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Résumé

Dans cette thèse, nous nous intéressons à l’estimation non paramétrique de la fonction de régression
par erreur relative. Dans un premier temps, nous étudions les propriétés asymptotiques d’un esti-
mateur introduit par Jones et al. (2008), dans le cadre de données indépendantes et complètement
observées. Par la suite, nous proposons la construction d’un estimateur à noyau adapté aux données
tronquées à gauche et censurées à droite. Nous établissons, sur un compact, la convergence uniforme
presque sûre avec vitesse ainsi que la normalité asymptotique de cet estimateur en présence d’une
dependance de type α-mélange. Les résultats sont illustrés à travers des simulations et des applica-
tions pratiques.

Mots clés: α-mélange, convergence uniforme presque sûre, données tronquées-censurées, estimateur
à noyau, normalité asymptotique, régression non paramétrique par erreur relative.
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Abstract

In this thesis, we focus on the nonparametric estimation of the relative error regression function.
Initialy, we study the asymptotic properties of an estimator introduced by Jones et al. (2008) in the
context of independent and fully observed data. Subsequently, we propose the construction of a ker-
nel estimator adapted to left truncated and right censored data. We establish, on a compact set, the
almost sure uniform convergence with a rate, as well as the asymptotic normality of this estimator
under the assumption of α-mixing dependency. The results are illustrated through simulations and
practical applications.

Keywords: α-mixing, almost sure uniform convergence, asymtotic normality, kernel estimator,
nonparametric relative error regression, truncated-censored data.
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Chapter 1

General introduction

1.1 Regression

In the contemporary world, the ability to extract meaningful insights from data is crucial for mak-
ing informed decisions and solving complex problems across diverse fields, including medicine, eco-
nomics, engineering and social sciences. Among the numerous techniques available for data analysis,
regression analysis remains a fundamental tool, enabling researchers and practitioners to explore
relationships between variables and make predictions.

Regression analysis has a long and rich history. Its roots can be traced back to the work of various
pioneers such as Legendre (1805) and Gauss (1809). However, it was Galton (1890) who coined the
term "regression" while studying the connection between the heights of parents and their offspring.
Since then, regression has evolved and expanded in scope to encompass various techniques and ap-
proaches, progressing from simple linear regression to more complex and nonparametric models.

At its core, regression aims to model the relationship between a response variable (denoted by Y )
and one or more explanatory variables (denoted by X). Consider a dataset with N data points, each
representing a pair of values (Xi, Yi)i=1,...,N for the variables X and Y . The equation

Yi = m(Xi) + εi, i = 1, ..., N,

captures this relationship. Here, m(·) represents the unknown regression function and the term εi

signifies the error term associated with the i-th observation.

In social sciences, for instance, regression serves to understand how factors like parental education
level X might influence a child’s academic performance Y . By analyzing data from different stu-
dents, researchers can construct regression models to quantify the influence of parental education on
academic performance.
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Chapter 1 General introduction

The process of building a regression model, specifically estimating the regression function m(·), typ-
ically involves two principal stages:

- Choosing the approach: there are two primary approaches to explore the relationship between
X and Y : parametric and nonparametric. The parametric approach assumes that the regression
function m(·) follows a predefined form, often expressed as a mathematical equation containing a set
of unknown parameters. A widely used example is linear regression, where the relationship is modeled
as (Y = β0 +β1X+ε), with β0 and β1 representing parameters to be estimated. The advantage of the
parametric approach lies in its interpretability, as the estimated parameters provide direct insight
into the influence of each explanatory variable on the response variable. Additionally, parametric
models generally require less data to achieve satisfactory predictive performance compared to their
nonparametric counterparts. However, a significant limitation of this approach is its reliance on the
assumption that the chosen functional form adequately represents the underlying data. If the data
deviate substantially from the assumed model, the predictions may lack reliability.

Conversely, the nonparametric approach does not impose any predefined structure on the regression
function m(·), allowing the data to determine the functional form. Common nonparametric tech-
niques include methods such as k-nearest neighbors, which predicts the response variable for a new
data point based on the values of its closest neighbors in the training set, and kernel smoothing,
which uses a weighted average of nearby data points to estimate the response variable. The strength
of nonparametric regression lies in its flexibility and adaptability, particularly when modeling com-
plex or unknown relationships in the data. However, this flexibility often comes at the expense of
interpretability, as nonparametric models do not typically offer clear insights into the individual ef-
fects of explanatory variables. Moreover, nonparametric methods can be computationally intensive,
especially when applied to large datasets.

In recent years, nonparametric regression has garnered substantial attention from researchers due to
the growing need to model complex relationships present in real world data. As a result, many works
have been published and have contributed to its development in both the theoretical and practical
aspects (e.g., Härdle (1990), and Tsybakov (2009)).

- Selecting the estimation method: once the approach has been determined, the next step in-
volves choosing an appropriate method for estimating the regression function m(·). In nonparametric
regression, various estimation techniques are available, with the least squares method being the most
commonly employed. This method seeks to minimize a loss function, which in this context is the
mean squared error (MSE), expressed as:

2



Chapter 1 General introduction

E
[
(Y −m(X))2 |X

]
.

Minimizing this MSE provides a solution that corresponds to the conditional expectation of Y given
X, denoted as E[Y |X], representing the average value of Y for a given value of X. Numerous
techniques exist for estimating this conditional expectation. Notably, Nadaraya (1964) and Watson
(1964) independently introduced a kernel estimator for this purpose. In addition, Révész (1973)
proposed a recursive kernel estimator, and Stone (1977) defined a k-nearest neighbors estimator.

While the least squares method is widely used due to its simplicity and efficiency, it has limitations,
especially in the presence of outliers. Outliers, which are data points that deviate significantly from
the rest of the dataset, can arise from various sources, such as measurement errors (e.g., malfunction-
ing equipment), data entry mistakes (e.g., incorrect decimal placement), or genuine extreme values
within the population being studied. The least squares method is particularly sensitive to outliers, as
it squares the residuals (the differences between predicted and observed values), causing outliers with
large residuals to have a disproportionate influence on the estimation, thereby leading to inaccurate
models that may fail to capture the true relationship between X and Y .

To address this issue, several alternative estimation methods have been developed to mitigate the
impact of outliers on the estimation process. One such method is the M-estimation, introduced
by Huber (1964), which is considered a robust alternative to the least squares. The M-estimation
modifies the MSE loss function as follows:

E [ρ (Y −m(X)) |X] ,

where ρ is a function designed to reduce the influence of outliers on the overall estimate. For further
exploration of M-estimation, we refer to the works of Härdle (1984), Fan et al. (1994), Boente and
Rodriguez (2006), and Azzedine et al. (2008). Another method gaining recognition is the relative
error regression (RER). This method focuses on minimizing the mean squared relative error (MSRE)
instead of the MSE, defined as:

E

[(
Y −m(X)

Y

)2

|X

]
, for Y > 0. (1.1)

By minimizing this MSRE, the regression process becomes less susceptible to the influence of outliers.
This is because MSRE evaluates the proportional difference between predicted and true values, thus
mitigating the impact of extreme deviations on the error measure. Park and Stefanski (1998) showed
that the solution of the minimisation problem of (1.1) is explicitly expressed by:

m(X) =
E[Y −1|X]

E[Y −2|X]
, (1.2)
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Chapter 1 General introduction

where the first two conditional inverse moments of Y given X are finite almost surly. The first kernel
and local linear estimator of equation (1.2) was introduced by Jones et al. (2008) for the case when
the explanatory variable is a real number, while Demongeot et al. (2016) proposed a kernel estimator
of the same equation for the functional case.

The selection of an appropriate statistical approach and estimation method critically depends on the
characteristics of the data and the specific research objectives.

1.2 Incomplete survival data

Survival data, also known as time-to-event data, comprises observations that record the duration
until a specific event of interest occurs. This event could be the death of an individual, the failure
of a machine or the end of a contract. A characteristic feature of survival data is its inherent in-
completeness, primarily due to censoring and/or truncation. These phenomena are distinct and can
manifest in various forms, leading to diverse types of incomplete data.

Censoring arises when the exact timing of the event of interest is unknown, resulting in only partial
information being available. The three principal types of censoring are right censoring, left censoring
and interval censoring.

1.2.1 Right censoring

Right censoring occurs when the exact value of a lifetime variable Y is unknown, but it is known to
be greater than or equal to a specific time W . Right censored data typically falls into the following
categories:

1.2.1.1 Type I censoring

In Type I censoring, a study has a predefined observation period, and at the conclusion of this fixed
time, some individuals may not have experienced the event of interest. Let Y1, . . . , YN represent the
random variables of interest and W the fixed censoring time. Instead of observing Y1, . . . , YN , the
observed data consists of pairs (Z1, δ1), . . . , (ZN , δN), where:

Zi = min(Yi,W ) and δi = 1{Yi≤W}, for i = 1, . . . , N.

Example 1.1. A pharmaceutical company tests the efficacy of a new drug over a fixed period (e.g.,
six months). At the end of the six-month period, some patients may not have experienced the desired
outcome. The event times for these patients are considered Type I censored because the observation
period ended before the event of interest occurred.

4



Chapter 1 General introduction

1.2.1.2 Type II censoring

In Type II censoring, the study continues until a predetermined number r of failures occurr. Thus,
only the r smallest lifetimes out of the N samples are observed, where (1 ≤ r ≤ N). Let Y1, . . . , YN

represent a random sample of lifetimes. A Type II censored sample is defined by observing
(Z1, δ1), . . . , (ZN , δN), where:

Zi = min(Yi, Y{r}) and δ = 1{Yi≤Y{r}}, for i = 1, . . . , N.

Here, Y{r} denotes the r-th order statistic of the sample Y1, . . . , YN .

Example 1.2. In a quality control study, the durability of a material is tested by applying stress
until a predetermined number of samples (e.g., r = 10) fail. Only the lifetimes of the first 10 failures
are recorded for analysis, constituting Type II censored data, where only the r smallest lifetimes are
observed.

1.2.1.3 Type III censoring

Type III censoring generalizes Type I censoring by allowing each individual to have its own censoring
time. Let Y1, . . . , YN represent the random variables of interest and W1, . . . ,WN the individual
censoring times. The observed data consists of pairs (Z1, δ1), . . . , (ZN , δN), where:

Zi = min(Yi,Wi) and δ = 1{Yi≤Wi}, for i = 1, . . . , N.

Example 1.3. A medical study tracks the time until a specific symptom appears in patients. Each
patient is monitored for a different duration depending on their health condition. For instance, Patient
A may be followed for six months, while Patient B is observed for one year. If a patient’s follow-up
ends before the event of interest occurs, the observation is classified as Type III censored.

1.2.2 Left censoring

Left censoring occurs when the event of interest has already occurred before an individual enters
the study, meaning their true lifetime is known to be less than a specific censoring time W . Let
Y1, . . . , YN represent the random variables of interest and W the left censoring time. Instead of
observing Y1, . . . , YN , the observed data consists of pairs (Z1, δ1), . . . , (ZN , δN), where:

Zi = max(Yi,W ) and δ = 1{Yi≥W}, for i = 1, . . . , N.

Example 1.4. In a study on early childhood learning, researchers may investigate the age at which
children learn to accomplish specific tasks, such as tying their shoes. If some children already know
how to tie their shoes at the start of the study, their event times are classified as left censored.
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Chapter 1 General introduction

1.2.3 Interval censoring

Interval censoring occurs when the exact time of the event is unknown, but it is known to have
occurred within a specific interval (Wa,Wb), where Wa and Wb are the endpoints of the censoring
interval. This type of censoring is common in clinical trials or longitudinal studies with periodic
follow-up.

Example 1.5. A study monitoring the hatching time of turtle eggs provides an example of interval
censoring. Researchers visit nesting sites periodically, as they cannot observe the eggs continuously.
If an egg hatches between two visits, the exact time of hatching is unknown, but it is known to have
occurred between the two visit times.

Truncation, on the other hand, arises when certain observations are systematically excluded from a
study based on predefined criteria. The two main types of truncation are left truncation and right
truncation.

1.2.4 Left truncation

In the case of left truncation, only individuals whose event of interest occurs after a specified time
T are included in the analysis. Events that occur prior to this time are not observed, and thus, no
information is available for these cases.

Example 1.6. A study aiming to estimate the size distribution of microscopic particles may face left
truncation. Due to the limited resolution of the microscope, only particles exceeding a certain size are
detectable. Consequently, smaller particles, which may also be relevant to the analysis, are excluded
from the dataset, leading to left truncation.

1.2.5 Right truncation

Right truncation, in contrast to left truncation, occurs when only individuals whose event times fall
below a specific time T are included in the study. Events occurring after this time are excluded from
the analysis.

Example 1.7. In astronomical research, studies investigating the lifespans of stars often encounter
right truncation. Stars located beyond a certain distance are not detectable due to the limitations
of observational instruments. As a result, the dataset is right truncated, as only stars within the
observable range are included in the analysis.

In various real world contexts, data may exhibit both left truncation and right censoring, giving rise
to a more complex form of incomplete data known as left truncated and right censored (LTRC) data.
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Chapter 1 General introduction

1.2.6 Left truncation and right censoring

LTRC data arises when both left truncation and right censoring are present in a study. Let Y1, . . . , YN

represent the lifetime variables,W1, . . . ,WN the censoring times, and T1, . . . , TN the truncation times.
Instead of observing the full lifetimes Y1, . . . , YN , the observed data consists of the triplet (Zi, Ti, δi),
where:

Zi = min(Yi,Wi) and δi = 1{Yi≤Wi}, for i = 1, . . . , n.

Here, δ is an indicator function, with δ = 1 if the lifetime is observed and δ = 0 if it is censored.
Observations are only recorded for cases where Zi ≥ Ti, and if Zi < Ti, no observation is made.

Example 1.8. A study examining the longevity of vintage cars registered in a specific city provides
an example of LTRC data. Left truncation occurs because only cars that remained operational beyond
a certain age (e.g., 25 years) are included in the study. Cars that were no longer functional before
reaching this age are excluded. Right censoring arises when the study concludes before some cars
have ceased operation, leaving their exact lifespans unknown.

Example 1.9. A study of mortality in a retirement community also exemplifies LTRC data. Left
truncation is present by including only individuals who joined the community after reaching a cer-
tain age (e.g., 55 years), excluding those who died prior to reaching that age. Right censoring arises
for residents who are still alive at the conclusion of the study, as their survival times remain unknown.

Several researchers have explored the estimation of the regression functionin the presence of incom-
plete data. For right censored data, Carbonez et al. (1995) introduced a partition-based estimator
and demonstrated its strong consistency. Kohler et al. (2002) proved the strong consistency of vari-
ous estimators, including kernel, k-nearest neighbors, least squares and smoothing splines. Guessoum
and Ould Saïd (2009) investigated a kernel estimator, establishing its pointwise and uniform strong
consistency with a rate over a compact set, as well as its asymptotic normality. Lemdani and Ould
Saïd (2017) defined an M-estimator and studied its asymptotic properties for real-valued explana-
tory variables, later extended to the functional case by Ait Hennani et al. (2019). Bouhadjera et
al. (2022) constructed a local linear regression estimator that minimizes the sum of squared relative
errors and obtained its uniform almost sure consistency with a rate over a compact set.

For left truncated data. Ould Saïd and Lemdani (2006) proposed a new kernel estimator and in-
vestigated its asymtotic properties, including pointwise consistency, uniform strong convergence and
asymptotic normality. In the infinite-dimensional case, Derrar et al. (2015) introduced an M-
estimator and established its almost complete convergence with a rate and asymptotic normality.
Altendji et al. (2018) demonstrated the almost sure consistency and the asymptotic normality of a

7



Chapter 1 General introduction

kernel relative regression estimator. Bouabsa (2021) obtained a uniform consistency with a rate of a
k-nearest neighbors relative regression estimator. Most recently, Bouhadjera et al. (2023) proposed
a local linear relative error regression estimator for a real-valued explanatory variable and proved its
strong uniform consistency.

For LTRC data, Cao et al. (2005) proposed a relative hazard rate estimator, establishing its asymp-
totic distribution and asymptotic mean squared error. Molanes-López and Cao (2008) defined a
kernel estimator for the relative density, obtaining its bias, variance and limit distribution.

1.3 Dependance

All the aforementioned works on incomplete data have assumed independence between observations.
However, this assumption may not always hold in practice, especially in contexts such as the re-
tirement community study. Participants in such a setting often share similar characteristics due to
the nature of the community, leading to potential dependence in the data. Consequently, recent
research studies have turned their attention toward modeling dependent data, introducing concepts
like association and mixing to capture this dependence.

