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Abstract

This work is to prove the existence of three positive solutions for the problem

Sturm-Liouville with p-Laplacian next

(&, (u” (1)) +F (£, (1)) =0, t€(0,1) (1)
au (0) — u’ (0) =0, a,f>0 (2)

yu (1) + 6u’ (1) =0, 4,60 (3)

u’ (0) = 0. (4)

where ¢, (s) = [s|" s V¥p>1, feC([0,1] x [0,00); [0, 00)).

Key words. Existence of solutions, problem of third-order Sturm-Liouville, positive solution,

Leggett-Williams fixed point theorem.
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Introduction

Introduction

Many mathematical models in nonlinear phenomena can give rise to problems for which
only positive solutions make sens. The purpose of this work is to study the existence of at
least three positive solutions for the third order Sturm-Liouville boundary value problem

with p-Laplacien. This work has been proposed by C. Zhai and C. Guo [14] (2009).

These type of problems can arise in variety interesting applications such as in physics,
biology or non-Newtonian mechanics. So in recent years, much authors were interested in
the study of equations with p-Laplacien. For example, in non-Newtonian mechanics [6],[14],
combustion theory [25], population biology [23],[24], nonlinear flow laws [9],[19],[20] and

system of Monge-Kantorovitch partial differential equation [8].

Several authors have been more interested in the problems of the second order Sturm-
Liouville p-Laplacian, see [12],[18],[22],[27],[28],[30] and to our knowledge few authors have
studied the case of problems of third order Sturm-Liouville with p-Laplacian.

The main tool of this work is the use of fixed-point theorem of Leggett-Williams in a
cone of the ordered Banach space which is a common thread in proving the existence of
multiple positive solutions.

After rewrinting the initial value problem into an equivalent fixed point problem defined
by an integral operator, Leggett-Williams used this fixed point theorem to prove the exist-
ence of three fixed points of this operator. For this, sufficient conditions on the nonhomo-
geneous term f and inequalities involving on the kernel of the integral operator are given to
show the existence of three positive solutions of this problem. This theory has been widely
used in recent years to show the existence of multiple positive solutions.

This paper is organized as follows: In Section 1, we give an overview of the basic results
of the classical fixed point theorems. In Section 2, some preliminaries are established and

the main theorems are formulated and proved.

In Section 3, the proof of the existence of positive solutions of the third order Sturm-
Liouville boundary value problem with p-Laplacien using the Leggett-Williams fixed point
theorem is given.

Finally, in Section 4, we give an example to illustrate our results.
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1.1. Some Fixed Point Theorems

1.1 Some Fixed Point Theorems

Definition 1.1.1 Let X be a set and let T : X — X be a function that maps X into
itself. (Such a function is often called an operator, a transformation, or a transform on X,
and the notation Tz is often used in place of T'(x)). A fized point of T is an element x € X
for which T'(x) = x.

Remark 1.1.1 Note that the definition of a fixed point requires no structure on either the
set X or the function T.

1.1.1 Banach Fixed Point Theorem

Definition 1.1.2 Let (X,d) be a metric space. A contraction of X (also called a contrac-
tion mapping on X ) is a function f: X — X that satisfies
Ve, e X - d(f(a), f(z)) < Bd (x/,x>
for some real number B < 1. Such a [3 is called a contraction modulus of f.
Theorem 1.1.1 FEvery contraction mapping is continuous.

Proof : Let T : X — X be a contraction on a metric space(X, d), with modulus £,
and let T € X. Let € > 0, and let § = . Then d(z,7) < § = d(Tx;Tz) < 5§ < € .
Therefore T' is continuous at x. Since x was arbitrary, 7' is continuous on X. The above

proof actually establishes that a contraction mapping is uniformly continuous.

Definition 1.1.3 Let (X,d,) and (Y,dy) be metric spaces. A function f : X — Y s

uniformly continuous if for every e > 0 there is a & > 0 such that

!

Voo € X i dy(z,2) < 6 = dy(f(x), f(z)) <
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Notice how this definition differs from the definition of continuity: uniform continuity
requires that, for a given € , a single will work across the entire domain of f.

Continuity allows that the 6 may depend upon the point x at which continuity of f 1is
being evaluated; uniform continuity requires that ( for a given € ) being within 0 of any

x € X guarantees that the image under f is within € of f(z).
Theorem 1.1.2 FEvery contraction mapping is uniformly continuous.

Theorem 1.1.3 ( Banach Fized Point Theorem )Every contraction mapping on a com-
plete metric space has a unique fized point. (This is also called the Contraction Mapping
Theorem.)

Proof : Let T : X — X be a contraction on the complete metric space (X,d), and let
be a contraction modulus of T'. First we show that T can have at most one fized point.

Then we construct a sequence which converges and show that its limit is a fixed point of
T.

(a) Suppose x and x" are fized points of T. Then d(x,x') = d(Tz,Tx') < Bd(x,2); since
B < 1, this implies that d(x,2') =0, i. e., z = 2.

(b) Let xg € X, and define a sequence {x,} as follows:

w1 =Txo,x0 =Tay =T, ... ,xp =TTm_1 =T z0, ...

We first show that adjacent terms of {x,} grow arbitrarily close to one another | speci

cally, that d(z,, Tpy1) < B"d(xo, 1) :

IN

d([El,l’g) Bd(xo,JIl)

d(l‘Q,SL’g) < 5d($1,$2>§ﬁ2d(f£0,$1)

IN

d(l’na :L‘n-l—l) Bd(xn—lv an) S Bnd(xm 171).

Next we show that if n < m then d(w,, vm) < " 25d(x0, 1) :
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d(I’n, In-l—l) é ﬁnd(x07 ‘7;1)
d<xn> xn+2) < d(l‘n, $n+1) + d<xn+17 xn+2>
< Bd(wo, 1) + B d(wo, 31) = (5” + 5”“) d(wg, 1)
dxp,zm) = (" + B4+ ﬁm_l)d(xo, x1)

= B+ B+ + .+ BT d(wo, 1)

< B+ B+ B+ )d(wo, 1)
1
= ﬁnmd(xo, Il)
Therefore {x,} is Cauchy: for e > 0, let N be large enough that BNﬁd(mo, x1) <€,
which ensures that

n,m >N = d(z,,T,) <€

Since the metric space (X, d)is complete, the Cauchy sequence {x,} converges to a point
r* € X. We show that x* is a fixed point of T: since x, — x* and T is continuous, we
have Tx, — Tx* i.e.,x,.1 — Tx*. Since

Tpi1 — % and v,y — Tx* , we have Tx* = x*.

Theorem 1.1.4 If T is a contraction on a complete metric space (X,d) and 5 is a con-
traction modulus of T, then for any
r e X,
Vn e N: d(T"z,2*) < "d(x,z"),

where x* is the unique fixed point of T.

Proof :

d(T'z,z*) = d (TT"_lm, Tx*) , because z* is a fixed point of T

IN

Bd (T”_lm, 1;*) , because T is a contraction

IN

5%d (T”’2x, x*)

IN

. < p"d (T%,x*)
= ["d(x,z").
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1.1.2 Brouwer Fixed Point Theorem

In the unit-interval example in the preceding section, the Banach Theorem seems somewhat
limited. It seems intuitively clear that any continuous function mapping the unit interval
into itself will have afixed point, but the Banach Theorem applies only to functions f that
satisfy |f’ (a:)‘ < 3 for some < 1.

An elementary example of this is the function f(z) = 1 — x, which has an obvious
fixed point at x = %, but whose derivative satisfies | f (x)! = 1 everywhere therefore
d(f(z), f(z')) = d(x,2") so f is not a contraction and the Banach Fixed Point Theorem
doesn’t apply to f. The fixed point theorem due to Brouwer covers this case as well as a
great many others that the Banach Theorem fails to cover because the relevant functions

aren’t contractions
Definition 1.1.4 Let R" have its usual inner product (.,.) and let ||.|| be the induced norm.

Let B" := {x € R": ||z|| < 1} be the open unit ball, B" := {z € R": ||z| <1} the
closed unit ball, and S"! := {z : ||z|| = 1} the unit sphere in R".

Theorem 1.1.5 (Brouwer Fized Point Theorem). Every continuous map f : B" — B" has
a fized point. That is there is an x € B such that f (z) = .

