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Résumé

La programmation multi-objectifs joue un rôle très important dans la résolution des problèmes de
la vie réelle, car les décideurs ont souvent plusieurs fonctions objectives à optimiser, et le but est de
trouver des solutions dites efficaces. Cependant, le nombre de ces solutions peut être considérable, et les
trouver toutes peut impliquer des coûts de computation élevés. De plus, le décideur peut éprouver des
difficultés à choisir une solution parmi elles. Pour contourner ce problème, nous pouvons considérer
une nouvelle fonction à optimiser sur les solutions efficaces. Cette approche est appelée optimisation
sur l’ensemble efficace. Plusieurs méthodes ont été proposées dans la littérature pour résoudre ce type
de problème, essentiellement dans le cas linéaire, dans un environnement déterministe. Néanmoins, de
nombreux problèmes du monde réel sont modélisés par des fonctions linéaires dans un environnement
stochastique. La variante du problème de l’optimisation sur l’ensemble efficace dans l’environnement
stochastique n’a pas reçu beaucoup d’attention. La présente thèse aborde le défi de l’optimisation
sur l’ensemble efficace dans l’environnement stochastique, où nous contribuons à la résolution d’un
problème d’optimisation d’une fonction linéaire stochastique sur l’ensemble efficace d’un problème de
programmation linéaire stochastique en nombres entiers multi-objectif (𝑀𝑂𝑆𝐼𝐿𝑃 ). Nous proposons
également de résoudre un problème où deux décideurs ont chacun une fonction linéaire stochastique à
optimiser sur l’ensemble efficace d’un problème de 𝑀𝑂𝑆𝐼𝐿𝑃 .

Mots-clés: Programmation multi-objectifs, Optimisation sur un ensemble efficace, Optimisation
stochastique, Optimisation stochastique en deux étapes, L-shaped méthode.
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Abstract

Multi-objective programming plays a very important role in real-life problem solving, as decision-
makers often have multiple objective functions to optimize, and the aim is to find solutions that are
said to be efficient. However, the number of such solutions can be considerable, and finding them all
can entail high computational costs. Moreover, the decision-maker may find it difficult to choose a
solution from among them. To overcome this problem, we can consider a new function to be optimized
over the efficient solutions. This approach is called optimization over the efficient set. Various methods
have been proposed in the literature to solve this type of problem, essentially in the linear case, in a
deterministic environment. Nevertheless, many real-world problems are modeled by linear functions
in the stochastic environment. The variant of the problem of optimization over the efficient set in the
stochastic environment has not received much attention. The present thesis addresses the challenge of
optimization over the efficient set in the stochastic environment, where we contribute to resolving the
problem of optimizing a stochastic linear function over the efficient set of a multi-objective stochas-
tic integer linear programming (𝑀𝑂𝑆𝐼𝐿𝑃 ) problem. We also propose to solve a problem where two
decision-makers each have a stochastic linear function to optimize over the efficient set of a 𝑀𝑂𝑆𝐼𝐿𝑃
problem.

Keywords: Multi-objective programming, Optimization over efficient set, Stochastic optimization,
Two-stage stochastic optimization, L-shaped method.
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Introduction

”The seeker after the truth does not study the writings of the ancients and, following his natural
disposition, puts his trust in them, but rather the one who suspects his faith in them and questions

what he gathers from them, the one who submits to argument and demonstration, and not to the
sayings of a human being whose nature is fraught with all kinds of imperfection and deficiency.

Thus the duty of the man who investigates the writings of scientists, if learning the truth is his goal,
is to make himself an enemy of all that he reads, and, apply his mind to the core and margins of its

content.” Ibn al-Haytham (Alhazen).

Life, in all its complexity, holds both challenges and unique beauty. This complexity is reflected in
the daily choices individuals, groups, and institutions face, as they strive to make the best decisions
when dealing with multiple, often conflicting, objectives. Most everyday decisions are made based on
intuition, common sense, chance, or a mix of these. It’s natural to want these choices to be as good
as possible—or optimal. However, in fields like engineering and economics, mathematical modeling
and programming are often required. This is where ”multi-objective optimization” comes in, aiming to
find a set of solutions that meet these different goals. Many scientists and experts have studied these
challenges, developing mathematical models and proposing various methods and algorithms to solve
them, leading to what we call ”efficient solutions. Finding efficient solutions is relatively straightforward
when objectives are modeled by linear functions and decision variables are continuous. However, many
real-world applications in engineering, operations research, and the sciences involve discrete or mixed
decision variables (both discrete and continuous), as well as deterministic or stochastic variables. This
adds significant complexity to the problem-solving process. Additionally, the large number of potential
solutions can be overwhelming for decision-makers, who must choose the one that best aligns with
their preferences. To address this challenge, researchers have developed approaches that help model
decision-maker preferences and select the optimal solution from the set of efficient ones. This approach
is commonly referred to in the literature as ”optimization over the efficient set.”
It is in this perspective that our contribution to the research falls, tackling the problem of ‘optimization
over the efficient set of a stochastic multi-objective problem’. In the course of this thesis, we propose
and develop algorithms dedicated to solving this type of problem through 2 publications, one of which
is currently being revised (at the time of writing).

2



3

Organization of the thesis

This thesis is divided into two main parts. The first part establishes the theoretical framework and
fundamental concepts needed to understand the research work described in the second part.

First part

• Chapter 1: Multi-objective Integer Linear Programming

This chapter introduces some fundamental notations and definitions of linear programming (LP).
In addition, it provides a general introduction to multi-objective integer linear programming
(MOILP). The chapter then presents methods for solving different classes of MOILP problems, as
well as optimization techniques over the efficient set of these problems.

• Chapter 2: Multi-objective Stochastic Integer Linear Programming

This chapter provides a general overview of stochastic linear programming (SLP) along with multi-
objective stochastic integer programming (MOSILP). In addition, It presents solution methods for
different classes of MOSILP problems, as well as optimization techniques over the efficient set of
these problems.

Second part

The second part forms the main core of this thesis and presents our contributions and research to the
optimization over the efficient set of a MOSILP problem.

• chapter 3: Optimizing a linear function over the stochastic efficient set

An original algorithm is presented in this chapter for optimizing a linear function over the
efficient set of a MOSILP problem (LF/MOSILP). Moreover, this chapter presents the theoretical
foundations of the algorithm, an illustrative application, and the results of numerical experiments.

• chapter 4: Biobjective integer stochastic optimization over the integer stochastic effi-

cient set [Badaoui et al., 2024]

This chapter extends the work of the previous chapter by considering the simultaneous optimiza-
tion of two linear stochastic functions over the efficient set of a MOSILP problem BSLF/MOSILP.
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Chapter
Multi-objective Linear Programming

”Life is an optimization problem.”
”La vie est un problème d’optimisation.”

Anonyme

Vangelis Th. PASCHOS.

1.1 Introduction

Multi-objective programming (MOP) is rooted in Edgeworth and Pareto’s economic work [Ehrgott, 2012].
It was first used in economics and management sciences, and then later in engineering sciences. Despite
the importance of multi-objective modeling of problems encountered in industry, telecommunications,
mechanics, etc., very few studies have been carried out on MOP. However, over the last 20 years,
there has been a strong interest in multi-objective decision support. In this chapter, we introduce
some basic definitions and concepts of LP [Ignizio and Cavalier, 1994, Dantzig, 2002, Karloff, 2008] and
multi-objective linear programming (MOLP) [Zeleny, 2012, Cohon, 2013]. We start with an overview
of LP, then give some general notions on MOLP, and finally, we present some solving methods for
optimizing over an efficient set of a MOILP problem.

4
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1.2 Linear Programming Overview

1.2.1 Formulation problem

Linear programming is a special case of mathematical programming in which the objective function
and the constraints of the problem are linear. The general form of a LP problem can be given by:

(𝐿𝑃)


”𝑂𝑝𝑡” 𝑓 = 𝐶𝑥,

𝑠.𝑡 .,

𝐴𝑥 ≤≥ 𝑏,
𝑥 ≥ 0,

(1.1)

where, 𝐴 ∈ ℝ𝑚×𝑛, 𝐶 ∈ ℝ1×𝑛, 𝑥 ∈ ℝ𝑛×1et b ∈ ℝ𝑚×1. The standard form of an optimisation problem is:

(𝑆𝐿𝑃)


”𝑂𝑝𝑡” 𝑓 = 𝐶𝑥,

𝑠.𝑡 .,

𝐴𝑥 = 𝑏,

𝑥 ≥ 0.

(1.2)

In general, the form of a uni-criteria LP problem can be given by different formulas such as:

Continuous linear programming (CLP):

The general form of a CLP problem where all variabels are continuous is given by :

(𝐶𝐿𝑃)


min 𝑓 = 𝐶𝑥,

𝑠.𝑡 .,

𝐴𝑥 ≤ 𝑏,
𝑥 ≥ 0,

(1.3)

where, 𝐴 ∈ ℝ𝑚×𝑛 , 𝑏 ∈ ℝ𝑚×1 and 𝐶 ∈ ℝ1×𝑛 .

Mixte Integer linear programming (MILP):

If some of the variables are integers, then we have a MILP problem which is written as follows:

(𝑀𝐼𝐿𝑃)



min 𝐶𝑥 + ℎ𝑦,
𝑠.𝑡 .,

𝐴𝑥 +𝐺𝑦 ≤ 𝑏,
𝑥 ≥ 0,
𝑦 ∈ ℤ,

(1.4)

where, 𝐴 ∈ ℝ𝑚×𝑛1, 𝐺 ∈ ℝ𝑚×𝑛2, 𝑏 ∈ ℝ𝑚×1, 𝐶 ∈ ℝ1×𝑛1 and ℎ ∈ ℝ1×𝑛2.
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Integer linear programming (ILP):

If all the variables are integers, then the ILP problem is given by:

(𝐼𝐿𝑃)



min 𝑓 = 𝐶𝑥,

𝑠.𝑡 .,

𝐴𝑥 ≤ 𝑏,
𝑥 ≥ 0,
𝑥 ∈ ℤ.

(1.5)

where, 𝐴 ∈ ℝ𝑚×𝑛 , 𝑏 ∈ ℝ𝑚×1 and 𝐶 ∈ ℝ1×𝑛 .

1.2.2 Principal tools

Basic concepts of linear programming

Assume that the matrix𝐴 has rank𝑚 (𝑚 ≤ 𝑛). Let 𝐵 be a square submatrix consisting of𝑚 independent

columns of 𝐴. We associate with this basis the decompositions 𝐴 = [𝐵 |𝑁 ], 𝑥 =

(
𝑥𝐵

𝑥𝑁

)
. 𝐼 is the set of

basic indices and 𝐽 the set of non-basic indices.

Definition 1.2.1. A solution 𝑥★ is said to be feasible if it verifies{
𝐴𝑥★ = 𝑏,

𝑥★ ≥ 0.
(1.6)

Then 𝑥★ is a feasible solution.

Definition 1.2.2. We call basic variables, the 𝑚 variables of ℝ𝑛 corresponding to the system of 𝑚
independent vectors defined by the linear constraints. The remaining (𝑛−𝑚) variables are called non-basic

variables. A solution is said to be basic if it consists of basic variables.

Note, 𝑥𝐵 the basic variables corresponding to𝑚 positive or null variables and 𝑥𝑁 the non-basic variables,
corresponding to 𝑛 null variables.

Definition 1.2.3. A basic solution 𝑥 =

(
𝑥𝐵

𝑥𝑁

)
is degenerate if 𝑥𝐵 has at least one null component.

Decomposing the matrix A and the vector 𝑥 according to the basic and non-basic variables, the problem
(1.2) can be rewritten in the form

(𝑃𝐵)


min 𝑓 = 𝐶𝐵𝑥𝐵 + 𝐶𝑁𝑥𝑁 ,

𝑠 .𝑡 ., 𝐵𝑥𝐵 + 𝑁𝑥𝑁 = 𝑏,

𝑥𝐵 , 𝑥𝑁 ≥ 0.
(1.7)
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According to (𝑃𝐵) we have :

𝐵𝑥𝐵 + 𝑁𝑥𝑁 = 𝑏 ⇒ 𝑥𝐵 = 𝐵−1𝑏 − 𝐵−1𝑁𝑥𝑁 .

By substituting this expression into the objective function, we obtain:

𝑓 = 𝐶𝐵 (𝐵−1𝑏 − 𝐵−1𝑁𝑥𝑁 ) +𝐶𝑁𝑥𝑁 .

and consequently:
𝑓 −𝐶𝐵𝐵−1𝑏 = (𝐶𝑁 −𝐶𝐵𝐵−1𝑁 )𝑥𝑁 .

Since 𝑥𝐵 is admissible, we obtain:
min 𝑓 −𝐶𝐵𝐵−1𝑏 = (𝑐𝑁 −𝐶𝐵𝐵−1𝑁 )𝑥𝑁 ,
𝑠 .𝑡 .,

𝑥𝐵 = 𝐵−1𝑏 − 𝐵−1𝑁𝑥𝑁 ≥ 0,
𝑥𝑁 ≥ 0,

(1.8)

Definition 1.2.4. A basic solution associated with the base B is defined by:

𝑥𝐵 = (𝐵)−1𝑏, 𝑥𝑁 = 0

If 𝑥𝐵 ≥ 0 then the basic solution is feasible.

A necessary and sufficient condition, in the absence of degeneracy, for 𝑥𝐵 to be an optimal basic solution
is that (𝑐𝑁 −𝐶𝐵𝐵−1𝑁 ) ≥ 0.

Convexity & Polyhedron

Definition 1.2.5 (Convex Set). A set S is said to be convex when for all 𝑥 and 𝑦 of S, the segment [𝑥,𝑦]
is entirely contained in S, that is to say

∀𝑥,𝑦 ∈ S : 𝜆𝑥 + (1 − 𝜆)𝑦 ∈ S;∀𝜆 ∈ [0, 1] .

. if S1,S2, · · · ,S𝑝 are convex then their intersection is convex.

Definition 1.2.6 (Convex function). Given a convex set S ⊆ 𝑅𝑛 , a function 𝑓 : S → ℝ𝑛 is convex if

∀𝑥,𝑦 ∈ S : 𝑓 (𝜆𝑥 + (1 − 𝜆)𝑦) ≤ 𝜆𝑓 (𝑥) + (1 − 𝜆) 𝑓 (𝑦); ∀𝜆 ∈ [0, 1] .

• 𝑓 is strictly convex if this inequality is strict.

• 𝑓 is concave if (−𝑓 ) is convex.

Definition 1.2.7 (Polyhedron). We call a polyhedron 𝑃 a connected interior part (convex or concave) of
real space which is the union of finite intersections of half-spaces bounded by hyperplanes 𝐻𝑖 .
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Definition 1.2.8 (Polyhedron set). We call a polyhedral set a set of convex or concave parts of ℝ𝑑 , which
is the union of several polyhedra with empty or non-empty intersections. A bounded polyhedron is called a
polytope.

The nature of LP problems in continuous variables 𝐶𝐿𝑃 and LP problems in discrete variables 𝐼𝐿𝑃 is
different. Unlike the 𝐶𝐿𝑃 problem where we are only interested in the extreme vertex solutions of
the convex polyhedron, the optimal solutions of the 𝐼𝐿𝑃 problem can be found inside the polyhedron.
Therefore, the fundamental theorem of 𝐿𝑃 is not applicable.

1.2.3 Simplex Algorithm

In this part, we describe the different steps in the simplex algorithm [Nabli, 2009]. Indeed, from the
following initial simplex table: (see Table.1.1).

X RHS

A b

C f

Table 1.1: Simplex table

The transition to the canonical form relative to the realizable basis 𝐵.

1 0 · · · 0

0 . . .
... 𝑁 = 𝐵−1𝑁 𝑏 = 𝐵−1𝑏

...
. . . 0

0 · · · 0 1
0 · · · 0 0 𝐶𝑁 = 𝐶𝑁 −𝐶𝐵𝐵−1𝑁 𝑓 (𝑥) −𝐶𝐵𝐵−1𝑏

Table 1.2: Optimal simplex table associated to the basis 𝐵

All the different steps of the simplex are present in the following algorithm 1.

1.2.4 Duality

Each linear problem is associated with another linear problem known as the dual of the initial problem.
The latter being called by opposition primal. Table (1.4) gives the general rules for primal and dual
problem:
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Algorithm 1: Simplex algorithm
Inputs: 𝐴,𝑏,𝐶 : Parameters: constraints and objective function.
Outputs: 𝑋𝑜𝑝𝑡 : Optimal solution of the Linear Program and Optimal Table (see 1.3).
Initial phase Start

The initial table is established by switching to the canonical form with regard to the base 𝐵 (see 1.3). The
constraints are written as : 𝐴𝑋 = 𝑏; 𝐴 = 𝐵−1𝐴, 𝑏 = 𝐵−1𝑏. 𝐶𝑁 ← 𝐶𝑁 −𝐶𝐵𝐵−1𝑁 .

End

IF 𝐶𝑁 ≥ 0 Then

The solution is optimal and the algorithm ends.
Else

Consider the index 𝑗 such that:
(
𝐶𝑁

)
𝑗
= min

𝑘∈ 𝐽

(
𝐶𝑁

)
𝑘
|
(
𝐶𝑁

)
𝑘
< 0.

IF 𝑎𝑖 𝑗 < 0, ∀𝑖 ∈ {1, · · · ,𝑚} Then
There is no finite optimal solution, the value of the function is unbounded. 𝐹 →∞;

Else

The variable 𝑥 𝑗 enters the basis, the index ℓ of the leaving variable is given by:
𝑏ℓ
𝑎ℓ𝑘

= min
𝑖∈𝐼
{ 𝑏𝑖
𝑎𝑖𝑘
}, 𝑎𝑖𝑘 > 0. Go to, 𝐼 ← 𝐼\{ℓ} ∪ { 𝑗}.

A new simplex table is created by applying the following formulae:
𝑎★
𝑖𝑘
← 𝑎𝑖𝑘 −

𝑎𝑖 𝑗𝑎ℓ𝑘
𝑎ℓ𝑘

, 𝑖 ≠ ℓ, 𝑘 ≠ 𝑗 . — 𝑎★
𝑗𝑘
← 𝑎ℓ𝑘

𝑎ℓ 𝑗
, 𝑘 ≠ ℓ . — 𝑎★𝑖ℓ ← −

𝑎𝑖 𝑗

𝑎ℓ 𝑗
, 𝑖 ≠ 𝑗 .

𝑎★
𝑙𝑘
← 1

𝑎ℓ 𝑗
. — 𝑐 𝑗 = 𝑐 𝑗 − 𝑐ℓ ×

𝑎ℓ 𝑗

𝑎ℓℓ
, 𝑗 ∈ {1, · · · , 𝑛}.

End If

Stop: Back to. The algorithm ends when the solution is optimal or the pivot operation is impossible.
See the optimal table (1.3) at iteration 𝑘 .

End If

value of 𝑥1 𝑥2 · · · 𝑥𝑛
𝑘

xBk

𝑥0
1 𝑡11 𝑡12 · · · 𝑡1𝑛𝑘

𝑥0
2 𝑡21 𝑡22 · · · 𝑡2𝑛𝑘

xBk

𝑥0
𝑚 𝑡𝑚1 𝑡𝑚2 · · · 𝑡𝑚𝑛𝑘

(𝐶𝑁 ) 𝑗 = (𝐶𝑁 −𝐶𝐵𝐵−1𝑁 ) 𝑗 (𝐶𝑁 )0 (𝐶𝑁 )1 (𝐶𝑁 )2 · · · (𝐶𝑁 )𝑛𝑘

Table 1.3: Optimal simplex table obtained after 𝑘 iterations

Problem Max f Problem Min w
Constraints Variables
≤ ≥ 0
= unrestricted
Variables Constraints
≥ 0 ≤
unrestricted =

Table 1.4: Dual construction rules
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Notion of duality

Proposition 1.2.1 (Theorem of Complementary Slackness). Let 𝑥 and 𝑦 be admissible solutions of
the primal and dual, respectively. A necessary and sufficient condition for 𝑥 and 𝑦 to be optimum is that
they satisfy the relations: 

(
𝑏𝑖 −

𝑛∑︁
𝑗=1
𝑎𝑖 𝑗𝑥 𝑗

)
𝑦𝑖 = 0 ∀ 𝑖 ∈ {1, · · · ,𝑚},

(
𝑐 𝑗 −

𝑚∑︁
𝑖=1

𝑎𝑖 𝑗𝑦𝑖

)
𝑥 𝑗 = 0 ∀ 𝑗 ∈ {1, · · · , 𝑛}.

(1.9)

Proposition 1.2.2 (Weak duality). If 𝑥 and 𝑦 are admissible solutions of the primal and dual respectively,
they verify: 𝑐𝑥 ≥ 𝑦𝑏

Corollary 1.2.1 (Sufficient optimality condition). Let 𝑥 and 𝑦 admissible solutions of the primal and
dual respectively. If 𝑐𝑥 = 𝑦𝑏, then 𝑥 and 𝑦 are optimal solutions.

Proposition 1.2.3 (Strong duality). If the primal (dual) problem has a finite optimal solution, then so
does the dual (primal) problem. 𝑓 = 𝑤

Theorem 1.2.1 (Duality theorem of Gale, Kuhn and Tucker). The primal problem has an optimal solution
𝑥 if and only if the dual problem has an optimal solution 𝑦. In this case, we necessarily have 𝑓 = 𝑤 .

1.2.5 Solving Methods for ILP Problems

In the development of ILP problem, there are three successive steps: cutting methods were the first to
be proposed, mainly as a result of R.E. Gomory’s work [Gomory, 2002], the early 60s, the Branch and
Bound (B&B) procedure was then widely developed and began the path of combinatorial optimization.
Twenty years later, cutting plans approach was given a second lease of life in the context of polyhedral
theory, with the notion of valid inequalities, which may also need to be integrated into a Branch and
Cut approach.

Branch & Bound Method

The ”Branch & Bound” (B& B) method has been specially developed for integer linear programming
problems (ILP) [Morrison et al., 2016]. The principle of this method consists in subdividing the set
S (the set of admissible solutions) S = {𝑥 ∈ ℝ𝑛, 𝐴𝑥 ≤ 𝑏, 𝑥 ≥ 0}, into a finite number of subsets S𝑖 ,
generally we take:

S =
⋃
𝑖

S𝑖 𝑤𝑖𝑡ℎ S𝑖 ∩ S𝑗 = ∅ ∀𝑖 ≠ 𝑗 .

Definition 1.2.9 (Active node). The set of nodes created but not fathomed, are called active nodes.

The B&B method consists mainly of three different steps:
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Branching: This step involves dividing the problem into a number of sub-problems, each with its
own set of feasible solutions. We create a problem tree with the initial problem as the root. Let the
node 𝑖 be non-fathomed . There is therefore at least one non-integer variable in the optimal solution 𝑥★𝑖
of the relaxed problem 𝐿𝑃 (𝑖) , we choose the first non-integer 𝑥𝑙 = 𝛼𝑙 ∉ ℤ.
The node 𝑖 is separated into two sub-nodes, by imposing respectively the additional constraint:

{
(𝑖) 𝑥𝑙 ≤ ⌊𝛼𝑙⌋,
(𝑖𝑖) 𝑥𝑙 ≥ ⌊𝛼𝑙⌋ + 1.

The 𝑥★𝑖 solution satisfies neither of these constraints. Constraints (i) and (ii) respectively define two
disjoint areas of S𝑖 containing all solutions of S𝑖 . It is easy ( using the dual algorithm) to reoptimize the
relaxed problems corresponding to these two subnodes.