The concept of association, proposed by Esary et al. (1967) for reliability applications, represents a
particular case of the weak dependence formalized by Doukhan and Louhichi (1999). Mathematically,
a finite sequence of random variables {Ui; 1, . . . , n} is considered associated if:

Cov (f(U1, . . . , Un), g(U1, . . . , Un)) ≥ 0,

for all non-decreasing function f and g from Rn → R, where the covariance exists. An infinite
sequence of random variables {Ui; i ≥ 1} is said to be associated if every finite subsequence is asso-
ciated. For a more detailed discussion on association and its applications, we refer the reader to Cai
and Roussas (1998), Masry (2002), Bulinski and Shashkin (2007), Guessoum et al. (2012), Menni
and Tatachak (2016), Hamrani and Guessoum (2017), Adjoudj and Tatachak (2018), and Bey et al.
(2022).

Mixing is another approach to describing weak dependence between random variables. It charac-
terizes the gradual weakening of dependence as the time lag between variables increases. There are
various types of mixing conditions, with α-mixing (strong mixing) being the weakest and therefore
the least restrictive. The strong mixing condition is defined as follows:

Definition 1.1. A sequence {Ui; i ≥ 1} defined on (Ω,F ,P) is said to be α-mixing if the mixing

8



Chapter 1 General introduction

coefficient:

α(n) = sup{|P(A ∩B)− P(A)P(B)| : A ∈ Fk1 and B ∈ F∞k+n, k ∈ N∗}

converges to zero as n → ∞, where Fml denotes the σ-algebra generated by {Uj; l ≤ j ≤ m}. (See,
Doukhan (1994)).

There are two primary subclasses of strong mixing sequences:

Definition 1.2. The sequence {Ui; i ≥ 1} is said to be arithmetically α−mixing with rate a > 0 if

∃C > 0, α(n) ≤ Cn−a.

It is called geometrically α-mixing if

∃C > 0,∃t ∈ (0, 1), α(n) ≤ Ctn.

Strong mixing can also be defined for multiple sequences of random variables:

Proposition 1.1. Let {Ui, i ≥ 1} and {Vi, i ≥ 1} be two sequences of α-mixing random variables
with mixing coefficient α1(·) and α2(·), respectively, then {(Ui, Vi), i ≥ 1} is a sequence of α-mixing
random variables with mixing coefficient 4α(n), where α(n) = max{α1(n), α2(n)}. (See, Cai (2001))

Several important inequalities are frequently used when dealing with α-mixing sequences:

Proposition 1.2 ( Fuk-Nagaev’s inequality). Let {Ui, i ≥ 1} be a sequence of random variables, with
strong mixing coefficient α(n) = O(n−v), where v > 1. If there exists M < ∞ such that |U1| ≤ M ,
then we have for any ε > 0, q > 1 and for some C <∞:

P

(∣∣∣∣∣
n∑
i=1

Ui

∣∣∣∣∣ > ε

)
≤ C

{(
1 + ε2

qS2
n

)− q
2

+ nq−1
(
q
ε

)v+1
}
,

where S2
n =

n∑
i=1

n∑
j=1

|Cov(Ui, Uj)|. (See, Rio (2000)).

Proposition 1.3 (Davydov covariance inequality). Let (Un)n∈Z be a sequence of stationary α-mixing
random variables. For some k ∈ Z, consider a real variable U (resp. U ′) which is Fk−∞-measurable
(resp. F+∞

n+k-measurable). If for some positive numbers p, q, r such that p−1 + q−1 + r−1 = 1, we have
E(X)p <∞ and E(X ′)p <∞, then

∃C, 0 < C < +∞, Cov(U,U ′) ≤ C(E(U)p)
1
p (E(U ′)q)

1
qα(n)

1
r ,

where the σ-algebra F ba = σ{Ui, a ≤ i ≤ b}. (See, Rio (2000)).

Proposition 1.4 (Volkonskii and Rozanov covariance inequality). Consider a set of σ-algebras of
events F ji , where −∞ < i < j < ∞, and let U1, . . . , Un be α-mixing random variables satisfying
the condition |Xk| ≤ 1. Assume that each Uk is measurable with respect to the σ-algebra F jkik , where
i1 < j1 < . . . < in < jn, ik+1 − jk ≥ w ≥ 1. Then,

9



Chapter 1 General introduction∣∣∣∣∣
(
E

n∏
j=1

Uj

)
−

n∏
j=1

E[Uj]

∣∣∣∣∣ ≤ 16(n− 1)α(w).

(See, Volkonskii and Rozanov (1959)).

The study of incomplete data under the strong mixing condition is a relatively recent field, with
limited results on nonparametric regression estimation. For left truncated data, Liang et al. (2009)
established the uniform strong convergence with a rate of a kernel estimator. Wang and Liang (2012)
constructed an M-estimator and demonstrated its weak and strong consistency, along with asymptotic
normality. For right censored data, Guessoum and Ould Saïd (2012) proved the convergence in
probability of a kernel estimator and its asymtotic normality. Bouhadjera and Ould Saïd (2019)
obtained the uniform almost sure convergence with a rate of the relative error regression estimator.
For LTRC data, to the best of our knowledge, the only contribution is by Benseradj and Guessoum
(2022). They proposed a robust M-estimator and established its strong uniform consistency with a
rate.

1.4 Organization of the thesis

The primary motivation for this thesis is to address the nonparametric estimation of the relative er-
ror regression function for left truncated and right censored data under the assumption of α-mixing
dependency. The manuscript is structured into three main chapters, in addition to an introduction
and a conclusion that includes future research directions.

Chapter 2 focuses on the asymptotic properties of a relative regression function estimator proposed
by Jones et al. (2008) in the context of complete data. Under the assumption of independent and
identically distributed observations, we establish the almost sure uniform convergence with a rate
and asymptotic normality of the estimator. These results are illustrated through a simulation study.

Chapter 3 introduces a nonparametric estimator for the regression function associated with LTRC
data. The estimator is constructed by minimizing the mean squared relative error. We demonstrate
its strong uniform convergence with a rate under α-mixing condition and evaluate its performance via
an extensive simulation study. A real world case study further underscores its practical applicability.

Chapter 4 extends the work of Chapter 3 by deriving the asymptotic normality of the proposed
estimator. This enables the construction of confidence intervals. Simulation studies and a real world
data application validate the theoretical findings.

10



Chapter 1 General introduction

It is worth noting that the work presented in Chapter 3 has been published as a journal article, while
the work in Chapter 4 is currently under review.

11



Chapter 2

Asymptotic properties of the relative

regression function estimator: complete and

iid data

In this chapter, we investigate the asymptotic properties of a relative regression function estimator
introduced by Jones et al. (2008) in the context of complete data. Specifically, we establish the
almost sure uniform convergence and the asymptotic normality of the estimator under the assumption
that the observations are independent and identically distributed (iid). Furthermore, we conduct a
simulation study to illustrate and validate these theoretical results.

2.1 Introduction

In a probability space (Ω,F ,P), consider a sequence of iid random vectors {(Xi, Yi); i = 1, . . . , N}
sampled from (X, Y ), taking values in Rd ×R∗+. The primary objective in studying the relationship
between these two variables is often to predict one variable given the other. One widely used method
for addressing this prediction problem is regression based on the mean squared error (MSE) criterion.
However, this method can be sensitive to outliers, which may significantly influence the results. To
overcome this issue, Park and Stefanski (1998) proposed the relative error regression approach, which
minimizes the mean squared relative error (MSRE), defined as:

E

[(
Y −m(x)

Y

)2

| X = x

]
, for Y > 0.

Minimizing the MSRE leads to the following expression for the regression function

m(x) =
E[Y −1 | X = x]

E[Y −2 | X = x]
.

12



Chapitre 2 Asymptotic properties of the estimator: complete and iid data

To substantiate this result, we can expand the MSRE as follows

MSRE = E
[

(Y −m(x))2

Y 2
| X = x

]
= E

[
Y 2 − 2Y m(x) +m(x)2

Y 2
| X = x

]
.

Upon simplifying this expression, we obtain

MSRE = 1− 2m(x)E[Y −1 | X = x] +m(x)2E[Y −2 | X = x].

By differentiating the above expression with respect to m(x) and set the derivative equal to zero, we
find

∂

∂m(x)
MSRE = −2E[Y −1 | X = x] + 2m(x)E[Y −2 | X = x] = 0.

Solving for m(x), we arrive at the desired expression for the regression function. In this context,
Jones et al. (2008) introduced a nonparametric estimator for m(x), given by

m̂N(x) =:
ψ̂N,1(x)

ψ̂N,2(x)
,

with

ψ̂N,` =
1

NhdN

N∑
i=1

Y −`i Kd

(
x−Xi

hN

)
, for ` = 1, 2.

Here, Kd : Rd → R is a kernel function and hN is a sequence of positive real numbers that approaches
zero as N → ∞. The formula for m̂N(·) resembles the Nadaraya-Watson estimator developed by
Nadaraya (1964) and Watson (1964) in the MSE setting.

The remainder of this chapter is organized as follows: Section 2.2 outlines the assumptions and
presents the theoretical results. Section 2.3 discusses the simulation study. Section 2.4 provides
auxiliary results and proofs.

2.2 Assumptions and main results

To formulate the asymptotic properties of the estimator m̂N(·), we first introduce the following
notation

ψλ(u) =

∫
R∗+
t−λfX,Y (u, t)dt, for λ = 1, 2, 3, 4.

Let C denote a compact set in Rd, and assume that inf
x∈C

ψ̂N,2(x) > 0. Throughout this chapter, when
no confusion is possible, C will be used to denote any generic constant.

13



Chapitre 2 Asymptotic properties of the estimator: complete and iid data

2.2.1 Assumptions

K. The kernel Kd(·) is a bounded probability density with compact support and satisfies:

(a)
∫
Rd
Kd(r)dr = 1,

∫
Rd
riKd(r)dr = 0 and

∫
Rd
|ri||rj|Kd(r)dr <∞, for i, j = 1, . . . , d.

(b)
∫
Rd
K2
d(r)dr <∞ and

∫
Rd
riK

2
d(r)dr <∞, for i = 1, . . . , d.

(c) ∀(t, s) ∈ C2 |Kd(t)−Kd(s)| ≤‖ t− s ‖γ, for γ > 0.

H. The bandwidth hN satisfies:

(a) lim
N→∞

hN = 0, lim
N→∞

NhdN =∞ and lim
N→∞

logN
NhdN

= 0.

(b) lim
N→∞

Nhd+4
N = 0.

D. (a) The function ψλ(·) is twice continuously differentiable and sup
x∈C

∣∣∣∣∂2ψλ(x)

∂xi∂xj

∣∣∣∣ <∞, for λ =

1, 2, 3, 4 and i, j = 1, . . . , d.

(b) ∀Y > 0, ∃C > 0, such that Y −` ≤ C, for ` = 1, 2.

2.2.1.1 Comments on the Assumptions

Assumptions K, H(a), and D(a) are typical in nonparametric regression estimation. Assumption
D(b) is particularly useful for establishing consistency. Assumption H(b) is a technical condition
necessary for the study of asymptotic normality.

2.2.2 Main results

The first theorem establishes a strong uniform consistency result with a rate over a compact set for
the estimator m̂N(·).

Theorem 2.1 (Strong uniform consistency). Under Assumptions K and D, we have

sup
x∈C
|m̂N(x)−m(x)| = O(h2

N) + O

(√
logN

NhdN

)
a.s. as N →∞.

The seond theorem focuses on the asymtotic normality of the estimator m̂N(·).

Theorem 2.2 (Asymptotic normality). Under Assumptions K(a), K(b), H, D(a), we have :√
NhdN (m̂N(x)−m(x))

D−−→ N (0, σ2
N(x)) as N →∞,
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where D−−→ denotes the convergence in distribution and

σ2
N(x) =

ψ3
2(x)− 2ψ1(x)ψ2(x)ψ3(x) + ψ2

1(x)ψ4(x)

ψ4
2(x)

κ,

with κ =

∫
Rd
K2
d(s)ds.

Remark 2.1. A computable estimator σ̂2
N(x) for the asymptotic variance σ2

N(x) can be easily obtained
using a plug-in method by replacing ψλ(·) with its estimator ψ̂N,λ(·) for λ = 1, 2, 3, 4:

ψ̂N,λ(x) =
1

NhdN

N∑
i=1

Y −λi Kd

(
x−Xi

hN

)
.

As a direct consequence of Theorem 2.2, we derive the following confidence interval.

Corollary 2.1. Under the assumptions of Theorem 2.2, and for each fixed ζ ∈ (0, 1), a confidence
interval of level (1− ζ) for m(x) is given by[

m̂N(x)− t1− ζ
2

σ̂N(x)√
NhdN

, m̂N(x) + t1− ζ
2

σ̂N(x)√
NhdN

]
,

where t1− ζ
2
denotes the

(
1− ζ

2

)
-quantile of the standard normal distribution.

2.3 Simulation study

The goal of this section is to assess the performance of the estimator m̂N(·) in the context of a
one-dimensional covariante X (i.e., d=1). To achieve this, we simulate N observations of the pairs
{(Xi, Yi); i = 1, . . . , N}, where Xi  N (3, 1) and Yi = 2Xi + εi, with εi  N (0, 0.1). Then, we
calculate the estimator m̂N(x) for x ∈ C = [1, 4], using a Gaussian kernel and the bandwidth that
minimizes the global mean squared error (GMSE):

GMSE =
1

A.B

B∑
j=1

A∑
i=1

(m̂N,j(xi)−m(xi))
2,

for B = 50 replications, where m̂N,j(·) represents the estimator at iteration j and A is the number
of equidistant points xi within the compact set C.

2.3.1 Consistency

To evaluate the consistency of the estimator, we plot m̂N(x) alongside the true function m(x) = 2x.

• Sample size effect: As demonstrated in Figure 2.1, the accuracy of the estimator improves with
increasing sample size.

• Outliers effect: Figure 2.2 illustrates the robustness of the estimator in the presence of outliers,
introduced by multiplying 4 % of each sample by a multiplier factor (MF).
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Figure 2.1: m(·) and m̂N(·) with N=50,100, and 300 respectively.

Figure 2.2: m(·) and m̂N(·) with N=300, MF=50, 100, and 150 respectively.

2.3.2 Asymptotic normality

To examine the asymptotic normality of the estimator, we compare the shape of the estimated density
with that of a standard normal density. We begin by estimating the regression function m(x) = 2x

using m̂N(x), and subsequently compute the normalized deviation between this estimator and the
theoretical regression function at x = 2 as follows:

m?
N = m?

N(2) :=

√
NhN
σ̂N(2)

(m̂N(2)−m(2)).

Following this approach, we generate a sequence of size B = 100. We then estimate its density
function using the kernel method with a Gaussian kernel and the bandwidth hB = C · B− 1

5 ( as
proposed by Silverman (1986)), where C is an appropriately chosen constant. The estimated density
m̂?
N is plotted alongside the standard normal density for various values of N . As shown in Figure

2.3, the two distributions become closer as the sample size increases.

Next, we construct confidence intervals for m(x) at a level of 95 %, following Corollary 2.1:

m̂N(x)± 1.96× σ̂N(x)√
NhdN

,

applying the same data and methodology used in computing the estimator m̂N(x). Figure 2.4
highlights the reduction in confidence interval width as the sample size increases.
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Figure 2.3: N=50,100, and 300 respectively.

Figure 2.4: N=50,100, and 300 respectively.

2.4 Auxiliary results and proofs

2.4.1 Proofs for consistency result

A classical decomposition allows us to express the difference as follows

m̂N(x)−m(x) =
ψ̂N,1(x)

ψ̂N,2(x)
− ψ1(x)

ψ2(x)

=
1

ψ̂N,2(x)

{[
ψ̂N,1(x)− ψ1(x)

]
−m(x)

[
ψ̂N,2(x)− ψ2(x)

]}
=

1

ψ̂N,2(x)

{[
(ψ̂N,1(x)− E[ψ̂N,1(x)]) + (E[ψ̂N,1(x)]− ψ1(x))

]
−m(x)

[
(ψ̂N,2(x)− E[ψ̂N,2(x)]) + (E[ψ̂N,2(x)]− ψ2(x))

]}
=:

1

ψ̂N,2(x)
{[Ξ1,1(x) + Ξ2,1(x)]−m(x) [Ξ1,2(x) + Ξ2,2(x)]} . (2.1)

Applying the triangle inequality to (2.1), we obtain

sup
x∈C
|m̂n(x)−m(x)| ≤ 1

inf
x∈C
|ψ̂N,2(x)|

{
sup
x∈C

[|Ξ1,1(x)|+ |Ξ2,1(x)|]

+ sup
x∈C
|m(x)| [|Ξ1,2(x)|+ |Ξ2,2(x)|]

}
.