In [18] J. Milnor gave a proof of this result based on elementary multidimensional integral
calculus.

In [19]C. A. Rogers simplied Milnor’s proof.

Here we give an exposition of the Milnor-Rogers proof.
Lemma 1.1.1 There is no C* map f: B" — S™ ' such that f (x) =z for allx € S" 1.

Proof : Assume, toward a contradiction, that such an f: B" — S" ! exists.

For t € [0,1] let
filz) =1 —-t)z+tf(z) =2+ tg(x)
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where g(z) = f(z) — x. Note that for z € B" that
1@ <@ =) flzl + 2t f@) <A -t)+t=1
and therefore f, : B — B .Also note that for all z € " 1.
filx)=Q =tz +tf(z)=1—-t)z+tz ==z

and thus f; fixes all points on S"~!. As f is O, the same is true for g and therefore

there is a constant C' such that for all x, 25 € B"

g (21) — g (22)]| < C ||zy — 24| .

Now assume that there are distinct points z; and 5 in B" with fi(x1) = fi(xs).

This implies 3 — 21 =t (g (1) — g (x2)) and therefore
|2 — 21|l = tllg (1) — g (22)]| < Ct |z — a4]].

As x7 # x this implies Ct > 1. Thus when ¢ < 1/C the function f; : B — B" is
injective. Let Gy = f; [B"] be the image of the open unit ball under f; The derivative of f;,

viewed as a linear map f; (r) : R® — R, is given by

fi (@) =1 +1tg ()

where I is the identity map on R". As g is C" there is a ¢, such that det f, (z) > 0 for
all t € [0,to]. Then by the inverse function theorem G, is an open set for all ¢ € [0, to].

By possibly making ¢, smaller we also have that f; is injective for all ¢ € [0, to].

We claim that Gy = B" for all t € [0,%]. Assume that this is not the case. Then the
boundary 0G; will intersect the open ball B" at some point 5. As yg € 9G,; there is a

sequence xy € B" such that
lim £, (22) = .

By the compactness of B we can pass to a subsequence and assume that limz, = o

l—o00

for some o € B'". Then, by the continuity of f , we have

ft (z0) = yo.
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But, as G; is open and open sets are disjoints from their boundaries, ¥ is not in G; = f [B"]
thus
To € Fn \ B" = s,

But for z, € S"! we have that

i ($0) = Xy,

which implies that

Yo = fi (zo) = mg € S,
which contradicts the assumption that g is in B” . Therefore for ¢t € [0,t] the map f; : B' —
B" is a bijection.

Define a function F': [0,1] — R by

F(t)= / det f|(z)dx :/ det (I +tg' (x))dz
B’VL ETL
where dx is the volume measure on R". This is clearly a polynomial in t. And for

t € [0,to] the function f; : B" — B" is a bijection and so by the change of variable formula

for multiple integrals F'(t) is just the volume of the image f; [En] — B". That is

F (t) = Volume (Fn) for t €[0,t).

But a polynomial that is constant on an interval is constant everywhere.
Therefore F' (t) =Volume (En) for all ¢ € [0,t0] and in particular F' (1) =Volume
(B") > 0.
But
fi(z)=f(x) € s""

for all x and therefore

(fi(@), @) =|fi@)| =1

for all z. Thus for any vector € R"

/ d
2 <f1 (z)v, fi ($)> = (fi (zt +tv), fi (x +tv)) |i=0= %1 |t=0= 0.
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This shows that the range of f; () is contained in f ()", the orthogonal compliment
of f(x). But then rank f; (z) < n —1 for all z € B" and therefore det f; (x) = 0 for all
z € B". Whence

F(l):/Bndet fi (z)dx = 0.

This contradicts that F' (1) > 0 and completes the proof.

Proof : of the Brouwer Fixed Point Theorem:

Let f: B" — B" be a continuous map.

Then by the Stone-Weierstrass theorem there is a sequence of Cfunctions p, : B. — R"
such thel| f (z) — pe|| < 1/¢ for all z € B".(In fact we can choose the p,’s to be polynomials).

Then

[pe ()| < [1f @) + [lpe () = f (2)[| <1+ 1/¢,

Therefore if
hy = (1 -+ 1/6)71]9@

we have that h,: B — B" and hy — f uniformly.

We claim that each hy has a fixed point in B". For if not, let f; : B® — S" ! be map

fe (z) = point where the ray from hy (z)to 2 meets S™'.

fe(z)

e(x)

If h, has no fixed point this map is C' and has f; (r) = z for all z € S"! contradicting
Lemma (1.1.1).
Let x, be a fixed point of h,, that is hy (xy) = x.



1.1. Some Fixed Point Theorems

—n .
As B is compact we can pass to a subsquence and assume that x, — xg for some x, in

B". As hy — f uniformly this implies
f(xo) = Zlim he (z0) = elim Ty = Tp.

That is f has z( as a fixed point.
We get as a corollay, important enough to be called a theorem, a version of Lemma

(1.1.1) where f is not required to be C"*.
Theorem 1.1.6 There is no continuous map f : B — S™ ‘with f (z) = x for allz € S" 1.

Proof : Assume that such an f : B® — S lexisted.
Let g : B — B" be given by g (z) = —f (z).
Therefore g also maps B into S™ L.

Therefore if

r = g(z) we have x € S" 1.

But for
reS"hg(r)=~f(r)= -z #uw

Thus ¢ has no fixed point, contradicting Theorem (1.1.5).

1.1.3 Schauder Fixed Point Theorem

Lemma 1.1.2 FEvery bounded closed subset of a finite dimensional normed space is compact.

Theorem 1.1.7 Let K be a nonempty closed convexr subset of a normed space.
Let T be a continuous mapping of K into a cumpact subset of K.
Then T has fized point in K.
Proof : Let £ be a Banach space and let T (K) C A, a compact subset of K. A is

contained in a closed convex bounded subset of £.

T(BNK)CT(K)Cc ACB

10
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so T(B N K) is contained in a compact subset of B, K and there is no loss of generality in
supposing that K 1is bounded.

If Ay is a countable dense subset of the compact metric space A, then the set of all
rational linear combinations of elements of Ag is a countable dense subset of the closed
linear subspace & spanned by Ay and Ag C & .

Then

T(KN&)CT(K) C A,

a compact subset of &, and K N &, is closed and conver.
Hence without loss of generality we may assume that K is a bounded closed convex subset
of a separable normed space € with a strictly convex norm (Theorem Clarkson).

1
Given a positive integer n, there exists a—-net Txy, ..., Tx,, say in TK, so that
n

1
min ||Tx — Tz < — (z € K) (1.1.1)
n

1<k<n

Let &, denote the linear hull of
Txq,...,Tx, K,=KNE,

is a closed bounded subset of &, and therefore compact (Lemma 1.1.2). Since the norm is
strictly convex, the metric projection P, of £ onto the conver compact subset K, exists.
T, = P, T is a continuous mapping of the non-empty convex compact subset K, into itself,

and therefore by the Brouwer fized point theorem, it has a fixed point u,e K,,
T, = Uy, (1.1.2)

By (1.1.1), since
Tz, € Kp(k=1,2,...,m),

we have

1
Te —T,x| < — 1.1.3
n

The sequence {Tu,}of TK has a subsequence Tu,, converging to a pointv € K. By (1.1.2)
and (1.1.3),

1
lnk = ol] = [Tyt = ol < | Togtin, = Tt |+ [Tt = o <~ + [ Tt = ]

11
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Therefore

lim u,, =u
k—o00

and by continuity of T,

lim T'u,,, =Tv or Tv = v.
k—o0

1.1.4 Krasnoselskii’s Cone Fixed Point Theorem

Definition 1.1.5 Let £ be a Banach space . A nonempty, closed set P C £ is a cone
provided

(a) au+ v € P for allu,v € P and all o, f > 0 and

(b) u, —u € P implies u = 0.

Definition 1.1.6 Let X be any space and f a map of X, or of a subset of X, into X.
A point x € X is called a fized point for f if v = f(z). The set of all fized points of f
1s denoted by Fix f.