{
S𝑖+1 = S𝑖 ∩ {𝑥 | 𝑥𝑙 ≤ ⌊𝛼𝑙⌋},
S𝑖+2 = S𝑖 ∩ {𝑥 | 𝑥𝑙 ≥ ⌊𝛼𝑙⌋ + 1}.

Bounding: The purpose of bounding a node in the tree structure is to determine the optimum (an
upper or lower bound for a minimization problem) of the set of feasible solutions associated with the
node in question, or on the contrary, to prove mathematically that this set contains no solution of
interest for solving the initial problem. The optimal solution of the sub-problem associated with a given
node is called a partial solution.

Root Node Sterilization: The purpose of this step is to avoid examining all the nodes in the tree.
If the upper bound of the optimal solution of the sub-problem under consideration is lower than the
global upper bound, certainly, any feasible solution of this sub-problem is not better than the current
global optimum, so there is no need to branch its solution set. We can also stop the search at a node
when the associated sub-problem is infeasible.
The B&B method used to solve integer optimization problems can be summarized in the following
algorithm 2:
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Algorithm 2: Branch & Bound Method
Result: The integer optimal solution 𝑥𝑜𝑝𝑡 .

Initialization: 𝑅={𝐿0}, où 𝐿0 The relaxed main program (without integrity constraints). 𝑥𝑜𝑝𝑡 = ∅ et
𝑓𝑜𝑝𝑡 = −∞

while 𝑅 is non-empty do

Take 𝐿 a node of 𝑅. Solve 𝐿.
if 𝐿 is unfeasible then

Fathom the node 𝐿.
end

if 𝐿 has an optimal integer solution 𝑥𝑙 then

if 𝑓𝑙 < 𝑓𝑜𝑝𝑡 then

𝑥𝑜𝑝𝑡 = 𝑥𝑙 et 𝑓𝑜𝑝𝑡 = 𝑓𝑙 .
end

end

if 𝐿 has a continuous solution then

Choose an index 𝑙 such that 𝑥𝑙 is not an integer. Next, add two nodes to the tree 𝑅, adding to
each node, respectively, the constraints 𝑥𝑙 ≤ ⌊𝑥𝑙 ⌋ et 𝑥𝑙 ≥ ⌊𝑥𝑙 ⌋ + 1.

end

end

Cutting Methods

Cutting methods aim to obtain the convex envelope of feasible integer solutions, i.e. the smallest
polyhedron containing all feasible integer solutions of the ILP problem. If we can identify this convex
envelope, the ILP relaxation resolution reduced to this set yields an integer optimal solution. The
difficulty with these methods remains in generating efficient cuts. Cutting methods used alone show
simple performance. On the other hand, they are effective when combined with tree search methods
such as branch and cut [Lucena and Beasley, 1996] (a method combining the B& B algorithm and the
polyhedral cut method).

1.3 Generalities of the Multi-Objective Linear Programming.

1.3.1 Problem formulation & definitions

MOP consists in simultaneously optimizing several conflicting functions on a discrete space [Gunantara, 2018].
Consequently, there is no single integer solution to be considered optimal. However, the challenge is
to find a set of integer compromise solutions that contains the solutions that achieve a compromise
between these conflicting objectives, known as efficient solutions. A MOP problem can be formulated



1.3. GENERALITIES OF THE MULTI-OBJECTIVE LINEAR PROGRAMMING. 13

as follows:

(𝑀𝑂𝑃)


”𝑂𝑝𝑡” 𝐹 = 𝑓1(𝑥), 𝑓2(𝑥), . . . , 𝑓𝐾 (𝑥)),
𝑠 .𝑡 .,

𝑥 ∈ S = {𝐴𝑥 = 𝑏, 𝑥 ≥ 0},
(1.10)

where, 𝐾 ≥ 2 is the number of objectives and S the set of admissible solutions in the decision space. The
image of S by the vector function 𝐹 = (𝑓1(𝑥), 𝑓2(𝑥), . . . , 𝑓𝐾 (𝑥)) representing the image of the feasible
set in criterion space is denoted by Y.
This formulation is general, but multi-objective problems can be classified according to the nature of
the objective functions and/or the admissible region. For example:

• If the objective functions and the admissible region are convex, then we say it’s a convex MOP
problem.

• If the objective functions and the functions forming the admissible region are linear, then it’s
called a MOLP problem.

• If the admissible region contains only integer solutions, then it’s said to be a MOILP problem.

A multi-objective integer linear programming problem defined by:

(𝑀𝑂𝐼𝐿𝑃)


min 𝑓𝑖 = 𝐶𝑖𝑥, 𝑖 ∈ {1, 2, · · · , 𝐾},
𝑠 .𝑡 .,

𝑥 ∈ S = {𝐴𝑥 = 𝑏, 𝑥 ≥ 0},

where, S ∩ ℤ𝑛 , ℤ is the set of relative integers number.

Definitions

Solving a MOILP problem often consists of finding the set of Pareto optimal solutions, i.e. those solutions
where there is no solution that is at least as good on all criteria, and clearly better on at least one
criterion.

Definition 1.3.1 (Dominance). Let be two criteria vectors 𝑓 (𝑥), 𝑓 (𝑦) ∈ Y. We say that 𝑓 (𝑥) dominates
𝑓 (𝑦) if and only if 𝑓 (𝑥) ≤ 𝑓 (𝑦) and 𝑓 (𝑥) ≠ 𝑓 (𝑦)
i.e.

𝑓𝑖 (𝑥) ≤ 𝑓𝑖 (𝑦), ∀ 𝑖 ∈ {1, 2, · · · , 𝐾} and ∃ 𝑖 ∈ {1, 2, · · · , 𝐾} such that 𝑓𝑖 (𝑥) < 𝑓𝑖 (𝑦).

If 𝑓 (𝑥) dominates 𝑓 (𝑦), then 𝑓 (𝑥) is preferred to 𝑓 (𝑦) since it is at least as good on all criteria and
better on at least one.

Definition 1.3.2 (Efficiency). A solution 𝑥 ∈ X is called a efficient (or Pareto optimal) solution, if and
only if, � 𝑥 ∈ S such that 𝑓𝑖 (𝑥) dominates 𝑓𝑖 (𝑥), ∀𝑖 ∈ {1, 2, · · · , 𝐾}.

A point is efficient if and only if its image by 𝑓 is an undominated criterion vector.
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Definition 1.3.3. A solution 𝑥 ∈ S is called an efficient solution if and only if there is no solution 𝑥 ∈ X
such that

𝑓𝑖 (𝑥) ≤ 𝑓𝑖 (𝑥), ∀ 𝑖 ∈ {1, 2, · · · , 𝐾} 𝑒𝑡 ∃ 𝑖 ∈ {1, 2, · · · , 𝐾} 𝑤𝑖𝑡ℎ 𝑓 𝑗 (𝑥) < 𝑓 𝑗 (𝑥).

From an efficient point, it is impossible to decrease the value of one criterion without increasing that of
at least one other.

Definition 1.3.4. A solution 𝑥 ∈ S is called a weakly efficient solution if and only if there is no solution
𝑥 ∈ S such that:

𝑓𝑖 (𝑥) < 𝑓𝑖 (𝑥), ∀𝑖 ∈ {1, 2, · · · , 𝐾}.

Any efficient solution is necessarily weakly efficient, but the reverse is not true.

Definition 1.3.5 (Pareto optimal set). The Pareto optimal set of S (or the efficient set), is defined by the
set X𝐸𝑓 𝑓 :

X𝐸𝑓 𝑓 = {𝑥 ∈ X| � 𝑥′ ∈ S, 𝑓 (𝑥′) dominates 𝑓 (𝑥)}.

Definition 1.3.6. A feasible solution 𝑥 ∈ S is called supported if there is a linear combination of criterion
objective functions for which 𝑥 is optimal.

Consider the following 𝑃𝜆 program:

(𝑃𝜆)


min 𝜆1𝑓1(𝑥) + 𝜆2𝑓2(𝑥) + · · · + 𝜆𝐾 𝑓𝐾 (𝑥),
s.t.,

𝑥 ∈ S,
(1.11)

where, 𝜆𝑖 ≥ 0, ∀𝑖 ∈ {1, 2, . . . , 𝐾}.

Theorem 1.3.1. Any optimal solution of 𝑃𝜆 is an efficient solution.

Definition 1.3.7 (Pareto frontier of Y). Let Y the image in criterion space of the feasible set S. The
Pareto frontier Y𝑁𝐷 of Yis defined by:

Y𝑁𝐷 = {𝑦 ∈ Y| �𝑦′ ∈ Y, 𝑦′ < 𝑦}.

We provide here definitions of three particular points in the criterion space. The anti-ideal, ideal and
nadir points are defined as follows:

Definition 1.3.8. The ideal point and the anti-ideal point are defined respectively by:

𝑦𝐼𝑖 = min
𝑥∈S

𝑓𝑖 (𝑥), 𝑖 ∈ {1, 2, · · · , 𝐾}.

𝑦𝐴𝑖 = max
𝑥∈S

𝑓𝑖 (𝑥), 𝑖 ∈ {1, 2, · · · , 𝐾}.

The nadir point is a refinement of the anti-ideal point, defined by:

𝑦𝑁𝑖 = max
𝑥∈X𝐸𝑓 𝑓

𝑓𝑖 (𝑥), 𝑖 ∈ {1, 2, · · · , 𝐾}.
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Figure 1.1: A representation of different types of solution in the decision space.

There are efficient solutions that are not supported in MOILP, unlike in the continuous case, and it
is these solutions that make the problem difficult. A representation of S and Y with two decision
variables and two objectives are shown in figures (1.1) and (1.2) respectively.

Efficiency test

In the realm of MOP, the existence of conflicting objectives leads to the generation of multiple efficient
solutions. Additionally, efficiency can be defined in this context as follows:

Definition 1.3.9. A point 𝑥 ∈ S is an efficient solution for a problem (1.10) if and only if there is no
𝑥 ∈ S such that 𝑓𝑖 (𝑥) ≤ 𝑓𝑖 (𝑥) for all 𝑖 ∈ {1, 2, . . . , 𝐾} and 𝑓𝑖 (𝑥) < 𝑓𝑖 (𝑥) for at least one 𝑖 ∈ {1, 2, . . . , 𝐾}.
Otherwise, 𝑥 is not efficient and the corresponding vector (𝑓1(𝑥), 𝑓2(𝑥), . . . , 𝑓𝐾 (𝑥)) is said to be dominated.

The following theorem (1.3.2) provides another characterization of an efficient solution, which is used
as a test procedure in our study.

Theorem 1.3.2. 𝑥𝑙 ∈ X𝐸 if and only if the optimal value of the objective function Ψ(𝜓, 𝑥) is null in the
following integer linear programming problem:

(𝐸𝐾 (𝑥𝑙 ))



𝑚𝑎𝑥 Ψ =
𝐾∑
𝑖=1
𝜓𝑖 ,

𝑠 .𝑡 .,


𝐶𝑖𝑥 +𝜓𝑖 = 𝐶𝑖𝑥𝑙 , 𝑖 ∈ {1, 2, . . . , 𝐾},
𝑥 ∈ S,
𝜓𝑖 ≥ 0, 𝑖 ∈ {1, 2, . . . , 𝐾}.

(1.12)
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Figure 1.2: A representation of the different types of solution in the criteria space.

The efficiency of the solution 𝑥𝑙 is verified through the resolution of the problem (1.12). In particular, 𝑥𝑙

is efficient if and only if the optimal value of the objective function Ψ equals zero in this problem (1.12).
In cases where the optimal value is not zero, the optimal solution of this problem (1.12) is considered an
efficient solution to the problem (2.24). It is noteworthy that Theorem 1.3.2 is specifically applicable
to the linear case and was originally proposed by [Ecker and Kouada, 1978]. For the general case, we
mention the scalarization introduced by [Benson, 1984].

1.3.2 Solving Methods For MOLP Problems

weight sum method

The weighted sum (WS) method is a classic technique used to solve MOLP problems. This method
converts multiple objectives into a single objective by assigning a weight to each objective function. The
purpose is to find a solution that optimizes this weighted sum, thus balancing the trade-offs between
the objectives.
The Weighted Sum Method can be formulated as follows:

(𝑃𝑊𝑆 )


min 𝐹 (𝑥) = ∑𝐾
𝑖=1𝑤𝑖 𝑓𝑖 (𝑥),

𝑠 .𝑡 .,

𝑥 ∈ S,
(1.13)
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where𝑤𝑖 are the non-negative weights assigned to each objective function, and
∑𝐾
𝑖=1𝑤𝑖 = 1. By varying

the weights, different trade-off solutions can be obtained, generating the Pareto front of the MOLP
problem.
This method is widely used due to its simplicity and ease of implementation. However, it may not
capture all Pareto optimal solutions, especially in non-convex problems. For further reading, see
[Miettinen, 1999, Kim and de Weck, 2006, Marler and Arora, 2010].
The following algorithm 3 presents the main principles of the WS method.

Algorithm 3: Weighted Sum Method
Inputs: Objective functions 𝑓1(𝑥), 𝑓2(𝑥), . . . , 𝑓𝐾 (𝑥), Weights𝑤1,𝑤2, . . . ,𝑤𝐾 , S.
Outputs: 𝑥𝑜𝑝𝑡 : Optimal solution Obtained.
Initial phase Start

WeightedSumMethod (𝑓1, 𝑓2, . . . , 𝑓𝐾 , 𝑋,𝑤1,𝑤2, . . . ,𝑤𝐾 ).
Define the weighted sum objective function: 𝐹 (𝑥) = ∑𝐾

𝑖=1𝑤𝑖 𝑓𝑖 (𝑥).
Solve the single objective linear programming problem 1.13

End

Stop: The algorithm ends with the optimal solution 𝑥𝑜𝑝𝑡

Epsilon Constraint Method

The Epsilon-Constraint (EC) Method is a widely used technique to solve MOLP problems. Instead of
combining multiple objective functions into a single one, as in the WS Method.
The EC Method optimizes one objective function while treating the other objectives as constraints with
specified bounds (epsilon constraints). The Epsilon-Constraint Method can be formulated as follows:

(𝑃𝐸𝐶 )


min 𝑓1(𝑥),
𝑠 .𝑡 .,

𝑓𝑖 (𝑥) ≤ 𝜖𝑖 , 𝑖 ∈ {2, . . . , 𝐾},
𝑥 ∈ S,

(1.14)

where, 𝜖𝑖 are the upper bounds for the objective functions 𝑓𝑖 (𝑥), 𝑖 ∈ {2, . . . , 𝐾}. By varying the epsilon
values 𝜖𝑖 , different trade-off solutions can be obtained, generating the Pareto front of the MOLP problem.
The Epsilon-Constraint Method is advantageous because it directly handles the objectives as constraints,
allowing more control over each objective function’s satisfaction level. However, choosing appropriate
epsilon values can be challenging and may require problem-specific knowledge. For further reading,
see [Miettinen, 1999, Mavrotas, 2009].
The principle of the method is present in following algorithm 4

1.3.3 Solving Methods For MOILP Problems

Solving principles for multi-objective problems: The MOLIP class is relevant in many real-world
applications, such as scheduling, resource allocation and supply chain management, where solutions
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Algorithm 4: Epsilon-Constraint Method
Inputs: Objective functions 𝑓1(𝑥), 𝑓2(𝑥), . . . , 𝑓𝐾 (𝑥), Epsilon values 𝜖2, 𝜖3, . . . , 𝜖𝐾 , S.
Outputs: 𝑥𝑜𝑝𝑡 : Optimal solution Obtained.
Initial phase Start

EpsilonConstraintMethod (𝑓1, 𝑓2, . . . , 𝑓𝐾 , 𝑋, 𝜖2, 𝜖3, . . . , 𝜖𝐾 ).
Define the primary objective function to optimize: 𝑓1(𝑥).
Define the epsilon constraints: 𝑓𝑖 (𝑥) ≤ 𝜖𝑖 for 𝑖 ∈ {2, . . . , 𝐾}.
Solve the single objective linear programming problem 1.14

End

Stop: The algorithm ends with the optimal solution 𝑥𝑜𝑝𝑡

must be discrete. Several methods have been developed to solve MOLIP problems. Such as, in the article
[Halffmann et al., 2022], the authors provide a comprehensive overview of exact algorithms used to
solve MOILP and multi-objective mixed integer linear programming (MOMILP) problems. The choice
of algorithm depends on the specific characteristics of the problem, the desired level of accuracy and
the available computing resources. In the following table 1.5, we present some algorithms that solve the
MOLP and MOILP problems.

Algorithm Reference

Branch-and-Bound Algorithm [Przybylski and Gandibleux, 2017, Parragh and Tricoire, 2019]
NSGA-II (Genetic Algorithms II) [Ibrahim et al., 2018, Verma et al., 2021]

Branch-and-Cut Algorithm [Gadegaard et al., 2019, Cherfaoui and Moulaı̈, 2021]
Benders Decomposition [Irmansyah et al., 2022, Raith et al., 2024]

Pareto Local Search [Antunes et al., 2016, Pal and Charkhgard, 2019]

Table 1.5: Algorithms for MOLP and MOILP problems

In this part, we present some exact methods for generating the efficient set of a MOILP problem which
is defined as follows:

(𝑀𝑂𝐼𝐿𝑃)


min 𝑓𝑖 = 𝐶𝑖𝑥 𝑖 ∈ {1, 2, . . . , 𝐾},
𝑠 .𝑡 .,

𝐴𝑥 ≤ 𝑏,
𝑥 ∈ ℕ.

(1.15)

where, 𝑘 ≥ 2 is the number of objectives, 𝐴 ∈ ℝ𝑚×𝑛 , 𝑏 ∈ ℝ𝑚 , and 𝐶𝑖 ∈ ℝ1×𝑛 .

Ouaı̈l et Al method

The method proposed by [Chergui et al., 2008] is based on the simplex, 𝐵&𝐵 procedure and an efficient
cut to solve a 𝑀𝑂𝐼𝐿𝑃 . At each iteration 𝑙 , they solve a single-objective LP problem by minimizing one
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of the objectives, the choice of objective has no influence on the final solution.

(𝐿𝑃 1)


min 𝑓1 = 𝐶1𝑥,

𝑠 .𝑡 .,

𝐴𝑥 ≤ 𝑏.
(1.16)

Let 𝑥∗
𝑙

be the integer solution obtained after solving the problem (1.16), let B𝑙 be the set of indices of the
basic variables, and let N𝑙 be the set of indices of the non-basic variables of 𝑥∗

𝑙
.

Let 𝐶 𝑗

𝑖
is the 𝑗𝑡ℎ component of reduced gradient vectors of the objective function 𝑓𝑖 .

The method define a new set of all decreasing directions of the criteria as follows:

• H𝑙 =
{
𝑗 ∈ N𝑙/∃𝑖 ∈ {1, 2, . . . , 𝐾}, with 𝐶 𝑗

𝑖
< 0

} ⋃ {
𝑗 ∈ N𝑙/𝐶 𝑗

𝑖
= 0;∀𝑖 ∈ {1, 2 . . . , 𝐾}

}
.

Once this set has been identified, the method proceed to formulate the efficient cut (1.17) designed
to eliminate all inefficient solutions [Chergui et al., 2008]. This cut plays an essential role in the
optimization process, enabling the algorithm to reduce the search space, improve the overall efficiency
of the optimization process, and ultimately, find optimal solutions.

∑︁
𝑗∈H𝑙

𝑥 𝑗 ≥ 1. (1.17)

Algorithm of the Ouaı̈l et Al method: The algorithm for generating all efficient integer solutions of
the program (1.15) is presented in the following algorithm 5:
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Algorithm 5: Ouaı̈l et Al method for MOILP problem
Result: Efficient solutions set X𝐸

Step (0) : Initialization (𝑙 = 0)

𝑅 = {S0 = {𝑥,𝐴𝑥 ≤ 𝑏}} (X𝐸 = ∅ (X𝐸 being the efficient set of the problem (1.15)).
Step (1) : General step

while There is an unfathomed node 𝑙 in the tree 𝑅. do

Solve the linear program corresponding to the node 𝑙 .
if Program has no solution then

Node 𝑙 is fathomed.
else

Let 𝑥𝑙 the obtained optimal solution.
if 𝑥𝑙 is not integer then

Apply the branch and bound process, adding two nodes to 𝑅.
else

if 𝑓 (𝑥𝑙 ) is not dominated by 𝑓 (𝑥) for any solution 𝑥 ∈ X𝐸 then

X𝐸 = X𝐸 ∪ {𝑥𝑙 }.
else

X𝐸 = X𝐸\{𝑥} ∪ {𝑥𝑙 }
end

Determining the sets N𝑙 etH𝑙 . if H𝑙 = ∅ then

the corresponding node is fathomed.
else

add the cut
∑
𝑗∈H𝑙

𝑥 𝑗 ≥ 1 to program (1.16).

end

end

end

end

Sylva & Crema method

The method of [Sylva and Crema, 2004] is based on solving a sequence of integer linear programs
that optimize a linear combination of criteria at each step. Each time, a new set of constraints is
applied, ensuring the discovery of a new efficient solution. Finally, the method returns the set of all
non-dominated multiobjective discrete linear programming solutions. The method is summarized in
the algorithm 6 :
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Algorithm 6: Sylva & Crema Method
Result: X𝐸 Efficient set of 𝑀𝑂𝐼𝐿𝑃

Choose 𝜆 > 0 and the steps 𝜖𝑖 > 0 and 𝑀𝑖 the upper bounds of 𝑓𝑖 , 𝑖 ∈ {1, 2, . . . 𝐾}, 𝑙 = 0,
S𝑙 = {𝑥,𝐴𝑥 <= 𝑏, 𝑥 ∈ ℕ} X𝐸 = ∅.

Solve: 𝑃 𝑙
𝜆

: min {𝜆𝐶𝑥 : 𝑥 ∈ S𝑙 }.
while 𝑃 𝑙

𝜆
is feasible do

Let 𝑥𝑙 be the optimal solution of 𝑃 𝑙
𝜆
. Add 𝑥𝑙 to the set X𝐸 .

Poser 𝑙 = 𝑙 + 1 and add the following constraints to S𝑙 :

𝐶𝑖𝑥 ≤ (𝐶𝑖𝑥𝑙 − 𝜖𝑖)𝑦𝑖𝑙 −𝑀𝑖 (1 − 𝑦𝑖𝑙 ),∀𝑖 ∈ {1, 2, . . . , 𝐾}.

𝑝∑︁
𝑖=1
𝑦𝑖
𝑙
= 1.

end

1.4 Optimization over the efficient set of a Multi-objective

Integer Linear Programming problem.

An exhaustive search for all efficient solutions is impractical, as the number of such solutions is
sometimes enormous, and the decision-maker will be faced with the additional problem of choosing
applicable solutions from a set of theoretically equivalent solutions. To overcome this problem, several
researchers have considered including a utility function to be optimized over the efficient set. This
approach gave rise to another type of problem, called optimization over the efficient set. It was first
considered by [Philip, 1972]. Later, several researchers became interested in the subject, including,
[Abbas and Chaabane, 2006], where they introduced an exact method for solving the optimization
problem of a linear function over the efficient set of MOILP problem (LF/MOILP). On the other hand,
[Jorge, 2009] proposed another approach to solve this problem using the same principle used by
[Sylva and Crema, 2004] to enumerate the efficient set of the MOILP problem. Several recent works
tackle the same problem and propose more efficient methods, e.g., [Boland et al., 2017, Lokman, 2021,
Sierra Altamiranda and Charkhgard, 2019]. Regarding the bi-objective optimization over an efficient
set of MOILP problem (BOLF/MOILP), we mention the only work of [Cherfaoui and Moulaı̈, 2021].
Below, a few works are presented that address the problem of optimization over the efficient set of
MOILP problem.
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1.4.1 Optimizing a liner Fuction Over an efficient set

Optimizing a linear function on an efficient set of MOILP problems can be written as follows:

(𝐿𝐹/𝑀𝑂𝐼𝐿𝑃)


min 𝜙 (𝑥),
𝑠 .𝑡 .,

𝑥 ∈ X𝐸,

where, 𝜙 is a function and X𝐸 is the set of efficient solutions to a MOILP problem.