The proof of Theorem 2.1 follows by using Lemma 2.1 and Lemma 2.2 below, which handle the terms
Ξ2,` and Ξ1,`, respectively, for ` = 1, 2.
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Lemma 2.1. Under Assumptions K(a) and D(a), we have for ` = 1, 2

sup
x∈C
|Ξ2,`(x)| = Oa.s.(h

2
N) as N →∞.

Proof. Using a change of variable and a Taylor expansion, we derive

Ξ2,`(x) = E

[
1

NhdN

N∑
i=1

Y −`i Kd

(
x−Xi

hN

)]
− ψ`(x)

= E
[

1

hdN
Y −`1 Kd

(
x−X1

hN

)]
− ψ`(x)

=

∫
Rd

∫
R∗+

t−`

hdN
Kd

(
x− u
hN

)
fX,Y (u, t)dudt− ψ`(x)

=

∫
Rd

1

hdN
Kd

(
x− u
hN

)
ψ`(u)du− ψ`(x)

=

∫
Rd
Kd(r)ψ`(x− rhN)dr− ψ`(x)

=

∫
Rd
Kd(r) [ψ`(x− rhN)− ψ`(x)]dr

=

∫
Rd
Kd(r)

[
−hN

d∑
i=1

ri
∂ψ`(x)

∂xi
+
h2
N

2

{
d∑
i=1

r2
i

∂2ψ`(x0)

∂x2
i

+2
d∑
i=1

d∑
j=1

rirj
∂2ψ`(x0)

∂xi∂xj

}]
dr

≤ h2
N

2

{
d∑
i=1

sup
x∈C

∣∣∣∣∂2ψ`(x0)

∂x2
i

∣∣∣∣ ∫
Rd
r2
iKd(r)dr

+2
d∑
i=1

d∑
j=1

sup
x∈C

∣∣∣∣∂2ψ`(x0)

∂xi∂xj

∣∣∣∣ ∫
Rd
|ri||rj|Kd(r)dr

}
.

Thus, under Assumptions K(a) and D(a), we conclude that

sup
x∈C
|Ξ2,`(x)| = O(h2

N).

This completes the proof.

Lemma 2.2. Under Assumptions K(a)-K(c), D(a) and D(b), we have for ` = 1, 2

sup
x∈C
|Ξ1,`(x)| = Oa.s.

(√
logN

NhdN

)
as N →∞.

Proof. Given that C is a compact set, it can be covered by a finite number ωN of balls Bk(xk, adN)

centred at xk = (x1,k, . . . , xd,k), 1 ≤ k ≤ ωN , where ωN and adN satisfy the relations:

ωN ≤Ma−dN and adN = h
d(1+ 1

2γ
)

N N−
1
2γ ,
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with M is a positive constant and γ represents the Lipschitz condition stated in Assumption K(c).
Then, for any x ∈ C, there exists a ball Bk containing x such that

‖ x− xk ‖≤ adN . (2.2)

For ` = 1, 2, we have

sup
x∈C
|Ξ1,`(x)| = sup

x∈C

∣∣∣(ψ̂N,`(x)− ψ̂N,`(xk)) + (E[ψ̂N,`(xk)]− E[ψ̂N,`(x)])

+(ψ̂N,`(xk)− E[ψ̂N,`(xk)])
∣∣∣

≤ max
1≤k≤ωN

sup
x∈C

∣∣∣ψ̂N,`(x)− ψ̂N,`(xk)
∣∣∣+ max

1≤k≤ωN
sup
x∈C

∣∣∣E[ψ̂N,`(xk)]− E[ψ̂N,`(x)]
∣∣∣

+ max
1≤k≤ωN

∣∣∣ψ̂N,`(xk)− E[ψ̂N,`(xk)]
∣∣∣

=: I1 + I2 + I3.

We begin by addressing the term I1. Under Assumptions D(b) and K(c), we obtain

∣∣∣ψ̂N,`(x)− ψ̂N,`(xk)
∣∣∣ =

∣∣∣∣∣ 1

NhdN

N∑
i=1

Y −`i

[
Kd

(
x−Xi

hN

)
−Kd

(
xk −Xi

hN

)]∣∣∣∣∣
≤ C

hdN

∣∣∣∣∣∣∣∣x−X1

hN
− xk −X1

hN

∣∣∣∣∣∣∣∣γ
≤ C ‖ x− xk ‖γ

hd+γ
N

.

Then, by using (2.2), we get

sup
x∈C

∣∣∣ψ̂N,`(x)− ψ̂N,`(xk)
∣∣∣ ≤ CadγN

hd+γ
N

=
C√
NhdN

h
γ(d−1)
N .

Therefore

I1 = max
1≤k≤ωN

sup
x∈C

∣∣∣ψ̂N,`(x)− ψ̂N,`(xk)
∣∣∣ = O

(
1√
nhdN

)
.

Similarly, for the second term I2, we derive

I2 = max
1≤k≤ωN

sup
x∈C

∣∣∣E[ψ̂N,`(x)]− E[ψ̂N,`(xk)]
∣∣∣ = O

(
1√
NhdN

)
.

For I3, we appy Bernstein’s inequality. This inequality asserts that for a sequence of independent
random variables {φi, i ≥ 1}, if there exists a positive constant M <∞ such that |φ1| <∞, then for
any ε > 0, the following holds

P

{∣∣∣∣∣
N∑
i=1

φi

∣∣∣∣∣ > εN

}
≤ 2exp

(
− ε2N

2σ2
(
1 + εM

σ2

)) , (2.3)
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where σ2 = E(φ2
1).

To apply this, we define

φi,`(xk) = Y −`i Kd

(
xk −Xi

hN

)
− E

[
Y −`1 Kd

(
xk −X1

hN

)]
, for ` = 1, 2.

It follows that

Ξ1,`(xk) =
1

NhdN

N∑
i=1

φi,`(xk).

Next, we compute

E(φ2
1,`(xk)) = E

[
Y −2`

1 K2
d

(
xk −X1

hN

)]
− E2

[
Y −`1 Kd

(
xk −X1

hN

)]
=: R1 −R2.

By employing a change of variable, a Taylor expansion and under Assumptions K(b) and D(a), we
obtain for λ = 2` with ` = 1, 2

R1 = E
[
Y −2`

1 K2
d

(
xk −X1

hN

)]
=

∫
Rd

∫
R∗+
t−2`K2

d

(
xk − u
hN

)
fX,Y (u, t)dudt

=

∫
Rd
K2
d

(
xk − u
hN

)
ψλ(u)du

= hdN

∫
Rd
K2
d(s)ψλ(xk − shN)ds

= O(hdN). (2.4)

Conversely, for R2, we have√
R2 = E

[
Y −`1 Kd

(
xk −X1

hN

)]
=

∫
Rd

∫
R∗+
t−`Kd

(
xk − u
hN

)
fX,Y (u, t)dudt

=

∫
Rd
Kd

(
xk − u
hN

)
ψ`(u)du

= hdN

∫
Rd
Kd(s)ψ`(xk − shN)ds,

using a Taylor expansion around xk and under Assumptions K(a), D(a), we get

R2 = O(h2d
N ). (2.5)

Consequently, from (2.4) and (2.5), we obtain

E(φ1,`(xk)) = O(hdN).
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We are currently in a position to apply Bernstein’s inequality given in equation (2.3). For ε ≥ 0, we
have

P{|ψ̂N,`(xk)− E[ψ̂N,`(xk)]| > ε} = P

{∣∣∣∣∣
N∑
i=1

φi,`(xk)

∣∣∣∣∣ > NhdNε

}

≤ 2exp

(
− Nh2d

N ε
2

2σ2
(
C + hdNε

M
σ2

))

≤ 2exp
(
− NhdNε

2

2 (C +Mε)

)
(2.6)

By setting ε = ε0

(√
logN
NhdN

)
=: εN for all ε0 > 0, the inequality (2.6) simplifies to

P{|ψ̃N,`(xk)− E[ψ̃N,`(xk)]| > εN} ≤ 2exp

− ε2
0 logN

2
(
C +Mε0

√
logN
NhdN

)


≤ N

− ε20

2

(
C+Mε0

√
logN

Nhd
N

)
.

We can write now

P{ max
1≤k≤ωN

|ψ̂N,`(xk)− E[ψ̂N,`(xk)]| > εN} ≤
ωN∑
i=1

P{|ψ̂N,`(xk)− E[ψ̂N,`(xk)]| > εN}

≤ Ma−dN N

− ε20

2

(
C+Mε0

√
logN

Nhd
N

)

≤ Mh
−d(1+ 1

2γ )
N N

1
2γN

− ε20

2

(
C+Mε0

√
logN

Nhd
N

)

≤ Mh
−d(1+ 1

2γ )
N N

1
2

(
1
γ
− ε

2
0
C

)
.

(2.7)

With a suitable choice of ε0, the above series is summable. Then, by applying Borel-Cantelli’s lemma
to (2.7), we conclude the proof.

2.4.2 Proofs for asymtotic normality

To prove the asymtotic normality result presented in Theorem 2.2, we utilize the following decom-
position √

NhdN

(
ψ̂N,`(x)− ψN,`(x)

)
=

√
NhdN

{(
ψ̂N,`(x)− E[ψ̂N,`(x)]

)
= +

(
E[ψ̂N,`(x)]− ψ`(x)

)}
=:

√
NhdN {Ξ1,`(x) + Ξ2,`(x)} , for ` = 1, 2. (2.8)
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We begin by demonstrating in the subsequent lemma that the term
√
NhdNΞ2,`(x) is negligible. Fol-

lowing this, we show that the leading term
√
NhdNΞ1,`(x) is asymptotically normal using Lyapunov’s

central limit theorem.

Lemma 2.3. Under Assumptions K(a), H(b), D(a), we have for ` = 1, 2√
NhdN |Ξ2,`(x)| = oa.s.(1) as N →∞.

Proof. Building upon the result of Lemma 2.1 and using Assumption H(b), we find√
NhdN |Ξ2,`(x)| = Oa.s.

(√
Nhd+4

N

)
= oa.s.(1),

which concludes the proof.

Before advancing to the asymptotic normality of the dominant term, we first compute the necessary
variance and covariance in Lemma 2.4 and Lemma 2.5.

Lemma 2.4. Under Assumptions K(a), K(b), D(a), we have for λ = 2` with ` = 1, 2

V ar

(√
NhdNΞ1,`(x)

)
→ ψλ(x)κ.

Proof. For ` = 1, 2, we have

V ar

(√
NhdNΞ1,`(x)

)
= NhdN

{
E
(
ψ̂2
N,`(x)

)
− E2

(
ψ̂N,`(x)

)}
=

1

hdN

{
E
[
Y −2`

1 K2
d

(
x−X1

hN

)]
− E2

[
Y −`1 Kd

(
x−X1

hN

)]}
=:

1

hdN
{I1 − I2} .

Using Assumptions K(b) and D(a), for λ = 2` with ` = 1, 2, we obtain

I1 = E
[
Y −2`

1 K2
d

(
x−X1

hN

)]
=

∫
Rd

∫
R∗+
t−2`K2

d

(
x− u
hN

)
fX,Y (u, t)dudt

=

∫
Rd
K2
d

(
x− u
hN

)
ψλ(u)du

= hdN

∫
Rd
K2
d(s)ψλ(x− shn)ds

= hdNψλ(x)

∫
Rd
K2
d(s)ds

= hdnψλ(x)κ. (2.9)
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Similarly, for I2, applying Assumptions K(a) and D(a), we get√
I2 = E

[
Y −`1 Kd

(
x−X1

hn

)]
=

∫
Rd

∫
R∗+
t−`Kd

(
x− u
hN

)
fX,Y (u, t)dudt

=

∫
Rd
Kd

(
x− u
hN

)
ψ`(u)du

= hdN

∫
Rd
Kd(s)ψ`(x− shn)ds

= O(hdN). (2.10)

Combining (2.9) and (2.10), we derive

V ar

(√
NhdNΞ1,`(x)

)
=

1

hdN

{
hdNψλ(x)κ− Ch2d

N

}
−−−−→
N→+∞

ψλ(x)κ. (2.11)

which completes the proof.

Lemma 2.5. Under Assumptions K(a), K(b) and D(a), we have

Cov

(√
NhdNΞ1,1(x),

√
NhdNΞ1,2(x)

)
→ ψ3(x)κ.

Proof. By definition, we can express the covariance as

Cov

(√
NhdNΞ1,1(x),

√
NhdNΞ1,2(x)

)
= NhdNE (Ξ1,1(x)Ξ1,2(x))

−
√
NhdN (E (Ξ1,1(x))E (Ξ1,2(x)))

=
1

hdN

{
E
(
Y −3

1 K2
d

(
x−X1

hN

))
−E

(
Y −1

1 Kd

(
x−X1

hN

))
×E

(
Y −2

1 Kd

(
x−X1

hN

))}
=:

1

hdN
{J1 − J2J3} .
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Following Assumptions K(b) and D(a), we find

J1 = E
[
Y −3

1 K2
d

(
x−X1

hN

)]
=

∫
Rd

∫
R∗+
t−3K2

d

(
x− u
hN

)
fX,Y (u, t)dudt

=

∫
Rd
K2
d

(
x− u
hN

)
ψ3(u)du

=

∫
Rd
hdNK

2
d(s)ψ3(x− shN)ds

= hdNψ3(x)

∫
Rd
K2
d(s)ds

= hdNψ3(x)κ.

For J2 and J3, we apply the same methodology as in the proof of
√
I2 from Lemma 2.4 and at the

end, we get

Cov

(√
NhdNΞ1,1(x),

√
NhdNΞ1,2(x)

)
=

1

hdN

{
hdNψ3(x)κ− Ch2d

N

}
−−−−→
N→+∞

ψ3(x)κ. (2.12)

This completes the proof.

We now turn our attention to demonstrate the asymptotic normality of the leading term. To accom-
plish this, we establish the following lemma.

Lemma 2.6. Under Assumptions K(a), K(b), D(a), we have√
NhdN (Ξ1,1(x),Ξ1,2(x))

D−−→ N (0,Σxκ),

where Σx =

(
ψ2(x) ψ3(x)

ψ3(x) ψ4(x)

)
.

Proof. To prove this lemma, it suffices to show that for any given aT = (a1, a2)√
NhdN (a1Ξ1,1(x) + a2Ξ1,2(x))

D−−→ N (0, aTΣxaκ).

To this end, we apply Lyapounov’s central limit theorem.
First, we define

Ξ(x) =
√
NhdN(a1Ξ1,1(x) + a2Ξ1,2(x))

=
N∑
i=1

{
a1

1√
NhdN

[
Y −1
i Kd

(
x−Xi

hN

)
− E

(
Y −1
i Kd

(
x−Xi

hN

))]

+a2
1√
NhdN

[
Y −2
i Kd

(
x−Xi

hN

)
− E

(
Y −2
i Kd

(
x−Xi

hN

))]}

=:
N∑
i=1

Ξi(x).
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Then, we verify that for ν > 2

1

(V ar(Ξ(x)))
ν
2

N∑
i=1

E [|Ξi(x)|ν ] −→ 0.

By applying Cr inequality (See, Loève (1965)), we obtain

E [|Ξi(x)|ν ] = E

∣∣∣∣∣a1
1√
NhdN

[
Y −1
i Kd

(
x−Xi

hN

)
− E

(
Y −1
i Kd

(
x−Xi

hN

))]

+a2
1√
NhdN

[
Y −2
i Kd

(
x−Xi

hN

)
− E

(
Y −2
i Kd

(
x−Xi

hN

))]∣∣∣∣∣
ν

≤ 2ν−1

(
hdN
N

) ν
2
[
aν1E

∣∣∣∣ 1

hdN
Y −1
i Kd

(
x−Xi

hN

)∣∣∣∣ν
+aν2E

∣∣∣∣ 1

hdN
Y −2
i Kd

(
x−Xi

hN

)∣∣∣∣ν] .
Since

E
(
Y −`i Kd

(
x−Xi

hN

))
= O

(
hdN
)
,

we obtain
n∑
i=1

E [|Ξi(x)|ν ] = O
(
N1− ν

2h
dν
2
N

)
, (2.13)

which is o(1), since 1− ν
2
< 0.

On the other hand, we have

V ar (Ξ(x)) = a2
1V ar

(√
NhdNΞ1,1(x)

)
+ a2

2V ar

(√
NhdNΞ1,2(x)

)
+2a1a2Cov

(√
NhdNΞ1,1(x),

√
NhdNΞ1,2(x)

)
.

Using Lemma 2.4 and Lemma 2.5, we get

V ar (Ξ(x)) −−−−→
N→+∞

a2
1ψ2(x)κ+ a2

2ψ4(x)κ+ 2a1a2ψ3(x)κ = aTΣxaκ > 0. (2.14)

From (2.13) and (2.14), the Lyaponouv’s condition is satisfied and then the proof of Lemma 2.6 is
complete.

Proof of Theorem 2.2. We define the function Φ : R2 → R as follows: Φ(x, y) = x
y
, for y 6= 0. This

allows us to express the difference between the estimator and the regression function as

m̂N(x)−m(x) =
ψ̂N,1(x)

ψ̂N,2(x)
− ψ1(x)

ψ2(x)

= Φ
(
ψ̂N,1(x), ψ̂N,2(x)

)
− Φ (ψ1(x), ψ2(x)) .
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From equation (2.8), Lemma 2.3, Lemma 2.6 and by applying the delta method (See, Shao (2003)),
we obtain √

nhdn (m̂n(x)−m(x))
D−−→ N

(
0,∇ΦTΣx∇Φκ

)
,

where the gradient ∇ΦT =
(
∂Φ
∂x
, ∂Φ
∂y

)
is evaluated at point (ψ1(x), ψ2(x)). Then an elementary

calculation gives ∇ΦTΣx∇Φκ = σ2
N(x) which completes the proof.