Exemple 1.1.1 if £ is a Banach space and K, = {x € € | ||z| < o}is the closed ball in €

with center 0 and radius o, thenr : £ — K, given by

Y for |yl < o,
r(y) =
oy Nyl for [yl > o,

Fiz r =K,

Let X be a retract normed and U open in X. Recall that by ,IC (U, X ) we denote the
set of all compact maps from U to X, and by Kay/ (U, X ) the set of all maps f € K (U, X )
that have no fixed points on QU. Observing that for f € Ky, (U, X ) the map fjr is in
F(U.X).

Definition 1.1.7 Let X be a Banach space, U open in X, and f € Ky, (U, X). The fized
point index i (f,U) of f is given by

i(f,U)=1i(fir,U).

12
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The properties of the index for compact maps in F (U, X ) immediately translate to properties

of the index for maps in g, (U, X ), and we obtain the following basic theorem:

Theorem 1.1.8 Let X be a Banach space, U C X an arbitrary open subset, and Ky, (U, X )
the set of all compact admissible maps from U to X. Then there exists an integer-valued
fized point index function f — i (f) for f € Ka, (U, X ) with the following properties:

(I) (Normalization) If f € Ko, (U, X) is a constant map u — uo. then i (f,U) = lor 0
depending on whether or not u, € U.

(I1) (Additivity) If f € Ko, (U, X) and Fiz (f) C U U Uy C U with Uy, Uy open and
disjoint, then

(I1I) (Homotopy) If hy : U — X is an admissible compact homotopy in Ko, (U, X),
then
i(hg, U) - i(hl, U)

(IV) (Existence) If i (f,U) # 0, then

(V) (Excision) If V is an open subset of U and if f € Ko, (U, X) has no fized points in
U—-V, then
i(f,U) =1i(f,V)
(VI) (Multiplicativity) If f1 € Koy (71, Xl) and fo € Koy, (72, Xg), then f1 X fo €
Kou, (71 x Uy, X1 X Xg) and

i(fi X fo, Uy x Ug) =i (f1,U1) - i (fa, Us)

(VII) (Commutativity) Let X, X be a Banach space, let U C X, U C X' be open, and
let f:U— X',g: U, — X be continuous maps, at least one of them being compact. Define
V=Unf1'U) ad V' =U ng*(U). then:

(1) the maps
gf V=X, fg:V =X

are compact,

13



1.1. Some Fixed Point Theorems

(i) if Fixz (gf) CV and Fixz (fg) C V', then
i(gf,V)=i(fg. V).

We list further frequently used properties of the index:

(VIII) (Contraction) Let (X, A) be a pair of Banach space with A closed in X, U C X
open, and f € Ka, (U, X) with f (U) C A.

Let f = furd : UNA — A be the contraction of f. Then

f € Kounay(UNA, A) and i(f,U) = i(f,U N A).

(IX) (Localization) Let f € Ko, (U,X) and Fiz (f) C Uy UUs C U with Uy, Us open
and disjoint.

Suppose i (f,U) #0 and i (f,Uy) =0. Then

Fix (f‘UQ) 75 @

(X)) (Multiplicity) Let f € Ka, (U, X) and Fix (f) C Uy UUy C U with Uy, Uy open and
disjoint.

Suppose i (f,U) =0 and i (f,Uy) # 0. Then
Fiz (fir,) # 0 and Fiz (fi,) # 0.
( the proof of theorem can be found in [10] ).

Definition 1.1.8 Let £ be a Banach space. C' a convex (not necessarily closed) subset of
E, and U C C open with 0 € U. As before, we denote by Ky, (U, C’) the set of compact
maps f: U — C that are fived point free on OU.

Definition 1.1.9 If P C £ is a cone and o > 0, we let
By={z € P/llz| <o}, So={xeP/|az] =0}, K, =5,U B,.

Lemma 1.1.3 Let £ be a Banach space and | | be any norm in E. let f € Kg, (U, C’).

and assurne that one of the following conditions holds for all x € QU :

@) [ f (@) |<] 2],

14



1.2. Lebesgue and Arzela—Ascoli Theorems

(@) [ f(2) |<] e = f(2)],

(iid) | f (x) <[ |* + 2~ f(2) ",

() (z, f (z)) < (x,z). where () is a scalar product in E.
Then

i(fU)=1
( the proof of lemma can be found in [10] ).

Lemma 1.1.4 Let f € Kg, (K,, P) satisfy || f (x)|| > ||z||for all x € S,. Then:
(a) Z(fv Bg) =0,

(b) f has an eigenvector on S, with characteristic value p € (0,1).
( the proof of lemma can be found in [10] ).

Theorem 1.1.9 (Krasnosel’skii). Let £ be a Banach space, P C & a proper cone, and
assume that f : P — P is a completely continuous map such that for some numbers rand R
with 0 < r < R, one of the following conditions is satisfied:

(@) [If @) < =l for x € Sy, and |[f (z)|| = [|z|| for z € Sk.

®) If @I = 2]l for o € Sy, and | @)]| < [lo]] for = € S.

Then f has a fized point x with r < ||z|| < R.

Proof : We may assume that f has no fixed points on S, and Sg. We make the following
observations:

(7) if (a) holds, then i (f, Bg) = 0 by (Lemma 1.1.4) and i (f, B,) = 1 by (Lemma 1.1.3),

(22) if (b) holds, then i (f, Bg) = 1 by (Lemma 1.1.3) and i (f, B,) = 0 by (Lemma 1.1.4).

1.2 Lebesgue and Arzela—Ascoli Theorems

1.2.1 The Lebesgue Dominated Convergence Theorem

Definition 1.2.1 Let
F={fi: X—->Y,iel}

15



1.2. Lebesgue and Arzela—Ascoli Theorems

be a family of functions indexed by I, where X is an arbitrary set and Y is the metric space
with metric d.
We call F uniformly bounded if there exists an element a from'Y and a real number M
such that
d(fi(x),a) <M Viel, Vze X.

Theorem 1.2.1 If {fn}n20 s a sequence of measurable functions and f, — f a.e, on a set

S and there is an integrable

function g on S such that |f,| < g for all n, then f is integrable and [ fy,dx — [ fdx
s S

Proof : Notice that all fn are integrable since |f,,| < g and g is integrable.
Since f, — f, f is measurable, and f is integrable since |f| < g.
Let € > 0 and let T" be a finite measure subset of S such that g is bounded on T and

[ gdz <e.
S—T
Clearly {f,} is uniformly bounded (by a bound for g) on T,

SO
[ fndz — [ fdx
T T

by the bounded convergence theorem. Since |f,| < g and |f| < ¢,

<e€, <e€

f fndx
S—T

[ fdx
S—T

Therefore, if we choose N so that <eforn > N,

[ fodx — [ fdx
T T

then for n > N

< + < 3e

[ fudx — [ fdx
s S

[ fadx — [ fdx
T T

[ fodz— [ fdx
S-T S—T

The dominated convergence theorem says in essence that pointwise convergence of { f,,}
implies convergence of the integrals, provided only that the graphs of the f,, all lie in some
fixed finite area.

If the f,, are positive and their graphs are not all in some fixed finite area, then the
integrals [ f,dz may get too big, but they are always at

least as big as [ fdz in the limit.

16



1.2. Lebesgue and Arzela—Ascoli Theorems

1.2.2 Arzela—Ascoli Theorem

Definition 1.2.2 Consider a subset A C C'[0,1]. We call A equicontinuous if,
Ye>0, 36>0

such that,
VieAVr,ye|01], |z -yl <d = [f(z) - fly)| <e

This is very similar to the definition for continuity of a specific function fin A.

The only difference is that, for a given €, we must choose & > 0 which works for all
possible functions f in A. That is, we must choose the before we are allowed to look at
the function, making this a property of a set rather than a function, whereas in proving

continuity, we choose our  for a specific function.

Remark 1.2.1 Since we are trying to show that equi continuity is the additional property
which compact sets in C'[0,1] contain, our example of a closed, bounded but not compact
subset of C'[0,1], should fail to be equi continuous.

We will prove that the unit ball in C'[0, 1] is not equi continous.

Recall that the unit ball contained the sequence {z"}, ..

Theorem 1.2.2 For A C C'[0,1], A is compact if and only if A is closed, bounded, and

equicontinuous.

