(Q); 55 = 7ji}.

Using the assumptions and notations above we obtain the result:

Proposition 66 For e small enough the scaled solution of the problem (V P¢) solves the
problem (SV P(g)):

[ Find (u(e), G(e)) € R(2)(Q) x (I2(T',))* such that,
A%(u(e),v) = L(v) +2 fﬂ hovodzsdy + (Gi(e), v;) + fF+ 04 (e)ngﬁfu;),(s)vgdf +e2r,Vo € V(Q),
(Gi(e)nf + 0ij(e)nf0lus(e), vs — uz(e)) + ey > 0, Vo € K(e)(Q)

| (Gale), (o — tal€)) — (v3 — us(e))nf) +ers > 0, Vv € V()
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where

Al(u(e),v) :/Qal-j () yfj(v)dmjt/aij (e) Ous (e) Dlvsda,

Q

L(U) :/f3U3d13+/ g37J3dF,
Q T_

<Gi(€), UZ'> = Gi(a)vidF, 8&1} = 8av — 8a983v

ry

v = 830,7% (v) = % (3?1)]' + 3?1)1-), r; are uniformly bounded functions in with respect to
E.

Proof. First, we infer from assumption 0°(z1,z3) = €f(x1,x2) for all (zy,29) € @ with
6 € C3(w) that, for 9 > 0 small enough,

b55(2%) = dap + €7rap(e; 21, 2), Dog(2°) = €(0ab + °Tas(e; 11, 22)), big(2°) = —e(050 +
e2r35(e; 21, 29)), b33 (2°) = 1+ e2ra3(e; 1, 29), 65(2°) = 1 + e¥rs(e; 21, x2), for all ¢ € OF,
and 3%(2°) = 1 + e®rg(e; 21, 29), for all z° € 'S UTY, where the real-valued functions r;;,
rs, 7 are bounded. (For details see [28, Theorem 3.1|).

Next, we insert the above equalities with the change of variables, we obtain,

/Q 050y 0 v; 0°da® = e’ /Q Uij(e)yfj(v)dx +e'pi(g;0(e),v)
/ o5 by Opup by, 05, vf 6°da® = & / 0i;(e)0us(e)0fvsda + € pa(e; o (e), ule), v)
Qs Q
| g s [ gigsar =2 fodos [ gwdt) + oo
. e Q T

RIS

—

(
where there exists a constant ¢; such that, for all u(e) € K(€)(Q), v € V(Q), o(e) € L2(R)
and G(e) € (L*(I'}))?,

(GS,vE) = ° (Gi(e),v;) + €7 pale; G(e),u(e),v)

sup [p1 (g50(€),v)| < erlo(e)lgq vl 0

0<e<eg
sup [p2 (g50(¢), u(e), v)| < cilo(e)lgq [ule)]i a0 0] 40,
0<e<egg
sup |ps (£;0)] < i ||v]]yq,
0<e<eg
sup |pa(e; G(e), ule), v)| < ar(IGE) s r, +IGE s r, [l p ) [0l p, -

0<e<eg
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Diving by €° and combining the above estimates, we get

sw | < (14 10E)lgn + 10E@)la [uE)]a0) 0l]00
0<e<eg
+ (GG _sr, + IGEN_sr, @) Wl ) -

For finding what the unilateral contact conditions become, we use the relations

(G5, vy — uly) = " (Gale)nh + G3(e),v3 — us(e)) + €'ry,
(GF, v — up) + (A [GY], [07] = [uz]) = €2 (Gale), (va — ual€)) — (v3 — us(e))ng) + £°r3,

where there exists two constants ¢, and ¢3 such that for all u(c) € K(€)(Q), v € K(£)(Q)
and G(e) € (L*(I'}))?,

sup |ro| < (|G _y p, +GE -y, @)1 p ) lu@) s py + 0l ),

0<e<eg

and for all u(e) € K(e)(Q), v e V(Q) and G(e) € (LA(T'))?,

sup |rs| < es(|GE)_y p, +IGE 1, lu@)sr )@y, + ol p,)-

0<e<eg

The two-dimensional problem

We assume that the scaled displacement-stress (u(e),o(e)) admit a formal asymptotic

expansion of the form:
(u(e),o(e)) = (u°,0°) + e(u', o) + *(u?, 0%) + ... (3.12)

then
Gi(e) = G) + eG} + G} + ..., with Gf = olnl.
We introduce the space of Kirchhoff-Love admissible displacement
v = (Vi) [Va = N — 30413, V3 = N3 such that
Vikr () = 3.13
R T it i o (813)

and the convex closed set

—

R(Q) = {v e V(Q) /vy < d on r+} with d(e) = d + O(e).

Substituting expansion (E-I2) into the scaled variational problem (SV P(g)), we obtain:
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Proposition 67 Assume that 95u3 € C° () then the leading term (u°,c°) of the expan-
sion (B12) is a solution of the problem (SV P(0)):
Find (u°,06°,G9) € (Vi () NK (Q)) x LAQ) x L2(['}) such that :
Jo 00308vadz + [ 0050a(ug + 0)0gvsdr = L (v) + (G5, vs) + 2 [ havady, Yo € Vir (Q)
(G903 —uld) > 0,Vv € K (Q)

where

201
0 0 0 0 0
O-Ocﬂ = >\+ 2MEO'U(U )5065 + QIuEa,B(u )7

1
Egﬁ (uo) = 5 (8au% + agug + aaugagug + (9a985ug + 8508aug) ,
GY = —05,010 — 095020 + 73.

Proof. We introduce the formal series expansions of the scaled displacement and the
scaled stresses into the variational problem (SV P(¢)) and cancel the successive powers of

e, until we can fully identify the leading term. m

We deduce from the following proposition that the leading term (u°, ) is character-

ized by an unilateral contact problem without friction.

Proposition 68 Ifu® is a solution of the problem (SV P(0)) such that u® = &, — 1303
and ud = &, &a,&s sufficiently reqular. Then &, & verify the two-dimensional problem
(P*(0)):

Find ¢, € H' (w),& € H? (w),& < d,GY € L* (w) such that
—DapMap — NapOap(&+0)) = M+ GY inw

Opnapg = 0 1n w,

£ = 0,63 =0 on 7,

(P?(0)) NapVs = 2he on 7

OaMapls + 0-(MaplaTs) = 0 0N 72,

MgVl = 0 on s,

Naps = 0 on 7

GYd—&)=0inw, Gy <0inw
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where
1, 4 p
Meg = ——
g 3A+2u

A§35a6 + 4Naaﬂ£3};

2
A+ 2u

Nas = 2X" B}, (€)0as + 4pEQ,(€), "
1
5 (

1
h?:/ fidzs + 97759, = gi(w1, w2, —1).
-1

Egﬁ (5) - aafﬁ + aﬂga + aaeaﬁ&i + 8/3‘98&53 + aag?)aﬂ&i) y

Proof. The proof will be divided into 3 steps.