26



Chapter 3

Strong uniform consistency of the relative

regression function estimator: LTRC and

α-mixing data

In this chapter, we propose a nonparametric estimator for the regression function associated with left
truncated and right censored (LTRC) data. The estimator is constructed by minimizing the mean
squared relative error. Under the α-mixing condition, we establish the strong uniform convergence of
the estimator with a rate over a compact set. To evaluate the estimator’s performance, we conduct
an extensive simulation study, comparing its efficiency against that of classical regression estimator
using finite samples across various scenarios. Moreover, we illustrate the practical utility of the
proposed estimator through a real world case study.

3.1 Introduction

In regression analysis, many results have been established under the assumption of complete and
independent samples. However, it is often beneficial to consider and analyze incomplete and depen-
dent samples to address practical situations where data are neither complete nor independent.

For instance, in a clinical trial investigating mortality among patients diagnosed with HIV, the dataset
may exhibit both left truncation and right censoring. Left truncation occurs when only patients who
have survived for a specified duration after diagnosis (e.g., one year) are enrolled in the study, thus
excluding those who died shortly after diagnosis. Right censoring, on the other hand, arises when
patients remain alive at the study’s conclusion or are lost to follow-up, leaving their survival times
incomplete. Additionally, the data may demonstrate dependence due to shared environmental fac-
tors, treatment protocols, or the timing of diagnoses among patients. This highlights the necessity
of accounting for dependence structures, such as α-mixing, in the analytical framework.
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Chapitre 3 Strong uniform consistency of the estimator: LTRC and α-mixing data

The primary objective of this chapter is to introduce a nonparametric estimator for the regression
function for LTRC data and to establish its strong uniform convergence under the assumption of
α-mixing dependence. The organization of this chapter is as follows: Section 3.2 introduces the
estimator under LTRC model. Section 3.3 presents the assumptions and main result. Section 3.4
describes the simulation study, followed by a real data application in Section 3.5. Finally, the proofs
are provided in Section 3.6.

3.2 Definition of the estimator under LTRC model

Let {(Yi, Ti,Wi); i = 1, . . . , N} be a sequence of random vectors from (Y, T,W ), where Y denotes the
lifetime with continuous distribution function (df) F . T and W are the variables of left truncation
and right censoring times with continuous dfs L and G, respectively. In the random LTRC model,
one observes (Z, T, δ) such that Z ≥ T , where Z = Y ∧W and δ = 1{Y≤W}, with ∧ denoting the
minimum operator and 1A being the indicator function of the event A. When Z < T , nothing is
observed. All along this chapter, we suppose that Y , T and W are mutually independent, then Z
has a df H = 1− (1− F )(1− G). Take η := P(Z ≥ T ), so it is necessary to assume η > 0 in order
to have at least one observation available. As a consequence of truncation, n, the actual sample
size, with n ≤ N and N fixed but not observable. Then without possible confusion, we still denote
{(Zi, Ti, δi); i = 1, . . . , n} the observed sample.

Since N is unknown and n is known, our results would be stated with respect to conditional prob-
ability P (related to the n-sample) instead of the probability measure P (related to the N-sample).
Similarly, E and E will denote the expectation operators related to P and P, respectively. More
generally, any operator or function related to the probability measure P will be denoted in bold.

Now, let C(·) be defined by

C(y) := P(T ≤ y ≤ Z|Z ≥ T )

=
1

η
L(y)(1−H(y)), (3.1)

with the empirical estimator

Cn(y) :=
1

n

n∑
i=1

1{Ti≤y≤Zi}.

The nonparametric estimator of the df F is the TJW product-limit estimator Fn, defined in Tsai et
al. (1987) as

Fn(y) = 1−
n∏
i=1

(
1−

1{Zi≤y}δi
nCn(Zi)

)
.
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For any df Q, we define

aQ = inf{y : Q(y) > 0} and bQ = sup{y : Q(y) < 1}

as the endpoints of the Q support. Gijbels and Wang (1993) pointed out that the df F can be
estimated only if

aL ≤ aH and bL ≤ bH . (3.2)

By the strong law of large numbers, as N →∞ we have

n

N
−→ η, P- a.s.

Note that, the ratio n
N

can not be used to estimate η since N is unknown. Indeed, from (3.1) we have

η =
L(y)(1− F (y))(1−G(y))

C(y)
, (3.3)

where η is independent of y. Following the idea of He and Yang (1998), a feasible estimator for α is
given by

ηn =
Ln(y)(1− Fn(y))(1−Gn(y))

Cn(y)
, (3.4)

for any y such that Cn(y) 6= 0, where Gn is the TJW-type estimator of the df G, defined as

Gn(y) = 1−
n∏
i=1

(
1−

1{Zi≤y}(1− δi)
nCn(Zi)

)
(3.5)

and Ln is the Lynden-Bell (1971) estimator of the df L, given by

Ln(y) =
n∏
i=1

(
1−

1{Ti>y}

nCn(Ti)

)
. (3.6)

Henceforth, in addition to the triplet (Z, T, δ), assume that covariates are present and then one
observes {(Xi, Zi, Ti, δi); i = 1, . . . , n}, with Zi ≥ Ti. Throughout this chapter, we suppose that
condition (3.2) is satisfied and

(T,W ) are independent of (X, Y ). (3.7)

Then, the sub-conditional df of (X, Z, δ = 1) is given by

H1(x, y) := P(X ≤ x, Z ≤ y, δ = 1)

= P(X ≤ x, Z ≤ y, δ = 1|Z ≥ T )

=
1

η
P(X ≤ x, Y ≤ y, Y ≤ W,Y ≥ T )

=
1

η

∫ x

−∞

∫ y

aH

L(t)(1−G(t))fX,Y (u, t)dudt, (3.8)
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where, fX,Y (·, ·) is the joint density function of (X, Y ).
By differentiating, (3.8) becomes

dH1(x, y) =
1

η
L(y)(1−G(y))fX,Y (x, y). (3.9)

For any x ∈ Rd, the regression function given in (1.2) can be written as

m(x) =

∫
R∗+
y−1fX,Y (x, y)dy∫

R∗+
y−2fX,Y (x, y)dy

=:
ψ1(x)

ψ2(x)
, (3.10)

with
ψ`(x) =

∫
R∗+
y−`fX,Y (x, y)dy, for ` = 1, 2.

Under the random right censored model, Bouhadjera et al. (2019) used the so-called synthetic data
to define a kernel estimator of (3.10) as

m̂(x) =:
ψ̂1(x)

ψ̂2(x)
,

with

ψ̂` =
1

nhdn

n∑
i=1

δiZ
−`
i

Ḡn(Zi)
Kd

(
x−Xi

hn

)
,

where Ḡn = 1−Gn is the estimator of the survival function of the censored rv W , Kd : Rd → R is a
kernel function, and hn is a sequence of positive real numbers that approaches zero as n→∞.
Now, under the random LTRC model, following the idea introduced by Carbonez et al. (1995), an
unbiased estimate for E[Y −`|X], ` = 1, 2 is given by

1

N

N∑
i=1

δiZ
−`
i

L(Zi)Ḡ(Zi)
1{Zi≥Ti}. (3.11)

Indeed, using the conditional expectation property and condition (3.7), we have

E

[
1

N

N∑
i=1

δiZ
−`
i

L(Zi)Ḡ(Zi)
1{Zi≥Ti}

]
=

1

N

N∑
i=1

E
(
E
[

δiZ
−`
i

L(Zi)Ḡ(Zi)
1{Zi≥Ti}|Xi, Yi

])

=
1

N

N∑
i=1

E
(

Y −`i

L(Yi)Ḡ(Yi)
E[1{Yi≤Wi}1{Yi≥Ti}|Xi, Yi]

)

=
1

N

N∑
i=1

E[Y −`i |Xi]

= E[Y −`|X].
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Unfortunately, (3.11) can not be used in practice since N , L and Ḡ are unknown. Therefore, following
the same reasoning as in Ould Saïd and Lemdani (2006), we define m̂n(x) as a kernel estimator for
m(x), given for any x ∈ Rd by

m̂n(x) =:
ψ̂n,1(x)

ψ̂n,2(x)
, (3.12)

with

ψ̂n,`(x) =
ηn
nhdn

n∑
i=1

δiZ
−`
i

Ln(Zi)Ḡn(Zi)
Kd

(
x−Xi

hn

)
, for ` = 1, 2.

3.3 Assumptions and main result

To establish the consistency result for the estimator m̂n(·) based on the α-mixing sequence of random
vectors {(Xi, Zi, Ti, δi); i = 1, . . . , n}, we need to introduce some notations:

ψ̃n(x) =
η

nhdn

n∑
i=1

δiZ
−`
i

L(Zi)Ḡ(Zi)
Kd

(
x−Xi

hn

)
, for ` = 1, 2

and
µλ(u) =

∫
t≥aH

t−λ

L(t)Ḡ(t)
fX,Y (u, t)dt, for λ = 2, 4.

Let C be a compact set in Rd, and assume that inf
x∈C

ψ̂n,2(x) > 0. Throughout this chapter, when no
confusion is possible, we will use C to represent any generic constant.

3.3.1 Assumptions

K. The kernel Kd(·) is a bounded probability density with compact support and satisfies:

(a)
∫
Rd
Kd(r)dr = 1,

∫
Rd
riKd(r)dr = 0 and

∫
Rd
|ri||rj|Kd(r)dr <∞, for i, j = 1, . . . , d.

(b)
∫
Rd
K2
d(r)dr <∞ and

∫
Rd
riK

2
d(r)dr <∞, for i = 1, . . . , d.

(c) ∀(t, s) ∈ C2 |Kd(t)−Kd(s)| ≤‖ t− s ‖γ, for γ > 0.

H. The bandwidth hn satisfies :

(a) lim
n→∞

hn = 0, lim
n→∞

nhdn =∞ and lim
n→∞

logn
nhdn

= 0.

(b) lim
n→∞

hd(v−2)
n logn = 0, for v > 3.

(c) ∃θ > 0,∃C > 0, such that

Cn
γ(3−v)

γ(v+1)+2γ+1
+θd ≤ hdn, for v > 3 and γ > 0.

D. (a) The function ψ`(·) is twice continuously differentiable and sup
x∈C

∣∣∣∣∂2ψ`(x)

∂xi∂xj

∣∣∣∣ < ∞, for ` =

1, 2 and i, j = 1, . . . , d.
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(b) ∀Y > 0, ∃C > 0, such that Y −` ≤ C, for ` = 1, 2.

(c) The function µλ(·) is continuously differentiable and sup
x∈C

∣∣∣∣∂µλ(x)

∂xi

∣∣∣∣ <∞, for λ = 2, 4 and

i = 1, . . . , d.

(d) The joint density Υi,j(·, ·) of (Xi,Xj) exists and satisfies

sup
t,s∈C
|Υi,j(t, s)−Υi(t)Υj(s)| <∞, for i, j = 1, . . . , n.

M. {(Xi, Zi, Ti, δi); i = 1, . . . , n} is an α-mixing sequence of random vectors, with strong mixing
coefficient α(n). This coefficient satisfies:

(a) α(n) = O(n−v), for v > 3.

3.3.1.1 Comments on the Assumptions

Assumptions K, H(a), and D(a) are commonly used in nonparametric regression estimation in both
independent and dependent cases. AssumptionD(b) implies that the inverse of the variable of interest
Y is bounded, which is specifically useful for proving Lemma 3.2 and Lemma 3.3. AssumptionsH(b),
H(c), D(c), D(d), and M(a) are technical and are necessary for studying the covariance term.

3.3.2 Main result

The following theorem presents the uniform almost sure convergence with a rate of the relative error
regression estimator m̂(x).

Theorem 3.1. Under Assumptions K, H, D, and M, we have

sup
x∈C
|m̂n(x)−m(x)| = O(h2

n) + O

(√
log n

nhdn
+

√
h
d(v−2)
n log n

)
P- a.s. as n→∞.

Remark 3.1. The rate obtained here is identical to the one established for α-mixing and right
censored data in the MSE framework by Guessoum and Ould Saïd (2010).

3.4 Simulation study

To show how good our estimator m̂n(·) is, a simulation study is performed for some particular cases
of fixed size and different censoring, truncation and dependency rates, when the covariate X is one-
and bi-dimensional random variable (i.e., d=1 and d=2).
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3.4.1 One-dimensional case

3.4.1.1 Algorithm

1. Generate an α-mixing sequence {Xt; t ≥ 1} by the following AR(1) model:

Xt+1 =

ρXt + 0.5et+1, if ρ > 0.5

ρXt + et+1, else,

where 0 < ρ < 1 controls the degree of dependency, X1 = e1 and et  N(0, 1).

2. Calculate Yt = m(Xt) + εt, t ≥ 1, where the white noise εt  N(0, 0.1).

3. Determine Zt = Yt ∧Wt and δt = 1{Yt≤Wt}, t ≥ 1, where Wt is generated according to a ex-
ponential distribution with parameter a0 which allows obtaining different censoring percentage
(CP).

4. Generate Tt = ρTt−1 + b0 + ξt, t ≥ 2, where T1 = ξ1, ξt  N(0, 0.1) for t ≥ 1 and b0 is adapted
to achieve different truncation percentage (TP).

5. Test if Zt ≥ Tt, t ≥ 1. If true, the vector (Xt, Zt, Tt, δt) is included in the final sample.
Otherwise, reject the observation (Xt, Zt, Tt, δt) and go back to step 1.

6. Repeat this procedure until the final simple size is n, i.e., (Xi, Zi, Ti, δi); i = 1, . . . , n.

7. Compute Ḡn(·) and Ln(·) from (3.5) and (3.6), respectively.

8. Calculate the estimator m̂n(x) from (3.12) for x ∈ C = [−1.5, 1.5]. The kernel K(.) is taken as a
standard normal distribution. The choice of the bandwidth is discussed immediately afterward.

3.4.1.2 Bandwidth selection

The bandwidth hn is chosen as the minimizer of the global mean squared error (GMSE) criterion.
We select this bandwidth from a grid of values denoted as H. For each candidate bandwidth value
hn ∈ H, we perform the following steps.

• Compute the MSE for the estimator m̂n(.) at the equidistant points (xi, i = 1, ..., A = 20)

belonging to the compact set C. The MSE is calculated along B = 50 replications by:

MSE(xi) =
1

B

B∑
j=1

(m̂n,j(xi)−m(xi))
2, i = 1, . . . , A.

Here m̂n,j(·) is the value of the estimator m̂n(·) at iteration j.
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• Compute the GMSE by:

GMSE(hn) =
1

A

A∑
i=1

MSE(xi). (3.13)

Finally, the optimal bandwidth is determined by:

arg min
hn∈H

GMSE(hn).

3.4.1.3 Performance of the estimator m̂n(·)

In this part, we study the performance of our estimator when the theoretical function is of linear
and nonlinear form.

1. Linear case

We consider the following linear regression function m(x) = x + 5, then Yi = Xi + 5 + εi,
i = 1, . . . , n.

(a) Effect of sample size and dependency: From Figure 3.1 and Figure 3.2 when CP and TP
are fixed, we notice that the higher the sample size and smaller the rate of dependency,
the better the quality of fit.

Figure 3.1: m(·) and m̂n(·) with ρ=0.1, CP=20%, TP=20%, n=50,100, and 300 respectively.

Figure 3.2: m(·) and m̂n(·) with n=300, CP=20%, TP=20%, ρ=0.1, 0.5 and, 0.8 respectively.
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(b) Effect of CP and TP: It is easy to see from Figure 3.3 that the estimator’s quality is
affected by CP, whereas it does not seem to be influenced by TP, as shown in Figure 3.4.
In general, our estimator curve remains close to the theoretical curve even for a high CP.

Figure 3.3: m(·) and m̂n(·) with ρ=0.1, n=300, TP=20%, CP=10%, 30%, and 60% respectively.

Figure 3.4: m(·) and m̂n(·) with ρ=0.1, n=300, CP=20%, TP=10%, 30%, and 60% respectively.

(c) Effect of outliers: To show the robustness of our estimator, we create artificial outliers in
the data; 4% of each sample is multiplied by a multiplier factor (MF). Then, from Figure
3.5, it is very clear that our estimator is resistant in the presence of outliers.

Figure 3.5: m(·) and m̂n(·) with ρ=0.1, n=300, CP=20%, TP=20%, MF=50, 100, and 150
respectively.