Proof : A compact = A closed, bounded, and equicontinuous.
We have already shown, that A must be closed and bounded. It remains to show that
A is equicontinuous.
To do so, we assume first that A is compact but not equicontinuous.
Since it is not equicontinuous, we note that 3e > 0 such that Vé3z,y € [0,1] and f € A
such that
|z —y| <,

but
|f(z) = f(y)] > e

17



1.2. Lebesgue and Arzela—Ascoli Theorems

In particular, we can create a chain of ’s, which we label by ¢, = %, such that dz,,y , €
[0,1] and f, € A
such that

1
|xnayn| < 571 =
n

but
| fo (T0) [ (yn)] > €

This of course defines at least one sequence of functions in A.

We choose one sequence of functions with this property, and we note that by the above
this sequence cannot possibly be equicontinuous.

Also, all subsequencesf,,(x) of this sequence would clearly also have the property that for

the n (k)’th function in the sequence, 3z, k), y nk) € [0,1] such that

| k) Ynwy| < 0

but
| Futy (k) » Fry (Wniry) | > €

by the above. And so,it is also true that no subsequence can be equicontinuous.

However, we have shown already that all convergent sequences must in fact be equicon-
tinuous.

And so, under the assumption that A is not equicontinuous, we have demonstrated the
existence of a sequence in A with no subsequence that converges.

This is a contradiction with the assumption that A is compact, and so we conclude that
A must be equicontinuous.

A closed, bounded, and equicontinuous = A compact.

We begin by considering an arbitrary sequence {f,},-, in A.

We must show that it contains a convergent subsequence. Unfortunately, it is not very
clear how to do this.

Intuitively, we may look at the interval [0,1], and find a subsequence which converges
pointwise at one point, zo. We could then find a subsequence of that subsequence which

converged at a second point, z1, and so on.

18



1.2. Lebesgue and Arzela—Ascoli Theorems

This would work if [0, 1] had only finitely many points. Unfortunately, the interval has
uncountably many points, and so this strategy must be modified.

The first modification is to use a diagonal argument, familiar from previous arguments
in analysis, to extend convergence of a subsequence from a finite number of points to a
countable set of points. We will then use the equicontinuity property to extend convergence
at a well-chosen countable set of points to uniform convergence over the entire interval [0, 1].
For now, we continue the proof.

We let x1, 29, .., 2, .. be an enumeration of the rational points of [0, 1].

This is possible since, as we have shown, the rationals are a countable set.

We note that {f.},,, evaluated at x1, forms an infinite sequence of real numbers.

Since A is closed and bounded, each { f,,} must also be bounded, and so our sequence of
real numbers, {f, (z1)}, is also bounded.

By the Bolzano-Weierstrass Theorem, then, there exists a subsequence of our sequence
of real numbers which converges. This is equivalent to stating that there is a subsequence
of { fn}n21 which converges pointwise at x;.

For notational convenience, we label this sequence f,, ), where n; (k) is a strictly in-
creasing function from the positive integers to the positive integers.

With exactly the same argument, we can create a subsequence of that subsequence which
converges at xy, which we label f,,,). Since f, &) converges at 1 and f,, (1) is a subsequence
of fn,(efnl(k), fu,x) must also converge at x;.

We can continue this chain of subsequences, and so obtain a sequence, for each positive
integer m, a subsequence f,,, ) which converges at the rational points xy, xs, .., z,,, created
in such a way that f,,, ) Is a subsequence of f,, . ()-

Thus, for any particular finite number of rational points in [0, 1], we can find a sub-
sequence which converges at those rational points.

As pointed out earlier, this will not be enough to find a subsequence which converges on
the entire interval. However, we have not yet used the hypothesis of equicontinuity.

Before doing that, we define a sequence {g,},,, by making the n’th function in the

sequence equal to the n’th function in the sequence f,,, ).

19



1.2. Lebesgue and Arzela—Ascoli Theorems

That is, the n’th function in ¢ is equal to the n’th function of the n’th subsequence of
the f,’s.

We note that, for any given rational point z;, g, is a subsequence of f,, ) for all n > 1,
and so g, converges at x;. Thus, this sequence in fact converges at every single rational
point on [0, 1]. Since the elements of {g,} are all taken from subsequences of {f,}, we note
that it is also a subsequence of {f,}. At this point, it remains to show that g, converges
everywhere on [0, 1], and also that it converges uniformly.

First, we will show that it is a Cauchy sequence. We consider an arbitrary = € [0, 1].

We note immediately that, by the triangle inequality,:

19n () = gm(2)| < |gn() = gn ()] + g0 () = g (i) + [gm(T) — g (3|

for any point z; in [0, 1].
Here, for the first time, we use equicontinuity.

We can choose a such that |z — ;| < ¢ implies both that

|gn () — gn(3)| <

and that

[9(2) = gm(2)] < .

This §, we recall, is completely independent of m and n, and it is also completely independent
of x,x;.

We note that the rational points are dense in the reals, and so we choose now x; to be
a rational point satisfying |z — z;| < 4.

As for the middle term, g, converges at z;, and so g, evaluated at z; forms a Cauchy
sequence, after we have already chosen x;.

Thus, 3N > 0 such that m,n > N forces the middle term to be less than £ . And
so, we have shown that g, (z) is itself a Cauchy sequence, that is, it converges pointwise
everywhere on [0, 1].

We need to show now that this convergence is uniform.

That is, the convergence is essentially independent of x.

The proof above of pointwise convergence depended on x.

20



1.2. Lebesgue and Arzela—Ascoli Theorems

Fortunately, it can actually be modified to prove not only pointwise convergence, but uni-
form convergence. Once again to start, we also € > 0 to be given. Since A is equicontinuous,

we can choose a d independent of n and x such that
|z — x| <6

implies that
lgn () — gn(z;)| < g for all n.

Now, we partition the interval into intervals of length g . We can now choose exactly
one rational point in each such interval. We are now looking at a finite number of rational
points, only. Since g converges at each rational point, for each rational point x; which we
are looking at,

there exists an N; such that m,n > N; implies that

[9m(2) = gn(a)| < 5

Now, we define N to be the maximum over all the IV, ’s, which exists, since we are taking
the maximum over a finite set.

Having done this preparatory work, we will now show that in fact the convergence is
uniform.

For €,d, N and the set of rational points ; with their associated partition as above, we
continue.

Note that for any = € [0, 1], we can choose one of our special rational points, x; , that is
within ¢ of x. Choosing this rational point, and forcing m,n to be strictly greater than N,

we obtain:

19n(%) = gm(2)] < [gn(2) = gn(2:)| + |90 (2:) = G ()] + |G (2) = gum ()]
but
90(2) = gu(@))] < 5. |gm(@) = gm(2))] < 3

since

|z —xj| < 0.

21



1.2. Lebesgue and Arzela—Ascoli Theorems

We also see that
Va; € 0,11, 19 (2) = gn(a))] < 5,

since we have already imposed the restriction m,n > N > N; .

And so

19n(%) — gm(2)] <,

as we wished to show. Since A is closed and this sequence converges, it must of course
converge to a function in A.

Thus, from the assumptions that A is closed, bounded and equicontinuous, we have

demonstrated for a general sequence the existence of a convergent subsequence with limit

point in A.
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2.1. Preliminaries

2.1 Preliminaries

Definition 2.1.1 Let £ be a real Banach space and P be a nonempty, convex closed set in
E. We say that P is a cone if it satisfies the following properties:

(i) \u € P forue P, A >0,

(i) u,—u € P implies u = 0 (0 denotes the null element of £ ).

If P C £ 1s a cone, we denote the order induced by P on & by < . For u,v € Pwe

write u < v if v —u € P.

Definition 2.1.2 The map ¢ is said to be a nonnegative continuous concave functional on

P provided that ¢ : P — [0, 00) is continuous and
ptz+ (1 —t)y) > to(x) + (1 — t)p(y)
forallz,y € P and 0 <t < 1.

Definition 2.1.3 Let 0 < a < b be given and let ¢ be a nonnegative continuous concave

functional on the cone P. Define the conver sets P, ,Rn and P(p,a,b) by

P = {yeP:|yl<r}

:g\
I

{yeP:|ly|<r}, 0<r<oo

P(p,a,b) = {yeP:a<py) |yl <b},

and

Py =P,

2.2 Leggett-Williams Theorem

Let the maps A : P. — P satisfying the following property:
(%) A has a continuous extension A; : P — P such that: range A; = range A, and A,

has no fixed points in P\ P. .
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2.2. Leggett-Williams Theorem

Definition 2.2.1 Let £ be a real Banach space. A subset K of £ is said to be a retract of
E if there exists a continuous map P : £ — K such that P, = x for all x € K.