Step 1. First, we show that (SV P(0)) is in a sense a two-dimensional problem, posed over
the middle surface @ of the shell.

—/magﬁagngdw+/na58a(§3 +9)85n3dw+/na585nadw = /(hg + Gg)ngdw

w w

+ 2/ hanady,¥n € V(w),
Y1
where
V(w)={n=(m) € H(w) x H'(w) x H*(w);n3 = yn3 = 0 sur n}.

It is known that v = (v;) € Vkr(Q) if and only if there exists n = (n;) € V(w)
such that v, = 1, — 230,m3 and v3 = n3 (see [20, Théoréme 1.4-4|). The same
proof works for Gratie [A8, Theorem 3|. In (SVP(0)), we take test-functions
v = (—x301m3, —1302m3,73), with 3 € H?*(w) and n3 = d,n3 = 0 on 7;. Next
we take v = (11,12, 0), with n, € H'(w). The first choice yields

/—x30268a5773dx+ / agﬁaa(ﬁg + 0)0snsdr = / f3n3dx—|-/ gsnzdl’ + <Gg,773>
Q Q Q

The second choice yields

/Ugﬁaﬁnadx = 2/ hoanadﬁy
Q

7

Using Fubini’s formula to the above integrals, we get
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/—xgagﬂaagngdx: —/magaagny,dw, (3.14)
Q w
/Q 00,0063 + 0) Do — / HesOn (€ + 0)Dpmsde, (3.15)

/ Janzdx +/ gsnzdl’ + <G8,?73> =
Q r_

1
/ ( fsdzs + g5 + G9(z1, 22, +1)) nadw, (3.16)

-1

/ogﬁaﬂnad:v = 2/ hanady, (3.17)
Q 71

where
G5(.,+1) = =05, (,, +1)010 — 035, +1)a0 + 055(., +1)

Step 2. Applying Green formulas, we obtain

[ = 0uinas = 95 (10 6+ ) = 08+ 6] -

/(agnag)nadw+/ (naﬁyg — Qﬁa) Nadry —/ Maslal/g0,Nsdy+
w Y2

gl
[ 00w+ o (634 6)) 3 + 0 (magras) oy =0
Y2
for all 7 = (14, 713) € V(w), and the functions h, : ¥ — R defined by
Ba:ha on v andﬁa:0 on Y

So that, all the factors of n,, 13, and 0,13 in the above integrals vanish in their
respective domains of integration. (For more details we refer the reader to [4R,

Theorem 5|)

Step 3. It remains to prove the unilateral contact conditions. To this end, substitute the
test function v = d after that v = 263 — d, with & € H?*(w) into the inequality in
the problem (SV P(0)), then we obtain

GId—§&)=0inw
Taking into account

(GY,n3 —d) >0, for all € K (Q),
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we obtain
GY < 0in w.

Computation of ¢}, in case 7; = v

In the squel, we compute the components o%. In order to realize this, we suppose that

~v1 = v which the case of Marguerre-von Karman conditions.

Computation of o2,

In the identification process of factors of powers €*, k = 0, 1,2, 3, ... we obtain at the order

% the equation

/J%ij (v) dx—l—/a%@fug@?vgdx = /f3v3dx—|—/ g3v3dl
@ & Q r_

1
+ / vagdf+2/ha {/ vadxg}d7(3.18)
Ly v -1

The term on the left hand side of the equation verifies

1

/Qagﬂvzﬁ (v)dx = 5 /Q 035((%1}5 + 0304 — 0n005v3 — 050050, )dx

/ 023(8avg + 83’Ua - 8a8831)3)dl’
Q

N =

/ ‘723723 (v) do =
Q
/ 09375 (v) dx = / 09;03v3dx
Q Q
/gzagﬁﬁgugﬁgvgdx = /Qagﬂ(aaug — 0,005u3)(05v3 — Ds003v3)dx:
/Jggagugﬁgvgdx = / 022 (0qud — 0a003u3)Osvsda
Q Q

/Uga(?gugazvgd:c = / o5, 03Uy (Do v3 — Oa003v3)dx
0 Q

0 a6, 090 0 0
Q Q
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The equation (BIR) with v3 = 0 yields

1
/0258a05+/02383va —/agﬁaﬁﬁﬁgva = Q/ha {/ Uad.ilﬁg}d’)/ (3.19)
Q Q Q ~ 1

for all v, € H*(Q2) independent of x5 on T'y.
On other hand

! 1
/ha {/ vadxg} dy = 3 / Nap0pvadz, for all v, independent of x3 on I'y
v - Q

1

then (B19) is formally equivalent to the following boundary value problem

ogs = 0og(.,+1)0s0 on T'y (3.20)
ops = 0og(.,—1)030 on T'_

Noting that 005 = in.s + 323mas and from the Proposition 3.3 that dsnas = 0 which
makes the compatibility condition fjll agagﬁdazg = 0 satisfied. Then, the explicit expres-

. 0 .
sions of o4 are given by

3
023 = Z(l — xg)agmag + 025359

Computation of o),

We take v, = 0 in the equation (BIR). As dsud = 0, we get

/ 033(8av3 — (9a983113)d:1: + /
Q

Q

+ / TazOattzdsvsde = / favsdz + / g3vsdl’ + / GYvsdl’ (3.21)
Q Q r_ r

+

0'3(’)3(931}3(137 + /{;O'gﬁaaug<ag1)3 — 85883U3>d$+

thus we see that it is formally equivalent to the following boundary condition problem

—030% = —030°;0,0 + 0,09, + 55(0258a§3)
- 830'368&&3658 + 830230a§3 + f3 in Q
09y = G+ 003(.,+1)0.0056 on T’
09y = —g3 +005(., —1)0,0030 on T'_

(3.22)

such that GY verifies with & on I'y the condition

G5(d—&)=0,G3 <0
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Taking in account that
3 0 3 9 3 3
030 430,83dxs = Z(l — x5)03Map0aés + §$3maﬁa,893a53 + §maﬁaﬁ93af3
-1

/ 830238a6da:3 = 2(1 — x%)aﬁmaﬁﬁﬁ + gl'gmagageaae + gmagageaae
1

s 3 3
/ 830858a€3859d$3 = §x3ma58a§3359 -+ §malgaa€3a39

-1

*3 1 1 3
/ 00 sdxs = Z(Bxg — 23)0apMap + §x3na58a59 + ngaamagage
—1

3 1 3 3
+ Zaz%magﬁag@ + éaa,gma/j — Zaamab»@ﬁ@ — Zmagaagg

1
+ énagaagg

3 1 3 3
[ 0ulo8s0u6a)drs = Gramaaunta + Jai0mandata + Jimasdusty
1

1 3

3
+ §naﬁaaﬁf3 — Zaﬁma/ﬁaafza — Zmaﬁaaﬁf?)