2. Nonlinear case

Now, we consider the case of nonlinear regression by choosing the following three models:
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Model 1:

Y = m1(X) + ε, with m1(x) = exp(x) + 3,

Model 2:

Y = m2(X) + ε, with m2(x) = sin(2x) + 4,

Model 3:

Y = m3(X) + ε, with m3(x) = x2 + 5.

Figure 3.6 shows that the quality of fit for the nonlinear model is as good as for linear model.

Figure 3.6: m(·) and m̂n(·) with ρ=0.1, n=300, CP=20% and TP=20% for model 1, 2 and, 3
respectively.

3.4.1.4 Comparison study

Here, the goal is to compare the performance of the RER estimator with the classical regression (CR)
estimator studied by Bey et al. (2022) and defined as:

m̂NW (x) =

n∑
i=1

δiZi
Ln(Zi)Ḡn(Zi)

Kd

(
x−Xi

hn

)
n∑
i=1

δi
Ln(Zi)Ḡn(Zi)

Kd

(
x−Xi

hn

) ,
in absence and presence of outliers. The performance of both estimators is evaluated via some graphic
curves and the GMSE criterion under the linear regression function described in the one-dimensional
case.

For the first case when there are no outliers in the observed samples, we can see from Figure 3.7 and
Table 3.1 that there is no meaningful difference between the estimators m̂n(·) and m̂NW (·) and both
of them share the following points
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Table 3.1: GMSE’s values of m̂n(·) and m̂NW (·).

CP=20% TP=20%

TP=10% TP=40% CP=10% CP=40%

ρ n m̂n m̂NW m̂n m̂NW m̂n m̂NW m̂n m̂NW

0.1 100 0.00228 0.00231 0.00234 0.00237 0.00203 0.00231 0.00417 0.00437

300 0.00118 0.00105 0.00127 0.00116 0.00088 0.00091 0.00152 0.00150

0.8 100 0.00347 0.00325 0.00382 0.00333 0.00289 0.00250 0.00632 0.00594

300 0.00181 0.00162 0.00224 0.00243 0.00095 0.00111 0.00217 0.00208

• The quality of fit becomes better when the sample size n increases.

• The estimator is affected by the degree of dependency and performs better for a small ρ.

• The accuracy of the estimator is influenced by CP and decreases with increasing CP, however
it remains acceptable.

• The quality of estimation is slightly affected by TP for a small size of n, but this effect disappears
with increasing sample size.

Figure 3.7: m(·), m̂n(·) and m̂NW (·) with ρ=0.1, CP=20%, TP= 20%, n=50, 100, and 300
respectively.

In the second case, we compare the estimators m̂n(·) and m̂NW (·) in the presence of outliers. For this
purpose, we artificially introduce outliers by multiplying 4 % of each sample by a MF. As illustrated
in Figure 3.8 and Table 3.2, the RER estimator is more stable than the CR estimator. This means
that even if the quality of the estimation for both estimators decreases with increasing outliers, but
this decrease in the quality is still not significant in the relative error regression compared to the
classical one.
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Figure 3.8: m(·), m̂n(·) and m̂NW (·) with n=300, ρ=0.1, CP=20%, TP= 20%, MF=50, 100, and
150 respectively.

Table 3.2: GMSE’s values of m̂n(·) and m̂NW (·) with outliers for ρ=0.1.

CP=20% TP=20%

TP=10% TP=40% CP=10% CP=40%

n MF m̂n m̂NW m̂n m̂NW m̂n m̂NW m̂n m̂NW

50 0.00245 3.11207×102 0.00266 4.18845×102 0.00237 2.48798×102 0.00463 5.62563×102

100 100 0.00316 1.52516×103 0.00358 1.92048×103 0.00263 1.00017×103 0.00549 2.53366×103

150 0.00341 2.43604×103 0.00372 2.81923×103 0.00314 2.16226×103 0.00523 3.32406×103

50 0.00107 2.30381×102 0.00107 3.05945×102 0.00092 2.26077×102 0.00164 4.51992×102

300 100 0.00121 9.30793×102 0.00132 1.17058×103 0.00102 1.39562×103 0.00183 1.92666×103

150 0.00131 1.63935×103 0.00134 1.92157×103 0.00116 1.70041×103 0.00193 2.48458×103

3.4.2 Bi-dimensional case

In this second subsection, the aim is to study the performance of our estimator in the case of a
bi-dimensional covariate under the following two models:

Model 1:

Y = m1(X1, X2) + ε, with m1(x1, x2) = x1 + x2 + 5,

Model 2:

Y = m2(X1, X2) + ε, with m2(x1, x2) = cos(2x1) + cos(2x2) + 4.

The data is generated using the same algorithm as for the one-dimensional case. In each model, We
simulate (X1,t, X2,t), t ≥ 1 as follows

Xj,t+1
j=1,2

=

ρXj,t + 0.5ej,t+1, if ρ > 0.5

ρXj,t + ej,t+1, else,

where Xj,1 = ej,1 and ej,t  N(0, 1). Then, we calculate Yt = m(X1,t, X2,t) + εt, t ≥ 1. To compute
the estimator m̂n(·, ·), we use a standard multivariate normal kernel and a bandwidth that minimizes
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the GMSE defined in (3.13).

The results are presented in the following figures and tables. In general, the same comments that
we gave in the one-dimensional case can be given here. More clearly, in the absence of outliers, we
observe from Figures 3.9 and 3.10 (Model 1), Figure 3.11 (Model 2) and Table 3.3 that the estimators
m̂n(·) and m̂NW (·) are almost equivalent and the quality of estimation for both of them becomes
better for a large sample size and a small rate of censoring, truncation and dependency. However,
in the presence of outliers, the RER estimator performs better than the CR estimator in all cases,
as confirmed by Table 3.4. To conclude, the quality of fit for our estimator is good but better in the
one-dimensional case.

Figure 3.9: True surface for Model 1 with ρ=0.1, n=300, CP=20%, and TP=20%.

Figure 3.10: RER surface for Model 1 with ρ=0.1, CP=20%, TP=20%, n=50,100, and 300
respectively.

3.5 Real data application

In this section, we present a real data application where we assess the effectiveness of the RER
estimator in the context of dependent data that is left truncated and right censored. The dataset
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Figure 3.11: True and RER surfaces for Model 2 with ρ=0.1, n=300, CP=20%, and TP=20%.

Table 3.3: GMSE’s values of m̂n(·, ·) and m̂NW (·, ·).

CP=20% TP=20%

TP=10% TP=40% CP=10% CP=40%

ρ n m̂n m̂NW m̂n m̂NW m̂n m̂NW m̂n m̂NW

0.1 100 0.06396 0.05726 0.11919 0.127636 0.05124 0.05513 0.09572 0.08368

300 0.03566 0.03014 0.05049 0.05647 0.02567 0.02306 0.04346 0.04104

0.8 100 0.08249 0.09146 0.16514 0.15514 0.06196 0.07313 0.15381 0.14740

300 0.05667 0.05126 0.07682 0.07011 0.04590 0.04653 0.06998 0.06332

used in our analysis contains information about patients diagnosed with AIDS in Australia before
July 1st, 1991, and it was obtained from Dr. Patty Solomon. For more detailed information about
the dataset, we recommend consulting (Venables and Ripley (2002)).

The study focuses on patients who survived at least one year after diagnosis, comprising a total of
1276 individuals. The dataset includes various factors such as the dates of diagnosis, the dates of
death, patients gender, age at diagnosis, survival status at the end of the study, as well as the state
and transmission category they belong to.

Our main interest lies in analyzing the time to diagnosis and time to death. Upon examining the
relationships within the data, we found a strong correlation (0.75) between these two factors, indi-
cating their interdependence. Furthermore, the partial correlation plot suggests that our data follows
an autoregressive process of order greater than 1.

To make predictions, we divided the dataset into two parts: 80% of the data served as the learn-
ing sample to calculate the estimator, while the remaining 20% formed the test sample to evaluate
the predictions quality. We utilized the standard gaussian kernel function and employed the cross-
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Table 3.4: GMSE’s values of m̂n(·, ·) and m̂NW (·, ·) with outliers for ρ=0.1.

CP=20% TP=20%

TP=10% TP=40% CP=10% CP=40%

n MF m̂n m̂NW m̂n m̂NW m̂n m̂NW m̂n m̂NW

50 0.07123 7.81493×102 0.11381 1.38425×103 0.05571 6.68271×102 0.10518 9.13577×102

100 100 0.06744 2.64428×103 0.12730 4.41663×103 0.06166 2.11341×103 0.14459 3.78598×103

150 0.07783 4.03922×103 0.12358 5.27606×103 0.06310 3.43390×103 0.13849 4.54624×103

50 0.03231 5.48369×102 0.05916 8.24651×102 0.02884 3.85714×102 0.04664 7.21458×102

300 100 0.04076 2.02754×103 0.06805 3.68605×103 0.02610 1.77065×103 0.04454 3.22474×103

150 0.03820 3.88562×103 0.06333 4.77619×103 0.02784 2.04465×103 0.05414 4.03390×103

validation method to determine the optimal bandwidth. It is important to note that around 43 %

of the data was censored. Therefore, we excluded the censored data from the predicted values since
it has no meaning to predict the survival time for such observations.

Figure 3.12 provides visual representations of our analysis. On the left-hand side of the figure, a
scatter plot of the data is shown, distinguishing between censored and uncensored observations. On
the right-hand side, the true and RER predicted values are displayed. It can be observed that the
majority of the RER predicted values are close to the true values, demonstrating the robustness of
our method and the accuracy of our predictor.

Figure 3.12: Scatter plot of time to diagnosis and time to death: censored vs. uncensored
observations with true and RER predicted values for AIDS patients.
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3.6 Auxiliary results and proofs

From (3.10) and (3.12), we have the following classical decomposition

m̂n(x)−m(x)

=
ψ̂n,1(x)

ψ̂n,2(x)
− ψ1(x)

ψ2(x)

=
1

ψ̂n,2(x)

{[
ψ̂n,1(x)− ψ1(x)

]
−m(x)

[
ψ̂n,2(x)− ψ2(x)

]}
=

1

ψ̂n,2(x)

{[
(ψ̂n,1(x)− ψ̃n,1(x)) + (ψ̃n,1(x)− E[ψ̃n,1(x)]) + (E[ψ̃n,1(x)]− ψ1(x))

]
−m(x)

[
(ψ̂n,2(x)− ψ̃n,2(x)) + (ψ̃n,2(x)− E[ψ̃n,2(x)]) + (E[ψ̃n,2(x)]− ψ2(x))

]}
=:

1

ψ̂n,2(x)
{[Λ1,1(x) + Λ2,1(x) + Λ3,1(x)]−m(x) [Λ1,2(x) + Λ2,2(x) + Λ3,2(x)]} . (3.14)

In order to prove Theorem 3.1, some auxiliary results are needed and will be introduced in Lemma
3.1, Lemma 3.2, and Lemma 3.3 hereafter.

Lemma 3.1. Under Assumptions K(a) and D(a), we have for ` = 1, 2

sup
x∈C
|Λ3,`(x)| = Oa.s.(h

2
n) as n→∞.

Proof. We have

|Λ3,`(x)| =

∣∣∣∣∣E
[
η

nhdn

n∑
i=1

δiZ
−`
i

L(Zi)(1−G(Zi))
Kd

(
x−Xi

hn

)]
− ψ`(x)

∣∣∣∣∣
=

∣∣∣∣E [ ηhdn δ1Z
−`
1

L(Z1)(1−G(Z1))
Kd

(
x−X1

hn

)]
− ψ`(x)

∣∣∣∣ . (3.15)

From (3.9) and using a change of variable, we get

E
[
η

hdn

δ1Z
−`
1

L(Z1)(1−G(Z1))
Kd

(
x−X1

hn

)]
=

∫
Rd

∫
t≥aH

ηt−`

hdnL(t)(1−G(t))
Kd

(
x− u
hn

)
dH1(u, t)

=

∫
Rd

∫
t≥aH

1

hdn
t−`Kd

(
x− u
hn

)
fX,Y (u, t)dudt

=

∫
Rd

1

hdn
Kd

(
x− u
hn

)
ψ`(u)du

=

∫
Rd
Kd(r)ψ`(x− rhn)dr.
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So, (3.15) becomes ∣∣∣∣E [ ηhdn δ1Z
−`
1

L(Z1)(1−G(Z1))
Kd

(
x−X1

hn

)]
− ψ`(x)

∣∣∣∣
=

∣∣∣∣∫
Rd
Kd(r)ψ`(x− rhn)dr− ψ`(x)

∣∣∣∣
=

∣∣∣∣∫
Rd
Kd(r) [ψ`(x− rhn)− ψ`(x)]dr

∣∣∣∣ .
A Taylor expansion around x gives

ψ`(x− rhn)− ψ`(x) = −hn
d∑
i=1

ri
∂ψ`(x)

∂xi
+
h2
n

2

{
d∑
i=1

r2
i

∂2ψ`(x0)

∂x2
i

+ 2
d∑
i=1

d∑
j=1

rirj
∂2ψ`(x0)

∂xi∂xj

}
,

when x0 is between x− rhn and x. Then

sup
x∈C
|Λ3,`(x)| = sup

x∈C

∣∣∣∣∫
Rd
Kd(r) [ψ`(x− rhn)− ψ`(x)]dr

∣∣∣∣
= sup

x∈C

∣∣∣∣∣
∫
Rd
Kd(r)

[
−hn

d∑
i=1

ri
∂ψ`(x)

∂xi
+
h2
n

2

{
d∑
i=1

r2
i

∂2ψ`(x0)

∂x2
i

+2
d∑
i=1

d∑
j=1

rirj
∂2ψ`(x0)

∂xi∂xj

}]
dr

∣∣∣∣∣
≤ h2

n

2

{
d∑
i=1

sup
x∈C

∣∣∣∣∂2ψ`(x0)

∂x2
i

∣∣∣∣ ∫
Rd
r2
iKd(r)dr

+2
d∑
i=1

d∑
j=1

sup
x∈C

∣∣∣∣∂2ψ`(x0)

∂xi∂xj

∣∣∣∣ ∫
Rd
|ri||rj|Kd(r)dr

}
.

Assumptions K(a) and D(a) complete the proof of the lemma.

Lemma 3.2. Under Assumptions K(a)-K(c), H(c), D(a)-D(d), and M(a), we have for ` = 1, 2

sup
x∈C
|Λ2,`(x)| = Oa.s.

(√
log n

nhdn
+

√
h
d(v−2)
n log n

)
as n→∞.

Proof. Since C is a compact set, then it can be covered by a finite number ωn of balls Bk(xk, adn)

centred at xk = (x1,k, . . . , xd,k), 1 ≤ k ≤ ωn, where ωn and adn satisfy

ωn ≤Ma−dn and adn = h
d(1+ 1

2γ
)

n n−
1
2γ ,

with M is a positive constant and γ is the Lipschitz condition in Assumption K(c). Then for all
x ∈ C, there exists a ball Bk that contains x such that

‖ x− xk ‖≤ adn. (3.16)
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For ` = 1, 2, we have

sup
x∈C
|Λ2,`(x)|

= sup
x∈C

∣∣∣(ψ̃n,`(x)− ψ̃n,`(xk)) + (E[ψ̃n,`(xk)]− E[ψ̃n,`(x)]) + (ψ̃n,`(xk)− E[ψ̃n,`(xk)])
∣∣∣

≤ max
1≤k≤ωn

sup
x∈C

∣∣∣ψ̃n,`(x)− ψ̃n,`(xk)
∣∣∣+ max

1≤k≤ωn
sup
x∈C

∣∣∣E[ψ̃n,`(xk)]− E[ψ̃n,`(x)]
∣∣∣

+ max
1≤k≤ωn

∣∣∣ψ̃n,`(xk)− E[ψ̃n,`(xk)]
∣∣∣

=: I1 + I2 + I3.

We start by treating the first term I1. Under Assumptions D(b) and K(c), we have

∣∣∣ψ̃`(x)− ψ̃`(xk)
∣∣∣ =

∣∣∣∣∣ ηnhdn
n∑
i=1

δiZ
−`
i

L(Zi) ¯G(Zi)

[
Kd

(
x−Xi

hn

)
−Kd

(
xk −Xi

hn

)]∣∣∣∣∣
=

∣∣∣∣∣ ηnhdn
n∑
i=1

Y −`i

L(Yi)Ḡ(Yi)

[
Kd

(
x−Xi

hn

)
−Kd

(
xk −Xi

hn

)]∣∣∣∣∣
≤ C

nhdnL(aH)Ḡ(bH)

n∑
i=1

∣∣∣∣Kd

(
x−Xi

hn

)
−Kd

(
xk −Xi

hn

)∣∣∣∣
≤ C

hdnL(aH)Ḡ(bH)

∣∣∣∣∣∣∣∣x−X1

hn
− xk −X1

hn

∣∣∣∣∣∣∣∣γ
≤ C ‖ x− xk ‖γ

hd+γ
n

.

