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k ď |H| ď |G| ď 2k ´ k+1 k ě 2 D(G) ď 2
G = H = K2 D(K2lK2) = 3 D(KmlKn) ě 3 m ě 2 n ě 2m



n,m d d ě 2 (d´ 1)m ď n ď

dm D(KmlKn) =

#
d n ď dk ´ r d(m)s ´ 1;

d+ 1 n ě dk ´ r d(m)s + 1

n = dk ´ r d(m)s D(KmlKn) d d + 1
O(log˚n)

|G| ą
|Aut(G)| Aut(G) G

D(G) = 2

H GH

K3 H Aut(GH) = ℑ3 ˆℑ3 ℑ3

3 GH D(GH) = 3
|GH |

σ P Aut(G)
σ m(σ) tv P G : σ(v) ‰ vu

G

m(G) =
σPAut(G)

σ‰id

m(σ).

m(G) k ą
2 |Aut(G)| G k k = 2 m(G) ą
2 2 |Aut(G)| G 2

T D(T ) ď ∆(T ) ∆(T )
T O(n n)

H X H X
DH(X)

X



G H
X Y r nr

r X DH(Y ) = d ă 8 d
S = tr|nr ě d.|G|u

DGbH(X ˆ Y ) =

#
(S) ( S ‰ 8)

8 ( S = H).

G b H G H

G
De(G) r

G D1(G) k G
k

k
n k Cn

Z/nZ t0, 1, . . . , n ´ 1u
i j |j ´ i| ď k( n)

k ě 2 n n ě 2k+3 D( k
n) = 2

n



2
A

Q
d1, d2, . . . , dr

N˚zt0u n r Gi 1 ď i ď r ni

D(Gi) = di 1 ď i ď r

Q

r d1, d2, ..., dr
r ě 2 di ě 2 1 ď i ď r r G1, G2, ..., Gr n

Gi Kdi D(Gi) = di, @1 ď i ď r

d1 ‰ 2 n = dr dr
Gr » Kdr D(Gr) = dr

r ´ 1 Gi

C C 1 C » Kdi C 1 Pn´di

1 ď i ď r ´ 1
d1 ‰ 2 n = dr ‰ 4 C C 1

δ Gi 1 ď i ď r ´ 1
D(Gi) = (D(C), D(C 1)) = D(C) = di

1 ď i ď r ´ 1
d1 = 2 n = dr = 4 Gi 2 ď i ď r

G1 G1 » P4 D(G1) = 2 = d1

Q

r d1, d2, ..., dr
r ě 2 di ě 2 1 ď i ď r r G1, G2, ..., Gr

n D(Gi) = di 1 ď i ď r



m ě 2 p ě 2 C(m, p)
mp i j

|i ´ j| A = tp ´ 1 + (rp), p+ 1 + (rp)/0 ď r ď m ´ 1u

A Ă Z/(mp)Z C(m, p) A
A G = (V,E)

G M Ď V (G)
GzM y P V zM M Ď N(y)

xy R E(G) x P M
M ‰ V (G) M

V (G) M G M 1

G M 1 Ą M M 1 M

D(G) = D(G) G G Aut(G) =
Aut(G) Kn n D(Kn) = n

K
a
j1
1 ,a

j2
2 ,...,ajrr

ji
ai i = 1, 2, . . . , r a1 ą a2 ą ¨ ¨ ¨ ą ar
D(K

a
j1
1 ,a

j2
2 ,...,ajrr

) = tp :
(
p
ai

)
ě ji iu

G M G
D(G) ě D(M)

c r G r ă D(M) r ă D(M)
δ |M M c(x) = c(δ |M (x))

x P M c M δ
δ |M G δ(x) = x @x R M δ(x) = δ |M (x)

c(x) = c(δ(x)) x P G δ ‰ id δ |M‰ id |M

C(m, p)

C(m, p) n = m.p ě 3
m ě 1 p ě 2 i j C(m, p)

j ´ i n A p ą 1
0 ď r ď m ´ 1 1 + p + (m ´ r ´ 2)

p ´ 1 + r.p A p ą 1



C(2, 3) C(2, 4) C(3, 5)