Then

1 3 3
095 = —15173(1 — 25)OapMas + 1_1(1 — 25)MapOas(&s + 0) + 71(1 — 23)0pMap0ab

1 ! s 1 1
+ 5(1 + 533)/ Jadys — / Jadys + 5( + x3)GY — 5(1 — 23)g5 + 003040
—1 -1
3.4.3 Generalized Marguerre-von Karman equations with Sig-

norini conditions

We can rewrite the two-dimensional boundary value problem (P°(0)) as generalized
Marguerre-von Karman equations with Signorini conditions which depends on the Airy
function @, the vertical component &3 of the displacement field of the middle surface of

the shallow shell and GY as follows:

Proposition 69 Assume that the set w is simply-connected and that its boundary v is
smooth enough, and let & = (&) be a solution (P°(0)) with the reqularity &, € H3(w),
& € HY(w). Then
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a) The functions he are in the space H%(y) and satisfy the compatibility conditions :

/;Nlld’}/ = /}Nle’}/ = /(.Tlilg - .I‘Q;Nll)d’}/ =0.
v v v

b) Furthermore, there exists a function ® € H*(w), uniquely defined by the relations
®(0) = 019(0) = 0,P(0) = 0, such that

ni = 200®P, N1z = ny = —2012P, ngy = 20,19P.
c¢) Finally, the pair (&3, ®,GY) € H*(w) x H*(w) x L*(w), satisfies the following problem

kA%Ey = 2[®,& + 6] + hY + G in w,
A2 = B (¢ €4+ 20] in w,
§3=0,8=0 on vy,

Maplalg =0 on 7,,

DaMapls + Or (MapvaTs) = 0 on 72,
d =Py and 9,9 = P, on v,

GYd—&)=01in w,GY <0 in w,
where
k= 3% o GY = —09,010 — 05,050 + 0%,

Dy(y) = _3/1/ ﬁzdvﬂm/ Bldwr/ (z1hy — x9hy)dr,
v(y) ~(y)

i (y) = _Vl/ B2d7 + Vz/ 77J1d%?/ = (y1,92) €7,
() 7(v)
[(I), é.] — 811(1)822§ + 822q)811£ - 2812(1)8125.
Proof. The proof is divided into three steps.

Step 1. The regularity of the function &; implies that n.s € H*(w) and nagrg = e 0N .
Hence the functions hy, belong to the space € H %(fy) and satisfy the compatibility

conditions (see |25, Theorem 4]).
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Step 2. Since the set w is simply-connected and by using the generalized Poincaré theorem
(see [89, Theorem VI, p.59],|25, Theorem 7]), the equation dsnes = 0 in w imply
that there exist distributions v, € D’(w), unique up to the addition of constants,
such that ni, = 20004, Naq = —2011,.

The equation nis = mop implies that 0,1, = 0. Another application of the same
result shows that there exist a distribution ® € D’(w), unique up to the addition
of polynomials of degree < 1, such that ¢, = 05®, o = —01 P, so that ny;; =
2020®, nis = ngp = —2012P, N9y = 2011P in w.

Step 3. Since n,30,5(&5 + 0) = 2[®, &5 + 0], we have
—0aBMap = k’A2€3 =2 [@763 + 9] + hg + Gg mn w.

Since A?® = 1An,, and dagnas = 0, so that

(33X +2p)

AP =
2(A+p)

[53753 + 29] m w.

CONCLUSION

The result obtained in this chapter is similar to that of [84] and [I2] that the leading term
u? of the asymptotic expansion of displacements field is characterized by two dimensional
problem without friction. Thus if we consider the work of Léger and Miara [70] but with
Coulomb friction, we affirm that we obtain the same result formally.

At the end, we deduce that the displacement u° is characterized by a two dimensional
problem without friction. Then, our three-dimensional Signorini problem with Coulomb
friction offers toward a two-dimensional problem without friction. The loss of frictional
densities in SV P(0) and P°(0) is due to the fact that the friction force behaves as O(g%)
whereas the pressure force behaves as O(e?) therefore, at least formally, via the Coulomb
law |G5| < A|G%|, when e tends towards 0 the friction force must be canceled. The

question which stands here is how to involve the friction force in the lower dimensional
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problem and, in the absence of convergence and the existence of asymptotic expansion,
is it possible to obtain an algorithm which allows us to compute the higher terms in the

asymptotic expansion?
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—— (CHAPTER 4

ASYMPTOTIC MODELING OF SIGNORINI
PROBLEM FOR THIN ELASTIC PLATES.

DYNAMIC CASE.

INTRODUCTION

The aim of this chapter is to extend the work of Paumier [84] to a dynamic state problem
but without friction by using at first the formal asymptotic expansion method and then
the convergence method. First, we give the strong formulation of the three-dimensional

contact problem. Next, we rewrite the problem in a weak form. Using a convenient scaling
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of the unknowns and data, we get the scaled variational problem. For the first method,
called the displacement-stress approach, we insert the formal asymptotic expansion of the
unknowns in the scaled variational problem. In that way we characterize the problem
solved by the leading term (u°,0°) of the expansion. For the second method, called
the convergence method, we prove that a subsequence of the sequence (u(e),o(¢)) has a

weak star limit denoted (u(0), 0(0)) which solves the same two dimensional problem than

(u®, o0).

4.1 SETTING OF THE PROBLEM

In this work, we use the following conventions and notations; Greek indexes belong to
the set {1,2}, Latin indexes belong to the set {1,2,3}, the symbols of differentiation
0; = 0/0x;, 0 = 0/015, % =0, ‘3273 = 1, 0;; the Kronecker symbols, and the summation
convention with respect to the repeated indexes is used. Let w C R? be a bounded domain
with a Lipschitz boundary . We consider a plate as a three-dimensional body, occupying
the volume Q° = wx]—e, g[, where ¢ is small parameter (0 < ¢ < 1). We denote the lateral
boundary by I'y = v x[—¢, €], the upper and the lower faces respectively by I', = wx {+¢}
and I'" =w x {—c}. We denote by © the trace of v on Iy and by v the trace of v
on I'* | or simply by wv if there is no confusion. We restrict ourselves to the case of an
isotropic and homogeneous elastic body with Lamé constants A > 0, © > 0 in its natural
configuration and having p° as a volume density. This plate is subjected to body force f¢
on 2 x |0, +oo[ and to surface force ¢ on I'® x]0,4+o00] and is in unilateral contact on
% with a rigid obstacle which occupies the domain O° = {z° € R3/ (25, 25) € w, 2§ > £}.
The contact condition is defined by the inequality v3 < 0. We assume that this system is

in dynamic state and the contact is without friction.