Remark 2.2.1 Any closed convexr subset C' of E is a retract of E. That is, there is a
continuous mapping R : E — C' such that Rx = x for each x € C.

Lemma 2.2.1 Let () be a retract of a Banach space £. For every open subset Uof ) and
every completely continuous map A: U— @ which has no fized points
on QU boundary of U, there exists an integer i (A, U, Q) satisfying:
(i) if A: U — U is a constant map, then

i(AU,Q) =1,

(13) if Uy and Uy are disjoint open subsets of U such that A has no fized points
on U\ (U, UU,) then

Z(Av UvQ) :Z(Aa UlaQ) +Z(Av U27Q)7

where

Z(Aa UkaQ) =1 (A\[jlmUk:aQ) 7k = 172a

(1ii) if I is a compact interval in R and h: I x U— Q is a continuous map with
relatively compact range such that h (A, x) # x for (A, x) € I x OU,then i (h(A,.),U, Q)
18 well -defined and independent of A,

() if i (A, U, Q) # 0, then A has at least one fixed point in U,

(v) if Q1 is a retract of Q and A(U) C Q1, then

(A U,Q) =1 (AUNQ,Q1);

where
(A UNQLQ) =i (ATUNQLUNQLQ1),

(vi) if V is open in U and A has no fized points in U \ V. then
i(A,U,Q)=1i(AV,Q).

Our first result gives sufficient conditions for an operator A: P. — P to have at least

one nonzero fixed point. (The proof can be found in [17])
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2.2. Leggett-Williams Theorem

Theorem 2.2.1 suppose A: P. — P is completely continuous ( i.e.,T is continuous and
compact ) and suppose there exist a concave positive functional o with a (z) < ||z|| (z € P)

and numbers b > a > 0 (b < ¢) satisfying the following conditions :

(1) {z € S(w,a,b):a(x)>a}l# ¢, and a(Az) > a if v € S(w,a,b);

(2) Az € P.ifz € S(a,a,c);

(3) a(Ax) >a for allxz € S (a,a,c) with ||Az|| > b.

Then A has a fized point x in S (a, a,c).
Proof : Set
U={zeS(a,a,c):a(r)>a}l.

Then U is the interior of S (a,a,c) in P. . Suppose that x € OU is a fized point of A.
Then o (z) = a and either x € S (a, a,b) or ||z|| > b; but if v € S (a, a,b), then

a(z) =a(Azx) > a,

and if ||x|| > b, then
|Az|| > b and a (z) = a (Az) > a.

Hence A has no fized points in OU,and there exists an integer i (A,U, P.) satisfying
properties (i) — (vi) of lemma (2.2.1). Choose xg € S («,a,b) such that a(xg) > a, and
define the map h: [0,1] X U— P, by

h(t,x) = (1 —1t)Ax + txo.

Clearly h is continuous and h | [0, 1] x U) is relatively compact. Suppose there exists
(t,x) € [0,1] x QU such that h(t,z) = x. Then a(z) = a. if |Az|| > b, then by condition
(3) a(Ax) > a, so that

a(x)=ah(t,x)) =a((l —t) Az +tzg) > (1 —t) a (Az) + ta (zo) > a,
a contradiction. On the other hand, if ||Ax| < b, then

lzll = [[(1 =) Az + tao|| < (1 —#) [[Az|| + ¢ ||lzol| <0,
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2.2. Leggett-Williams Theorem

so that © € S(«a,a,b). Hence, by condition (1), a(Ax) > a and again we arrive at the
contradiction

a(z) =a(l—t) Az +tzg > a.

It follows that for each (t,z) € [0,1] x U, h (t,z) # x. Therefore by (i) and (iii) of Lemma
(2.2.1),
i (AU, P.) =i(x,U,P.) = 1.

Hence by (iv) of Lemma (2.2.1), A has a fized point in U.
Remark 2.2.2 The condition:

a(Azx) > a for all x € S (a,a,b) with ||Azx|| > b will be satisfied if either of the following

conditions holds:
(i) a(A2) > 7 || Ae]), 7€ S (a,b);
(17) ||Az| — a(Az) <b—a, z e S(w,a,b).

Theorem 2.2.2 Let T : I_Dc — P be a completely continuous operator and let ¢ be a
nonnegative continuous concave functional on P such that o(y) < |ly| for all y € P..

Suppose that there exist 0 < a < b < ¢ such that

(a”) {y € P(p,b,c) s p(y) > b} # 0, and o(Ty) > b fory € P(p,b,c);
7)) 1Tyl < a for |yl < a;

2 b = ;.
(¢”) ¢(Ty) > ~|ITyll fory € Pewith Ty| > c.
Then T has at least two fixed points y1,ys in ]_DC satisfying

9]l < @, [ly2]l > a and (y2) <.

Proof : Let T; be the extension of 7" described in property (x), and choose r > ¢
such that
T, (P,) C P,
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2.2. Leggett-Williams Theorem

Note that conditions (1) and (2) of Theorem (2.2.1) hold for T}.
If y € P(p,b,r) and ||Tyy|| > b, then

Ty = Tx for some x € P, and ¢ (Ty) = ¢ (T1x) > b(since || Tz| > ¢).

Hence condition (3) of Theorem (2.2.1) is satisfied for P, and T} , and 7} has at least
three fixed points in P, .

Since T; has no fixed points in P\ P_C , these fixed points lie in ]50 and therefore are
fixed points of T' .

It is possible to obtain two fixed points of 7" even if T dose not satisfy property ().

In this case condition (3) must be replaced by stronger conditions of the type in Remark

(2.2.1).

Theorem 2.2.3 (Leggett- Williams). Let T : ;’C — ]_DC be a completely continuous

operator and let ¢ be a nonnegative continuous concave functional on P such that
o(y) < |ly|| for all y € ﬁc. Suppose that there exist 0 < a < b < d < ¢ such that

(a){y € P(p,b,d) : o(y) > b} # 0 and p(Ty) > b for y € P(p, b, d);

() I Ty]l < afor [ly| < a;

(c)p(Ty) > b for y € P(p,b,c) with ||Ty|| > d.
Then T has at least three fixed points y1, y2, y3 in ]_DC satisfying
lpall < a; @(y2) > b, [lysl| > a and @(ys) <b.
Proof : Let U; = {y € P.: llyl| < a} and Uy = {y € P(p,b,¢) : ¢(y) > b}. Then U;

and U, are convex open sets in f’c and T has no fixed points on 9U; U 90Uy = 0 (U; U Us) .
By (i) of lemma (2.2.1),

i (T, ﬁc,ﬁc) — <T, Uy U UQ,J_DC) i, (T, P\ (Th UTh), _C)
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2.2. Leggett-Williams Theorem

i (T, U, UUs, 150> — (T, Ul,l_Dc) w (T, Ugﬁ,:) :

— — — - 2 —
i <T, P\ (U UTs) ,Pc> = (T, PC,PC) )i (T, U;, Pc> .

j=1

and

so that

suppose V' is a convex open subset of ]3C such that T: V — V and T has no fixed points
on JV.
By property (v) of lemma (2.2.1) ,

¢<T, V,]_DC) :z'<T, V. \7>,

since V' is a retract of P,. Fixe Yo in V and define h: [0, 1] x V-V by
h(t,y) = (1=1) Ty + tyo.

Now if h(t,y) = y for some y € 9V, then t = 0, since otherwise h (t,y) € V. But then
Ty = y for some y € IV, which is assumed not to be the case. Then by (i) and (éiz) of

lemma (2.2.1),
i(T,V,V) :i(yo,V,V) ~ 1.

Now T'(U;) C Uy and T (]_DC) C P, , so that

i (T, Ul,PC> — 1= (T, PC,PC) .

(note that 7" has no fixed points on the boundary of U; in }DC, and that the boundary of I_DC
in P, is empty.) Also, it follows from the proof of Theorem (2.2.1) that i (T, Us, P.) = 1.
Therefore
i(T,P.\ (hUls),P)=1-2=—1.