Then, from (3.16), we get

sup
x∈C

∣∣∣ψ̃`(x)− ψ̃`(xk)
∣∣∣ ≤ Cadγn

hd+γ
n

=
C√
nhdn

hγ(d−1)
n .

Hence,

I1 = max
1≤k≤ωn

sup
x∈C

∣∣∣ψ̃`(x)− ψ̃`(xk)
∣∣∣ = O

(
1√
nhdn

)
.

In the same way as for I1, we obtain

I2 = max
1≤k≤ωn

sup
x∈C

∣∣∣E[ψ̃`(x)]− E[ψ̃`(xk)]
∣∣∣ = O

(
1√
nhdn

)
.

For I3, we use the Fuk-Nagaev exponential inequality given in Proposition 1.2. For that, we set

Ui,`(xk) =
ηZ−`i δi

L(Zi)Ḡ(Zi)
Kd

(
xk −Xi

hn

)
− E

[
ηZ−`1 δ1

L(Z1)Ḡ(Z1)
Kd

(
xk −X1

hn

)]
, for ` = 1, 2.

Clearly, we have

Λ2,`(xk) =
1

nhdn

n∑
i=1

U`,i(xk).
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Now, we have to calculate

S2
n =

n∑
i=1

n∑
j=1

|Cov(Ui,`(xk), Uj,`(xk))|

= nVar(U1,`(xk)) +
n∑
i=1

n∑
j=1

i 6=j

|Cov(Ui,`(xk), Uj,`(xk))|

=: CV1 + CV2.

On the one hand, we have

Var(U1,`(xk))

= Var
[

η1Z
−`
1 δ1

L(Z1)Ḡ(Z1)
Kd

(
xk −X1

hn

)]
= E

[
η2Z−2`

1 δ1

L2(Z1)Ḡ2(Z1)
K2
d

(
xk −X1

hn

)]
− E2

[
ηZ−`1 δ1

L(Z1)Ḡ(Z1)
Kd

(
xk −X1

hn

)]
=: R1 −R2.

From (3.9) and using a change of variable, a Taylor expansion and under Assumptions K(b) and
D(c), we obtain for λ = 2` with ` = 1, 2

R1 = E
[

η2Z−2`
1 δ1

L2(Z1)Ḡ2(Z1)
K2
d

(
xk −X1

hn

)]
=

∫
Rd

∫
t≥aH

η2t−2`

L2(t)Ḡ2(t)
K2
d

(
xk − u
hn

)
dH1(u, t)

=

∫
Rd

∫
t≥aH

ηt−2`

L(t)Ḡ(t)
K2
d

(
xk − u
hn

)
fX,Y (u, t)dudt

≤
∫
Rd
K2
d

(
xk − u
hn

)
µλ(u)du

≤ hdn

∫
Rd
K2
d(s)µλ(xk − shn)ds

= O(hdn). (3.17)

For R2, we have √
R2 = E

[
ηZ−`1 δ1

L(Z1)Ḡ(Z1)
Kd

(
xk −X1

hn

)]
=

∫
Rd

∫
t≥aH

ηt−`

L(t)Ḡ(t)
Kd

(
xk − u
hn

)
dH1(u, t)

≤
∫
Rd

∫
t≥aH

t−`Kd

(
xk − u
hn

)
fX,Y (u, t)dudt

≤
∫
Rd
Kd

(
xk − u
hn

)
ψ`(u)du

≤ hdn

∫
Rd
Kd(s)ψ`(xk − shn)ds,
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by a Taylor expansion around xk and under Assumptions K(a), D(a), we get

R2 = O(h2d
n ). (3.18)

Then, from (3.17) and (3.18), we obtain

CV1 = n(R1 −R2) = O(nhdn). (3.19)

On the other hand, under Assumption D(b) and by a change of variable, we have

|Cov(Ui,`(xk), Uj,`(xk))|

= |E(Ui,`(xk)Uj,`(xk))|

=

∣∣∣∣∣E
[

ηZ−`i δi
L(Zi)Ḡ(Zi)

Kd

(
xk −Xi

hn

)
ηZ−`j δj

L(Zj)Ḡ(Zj)
Kd

(
xk −Xj

hn

)]

− E
[

ηZ−`i δi
L(Zi)Ḡ(Zi)

Kd

(
xk −Xi

hn

)]
E

[
ηZ−`j δj

L(Zj)Ḡ(Zj)
Kd

(
xk −Xj

hn

)]∣∣∣∣∣
≤ Ch2d

n

∫
Rd

∫
Rd
Kd(s)Kd(t)|Υij(xk − shn,xk − thn)

−Υi(xk − shn)Υj(xk − thn)|dsdt.

Assumption D(d) gives
|Cov(Ui,`(xk), Uj,`(xk))| = O(h2d

n ). (3.20)

Then, to evaluate the term CV2, following Masry (1986), we divide the set {(i, j)/1 ≤ |i − j| ≤ n}
into two sub-sets E1 and E2 by introducing a sequence of integer βn = o(n), such that

E1 = {(i, j)/1 ≤ |i− j| ≤ βn} and E2 = {(i, j)/βn + 1 ≤ |i− j| ≤ n− 1}.

That is

CV2 =
n∑
i=1

∑
j∈E1

|Cov(Ui,`(xk), Uj,`(xk))|+
n∑
i=1

∑
j∈E2

|Cov(Ui,`(xk), Uj,`(xk))|

=: CV21 + CV22.

From (3.20), we get

CV21 =
n∑
i=1

∑
j∈E1

|Cov(Ui,`(xk), Uj,`(xk))| = C
n∑
i=1

∑
1≤|i−j|≤βn

h2d
n = O(nh2d

n βn).

For CV22, we use the modified inequality of Davydov for mixing processes (See, Rio (2000)). This
leads, for all i 6= j, to

|Cov(Ui,`(xk), Uj,`(xk))| ≤ Cα(|i− j|).
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Then, from Assumption M(a) we get

CV22 =
n∑
i=1

∑
j∈E2

|Cov(Ui,`(xk), Uj,`(xk))| ≤ C

n∑
i=1

∑
βn<|i−j|<n

α(|i− j|)

≤ Cn2α(βn)

= O(n2β−vn ).

By choosing βn = [h−dn ] + 1, we obtain

CV2 = CV21 + CV22 = O(nhdn) + O(n2hdvn ). (3.21)

Finally, from (3.19) and (3.21), we get

S2
n = CV1 + CV2 = O(nhdn) + O(n2hdvn ).

Now, we are ready to apply the Fuk-Nagaev exponential inequality. For ε > 0, we have

P{|ψ̃`(xk)− E[ψ̃`(xk)]| > ε}

= P

{∣∣∣∣∣
n∑
i=1

Ui,`(xk)

∣∣∣∣∣ > nhdnε

}

≤ C

(
1 + C

ε2nhdn

q(1 + nh
d(v−1)
n )

)− q
2

+ nCq−1

(
q

εnhdn

)v+1

. (3.22)

By taking ε = ε0

(√
logn
nhdn

+

√
h
d(v−2)
n log n

)
=: εn for all ε0 > 0, (3.22) becomes

P{|ψ̃`(xk)− E[ψ̃`(xk)]| > εn}

≤ C


(

1 + C
ε2

0 log n

q

)− q
2

+ nq−1

 q

ε0

(√
logn
nhdn

+

√
h
d(v−2)
n log n

)
nhdn


v+1

=: C(ε1 + ε2).

If we replace q by (log n)1+b, with b > 0 and use a Taylor expansion of log(1 + x), we get

ε1 = (1 + Cε2
0(log n)−b)−

(logn)1+b

2

= exp

(
−(log n)1+b

2
log(1 + Cε2

0(log n)−b)

)
' n−C

ε20
2 .

For the same choice of ε and q, we have

ε2 ' n(log n)v(1+b)ε
−(v+1)
0 (nhdn log n)−

(v+1)
2 .
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Now, we can write

P{ max
1≤k≤ωn

|ψ̃`(xk)− E[ψ̃`(xk)]| > εn}

≤
ωn∑
i=1

P{|ψ̃`(xk)− E[ψ̃`(xk)]| > εn}

≤ Ma−dn

{
Cn−C

ε20
2 + n(log n)v(1+b)ε

−(v+1)
0 (nhdn log n)−

(v+1)
2

}
≤ MCh

−d(1+ 1
2γ

)
n n

1
2γ
−C ε20

2

+MCε
−(v+1)
0 n1+ 1

2γ h
−d(1+ 1

2γ
)

n (log n)v(1+b)(nhdn log n)−
v+1
2

=: MCA1 +MCε
−(v+1)
0 A2. (3.23)

We have from Assumption H(c)

A2 = (log n)v(1+b)− v+1
2 n1− v+1

2
+ 1

2γ h
−d(1+ 1

2γ
+ v+1

2 )
n

≤ C(log n)v(1+b)− v+1
2 n1− v+1

2
+ 1

2γn−
(3−v)

2
−θd( γ(v+1)+2γ+1

2γ )

≤ C(log n)v(1+b)− v+1
2 n−1+

1−θd(γ(v+3)+1)
2γ .

Then, for an appropriate choice of ε0 and θ, A1 and A2 are the general terms of a convergent series.
Finally, applying Borel-Cantelli’s lemma to (3.23) gives the result.

Lemma 3.3. Under Assumptions K, H(a), and D(b), we have for ` = 1, 2

sup
x∈C
|Λ1,`(x)| = Oa.s.

(√
log log n

n

)
as n→∞.

Proof. We have

Λ1,`(x) =
1

nhdn

n∑
i=1

(
ηnZ

−`
i δi

Ln(Zi) ¯Gn(Zi)
Kd

(
x−Xi

hn

)
− ηZ−`i δi

L(Zi) ¯G(Zi)
Kd

(
x−Xi

hn

))
=

1

nhdn

n∑
i=1

Y −`i Kd

(
x−Xi

hn

)(
ηn

Ln(Zi)Ḡn(Zi)
− η

L(Zi)Ḡ(Zi)

)
.
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By replacing η and ηn, by their expressions defined in (3.3) and (3.4), respectively, we get

sup
x∈C
|Λ1,`(x)| ≤ sup

aH≤t≤bH

∣∣∣∣ F̄n(t)

Cn(t)
− F̄ (t)

C(t)

∣∣∣∣× sup
x∈C

∣∣∣∣∣ 1

nhdn

n∑
i=1

Y −`i Kd

(
x−Xi

hn

)∣∣∣∣∣
≤

{
sup

aH≤t≤bH

∣∣∣∣Fn(t)− F (t)

Cn(t)

∣∣∣∣+ sup
aH≤t≤bH

∣∣∣∣ F̄ (t)

Cn(t)C(t)
(Cn(t)− C(t))

∣∣∣∣}
× sup

x∈C

∣∣∣∣∣ 1

nhdn

n∑
i=1

Y −`i Kd

(
x−Xi

hn

)∣∣∣∣∣
≤


sup

aH≤t≤bH
|Fn(t)− F (t)|

inf
aH≤t≤bH

|C(t)| − sup
aH≤t≤bH

|(Cn(t)− C(t))|

+

sup
aH≤t≤bH

|(Cn(t)− C(t))|

inf
aH≤t≤bH

|C(t)|
(

inf
aH≤t≤bH

|C(t)| − sup
aH≤t≤bH

|(Cn(t)− C(t))|
)


× sup
x∈C

∣∣∣∣∣ 1

nhdn

n∑
i=1

Y −`i Kd

(
x−Xi

hn

)∣∣∣∣∣ .
From (3.1), we have C(t) ≥ α−1L(aH)H̄(bH) > 0 for all aH ≤ t ≤ bH , and following Chen and Dai
(2003), we have

sup
aH≤t≤bH

|Fn(t)− F (t)| = Oa.s.

(√
log log n

n

)
as n→∞

and

sup
aH≤t≤bH

|Cn(t)− C(t)| = Oa.s.

(√
log log n

n

)
as n→∞.

Furthermore, under Assumptions K, H(a) and D(b) we get the result.

Proof of Theorem 3.1. By triangle inequality, (3.14) becomes

sup
x∈C
|m̂n(x)−m(x)| ≤ 1

inf
x∈C
|ψ̂2(x)|

{
sup
x∈C

[|Λ1,1(x)|+ |Λ2,1(x)|+ |Λ3,1(x)|]

+ sup
x∈C
|m(x)| [|Λ1,2(x)|+ |Λ2,2(x)|+ |Λ3,2(x)|]

}
.

Then, the proof of Theorem 3.1 is completed by Lemma 3.1, Lemma 3.2 and Lemma 3.3.
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Chapter 4

Asymptotic normality of the relative

regression function estimator: LTRC and

α-mixing data

In this chapter, we establish the asymptotic normality and construct confidence intervals of a relative
regression function estimator for LTRC and α-mixing data. Additionally, we validate the theoretical
findings through a simulation study, which is further supported by a real world data application.

4.1 Introduction

This chapter extends the work presented in Chapter 3 on nonparametric estimation of the relative
error regression function for left truncated and right censored data. The asymptotic property we ad-
dress here is asymptotic normality, a crucial topic in statistics. In particular, asymptotic normality
allows for the construction of confidence intervals and the performance of hypothesis tests.

To recall our working framework, we consider a sequence of random vectors {(Yi,Xi, Ti,Wi); i =

1, . . . , N} drawn from (Y,X, T,W ), representing the response variable, explanatory variable, left
truncation variable, and right censoring variable, respectively. Under the random left truncation
and right censoring model, our observations are {(Zi, Ti, δi); i = 1, . . . , n} such that Zi ≥ Ti, where
Zi = Yi ∧Wi and δi = 1{Yi≤Wi}. Based on these observations, Bayarassou et al. (2023) proposed a
nonparametric estimator for the regression function m(·) given by

m̂n(x) =:
ψ̂n,1(x)

ψ̂n,2(x)
,

where

ψ̂n,`(x) =
ηn
nhdn

n∑
i=1

δiZ
−`
i

Ln(Zi)Ḡn(Zi)
Kd

(
x−Xi

hn

)
, for ` = 1, 2.
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The structure of the rest of this chapter is organized as follows: Section 4.2 presents the assumptions
and the main results. Section 4.3 contains a simulation study, with a real data application provided
in Section 4.4. The proofs are included in Section 4.5.

4.2 Assumptions and main results

Before stating the asymtotic normality result for the estimator m̂n(·) derived from the strictly α-
mixing sequence of random vectors {(Xi, Zi, Ti, δi); i = 1, . . . , n}, we introduce some necessary nota-
tions. We define

ψ̃n,`(x) =
η

nhdn

n∑
i=1

δiZ
−`
i

L(Zi)Ḡ(Zi)
Kd

(
x−Xi

hn

)
, for ` = 1, 2,

and
µλ(u) =

∫
t≥aH

t−λ

L(t)Ḡ(t)
fX,Y (u, t)dt, for λ = 2, 3, 4.

Furthermore, let C be a compact set in Rd, and when no confusion is possible we will denote by C
any generic constant.

4.2.1 Assumptions

K. The kernel Kd(·) is a bounded probability density with compact support and satisfies:

(a)
∫
Rd
Kd(r)dr = 1,

∫
Rd
riKd(r)dr = 0 and

∫
Rd
|ri||rj|Kd(r)dr <∞, for i, j = 1, . . . , d.

(b)
∫
Rd
riK

2
d(r)dr <∞, for i = 1, . . . , d.

H. The bandwidth hn satisfies:

(a) lim
n→∞

hn = 0 and lim
n→∞

nhdn =∞.

(b) lim
n→∞

hdnloglogn = 0.

(c) lim
n→∞

nhd+4
n = 0.

D. (a) The function ψ`(·) is twice continuously differentiable and sup
x∈C

∣∣∣∣∂2ψ`(x)

∂xi∂xj

∣∣∣∣ < ∞, for ` =

1, 2 and i, j = 1, . . . , d.

(b) ∀Y > 0, ∃C > 0, such that Y −` ≤ C, for ` = 1, 2.

(c) The function µλ(·) is continuously differentiable and sup
x∈C

∣∣∣∣∂µλ(x)

∂xi

∣∣∣∣ < ∞, for λ = 2, 3, 4

and i = 1, . . . , d.
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(d) The joint density Υi,j(·, ·) of (Xi,Xj) exists and satisfies

sup
t,s∈C
|Υi,j(t, s)−Υi(t)Υj(s)| <∞, for i, j = 1, . . . , n.

M. {(Xi, Zi, Ti, δi); i = 1, . . . , n} is a stationary α-mixing sequence of random vectors, with strong
mixing coefficient α(n). This coefficient satisfies:

(a) α(n) = O(n−v), v > 3.

(b) lim
n→∞

h−d/a1n

∑
s>βn

α1/a1(s) = 0, for 0 < a1 < 1 and d > 1.

Here, βn is a sequence of positive integers going to infinity which will be defind later.

B. Let 0 < p := pn < n and 0 < q := qn < n be sequences of positive integers tending to infinity
as n→∞. These sequences satisfy:

(a) lim
n→∞

k(p+ q)

n
→ 1.