4.2 STRONG AND WEAK FORMULATION OF THE PROBLEM
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Using the above assumptions one can state the following classical elastodynamic Signorini

problem without friction:
(Find (u®,0%) := (u®(2,t),0°(u®)),t > 0 such that

0?us _
o — 0507 = ff in O x 0, 40|

ouns = g; onl'® x]0,+o0]

(u® =0 on I x]0,400[,

with Signorini boundary conditions
u3 < 0,055 < 0,053u5 = 0on I, x ]0,4o00].

The contact is without friction that is interpreted by o553 = 0 on Iy x |0, +-00], and finally
the initial conditions are

u (., 0) = p%, (., 0) = ¢,
where o; (u®) = e (u®)dy; + 2uef;(u®) are the components of the stress tensor, and also
represent the constitutive equation of the elastic material, ef;(u®) = 3 (8fuj + 8juf) being
the components of the linearized deformation tensor.

The vector field of;n5 represents the force acting on the surface section ds whose the
unit outward normal vector n°. The quantity of, = oj;nin{ is the component of the
pression force and o5 = o°n® — o3yn° is the friction force. In our case, o5, = 055 and
07 = (0§3,055,0) on I'.. Note that we keep the same notation of the function to denote
its trace.

We rewrite the above boundary value problem in the following weak form, by using
Green’s formula, we show that any smooth solution of the boundary value problem also

satisfies the following variational problem :

(Find (u(t),0°(t)) € K(QF) x L2(€), t > 0 such that
82 £ £, € £ 13 g 13 13 15 £ —& 13 ¥ 13
52” /quividx + a®(u®,v°) = L (v°) + (033, 05), YT € V (), t >0
(VPT)Q (05505 — u5) = 0,05 € K ()t >0

05; (u7) = ey, (u)dy; + 2pef; (u®)

\ ue(‘70) = p€7u€(‘70) = q57
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where
a® (uf,v%) = /QE [Ae5i(uf)es; (v°) + 2u €55 (u)es; (v°)] da®
e (u®) = % (05 u5 + O5us)
L) = [ greide+ [ grusar,
(055, ¢5) means the duality [;airing onl%.
and
V() = {v*e H(Q°) /v =00nT] },K(Q) ={v° € V(Q)/ 15 <0},

V(QF) = V() x V() x V() K () = V() x V() x K(QF),

L) = {7° = () € (L(@)"; 75 = 75,

Y ji

Theorem 70 As described in [10], under the assumptions
f7 € W20, T, LX), g € W*(0, T, L*(T2) 0 H~/2(T'))

and the initial conditions p5, ¢f are in H'(QF) with divo®(p®) € (L*(2°))3, the problem

(V P®) admits a solution u® verifying
ut € L0, T, K (F)), 4 € L0, T, (L*(S¥))%) and i € D'(0, T, (L*(Q°))%).
The stress tensor o¢(u®) belongs to D'(0, T, Euqa(g°)) N L®(0, T, (L*(2))?) with

. ¢ € L2(Q°); divre € (L*(Q))3, 755, = 0 and
Eualg®) =
753 < 0 on I'Y;7°n° = ¢g° on I'®.

The duality pairing (o33, ¢5) on I'y can be expressed as an integral on I'. Indeed,
we have 05, € L*(QF) and 0505, € L*(QF) then o5y € L*(T'%), in sense of trace, with
HU§3HL2(FE < C(H‘733HL2( ot 105055172 QE))1/2 (see [21] page 219). More general, el-
ements of H(div,Q%) = {r° = (75;) € L*(Q°);divr® € (L*(€))} have normal traces
yn(of) on I'g.

Proof. We give only the sketch of the proof, see [I0]. The proof is divided into five steps.
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Step 1 First, a regular partition of the interval [0,7] is considered. we introduce the
approximate problem (DV P¢) at time t = t;,1 <14 < 2%

find u*' € K(QE) € (HY(Qe and st e (L*(QF))3,
g,i—1 sz 1
pa/ (U +2U ) (Us S dlL’ + af ( 2)6 . us,i) 2 La,i(vs o us,i)
Yu® € I?

where

Ls,i(v> :/ fg’i'l}dl's—l-/ gs,ivdrs

and the notation ¢** stands for ¢** := ¢°(t;), ¢° := %qﬁe and ¢° = j?qﬁe. The dis-

crete displacement, velocity and acceleration are constructed via Newmark’s method

as follows:

AtQ ’[La’i + ’[La’i_l
2 2 ’

ﬂs,i + ﬂs,ifl

—

us,z — us,zfl 4 Atus,zfl +

ua,z—l — us,z—l + At

Lemma 3 If at each time t;, u= € K(QF), @o! € (HY(Q))® and i €

(L?(QF))? then the problem (DV P?) admits a unique solution.

Proof. see [10]. m

Step 2 Next, we construct the approximate functions:

e + us,zfl

h6’1<t) = ue’i_l + ﬂe’i_l(t — ti—l) + (t — ti_1)27 (43)

4
ui’l(t) = UE,i’vt € [tifla tz[a (44)
uE,’L’ + ue,i 1 N .
hyl = b 27y = BT = s (4.5)

Step 3 After that, we treat the contact condition with a Lagrange multiplier whose

orthogonality properties allow us to obtain the following a priori estimate:

ti d .
/ 2dt {pg / (AT ()[Pda® + a® (1 (8), k51 (1)) | dt (4.6)
., 2dt o
< Lo — ) VE €]ty . (4.7)
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Step 4 This estimate allows us to show the weak convergence of approximate solutions

and that these limits are equal.

hoL(t) — uf(t), Ao (t) — 4f(t) weak * in L(0,T, (L*())?) (4.8)
REL(t) — uf(t), uS! (t) — uf(t) weak * in L°°(0,T, (H'(Q))?) (4.9)

) *

Step 5 Finally, we show that this limit is a solution of problem (V P*).

4.3 ASYMPTOTIC STUDY

In this section, we follow |[I9] as in the paragraphfC2. First we transform the shell
problem into a scaled problem posed over a set {2 independent of €. After that, according
to the basic Ansatz of the method of formal asymptotic expansions, we inject the formal
expansion of the unknowns in the scaled variational problem. Finally, we identify the
leading term of the formal expansion of the scaled displacement and the scaled stress

tensor.