Jorge Method

The [Jorge, 2009] method solves the problem of optimizing a linear function over the efficient set of a
MOILP problem. The method is iterative: at each step, they optimize the utility function over the set of
admissible solutions of the MOILP problem. the method then test the efficiency of the solution. If it
is not efficient, the efficiency test returns an efficient solution, which will be the lower bound of the
problem. Using the cuts used by [Sylva and Crema, 2004] to eliminate this solution from the domain
along with all solutions dominated by it. Jorge’s method is presented in the algorithm 7.
Variants of Jorge’s method:

Jorge’s method can be used to solve an optimization problem for any convex function on the efficient
set of a MOILP problem. The steps remain almost the same except that instead of optimizing a lin-
ear function at each step, the method optimizes the convex function using an appropriate method
[Mahdi and Chaabane, 2015] have considered the case where the utility function is fractional. Further-
more, a number of recent methods use techniques to improve Jorge’s method. [Lokman, 2021] proposes
a method to avoid adding constraints and decision variables to the 𝑅𝑙 program at each iteration, which
slows down the method. The method consists in establishing bounds that encompass all possible
scenarios for the improvements to be made (instead of using binary variables). Then, if these bounds
have not already been solved, they are solved. When there are fewer than four objectives, the method
is efficient; however, when there are more than four objectives, the number of bounds explodes, and
the method slows down considerably. On the other hand, [Boland et al., 2017], proposes dividing the
search space into rectangles in order to find the optimal efficient solution. Tests have shown that their
method is fast and can solve problems of considerable size.

1.4.2 B.Lokman Method

The author has developed an algorithm for optimizing a linear function over the set of non-dominated
points of MOILP problem.

(𝑃𝜓 )


max𝜓 (𝑓 ) = ∑𝐾

𝑖=1 𝑣𝑖 𝑓𝑖 (𝑥),
𝑠 .𝑡 .,

𝑥 ∈ S,
𝑓 (𝑥) ∈ Y𝑁𝐷 ,
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Algorithm 7: Jorge Method
Result: The optimal solution 𝑥𝑜𝑝𝑡

Initialization: Poser 𝜙𝑖𝑛𝑓 = −∞, 𝑥𝑜𝑝𝑡 = ∅ S0 = {𝐴𝑥 <= 𝑏, 𝑥 ∈ ℕ}, 𝜙𝑠𝑢𝑝 = +∞, 𝑙 = 0,
(𝑅0) : {𝑚𝑎𝑥𝑥∈S 𝜙 (𝑥)}.

while 𝑅𝑙 has an optimal solution 𝑥𝑙 do

if (𝑥𝑙 ) is efficient then

if 𝜙 (𝑥𝑙 ) > 𝜙𝑖𝑛𝑓 then

𝜙𝑖𝑛𝑓 = 𝜙 (𝑥𝑙 )
𝑥𝑜𝑝𝑡 = 𝑥𝑙

end

return 𝑥𝑜𝑝𝑡

else

Solve (𝑇𝑙 ) : max{𝜙 (𝑥)\𝐶𝑥 = 𝐶𝑥𝑙 , 𝑥 ∈ S}.
Let 𝑥𝑙 optimal solution of 𝑇𝑙 .
if 𝜙 (𝑥𝑙 ) > 𝜙𝑖𝑛𝑓 then

Poser 𝜙𝑖𝑛𝑓 = 𝜙 (𝑥𝑙 ) and 𝑥𝑜𝑝𝑡 = 𝑥𝑙 .
end

if 𝜙𝑖𝑛𝑓 = 𝜙𝑠𝑢𝑝 , then

Stop. 𝑥𝑜𝑝𝑡 is optimal solution.
end

Build S𝑙+1 = S𝑙 ∪ {𝐶𝑥 > 𝐶𝑥𝑙 }.
Poser 𝑙 = 𝑙 + 1.

end

end

where, 𝜓 (𝑓 ) is not a strictly positive linear combination of the objectives, there is a 𝑣𝑖 ≤ 0 for a
𝑖 ∈ {1, 2, . . . , 𝐾}. The algorithm iteratively generates non-dominated points and converges on an optimal
solution by progressively reducing the admissible set. It maximizes a criterion 𝑓𝑚 (𝑥), 𝑚 ∈ {1, 2, . . . , 𝐾}
at each iteration, and generates new points by imposing bounds on the value of the linear utility
function. The problem to be solved at each iteration is given by:

(𝑃𝑝𝑚)



max 𝑓𝑚 (𝑥),
𝑠 .𝑡 .,

𝑓𝑖 (𝑥) ≥ 𝑏𝑘𝑖 , 𝑖 ∈ {1, 2, . . . , 𝐾}, 𝑖 ≠𝑚,∑𝐾
𝑖=1 𝑣𝑖 𝑓𝑖 (𝑥) ≥ 𝑣𝑙 + 𝑔∗ |𝑣𝑙 |,∑𝐾
𝑖=1 𝑣𝑖 𝑓𝑖 (𝑥) ≤ 𝑣𝑢,

𝑥 ∈ S.
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The algorithm’s decomposition and search procedure is accompanied by problem-specific mechanisms
for efficiently exploring the space of objective functions. The algorithm is designed to produce solutions
meeting a predefined accuracy level 𝑔∗.
Method’s algorithm:

Algorithm 8: B.Lokman’s method
Resultat : The optimal solution of the utility function on all non-dominated points Y𝑁𝐷 of

MOILP problem
• Step 1: Initialization

𝑚 = arg max𝑖∈{1,2,...,𝐾} 𝑣𝑖 .
𝑤𝑖 = 𝑣𝑖 −min𝑙∈{1,2,...,𝐾} 𝑣𝑙 + 1, 𝑖 ∈ {1, 2, . . . , 𝐾}.
𝑓
′0 = max𝑥∈X𝜓 (𝑓 ) et𝜓𝑢 = 𝜓 (𝑓 ′0).

Solve 𝐸𝑤0 and note the optimum point as 𝑓 0.
Define 𝑓 𝑖𝑛𝑐 = 𝑓 0 and𝜓 𝑙 = 𝜓 (𝑓 0),
put 𝑓 𝑖𝑛𝑐 = 𝑓 0 and𝜓 𝑙 = 𝜓 (𝑓 𝑖𝑛𝑐).
𝑓
′1 = max𝑥∈X 𝑓𝑚 (𝑥) and 𝑛 = 1
• Step 2: Non-dominance check

Solve 𝐸𝑤𝑛 (𝑥).
Note the optimum point as 𝑓 𝑛 .
• Step 3: Updating of bounds

If 𝜓 (𝑓 𝑛) > 𝜓 (𝑓 𝑖𝑛𝑐), Then

Define 𝑓 𝑖𝑛𝑐 = 𝑓 𝑛 and𝜓 𝑙 = 𝜓 (𝑓 𝑖𝑛𝑐).
IF 𝑔 =

|𝜓𝑤−𝜓 (𝑓 𝑖𝑛𝑐 ) |
|𝜓𝑤 | ≤ 𝑔∗.

Go to step 5.
Else.
Go to step 4.
• Step 4: Generating new points

Define 𝑛 = 𝑛 + 1 and update K
𝑛
𝑚 .

Solve 𝑃𝑘𝑚 corresponding to each𝑘 ∈ K
𝑛
𝑚 .

If 𝑃𝑘𝑛 is impossible for all Then

𝑘 ∈ K
𝑛
𝑚 , go to step 5.

Else

Find 𝑘∗ = arg max𝑘∈K𝑛
𝑚,𝑓𝑃𝑘𝑚

≠∅𝜓 (𝑓 𝑘𝑚 ), assign 𝑓 ′𝑛 = 𝑓 𝑘∗ , and go to step 2.
• Step 5: Stop.

𝑓 𝑖𝑛𝑐 maximizes (approximates) the𝜓 function on the set of undominated points (with the level
of precision, 𝑔∗).
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The algorithm verifies whether a point 𝑓 ′𝑛𝑖 is dominated or not by solving the non-dominance test 1.18:

(𝐸𝑤𝑛 )


max

∑𝐾
𝑗=1𝑤𝑖 𝑓𝑖 (𝑥),

𝑠 .𝑡 .,

𝑓𝑖 (𝑥) ≥ 𝑓
′𝑛
𝑖 , 𝑖 ∈ {1, 2, . . . , 𝐾}, 𝑖 ≠𝑚,

𝑥 ∈ S.

(1.18)

1.4.3 Biobjective Optimzation over an efficient Set

Bi-objective optimizing over the efficient set of MOILP problems can be written as follows:
Let 𝑑 1, 𝑑2 be two row-vectors in ℝ𝑛 representing preference functions of decision makers.

(𝐵𝑂𝐿𝐹/𝑀𝑂𝐼𝐿𝑃)


min 𝜙 1 = 𝑑 1𝑥,

min𝜙2 = 𝑑2𝑥,

𝑠 .𝑡 .,

𝑥 ∈ X𝐸,

where, X𝐸 is the set of efficient solutions to a MOILP problem.

Charfaoui and Moulaı̈ Metohd

[Cherfaoui and Moulaı̈, 2021] propose an exact method to optimize two preference functions over the
efficient set of a multiobjective integer linear program (MOILP). The problems arise whenever two
associated decision-makers have to optimize their respective preference functions over many efficient
solutions.
The proposed method is a branch-and-cut algorithm based on linear programming, for finding efficient
solutions in terms of both preference functions and the MOILP problem, without explicitly enumerating
all efficient solutions of the MOILP problem. The branch and bound process, strengthened by efficient
cuts and tests, allows us to prune a large number of nodes in the tree to avoid many solutions.
Algorithm: The following algorithm 9 present the different steps of the proposed method:
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Algorithm 9: Bi-objective optimization over an efficient set of MOILP problem.
Result: X𝐸𝑓 𝑓 : the solution to (𝐵𝑂𝐿𝐹/𝑀𝑂𝐼𝐿𝑃)
• Step 1: Initialization: X𝐸𝑓 𝑓 = ∅, 𝑙 = 0, S0 = S.
while there is an unfathomed node 𝑙 do

• solve (𝐿𝑃)𝑙 using simplex or dual simplex method.
if (𝐿𝑃)𝑙 has an optimal solution 𝑥∗(𝑙) then

if 𝑥∗(𝑙) is integer then

Solve (𝐸𝐾 1(𝑥𝑙 ));
if the optimal value of the objective function of (𝐸𝐾 1(𝑥𝑙 )) is 0 then

Solve (𝐸𝐾2(𝑥𝑙 ));
if the optimal value of the objective function of (𝐸𝐾2(𝑥𝑙 )) is 0 then

X𝐸𝑓 𝑓 = X𝐸𝑓 𝑓 ∪ {𝑥∗(𝑙)}
end

end

Construct the setsH𝑙 andH ′𝑙 ;
if H𝑙 = ∅ orH ′𝑙 = ∅ then

Fathom the node 𝑙
else

Add the two cuts relative toH𝑙 andH ′𝑙 to the successors of 𝑙 ;
end

else

Choose an index 𝑘 such that 𝑥∗(𝑙)
𝑘

is fractional. Then, split the program (𝐿𝑃)𝑙 into
two subprograms by adding respectively the constraints 𝑥𝑘 = ⌊𝑥∗(𝑙)𝑘

⌋ and
𝑥𝑘 = ⌊𝑥∗(𝑙)𝑘

⌋ + 1 to obtain (𝐿𝑃)𝑙1 and (𝐿𝑃)𝑙2 , where 𝑙1 > 𝑙 , 𝑙2 > 𝑙 , and 𝑙1 ≠ 𝑙2.
end

else

Fathom the node 𝑙 .
end

end
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Chapter
Multi-objective Stochastic Linear Pro-
gramming

”The only way to do great work is to love what you do.”
”La seule façon de faire un excellent travail est d’aimer ce que vous faites.”

Steve Jobs

2.1 Introduction

The notion of randomness in optimization problems first appeared in the 50𝑠 in the work of [Bellman, 1958],
[Beale et al., 1986], and ([Sengupta et al., 2012]) and since then, stochastic programming has seen very
rapid development. Uncertainty in optimization problems affects many areas, such as market prices,
delivery times, machine availability and many others. In stochastic linear programming, certain aspects
of the random phenomenon may be known from historical data, or from probability laws, or from
the moments of the random variable (e.g. the moment of order 1, the mathematical expectation or the
variance), or from scenarios that can be created from historical data (e.g. the mortality rate among
newborns, the temperatures of the last decade), or from experts who can predict the behavior of the
random phenomenon.
In this chapter, we present various approaches used in stochastic programming and explore different
models within stochastic programming. We will also provide an overview of MOSILP and discuss
stochastic optimization over the efficient set of a MOSILP problem.

27
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2.2 Stochastic Linear Programming Overview

2.2.1 Definitions & Approaches

The general model of stochastic programming is defined as follows:

(𝑆𝐿𝑃)


“ min ” 𝑓 = 𝐶 (𝜉)𝑥,
𝑠 .𝑡 .,

𝑇 (𝜉)𝑥 = ℎ(𝜉),
𝑥 ∈ S,

(2.1)

where, 𝑥 ∈ ℝ𝑛 , (𝑇,𝐶, ℎ) of respective dimensions (𝑚0 × 𝑛), (1 × 𝑛) and (𝑚0 × 1).
The coefficients of 𝑇 (𝜉), 𝐶 (𝜉) as well as ℎ(𝜉) are random variables defined on a probability space
(Ω,Ξ, 𝑃).
S = {𝑥 | 𝐴𝑥 ≤ 𝑏, 𝑥 ≥ 0} is a deterministic convex polyhedron.

There are two approaches to stochastic linear programming [Kolbin, 1977, Birge and Louveaux, 2011,
Haneveld and Van der Vlerk, 2020].

1. ”Here and Now” Approach.
As its name suggests, it involves dealing with the real problem of making a decision in the face
of an uncertain future. A solution must be found immediately, without prior knowledge of the
outcome of the random 𝜉 ∈ Ω.

2. ”Wait and See” Approach.
This approach designates the situation in which the decision-maker can wait for the random
realization before taking the decision, which therefore corresponds to the optimal solution 𝑥 (𝜉) of
the deterministic linear problem defined by the 𝜉 realization obtained. This approach is interesting
from a theoretical point of view because of the distribution problem it poses. Considering 𝑥 (𝜉)
as the optimal solution of the problem depending on a random parameter 𝜉 ∈ Ω, this problem
consists in determining the distribution of the optimal solution 𝑥 (𝜉) for 𝜉 ∈ Ω.

However, the problem (2.1) is not well defined as the meaning of “ min ”, and the constraints are not if
we want to make a decision on 𝑥 before knowing . Consequently, a revision of the modeling process is
necessary, leading to a transformation into an equivalent deterministic problem for (2.1) that can be
established by different approaches.

2.2.2 Optimization criterion for the equivalent problem

Various ways of defining the objective function of the equivalent problem can be used:
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Bayes or mathematical expectation criterion

This criterion is used to minimize the mathematical expectation 𝑓 = 𝐸 (𝐶𝑇 (𝜉))𝑥 = 𝐶𝑇 (𝜉)𝑥 of objective
𝑓 (𝑥, 𝜉).

min
𝑥∈S

𝑓 (𝑥) = 𝐶𝑇 (𝜉)𝑥 . (2.2)

The disadvantage of this criterion is that, by unifying the importance of gains, whatever their value, it
does not take into account the notion of risk.

Variance criterion

Another classic interpretation of the program (2.1)is to minimize the variance of the objective 𝑓 (𝑥, 𝜉)

min
𝑥∈S

𝜎2 = 𝑥𝑡𝑉𝑥. (2.3)

Expectation-Variance criterion

This criterion consists in minimizing the variance of 𝑓 (𝑥, 𝜉) while achieving a minimum level of return
𝑓0 set beforehand by the decision-maker:

min
𝑥∈S

𝜎2,

𝑠 .𝑡 .,

𝐶
𝑡
𝑥 ≥ 𝑓0.

(2.4)

The problem with this criterion is the choice of the right 𝑓0.

Kataoka criterion

Kataoka-type problems are of the form:

(𝑝)


min 𝑢,

𝑠.𝑡 .,

𝑃
(
𝐶𝑇 (𝜉)𝑥 ≤ 𝑢

)
= 𝛼.

𝑥 ∈ S.

(2.5)

For this model to be used effectively, 𝑢 must minimize the objective 𝐹 (𝑥, 𝜉), in this case 𝐶 (𝜉) should
follow a normal distribution with mean 𝑐 and variance 𝜎2(𝑥) = 𝑥𝑡𝑉𝑥 , such that:

𝑃

(
𝐶𝑇 (𝜉)𝑥 ≤ 𝑢

)
= 𝛼 ⇔ 𝜙

(
𝑢 −𝐶𝑡𝑥
√
𝑥𝑡𝑉𝑥

)
= 𝛼 ⇔ 𝑢 = 𝐶

𝑡
𝑥 + 𝜙−1√𝑥𝑡𝑉𝑥.
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Minimize 𝑢 reduces to solving the following problem:

min
𝑥∈S

𝑔(𝑥) = 𝐶𝑡𝑥 + 𝜙−1(𝛼)
√
𝑥𝑡𝑉𝑥. (2.6)

The matrix 𝑉 is positive definite, hence
√
𝑥𝑡𝑉𝑥 is convex, 𝐶𝑡𝑥 is affine. The function 𝑔(𝑥) is convex if

and only if 𝜙−1(𝛼) ≥ 0, in other words, 𝛼 ≥ 1
2 , see [Kataoka, 1963].

The term 𝜙−1(𝛼)
√
𝑥𝑡𝑉𝑥 can be interpreted as a penalty for accepting a risk, which is greater the higher

the variance 𝜎2(𝑥) of 𝐹 (𝑥, 𝜉).
The problem (2.6) is solved by an iterative method by Kataoka:
The term 𝜙−1(𝛼)

√
𝑥𝑡𝑉𝑥 is first neglected, which amounts to minimizing 𝐶𝑡𝑥 over the decision set S.

Given 𝑥0 as the optimal solution and 𝑅0 = 𝑥𝑡0𝑉𝑥0, we solve the following quadratic problem:

max
𝑥∈S

(
𝐶
𝑡 + 𝜙−1(𝛼) (𝑅

1
2
0𝑥

𝑡𝑉𝑥)
)
. (2.7)

Solving the program (2.7) gives a solution 𝑥 1
0 and 𝑅1

0 = 𝑥 1𝑡
0𝑉𝑥

1
0, we solve the quadratic program by

replacing 𝑅0 by 𝑅 (1)0 .
Handling random constraints requires special attention.

2.2.3 Different types of SLP model

There are two ways of defining the constraints of the equivalent deterministic problem in stochastic
programming:

• Model with probability threshold on constraints “Chance Constrainted Programming”

• Recourse model “Stochastic Programming with Recourse”

Chance Constraints (CC) Model

These models first appeared in the work of [Charnes and Cooper, 1962] under the name of probabilistic
constraint programming. The modeling idea for CC model is to impose a probability for violation of
random constraints.

• Assume a probability threshold 𝛼𝑖 for each random constraint, 𝑖 ∈ {1, . . . ,𝑚}, with 0 ≤ 𝛼𝑖 ≤ 1.
We assume that the cost function does not depend on the random variable 𝜉

min 𝐶𝑇𝑥,

𝑠 .𝑡 .,

𝑃 (𝑇𝑖 (𝜉)𝑥 ≥ ℎ𝑖 (𝜉)) ≥ 𝛼𝑖, 𝑖 ∈ {1, . . . ,𝑚},
𝐴𝑥 ≤ 𝑏,

(2.8)

where, 𝛼𝑖 being a user-set probability that reflects an acceptable tolerance for random constraint
violation.
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• Assume a global probability threshold 𝛼 , for all constraints. The problem is as follows:
min 𝐶𝑇𝑥,

𝑠 .𝑡 .,

𝑃 (𝑇 (𝜉)𝑥 ≥ ℎ(𝜉)) ≥ 𝛼,
𝐴𝑥 ≤ 𝑏.

(2.9)

In this situation:
S(𝛼𝑖) = {𝑥 ∈ ℝ𝑛 |𝑃 [𝑇𝑖 (𝜉) ≥ ℎ𝑖 (𝜉)]}.

S(𝛼) = {𝑥 ∈ ℝ𝑛 |𝑃 [𝑇 (𝜉) ≥ ℎ(𝜉)]}.

The problem with this approach is that the solution set of problems (2.8)and (2.9) in general is not
convex, in addition, this problem of convexity of the sets S(𝑝𝑖) and S(𝑝) depends on the random nature
of 𝑇 , ℎ.and also probability thresholds 𝛼 , 𝛼𝑖 . To solve this problem, we cite some convexity conditions
for the sets S(𝛼) or S(𝛼𝑖), see [Kall, 1976, Sengupta et al., 2012].
T and h are random and normally distributed

• T and h are not independent

Assume that (𝑇𝑖, ℎ𝑖)
′ is a mean normally distributed random vector 𝜇 ∈ ℝ𝑛+1 and variance-

covariance matrix S
S(𝛼𝑖) = {𝑥 |𝑃 (𝜁 (𝑥) ≥ 0) ≥ 𝛼𝑖},

S(𝛼𝑖) = {𝑥 |𝑃 (
𝜁 (𝑥) −𝑚𝜁 (𝑥)

𝜎𝜁 (𝑥)
≥
−𝑚𝜁 (𝑥)
𝜎𝜁 (𝑥)

) ≥ 𝛼𝑖},

= {𝑥 |1 − 𝜙 (
−𝑚𝜁 (𝑥)
𝜎𝜁 (𝑥)

) ≥ 𝛼𝑖},

= {𝑥 |𝜙 (
−𝑚𝜁 (𝑥)
𝜎𝜁 (𝑥)

) ≤ 1 − 𝛼𝑖},

= {𝑥 |
−𝑚𝜁 (𝑥)
𝜎𝜁 (𝑥)

≤ 𝜙−1(1 − 𝛼𝑖)},

= {𝑥 | 𝑚𝜁 (𝑥) + 𝜎𝜁 (𝑥)𝜙−1(1 − 𝛼𝑖) ≥ 0}.

Since𝑚𝜁 (𝑥) is affine in 𝑥 and 𝜎𝜁 (𝑥) is convex in 𝑥 , the constraint {𝑚𝜁 (𝑥) +𝜎𝜁 (𝑥)𝜙−1(1−𝛼𝑖) ≥ 0}
is convex if and only if {𝜙−1(1 − 𝛼𝑖) ≥ 0} and this is the case if 𝛼𝑖 ≤ 0.5.

• T and h are independent

Let the distributions of variables 𝑇 and ℎ.

𝑇𝑖 𝑗 ⇝ 𝑁 (𝜇𝑖 𝑗 ,𝑉 2
𝑖 𝑗 ), ℎ𝑖 ⇝ 𝑁 (𝑚𝑖, 𝜎

2
𝑖 ).