0 R A C(m, 1) Km

m = 1 C(1, p) Cp C(m, 2) » Km,m C(m, 3) » Km,m,m

D(C(m, 2)) = D(C(m, 3)) = m+1 D(C(1, p)) =
2 p ě 6 D(C((m, 1)) = m

C(m, p) m ě 2 p ě 2
p Mi = ti + r.p : 0 ď r ď m ´ 1u m

i = 0, ..., p ´ 1

a b Mi

i = 1, . . . , p ´ 1 a ´ b ” rp[n] 0 ă r ď m ´ 1 a ´ b R A
Mi

tMiui=0,...,p´1

C(m, p) Mi

a = i+ra.p b = i+rb.p Mi c P V zMi

ac c = j + rc ¨ p
rbc =

"
rb ´ rc rb ą rc
m+ (rb ´ rc)

rac =

"
ra ´ rc ra ą rc
m+ (ra ´ rc)

b ´ c ” (i ´ j) + rbc ¨ p[n] a ´ c ” (i ´ j) + rac ¨ p[n]
0 ď rac ď m ´ 1 0 ď rbc ď m ´ 1

a´ c P A k 0 ď k ď rac i´ j+ kp = p´ 1
p+ 1

k ď rbc b ´ c ” i ´ j + kp+ (rbc ´ k) ¨ p[n]
b ´ c ” p ´ 1 + (rbc ´ k) ¨ p[n] ” p+ 1 + (rbc ´ k) ¨ p[n]



b ´ c P A 0 ď k ď m ´ 1

rbc ă k ď m+ rbc b ´ c ” i ´ j + rbc ¨ p[n]
b´c ” i´j+(m+rbc) ¨p[n] b´c ” i´j+kp+(m+rbc´k) ¨p[n]

A 0 ď m+ rbc ´ k ď m ´ 1

Mi 0 ď i ď p ´ 1

Mi

G 0 ď i ď p ´ 1 l

D(C(m, p)) ě m

p ě 2 m ě 2 D(C(m, p)) = m+1 p ‰ 4

p ě 2 m ě 2 D(C(m, p)) ą m

p = 2 p = 3 C(m, 2) – Km,m C(m, 3) –
Km,m,m D(C(m, p)) ą m

C(m, p) A = tp ´
1 + rp, p + 1 + rp : 0 ď r ď m ´ 1u p ą 3
Mi m
D(C(m, p)) ě m

c : V (C(m, p)) Ñ t1, 2, ...,mu m C(m, p) m ě 2

c m
v w Mi0 i0 P t0, 1, ..., p´1u

c(v) ‰ c(w) τ v w
c = c ˝ τ c m

Mi m Pj

1 ď j ď m t(j ´ 1)p + i, i P t0, ..., p ´ 1uu
Pj

v P Mi 0 ď i ď p ´ 1 v = i + rp
0 ď r ď m ´ 1

δi i = 0, ..., p ´ 1

δi : V Ñ V δi(v) =

"
(c(v) ´ 1)p+ i v P Mi

v
δi G



δ = δ0 ˝ ... ˝ δp´1 δ G δ
δi i = 0, . . . , p ´ 1

ψ ψ : V Ñ V ψ(i+ rp) = p ´ (i+ 1) + rp
ψ G

a = i+rp b = j+r1p b´a = j´i+(r1´r)p P A
ψ(b)´ψ(a) = i´ j + (r1 ´ r)p = b´ a A ψ

G
δ´1 ˝ ψ ˝ δ G

c
δ´1 ˝ψ ˝ δ G

δ´1 ˝ψ ˝ δ(0) = δ´1 ˝ψ((c(0)´ 1)p+0) = δ´1((c(0)´ 1)p+(p´ 1)) = u
u P Mp´1 c(u) = c(0) u ‰ 0 0 P M0 M0 ‰ Mp´1 p ą 1

δ´1 ˝ ψ ˝ δ
c(u) = c(δ´1 ˝ ψ ˝

δ(u)) u
u = i + rp δ´1 ˝ ψ ˝ δ(u) = δ´1 ˝ ψ((c(u) ´ 1)p + i) = δ´1((c(u) ´

1)p+p´ (i+1)) = v v P Mp´(i+1) c(v) = c(u) δ´1 ˝ψ ˝ δ
c

m = p = 4 M0 = t0, 4, 8, 12u, M1 = t1, 5, 9, 13u, M2 =
t2, 6, 10, 14u M3 = t3, 7, 11, 15u

δ (a)
v = 0 P M0 3 δ0(0) = (c(0)´

1).4 + 0 = (3 ´ 1).4 + 0 = 8 ψ (b)
0 ψ ˝δ(0) = ψ(δ(0)) = ψ(2.p+0) = p´(0´1)+2p = 11

δ´1 (c) δ´1 δ

C(m, p)

p ě 2 p ‰ 4 m ě 2 D(C(m, p)) ď m+ 1

p P t2, 3u
c (m+ 1)

c(v) =

$
&

%

1 0 ď v ď t p2 u v = 2p ´ 1
2 t p2 u ă v ď p ´ 1
j + 1 v P Pj 2 ď j ď m v ‰ 2p ´ 1