4.3.1 Assumptions on data

Let the mapping:

™  Q—=Q°

(x1,29,3) — (2], 25,25) /2] = 21,25 = 29, 25 = €x3
hence

Q) = Q50 =wx|-1,+1;7°(I%) =T_ =w x {-1}
(%) = ' =wx{+1}; 7°(IF) =Ly = 0w x [—1,+1]

We assume that p° = £?p and make the change (scaling) of unknowns:
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us o = e%u, (6), u§om® =cus(e)
Ve om® =¢e?u,(e), v5om =cuvs(e)

0ap(e) = €7 055 (u7), Oas(e) = 72053 (u7), o33(e) = 7" 055 (uf)

The scaling of the contact condition is defined by v3 < 0. Then we denote
V(Q) = {veH (Q)/v=0 on I}, V(Q) = V(Q)x V(Q)x V(Q)
K@) = {veV(Q)/535<0 on I'y}, K(Q) =V (Q)x V(Q) x K (Q)
L3(Q) = {7 = (7) € (L*())*%; 75 = 7}
For the forces we suppose that the following scaling holds: there exists f;, g; independent

of € such that
{ f2 ont =, f5 on =y

9o O =€Ga, g5 oM =£lgy
We finally suppose that there exist p and ¢ independent of € such that:
P = €205, 05 = eps, 4h, = €240, 45 = ed
The scaling of the differential operators is clearly governed by

0F = 0,05 = 10y

4.3.2 The scaled variational problem

Inserting the upper scalings in the variational problem lead to the following:

Proposition 71 The variational problem (V P?) is equivalent to the following scaled vari-

ational problem :
( Find (u(e)(t),0(c)) € K (Q) x L2(Q),t > 0 such that

2 2
%p/m () Ugd$+528—2p/ua () vadx—k/aij (¢) Ojvidx

(SVP(e))S = L (v) + (033 (¢) ,03) Vo € V(Q),£ >0 (4.10)

<O'33 (8) , U3 — Usg (€)> > 0, va e K (Q) ,t > 0 (411)

Lule)(.,0) = p’,u(e) (., 0) = ¢°
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with
Tap(€) = Aeyy(u(€))dap + 2peas(u (€)) + 2 Aezz(u (€))
0a3(€) = e 22ueq3(u (€))
o3(e) = et (A +2p) ezs(u (e)) + e Aeyy (u (€))

where

ey (u(e)) = 5 (Bu () + )

L(v) :/fz‘vz‘df—f-/ givdl’
Q r_

Since the problem (V' P¢) has at least a solution u® then the problem (SV P(¢)) has at

least a solution u(e) with the regularity
u(e) € L¥(0,T, K ()),ile) € L=(0, T, (L*(2))°) and ii(e) € D'(0,T, (L*(2))*)
The tensor o(g) belongs to D'(0,T, E.a(g)) N L>(0,T, (L*(2))?) with

E.a(g) = {r € LX(Q); divr € (L*(Q))*,7as =0and 733 <0on '\ ;7n =gon '_}.

4.3.3 Two-dimensional problem

We assume that the scaled displacement-stress (u(¢),o(¢)) admits a formal asymptotic

expansion of the form:

(u(e),o(e)) = (u°, %) + e(u', o) + *(u?, 0%) + ..., (4.12)
u® e V(Q),ul € (H'(Q))*,0% 07 € L2(Q),q € {1,2,...},t >0

We introduce the space of Kirchhoff-Love admissible displacement

Vir () = {v=(v)e (H ()’ eis(v) = 0}

_ { v=(v;) € (H (Q))3 / Vo = Mo — 30413, V3 = M3 such that }
Mo € Hy (w) 13 € Hf (w)

Suppose that there exist ¢;,; independent of z3 such that p° = ¢, — 130,43, 05 = @3,
and qz - ¢a - x?’aaw?w Q:JO, = 103-

In the next proposition, we give the problem that characterizes (u°, o) the leading

term in the expansion of the scaled displacement-stress (u(e), o(¢)).
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Proposition 72 The leading term (u°,0°) of the expansion (E12) is a solution of the

problem :
( Find  (u°(t),0°(t)) € (Vkr (Q)NEK(Q) xL2(Q),t>0 such that
02 - .
@p/ﬂugvgdx + /Qa?jﬁjvidx =L (v)+ (095, 03), Vv € V(Q), t > (4.13)
(VPRL)Q (09,75 —a3) >0,z € K (Q), t >0 (4.14)
2\
Oog = Ny (U0)0up + 2peap(u’) with X* = 3 +§M (4.15)
\ UO(.’ O) = pO’ u()(" O) = q0
where

1
eap(u’) = 5(8au% + Ogul).

1
Proof. The inverted constitutive equation reads ef;(u®) = A\oj,0i5 + 5—0f; with A\; =

] 2,[,6
—;. Then the scaled deformation tensor reads
20 (3N + 2p)
( 1 9
eap (U (€)) = Moy (€) dap + ﬂaag(e) + e°X1033(€)0ap,
1
€a3 (U (8)) = 5250}13(5), (416)
€33 (U (6)) = 52)\1077 (8) —|—€4—)\+’u 033(8).
\ 1 (3A + 2p)

Inserting (E12) in the system (EI8), we obtain

1
6a5<u0) — —)\1027(5&5—#@025, (4.17)
eas(u’) = 0, (4.18)
ess(u’) = 0. (4.19)

From (EI8) — (BT9) and the contact condition, we deduce that v € Vip () N K (2)).
The equation (EI3) is obtained by inserting (I2) in (EI0). By the same mean, we
obtain (I11). m

In the next proposition, we re-write the problem (V' P%;) in terms of &, and &. Hence we
get a two dimensional problem (P (0)) whose solutions are &, and &. The vector field

(&) represents the (scaled) displacement of the middle surface w of the plate.

99



SEC. 4.3 CHAP. 4

Proposition 73 If (u°,0°) is a solution of (VPY;) such that ul = &, — 130,& and
uy = &, with &,,& sufficiently smooth. Then &, & verify with 035, at least formally,

the two-dimensional boundary value problem :

(Find &, € H (w),& € HE (w),& <0, for a.et >0 such that
2
2%’)53 + kA& = hy + hy + hy + 055 on w x 0, +o0] (4.20)
(PP(0)) { —0snap = by, on w x 0, +oo] (4.21)
09565 = 0 in w x ]0,+00[, 08 <0 in H*(w) (4.22)
9% _
L 51(7 O) = ¥i, E(J O) - %
where
8 A+ Ju! 0 +1 - . /+1 B
= — D = ld .7h.: a’tld _ai‘y
3”)\_'_2#7 % . f 5’534‘92 i B T3 f XT3 g;

_ AN
g; = gi (x1, 29, —1) nppg = N2t (&) dap + dpeap (€)