Let the variable 𝑦𝑖 = 𝑇𝑖𝑥 − ℎ𝑖 has for distribution:

𝑦𝑖 ⇝ 𝑁 (
𝑛∑︁
𝑗=1

𝜇𝑖 𝑗 −𝑚𝑖,

𝑛∑︁
𝑗=1
𝑉 2
𝑖, 𝑗𝑥

2
𝑗 + 𝜎2

𝑖 ).
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Hence

S(𝛼𝑖) = {𝑥 ∈ ℝ𝑛 |
𝑛∑︁
𝑗=1

𝜇𝑖 𝑗𝑥 𝑗 −𝑚𝑖 + 𝜙−1(𝛼𝑖)

√√√ 𝑛∑︁
𝑗=1
𝑉 2
𝑖, 𝑗𝑥

2
𝑗 + 𝜎2

𝑖 ≤ 0}.

T is deterministic and h is random

In this case, the problem is simple. Let 𝐹𝑖 be the distribution function of ℎ𝑖 , then:

S(𝛼𝑖) = {𝑥 | 𝑃 (𝑇𝑖 (𝜉)𝑥 ≥ ℎ𝑖 (𝜉) ≥ 𝛼𝑖},

S(𝛼𝑖) = {𝑥 |𝐹𝑖 (𝑇𝑖𝑥) ≥ 𝛼𝑖},

S(𝛼𝑖) = {𝑥 |𝑇𝑖𝑥 ≤ 𝐹−1
𝑖 (𝛼𝑖)},

where S(𝛼𝑖) is a set of linear constraints at 𝑥 , hence it is convex.

Recourse model

Stochastic programming (SP) is essentially interested in problems where a decision has to be made about
the field in the presence of uncertainty, without waiting for the realization of certain random variables;
this type of problem is often referred to as “here and now” [Walkup and Wets, 1967, Hansotia, 1980].
The problem can be spread over several stages, depending on the purpose of the study, but in this
chapter let’s consider the case of two stages only. The variables in the first stage are considered to be
variables that can no longer change in the second stage. The decision at the first stage must be taken
within the constraints specific to that stage. The second stage comprises actions that can be taken
to satisfy constraints involving variables from the first stage. All these steps are summarized in the
following program: 

min 𝐶𝑇𝑥 +𝑄 (𝑥),
𝑠 .𝑡 .,

𝐴𝑥 ≤ 𝑏,
𝑥 ≥ 0,

𝑤𝑖𝑡ℎ 𝑄 (𝑥) = 𝐸 [𝑄 (𝑥, 𝜉)] =
∑︁
𝑗

𝑝 𝑗𝑄 (𝑥, 𝜉 𝑗 ),

(2.10)

where,

𝑄 (𝑥, 𝜉) = min{𝑞(𝜉)𝑇𝑦 |𝑊 (𝜉)𝑦 = ℎ(𝜉) −𝑇 (𝜉)𝑥,𝑦 ≥ 0}. (2.11)

And, 𝑝 𝑗 is the probability of 𝜉 = (𝜉) 𝑗 , the 𝑗𝑒𝑚𝑒 realization of 𝜉 , 𝑊 (𝜉) is called a recourse matrix of
dimension (𝑚0, 𝑛0).
ℎ(𝜉) = ℎ0 + 𝐻𝜉 = ℎ0 +

∑︁
𝑖

ℎ𝑖𝜉𝑖 , 𝑇 (𝜉) = 𝑇0 +
∑︁
𝑖

𝑡𝑖𝜉𝑖 and 𝑞(𝜉) = 𝑞0 +
∑︁
𝑖

𝑞𝑖𝜉𝑖 and 𝑄 (𝑥, 𝜉) represents the

optimal recourse value and 𝐸 [𝑄 (𝑥, 𝜉)] represents the mathematical expectation of the cost of recourse.
Problem (2.10) is the first-level problem, to be solved without the random constraints, and problem
(2.11) is the second-level problem for a given decision 𝑥 and realization 𝑥𝑖 .
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Different types of recourse

In the literature, there are several types of recourse; in our thesis, we will mention the most frequently
used:

Definition 2.2.1. Fixed recourse A recourse is considered to be fixed or deterministic if the values 𝑞 and
𝑊 of a program with recourse (2.10) are not dependent on 𝜉 , and their values are known a priori.

Definition 2.2.2. Complete recourse The fixed recourse is considered as complete if:
∀𝑥 ∈ ℝ𝑛 there is 𝑦 ∈ Y such as 𝑄 (𝑥, 𝜉) < +∞; ∀𝜉 ∈ Ξ.

Definition 2.2.3. Relatively complete recourse A fixed remedy is relatively complete if:
∀𝑥 ∈ S ⊆ ℝ𝑛 there is 𝑦 ∈ Y such as 𝑄 (𝑥, 𝜉) < +∞ ∀𝜉 ∈ Ξ.

The difference between the two types of recourse concerns the set of 𝑥 for which there is a solution at
the second level. If this set is the domain of definition of 𝑥 in the first step, the recourse is relatively
complete, whereas if it is ℝ𝑛 , then the recourse is complete.

Definition 2.2.4. Simple recourse This is a special case of complete fixed recourse, corresponding to the
case where the recourse matrix𝑊 = (𝐼 ,−𝐼 ) where 𝐼 represents the identity matrix of order𝑚0.

2.2.4 L-Shaped Decomposition Method

In this section, we describe the L-shaped decomposition method of Van Slyke and Wets [Van Slyke and Wets, 1969].
The principle of this method is to break down the problem into two stages. The first-stage variables are
those whose value must be fixed before the random variables are realized, and cannot be modified in
any way following the realization of the random variable. On the other hand, the second-stage variables
(the recourse variables) are allowed to depend on the random variables and the first-stgae variables. The
principle of the L-Shaped method is that we take into account all available information in order to make
decisions, but at the same time, it is unrealistic to take into account unknown events, which exist, at the
time of the decision, only in a probabilistic space. It’s crucial to discern between two methodologies,
both labeled as the ”L-shaped method.” The more widely recognized version, employed in this paper,
pertains to a SP approach. In contrast, [Boland et al., 2016] introduced their ”L-shaped method” tailored
for solving deterministic multi-objective problems through a search for non-dominated solutions.

Feasibility test

Another definition of feasibility is introduced. If we have a solution of the first level 𝑥 = 𝑥0 of the
problem (2.10), how do we decide if this solution is feasible for the problem (2.11) and for all possible
values of 𝜉 , in the case where we can’t know if the recourse is relatively complete.
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Lemma 2.2.1 (Farkas’s lemma [Kall and Kall, 1976]).

{𝑦 |𝑊𝑦 = ℎ,𝑦 ≥ 0} ≠ ∅

, if and only if

𝑊 𝑇𝑢 ≥ 0⇒ ℎ𝑇𝑢 ≥ 0.

By changing the sign of 𝑢, the second part of the equivalent can be rewritten as follows:

𝑊 𝑇𝑢 ≤ 0⇒ ℎ𝑇𝑢 ≤ 0,

or the equivalent:
ℎ𝑇𝑢 ≥ 0 𝑤ℎ𝑒𝑛 𝑡 ∈ {𝑢 |𝑊 𝑇𝑢 ≥ 0}.

However, this can be reformulated as:

{𝑢 |𝑊 𝑇𝑢 ≤ 0} = {𝑢 |𝑢𝑇𝑊𝑦 ≤ 0 ∀𝑦 ≤ 0}.

{𝑢 |𝑊 𝑇𝑢 ≤ 0} = {𝑢 |𝑢𝑇ℎ ≤ 0 ∀ℎ ∈ 𝑝𝑜𝑠 𝑊 }. (2.12)

The expression (2.12) defines the polar cone of 𝑝𝑜𝑠𝑊 :

𝑝𝑜𝑙 𝑝𝑜𝑠 𝑊 = {𝑢 |𝑢𝑇ℎ ≤ 0 ∀ℎ ∈ 𝑝𝑜𝑠𝑊 }.

In the case where we do not know all the values of 𝑝𝑜𝑙 𝑝𝑜𝑠𝑊 , and we are not aware of the relatively
complete recourse, for a given 𝑥0 and for all 𝜉 ∈ we need to check feasibility.
We would like to find 𝜎 such that:

𝜎𝑇 𝑡 ≤ 0 ∀𝑡 ∈ 𝑝𝑜𝑠𝑊 .

This is equivalent to requiring that 𝜎𝑇𝑊 ≤ 0. In other words,𝜎 must be in the 𝑝𝑜𝑙𝑝𝑜𝑠𝑊 cone, we
should at the same time require that 𝜎𝑇 [ℎ (𝜉) −𝑇 (𝜉) 𝑥0] ≥ 0, because if we can add the constraint
𝜎𝑇 [ℎ (𝜉) −𝑇 (𝜉) 𝑥] ≤ 0 to the problem (2.1), we must exclude [ℎ (𝜉) −𝑇 (𝜉) 𝑥0] without excluding
feasible solutions. So we solve the following problem:

max
𝜎
{𝜎𝑇 (ℎ (𝜉) −𝑇 (𝜉)) 𝑥0 |𝜎𝑇𝑊 ≤ 0, ∥𝜎 ∥ ≤ 1}. (2.13)

The last constraint is introduced to bound 𝜎 , otherwise the maximum value will be equal to +∞, and
we are not interested in this as we are looking for a direction well defined by 𝜎 .
If for a given 𝜉𝑖 we have found that [ℎ𝑖 −𝑇𝑖𝑥0] 𝜎 > 0 then for this 𝜉𝑖 the first-stage solution 𝑥 = 𝑥0 does
not generate the feasible second-stage problem, so we have to exclude this 𝑥0 solution, thus creating
the feasibility cut

𝜎𝑇 [ℎ𝑖 −𝑇𝑖𝑥] ≤ 0. (2.14)
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Optimality Test

Assuming we have a complete relative recourse or feasibility cuts, the second-stage problem:

min{𝑞(𝜉)𝑇𝑦 |𝑊𝑦 = ℎ(𝜉) −𝑇 (𝜉)𝑥,𝑦 ≥ 0}. (2.15)

is feasible and its dual problem is given by:

max
𝜋
{𝜋𝑇 (ℎ(𝜉) −𝑇 (𝜉)𝑥) | 𝜋𝑇𝑊 ≤ 𝑞(𝜉)𝑇 }. (2.16)

The problem (2.10) can be rewritten by introducing a new variable 𝜃



min 𝐶𝑇𝑥 + 𝜃,
𝑠 .𝑡 .,

𝐴𝑥 ≤ 𝑏,
𝜎𝑇𝑇𝑥 ≥ 𝜎𝑇ℎ,
𝜃 ≥ 𝑄 (𝑥),
𝑥 ≥ 0.

(2.17)

𝑥0 a feasible solution of the first stage and 𝜃0 initially set to −∞, the value of 𝑄 (𝑥0) is calculated from
the dual problem (2.16)

𝑄 (𝑥0) =
𝑁∑︁
𝑖

𝑝𝑖𝑄 (𝑥0, 𝜉𝑖) =
𝑁∑︁
𝑖

𝑝𝑖𝜋
𝑇
𝑖 (ℎ𝑖 −𝑇𝑖𝑥0) . (2.18)

If 𝑄 (𝑥0) < 𝜃0, then 𝑥0 is an optimal solution, otherwise we exclude the 𝑥0 solution and create the
optimality cut

𝜃 ≥
𝑁∑︁
𝑖

𝑝𝑖𝜋
𝑇 (ℎ𝑖 −𝑇𝑖𝑥) . (2.19)

The following algorithm 10 resumes in detail the main steps of the L-shaped method:

2.3 General Aspects of Multi-Objective stochastic Linear Pro-

gramming

2.3.1 Problem formulation & Definitions
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Algorithm 10: L-shaped Method

Data: Initialization 𝜃 = −∞, 𝑙 = 0.
Result: 𝑋𝑠𝑜𝑙 : the optimal solutions of the problem (2.17).
while As long as a unfathomed node 𝑙 exists in the tree do

solve the problem (2.17) using simplex or dual simplex method;
if the problem (2.17) has a feasible solution 𝑥𝑙 then

if 𝑥𝑙 is integer then

Feasibility test

Solve the program (2.13);
if 𝜎𝑇𝑟 [ℎ(𝜉𝑟 ) −𝑇 (𝜉𝑟 )𝑥𝑙 ] > 0 then

Add the feasibility cut (2.14) to the successors of 𝑙 ;
else

Optimality test

Solve the program (2.16), calculate Q(x);
if 𝑄 (𝑥𝑙 ) > 𝜃 𝑙 then

Add the optimality cut (2.19) to the successors of 𝑙 ;
else

𝑋𝑠𝑜𝑙 = 𝑥
𝑙

end

end

end

end

end

The corresponding node 𝑙 is fathomed;

MOSLP problem

A MOSLP problem is defined, in general, as follows [Stancu-Minasian, 1990]:



“ min′′ 𝐶𝑖 (𝜉)𝑥 𝑖 ∈ {1, 2, . . . , 𝐾}
𝑠 .𝑡 .,

𝐴𝑥 ≤ 𝑏,
𝑇 (𝜉)𝑥 = ℎ((𝜉),
𝑥 ≥ 0,

(2.20)

where, the coefficients (𝑇, 𝑐, ℎ) are random variables with known distributions, defined on a probability
space (Ω,Ξ, 𝑃), with (𝑐,𝑇 , ℎ) of respective dimension (𝑝, 𝑛), (𝑚0, 𝑛), (𝑚0, 1).

MOSILP problem:

A MOSILP problem can be formulated as follows [Amrouche and Moulaı̈, 2012, Badaoui et al., 2024]:
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

“ min′′ 𝐶𝑖 (𝜉)𝑥 𝑖 ∈ {1, 2, . . . , 𝐾},
𝑠 .𝑡 .,

𝐴𝑥 ≤ 𝑏,
𝑇 (𝜉)𝑥 = ℎ((𝜉),
𝑥 ∈ ℕ.

(2.21)

Efficient solution concepts

In this paragraph we give some definitions of efficient solutions. These definitions are consistent with
the objective approach and are determined by transforming a MOSLP problem into a deterministic
MOLP problem, using one of the approaches presented in the previous chapter. Deterministic problem
solving yields a set of efficient solutions considered to be efficient solutions of the initial problem.

Definition 2.3.1. (Average efficiency of solution ([White, 1974]) )
𝑥★ is said to be an efficient solution on average for the problem (2.20), if it is efficient for the problem

“ min ” 𝐹𝑖 = 𝐶𝑖 (𝜉)𝑥 𝑖 ∈ {1, 2, . . . , 𝐾},

such that 𝐹𝑖 = 𝐸 (𝐹𝑖) =
𝑁∑︁
𝑗=1
𝑝 𝑗𝐹𝑖 𝑗 =

𝑁∑︁
𝑗=1
𝑝 𝑗𝐶𝑖 (𝜉 𝑗 )𝑥 = 𝐸 (𝐶𝑖 (𝜉)𝑥).

Definition 2.3.2. (Efficient solution with minimum variance ([White, 1974]))
A solution 𝑥★ is said to be efficient with minimum variance for the problem (2.20) if it is efficient for the
problem

min
𝑥∈𝑆
(𝜎2

1 (𝑥), ..., 𝜎2
𝐾 (𝑥)) .

𝜎2
𝑘
(𝑥) is the variance of the 𝐾th objective

Definition 2.3.3. (Efficient solution with minimum risk ([Stancu-Minasian, 1990]))
A solution 𝑥★ is said to be efficient with minimum risk for the problem (2.20) if it is efficient for the problem

max
𝑥∈S
(𝑃 (𝐹1 ≤ 𝛼1), · · · , 𝑃 (𝐹𝐾 ≤ 𝛼𝐾 )) .

Applying this criterion requires knowledge of the distribution functions or probability laws of stochastic
objectives, as well as the aspiration level set by the decision-maker.

Definition 2.3.4. (Efficient solution with Probability ([Stancu-Minasian, 1990]))
𝑥★ is an efficient solution with probality (𝛼1, · · · , 𝛼𝐾 ) for the problem (2.20) if there exists 𝛽★ =

(
𝛽★1 , · · · , 𝛽★𝐾

)
such that (𝑥★, 𝛽★) is efficient for the following program:

min
(𝑥,𝛽)

(𝛽1, · · · , 𝛽𝐾 )

𝑠 .𝑡 .,

𝑃
(
𝐶𝑇 (𝜉) ≤ 𝛽𝑖

)
≥ 𝛼𝑖, 𝑖 ∈ {1, 2, . . . , 𝐾},

where, (𝛼1, · · · , 𝛼𝐾 ) are the probability thresholds set a priori by the decision-maker.
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2.3.2 Equivalent deterministic problem of MOSILP problem

Let us commence by considering a probability space (Ω,Ξ, 𝑃) that encompasses random variables
controlled by a finite discrete probability distribution (𝜉𝑟 , 𝑃𝑟 ), 𝑟 ∈ {1, . . . , 𝑅}. This distribution comprises
a limited number of realizations, denoted by 𝑅, with each realization corresponding to a distinct
scenario.
For each realization 𝜉𝑟 of 𝜉 , we associate a criterion 𝑓 𝑟𝑖 = 𝐶𝑖 (𝜉𝑟 )𝑥 , where𝐶𝑖 (𝜉𝑟 )𝑥 represents the objective
function for the 𝑖𝑡ℎ objective under the 𝑟 𝑡ℎ scenario. Furthermore, we introduce a matrix 𝑇 (𝜉𝑟 ) and a
vector ℎ(𝜉𝑟 ) to incorporate the diverse scenarios that impact the 𝐾 objectives and stochastic constraints.
By employing this approach, we can effectively integrate the uncertainty within the problem and
reformulation of the problem (3.1) as follows:

(𝑀𝑂𝑆𝐼𝐿𝑃𝑅)



min 𝑓 𝑟𝑖 = 𝐶𝑖 (𝜉𝑟 )𝑥 ; 𝑖 ∈ {1, 2, . . . , 𝐾}; 𝑟 ∈ {1, . . . , 𝑅},
𝑠 .𝑡 .,

𝐴 𝑥 = 𝑏,

𝑇 (𝜉𝑟 ) 𝑥 = ℎ(𝜉𝑟 ) 𝑟 ∈ {1, . . . , 𝑅},
𝑥 ∈ ℕ.

(2.22)

We adopt adopts the concept of recourse from single-criterion stochastic programming, as previ-
ously explored by [Van Slyke and Wets, 1969, Teghem, 1983, Teghem, 1990, Higle and Sen, 1991], using
a deterministic recourse matrix W. To effectively address constraint violations, penalties denoted as
𝑞𝑟 = 𝑞(𝜉𝑟 ) are assigned to each realization 𝑓 𝑟𝑖 , where 𝑟 ∈ {1, . . . , 𝑅}. Moreover, to integrate these
penalties into the problem formulation, a recourse function ℚ(𝑥, 𝜉𝑟 ) is introduced, as defined in (2.23).
This function encapsulates the penalties associated with constraint violations and is incorporated into
each criterion 𝑓 𝑟𝑖 .

ℚ(𝑥, 𝜉𝑟 ) = min
𝑦
{(𝑞𝑟 )𝑇𝑦 |𝑊𝑦 = ℎ(𝜉𝑟 ) −𝑇 (𝜉𝑟 )𝑥,𝑦 ≥ 0}. (2.23)

The deterministic equivalent of the problem presented in (2.22) takes the form of a multi-objective
integer linear program (MOILP). This program can be defined as follows:

(𝑀𝑂𝐼𝐿𝑃𝐷)



min 𝑓𝑖 +𝑄 (𝑥); 𝑖 ∈ {1, 2, . . . , 𝐾},
𝑠 .𝑡 .,

𝐴𝑥 = 𝑏, ,

𝑥 ∈ ℕ,

(2.24)
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where: 
𝑓𝑖 = 𝔼[𝑓 𝑟𝑖 ] =

𝑅∑︁
𝑟=1

𝑃𝑟 𝑓 𝑟𝑖 =

𝑅∑︁
𝑟=1

𝑃𝑟𝐶𝑖 (𝜉𝑟 )𝑥 = 𝐶𝑖𝑥 ; 𝑖 ∈ {1, 2, . . . , 𝐾}.

𝑄 (𝑥) = 𝔼[𝑄 (𝑥, 𝜉)] =
𝑅∑︁
𝑟=1

𝑃𝑟 (𝑞𝑟 )𝑇𝑦𝑟 .

2.3.3 Interactive solving methods for MOSLP

In recent years, there has been particular interest in solving stochastic multi-objective problems. The
goal of these methods is to provide decision-makers with a decision-making tool. Most methods for
solving stochastic multi-objective problems first transform the problems into deterministic ones and
then solve them using iterative methods: PROTRADE method [Goicoechea, 1980], STRANGE method
[Teghem Jr et al., 1986], and PROMISE method [Urli and Nadeau, 2004].

PROTRADE Method

This method was developed by [Goicoechea et al., 1976] and is inspired by the Step Model (STEM)
for deterministic MOP by [Benayoun et al., 1971]. It focuses on problems where the coefficients 𝑐𝑘
are random, the constraints may be random, linear, or nonlinear, and the random variables can be
continuous or discrete. We can distinguish two steps in this method. The first step aims to determine the
efficient solution, and for this, a function is defined to determine the weights involved in the definition
of the auxiliary single-criterion problem that is optimized. The second step consists of reducing the
admissible domain by adding constraints based on information. However, its use in solving problems is
very challenging.

STRANGE Method

This method was developed by [Teghem Jr et al., 1986] to solve problems that arose during that period,
specifically regarding the use of nuclear energy in Belgium. This method has three distinct phases.