By property (iv) of Lemma (2.2.1), 7" has a fixed point in P, \ (U; UU3) By Schauder’s
theorem, T has a fixed point in U, and by Theorem (2.2.1), T has a fixed point in Us.
Therefore T" has at least three fixed points in ]Sc.
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3.1. Sturm-Liouville

3.1 Sturm-Liouville

In this section ,we would like to proof that under suitable conditions, the third order Sturm-
Liouville boundary value problem, with p — Laplacian , has three positive solutions.

We consider the third-order Sturm-Liouville boundary value problem,with p— Laplacian

(6, (" (1)) +F (t,u (t)) =0, te(0,1) (3.1.1)
au (0) — Bu’ (0) =0, a,B>0 (3.1.2)
yu (1) + 6u’ (1) = 0, 7,6 >0 (3.1.3)
u” (0) = 0. (3.1.4)
where: ¢,(s) = |[s|""s, p>1

and assume the following assumptions
[ ]

p=790+ay+ad >0, (A1)

46+ a+4p }<1 (42)

O<“‘:mm{4<a+v>’4<a+ﬁ>

f € C([0,1] x [0,00);[0,00)). (A3)

We want to prove that under conditions (A1), (A2) and (A3) , by using the Leggett -williams
theorem, the problem (3.1.1) — (3.1.4) has three positive solutions.

Before starting the main results, we need some definitions and lemmas.
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3.1. Sturm-Liouville

Definition 3.1.1 A positive solution of the boundary value problem (3.1.1) — (3.1.4)
is a function u(t) € C?[0,1],which is positive on 0 < t < 1 and satisfies the problem
(3.1.1) — (3.1.4) -

We start by giving some properties of the function ¢

Lemma 3.1.1 if

then

Proof : We have

6, 6 =l s= s
then
|6, ()] = s/
and
Pp (s) _ S
[0, ()] sl
SO
¢, (s)=s""" if 5>0.
When
119%_ ie.  (p—-1)(¢—-1)=1,
then
= = q-1 ¢p (s)
(B000) () = 00 (6, =16, I 2
I T
= (IsI") = .
therefore
¢qo¢p:¢po¢q:1,
and then

-1
q _¢p *
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3.1. Sturm-Liouville

In the next we give the Green function of the differential equation
u' (t)=0, tel0,1]

Lemma 3.1.2 The Green function of the differential equation

J(t) =0,  telo1]

with respect to the boundary value conditions (3.1.2),(3.1.3), is given by

/l)(y—i—é—fyt)(ﬁ—l—ozs) if  0<s<t<l

G(t,s)=
%(7+5—73)(6+at) if 0<t<s<1

where p=78+ay+ad
Proof : Let L be a linear differential operator defined by

LU = 4" in (0,1)

and let D be the boundary condition operator defined by

au (0) — Bu’ (0)
DU =
yu (1) + du’ (1)

We seek the Green function G (¢, s) of the problem

LU=0 in (0,1)

DU =0
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3.1. Sturm-Liouville

Which satisfies the following conditions

1— G (t,s) is continuous in ¢ and s

2—for t#s LG(t,s)=0

3— DG satisfies the boundary conditions

4— The jump derivative G’ (s40,8) — G (s—0,s) =1 i.e.
lim G'(s +¢,8)— G (s—¢,8)=1

e—0

The Green function for the linear operator is defined as the solution to

G" (t,s) =46 (t—s)

if t # s then the general solution is

at+b t<s
Gits)=¢ "
ast +by t>s

for t < s the boundary condition at ¢ = 0 implies
ab; —Pa; =0, so ay=—-

We skip the equation G (1,s) =0 because t# 1 if ¢t <s and

So, for t<s

G(t,s):%bltval:%

for ¢t > s, the boundary condition at ¢ = 1 implies

(at +f).

vG(1,8) 4+ 0Gr(1,8) = ~(az+bs)+ das
=0
so that

—_— 7b2 .
o+

a9 =

For the same reasons, we skip the equation G (0,s) = 0, then for ¢ > s

b b
G(t,s):—57+27t+bzz ﬁ(—vﬂré—kv)
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3.1. Sturm-Liouville

Thus we have

%(at—i—ﬁ) t<s

G(t,s) =
by
v+

(=vt+0+7v) t>s

Where b, and b, depend on s .

Ensuring continuity of the Green function at ¢ = s implies

by by
e - _ 5
which gives the following equation
bio bay
— +01—02=0"- 3.1.5
( 5t 5) §+ b —by (3.1.5)
Since G satisfies the assumption (4), then
blOé bg’y
— =-1 3.1.6
gy +d (3:1.6)
bl - b2 = S- (317)

Equation (3.1.6) gives
(6 +7)aby +yBby = =B (v + 9)
using (3.1.7) and the assumption (A;), we obtain

br:—gbﬁs+7+®

and replacing by by
bg = bl — S

we obtain the Green function for this problem :

S(y+d—at)(Bras) if  0<s<t<l
G(t,s)=
Liy+6—7s)(B+at) if 0<t<s<l e
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3.1. Sturm-Liouville

The Green function satisfies the following properties:

Lemma 3.1.3 For the Green function defined in lemma ( 3.1.2), we have the following

results :
G (t,s)
<1 1 0,1
e for teb),  selo]
G (t,s) 13
> N 1
G(S,s)_a for t€[4,4}, s €[0,1]
Proof : let

et)=~v+d—9t and YP(t)=F+at for te€[0,1],

then we rewrite the Green function G as:

Lo(t) (s), 0<s<t <1
G(t,s) =

Lo(s) P(t), 0<t <s <1

and
1
G(s,s>=;so<s>w(s>
we have:
p(s)=7(1—=s)4+5>0 since v>0, >0 and s<1,

and

Y(s)=p4+as>0 since >0, a>0 and s>0 and p>0.
For s <1, we have:
)
s <14 — Dbecause p >0 and then ¢(s)> 0.
v

For s > 0, we have:

s> _£ and then ¢ (s) >0
«
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3.1. Sturm-Liouville

Thus:
Gits) o (s)
G(s,5)
Y (t)
| vy O
and
( 90(15)_1:7'<58_t) <0 0<s<t<l
Gt s L @ (s) Y+0—"7s
G (s,s) B
zgi_yz%%gflgo 0<t<s<l1
hence
G (t,s)
G (s, s) =1

We next prove that

t 1
G (t5) > o for te [Z, 2] ,  s€][0,1] Where o is given by (A2)

From the lemma (3.1.2) , we have :

lfglﬂ» l<s<it<?

Gts) | 18
Gls9) B+ at ) 5
: l<t<s<?
B+ as 4 4

Since v > 0, then
Yy+o—ys<~vy+4d for s>0

and so,
1 1

>
YHO—ysTy+9
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3.1. Sturm-Liouville

and

so that

and hence

If ¢t > ;11 then

and s < 1 implies

hence

and

Thus
G (t,s)
G (s, s)

t<3  implies —nt> 1y

3y 45
Yotz - = 27

v+0—t
Y46 —7s

46 +
4 (v +9)

6+mzﬁ+%=4ej“

B+as<f+a

1 1
>
B4+as ~ f+a

B+ at
B+ as

46 + « .
~ 48+ a)

13
>0 for te L_l’ﬂ and s € [0,1]

We next assume that using the above results , and the assumptions (A1) — (A3),

the next theorem gives the form of the solutions of the problem (3.1.1)—(3.1.4) :

Theorem 3.1.1 let C1[0,1] ={u :

[0,1] — [0, +o0[, uwe C [0,1]}

Where C [0,1] be endowed with the maximum norm |ju|| = max lu(t)],
then ) o
u(t)y== [ G(t,v) F(v)dv
0
where

F (v)

is a solution of the problem (3.1.1) — (3.1.4)
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3.1. Sturm-Liouville

and G is the Green function defined by lemma (3.1.2).
Proof : let

u(t):/o G (t,v) F (v) dv,

from (A3) and lemma (3.1.2), we easily get u (t) >0, t € [0,1].

u(t) = /OtG(t,v)F(v)dzH—/tlG(t,v)F(U)dv
= %(7+5—7t)/0t(ﬁ+ozv)F(v)dv
+ %(ﬁ+at)/tl(7+5—7U)F(U)dv,
v = toran@raro-2 G rem

- %(ﬁ+at)(7+5—7t)F(t)+%/t (7406 =) F (v) dv

S — i (ﬁ+av)F(v)dU—l—%/t (y+d6—v) F(v)dv,
(1) = %(ﬁm)m)—%(wa—mm) = —F(t)

o ([ ),

o (W (1) = 6, (u” (1)) = — / £ (s,u(s)) ds

so that

(& (" (1)) = =f (t,u (1)) -
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3.1. Sturm-Liouville

For the boundary conditions, we have:

au(O)—Bu’(O):a/O G(O,U)F(v)dv—%/o (v+d—v)F(v)dv =0
Since ) X
/OG(O,U)F(v)dvzgfo (v +0—~v) F (v)dv,
and

’yu(l)—l—éu'(l):’y/o G(l,v)F(v)dv—%ﬁ/g (B+av) F(v)dv=0

because

/OIG(I,U)F(U)dU—é/ol(ﬁ—i-ow)F(v)dv

p
forther

u" (0) = —F (0) = 0

Thus, we complete the proof .