δ
δ
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δ
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8
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(b)

ψ
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10 14

1 13

4
12
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2
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3
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1
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δ´1

(c)
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7
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3
0

9
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(d)

δ´1 ˝ ψ ˝ δ C(4, 4)

p ą 4 0 1
(1, 1, 2, 3, 4, 4, ...,m+1,m+1) δ(0) = 0

0

i C(m, p) 0 ď i ď p ´ 1

d(0, i) =

"
i 1 ď i ď t p2u
p ´ i t p2u ă i ď p ´ 1

u v
M z P V zM d(u, z) = d(v, z) d(u, v) = 2

Mi C(m, p)



0 1

[p2 ]

[p2 ] + 1

p ´ 1
p

p+ 1

2p ´ 2
2p ´ 1

2p

3p

(m ´ 1)p

mp ´ 1
1 1

1

2

2
3

3

31
4

5

m+ 1

m+ 1

(m+1)

p

1
δ

u

u c(u) c(N(u))
0 1 1, 1, 2, 3, 4, 4, ...m+ 1,m+ 1

0 ă i ă t p2 u 1 1, 1, 3, 3, 4, 4, ...m+ 1,m+ 1
t p2u 1 1, 2, 3, 3, 4, 4, ...m+ 1,m+ 1

t p2 u ă j ă p ´ 1 2 2, 2, 3, 3, 4, 4, ...m+ 1,m+ 1
p ´ 1 2 1, 2, 3, 3, 4, 4, ...m+ 1,m+ 1
2p ´ 1 1 1, 2, 3, 3, 4, 4, ...m+ 1,m+ 1

u

i 0 ă i ă t p2u
i (1, 1, 3, 3, ...m + 1,m + 1)

u v 0 ă u, v ă t p2u d(u, 0) ‰ d(v, 0)
δ(0) = 0 δ(u) = u δ(v) = v



i 0 ă i ă t p2 u δ(i) = i
2p´ 1 t p2u

t1, 2, 3, 3, 4, 4, ...,m+1,m+1u d(t p2u, 0) ą d(2p´1, 0) =
1 δ(2p ´ 1) = 2p ´ 1 δ(t p2 u) = t p2 u

u v 2 d(u, 0) ‰ d(v, 0)
u c(u) = 2 δ(u) = u

v C(m, p)z(P1 Y t2p ´ 1u) δ
u v

c(u) = c(v) N(u)X t0, 1, 2, ..., p´ 1u ‰ N(v)X t0, 1, 2, ..., p´ 1u
δ v c(v) c(v) ě 2 u v

c(u) = c(v) u, v P C(m, p)z(P1 Y t2p ´ 1u)
c(u) = c(v) u P Mi v P Mj i ‰ j i´ 1, i+1 P N(u)

j ´ 1, j + 1 P N(v)
i = 0 p´1 P N(u) p P Mi i = p´1

0 P N(u) mp ´ 1 P Mi i ´ 1, i + 1 P N(u) X
t0, 1, ..., p´ 1u j ´ 1, j +1 P N(v)X t0, 1, ..., p´ 1u p

u p
G N(u) X t0, 1, ..., p ´ 1u = ti ´ 1, i + 1 mod pu N(v) X t0, 1, ..., p ´ 1u =
tj ´ 1, j + 1 mod pu N(u) X t0, 1, ..., p ´ 1u = N(v) X t0, 1, ..., p ´ 1u

i ‰ j i+1 = j ´1 i´1 = j+1 j = i´2 j = i+2 p = 4
p ą 4 N(u) X t0, 1, ..., p ´ 1u ‰ N(v) X t0, 1, ..., p ´ 1u

p = 4

m ě 2 C(m, 4) C(2m, 2) (
K2m,2m) D(C(m, 4)) = 2m+ 1

C(m, 4) M0 M1 M2

M3 N(M0) = N(M2) = M1 Y M3 N(M1) = N(M3) = M0 Y M2

Mi i P t0, 1, 2, 3u M0YM2 M1YM3

2m C(m, 4)
K2m,2m D(C(m, 4)) = D(K2m,2m) = D(C(2m, 2)) = 2m+ 1

d1, d2, ..., dr mi = di ´ 1
i = 1, ..., r pi =

ź

j‰i

mj

mipi = mjpj i ‰ j i, j = 1, ..., r
pi ‰ 4 n = mipi n = 3mipi i = 1, ..., r



D(C(mi, pi)) = mi + 1 = di i = 1, ..., r
(Gi)i » (C(mi, pi))i i = 1, ..., r

n D(Gi) = di

C(m, p) m.p ě 3, m ě 1 p ě 2
C(m, p)