1. Step 1: Transformation of the Stochastic Problem into a Deterministic Problem

We assume that each objective 𝐹𝑘 (𝑥) depends on a set of scenarios {𝑠𝑘 |𝑠𝑘 = 1, · · · , 𝑆𝑘}, and each
scenario is associated by experts with levels of plausibility 𝑝𝑘,𝑠𝑘 . Let 𝑐𝑘,𝑠𝑘 be the realization of the
vector 𝑐𝑘 (𝜉) under scenario 𝑠𝑘 , such that

𝑃 (𝐶𝑘 (𝜉) = 𝐶𝑘,𝑠𝑘 ) = 𝑝𝑘,𝑠𝑘 , and
𝑆𝑘∑︁
𝑠𝑘=1

𝑝𝑘,𝑠𝑘 = 1

Each criterion is multiplied for each scenario in order to obtain
∑𝑃
𝑘=1 𝑆𝑘 new objectives, namely:

𝐹𝑘,𝑠𝑘 = 𝐶𝑘,𝑠𝑘𝑥, 𝑠𝑘 = 1, · · · , 𝑆𝑘
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For the coefficients of 𝑇 (𝜉) and ℎ(𝜉), multiple realizations are considered. Let (𝑇𝑟 , ℎ𝑟 ), 𝑟 ∈
{1, . . . , 𝑅} be these realizations and 𝑞𝑟 their corresponding subjective probabilities:

𝑃 (𝑇 (𝜉) = 𝑇𝑟 , ℎ(𝜉) = ℎ𝑟 ) = 𝑞𝑟 ,
𝑅∑︁
𝑟=1

𝑞𝑟 = 1

Stochastic programming with recourse allows the introduction into the constraints of (𝑚 × 1)
vectors of variables 𝑦 (𝑟 )+, 𝑦 (𝑟 )−, which measure the excess and deficit between 𝑇𝑟𝑥 and ℎ𝑟 in the
case of realization 𝑟

𝑇𝑟𝑥 + 𝑦 (𝑟 )+ + 𝑦 (𝑟 )− = ℎ𝑟 , 𝑟 ∈ {1, . . . , 𝑅}

and the new criterion to minimize is defined by:

𝐹𝑘+1 =
𝑅∑︁
𝑟=1

𝑞𝑟 (𝛽 (𝑟 )𝑦 (𝑟 )−)

Where 𝛽 (𝑟 ) is a (1 ×𝑚) vector of possible penalties, allowing for different discrimination of
constraint violations in each scenario 𝑟 if necessary. The criterion 𝐹𝑘+1 does not depend on any
scenario, so we note

𝐹𝑘+1 = 𝐹{(𝑘+1),𝑠𝑘+1}, with 𝑆𝑘+1 = 1

Thus, the deterministic multi-objective problem associated with problem (2.20) is written as:{
” min ” 𝐹𝑘,𝑠𝑘 = 𝑐𝑘,𝑠𝑘𝑥 𝑘 ∈ {1, 2, . . . , 𝐾 + 1}, and 𝑠𝑘 = 1, · · · , 𝑆𝑘

(𝑥,𝑦 (𝑟 )+, 𝑦 (𝑟 )−) ∈ 𝐷 (0)
(2.25)

Where 𝐷 (0) is defined by:

𝐷 (0) =

{
(𝑥,𝑦 (𝑟 )+, 𝑦 (𝑟 )−), 𝑟 ∈ {1, . . . , 𝑅} |𝑇𝑟𝑥 + 𝑦 (𝑟 )+ + 𝑦 (𝑟 )− = ℎ𝑟

𝑥 ≥ 0, 𝑦 (𝑟 )+ ≥ 0, 𝑦 (𝑟 )− ≥ 0

}
2. Step 2: Determination of the First Compromise

The principle is based on the STEM method (see [?]), particularly for defining the payoff table.

• Payoff Table
For each criterion (𝑘, 𝑠𝑘), where 𝑘 ∈ {1, 2, . . . , 𝐾 + 1} and 𝑠𝑘 = 1, · · · , 𝑆𝑘 , and for each scenario
𝑟 , 𝑟 = 1, · · · , 𝑅, the following single-criterion problem is solved:

‘ min ” 𝐹𝑘,𝑠𝑘 (𝑥) = 𝐶𝑇𝑘,𝑠𝑘𝑥 𝑘 ∈ {1, 2, . . . , 𝐾 + 1}, 𝑒𝑡 𝑠𝑘 = 1, · · · , 𝑆𝑘
𝑇𝑟𝑥 + 𝑦 (𝑟 )+ − 𝑦 (𝑟 )− = ℎ𝑟
𝑥 ≥ 0, 𝑦 (𝑟 )+ ≥ 0, 𝑦 (𝑟 )− ≥ 0

(2.26)

𝑥
(𝑟 )
𝑘,𝑠𝑘

are the optimal solutions found after solving the problem (2.26). Define 𝑥𝑘,𝑠𝑘 as the best
solution 𝑥 (𝑟 )

𝑘,𝑠𝑘
from the point of view of criterion (𝑘, 𝑠𝑘) for scenario 𝑟 . This determines the

component of the ideal point in the objective space:

𝑀𝑘𝑠𝑘 = 𝐹𝑘,𝑠𝑘 (𝑥𝑘,𝑠𝑘 ) = min
𝑟∈{1,··· ,𝑅}

(𝐹𝑘,𝑠𝑘 (𝑥
(𝑟 )
𝑘,𝑠𝑘
))
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If 𝑥 (𝑘,𝑠𝑘 ) is a unique solution, the other coefficients in column (𝑘, 𝑠𝑘) of the payoff table are
obtained by evaluating the objectives (ℓ, 𝑡𝑖) at point 𝑥 (𝑘,𝑠𝑘 ) .
However, if 𝑥 (𝑘,𝑠𝑘 ) is not a unique solution, to uniquely define this column of the payoff
table, the values 𝑍 (ℓ,𝑡𝑖 ) (𝑘,𝑠𝑘 ) are obtained by solving the following problem:

min 𝐹ℓ,𝑡𝑖 (𝑥)
(𝑥,𝑦 (𝑟 )+, 𝑦 (𝑟 )−) ∈ 𝐷 (0)

𝐹𝑘,𝑠𝑘 = 𝑀𝑘,𝑠𝑘

• Weights Associated with Objectives
The same principle as the STEM method by Benayoun, given

𝑚(𝑘,𝑠𝑘 ) = max
ℓ,𝑡𝑖

𝐹(𝑘,𝑠𝑘 ) (ℓ,𝑡𝑖 )

Variation coefficients 𝜋𝑘,𝑠𝑘 are associated with each objective:

𝜋𝑘,𝑠𝑘 =
𝛼𝑘,𝑠𝑘∑𝑝+1

𝑘=1
∑𝑆𝑘
𝑠𝑘=1 𝛼𝑘,𝑠𝑘

with 𝛼𝑘,𝑠𝑘 =
𝑚𝑘,𝑠𝑘 −𝑀𝑘,𝑠𝑘

𝑚𝑘,𝑠𝑘

1
| |𝐶𝑘 , 𝑠𝑘 | |

• First Compromise
𝑥 (1) is the optimal solution of the first compromise obtained by solving the following
single-criterion problem:

(𝑃)


min 𝑀𝛿 −∑𝑝+1
𝑘=1 𝜀𝑘∑𝑆𝑘

𝑠𝑘=1 𝑝𝑘,𝑠𝑘 (𝐶𝑇𝑘,𝑠𝑘𝑥 −𝑀𝑘,𝑠𝑘 )𝜋𝑘,𝑠𝑘 ≤ 𝛿 − 𝜀𝑘 ; 𝑘 ∈ {1, 2, . . . , 𝐾 + 1}
(𝑥,𝑦 (𝑟 )+, 𝑦 (𝑟 )−) ∈ 𝐷 (0), 𝜀𝑘 ≥ 0, 𝑘 ∈ {1, 2, . . . , 𝐾 + 1}

𝑀 is a very large positive number.

3. Étape 3: Interactive Phases

• Information Provided to the Decision-Maker
For each compromise 𝑥 (𝑚) , the decision-maker receives three types of information:

(1) The values of the criteria (𝑘, 𝑠𝑘) at the point 𝑥 (𝑚)
𝑘,𝑠𝑘

:

𝐹
(𝑚)
𝑘,𝑠𝑘

= 𝐹𝑘,𝑠𝑘 (𝑥
(𝑚)
𝑘,𝑠𝑘
), 𝑘 ∈ {1, 2, . . . , 𝐾 + 1}; 𝑠𝑘 = 1, · · · , 𝑆𝑘

This information is provided to the decision-maker along with a range of variation for
this criterion [𝑀𝑘,𝑠𝑘 ,𝑚𝑘,𝑠𝑘 ]. Thus, the decision-maker has a complete view of the impact
of the compromise 𝑥 (𝑚)

𝑘,𝑠𝑘
on the objectives.

(2) The decision-maker may be interested in the average value of each criterion 𝑘 :

𝐹
(𝑚)
𝑘 =

𝑆𝑘∑︁
𝑠𝑘=1

𝑝𝑘,𝑠𝑘𝐹
(𝑚)
𝑘,𝑠𝑘
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(3) Finally, to provide a simple measure of the possible variation of each objective, this
information can be supplemented with a confidence threshold 𝛼 (𝑚)

𝑘
:

𝛼
(𝑚)
𝑘

= 𝑃 (𝐶𝑘𝑥 > 𝐹
(𝑚)
𝑘 )

This information is useful unless the number of scenarios is sufficiently large.

• First Intervention of the Decision-Maker
Based on the provided information, the decision-maker must indicate whether they are
satisfied or if they want to determine another compromise that is more satisfactory. In this
case, they must designate an objective (𝑘, 𝑠𝑘)★ to relax and an upper bound Δ(𝑘,𝑠𝑘 )★ for the
value 𝐹 (𝑚+1)(𝑘,𝑠𝑘 )★, so that this value lies within the interval [𝐹 (𝑚+1)(𝑘,𝑠𝑘 ) , Δ(𝑘,𝑠𝑘 )★].

• Calculation Phase
This phase involves a parametric analysis that fully explores the path indicated by the
decision-maker, i.e., the consequences of all possible levels of relaxation of the criterion
(𝑘𝑠𝑘) (★) by solving the linear problem, so that the possible values for 𝐹 (𝑚+1)(𝑘𝑠𝑘 )★

correspond to
the values 𝜆 ∈ [𝜆, 𝜆] of the parameter 𝜆.

(𝑃 (★)𝑚 )



min 𝑀𝛿 −
𝐾+1∑︁
𝑘=1

𝜀𝑘

𝑆𝑘∑︁
𝑠𝑘=1

𝑝𝑘𝑠𝑘 (𝐶𝑘,𝑠𝑘𝑥 −𝑀𝑘,𝑠𝑘 )𝜋𝑘,𝑠𝑘 ≤ 𝛿 − 𝜀𝑘 𝑘 ∈ {1, 2, . . . , 𝐾 + 1}

(𝐶,𝑦 (𝑟 )+, 𝑦 (𝑟 )−) ∈ 𝐷 (𝑚) ; 𝜀𝑘 ≥ 0, 𝑘 ∈ {1, 2, . . . , 𝐾 + 1}

To facilitate the decision-maker’s task, the relative values of each criterion are presented on
the same scale and graph.

• Second Intervention of the Decision-Maker
Based on all the provided information, the decision-maker sets the level 𝜆 = [𝜆, 𝜆] of
relaxation they prefer, and thus the level of compromise is chosen by the decision-maker
themselves.

𝑥𝑚+1 = 𝐹 (𝑚+1) (𝜆)

The Kataoka Method

Kataoka-type models with probabilistic constraints are given by [KATAOKA, 1962]:

(𝑃)


max(𝑢1, 𝑢2, · · · , 𝑢𝑝)
s.t. 𝑃

(
𝐶𝑇
𝑘
(𝜉)𝑥 ≥ 𝑢𝑘

)
= 𝛽𝑘 𝑘 ∈ {1, 2, . . . , 𝐾}

𝑃 (𝑇𝑖 (𝜉)𝑥 ≤ ℎ𝑖 (𝜉)) = 𝛼𝑖 𝑖 ∈ {1, . . . , 𝑅}
𝑥 ≥ 0

(2.27)



2.3. GENERAL ASPECTS OF MULTI-OBJECTIVE STOCHASTIC LINEAR PROGRAMMING 43

𝐶𝑘 (𝜉) is a normal random vector with mean 𝐶𝑘 and variance matrix 𝑉𝑘 , and 𝑇𝑖, ℎ𝑖 is a multivariate
normal random vector with mean 𝜇𝑖 ∈ ℝ𝑛+1 and covariance matrix 𝑉𝐶𝑖 .
Problem (2.27) can be transformed into a nonlinear multi-objective problem using the Kataoka criterion
in the following form:

(𝑃𝑇 )
{

max 𝑢𝑘 (𝑥) = 𝐶
𝑇

𝑘𝑥 − 𝜙−1(𝛽𝑘)
√︁
𝑥𝑇𝑉𝑘𝑥, 𝑘 ∈ {1, 2, . . . , 𝐾}

s.t. 𝑥 ∈ 𝐷 (𝛼𝑖), 𝑖 ∈ {1, . . . , 𝑅}
(2.28)

such that:
𝐷 (𝛼𝑖) = {𝑥 ∈ ℝ | 𝑚𝑖 (𝑥) + 𝜙−1(𝛼𝑖)𝜎𝑖 (𝑥) ≤ 0}

with:

𝑚𝑖 (𝑥) =
𝑛∑︁
𝑗=1

𝜇𝑖 𝑗𝑥 𝑗 − 𝜇𝑖,𝑛+1, 𝜎𝑖 (𝑥) =
√︁
𝑓 𝑡𝑉𝐶𝑖 𝑓 , and 𝑓 = (𝑥1, · · · , 𝑥𝑛,−1)𝑇

When 𝛽𝑘 ≥ 1
2 , the functions 𝑢𝑘 are concave.

For solving nonlinear multi-objective problems, the weighted sum method is commonly used to reduce
the problem to a single-objective problem, followed by the application of one of the single-criterion non-
linear programming methods, for example: [Geoffrion et al., 1972] method, [Wierzbicki, 1980] method,
[Nakayama and Sawaragi, 1984], and [Steuer et al., 1986].

2.3.4 Solving methods of MOSILP problem

As far as we know, there are few exact methods in the literature. This is likely due to the mathematically
ill-posed nature of the problem, despite its high realism. The solution of these problems has been
particularly addressed interactively or approximately. We briefly mention in the following two sections
the STRANGE-MOMIX method [Teghem, 1990] and the PROMISE method [Urli and Nadeau, 2004].
Finally, we explicitly detail the most recent method [Amrouche and Moulaı̈, 2012] by illustrating it
with a didactic example.

PROMISE Method

The principle of this method is that the decision-maker is placed in a situation of partial uncertainty
(or incomplete information), which allows only for determining the bounds of variation of random
parameters. Unlike other methods, PROMISE does not impose probabilities on each scenario but leaves
the choice to the decision-maker to specify a preference order on the scenarios. To solve a 𝑀𝑂𝐼𝐿𝑃𝑆
problem, the proposed method considers all available information. Thus, instead of introducing a global
penalty at the objective function level, it introduces a partial penalty function for each constraint and
asks the decision-maker to manage the penalties while considering their preferences relative to the
scenarios during the interactive phases of the method.
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STRANGE-MOMIX Method

This method is a combination of the STRANGE and MOMIX methods [Teghem Jr and Kunsch, 1987].
Teghem modified the STRANGE method in its interactive phase by introducing the MOMIX method.
This new method is called STRANGE-MOMIX. The principle of the method is that of the STRANGE
method, but in the interactive phase, detailed information on a wide set of efficient solutions must be
provided to the decision-maker.

Amrouche & Moulaı̈ method

[Amrouche and Moulaı̈, 2012] propose an exact method to solve the MOSILP problem ??, where their
equivalent deterministic problem can be written as follows:

(𝑃)



max 𝑓𝑖 = 𝑓𝑖 + 𝜃, 𝑖 ∈ {1, 2, . . . , 𝐾},
𝑠 .𝑡 .,

𝑥 ∈ S,
𝜃 ≥ 𝑄 (𝑥),
𝑥 Integer.

(2.29)

Description of the method:

Starting with 𝜃 = −∞ without feasibility and optimality cuts. The objective 𝔼 [𝐶1(𝜉)𝑥], or any other
objective function 𝔼 [𝐶𝑖 (𝜉)𝑥] ; 𝑖 ∈ {1, 2, . . . , 𝐾} in place of 𝔼 [𝐶1(𝜉)𝑥], is minimized under the determin-
istic constraints, and the domain of feasible integer solutions is partitioned into sub-domains using the
principle of branching to search for integer solutions.
As soon as an integer solution 𝑥 is found in a new domain, the method tests if for some realizations
𝜉𝑟 , 𝑟 ∈ {1, . . . , 𝑅}, the second-stage problems yielded by this integer solution are not feasible. Then a
feasibility cut 2.14 is introduced, and the problem is optimized again to obtain another integer feasible
point 𝑥′. Using 𝑥′, we solve the dual programs of problem ?? for all realizations 𝜉𝑟 , 𝑟 ∈ {1, . . . , 𝑅}, and
compute a recourse 𝑄 (𝑥′). If 𝜃 < 𝑄 (𝑥′), an optimality cut 2.19 is introduced, and the problem (EP) is
optimized, and the process is iterated. If not, the integer solution 𝑥′ is compared to solutions already
found, and hence, the set of all potentially efficient solutions 𝐸 is updated.
An efficient cut described below is then added to eliminate integer solutions that are not efficient. To
construct this cut, the growth directions of the criteria are used. The search for efficient solutions is
made in each sub-domain created. A given domain contains no efficient solutions when none of the
criteria can grow. This last one is said to be an explored domain. The search for efficient solutions is
stopped only if all created domains are explored domains.
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Illustrative Example: We present an example of a MOSILP problem with a structure similar to
that of problem (𝑃) [Abbas and Bellahcene, 2006, Amrouche and Moulaı̈, 2012], with 𝑘 = 3, 𝑛0 = 4,
𝑚0 =𝑚 = 𝑛 = 2.
Two deterministic constraints:{

−4𝑥1 + 2𝑥2 ≥ −8,
𝑥1 + 𝑥2 ≤ 5.

⇔
{

4𝑥1 − 2𝑥2 ≤ 8,
𝑥1 + 𝑥2 ≤ 5.

The fixed-recource matrix is given by:

𝑊 (𝜉) =𝑊 =

(
−2 −1 2 1
3 2 −5 −6

)
,

Two scenarios (𝑅 = 2) affect the three objectives and the stochastic constraints. Assume that the two
realizations of 𝜉 are equally probability:
ℙ (𝜉 1) = 1

2 , ℙ (𝜉2) = 1
2 .

𝑞 (𝜉 1) = (1, 0, 6, 2)𝑇 , 𝑞 (𝜉2) = (5, 3, 2, 1)𝑇 .

The stochastic constraints are given by:

𝑇 (𝜉 1) =
(

1 2
−2 1

)
, 𝑇 (𝜉2) =

(
1 0
3 4

)
,

ℎ (𝜉 1) =
(

3
5

)
, ℎ (𝜉2) =

(
6
1

)
.

The problem becomes:

Scenario 1 Scenario 2

(P1)



min−9𝑥1 + 4𝑥2,

min 3𝑥1 − 5𝑥2,

min 8𝑥1 − 11𝑥2,

s.t.,
4𝑥1 − 2𝑥2 ≤ 8,
𝑥1 + 𝑥2 ≤ 5,
𝑥1 + 2𝑥2 = 3,
−2𝑥1 + 𝑥2 = 5,
𝑥1, 𝑥2 ∈ ℕ.

(P2)



min 3𝑥1 − 2𝑥2,

min 7𝑥1 + 𝑥2,

min−4𝑥1 + 9𝑥2,

s.t.,
4𝑥1 − 2𝑥2 ≤ 8,
𝑥1 + 𝑥2 ≤ 5,
𝑥1 = 6,
3𝑥1 + 4𝑥2 = 1,
𝑥1, 𝑥2 ∈ ℕ.

We calculate the expectation of each objective function:

𝑓1 = 𝔼 [𝐶1 (𝜉)] = ℙ (𝜉 1)𝐶1 (𝜉 1) + ℙ (𝜉2)𝐶1 (𝜉2) = (−3, 1) ,

𝑓2 = 𝔼 [𝐶2 (𝜉)] = ℙ (𝜉 1)𝐶2 (𝜉 1) + ℙ (𝜉2)𝐶2 (𝜉2) = (5,−2) ,

𝑓3 = 𝔼
[
𝐶3 (𝜉)

]
= ℙ (𝜉 1)𝐶3 (𝜉 1) + ℙ (𝜉2)𝐶3 (𝜉2) = (2,−1) .
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Formulating the equivalent deterministic problem:

(𝑃)



min−3𝑥1 + 𝑥2,

min 5𝑥1 − 2𝑥2,

min 2𝑥1 − 𝑥2,

s.t.,
4𝑥1 − 2𝑥2 ≤ 8,
𝑥1 + 𝑥2 ≤ 5,
𝑥1, 𝑥2 ∈ ℕ.

Create the first node with the relaxed program with a single objective (𝑃0), 𝐹 = {𝑃0}:

(𝑃0)


min𝔼 [𝐶1 (𝜉) 𝑥] ,
4𝑥1 − 2𝑥2 + 𝑥3 = 8,
𝑥1 + 𝑥2 + 𝑥4 = 5,
𝑥1, 𝑥2, 𝑥3, 𝑥4 ≥ 0.

𝐸𝑓 𝑓 = ∅: Set of efficient integer solutions of problem (𝑃).
The solution of problem (𝑃0) yields the following simplex tableau:

𝐵 𝑅ℎ𝑠 𝑥3 𝑥4

𝑥1 3 1
6

2
6

𝑥2 2 − 1
6

4
6

𝑓1 7 4
6

2
6

𝑓2 −11 − 7
6 − 2

6
𝑓3 −4 − 3

6 0

Table 2.1: Optimal simplex table at node 0

The obtained solution 𝑥 = (3, 2) is an optimal integer solution for the first stage of (𝑃0). To test the
feasibility of the second-stage problem.
We solve the sub-problems (2.13) (corresponding to scenarios 𝜉 1 and 𝜉2) with the solution 𝑥 = (3, 2):

ℎ (𝜉 1) −𝑇 (𝜉 1) 𝑥 =

(
3
5

)
−

(
1 2
−2 1

) (
3
2

)
=

(
−4
9

)
.

ℎ (𝜉2) −𝑇 (𝜉2) 𝑥 =

(
6
1

)
−

(
1 0
3 4

) (
3
2

)
=

(
3
−16

)
.

(𝑃𝜎1)



max−4𝜎 1
1 + 9𝜎2

1 ,

−2𝜎 1
1 + 3𝜎2

1 ≤ 0,
−𝜎 1

1 + 2𝜎2
1 ≤ 0,

2𝜎 1
1 − 5𝜎2

1 ≤ 0,
𝜎 1

1 − 6𝜎2
1 ≤ 0,

𝜎 1
1 + 𝜎2

1 ≤ 1.
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The maximum is achieved at: 𝜎𝑡1 =
(
𝜎 1

1 , 𝜎
2
1
)
=

(
2
3 ,

1
3

)
.

(𝑃𝜎2)



max 3𝜎 1
2 − 16𝜎2

2 ,

−2𝜎 1
2 + 3𝜎2

2 ≤ 0,
−𝜎 1

2 + 2𝜎2
2 ≤ 0,

2𝜎 1
2 − 5𝜎2

2 ≤ 0,
𝜎 1

2 − 6𝜎2
2 ≤ 0,

𝜎 1
2 + 𝜎2

2 ≤ 1.

The maximum is achieved at: 𝜎𝑡2 =
(
𝜎 1

2, 𝜎
2
2
)
= (0, 0)

𝜎𝑡1 [ℎ (𝜉 1) −𝑇 (𝜉 1) 𝑥] =
(
2
3 ,

1
3

) (
−4
9

)
=

1
3 | 𝜎

𝑡
2 [ℎ (𝜉2) −𝑇 (𝜉2) 𝑥] = (0, 0)

(
3
−16

)
= 0.

𝜎𝑡1 [ℎ (𝜉 1) −𝑇 (𝜉 1) 𝑥] > 0, which means that the second-stage problem is not feasible for 𝜉 1. The feasiblity
is crated by: 5

3𝑥2 ≥ 11
3 , and add this cut to the first-stage problem. The solution of the main problem

with the new cut added yields the following simplex tableau:

𝐵 𝑅ℎ𝑠 𝑥4 𝑥5

𝑥1
14
5 1 1

5
𝑥2

11
5 0 − 1

5
𝑥3

6
5 −4 − 6

5
𝑓1

31
5 3 4

5
𝑓2 − 48

5 −5 − 7
5

𝑓3 − 17
5 −2 − 3

5

Table 2.2: Optimal simplex table after feasibility cut

The minimum is achieved at 𝑥 =

(
14
5 ,

11
5

)
.