Proof. Let u” be a solution of the problem (VPY;) then &,,& verify &, € H}(w),& €
HZ(w), & < 0. Substituting

eap(t’) = €ap(§) — 230053

in (B13), we obtain
1

02/3 = 571@5 + §$3ma5
with
A \p
Nag = mew (5) 5aﬂ+4ﬂeaﬁ (5)
4 Al
« = ——|——A 504 aa
Mag 3(/\+2M §30a8 + 1 ﬂfs)

We take v = (—x301m3, —x30273,73) then the second term in the left hand side of the

equilibrium equation in the problem (V PZ;) becomes

1 3
/agﬂﬁﬁvadx = /—5 na,33338a,3773dx+/ —§x§ma58aﬁn3dx
Q Q

Q
2\
_ /Q (5 NG s+ 200

4 [ 2 ,
3 /()\ +';MA§3A773 + 201008E3008m3)d’.
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For 13 € D(§2) we have,

/A53A773d$' = /A2§3773d90/
/8a5§38a5?73d:c’ = /A253T]3d3§'/

which, by density, still holds for elements of HZ(w). Hence

8 A+pu
0 2
/Qaaﬁagvadx = S,u)\ o /wA E3mada’. (4.23)

On the other hand, the right hand side of the equation becomes
L(v)+ <O'g3,1_)3> = / favadx + /fg,vgdx—l—/ g;yaquL/ g5 vs3dl’
Q Q _ r_
Iy
+1
- / {/ x3aafadx3 - aag;} 7]3dxl
w —1
+1
+/ { Jadzs + 93_} nadx’ + / o5m3da’
w —1 w

— / (RS + k), + 093) nzda’ (4.24)

with h) = f_Jrll fidxs + g7, hi = _+11 x30; fides — O0;9;, g; trace of g; on I'_. Then,
from (A=23) and (B=24) we obtain (E=20), in sense of distributions. By taking v3 = 0
(resp. U3 = 2uj)) in the inequality in the problem (VPy;) we find (069;,&3) = 0 (resp.
(095,m3) > 0, for all n3 € HZ(w) with 73 < 0, which leads to 093 < 0 in H %(w)). This
proves (222). Now, we take v = (11, 12, 0) in the left hand side of the equilibrium equation

in the problem (V Py,), we obtain

/UgﬂaﬁﬁadiC - / fanadx‘i‘/ g;nadravnan € Hé(w>
Q Q

Therefore
/naﬁaﬁnadx/ - / hgnadw',vﬂlﬂh < Hé(w)’

w

hence we find (E=21) in sense of distributions. m

The next proposition is devoted to the characterization of ¢%.
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Proposition 74 If (u°,6°%) is a solution of the problem (VPY%.) and &,,&s verify the

problem (P°(0)), then u® and o° are given by:

( ug = Lo — 13083, Ug = &3, (4.25)
1 3
‘725 = 5 Map + 5T3Mag, (4.26)
3 ) 1 i v
00 = 7(1 = 23)smag + 5(1+23) | fadys = | fadys
-1 -1
1
+§(l’3 - 1)g; (427)
Finally 0% satisfies in sense of distributions:
D309 = p€s — Da00y — f3 in Q x 10, +o0], (4.28)
09 = —g5 on I'_ x ]0, +oo, (4.29)
09363 =10, 095 <0 on Ty x]0,+oo. (4.30)

Proof. The proof of this proposition follows essentially the same pattern as in [20, Thm
4.8-1, p.301] or in 19, Thm 1.7-1, p.38|. The equations (A=25) — (A28) are already obtained
in the Proposition [73.
Using test function v = (vy,v9,0) in the equation (EL3), we obtain, formally that o2,
verifies in sense of distributions the quasi-static boundary value problem

03003 = 0005 — fo iIn Q2 x ]0, 00|

00y = —g, on T'_ x]0,400]

0%, =0 on T'y x]0,+oo|

Integrating the first equation over [—1, 23] and taking in account the boundary conditions,
we obtain (B222).
For the computation of 035, we take as test functions v = (0,0, v3) in the equation (ET3)

then we obtain
2

%p/ugvsdx+/a§363v3da:: —/Jggﬁavgdx—i—/fgvgdx

Q Q Q Q

""/ g3vsdl’ +/ Uggﬁng,va eV(Q),t>0. (4.31)
_ ry

On the other hand, by Green’s formula and taking into account the cancellation on the

boundary I'y, we have formally that

/0g383v3dx: —/agaggvgdx+/ 039,03dl’
Q Q r.

- / 05305dD, Yz € V(Q),t >0 (4.32)

102



SEC. 4.4 CHAP. 4

and
/ 002 0,v3dr = —/ 0a0svsdx, Yz € V(2),t > 0. (4.33)
Q Q

Inserting (B=32) and (E=33) in (E=3T) we find that

82
wp/ugvgdm—l—/ﬁgagi;vgdx: —/@a0'231}3d$—/f37]3d1‘—/ gsusdl’
Q Q Q Q r_

—/ 09305d, Yz € V (Q)
I

We derive from the inequality (EI4) that 093 must formally verifies (2230). In summary
the boundary value problem (E28)-(8230) is formally satisfied. m

4.4 CONVERGENCE STUDY

In this section, we suppose that u(e) is a solution of (P(¢).V), the forces verify f, f €
L>(0,T,L*(Q)) and g, g € L>(0,T, L*>(T'_)) and we study the limit of the sequence (u(¢)),
after that, we compare the results. To this end, we introduce the tensor x(e,v) defined

as following

Kap(€,0) = €ap(V), Kaz(g,v) = € Teas(v), kas(e,v) = e 2e33(v) (4.34)

Then, the bilinear form a®(u(e), v) can be rewritten as following

o (u(e),0) = [ (e (e,)+ 2y (e e, )

where r(¢) denotes k(e) := k(e,u(e)). The space L2(2) of symmetric, square integrable
tensors equipped with the scalar product (o, 7) = fﬂ oi;Tijdx is a real Hilbert space. As
it is known, the norms

lolla = (Ao,0)"2, [lo]loe (4.35)

are equivalent where (Ao, 7) = [,(Aoyi7); + 2p0;7i;dx).

Proposition 75 If u(e) is a solution of the problem (P(¢).V') then, for ¢ small enough,
the sequences (u(€)), (ki (€)) are bounded, respectively, in L>(0,T, V(Q)) and L*(0, T, L2(Q))
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hence, there exists a subsequences also denoted by (u(e)) and (k;j(e)) which admit a weak

star limits respectively in L>(0,T,V(Q)) and L>(0,T, L2(Q)) denoted respectively by

(u(0)) and (k;(0)).

Proof. We suppose that the approximate solutions 25! and h! have the same scaling as
the displacement u®, i.e., h&' = 2hl(e), h§" = ehl(e), &) = e2h! () and hSy = ehly(e).