In order to show that solutions of the boundary value problem (3.1.1) —(3.1.4),

are fixed points of a continuous operator 7', let us define:
T:CH[0,1] — C*10,1]
such that:

@ = [ cuno ([ 1)

B /IG(t,v)Fw)dv Vu € CT[0,1]
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3.1. Sturm-Liouville

Theorem 3.1.2 The operator T: CT[0,1] — CT[0,1] is completely continuous; i.e., T

18 continuous and compact.

Proof : first from theorem (3.1.1) (Tu) (t) >0, te€[0,1] for uwe CT[0,1]

then
T:CT[0,1] — CT0,1].

next, we show that 7': C*[0,1] — C7 [0, 1] is continuous.
Suppose

{u,} C C*[0,1], u, — @ (n — +00).

Then
ue Ct0,1]

and there exists a constant My > 0 such that ||u,| < Mo, |ul|| < M,.

Let

My = mazx{f(t,u)|t € [0,1], u € [0, Mo]}.

Then for ¢ € [0, 1], we have:

T, () — Ta (1) < /OG(t,U)

< /Ola(u,v)
< [Gwo o ([ remena)
< /OIG(U,U):gbq(/OUMldS)‘—f- qbq(/OUMlds)]dv

< /0 G (v,v) [|¢, (Miv)| + |, (Myv)|] dv but v <1

+

< /0 26, (M) G (v, v) dv

41
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3.1. Sturm-Liouville

Note that by hypothesis f(¢,u) is continuous.
We know that ¢, (fy f (s,u)ds) is continuous in u on [0,+0c0) and

([ wma)s

then

, (/Of (s,U)dS)

is continuous in u on [0, +00).

Then for each € > 0, there exists §; > 0, such that
|’U,1 — U2| < (51

and knowing that
G (v,v) #0

then

o ([ 1 Gontnas) —o, ([ £ Goumtonas)| < 5

In view of u,(s) — u(s), as n — +o00, there exists n € N, N >0,

for n > N with

|un(s) —u(s)| < &1

we have:

o ([ £ menas) —o, ([ 1 ato)as)

Thus for ¢ > 0, there exists N > 0, such that when n > N

G (v,v)
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3.1. Sturm-Liouville

G (v,v) <e ae [0,1].

o ([ £ unas) o ([ 1 i)

An application of Lebesgue’s dominated convergence theorem implies

|Tun(t) — Tu(t)] — 0 (as n — +o0), t € [0, 1].

So the operator T': C* [0,1] — C* [0, 1] is continuous.

Next we prove that 7" is compact.

Let © C C7[0,1] be a bounded set, then there exists R > 0 such that
Qc{ueCt0,1]: ||u| < R}.

Let
M =maz{f(t,u) : t€]0,1], ue Q}.

For any u € €2, we have:

[(Tw) ()] =

/OlG(t,v)cbq (/va(s,u(s))ds) "
/01(;(@,1}).% (/OUMdS) "

/01 G (v,v) .6, (M v) dv,

IN

IN

1
< /G(U,U)gbq(M)dv for v<1-
0

which implies that 7" (€2) is uniformly bounded.

Furthermore, for any u € Q and ¢ € [0, 1],we hav:

(Tw) (t) = :/Ot%(7+5—7t)(5+av)¢q</ovf (S,U(S))ds)}/

+ :/tl%<5+gt)(v+5—7v)¢q </ovf (S’u(s))ds)ll
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3.1. Sturm-Liouville

mw = 2 [ Grong, ([ 1)

+ %/tl(wré—vv)cbq (/va(&u(S))dS) dv,

SO

r t 1
o] < o0 || [[ranas? [ori-val]
r t 1
< ¢, (M) %/0 (5+av)dv+%/ (’7+5—’7U)d1j:|
< ¢, (M) -(w>t+ﬂt2+w}
p p 2p
< ¢, (M) _(Vﬂgéo‘)wo‘”;jéa} for 2 < t
< o, (M) 27ﬁ—26042—;oz’y+2504 for t < 1
2
o002
5
< ¢q(M>2vB+220;7+2a
2
< 0, (M) 5

= ¢y (M) -1=¢,(M).

Hence ||T (v)'|| < ¢, (M) . So we can easily prove that T () is equicontinuous.
The Arzela-Ascoli Theorem guarantees that 7'(Q2) is relatively compact and therefore
that T is compact. since T' is completely continuous then by Theorem (3.1.1), any fixed

point of T"i.e. ( Tu = u) is a solution of the problem (3.1.1) — (3.1.4).

44
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3.1.1 The main results

In this section we present the main results which are given by the following two theorems:

we denote

C(a) =max{f(t,u): 0<t<1, 0<u<a}, (3.1.8)
w(b):min{f(t,u):igtgg,bguS%} (3.1.9)

Theorem 3.1.3 Assume (Al) — (A3), and that there exist constants (0 < a < b) such that

¢(a) < (ma)™!

v (b) = ()

Then the boundary value problem (3.1.1) — (3.1.4) has at least two positive solutions us, ug

satisfying
Jua]] < a,
min us (t) < b,
te[1.3]
and
[uzll > a,
where
1 1
6p
= G d = 3.1.10
" (/0 (5,5) S) a7y + 300 + 387 + 630 (3.1.10)
9 8/4 /1 o 2 32p
0 — Ls)as| = . 1.11
g4l—a /1/4 G (2’ S) 5 od4l=1 3oy + Tad + 76~y + 1650 (3 )
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3.1. Sturm-Liouville

Theorem 3.1.4 Assume (Al) — (A3) and that there exist constants a,b,c such that

0 < a < b< o?cimplies

((a) < (ma)P™! (3.1.12)
Y (b) > (eh)P! (3.1.13)
((e) < (me)P? (3.1.14)

Then the boundary value problem (3.1.1) —(3.1.4) has at least three positive solutions u;, us

and us with

|ua]| < a, (3.1.15)
min _us (t) > b (3.1.16)
te[3.]
and
|us|| > a, (3.1.17)
min ug (t) < b, (3.1.18)
te[1.3]

where o is given as in (A2) and m, ¢ are given as in Theorem (3.1.3) .

The proof of these theorems are based upon the legget—williams fixed point theorem.

Before starting the main results, let us define the Banach space :

£=C"10,1]
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3.1. Sturm-Liouville

which is endowed with the maxzimum norm

— )] .
[yl max ly ()]

The cone P :

Pcé& : P=LSueCt0,1], min u(t)>o|ul

efi 4]

Where o is given by the assumption (A2), and the ordering = <y if z(t) <y(t)
for all t € [0,1].

Proposition 3.1.1 P is a convex, closed cone such that T (P) C P

Proof : (1) we first prone that P is a cone

Let A>0 forany we P : MAu€P

because

weP: weCT[0,1], min u(t) > olul

veli 3]
A>0 = Au>0 and ue CT[0,1],
A min u(t) > oA ||ul
ve[i.4]

min (\u(t) > o ||

e[14]
Now we show that if
u,—u € P == u=20
We have:
weP=SueC"[0,1], min u(t)>olu
te[%,%]
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3.1. Sturm-Liouville

then
—u€P=S—-uecC[0,1], min —u(t)>o|—ul
te[%,%]
Suppose
u,—u € P, thenif u #0
weCt[0,1], —ueCt[0,1],
SO

u>0, —u>0 andthen wu=0

(2) P is convex, i.e

VA€ 0,1], Yurus € P, Aug + (1 =N ug € P.