𝑥 =

(
14
5 ,

11
5

)
is optimal for the first stage of the program, but it is not integer. Therefore, we perform

separation with respect to variable 𝑥1 and obtain two sub-problems. The separation process begins:
Node 1: 𝑆′1 =

{
𝑥 ∈ 𝑆0 : 𝑥1 ≥

⌊
14
5

⌋
+ 1

}
and 𝑥1 ≥ 3⇐⇒ 𝑥4 + 3

5𝑥5 + 𝑥6 = − 1
5 .

We add this constraint and solve the new program (𝑃1), but it is infeasible, so the corresponding node
is fathomed.
Node 2: 𝑆1 =

{
𝑥 ∈ 𝑆0 : 𝑥1 ≤

⌊
14
5

⌋}
and 𝑥1 ≤ 2⇐⇒ −𝑥4 − 3

5𝑥5 + 𝑥6 = −4
5 .

This constraint is added and the dual simplex method is applied. The integer optimal solution of program
(𝑃2) is obtained in the following table:
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𝐵 𝑅ℎ𝑠 𝑥5 𝑥6

𝑥1 2 0 1
𝑥2

11
5 − 1

5 0
𝑥3

22
5 − 2

5 −4
𝑥4

4
5

1
5 −1

𝑓1
19
5

1
5 3

𝑓2 − 28
5 − 2

5 −5
𝑓3 − 9

5 − 1
5 −2

Table 2.3: Optimal simplex table at node 2

The minimum is achieved at 𝑥 =

(
2, 11

5

)
, but it is not integer.The separation is then done with respect to

variable 𝑥2, yielding two sub-problems:
Node 3: 𝑆′2 =

{
𝑥 ∈ 𝑆1 : 𝑥2 ≤

⌊
11
5

⌋}
and 𝑥2 ≤ 2⇒ 𝑥2 + 𝑥7 = 2⇒ 3

5𝑥5 + 𝑥7 = − 1
5 .

We add this constraint and solve the new program (𝑃3), but it is infeasible. Thus, this node is fathomed.
Node 4: 𝑆2 =

{
𝑥 ∈ 𝑆1 : 𝑥2 ≥

⌊
11
5

⌋
+ 1

}
and 𝑥2 ≥ 3⇒ −𝑥2 + 𝑥7 = −3⇒ −3

5 𝑥5 + 𝑥7 = −4
5 .

This constraint is added and the dual simplex method is applied. The integer optimal solution of program
(𝑃4) is obtained in the following table is 𝑥 = (2, 3).

𝐵 𝑅ℎ𝑠 𝑥6 𝑥7

𝑥1 2 1 0
𝑥2 3 0 −1
𝑥3 6 −4 −2
𝑥4 0 −1 1
𝑥5 4 0 −5
𝑓1 3 3 1
𝑓2 −4 −5 −2
𝑓3 −1 −2 −1

Table 2.4: Optimal simplex table at node 4

To test the feasibility of the second-stage problem, we solve the sub-problems (2.13) (corresponding to
scenarios 𝜉 1 and 𝜉2) with the solution 𝑥 = (2, 3):

ℎ (𝜉 1) −𝑇 (𝜉 1) 𝑥 =

(
3
5

)
−

(
1 2
−2 1

) (
2
3

)
=

(
−5
6

)
.

ℎ (𝜉2) −𝑇 (𝜉2) 𝑥 =

(
6
1

)
−

(
1 0
3 4

) (
2
3

)
=

(
4
−17

)
.
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

max−5𝜎 1
1 + 6𝜎2

1 ,

−2𝜎 1
1 + 3𝜎2

1 ≤ 0,
−𝜎 1

1 + 2𝜎2
1 ≤ 0,

2𝜎 1
1 − 5𝜎2

1 ≤ 0,
𝜎 1

1 − 6𝜎2
1 ≤ 0,

𝜎 1
1 + 𝜎2

1 ≤ 1.

The maximum is achieved at: 𝜎𝑡1 =
(
𝜎 1

1 , 𝜎
2
1
)
= (0, 0) .

max 4𝜎 1
2 − 17𝜎2

2 ,

−2𝜎 1
2 + 3𝜎2

2 ≤ 0,
−𝜎 1

2 + 2𝜎2
2 ≤ 0,

2𝜎 1
2 − 5𝜎2

2 ≤ 0,
𝜎 1

2 − 6𝜎2
2 ≤ 0,

𝜎 1
2 + 𝜎2

2 ≤ 1.

The maximum is achieved at: 𝜎𝑡2 =
(
𝜎 1

2, 𝜎
2
2
)
= (0, 0). 𝜎1 = 𝜎2 = 0, which means that the new solution

𝑥 = (2, 3) obtained in Table 6 is the feasible solution for the second stage problem.

To test the optimality of 𝑥 = (2, 3) for the second-stage problem, we solve the subproblems (2.16)
(corresponding to scenarios 𝜉 1 and 𝜉2) with the solution 𝑥 = (2, 3):

max−5𝜋 1
1 + 6𝜋2

1 ,

−2𝜋 1
1 + 3𝜋2

1 ≤ 1,
−𝜋 1

1 + 2𝜋2
1 ≤ 0,

2𝜋 1
1 − 5𝜋2

1 ≤ 6,
𝜋 1

1 − 6𝜋2
1 ≤ 2.

The maximum is achieved at: 𝜋 𝑡1 =
(
𝜋 1

1 , 𝜋
2
1
)
=

(
−1,− 1

2
)
.

max 4𝜋 1
2 − 17𝜋2

2 ,

−2𝜋 1
2 + 3𝜋2

2 ≤ 5,
−𝜋 1

2 + 2𝜋2
2 ≤ 3,

2𝜋 1
2 − 5𝜋2

2 ≤ 2,
𝜋 1

2 − 6𝜋2
2 ≤ 1.

The maximum is achieved at: 𝜋 𝑡2 =
(
𝜋 1

2, 𝜋
2
2
)
= (1, 0).

𝑄 (𝑥, 𝜉 1) = 𝜋 𝑡1 [ℎ (𝜉 1) −𝑇 (𝜉 1) 𝑥] = 2,

𝑄 (𝑥, 𝜉2) = 𝜋 𝑡2 [ℎ (𝜉2) −𝑇 (𝜉2) 𝑥] = 4,

𝑄 (𝑥) = 1
2𝑄 (𝑥, 𝜉

1) + 1
2𝑄 (𝑥, 𝜉

2) = 3.

𝜃 = −∞ < 𝑄 (𝑥) .

We introduce the optimality cut of the form (2.19), 𝜃 ≥ 1
4 −

1
2𝑥1 + 5

4𝑥2, and we resolve the previous
problem.
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Table 5
𝐵 𝑅ℎ𝑠 𝑥6 𝑥7 𝑠1

𝑥1 2 1 0 0
𝑥2 3 0 −1 0
𝑥3 6 −4 −2 0
𝑥4 0 −1 1 0
𝑥5 4 0 −5 0
𝜃 3 − 1

2 − 5
4 −1

𝑓1 3 3 1 0
𝑓2 −4 −5 −2 0
𝑓3 −1 −2 −1 0

Table 2.5: Optimal siplex table after optimality cut

Thus, 𝑥 1 = (2, 3) is an efficient integer solution to the program (𝑃), with the criterion vector
(
𝔼 [𝐶1 (𝜉)] 𝑥 1,𝔼 [𝐶2 (𝜉)] 𝑥 1,𝔼

[
𝐶3 (𝜉)

]
𝑥 1) =

(−3, 4, 1) and a penalty 𝜃 1 = 3. Thus, the set of efficient solutions is 𝐸𝑓 𝑓 = {(2, 3)}.

• 𝑁3 = {6, 7}, 𝐻3 = {6, 7} ≠ ∅

𝑆4 =

{
𝑥 ∈ 𝑆3 |

∑
𝑗∈𝐻3 𝑥 𝑗 ≥ 1

}
=

{
𝑥 ∈ 𝑆3 | 𝑥6 + 𝑥7 ≥ 1

}
and 𝑥6 + 𝑥7 ≥ 1⇔ −𝑥6 − 𝑥7 + 𝑥8 = −1.

We add this efficient cut of the form (1.17) −𝑥6−𝑥7+𝑥8 = −1 and resolve the corresponding node problem.

The MOSILP algorithm continues with the same steps to find the final efficient set and terminates as all
nodes are explored. The set of all efficient solutions and their penalties for the program (P) are given in
the following table 2.6:

𝑖 = 1 𝑖 = 2 𝑖 = 3 𝑖 = 4 𝑖 = 5

𝑥𝑖 (2, 3) (1, 3) (1, 4) (0, 4) (0, 5)

𝜃 𝑖 3 7
2

19
4

21
4

13
2

𝑓 ′𝑖 (−3, 4, 1) (0,−1,−1) (−1, 3, 2) (4,−8,−4) (5,−10,−5)

𝑓𝑖 = 𝑓
′
𝑖 + 𝜃 𝑖 (0, 7, 4)

( 7
2 ,

5
2 ,

5
2

) (
23
4 ,

5
4 ,

11
4

) (
37
4 ,−

11
4 ,

5
4

) ( 23
2 ,−

7
2 ,

3
2

)
Table 2.6: Final table of all afficient solution 𝐸𝑓 𝑓



2.3. GENERAL ASPECTS OF MULTI-OBJECTIVE STOCHASTIC LINEAR PROGRAMMING 51

Algorithm: All steps of the previous method are presented in the algorithm ??:

Algorithm 11: Amrouche and Moulaı̈ Method
Data: Initialization: 𝜃 = −∞, 𝑙 = 0,
𝑀 =𝑚0, 𝑁 = 𝑛0 = 0, 𝐸 = ∞
Result : 𝐸: The final efficient set of the problem (2.29).
while As long as a unfathomed node 𝑙 exists in the tree do

Solve the problem (𝑃𝑙 ) :
min 𝔼[𝐶1 (𝜉 )𝑥 ]
s.t. 𝑥 ∈ S𝑙

Using simplex or dual simplex method;
if the problem (11) has a feasible solution 𝑥𝑙 then

if 𝑥𝑙 is integer then

Feasibility test:

Solve the program (2.13);
if 𝜎𝑡𝑟 [ℎ (𝜉𝑟 ) − 𝑇 (𝜉𝑟 )𝑥𝑙 ] > 0 then

Add the feasibility cut (2.14) to the successors of 𝑙 ;
else

Optimality test:

Solve the program (2.16), calculate Q(x);
if 𝑄 (𝑥𝑙 ) > 𝜃𝑙 then

Add the optimality cut (2.19) to the successors of 𝑙 ;
else

Efficiency

if 𝑓 (𝑥𝑙 ) is not dominated by 𝑓 (𝑥 ) for all 𝑥 ∈ 𝐸 then

𝐸 = 𝐸 ∪ {𝑥𝑙 }
else

𝐸 = 𝐸 {𝑥𝑙 } ∪ {𝑥 }
end

Update set S.
Construct the sets H𝑙 ;
if H𝑙 then

Fathom the node 𝑙 ;
else

Add the efficient cut (3.11) to the successors of 𝑙 ;
end

end

end

else

Branching process

Choose an index j such that 𝛼 𝑗 is the most fractional number.
Split the program 𝑃𝑙 into two sub programs, by adding respectively the constraints:
𝑥 𝑗 ≤

⌊
𝛼 𝑗

⌋
and 𝑥 𝑗 ≥

⌊
𝛼 𝑗

⌋
+ 1.

To obtain (𝑃𝑙1 ) and (𝑃𝑙2 ) (𝑙1 ≠ 𝑙2 and 𝑙1 ≥ 𝑙 + 1, 𝑙2 ≥ 𝑙 + 1) ;
end

else

The corresponding node 𝑙 is fathomed;
end

end
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2.4. OPTIMIZATION OVER AN EFFICIENT SET OF A MULTI-OBJECTIVE STOCHASTIC INTEGER

LINEAR PROGRAMMING PROBLEM.

2.4 Optimization Over an Efficient Set of a Multi-Objective

Stochastic Integer Linear Programming Problem.

2.4.1 Problem formulation

The main problem studied is described by:

(𝑃𝑆 )


min𝜙 = 𝑑 (𝜉)𝑥,
𝑠 .𝑡 .,

𝑥 ∈ X𝐸,
(2.30)

where, 𝑑 (𝜉) is the random vector for the linear preference objective function. And X𝐸 is the efficent
solutions set of the MOSILP problem.
Let

(
𝑃𝐸

)
be the following equivalent deterministic problem:

(
𝑃𝐸

) 
min𝜙 = 𝔼 (𝑑) 𝑥,
𝑠 .𝑡 .,

𝑥 ∈ X𝐸 .
(2.31)

𝔼 (𝑑) is the row vector of dimension 𝑛, where the 𝑗 th component is 𝔼
(
𝑑 𝑗

)
.

The relaxed problem is given by:

(𝑃𝑅)


min𝜙 = 𝔼 (𝜙 (𝑥)) ,
𝑠 .𝑡 .,

𝑥 ∈ S = {𝑥 ∈ ℝ𝑛 | 𝐴𝑥 ≤ 𝑏, 𝑥 ∈ ℕ𝑛}
(2.32)

2.4.2 Mabrek & Chabaane method

Description of the method

The method consists of three main parts: the first part involves solving the relaxed deterministic
problem (2.32). Next, the method performs the feasibility test using the problem (2.2.1). If the solution
is feasible, it moves on to the optimality test (2.15). Otherwise, a feasibility cut (2.14) must be added
until the solution found is feasible for all scenarios of the problem. Then, the method calculates the
penalty for violating the random constraints using the expression (2.16) to test the optimality of the
solution. If the solution is not optimal, the optimality cut is added.
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The method passes to the next step, which is testing whether the obtained solution 𝑥0 is efficient or not
by solving the problem (𝐸𝑄 (𝑥0)) (1.12). For an efficient solution, we search for an equivalent solution,
if it exists, by solving the problem (𝑃𝑒𝑞𝑢𝑖𝑣 ) given by equation (2.33)

(
𝑃𝑒𝑞𝑢𝑖𝑣 (𝑥)

) 
min 𝜙 (𝑥),
𝑠 .𝑡 .,

𝑥 ∈ S,
𝐶𝑥 = 𝐶𝑥.

(2.33)

Then, the feasible domain is reduced by adding constraints to eliminate infeasible solutions (dominated
solutions) and solving the problem 2.34

(𝑃 ℓ𝑅) ≡ min{𝑑𝑥 | 𝑥 ∈ S −
ℓ⋃
𝑠=1
S𝑠}, (2.34)

where, S𝑠 = {𝑥 | 𝑥 ∈ ℤ𝑛+,𝐶𝑥 ≤ 𝐶𝑥𝑠} and {𝑥𝑠}ℓ𝑠=1 are the solutions obtained in the iterations {1, 2, · · · , ℓ−
1} respectively.

S −
ℓ⋃
𝑠=1
S𝑠 =



𝐶𝑖𝑥 ≤ (𝐶𝑖𝑥𝑠 − 1)𝑦𝑠𝑖 +𝑀𝑖 (1 − 𝑦𝑠𝑖 ),
𝑖 ∈ {1, 2, . . . , 𝐾}, 𝑠 ∈ {1, · · · , ℓ},

𝑦𝑠𝑖 ∈ {0, 1},
𝑖 ∈ {1, 2, . . . , 𝐾}, 𝑠 ∈ {1, · · · , ℓ},

𝑝∑︁
𝑖=1
𝑦𝑠𝑖 ≥ 1; 𝑠 ∈ {1, · · · , ℓ},

𝑥 ∈ S.



(2.35)

𝑀𝑖 is the upper bound of the 𝑖th objective function.
Finally, the optimal efficient solution is evaluated based on the main linear criterion and updated as
long as the current domain is non-empty.

Algorithm

All steps of the method are presented in the following algorithm.



54
2.4. OPTIMIZATION OVER AN EFFICIENT SET OF A MULTI-OBJECTIVE STOCHASTIC INTEGER

LINEAR PROGRAMMING PROBLEM.

Algorithm 12: Optimizing a Linear Function over an Integer Efficient Set
Inputs

↓ 𝐾,𝑚,𝑚1, 𝑛, 𝑛1: The dimensions of the problem;
↓ 𝑆, 𝑃𝑟 : Number of scenarios and their probabilities;
↓ 𝐴 (𝑚×𝑛) , 𝑏 (𝑚×1) : Parameters of the deterministic constraints;
↓ 𝑇(𝑚1×𝑛) (𝑠𝑐), ℎ (𝑚1×1) (𝑠𝑐) ∀𝑠𝑐 ∈ {1, · · · , 𝑅}: Parameters of the random constraints;
↓ 𝑑 (1×𝑛) (𝑠𝑐), ∀𝑠𝑐 ∈ {1, · · · , 𝑅}: Vector of the main random criterion;
↓ 𝐶𝑟 (𝐾×𝑛) (𝑠𝑐), ∀𝑠𝑐 ∈ {1, · · · , 𝑅}: Matrix of random criteria;
↓𝑊(𝑚1×𝑛1 ) : The recourse matrix;
𝑞′(1×𝑛1 ) : Penalties for violating the random constraints;
Outputs

↑ 𝑋𝑜𝑝𝑡 : Optimal solution of the problem (𝑃𝐸); ↑ 𝔼
(
𝜙𝑜𝑝𝑡

)
: Optimal value of the criterion 𝜙 ;

Initialization 𝔼
(
𝜙𝑜𝑝𝑡

)
← +∞, ℓ ← 1, 𝐸𝑛𝑑 ← 𝑓 𝑎𝑙𝑠𝑒 , 𝜃 ← −∞, and 𝐷 1 ← 𝐷 ;

Solve the relaxed deterministic problem
↑ 𝑥0, ↑ 𝔼 (𝑓0) = Pb relaxed (↓ 𝑑, ↓ 𝐴, ↓ 𝑏);
if the problem has no feasible solution then

the problem (𝑃) is not feasible: Terminate;
else

while End=false do

Let 𝑥 ℓ be a solution of
(
𝑃 ℓ
𝑅
(𝐷ℓ )

)
Feasibility and optimality test for the solution

Solve the problem (1.12); Ψ is the optimal solution of the criterion;
if Ψ ≠ 0 then

𝑥 ℓ is not efficient, 𝑥 ℓ , the optimal solution of
(
𝑃

(
𝑥 ℓ

) )
, is efficient;

Feasibility and optimality test for the solution 𝑥 ℓ ;
𝑋𝑜𝑝𝑡 ← 𝑥 ℓ , 𝜙𝑜𝑝𝑡 ← 𝜙 (𝑥 ℓ ), ℓ ← ℓ + 1;

else

𝑥 ℓ is an efficient solution, 𝑋𝑜𝑝𝑡 = 𝑥 ℓ , 𝜙𝑜𝑝𝑡 = 𝜙 (𝑥 ℓ ), ℓ ← ℓ + 1;
end

𝐷ℓ ← 𝐷ℓ −
ℓ−1⋃
𝑠=1

𝐷𝑠 and solve
(
𝑃 ℓ
𝑅
(𝐷ℓ )

)
;

if 𝐷ℓ = ∅ or 𝜙 (𝑥 ℓ ) > 𝜙𝑜𝑝𝑡 then

𝑋𝑜𝑝𝑡 is an optimal efficient solution with value 𝜙𝑜𝑝𝑡 ;
𝐸𝑛𝑑 ← 𝑡𝑟𝑢𝑒;

else

𝐸𝑛𝑑 ← 𝑓 𝑎𝑙𝑠𝑒;
end

end

end
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3

Chapter
Optimizing a linear function over the
stochastic efficient set

”Life is about decisions. ”
”La vie est une question de décisions.”

Mattias ehrgott.

”The essence of mathematics lies in its freedom.”
”L’essence des mathématiques réside dans sa liberté.”

Georg Cantor

Abstract: In this chapter, we present a new exact method called ”A Branch and Cut (B & C) based
Method (BCM)” for optimizing a linear function over the efficient set of a MOSILP problem. The
proposed method combines two principles: the first is called the L-method while the second is an
adaptation of the branch-and-bound procedure. This adaptation is reinforced by efficient cuts and
tests, which allow the method to eliminate a large number of inefficient solutions in the search tree.
A didactic example is given to detail the different steps of the method. Following this, the method is
tested using a set of randomly generated instances, where the results obtained are compared with the
most recent method. In addition, the experimental study shows that the proposed method remains
competitive and delivers satisfactory results.