(b) lim
n→∞

kp

n
→ 1.

(c) lim
n→∞

phdn → 0 and lim
n→∞

qhdn → 0.

(d) lim
n→∞

p2

nhdn
→ 0.

4.2.1.1 Comments on the assumptions

Assumptions K, H(a), and D(a) are standard in the context of nonparametric estimation. Assump-
tions H(b) and H(b) are critical for ensuring that certain terms become negligible. Assumptions
D(b), D(c), D(d), and M are technical in nature and play a crucial role in deriving our results.
Assumptions B are employed in applying the large blocks and small blocks procedure to establish
asymptotic normality.

4.2.2 Main results

The principal result regarding the asymptotic normality of the estimator m̂n(·) is outlined in the
following theorem.

Theorem 4.1. Under Assumptions K, H, D, M and B, we have:√
nhdn (m̂n(x)−m(x))

D−−→ N (0, σ2
n(x)) as n→∞,

where D−−→ denotes the convergence in distribution and

σ2
n(x) =

ψ2
2(x)µ2(x)− 2ψ1(x)ψ2(x)µ3(x) + ψ2

1(x)µ4(x)

ψ4
2(x)

κ,

with κ =

∫
Rd
K2
d(s)ds.
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Remark 4.1. A calculable estimator σ̂2
n(x) for the asymptotic variance σ2

n(x) can be obtained using
a plug-in method. This involves replacing ψ`(·) with its estimator ψ̂`(·) for ` = 1, 2 and µλ(·) with

µ̂λ(x) =
ηn
nhdn

n∑
i=1

δiZ
−λ
i

L2
n(Zi)Ḡ2

n(Zi)
Kd

(
x−Xi

hn

)
, for λ = 2, 3, 4.

As an immediate application of Theorem 4.1, we obtain the following corollary.

Corollary 4.1. Under the assumptions of Theorem 4.1 and for each fixed ζ ∈ (0, 1), a confidence
interval of level (1− ζ) for m(x) is[

m̂n(x)− t1− ζ
2

σ̂n(x)√
nhdn

, m̂n(x) + t1− ζ
2

σ̂n(x)√
nhdn

]
,

where t1− ζ
2
denotes the

(
1− ζ

2

)
-quantile of the standard normal distribution.

4.3 Simulation study

To examine the asymptotic normality of the estimator m̂n(·), we conduct a simulation study focusing
on a one-dimensional covariate scenario (i.e., d=1). We generate a bivariate α-mixing process denoted
by {(Xt, Yt); t ≥ 1}, as follows:

X1 = e1,

Xt+1 =

ρXt + 0.5et+1, if ρ > 0.5

ρXt + et+1, else

Yt = m(Xt) + εt,

where et  N(0, 1), 0 < ρ < 1 controls the degree of dependency, and the white noise εt  
N(0, 0.1). We define Zt = Yt ∧Wt and δt = 1{Yt≤Wt}, t ≥ 1, where Wt is drawn from an exponential
distribution with parameter a0, influencing the censoring percentage (CP). We also generate Tt  
N(b0, 2) for t ≥ 1, where b0 controls the truncation percentage (TP). We then retain the observations
{(Xi, Zi, Ti, δi); i = 1, . . . , n} satisfying Zi ≥ Ti. From these observations, we calculate the values of
the estimator m̂n(x) for x ∈ C = [−1.5, 1.5]. We use a Gaussian kernel K(·) and select the bandwidth
from a grid of values H that minimizes the global mean squared error (GMSE):

GMSE(hn)
hn∈H

=
1

A ·B

B∑
j=1

A∑
i=1

(m̂n,j(xi)−m(xi))
2,

for B = 50 replications, where m̂n,j(·) represents the estimator at iteration j and A is the number of
equidistant points xi within the compact set C = [−1.5, 1.5].
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First, we assess the asymptotic normality of the estimator by comparing the shape of the estimated
density to that of the standard normal density. We estimate the regression functionm(x) = exp(x)+3

by m̂n(x), and calculate the normalized deviation between this estimator and its theoretical regression
function for x = 0, as follows:

m?
n = m?

n(0) :=

√
nhn

σ̂n(0)
(m̂n(0)−m(0)).

Following this procedure, we generate a sequence of size B = 100. We then estimate its density
using the kernel method with a Gaussian kernel and the bandwidth hB = C ·B− 1

5 ( as suggested in
Silverman (1986)), where the constant C is chosen appropriately. Subsequently, we plot the estimated
density m̂?

n along with the standard normal density for various values of n and for different censoring,
truncation and dependency rates.
Figures 4.1 to 4.5 illustrate that the estimated density improves with larger sample sizes and lower
dependency rates. It appears to be relatively unaffected by high truncation or censoring values
and remains robust in the presence of outliers, introduced by multiplying 4 % of each sample by a
multiplier factor (MF).

Figure 4.1: ρ=0.1, CP=20%, TP=20%, n=50,100, and 300 respectively.

Figure 4.2: n=300, CP=20%, TP=20%, ρ=0.1, 0.5 and, 0.8 respectively.

Next, we simulate confidence intervals for m(x) at a level of 95 %, as outlined in Corollary 4.1:

m̂n(x)± 1.96× σ̂n(x)√
nhdn

,

using the same data and arguments employed to calculate the estimator m̂n(x). Figure 4.6 clearly
demonstrates the improvement in the interval’s width for larger sample sizes.
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Figure 4.3: ρ=0.1, n=300, TP=20%, CP=10%, 30%, and 60% respectively.

Figure 4.4: ρ=0.1, n=300, CP=20%, TP=10%, 30%, and 60% respectively.

Finally, we evaluate the effectiveness of the asymptotic normality by calculating the coverage proba-
bilities of the 95 % confidence intervals. These are determined by calculating the percentage of true
values that fall within the estimated confidence interval. Table 4.1 presents the results for 100 repli-
cations of observed sequences of size n. The coverage probability values suggest reasonable coverage
for the confidence intervals, and they improve as the sample size n increases and the censoring, trun-
cation, and dependency rates decrease. Additionally, the coverage appears to be relatively robust to
the presence of outliers.

4.4 Real data application

This section evaluates the performance of the RER estimator for analyzing dependent data exhibit-
ing left truncation and right censoring, using a real dataset reported by Hyde (1977). This dataset
comprises the lifespans of 97 male residents at the Channing House retirement community in Palo
Alto, California, from January 1964 to July 1975. It includes information on age at entry, age at
death/departure, and survival status at the study’s conclusion.

The dataset exhibits both left truncation and right censoring. Left truncation arises because resi-
dents needed to be at least 55 years old to enter the community. Right censoring occurs due to the
study’s end date or loss to follow-up. Our primary interest lies in exploring the relationship between
the age of entry and the age of death.
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Figure 4.5: ρ=0.1, n=300, CP=20%, TP=20%, MF=50, 100, and 150 respectively.

Figure 4.6: ρ=0.1, CP=20%, TP= 20%, n=50, 100, and 300 respectively.

Initial analysis revealed a strong positive correlation (0.79) between these two variables, indicating
their dependence. Further analysis using partial correlation suggests an autoregressive process of
order 1 (AR(1)), implying α-mixing dependence in the data.

For prediction purposes, the dataset was split, allocating 80% for estimator calculation and 20% for
assessing prediction accuracy. We employed the Gaussian kernel and utilized the cross-validation
method to determine the optimal bandwidth. Since approximately 53 % of the data was censored,
these observations were excluded from the prediction process as they lack meaningful survival times.

Figure 4.7 presents the RER prediction of age at death based on age at entry for Channing House
residents, along with pointwise confidence intervals. As evident from the figure, the predicted values
are close to the true values within the upper and lower bands. This suggests the effectiveness of the
RER approach and the precision of our estimator.

4.5 Auxiliary results and proofs

The objective of this part is to demonstrate the asymptotic normality result of the estimator m̂n(·)
stated in Theorem 4.1:√

nhdn(m̂n(x)−m(x))
D−−→ N (0, σ2

n(x)) as n→∞.
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Table 4.1: Coverage probabilities for 100 replications.

CP=20% TP=20%

TP=10% TP=40% CP=10% CP=40%

n MF ρ=0.1 ρ=0.8 ρ=0.1 ρ=0.8 ρ=0.1 ρ=0.8 ρ=0.1 ρ=0.8

1 0.949 0.933 0.940 0.927 0.955 0.924 0.932 0.903
100 50 0.945 0.927 0.935 0.920 0.952 0.922 0.929 0.900

100 0.943 0.922 0.931 0.916 0.950 0.919 0.927 0.897
150 0.938 0.919 0.929 0.901 0.947 0.915 0.918 0.896

1 0.960 0.942 0.955 0.932 0.963 0.936 0.941 0.917
300 50 0.955 0.939 0.949 0.930 0.957 0.933 0.932 0.913

100 0.955 0.933 0.947 0.926 0.956 0.933 0.930 0.909
150 0.943 0.930 0.938 0.921 0.949 0.926 0.925 0.906

Figure 4.7: RER prediction of age at death based on age at entry for Channing House residents,
along with pointwise confidence intervals.

To this end, we use the following decomposition√
nhdn

(
ψ̂n,`(x)− ψ`(x)

)
=

√
nhdn

{(
ψ̂n,`(x)− ψ̃n,`(x)

)
+
(
ψ̃n,`(x)− E[ψ̃n,`(x)]

)
+
(
E[ψ̃n,`(x)]− ψ`(x)

)}
=:

√
nhdn {Λ1,`(x) + Λ2,`(x) + Λ3,`(x)} , for ` = 1, 2. (4.1)

We start by proving in the upcoming lemma that the terms
√
nhdnΛ1,`(x) and

√
nhdnΛ3,`(x) are

negligible. After that, we show that the leading term
√
nhdnΛ2,`(x) is asymptotically normal using

the Bernstein’s large blocks and small blocks procedure.
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Lemma 4.1. Under Assumptions K, H, D(a) and D(b), we have for ` = 1, 2

(i)
√
nhdn|Λ1,`(x)| = oa.s.(1),

(ii)
√
nhdn|Λ3,`(x)| = oa.s.(1) as n→∞.

Proof. After establishing Lemma 3.1 and Lemma 3.3 in Chapter 3 and using Assumptions H(b) and
H(c), we find that

(i)
√
nhdn|Λ1,`(x)| = Oa.s.

(√
hdnloglogn

)
= oa.s.(1),

(ii)
√
nhdn|Λ3,`(x)| = Oa.s.

(√
nhd+4

n

)
= oa.s.(1),

which conclude the proof.

Next, before proceeding with the asymptotic normality of the dominant term, we begin by calculating
the necessary variance and covariance in Lemma 4.2 and Lemma 4.3 hereafter.

Lemma 4.2. Under Assumptions K(a), K(b), D and M(b), we have for λ = 2` with ` = 1, 2

Var
(√

nhdnΛ2,`(x)
)
→ µλ(x)κ.

Proof. Define Ui,`(x) for 1 ≤ i ≤ n as

Ui,`(x) =
ηZ−`i δi

L(Zi)Ḡ(Zi)
Kd

(
x−Xi

hn

)
− E

[
ηZ−`1 δ1

L(Z1)Ḡ(Z1)
Kd

(
x−X1

hn

)]
, for ` = 1, 2.

It follows directly that

Λ2,`(x) =
1

nhdn

n∑
i=1

Ui,`(x).

We can then analyze the variance of the sum

Var
(√

nhdnΛ2,`(x)
)

=
1

nhdn
Var

(
n∑
i=1

Ui,`(x)

)

=
1

hdn
Var (U1,`(x)) +

1

nhdn

n∑
i=1

n∑
j=1

i 6=j

Cov (Ui,`(x), Uj,`(x))

=
1

hdn
E
[
U2

1,`(x)
]

+
1

nhdn

n∑
i=1

n∑
j=1

i 6=j

E [Ui,`(x)Uj,`(x)]

=: I1 + I2.
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For the first term I1, we have

I1 =
1

hdn
E[U2

1,`(x)]

=
1

hdn
E

[(
ηZ−`1 δ1

L(Z1)Ḡ(Z1)
Kd

(
x−X1

hn

)
− E

[
ηZ−`1 δ1

L(Z1)Ḡ(Z1)
Kd

(
x−X1

hn

)])2
]

=
1

hdn

{
E
[

η2Z−2`
1 δ1

L2(Z1)Ḡ2(Z1)
K2
d

(
x−X1

hn

)]
− E2

[
ηZ−`1 δ1

L(Z1)Ḡ(Z1)
Kd

(
x−X1

hn

)]}
=:

1

hdn
{I1,1 − I1,2} .

Utilizing equation (3.9) and Assumptions K(b) and D(c), we obtain for λ = 2` with ` = 1, 2

I1,1 = E
[

η2Z−2`
1 δ1

L2(Z1)Ḡ2(Z1)
K2
d

(
x−X1

hn

)]
=

∫
Rd

∫
t≥aH

η2t−2`

L2(t)Ḡ2(t)
K2
d

(
x− u
hn

)
dH1(u, t)

=

∫
Rd

∫
t≥aH

ηt−2`

L(t)Ḡ(t)
K2
d

(
x− u
hn

)
fX,Y (u, t)dudt

≤
∫
Rd
K2
d

(
x− u
hn

)
µλ(u)du

≤ hdn

∫
Rd
K2
d(s)µλ(x− shn)ds

≤ hdnµλ(x)

∫
Rd
K2
d(s)ds

≤ hdnµλ(x)κ, (4.2)

Simularly, based on equation (3.9) and assumptions K(a) and D(a), we get

√
I1,2 = E

[
ηZ−`1 δ1

L(Z1)Ḡ(Z1)
Kd

(
x−X1

hn

)]
=

∫
Rd

∫
t≥aH

ηt−`

L(t)Ḡ(t)
Kd

(
x− u
hn

)
dH1(u, t)

≤
∫
Rd

∫
t≥aH

t−`Kd

(
x− u
hn

)
fX,Y (u, t)dudt

≤
∫
Rd
Kd

(
x− u
hn

)
ψ`(u)du

≤ hdn

∫
Rd
Kd(s)ψ`(x− shn)ds

= O(hdn). (4.3)

Then, by combining (4.2) and (4.3), we obtain

I1 =
1

hdn

{
hdnµλ(x)κ− Ch2d

n

}
−−−−→
n→+∞

µλ(x)κ. (4.4)
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For the second term I2, we consider a sequence of integer βn that approaches infinity as n → ∞,
such that

I2 =
1

nhdn

 ∑
1≤|i−j|≤βn

E [Ui,`(x)Uj,`(x)] +
∑

βn<|i−j|<n

E [Ui,`(x)Uj,`(x)]

 .

On the one hand, under Assumption D(b) and D(d), we get

|E(Ui,`(x)Uj,`(x))|

=

∣∣∣∣∣E
[

ηZ−`i δi
L(Zi)Ḡ(Zi)

Kd

(
x−Xi

hn

)
ηZ−`j δj

L(Zj)Ḡ(Zj)
Kd

(
x−Xj

hn

)]

− E
[

ηZ−`i δi
L(Zi)Ḡ(Zi)

Kd

(
x−Xi

hn

)]
E

[
ηZ−`j δj

L(Zj)Ḡ(Zj)
Kd

(
x−Xj

hn

)]∣∣∣∣∣
≤ Ch2d

n

∫
Rd

∫
Rd
Kd(s)Kd(t)|Υij(x− shn,x− thn)

−Υi(x− shn)Υj(x− thn)|dsdt

= O(h2d
n ). (4.5)

From (4.5), we have ∑
1≤|i−j|≤βn

E [Ui,`(x)Uj,`(x)] ≤ Ch2d
n nβn,

and by choosing βn = [(1/hdn)1/b] b > 1, we obtain
1

nhdn

∑
1≤|i−j|≤βn

E [Ui,`(x)Uj,`(x)] ≤ Chd(b−1)/b
n → 0. (4.6)

On the other hand, we use a Davydov covariance inequality given in Proposition 1.3. This leads to

1

nhdn

∑
βn<|i−j|<n

|E [Ui,`(x)Uj,`(x)]| ≤ 1

nhdn

∑
βn<|i−j|<n

Cα
1
a1 (|i− j|)

×
(
E
∣∣∣∣Kd

(
x−Xi

hn

)∣∣∣∣a2) 1
a2
(
E
∣∣∣∣Kd

(
x−Xi

hn

)∣∣∣∣a3) 1
a3

,

where a1, a2 and a3 take values in R+. We have

E
∣∣∣∣Kd

(
x−Xi

hn

)∣∣∣∣a2 ≤ Chdn.