D(C(m, p)) =

$
’&

’%

m (m ě 3 p = 1)

m+ 1 (m = 1 p ě 6) ou (m ě 2 p ě 2 p ‰ 4)

2m+ 1 (m = 1 p P t3, 4, 5u) ou (m ě 2 p = 4)

n =
rź

i=1

mi r ě 2 mi ě 1

n
n

C(m, p)
CP b Sm Cp Sm

Sm Km D(Sm) = D(Km)
C(m, p) = CP b Sm C(m, p) = CP b Km

S = tr|nr ě d|G|u

m p m





γid, χlid χrlid

rlid
χrlid

4.1 4.2

4.3 4.4 χrlid, γid χlid



G = (V,E) c : V (G) ÝÑ N
G x P V c(x) x

x y c
c(N [x])△c(N [y]) ‰ H △ N [x] N [y]

x N(x) N [x] = N(x) Y txu
x

x y c(N [x])△c(N [y])
rlid

P c(N [x]) ‰ c(N [y]) N [x] ‰ N [y]

rlid G, χrlid(G)
rlid G

a

b

c

d

e

f

ghi

1

1

3

1

2

2

433

G

G rlid
χrlid(G) ď 4

P
Q c(x) ‰ c(y)

x y
lid



lid χlid

a

b

c

d

e

f

ghi

1

2

1

4

1

3

542

G

lid χlid(G) ď
5

lid
id

(2009)

P

χid

id 6 χid(G) ď 6

id
C G G

x
C N [x] X C

1998

2003



a

b

c

d

e

f

ghi

6

1

2

6

3

4

566

G

γid(G) G

G = (XYY,E)
X Y

Y
X

γid

G χid(G) ď γid(G) + 1

C G γid(G)
C 1 γid(G)
V zC γid(G) + 1

C = tb, c, d, f, gu G γid(G) = 5
G C

C t1, 2, 3, 4, 5u 6
χid(G) ď 6



a

b

c

d

e

f

ghi

G u v c(N [u]) = c(N [v])

rlid

R
x y V (G) xRy N [x] = N [y]

G/R G t(G)
G

G/R
G

χrlid(G/R) ´ t(G) ď χrlid(G) ď χrlid(G/R)

rlid c G/R c
rlid G x y x y

c(x) = c(y)
G c rlid G

c rlid G
c1 c x

c(x) χrlid(G) + 1 χrlid(G) + t(G)
t(G) G/R c1 rlid G/R



G χrlid(G) = χrlid(G/R)
χrlid G

χrlid(G) = 3 NP
2

rlid
rlid

rlid

G G˚ G
G 3

G

x x1

y

y1

x x1

y

y1

a

b

tG G˚

G˚ xy G
xaby G˚

p ě 2 Hp K 2p

S1, S2 S3 p
K = txQ|Q P P(p)u Q t1, 2, . . . , pu = [p]
S1 = ty1, y2, . . . , ypu, S2 = ty1

1, y
1
2, . . . , y

1
pu S3 = tz1, z2, . . . , zpu

˝ i P [p] xtiuyi P E yiy1
i P E

˝ Q Ď P [p] |Q| ě 2 xQzi P E i P Q

G n G/R

ω(G/R) + 1 ď χ(G) ď n



xH xt1uxt2u xtp´1u xtpu xt2p´1uxQ K

S1

S2

S3

Hp K,S1, S2 S3

G˚ G k ´ rlid k ě 3

k ě 3 G
G k G˚ k ´ rlid

k ě 3 G
n ě 3 G k G˚ k ´ rlid

c k G G˚ G k
c1 G˚ c

x P G c1(x) = c(x)
t x c1(t) = c(y) y



x G
xy P E(G) xaby xy

G˚ k ě 3 q ‰ c(x) q ‰ c(y)
c1(a) = c1(b) = q

c1 rlid G˚

xt xa ab x
y G xy P E(G) xaby

xy G˚ c1(t) = c(y) c1(N [x]) tc(y), c(x), c1(a)u
|c1(N [x])| ě 3 |c1(N [t])| ď 2 t
G˚

c1 x1a1b1y1 xy
c1(a1) = c1(b1) |c1(N [a1])| = |c1(N [b1])| ď 2
xa by xaby c1(N [a]) = tc1(a), c(x)u
c1(N [b]) = tc1(a), c(y)u c(x) ‰ c(y) c G xy P
E(G) c1(N [a]) ‰ c1(N [b])