3.1 Introduction

MOLP problems have long attracted growing interest due to their relevance in many real-world situa-
tions. This attention has led to significant methodological and research progress, as numerous experts
and researchers have made significant contributions to a multitude of projects addressing these real-
world challenges such as plans for the treatment of cancer by radiotherapy [Obal et al., 2013], supply
chain network design [Liao et al., 2017], post-departure aircraft rerouting problem [Bongo and Sy, 2023],
risk assessment in supply chain management [Vafadarnikjoo et al., 2023]. Nevertheless, certain real-life
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scenarios include variables that are not deterministic and are not predictable, referred to as stochastic
data. This gives rise to challenges in solving MOSLP problems. These variables introduce uncertainty,
and their values are not known with precision at the time of decision-making. This uncertainty can
stem from external factors like weather conditions or decisions made by other individuals. In addi-
tion, it emerges from estimating parameters through statistical samples or treating them as random
variables based on the model design. Moreover, the MOSLP class has become a practical tool for
modeling and resolving diverse applications and challenges. where several technical methods have
been developed to deal with such problems: green supply chain design [Moayedi and Sadeghian, 2023],
hospital bed planning [Ben Abdelaziz and Masmoudi, 2012], forward/reverse logistic network design
[Ramezani et al., 2013], spatial conservation planning [Sierra-Altamiranda et al., 2020].
It is crucial to highlight that balancing the conflicts between these multiple objectives within MOLP
problems has led to a significant challenge known as ”the identification of the efficient solution set” or
”finding all non-dominated points” as has been mentioned in some works. This challenge has given rise to
a considerable amount of research and practical application, including significant contributions made by
[Ecker and Kouada, 1978, Boland et al., 2015, Rasmi and Türkay, 2019, Tamby and Vanderpooten, 2021].
As far as stochastic cases, we mention the notable work proposed by [Abbas and Bellahcene, 2006,
Amrouche and Moulaı̈, 2012]. Despite the significant role played by finding the set of efficient solutions
to solve many real-life problems. However, generating this whole efficient set in some cases can be
quite challenging for practical reasons, primarily due to the substantial computational burden linked
to these algorithms. In addition, decision-makers face often a substantial set of efficient solutions
which puts them in challenging situations, where they must choose the best solution from this set. One
way to overcome such cases involves the use of optimization techniques. Through these techniques,
decision-makers can identify trade-offs between various objectives, adjust their choices based on differ-
ent circumstances and preferences, and optimize these preferences over this efficient set to evaluate and
select the favorite solution without generating the whole set of efficient solutions. In the literature, this
approach is referred to as ”optimization over efficient set problems” and falls into the NP-hard category.
Optimization over the efficient set holds undeniable mathematical and applied significance in multi-
objective decision-making. This problem has been extensively studied, where it was first considered by
[Philip, 1972], who made a noteworthy contribution. Over time, this domain has attracted the attention
of numerous experts due to its crucial implications for various research fields. It has been studied
in several notable works, such as [Benson, 1984, Ecker and Song, 1994]. Based on the previous works,
[Abbas and Chaabane, 2006] develop the first method for optimizing a linear function over the efficient
set without finding all non-dominated points. The proposed method may provide a shorter way to the
optimal one but it generates several dominant solutions. In addition, they do not present any computa-
tional study. Afterward, [Jorge, 2009] proposes an exact algorithm to optimize a linear function over the
integer efficient set of a MOILP problem, the algorithm defined a sequence of increasingly constrained
single-objective integer problems to eliminate not only all previously generated efficient solutions
but also any other feasible solutions whose criteria vectors are dominated. The performance of the
algorithm is tested on randomly generated instances of the MOILP problem. Later, [Ouail et al., 2017]
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proposed a branch and bound-based method to optimize a linear function over the efficient set of a
MOILP problem. Two types of cuts are used to avoid searching in areas where no efficient solutions
are contained, and deleting domains not containing the optimal solution.The experimentation results
show that the proposed method outperforms the Jorge method by 89% in terms of CPU time. Later on,
[Boland et al., 2017] Describe a new algorithm to solve the same problem by modifying the algorithm
of Jorge. The authors developed a novel criteria space decomposition scheme and search procedure
that limits the number of subspaces that are created and the number of sets of disjunctive constraints
required to define the single-objective integer program that searches for a non-dominated solution.
The computational study shows that the new algorithm outperforms Jorge algorithm. Following this,
[Lokman, 2021] develop two algorithms to optimize a linear function over the non-dominated set of
the multi-objective integer programming (MOIP) problem. The algorithms iteratively generate non-
dominated points and reduce the feasible set by excluding not only the dominated regions but also the
inferior regions concerning the linear function. In addition, the reduced feasible set is decomposed
into subsets and a search is conducted over all these subsets to find a new point. The performances of
the algorithms are tested and compared with the existing studies on different-sized multi-objective
combinatorial optimization problems. Recently, [Belkhiri et al., 2022] proposed a new methodology to
search for an efficient extreme point that optimizes a linear function over the set of efficient extreme
points of a convex polyhedron. The proposed methodology uses a branch and bound-based technique,
in which, at each node of the search tree, new customized bounds are established to delete uninteresting
areas from the decision space. A comparative study shows that the methodology outperforms the most
recent.
When it comes to the stochastic case, there is a notable rarity of works dealing with such problems,
because of their difficulty due to the stochastic nature of these problems. To the best of our knowledge,
the only work that deals with this type of problem was discussed by [Chaabane and Mebrek, 2014],
where the authors proposed an exact method to solve a single objective linear function over the efficient
set of a MOSILP problem. This method will be referred to as CMM in the remainder of this article.
Furthermore, the principle of their method can be described as a combination of two techniques. The
first one is the L-shaped method, an iterative algorithm designed for solving two-stage stochastic
linear programming problems, such as [Li and Grossmann, 2018, Dos Santos and Oliveira, 2019]. The
second technique is a combined method developed by [Djamal and Marc, 2010] that uses the ideas of
[Sylva and Crema, 2004] to reduce the feasible region gradually by eliminating infeasible solutions.
This approach also incorporates the concept of searching for the equivalent efficient solution. Further-
more, the proposed method may provide a pathway to the optimal solution. However, it’s worth noting
that as the number of objective functions increases, the scale of the problem also expands. In contrast,
our contribution relies on another concept, namely the efficiency cut. In each step of the method, we
use only one efficient cut to eliminate infeasible solutions, thereby maintaining the scalability of the
problem within reasonable bounds.
In this chapter, we present a new branch-and-cut method designed to optimize a linear stochastic
function over the efficient set of the MOSILP problem. Our method is based on the branch-and-bound
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technique which has been strengthened by the incorporation of efficiency tests and cuts during the
process. This allows the method to prune a substantial number of nodes in the search tree to avoid
many inefficient solutions. Moreover, The search process in our method combines two techniques, the
one previously mentioned and the known L-shaped method which can handle large-scale problems
with numerous scenarios. Instead of solving the entire problem at once, it decomposes the original
stochastic problem into two manageable levels: a master deterministic problem to provide an initial
solution and subproblems that are solved iteratively with incorporating information from realized
scenarios to improve the solution [Van Slyke and Wets, 1969, Kall et al., 1994].

3.2 Definitions and preliminaries

This section introduces some basic notations and definitions needed to understand the contents of
this article. It is divided into two principal parts. The first part describes the MOSILP problem in the
general context, as well as the definition of our main problem, called ”A branch and cut based method
for optimizing a linear function over the stochastic efficient set”. Following this, the methodology for
transforming the stochastic problem into its deterministic equivalent is explained. The second part
discusses the various methods and strategies incorporated in the proposed method. It begins with a
brief detailed description of the L-shaped method. Next, the section looks at the modifications adopted
in our algorithm by clarifying the definition of efficiency in a broader context [Ecker and Kouada, 1978],
followed by a detailed explanation of the efficient cutting strategy [Ouail et al., 2017].

3.2.1 Problem formulation

The MOSILP problem with random variable coefficients in objective functions and/or some constraints
is formulated as follows:

(𝑀𝑂𝑆𝐼𝐿𝑃)



min 𝑓𝑖 = 𝐶𝑖 (𝜉)𝑥 ; 𝑖 = {1, 2, . . . , 𝐾},
𝑠 .𝑡 .,

𝐴 𝑥 = 𝑏,

𝑇 (𝜉) 𝑥 = ℎ(𝜉),
𝑥 ∈ ℕ,

(3.1)

where, 𝐾 ≥ 2 represents the number of objectives, 𝜉 represents the possible realization. 𝐶𝑖 (𝜉),𝑇 (𝜉), ℎ(𝜉)
are random matrices of dimensions (1×𝑛), (𝑚1×𝑛) and (𝑚1× 1) respectively, with a known joint prob-
ability distribution which is not influenced by the choice of the decision 𝑥 and defined on a probability
space (Ω,Ξ, 𝑃). The vector 𝑏 of size𝑚 × 1 and the real matrix 𝐴 of size𝑚 ×𝑛 are deterministic, whereas
the decision vector variables 𝑥 belong to ℝ𝑛 which are to be determined.
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Our main objective is to solve the problem of optimizing a linear preference function over the efficient
set of the MOSILP problem (3.1). It can be formulated as follows:

(𝑃)


𝑚𝑖𝑛 𝜙 (𝑥) = 𝑑 (𝜉)𝑥,
𝑠 .𝑡 .,

𝑥 ∈ X𝐸,

(3.2)

where, 𝑑 (𝜉) is a random line vector of dimension (1 ×𝑛) and X𝐸 denotes the efficient solution set of the
MOSILP problem (3.1).
Before starting to solve the problem (3.2), we need to pass through an important step, which is the
transformation of a stochastic problem into an equivalent deterministic problem. This strategy has been
used most in the work of [Caballero et al., 2001, Caballero et al., 2004]. This transformation is necessary
because stochastic problems contain uncertain parameters, which cannot be directly optimized. It will
be discussed in detail in the next subsection.

Equivalent deterministic problem

The deterministic equivalent of the problem presented in (2.22) takes the form of a MOILP. It can be
defined as follows (see, Subsection 2.3.2):

(𝑀𝑂𝐼𝐿𝑃𝐷)



min 𝑓𝑖 +𝑄 (𝑥); 𝑖 = {1, 2, . . . , 𝐾},
𝑠 .𝑡 .,

𝐴𝑥 = 𝑏,

𝑥 ∈ ℕ,

(3.3)

where: 
𝑓𝑖 = 𝔼[𝑓 𝑟𝑖 ] =

𝑅∑︁
𝑟=1

𝑃𝑟 𝑓 𝑟𝑖 =

𝑅∑︁
𝑟=1

𝑃𝑟𝐶𝑖 (𝜉𝑟 )𝑥 = 𝐶𝑖𝑥 ; 𝑖 = {1, 2, . . . , 𝐾},

𝑄 (𝑥) = 𝔼[𝑄 (𝑥, 𝜉)] =
𝑅∑︁
𝑟=1

𝑃𝑟 (𝑞𝑟 )𝑇𝑦𝑟 .

In the same way (see, Subsection 2.3.2), when considering the linear preference objective, we express
𝜙𝑟 = 𝑑 (𝜉𝑟 )𝑥 , where 𝑑 (𝜉𝑟 )𝑥 represents the preference objective in the 𝑟 th scenario. In this context, the
deterministic equivalent of our main problem is defined as follows:

(𝑃𝐷)


min 𝜙 +𝑄 (𝑥),
𝑠 .𝑡 .,

𝑥 ∈ X𝐸𝐷 ,

(3.4)
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where: 
𝜙 = 𝔼[𝜙𝑟 ] = 𝔼[𝑑 (𝜉)𝑥] =

𝑅∑︁
𝑟=1

𝑃𝑟𝑑 (𝜉𝑟 )𝑥 = 𝑑𝑥,

𝑄 (𝑥) = 𝔼[𝑄 (𝑥, 𝜉)] =
𝑅∑︁
𝑟=1

𝑃𝑟 (𝑞𝑟 )𝑇𝑦𝑟 .

Here, X𝐸𝐷 signifies the set of efficient solutions for the deterministic equivalent problem (3.3). The
relaxed problem of our main problem can be defined as follows:

(𝑃𝑅)


min 𝜙 = 𝑑𝑥 + 𝔼[𝑄 (𝑥, 𝜉)],
𝑠 .𝑡 ., 𝑥 ∈ S = {𝑥 ∈ ℝ𝑛/𝐴𝑥 = 𝑏 ;𝑥 ∈ ℕ𝑛},

(3.5)

3.2.2 The principle of the combined technique

In what follows, we present the efficient cut strategies incorporated in the proposed algorithm, for
a brief overview of the basic principle underlying the L-shaped method and the efficiency test (see,
Subsections (2.2.4),(1.3.1), respectively).

Efficient Cut

In each iteration 𝑙 of the optimization process, the efficient cut is utilized to eliminate all inefficient
solutions from the feasible region and remove areas that do not improve the value of the utility function.
Assuming that 𝑥𝑙 is the 𝑙𝑡ℎ generated optimal solution of main problem, the following definitions and
notations are used:

• B𝑙 is the indexes sets of the basic variables of 𝑥𝑙 .

• N𝑙 is the indexes sets of the non-basic variables of 𝑥𝑙 .

The decrease direction of each criterion 𝑓𝑖, 𝑖 ∈ {1, ..., 𝐾} of the problem (3.3) is determined by using their
reduced gradient vectors. On the other hand, the method uses this information to build an efficient cut
to remove integer solutions that are not efficient for the problem (3.3) and determine an efficient new
integer solution. To do so, we define a new set of all decreasing directions of the criteria as follows:

• H𝑙 =
{
𝑗 ∈ N𝑙/∃𝑖 ∈ {1, 2, . . . , 𝐾}, with 𝐶 𝑗

𝑖
< 0

} ⋃ {
𝑗 ∈ N𝑙/𝐶 𝑗

𝑖
= 0;∀𝑖 ∈ {1, 2, . . . , 𝐾}

}
.

Here, 𝐶 𝑗

𝑖
is the 𝑗𝑡ℎ component of reduced gradient vectors of the objective function 𝑓𝑖 . Once this set

has been identified, we proceed to formulate the efficient cut (3.6) designed to eliminate all inefficient
solutions. This cut plays an essential role in the optimization process, enabling us to reduce the search
space, improve the overall efficiency of the optimization process, and ultimately, find optimal solutions.∑︁

𝑗∈H𝑙

𝑥 𝑗 ≥ 1. (3.6)
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The second cut of type (3.7) is constructed according to the following inequality:

𝜙 (𝑥) ≤ 𝜙𝑜𝑝𝑡 , (3.7)

where, the value 𝜙𝑜𝑝𝑡 represents the optimal value of the main problem at the efficient point. The
successor of 𝑙 is obtained by applying the efficient cuts (3.6) and (3.7) to 𝑆𝑙 .

𝑆𝑙+1 = 𝑆
1
𝑙+1 ∪ 𝑆

2
𝑙+1,

where: 
𝑆 1
𝑙+1 = {𝑥 ∈ 𝑆𝑙 /

∑
𝑗∈H𝑙 𝑥 𝑗 ≥ 1},

𝑆2
𝑙+1 = {𝑥 ∈ 𝑆𝑙 /𝜙 (𝑥) ≤ 𝜙𝑜𝑝𝑡 }.

Theorem 3.2.1. Assume thatH𝑙 ≠ ∅ at the current integer solution 𝑥𝑙 . If 𝑥 ≠ 𝑥𝑙 is an efficient solution in
domain S𝑙 , then 𝑥 ∈ S𝑙+1 (𝑙 + 1 is the successor of 𝑙).

Proof. Let 𝑥 ≠ 𝑥𝑙 be an integer solution in domain S𝑙 such that 𝑥 ∉ S𝑙+1. In this situation, two cases
can occur: 𝑥 ∉ 𝑆 1

𝑙+1 or 𝑥 ∉ 𝑆2
𝑙+1.

𝑥 ∉ S1
𝑙+1, which implies that:

𝑥 ∉ {𝑥 ∈ 𝑆𝑙/
∑
𝑗∈H𝑙 𝑥 𝑗 ≥ 1} and 𝑥 ∈

{
𝑥 ∈ S𝑙 |

∑
𝑗∈N𝑙\H𝑙 𝑥 𝑗 ≥ 1

}
. In this situation, the components of

vector 𝑥 satisfy the following inequalities:
∑
𝑗∈H𝑙

𝑥 𝑗 < 1,∑
𝑗∈N𝑙\H𝑙

𝑥 𝑗 ≥ 1.

This means that 𝑥 𝑗 = 0 for all 𝑗 ∈ H𝑙 , and 𝑥 𝑗 ≥ 1 for at least one index 𝑗 ∈ N𝑙 \H𝑙 . In addition, by using
the simplex table in 𝑥𝑙 , the following equality is supported for all criterion 𝑖 ∈ {1, 2, . . . , 𝐾}:

𝑓𝑖 (𝑥) = 𝐶𝑖𝑥 =
∑︁
𝑗∈B𝑙

𝐶
𝑗

𝑖 𝑥 𝑗 +
∑︁
𝑗∈N𝑙

𝐶
𝑗

𝑖 𝑥 𝑗 , where
∑︁
𝑗∈B𝑙

𝐶
𝑗

𝑖 𝑥 𝑗 = 𝑓𝑖 (𝑥𝑙 ).

We can then write:
𝑓𝑖 (𝑥) − 𝑓𝑖 (𝑥𝑙 ) =

∑
𝑗∈N𝑙

𝐶
𝑗

𝑖 𝑥 𝑗

=
∑
𝑗∈H𝑙

𝐶
𝑗

𝑖 𝑥 𝑗 +
∑

𝑗∈N𝑙\H𝑙
𝐶
𝑗

𝑖 𝑥 𝑗

=
∑

𝑗∈N𝑙\H𝑙
𝐶
𝑗

𝑖 𝑥 𝑗 .

This implies that 𝑓𝑖 (𝑥) ≤ 𝑓𝑖 (𝑥𝑙 ) for all criterion 𝑖 ∈ {1, 2, . . . , 𝐾}, with 𝑓𝑖 (𝑥) < 𝑓𝑖 (𝑥𝑙 ) for at least one
criterion since 𝐶 𝑗

𝑖 ≤ 0 for all 𝑗 ∈ N𝑙 \ H𝑙 . Hence, 𝑓𝑖 (𝑥) is dominated by 𝑓𝑖 (𝑥𝑙 ) and 𝑥 is not efficient.
𝑥 ∉ 𝑆2

𝑙+1, 𝜙 (𝑥) < 𝜙𝑜𝑝𝑡 Thus, 𝑥 is not optimal, This contradicts the hypothesis. □

Corrolary 3.2.1. The constraint
∑
𝑗∈H𝑙 𝑥 𝑗 ≥ 1 defines an efficient cut.
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Proof. It is clear that
∑
𝑗∈H𝑙 𝑥 𝑗 ≥ 1 is an efficient valid constraint by the theorem (3.2.2) since all integer

efficient solutions in the current domain 𝑆𝑙 verify this constraint. In addition, this constraint is not
verified by the current integer solution 𝑥𝑙 since 𝑥 𝑗 = 0 for all 𝑗 ∈ H𝑙 . Thus, the constraint

∑
𝑗∈H𝑙 𝑥 𝑗 ≥ 1

is a efficient cut. □

Proposition 3.2.1. IfH𝑙 = ∅ at the current integer solution 𝑥𝑙 , then 𝑆𝑙\{𝑥𝑙 } is an explored domain.

Proof. H𝑙 = ∅ which means that 𝑥𝑙 is an optimal integer solution for each criterion, hence 𝑥𝑙 is an ideal
point to the domain 𝑆 and 𝑆𝑙\{𝑥𝑙 } does not contain any efficient solution. □

3.3 Methodology description and algorithm

This section explains the methodology of the proposed method in detail, followed by a presentation of
the algorithm that summarizes all the different steps of the method.

3.3.1 Methodology description

In the following, we introduce in detail our exact method called ”A Branch and Cut based Method”.
As we explained previously, our BCM method is used to find the optimal efficient solution among
several efficient solutions to a MOSILP problem. Moreover, the method is based on a branching process
enhanced by feasibility, optimality, and efficiency tests, as well as by the use of efficient cutting.
Let’s start with 𝜃 = −∞ and 𝑙 = 0. The following relaxed problem is solved using the simplex or the
dual simplex method:

(𝑃 𝑙 )


𝑚𝑖𝑛 𝜙 = 𝑑𝑥,

𝑠 .𝑡 .,

𝑥 ∈ 𝑆𝑙 = {𝑥 ∈ ℝ𝑛/𝐴𝑥 = 𝑏 ;𝑥 ∈ ℕ}.

(3.8)

The algorithm now checks for the existence of a feasible solution. If the program has no solution, the
node is fathomed. Otherwise, there are two possible situations:
The first is that the optimal solution 𝑥𝑙 is not an integer. In this case, the algorithm follows a basic
branching process with the following steps: Identify a component 𝑥 𝑗 of 𝑥𝑙 such that 𝑥 𝑗 = 𝛼 𝑗 , where 𝛼 𝑗
represents a fractional value. After that, the node 𝑙 of the tree is separated into two nodes which are
imposed by the following two additional constraints:

𝑥 𝑗 ≤
⌊
𝛼 𝑗

⌋
,

𝑥 𝑗 ≥
⌊
𝛼 𝑗

⌋
+ 1,

(3.9)

where,
⌊
𝛼 𝑗

⌋
indicates the greatest integer less than 𝛼 𝑗 . The linear program obtained must be solved

until an integer feasible solution is found (if it exists).
The second situation is that the solution 𝑥𝑙 is an integer. The process then passes two tests: the feasibility
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test and the optimality test, which are detailed in subsection (2.2.4).
As soon as an optimal integer solution 𝑥𝑙 is found after the feasibility and optimality tests, then the
efficiency test is performed to test the efficiency of the solution 𝑥𝑙 for the deterministic equivalent
problem (3.3) by solving the following programs 3.10 (see, subsection 1.3.1):

(𝐸𝐾 (𝑥𝑙 ))



max
∑𝐾
𝑖=1𝜓𝑖,

𝑠 .𝑡 .,

𝐶𝑖𝑥 +𝜓𝑖 = 𝐶𝑖𝑥𝑙 , 𝑖 = {1, . . . , 𝐾},
𝑥 ∈ S𝑙 ∩ ℤ𝑛,
𝑤𝑖 ≥ 0, 𝑖 = {1, 2, . . . , 𝐾}.

(3.10)

As a well-known result, 𝑥𝑙 is efficient if and only if 𝐸𝐾 (𝑥𝑙 ) has a maximum value of zero. See,
[Ecker and Kouada, 1978].
The process continues to search for other efficient solutions in other nodes (if they exist) by applying
efficient cut to the related program. First, the setH𝑙 is created. Then, the efficient cut (3.11) is constructed
and incorporated into subsequent nodes 𝑙 .

H𝑙 =
{
𝑗 ∈ N𝑙 |∃𝑖 ∈ {1, 2, . . . , 𝐾};𝐶 𝑗

𝑖
< 0

}
∪

{
𝑗 ∈ N𝑙 | 𝐶 𝑗

𝑖
= 0, ∀𝑖 = {1, 2, . . . , 𝐾}

}
,

∑︁
𝑗∈H𝑙

𝑥 𝑗 ≥ 1. (3.11)

If the solution 𝑥𝑙 is not efficient for the deterministic equivalent problem (3.3). In addition, the given
solution by the efficiency test is feasible and optimal. In this situation, we update the value of the
objective function 𝜙𝑜𝑝𝑡 . Another cut (3.12) is added to the related program.

𝜙 (𝑥) < 𝜙𝑜𝑝𝑡 . (3.12)

The method ends when all created nodes are fathomed. The optimal integer solution of the problem
(3.4) is 𝑥𝑜𝑝𝑡 and corresponds to the value 𝜙𝑜𝑝𝑡 .

3.3.2 Algorithm

The following algorithm (13) summarizes the main steps of the proposed method, these steps are treated
according to the backtracking principle.
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Algorithm 13: A Branch and Cut Strategies based Method
Data: Initialization 𝜃 = −∞, 𝑙 = 0.
Result : 𝑥𝑜𝑝𝑡 : Optimal solution of the problem (3.4).

𝜙𝑜𝑝𝑡 : Optimal value of the objective function.
while As long as a unfathomed node 𝑙 exists in the tree do

solve the problem (3.4) using simplex or dual simplex method;
if the problem (3.4) has a feasible solution 𝑥𝑙 then

if 𝑥𝑙 is integer then

Feasibility test: Solve the program (2.13);
if 𝜎𝑡𝑟 [ℎ (𝜉𝑟 ) − 𝑇 (𝜉𝑟 )𝑥𝑙 ] > 0 then

Add the feasibility cut (2.14) to the successors of 𝑙 ;
else

Optimality test: Solve the program (2.16), calculate Q(x);
if 𝑄 (𝑥𝑙 ) > 𝜃𝑙 then

Add the optimality cut (2.19) to the successors of 𝑙 ;
else

Efficiency test

Solve the program (3.10), 𝑣 is the optimal solution criteria;
if 𝑣 = 0 then

𝑥𝑜𝑝𝑡 = 𝑥𝑙 , 𝜙𝑜𝑝𝑡 = 𝜙 (𝑥𝑙 )
else

𝑥𝑙 is given by the Efficiency test (3.10).
Feasibility and optimality test

if 𝑥𝑙 Feasible and optimal then

𝑥𝑜𝑝𝑡 = 𝑥𝑙 , 𝜙𝑜𝑝𝑡 = 𝜙 (𝑥𝑙 )
Add the cut (3.12) 𝜙 (𝑥 ) < 𝜙𝑜𝑝𝑡 to the successors of 𝑙

end

end

Update set S. Construct the sets H𝑙 ;
if H𝑙 then

Fathom the node 𝑙 ;
else

Add the efficient cut (3.11) to the successors of 𝑙 ;
end

end

end

else

Branching process

Choose an index j such that 𝛼 𝑗 is the most fractional number. Split the program 𝑃𝑙 into two sub programs, by adding
respectively the constraints: 𝑥 𝑗 ≤

⌊
𝛼 𝑗

⌋
and 𝑥 𝑗 ≥

⌊
𝛼 𝑗

⌋
+ 1. To obtain (𝑃𝑙1 ) and (𝑃𝑙2 ) (𝑙1 ≠ 𝑙2 and 𝑙1 ≥ 𝑙 + 1, 𝑙2 ≥ 𝑙 + 1) ;

end

else

The corresponding node 𝑙 is fathomed;
end

end
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Theorem 3.3.1. The algorithm converges to the optimal solution of the problem 3.4, if it exists, in a finite
number of iterations.