We have:
Mg+ (1=Nug >0, dup+ (1= N uy € CT[0,1],

since

u; € C+ [0,1}, Uy € C+ [O, 1}

min (Au; + (1 =M wug) > min A(u1) + min (1 — N)uy

efa4] cef1d] efi4]

Vv

A min (ug) +(1—=A) min (us)

ce[19] ce[1]

v

A0 [ua]] + (1= A) o [zl

Vv

o [[Aus[ + o [[(1 = A) el

v

o (| ]| + (1 = A) ual])

vV

o || Aug + (1= X) ug|
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3.1. Sturm-Liouville

then P is convexe

(3) P is closed : let u, € P such that w, — u we must show that u € P.

n—-s-4o0o

U, € P=< u, € CT[0,1], min u, (t) > o |lu,||

¢ e[%p%]

u, € CH0,1], ueC0,1],

lim  min w, (f) > lm o ||u,|
n—->-400 n—+00
t e[%;,%ﬂ

lim min u,(t) >0 HﬂH

n—>+oot€[%,%]
13
€ |-, =, min u,(t) =u, (t1)

4°4 L s

ve[4.3]
lim min u, (t) = lim w,(t;) =u(t;)) = min u(t).
n—--+00 1 n—--+00 1
te[z%] te[z’%]

Then

then P is closed

Let us Now state some properties of the operator 7T

Let

|Tul] = max{(Tu)(t):te[0,1]} (3.1.19)
= max{/o G (t,v) F (v)dv:t 6[0,1]}
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3.1. Sturm-Liouville

so it is easy to see

1
ITul| < / Go,0)F(v)dv forall vel0,1] e

0
Let

D, ={(t,v) : t€0,1],v € [0,a]} (3.1.20)
and let

uwe Ct0,1] such that 0<u(t)<a = |ul|<a

Lemma 3.1.4

if lull <a, Then ||Tu|l <a

Proof :
F(s.u(s) < max {f (t0) ¢ () € D)

S0

f(s,u(s)) < ¢(a).

and by hypothesis

¢ (a) < (ma)™"

Where
1
mt = /0 G (v,v) dv
Therefore
/OU f(s,u(s))ds < /OU (ma)’ ' ds = (ma)’ v < (ma)’"" Yo €0,1]
Then

qbq( 01 (s,u(s))ds) < ((ma)P—l)q—l — (ma)P VD — g
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3.1. Sturm-Liouville

Finaly
1 1
(Tu) (t) = / G (t,v) F (v)dv < ma/ G (t,v)dv
0 ) 0
< ma/ G(v,v)dv =a
0
Let
O<o<l1l, b>0
and
13 b
‘Db: {(t,U) tte |:Z74_1::| , UE |:b7 ?]} (3121)
Such that
G<U7U) S UG (t,'l)) v (t,'l)) € -Db
Let

0: CT[0,1] — [0, +00)

be the nonnegative continuous functional defined by

¢ (u) = min {u(t) te E, Z] } (3.1.22)
Evidently, for
u € Cr[0,1] p (u) < Jlul
Lemma 3.1.5
o (T'(u)) = o ||T (u)]]
Proof :

o (T (1) = min{/olG(t,v)F(v)dU:teH,ﬂ}
> /OIJG(U,U)F(U)dU

- a/olG’(v,v)F(v)dv

> o ||Tul| °
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Lemma 3.1.6
[Tul > b Jor b<u() <, te {1 é]
Proof : f(s,u(s)) >min{f(t,v): (t,v) € Dy} = (b))’ ", te [L 2]

and since

32p
then from (3.1.11)

Now, we have:

/va s = /0 (o) ds = (eb)"™" / Cds > (e / e (%3:’*7

0 0

(p—1)(g—1)
‘b

Fw =0 ([ fsutas) 2 (%) -0 L

ITul| > (Tw) (%) :/01(;(%,@) F(v)dv

SO:

vV
ST

: b b
Lemma 3.1.7 if [jul < = and || Tu|| > = then @ (u) >b

b b
Proof : we have that if |ul| <=, then [[Tull > —
o o

S0,

b
¢ (u) > o ||Tul| > o* || Tul| > 025 > b
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3.1. Sturm-Liouville

by Theorem (2.2.3) (Leggett-Williams [10]).

b
Proof : Of the Theorem (3.1.4) First: we have 0 <a <b< — and from Theorem
o

(3.1.2), and Lemma (3.1.5) we know that 7': P — P is completely continuous.

it is easy to see that T': P b — P is completely continuous.
o2
b

o2

P(enn)=fuers vso@ s i<}

b
then from Lemma (3.1.6) and Lemma (3.1.7) w € P <g0, b, )

o2

{uep<¢,b,%) :<p(u)>b}7é@.

Thus for ¢ € [1,2] and from Lemma (3.1.5), and Lemma (3.1.6),

If we choose wu (t) =

SO

b
o(Tu)>b Yue P <<,0,b,—2)
o
Therefore, condition (a’) of theorem (2.2.3), is satisfied.
Now if u € P,, then from Lemma (3.1.4), |Tu|| < a. foru e P.
This shows that T': ]_3(1 — P .
and then (b') of theorem (2.2.3) is satisfied.

- b
Finally, assuming v € P, with ||T'u|| > — then from Lemma (3.1.5)
o o

g

p(Tu) = o|Tull
p(Tu) > o*|Tull =b /7% |Tul,

so condition (c) is satisfied.

Thus using theorem (2.2.3), T" has at least three fixed points.

That is to say, the boundary value problem (3.1.1) — (3.1.4) has at least three positive
solutions uy, us and ug with ||u]| < a, minte[%{’%] ug (t) > b, Jusl| > a

and

min ug () <b.

te[zl[,%]
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3.2 AN EXAMPLE
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Now we consider an example to illustrate our results.

Consider the third-order Sturm-Liouville boundary value problem, with p-Laplacian,

(65 (" (1)) + e O A (@) =0, te(0,1) (3.2.1)
uw (0) —u' (0) = 0, (3.2.2)

w(1) =0, (3.2.3)

utr (0) = 0. (3.2.4)

Where ¢ (t) =4t, t € [0,1] and

02 0<u<3/512;
1021 3057 3 5
U~ Saqee Ty SUS =5
4 2048 512 51%
5
h(u)=1q 1, 512 Su< 39’
8 n 231 5 <y <9
—U - . u .
59 236’ 327 T
Su /8, u>2




3.2. AN EXAMPLE

In this example, we note that p = 3, a=p=vy=1,0 =0.After a simple

calculation, we get ¢ = 3/2, p=20=1/4<1,G(s,5)=3(1—s* and

B 6p . 2 32p 512
Cay+3a+33y+630 o477 3ay+Tad +TBy+ 1685 5
We ch _ 3 b= > = 2 Evidently, a < b < o%c and
ec OOSGCL—512, —512,0— vidently, a o“c an
(i) forte(0,1], O0<u<-
’l/ —
Y -~ 512

we have  f (t,u) = [p (t) h (u)]” > {4 X %1 X 1] = (1b)>.

(z31) for t € [0, 1], 0<u<2,

we have f (t,u) = [p (t) h(u)]* < [4>< 1 x (_ ><2+—)rg (me)?.

Thuse ¢ (a) < (ma)®, ¥ (b) > (1b)?, ¢ (c) < (me)®.

Hence, all the conditions of Theorem (3.1.4) are satisfied. An application of Theorem (3.1.4)

implies that (4.1.1) — (4.1.4) has at least three positive solutions uy, uy and us with

3
< _
sl < 2=

and
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Conclusion

In this work, the existence of at least three positive solutions to the third order Sturm-
Liouville boundary value problem, with p-Laplacian was established.

The differential equation was converted to an integral operator associated with the
boundary value problem.

Growth conditions are imposed on the nonlinear term of the problem and inequalities
involving an associated Green’s function to the boundary value problem are used in order
to apply the Leggett -Williams Fixed point theorem to cones in ordered Banach space.

The Leggett -Williams Fixed point Theorem is based upon the relationships between
the operator, the norm defined on the Banach space and a continuous convave functional.

Using the Legget-Williams theorem to this operator, the existence of three positive fixed
points was established. In this study, the main tool is a fixed point theorem of a completely

continuous operator defined on a cone of an ordered Banach space.
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