Since
he! — wf weak x in L(0,T, (L*(9))%),
ho! — uf weak  in L0, T, (H'(QF))%),
then
hl(e) — u(e) weak * in L>(0,T, (L*(2))?),

hi(e) — u(e) weak * in L°°(0,T, (H'(2))?),

The above scalings and the scalings of f¢ and ¢° leads to

P Hh“( )|I? (L2(Q5)3 = 9572 th HL2 +955Hh1( )H%Q(Q)’

a®(h=(1), he’l(t)) = c"a(h'(e),h' (e)).
L (v%) = e’ L'(v(e)),

where the forms a and L' are independent of €. Then the inequality (E=1) becomes:

pe ZHhI V() I72 () + Pl (E) ) 132 + alh! () (), B! (e)(t))
< pe? Z!IanLz +pllg8lZz 0 + a(®”, 1°)

+ZU (A'(e)(t:) = 1! (€)(ti-)),
As a consequence we have the following prior estimate:

pe ZIW (te)l 22y + PUIRS(E) t) 220y + rallh! ()t 1 Frr oy

k-1
< pio + pall W () ()l ey + pa Y AR () (t) | ey,

=1

(4.43)

(4.44)
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where up, k = 1,2,3,4 are independent of € and verify:

o coercivity constant of the form a, (4.45)

M2_p2||Qa||L2 + ol 311720 + alp®, p°)

+ ||f||L°° 0,T,(12(Q)3 .||p0|| L2(Q

+ N9l zoe o7, 20 o) - I0° 200 o (4.46)
ps = || fll oo 2()s) + >\1||gHLoo(o,T,(L2(r,))3) (4.47)
Mg = ||f||L°°(0,T,(L2(Q)3) + X9l e 07,220 )3 (4.48)

Without loss of generality, we suppose that s > 1. Then we obtain

k-1
pal[ B () (6 | yys < pra+ pis + pra Y AR () () | 1 yye- (4.49)
i=1
Using Discrete Gronwall lemma yields
pllh! () ()l oy < (2 + e/, (4.50)

then also the sequence (hi(¢)(t;)) is bounded independently of k and e in L>(0, T, (H'(Q2))?3).

Since the norm is weakly lower semi-continuous, one has

||U( )||Loo OT(Hl(Q) < hmlnf ||hl( )( )||L°°(O,T,(H1(Q))3) < C (451)

such that C independent of €. The we conclude:

u(e) € L0, T,V (Q)) and 15(e), eita(c) € L¥(0,T, L*(Q)) (4.52)

Using the continuity of the form a°(.,.), the assumptions (E=34) and the equivalence of
the norms (B=33), we get

leas(u(e))llon < ¢ lleas(u(e))llog < ec, less(u(e))llon < . (4.53)

for a.e t €]0,7]. m

Proposition 76 The weak star limits u(0) and x(0) verify the following

u(0) € Vi1 (Q) N K(Q), for a.e t €)0,T],

—A
A+2u

Fas(0) = €ap(u(0)), Kas(0) = 0, k33(0) = €aa(u(0)), (4.54)

for a.e t €]0,T].
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Proof. From (E353) and the lower semi-continuity of the norm
lleij (u(0) oo < lirn>ionf leij(u(e))llo,, for a.e t €]0,T (4.55)

we deduce that e33(0) = en3(0) = 0, for a.e t €]0,T].

From the weak closeness of K (£2), we deduce that
u(0) € K(Q), for a.e t €0,

Then
w(0) € L=(0,T, Vi1 () N K(Q))

The equality ka5(0) = eqs(u(0)) derives from kop(u(e)) = Kap(u(0)) in L2(0,T, L*(Q))
weak star and eqs(u(e)) — eqs(u(0)) in L°°(0, T, L*(2)) and the uniqueness of the weak
limit.

To prove rq3(0) = 0 a.e t €]0,T], we choose as test function ¢(t)(evy, evy,0), v, € V()
and ¢(t) € D(0,T) in (E10) after that we integrate from 0 to 7" we obtain

p /0 "0 /Q i evadadt + /0 " S0 (u(e), cv)dt = /0 " S0 Liev)dt (4.56)

The term p fOT o(t) fQ e2iincvdrdt goes to 0 when € — 0. Indeed, integrating by parts we
obtain p fOT o(t) [, e¥incvadadt — 0 when e — 0, reminding that (¢(t)v, € L(0, T, L3(Q))).
The term

/0 " o)t (ue), ev)dt — ¢ /0 "ot /Q Ncas(&, W)y (2, 0) + iy (e, W)y (&, v)dad
—¢ /0 ") /Q Acar(&, w)es(0) + 2tkias(e, w)eas(v)dadt
4 /0 "o /Q Qptkias (22 10) (Duvs + Dsva)dadt
+§ /0 ") /Q (is(2, 1) + 2y (2, 1) )ess (v)dzdt
. /0 ") /Q Meis(2, 0)eps(v) + 2tkias(, u)ews(v)dadt

T
+/ qb(t)/2uf<aa3(6,u)83@adxdt,
0 Q

due to the choice of the test function. We now pass to the limit in (E258) and get

e—0

T
lim [ o) / 2Uka3(e, u)05vdxdt = 0,Yp € D(0,T)
0 0
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Then
/ 2pka3(1(0))3vadr = 0 a.e for t €]0,T], Vv, € V(Q).
Q

Recalling that of [21, Theorem 3.4-1] states that any w € L*(Q) such that [, wds vdz =0

for all v € C>(Q2) that satisfy v = 0 on yx[—1, 1] then w = 0, we deduce that k,3(u(0)) =0
in €2 in sense of distribution for a.e t €]0,7]. To prove k33(0) = ﬁeaa

test function ¢(¢)(0,0,&%v3), 93 = 0, v3 € V() and ¢(t) € D(0,T) in (EI0) after that we
integrate from 0 to 7" in (E-I0) then, we pass to the limit and obtain

(u(0)) we use as

/(/\/ﬁzu-(O) + 2uk33(0))d3v3dr = 0 a.e for t €]0,T], Vs € V().
0

The result follows. =

Proposition 77 The sequence (o33(e)) verifies
033(g) = 033(0) in L>=(0,T, H *(w)) weak star
and verifies with w(0) the inequality

(033(0), u3(0)) < lim(ass(e), us(e)) in L7(0,T).

Proof. We recall that among unknowns of the problem is the contact stress o33(¢) on
I',. Now, we prove that also this quantity has weak limit when ¢ tends to zero.