Then, from Assumption M(b), we get
1

nhdn

∑
βn<|i−j|<n

|E [Ui,`(x)Uj,`(x)]| ≤ C

nhdn

∑
βn<|i−j|<n

α
1
a1 (|i− j|)(hdn)

1
a2 (hdn)

1
a3

≤ C

nhdn

∑
βn<|i−j|<n

α
1
a1 (|i− j|)h

d
a1

(a1−1)

n

≤ C

nh
d
a1
n

∑
s>βn

α
1
a1 (s)→ 0. (4.7)

Finally, by merging (4.4), (4.6) and (4.7), we arrive at the outcome of Lemma 4.2.
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Lemma 4.3. Under Assumptions K(a), K(b), D and M(b), we have

Cov
(√

nhdnΛ2,1(x),
√
nhdnΛ2,2(x)

)
→ µ3(x)κ.

Proof. We begin by decomposing the covariance term

Cov
(√

nhdnΛ2,1(x),
√
nhdnΛ2,2(x)

)
=

1

nhdn

n∑
i=1

n∑
j=1

Cov (Ui,1(x), Uj,2(x))

=
1

nhdn

n∑
i=1

n∑
j=1

[E (Ui,1(x)Uj,2(x))

− E (Ui,1(x))E (Uj,2(x))]

=
1

hdn
E (U1,1(x)U1,2(x))

+
1

nhdn

n∑
i=1

n∑
j=1

i 6=j

E (Ui,1(x)Uj,2(x))

=: J1 + J2.

On the one side, we have

J1 =
1

hdn
E (U1,1(x)U1,2(x))

=
1

hdn

{
E
(

α2Z−3
1 δ1

L2(Z1)Ḡ2(Z1)
K2
d

(
x−X1

hn

))
−E

(
αZ−1

1 δ1

L(Z1)Ḡ(Z1)
Kd

(
x−X1

hn

))
E
(

αZ−2
1 δ1

L(Z1)Ḡ(Z1)
Kd

(
x−X1

hn

))}
=:

1

hdn
{J1,1 − J1,2J1,3} .

Utilizing equation (3.9) and Assumptions K(b) and D(c), we obtain

J1,1 = E
[

η2Z−3
1 δ1

L2(Z1)Ḡ2(Z1)
K2
d

(
x−X1

hn

)]
=

∫
Rd

∫
t≥aH

η2t−3

L2(Z1)Ḡ2(Z1)
K2
d

(
x− u
hn

)
dH1(u, t)

=

∫
Rd

∫
t≥aH

ηt−3

L(Z1)Ḡ(Z1)
K2
d

(
x− u
hn

)
fX,Y (u, t)dudt

≤
∫
Rd
K2
d

(
x− u
hn

)
µ3(u)du

≤
∫
Rd
hdnK

2
d(s)µ3(x− shn)ds

≤ hdnµ3(x)

∫
Rd
K2
d(s)ds

≤ hdnµ3(x)κ.
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For J1,2 and J1,3, we follow the same approach as in the proof of the term
√
I1,2 in Lemma 4.2 and

at the end, we get

J1 ≤
1

hdn

{
hdnµ3(x)κ− Ch4d

n

}
−−−−→
n→+∞

µ3(x)κ. (4.8)

On the other side, to show that J2 = o(1), we work as for the proof of the term I2 and then we have
the result of Lemma 4.3.

Now, let us focus on proving the asymtotic normality of the leading term. For that, we establish the
following lemma:

Lemma 4.4. Under Assumptions K, D, M and B, we have√
nhdn (Λ2,1(x),Λ2,2(x))

D−−→ N (0,Σxκ).

where Σx =

(
µ2(x) µ3(x)

µ3(x) µ4(x)

)
.

Proof. In order to demonstrate the lemma, we need only to show that for any given aT = (a1, a2)√
nhdn (a1Λ2,1(x) + a2Λ2,2(x))

D−−→ N (0, aTΣxaκ),

To do so, we first set

Λ2,n(x) :=
√
nhdn(a1Λ2,1(x) + a2Λ2,2(x))

and

Vi(x) := a1Ui,1(x) + a2Ui,2(x),

then

Λ2,n(x) =
1√
n

n∑
i=1

Vi(x)√
hdn
.

This implies that our goal is to demonstrate that

1√
n

n∑
i=1

Vi(x)√
hdn

D−−→ N (0, aTΣxaκ). (4.9)

For this purpose, as previously mentioned, we employ Bernstein’s large blocks and small blocks
procedure. According to the notations in Assumption (B), we partition the set {1, 2, . . . , n} into k
large p-blocks separated by k small q-blocks, along with a set containing the remaining points which
may be empty. This breakdown is illustrated as follows

1√
n

n∑
i=1

Vi(x)√
hdn

=
1√
n

{
k∑
j=1

Ṽ1,j(x) +
k∑
j=1

Ṽ2,j(x) + Ṽ3,j(x)

}

=:
1√
n

{
Ṽ1(x) + Ṽ2(x) + Ṽ3(x)

}
,
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where

Ṽ1,j(x) =

(j−1)(p+q)+p∑
i=(j−1)(p+q)+1

Vi(x)√
hdn
, Ṽ2,j(x) =

j(p+q)∑
i=(j−1)(p+q)+p+1

Vi(x)√
hdn
,

Ṽ3,j(x) =
n∑

i=k(p+q)+1

Vi(x)√
hdn
.

So, to establish the convergence indicated in (4.9), it is enough to verify that

1√
n
Ṽ2(x)

P−−→ 0,
1√
n
Ṽ3(x)

P−−→ 0 (4.10)

and

1√
n
Ṽ1(x)

D−−→ N (0, aTΣxaκ). (4.11)

We begin with (4.10). To prove that the two terms are P-negligible, we apply Tchebychev’s inquality.
We have:

Var
(

1√
n
Ṽ2(x)

)
=

1

n
Var

(
k∑
j=1

Ṽ2,j(x)

)

=
1

n

k∑
j=1

Var
(
Ṽ2,j(x)

)
+

1

n

k∑
j=1

k∑
m=1

j 6=m

Cov
(
Ṽ2,j(x), Ṽ2,m(x)

)
=: S1 + S2.

For S1, we have

S1 =
1

n

k∑
j=1

Var
(
Ṽ2,j(x)

)
=

k

n
Var

(
Ṽ2,1(x)

)
=

k

n

q∑
i=1

Var

(
Vi(x)√
hdn

)
+
k

n

q∑
i=1

q∑
s=1

i 6=s

Cov

(
Vi(x)√
hdn
,
Vs(x)√
hdn

)

=: S1,1 + S1,2.
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Using (4.4) and (4.8), we obtain

S1,1 =
k

n

q∑
j=1

Var

(
Vi(x)√
hdn

)

=
kq

n
Var

(
a1U1,1(x) + a2U1,2(x)√

hdn

)

=
kq

n

{
a2

1

1

hdn
Var (U1,1(x)) + a2

2

1

hdn
Var (U1,2(x))

+a1a2
1

hdn
Cov (U1,1(x), U1,2(x))

}
=

kq

n

{
a2

1

1

hdn
E
(
U2

1,1(x)
)

+a2
2

1

hdn
E
(
U2

1,2(x)
)

+ a1a2
1

hdn
E (U1,1(x)U1,2(x))

}
≤ C

(
k(p+ q)

n
− kp

n

)
hdn, (4.12)

and by stationarity and (4.5), we get

S1,2 =
k

n

q∑
i=1

q∑
s=1

i 6=s

Cov

(
Vi(x)√
hdn
,
Vs(x)√
hdn

)

=
2k

n

q−1∑
m=1

(q −m)Cov

(
V1(x)√
hdn

,
Vm+1(x)√

hdn

)

≤ 2kq

n

q−1∑
m=1

Cov

(
a1U1,1(x) + a2U1,2(x)√

hdn
,
a1Um+1,1(x) + a2Um+1,2(x)√

hdn

)

≤ 2kq

n

q−1∑
m=1

1

hdn

{
a2

1E (U1,1(x)Um+1,1(x)) + a1a2E (U1,1(x)Um+1,2(x))

+a2a1E (U1,2(x)Um+1,1(x)) + a2
2E (U1,2(x)Um+1,2(x))

}
≤ C

(
k(p+ q)

n
− kp

n

)
qhdn. (4.13)

From (4.12), (4.13) and by using Assumptions B(a), B(b) and B(c), the term S1 → 0.
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For S2, using stationary, Assumptions M(b), B(a) and B(b), we get

S2 =
1

n

k∑
j=1

k∑
m=1

j 6=m

Cov
(
Ṽ2,j(x), Ṽ2,m(x)

)

=
2

n

k−1∑
s=1

(k − s)Cov
(
Ṽ2,1(x), Ṽ2,s+1(x)

)

≤ 2k

nhdn

k−1∑
s=1

Cov

 q∑
i=1

Vi(x),

(s+1)(p+q)∑
r=s(p+q)+p+1

Vr(x)


≤ 2k

nhdn

k−1∑
s=1

[
q∑

m=1

(q −m+ 1)Cov
(
V1(x), Vs(p+q)+m(x)

)
+

q−1∑
m=1

(q −m)Cov
(
Vm+1(x), Vs(p+q)+1(x)

)]

≤ 2k

nhdn

k−1∑
s=1

q s(p+q)+q∑
m=s(p+q)+1

Cov (V1(x), Vm(x))

+q

s(p+q)∑
m=s(p+q)−(q−2)

Cov (V1(x), Vm(x))


≤ 2k

nhdn

k−1∑
s=1

q s(p+q)+q∑
m=s(p+q)−(q−2)

Cov (V1(x), Vm(x))


≤ 2kq

nhdn

k−1∑
s=1

[
2q−1∑
m=1

Cov
(
V1(x), Vs(p+q)−q+m+1(x)

)]

≤ 2kq

nhdn

k−1∑
s=1

2q−1∑
m=1

α
1
a1 (s(p+ q)− q +m)h

d
a1

(a1−1)

n

≤ 2kq

n

1

h
d/a1
n

∞∑
j=p+1

α
1
a1 (j)

≤
(
k(p+ q)

n
− kp

n

)
1

h
d/a1
n

∞∑
j=p+1

α
1
a1 (j)→ 0.

Thus

Var
(

1√
n
Ṽ2(x)

)
→ 0.
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Next, we move to term 1√
n
Ṽ3(x) and we have

Var
(

1√
n
Ṽ3(x)

)
=

1

n
Var

 n∑
i=k(pn+qn)+1

Vi(x)√
hdn


=

1

n

n∑
i=k(pn+qn)+1

Var

(
Vi(x)√
hdn

)

+
1

n

n∑
i=k(p+q)+1

n∑
s=k(p+q)+1

i 6=s

Cov

(
Vi(x)√
hdn
,
Vs(x)√
hdn

)

= R1 +R2.

In the same way as for S1,1, we obtain

R1 =
1

n

n∑
i=k(pn+qn)+1

Var

(
Vi(x)√
hdn

)

=
n− k(p+ q)

n
Var

(
a1U1,1(x) + a2U1,2(x)√

hdn

)

≤ C

(
1− k(p+ q)

n

)
hdn,

and in a manner similar to S1,2, we reach

R2 =
1

n

n∑
i=k(p+q)+1

n∑
s=k(p+q)+1

i 6=s

Cov

(
Vi(x)√
hdn
,
Vs(x)√
hdn

)

=
2

n

p−1∑
m=1

(p−m)Cov

(
V1(x)√
hdn

,
Vm+1(x)√

hdn

)
≤ C

p

n
phdn.

So, under Assumptions B(a) and B(c), we get

Var
(

1√
n
Ṽ3(x)

)
→ 0.

As for the verification of (4.11), it will be accomplished in three points:
- The rvs 1√

n
Ṽ1,j(x) are asymptotically independent.

- Var
(

1√
n
Ṽ1(x)

)
→ aTΣxaκ.

- For all ε > 0,
k∑
j=1

E

(
1

n
Ṽ 2

1,1(x)1(∣∣∣ 1√
n
Ṽ1,1(x)

∣∣∣>ε√Var
(

1√
n
Ṽ1(x)

))
)
→ 0 ( Lindeberg-Feller’s condition).

For the first point, it suffices to prove that∣∣∣∣∣E(eit∑k
j=1

1√
n
Ṽ1,j(x)

)
−

k∏
j=1

E
(
e
it 1√

n
Ṽ1,j(x)

)∣∣∣∣∣→ 0.
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Using the inequality of Volkonskii and Rozanov (1959) given in Proposition 1.4 and under Assumption
M(a), we achieve the intended target∣∣∣∣∣E(eit∑k

j=1
1√
n
Ṽ1,j(x)

)
−

k∏
j=1

E
(
e
it 1√

n
Ṽ1,j(x)

)∣∣∣∣∣
≤ 16(k − 1)α(q + 1) ≤ Ckα(q)→ 0.

Regarding the second point, we follow a similar approach as with the term 1√
n
Ṽ2(x), we obtain

Var
(

1√
n
Ṽ1(x)

)
=

1

n
Var

(
k∑
j=1

Ṽ1,j(x)

)

=
1

n

k∑
j=1
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(
Ṽ1,j(x)

)
+

1

n

k∑
j=1

k∑
m=1

j 6=m

Cov
(
Ṽ1,j(x), Ṽ1,m(x)

)

≤
(
C
kp

n
hdn + C

kp

n
phdn

)
+
kp

n

1

h
d/a1
n

∞∑
j=q+1

α
1
a1 (j).

In light of Assumptions B(b), B(c) and M(b), we get the result.
For the last point, we have:

|Ṽ1,1(x)| ≤ C
p||Kd||∞√

hdnL(aH)Ḡ(bH)
,

then, using Tchebychev’s inequality and under Assumption B(d), we attain the desired aim

kE

(
1

n
Ṽ 2

1,1(x)1(∣∣∣ 1√
n
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(
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nhdnL
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√
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kVar
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n
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)
ε2Var

(
1√
n
Ṽ1(x)

) → 0.

The proof of Lemma 4.4 is complete.

Proof of Theorem 4.1. Consider the function Φ : R2 → R defined as Φ(x, y) = x
y
, for y 6= 0, then

m̂n(x)−m(x) =
ψ̂n,1(x)

ψ̂n,2(x)
− ψ1(x)

ψ2(x)

= Φ
(
ψ̂n,1(x), ψ̂n,2(x)

)
− Φ (ψ1(x), ψ2(x)) .

Applying equation (4.1), Lemma 4.1, Lemma 4.4 and the delta method (see, Shao (2003)), we derive
that √

nhdn (m̂n(x)−m(x))
D−−→ N

(
0,∇ΦTΣx∇Φκ

)
,
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where the gradient ∇ΦT =
(
∂Φ
∂x
, ∂Φ
∂y

)
is evaluated at point (ψ1(x), ψ2(x)). The proof concludes by

noting that

∇ΦTΣx∇Φκ =
(

1
ψ2(x)

−ψ1(x)

ψ2
2(x)

)( µ2(x) µ3(x)

µ3(x) µ4(x)

)(
1

ψ2(x)

−ψ1(x)

ψ2
2(x)

)
κ

=
ψ2

2(x)µ2(x)− 2ψ1(x)ψ2(x)µ3(x) + ψ2
1(x)µ4(x)

ψ4
2(x)

κ

= σ2
n(x).
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Conclusion and Perspectives

This thesis has investigated the nonparametric estimation of the relative error regression function,
with a specific emphasis on left truncated and right censored data under the assumption of α-mixing
dependency. The findings of this research contribute significantly to the field of statistical inference,
particularly in scenarios where incomplete data are prevalent.

In Chapter 2, we examined the asymptotic properties of the estimator proposed by Jones et al.
(2008) for complete data, demonstrating both its almost sure uniform convergence with a rate and
its asymptotic normality. The rate of convergence was derived using Bernstein’s inequality, while
Lyapunov’s central limit theorem was employed to establish asymptotic normality. These theoretical
results, supported by simulation studies, highlight the robustness of the estimator.

Chapter 3 introduced a novel nonparametric estimator adapted for LTRC data. We established its
almost sure uniform convergence with a rate, which was characterized using the Fuk-Nagaev inequal-
ity. Practical applications were provided to illustrate the effectiveness of the proposed estimator in
real world contexts.

In Chapter 4, we derived the asymptotic normality of the proposed estimator for LTRC data, uti-
lizing Bernstein’s large blocks and small blocks technique. We constructed confidence intervals, and
the theoretical results were validated through simulation studies and a real world data example,
demonstrating the method’s practical relevance.

To conclude, we propose several potential research directions to further enhance and expand the
results outlined in this thesis:

- While this thesis focused exclusively on covariates in Rd, it is possible to extend our methodology
to LTRC and α-mixing data with functional covariates. The case of independent LTRC data with
functional covariates has been recently explored by Boucetta et al. (2024) in the context of relative
error regression.
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Conclusion and Perspectives

- The dependence structure considered in this work is α-mixing, a specific form of weak dependency.
The results obtained in Chapters 3 and 4 could be generalized to LTRC data with broader classes of
weak dependence structures.

- Following the establishment of asymptotic normality in Chapters 3 and 4, a promising direction
for further research would be to derive a Berry-Esseen-type result for the kernel estimator of the
regression function. This would enable the quantification of the rate of convergence to the normal
distribution, offering deeper insights into the estimator’s finite sample properties.
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