G˚ k ´ rlid G k
c k ´ rlid G˚ c(x) ‰ c(y)
xy P E(G) c(x) ‰ c(y) xaby G˚

xy G c(x) = c(y) c(N [a]) = tc(a) = c(b), c(x)u = c(N [b])

3 NP

G G˚ G G˚

G˚ 2 G˚

G 3 G˚ 3 ´ rlid

3 NP

2
3 ´ rlid NP ˝

lid

g
g 3 3 ´ lid NP

G n ě 3 χrlid(G) ď 3



G
G

G ! K1,p p ą 1
p = 2 K1,2 ! P3 χrlid(K1,2) ď 3
p ą 2 χrlid(K1,p) ď 3

u K1,p tv1, v2, . . . , vpu
c K1,p c(u) = 1, c(v1) = 2 c(vi) = 3

i = 2, . . . , p
c rlid

1 1 3

2

3

K1,p p ě 2

G
x G x

G p L0, L1, . . . , Lp x L0 = txu
Lj = tv P V (G)|dG(u, v) = ju j ě 1 G

i = 1, . . . , p Ai Bi Li

v P Ai N(v) X Li+1 = H N(v) X
Li´1 = Bi´1 v P Bi N(v) X Li+1 = Li+1 N(v) X Li´1 = Bi´1

v G v ‰ x c G
t1, 2, 3u i ě 0
. . ” [ ] ” [ ]

c(v) =

$
’’’’’’’’&

’’’’’’’’%

1 si v P L4i

1 si v P A4i+1

2 si v P B4i+1

3 si v P L4i+2

3 si v P A4i+3

2 si v P B4i+3



x L0

L1
A1 B1

L2
A2 B2

L3
A3 B3

L4
A4 B4

L5
A5 B5

G L0, L1, . . . , Lp

x

c G
L0, L1, . . . , Lp L2

p ě 2
i ě 0 v P L4i c(N [v]) = t1, 2u

v P A4i+1 c(N [v]) = t1u v P B4i+1 c(N [v]) = t1, 2, 3u
v P L4i+2 c(N [v]) = t2, 3u
v P A4i+3 c(N [v]) = t3u c(N [v]) = t1, 2, 3u v P B4i+3

u v G G u v
Li u P Li v P Li´1

v P Li+1 N [u] ‰ N [v]
u P L4i

u P L4i v P B4i´1 c(N [u])△ c(N [v]) = t3u
u P B4i v P A4i+1 2 u v

v P B4i+1 u v 3
u P L4i+1

u P A4i+1 v P B4i c(N [u])△ c(N [v]) = t2u



γid, χlid χrlid

u P B4i+1 v P B4i 3 u v
v P L4i+2 c(N [u])△ c(N [v]) = t1u

u P L4i+2

u P L4i+2 v P B4i+1 u v 1
u P B4i+2 v P A4i+3 c(N [u])△ c(N [v]) = t3u v P B4i+3

c(N [u])△ c(N [v]) = t1u
u P L4i+3

u P A4i+3 v P B4i+2 2 u v
u P B4i+3 v P B4i+2 c(N [u])△ c(N [v]) = t1u

v P L4(i+1) u v 3
. . ” [ ]

2.1.
Lp 3 Bp 1 Ap

u P Bp´1 = L4i v P Bp 3 u v
u P Bp´1 v P Ap c(N [u])△ c(N [v]) = t2, 3u

. . ” [ ]
3 Lp

2.1.
u P Bp´1 = L4i+2 v P Lp 2 u v

u v
c

G χrlid(G) = 2
G 1 ´ rlid G Ki i = 1, . . . , p

i = 1, . . . , p Ki/R ! txiu xi

G/R ! tx1, . . . , xpu = S S

3 ´ rlid

γid, χlid χrlid

χrlid γid
rlid

χrlid



χrlid χlid,χid γid

G, χrlid(G) ď
3 G1 = (U1 YV1, E1)

G2 = (U2YV2, E2)
G1 G2 G1lG2 = (U,E) U = t(U1 ˆU2)X(V1 ˆV2), (U1 ˆ
V2) Y (V1 ˆ U2)u (u1, v1) (u2, v2)

u1 = u2 v1v2 P E2 u1u2 P E1 v1 = v2 G = G1lG2

χrlid(G) ď 3
k´1
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S 1 Ď S |S 1| ď k ´ 1

x y K N [x] X S1 ‰ N [y] X S 1

u P S K K X N [u] ‰ H
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2p´1 Q2(p)
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c(xQ) = p c(xH) = p+ 1

xQ x1
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