We prove now that
/ tig(e)vsdr — / ti3(0)vsdz in D'(0,T)
Q Q

Let ¢ € D(0,T), we have

/0 o) / ii3(e)vade = — / ' / ()0t oada

From (E52) we deduce that there exists xy € L>(0,T, L*(Q2)) such that
uz(e) — x in L®(0, T, L*(2)) weak star

1.e

/0 ((2), g(t))dt — / (v g(0))dt, g € L'(0,T, L*(Q).
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For g(x,t) = ¢(t)w(z) such that ¢(t) € D(0,T) and w € L*(£2), we have
T T ‘
| isle oo at == [ fus(e), oty
0 0
On the other hand u(e) converges strongly to u(0) in the space L>(0, T, L*(Q2)). Therefore
T T
/O (us(e), & ))dt — — / us(0 ))dt = /0 (113(0), d(t)w(-))dt.

From the density of functions ¢(t)w(x) in L'(0, T, L*(R?)) we deduce that

/0<u3<> o(t) dH/ Yog(0)dt. g € L'(0,T, (I2(2)

with x = 43(0). That means
t3(g) — 13(0) in L>®(0, T, L*(2)) weak star

Therefore x = 43(0) by virtue of the uniqueness of weak limit. Since uz(e) — u3(0) in
L>(0,T, L*(Q)) weak star and ¢vs € L'(0,T, L2(Q)) then

/ /u3 vgdx—>/ /u3 (t)vsder = — / /U3 (t)vgdx

From (B10), we get for all v € Vi (Q2) and ¢ € D(0,T)

/ o(t) (o33(¢), v3) / o(t)L(v)dt + p/OT o(t) (tig(e),vs) dt
+e ,0/0 o(t) (lia(€), va) dt+/OT o(t)a®(u(e),v)dt

when ¢ goes to 0, we obtain that for all v € Vi (2) and ¢ € D(0,7T)

/¢ (043(2), v3) dt = / o(0) L(v) + p (iis(0), va))dt
Then
(733(2), v3) — a2(u(0),v) — L(v) + p (ii(0), vs) inD'(0, T)
such that
a%(u(0),v) = / 05(0)05vadr, 00s(0) = N ey (1(0))das + 2p1645(u(0)), A = AQfZZ
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The map v — a®(u(0),v) — L(v) + p {(ii3(0),v3) defines a linear form on HZ(w). Then
the sequence o33(g) admits a weak star limit in L>°(0, T, H ?(w)) denoted by o33(0) which

verifies the equation
p (iiz(0), v3) + a®(u(0),v) = L(v) + (033(0),v3) , Vv € Vg1(Q), a.et €0, T[  (4.57)
From (B57), we deduce o33(0) verifies with «(0) the equation
p (iis(0), u(0)) + a%(u(0), u(0)) = L(u(0)) + (7550, us(0)) ac t €0, T (458)
We prove now that
(033(0),v3 — uz(0)) >0, Yoz € K(2), a.et €]0,T]. (4.59)
To do this, we must verify that

(033(0),u3(0)) < lim (o33(¢),us(e)), for a.et €]0,T]. (4.60)

e—0

then letting £ goes to 0, we obtain (A09).
We take in (BI0) first v3 = 0 and secondly v = 2u3 and obtain that (o33(¢), uz(e)) =0
then

(o33(€),us(e)y = 0in L>(0,T) weak star. (4.61)

We have that
15 (0)[I% = a2(u(0),u(0))

hence for a.e t €]0, T
(733(0), u3(0)) = [[w(O)I — L(0) + p {iiz(0), u3(0))

lim inf (|| K ()| — L(e) + p {iia(e), us(€)))

1ir€n>ionf (o33(¢),us(e))

INIA

IN

Jim (033(e), us(<))

Indeed, since u3(g) converges weak star to uz(0) in HZ(Q) for a.e t €]0,T[ then converges
strongly in H}(€) and ii3(¢) converges weak star to i3(0) in H~(Q) for a.e t €]0, T then,

we have proved (E60) therefore (A209). For the initial conditions, u(0) verifies

U)o (0) = p(0), ), (0) = ¢(0)

In summary we have proved the following theorem:
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Theorem 78 If u(e) is a solution of the problem (P(g).V) then

u(e) — u(0)in L®(0,T,V(Q)) weak — x

o33(s) — 033(0) in L=(0, T, H %(w)) weak — *

where u(0) is a solution of the problem :

( Find u(0) € Vi (Q)NK (Q)for a.et €[0,T] such that

1% <ﬁ3(0),1)3> + CLS(U(O),U) = L(U) + <O'33(0>,U3> s Yv € VKL(Q>
(V Pxr(0))
<0'33(0),U3 — U3(0)> >0, Yus € K(Q)

\ Ujy—o (O) = p<0)> u\z:o (O) = (J(O)

with

o 2pA
N2

a2(u(0),0) = / 000005000, 005(0) = Ner (u(0))das + 2pcas(u(0)), X°

Notice that the solution (u®, o°) of problem (V PY,) from Proposition 2 is also a so-
lution of problem (V Pk (0)), but since the uniqueness of the solution of this last problem

is not guaranteed we cannot conclude that (u°, %) = (u(0),5(0)).

CONCLUSION

We have shown that the weak limit of the subsequence (u(e), 033(¢)) of the three-dimensional
unilateral problem is solution to a two-dimensional unilateral problem. Furthermore the
solution of the other two-dimensional problem which derives from the asymptotic method
is also solution of the one deduced from the convergence method. As there is no uniqueness
result for this problem, we cannot conclude that the solutions coincide. Nevertheless is it
possible to prove the strong convergence of the whole sequence by using the variational
inequality (2257)7 Another open problem is to prove similar results for the time-dependent

Signorini problem with Coulomb friction.
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(GENERAL CONCLUSION

As general conclusion to this thesis is that in the asymptotic modeling nonlinear Signorini
problem for plates or for extended geometry shallow shells, we get the same result that
the leading term in the formal asymptotic expansions of the solution is characterized by
a two dimensional problem without friction.

For linear shallow shells, we obtain the same result using convergence method as in
the work (in progress ) on " Asymptotic modeling of linear Signorini problem for shallow

". This is a partial answer of questions of Paumier in the

shells with Coulomb friction
introduction. The loss of friction force in the two dimensional problem does not still true
for shells as shown in the work (in progress ) on " Asymptotic modeling of Signorini
problem with Coulomb friction for linear membrane shells"

In the case of dynamic Signorini problem without friction for linear shallow shells,

we justify the reduced problem using convergence method as in the work (in progress) "

Asymptotic modeling of linear Signorini problem for shallow shells. The dynamic case "
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Some open questions

Using Gamma convergence to justify the two-dimensional models in the nonlinear

case.

Existence of solutions of the problem pointed out in Proposition B3.

Existence of solutions of the problem pointed out in Proposition BY.

Existence of solutions of the dynamic Signorini problem with given friction force

(Tresca Law ) (in progress).

Existence of solutions of a hyperbolic problem with obstacle (in progress).
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