Proof. LetS be the set of feasible integer solutions of the deterministic equivalent problem 3.3 a bounded
set contained in 𝑆𝑙 . In addition, the cardinality of the efficient set X𝐸𝐷 is a finite number too. During
the process of the algorithm 13, when an integer solution is found, there are only a finite number of
cuts that eliminate 𝑥𝑙 and all dominated solutions from the search tree (see proposition 3.2.1).
Similarly, the algorithm used a limited number of feasibility and optimality cuts. which means that
the search tree would have a finite number of branches and that the algorithm terminates in a finite
number of steps. □

3.4 Didactic Example

Consider the following multi-objective integer linear programming stochastic problems presented as
follows [Amrouche and Moulaı̈, 2012]:

Scenario 1 Scenario 2

𝑃 (𝜉2)



min 𝑓 1
1 = −9𝑥1 + 𝑥2,

min 𝑓 1
2 = 8𝑥1 − 5𝑥2,

min 𝑓 1
3 = 2𝑥1 + 4𝑥2,

s.t.,
𝑥1 − 2𝑥2 ≤ 5,
−𝑥1 + 𝑥2 ≤ 6,
𝑥1 + 𝑥2 ≤ 8,
𝑥1 + 2𝑥2 ≤ 3,
−2𝑥1 + 𝑥2 ≤ 5,
𝑥1, 𝑥2 ∈ ℕ.

𝑃 (𝜉2)



min 𝑓 3
1 = 3𝑥1 + 𝑥2,

min 𝑓 3
3 = 2𝑥1 + 𝑥2,

min 𝑓 2
3 = 6𝑥1 − 2𝑥2,

s.t.,
𝑥1 − 2𝑥2 ≤ 5,
−𝑥1 + 𝑥2 ≤ 6,
𝑥1 + 𝑥2 ≤ 8,
𝑥1 ≤ 6,
3𝑥1 + 4𝑥2 ≤ 1,
𝑥1, 𝑥2 ∈ ℕ.

The recourse matrix and the deterministic constraints matrices are given for both scenarios by:

𝐴 =
©­­«

1 −2
−1 1

1 1

ª®®¬ , 𝑏 =
©­­«

5
6
8

ª®®¬ , 𝑊 =

(
−2 −1 2 1
3 2 −5 −6

)
.

The stochastic constraints matrices, the penalties of constraint violations, and the probability dis-
tribution are given for both scenarios by:

𝑞 (𝜉 1) = (1, 0, 6, 2)𝑡 , ℙ (𝜉 1) = 1
2 , 𝑞 (𝜉2) = (5, 3, 2, 1)𝑡 , ℙ (𝜉2) = 1

2 ,

𝑇 (𝜉 1) =
(

1 2
−2 1

)
, 𝑇 (𝜉2) =

(
1 0
3 4

)
, ℎ (𝜉 1) =

(
3
5

)
, ℎ (𝜉2) =

(
6
1

)
.
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The deterministic multi-objective integer linear programming problem:

𝑓1 = 𝔼 [𝐶1 (𝜉) 𝑥] = ℙ (𝜉 1)𝐶1 (𝜉 1) 𝑥 + ℙ (𝜉2)𝐶1 (𝜉2) 𝑥,
𝑓2 = 𝔼 [𝐶2 (𝜉) 𝑥] = ℙ (𝜉 1)𝐶2 (𝜉 1) 𝑥 + ℙ (𝜉2)𝐶2 (𝜉2) 𝑥,
𝑓3 = 𝔼

[
𝐶3 (𝜉) 𝑥

]
= ℙ (𝜉 1)𝐶3 (𝜉 1) 𝑥 + ℙ (𝜉2)𝐶3 (𝜉2) 𝑥,

(𝑀𝑂𝑆𝐼𝐿𝑃𝐷)



min 𝑓1 = −3𝑥1 + 𝑥2,

min 𝑓2 = 5𝑥1 − 2𝑥2,

min 𝑓3 = 2𝑥1 − 𝑥2,

s.t.,
𝑥1 − 2𝑥2 ≤ 5,
−𝑥1 + 𝑥2 ≤ 6,
𝑥1 + 𝑥2 ≤ 8.

Consider now the preference function of the decision-maker for each scenario:

Scenario 1 Scenario 2

𝜙 (𝜉 1)


min𝜙 1 = −𝑥1 + 3𝑥2,

s.t.,
𝑥1, 𝑥2 ∈ X𝐸𝐷 .

𝜙 (𝜉2)


min𝜙2 = 5𝑥1 − 1𝑥2,

s.t.,
𝑥1, 𝑥2 ∈ X𝐸𝐷 .

The main deterministic relaxed problem is defined by:

𝜙 = 𝔼 [𝑑 (𝜉𝑟 ) 𝑥] = ℙ (𝜉 1) 𝑑 (𝜉 1) 𝑥 + ℙ (𝜉2) 𝑑 (𝜉2) 𝑥,

(𝑃𝐷𝑅)


min 𝜙 = 2𝑥1 + 𝑥2,

s.t.,
𝑥 ∈ 𝑆,

where, 𝑆0 = {𝑥 ∈ ℝ𝑛 | 𝑥1 − 2𝑥2 ≤ 5,−𝑥1 + 𝑥2 ≤ 6, 𝑥1 + 𝑥2 ≤ 8, 𝑥1, 𝑥2 ∈ ℕ}.

Initial iteration: 𝜙𝑜𝑝𝑡 = +∞, 𝜃 = −∞.

Step 1: General step

The relaxed problem (𝑃0) is solved.

(𝑃0)
{

min 𝜙 = 2𝑥1 + 𝑥2,

s.t., 𝑥 ∈ 𝑆0.

The first optimal solution is 𝑥0 = (0, 0). In this situation, 𝑥0 will be tested for feasibility and optimality
for each scenario.
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Step 3: Feasibility and Optimality Tests

At first, we evaluate the feasibility of the solution 𝑥0 by solving the following two problems:

ℎ (𝜉 1) −𝑇 (𝜉 1) 𝑥0 =

(
3
5

)
−

(
1 2
−2 1

) (
0
0

)
=

(
3
5

)
.

ℎ (𝜉2) −𝑇 (𝜉2) 𝑥0 =

(
6
1

)
−

(
1 0
3 4

) (
0
0

)
=

(
6
1

)
.

Scenario 1 Scenario 2

𝜎 (𝜉 1)



max 3𝜎 1
1 + 5𝜎2

1 ,

−2𝜎 1
1 + 3𝜎2

1 ≤ 0,
−𝜎 1

1 + 2𝜎2
1 ≤ 0,

2𝜎 1
1 − 5𝜎2

1 ≤ 0,
𝜎 1

1 − 6𝜎2
1 ≤ 0,

𝜎 1
1 + 𝜎2

1 ≤ 1.

𝜎𝑡1 =
(

2
3 ,

1
3

)
, 𝜎 (𝜉2)



max 6𝜎 1
2 + 1𝜎2

2 ,

−2𝜎 1
2 + 3𝜎2

2 ≤ 0,
−𝜎 1

2 + 2𝜎2
2 ≤ 0,

2𝜎 1
2 − 5𝜎2

2 ≤ 0,
𝜎 1

2 − 6𝜎2
2 ≤ 0,

𝜎 1
2 + 𝜎2

2 ≤ 1.

𝜎𝑡2 =
(

5
7 ,

2
7

)
.

Note that, 𝜎𝑡1 [ℎ (𝜉 1) −𝑇 (𝜉 1) 𝑥0] =
(

2
3 ,

1
3

) (3
5
)
= 11

3 > 0, this means that 𝑥0 is not feasible for the 𝜉 1. In
this situation, we introduce the following feasibility cut and addit to the current problem.(

2
3 ,

1
3

) (
1 2
−2 1

) (
𝑥1

𝑥2

)
>

(
2
3 ,

1
3

) (
3
5

)
=

11
3 ⇐⇒ 5𝑥2 ≥ 11.

After adding the feasibility cut, we solve the following new problem:

(𝑃 1)
{

min 𝜙 = 2𝑥1 + 𝑥2,

s.t., 𝑥 ∈ 𝑆1 = {𝑥 ∈ 𝑆0 | 5𝑥2 ≥ 11, 𝑥 ∈ ℕ𝑛}.

Minimum is reached at 𝑥 1 = (0, 11
5 ) but it is not an integer. The algorithm passes throughthe branching

process.

Step 2: The branching process

Node 2: 𝑆2 =
{
𝑥 ∈ 𝑆1 : 𝑥2 ≥

⌊
11
5

⌋
+ 1

}
et 𝑥2 ≥ 3 .

Node 3: 𝑆3 =

{
𝑥 ∈ 𝑆1 : 𝑥2 ≤

⌊
11
5

⌋}
et 𝑥2 ≤ 2. No solution exists in this node. then, the node is

fathomed.

We resolve the new program in node 1.

(𝑃2)
{

min 𝜙 = 2𝑥1 + 𝑥2,

s.t., 𝑥 ∈ 𝑆2.
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The integer solution obtained is 𝑥2 = (0, 3). We continue the process by testing the feasibility and
optimality of the solution 𝑥2.

Step 3: Feasibility and Optimality Tests

As previously mentioned, this step commences with a feasibility test, where the feasibility of the
solution 𝑥2 is examined by solving the following pair of problems.

Scenario 1 Scenario 2

𝜎 (𝜉 1)



max −3𝜎 1
1 + 2𝜎2

1 ,

−2𝜎 1
1 + 3𝜎2

1 ≤ 0,
−𝜎 1

1 + 2𝜎2
1 ≤ 0,

2𝜎 1
1 − 5𝜎2

1 ≤ 0,
𝜎 1

1 − 6𝜎2
1 ≤ 0,

𝜎 1
1 + 𝜎2

1 ≤ 1.

𝜎𝑡1 = (0, 0) , 𝜎 (𝜉2)



max 6𝜎 1
2 − 11𝜎2

2 ,

−2𝜎 1
2 + 3𝜎2

2 ≤ 0,
−𝜎 1

2 + 2𝜎2
2 ≤ 0,

2𝜎 1
2 − 5𝜎2

2 ≤ 0,
𝜎 1

2 − 6𝜎2
2 ≤ 0,

𝜎 1
2 + 𝜎2

2 ≤ 1.

𝜎𝑡2 =
(

5
7 ,

2
7

)
.

We have here 𝜎𝑡2 [ℎ (𝜉2) −𝑇 (𝜉2) 𝑥2] =
(

5
7 ,

2
7

) ( 6
−11

)
= 8

7 > 0. 𝑥2 is not feasible for the second scenario,
we construct then the feasible constraint for the second scenario.

(
5
7 ,

2
7

) (
1 0
3 4

) (
𝑥1

𝑥2

)
>

(
5
7 ,

2
7

) (
6
1

)
=

32
7 ⇐⇒ 11𝑥1 + 8𝑥2 ≥ 32.

We resolve the new program:

(𝑃3)
{

min 𝜙 = 2𝑥1 + 𝑥2,

s.t., 𝑥 ∈ 𝑆4 = {𝑥 ∈ 𝑆2, | 11𝑥1 + 8𝑥2 ≥ 32, 𝑥 ∈ ℕ𝑛 .}

The minimum is reached at 𝑥3 = (0, 4), we pass again through the feasibility and optimality test step.
Step 3: Feasibility and Optimality Tests

We test the feasibility of 𝑥3 by solving the following two problems:

Scenario 1 Scenario 2

𝜎 (𝜉 1)



max −5𝜎 1
1 + 𝜎2

1 ,

−2𝜎 1
1 + 3𝜎2

1 ≤ 0,
−𝜎 1

1 + 2𝜎2
1 ≤ 0,

2𝜎 1
1 − 5𝜎2

1 ≤ 0,
𝜎 1

1 − 6𝜎2
1 ≤ 0,

𝜎 1
1 + 𝜎2

1 ≤ 1.

𝜎𝑡1 = (0, 0) , 𝜎 (𝜉2)



max 6𝜎 1
2 − 15𝜎2

2 ,

−2𝜎 1
2 + 3𝜎2

2 ≤ 0,
−𝜎 1

2 + 2𝜎2
2 ≤ 0,

2𝜎 1
2 − 5𝜎2

2 ≤ 0,
𝜎 1

2 − 6𝜎2
2 ≤ 0,

𝜎 1
2 + 𝜎2

2 ≤ 1.

𝜎𝑡2 =

(
5
7 ,

2
7

)
.

Here, 𝜎𝑡1 = 𝜎𝑡2 = 0, which means that, 𝑥3 is feasible for both scenarios. Following this, we perform the
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optimality test for 𝑥3 by solving the following two problems:

Scenario 1 Scenario 2

𝜋 (𝜉 1)



max −5𝜋 1
1 + 𝜋2

1 ,

−2𝜋 1
1 + 3𝜋2

1 ≤ 1,
−𝜋 1

1 + 2𝜋2
1 ≤ 0,

2𝜋 1
1 − 5𝜋2

1 ≤ 6,
𝜋 1

1 − 6𝜋2
1 ≤ 2.

𝜋𝑡1 =
(
−1,− 1

2
)
, 𝜋 (𝜉2)



max 6𝜋 1
1 − 15𝜋2

1 ,

−2𝜋 1
1 + 3𝜋2

1 ≤ 5,
−𝜋 1

1 + 2𝜋2
1 ≤ 3,

2𝜋 1
1 − 5𝜋2

1 ≤ 2,
𝜋 1

1 − 6𝜋2
1 ≤ 1.

𝜋𝑡2 = (1, 0) .

At first, we calculate the expected recourse function value 𝑄 (𝑥) by:

𝑄 (𝑥, 𝜉 1) = 𝜋 𝑡1 [ℎ (𝜉 1) −𝑇 (𝜉 1) 𝑥3] = 9
2 ,

𝑄 (𝑥, 𝜉2) = 𝜋 𝑡2 [ℎ (𝜉2) −𝑇 (𝜉2) 𝑥3] = 6,
𝑄 (𝑥) = 1

2𝑄 (𝑥, 𝜉
1) + 1

2𝑄 (𝑥, 𝜉
2) = 21

4 .

We notice that: 𝑄 (𝑥) > 𝑡ℎ𝑒𝑡𝑎 = −∞. Consequently, we construct the optimality cut as outlined
below. Then we add it to the current problem.

𝜃 ≥ 1
4 −

1
2𝑥1 +

5
4𝑥2.

After adding the optimality constraint, we resolve the new problem.

(𝑃4)
{

min 𝜙 = 2𝑥1 + 𝑥2,

s.t., 𝑥 ∈ 𝑆 ′4 = {𝑥 ∈ 𝑆4 | 𝜃 ≥ 1
4 −

1
2𝑥1 + 5

4𝑥2, 𝑥 ∈ ℕ𝑛}.

We obtain the same optimal solution 𝑥3 = (0, 4). Moreover, in this situation, this obtained solution is
feasible and optimal for both scenarios with penalty value 𝜃 = 21

4 , see Table 3.1.
After this, the algorithm proceeds to another step, which is the efficiency test. This test is conducted to
evaluate the efficiency of the attained solution the deterministic multiobjective problems.

Table 3.1: Optimal simplex table after introducing optimality cut

𝐵 𝑅ℎ𝑠 𝑥8 𝑥1

𝑥3 13 15
4 − 7

4
𝑥4 2 − 19

8
7
8

𝑥5 4 − 3
8

7
8

𝑥2 4 11
8 − 7

8
𝑥6 3 − 55

24
35
24

𝑥7 1 11
8 − 7

8
𝜃 21

4
71
32 − 35

32
𝑓1 4 − 35

8
7
8

𝑓2 −8 31
4 − 7

4
𝑓3 −4 27

8 − 7
8
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Step 4: Efficiency test

We test the efficiency of 𝑥3 for the deterministic multi-objective problem by solving the following
problem:

(𝐸𝐾 (𝑥3))



maxΨ = 𝜓1 +𝜓2 +𝜓3,

s.t., 𝑥 ∈ 𝑆4,

𝜃 ≥ 1
4 −

1
2𝑥1 + 5

4𝑥2,

−3𝑥1 + 𝑥2 +𝜓1 = 4,
5𝑥1 − 2𝑥2 +𝜓2 = −8,
2𝑥1 − 𝑥2 +𝜓3 = −4,
𝑥1, 𝑥2 ∈ ℕ, 𝜃,𝜓1,𝜓2,𝜓3 ∈ ℝ.

Note that, max Ψ = 2 ≠ 0, this means that 𝑥3 is not efficient. The solution 𝑥3
= (1, 7) given by the

efficiency test is efficient. In this situation, we test the feasibility and the optimality of the solution 𝑥3.
As a result, 𝑥3 is feasible and optimal for the second stage-problems. With 𝜃 =

17
2 . We notice that

𝜙𝑥3 = 9 < 𝜙𝑜𝑝𝑡 = +∞. Now we modify our best solution and the objective function: 𝑥𝑜𝑝𝑡 = (1, 7), 𝜙𝑜𝑝𝑡 = 9
and we continue the algorithm process through the last step

Step 5: The efficient cut

In this step, we construct the setH1 by using the decreasing direction of each criterion 𝑓𝑖∈{1,...,3} for the
deterministic multi-objective problem. From the table 3.1,H1 = {1, 8} ≠ ∅.
After adding the cuts 𝑥1 + 𝑥8 ≥ 1 and the second cut 𝜙 (𝑥) ≤ 𝜙𝑜𝑝𝑡 ⇒ 2𝑥1 + 𝑥2 ≤ 9 to the current problem.
The algorithm continues the search process for other efficient solutions by resolving the following new
problem.

(𝑃 5)
{

min 𝜙 = 2𝑥1 + 𝑥2,

s.t., 𝑥 ∈ 𝑆5 = {𝑥 ∈ 𝑆
′
4 | 𝑥1 + 𝑥8 ≥ 1, 2𝑥1 + 𝑥2 ≤ 9}.

The solution obtained 𝑥4 = ( 5
6 , 3) is not an integer.

Step 2: The branching process starts

Node 6: 𝑆6 =
{
𝑥 ∈ 𝑆5 : 𝑥1 ≥

⌊ 5
6
⌋
+ 1

}
et 𝑥1 ≥ 1 .

Node 7: 𝑆7 =
{
𝑥 ∈ 𝑆5 : 𝑥1 ≤

⌊ 5
6
⌋}

et 𝑥1 ≤ 0.

The new problem is Solved at node 6.

(𝑃6)
{

min 𝜙 = 2𝑥1 + 𝑥2,

s.t., 𝑥 ∈ 𝑆6.

The obtained integer solution is 𝑥5 = (1, 3), see Table 3.2. We continue the process by testing the
feasibilityand optimality of the solution 𝑥5.
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Table 3.2: Optimal simplex table after branching process at node 3

𝐵 𝑅ℎ𝑠 𝑥12 𝑥7

𝑥3 10 1 −2
𝑥4 4 −1 1
𝑥5 4 1 1
𝜃

7
2

1
2 − 5

4
𝑥8

3
7 − 11

7 − 8
7

𝑥6
4
3 0 − 5

3
𝑥1 1 −1 0
𝑥2 3 0 −1
𝑥11 3 2 1
𝑥10

3
7 − 18

7 − 8
7

𝑓1 0 1 −3
𝑓2 −1 −2 5
𝑓3 −1 −1 2

Step 3: Feasibility and Optimality Tests

The feasibility of the solution 𝑥5 is examined by solving the following pair of problems.

Scenario 1 Scenario 2

𝜎 (𝜉 1)



max −4𝜎 1
1 + 4𝜎2

1 ,

−2𝜎 1
1 + 3𝜎2

1 ≤ 0,
−𝜎 1

1 + 2𝜎2
1 ≤ 0,

2𝜎 1
1 − 5𝜎2

1 ≤ 0,
𝜎 1

1 − 6𝜎2
1 ≤ 0,

𝜎 1
1 + 𝜎2

1 ≤ 1.

𝜎𝑡1 = (0, 0) , 𝜎 (𝜉2)



max 5𝜎 1
2 − 14𝜎2

2 ,

−2𝜎 1
2 + 3𝜎2

2 ≤ 0,
−𝜎 1

2 + 2𝜎2
2 ≤ 0,

2𝜎 1
2 − 5𝜎2

2 ≤ 0,
𝜎 1

2 − 6𝜎2
2 ≤ 0,

𝜎 1
2 + 𝜎2

2 ≤ 1.

𝜎𝑡2 = (0, 0) .

Note that, 𝜎𝑡1 = 𝜎𝑡2 = 0, which means that 𝑥5 is feasible for both scenarios. In this case, we perform the
optimality test.

Scenario 1 Scenario 2

𝜋 (𝜉 1)



max −4𝜋 1
1 + 4𝜋2

1 ,

−2𝜋 1
1 + 3𝜋2

1 ≤ 1,
−𝜋 1

1 + 2𝜋2
1 ≤ 0,

2𝜋 1
1 − 5𝜋2

1 ≤ 6,
𝜋 1

1 − 6𝜋2
1 ≤ 2.

𝜋𝑡1 =
(
−1,− 1

2
)
, 𝜋 (𝜉2)



max 5𝜋 1
1 − 14𝜋2

1 ,

−2𝜋 1
1 + 3𝜋2

1 ≤ 5,
−𝜋 1

1 + 2𝜋2
1 ≤ 3,

2𝜋 1
1 − 5𝜋2

1 ≤ 2,
𝜋 1

1 − 6𝜋2
1 ≤ 1.

𝜋𝑡2 = (1, 0) .

In this situation, 𝑄 (𝑥) = 7
2 , and we note that 𝑄 (𝑥) = 𝜃 (see table 3.2), this means that 𝑥5 = (1, 3) is

optimal for both scénarios with 𝜃 =
7
2 . Following this, we proceed to the next step of the algorithm.
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Step 4: Efficiency test

We test the efficiency of 𝑥5 for the deterministic multi-objective problem by solving the following
problem:

(𝐸𝐾 (𝑥5))



maxΨ = 𝜓1 +𝜓2 +𝜓3,

s.t., 𝑥 ∈ 𝑆4,

𝜃 ≥ 1
4 −

1
2𝑥1 + 5

4𝑥2,

−3𝑥1 + 𝑥2 +𝜓1 = 0,
5𝑥1 − 2𝑥2 +𝜓2 = −1,
2𝑥1 − 𝑥2 +𝜓3 = −1,
𝑥1, 𝑥2 ∈ ℕ, 𝜃,𝜓1,𝜓2,𝜓3 ∈ ℝ.

Here, Ψ = 2 ≠ 0, this means 𝑥5 is not efficient. In addition, the solution 𝑥5
= (2, 6) given by the

efficiency test is not optimal for the second-stage problems. In this situation, we continue the search
process for the optimal solution by adding an efficient cut.
Step 5: The efficient cut

In this step, we construct two new set H2 = {13, 7} ≠ ∅. See Table 3.2. After that, we add the new
efficient cut 𝑥7 + 𝑥13 ≥ 1 to the current problem.
Once again, the algorithm continues the search process of finding other efficient solutions by solving
the new problem:

(𝑃7)
{

min 𝜙 = 2𝑥1 + 𝑥2,

s.t., 𝑥 ∈ 𝑆8 = {𝑥 ∈ 𝑆6 | 𝑥13 + 𝑥7 ≥ 1}.

The integer solution obtained is 𝑥6 = (1, 4).
Step 3: Feasibility and Optimality Tests

We test the feasibility of 𝑥6 by solving the following problems:

Scenario 1 Scenario 2

𝜎 (𝜉 1)



max −6𝜎 1
1 + 3𝜎2

1 ,

−2𝜎 1
1 + 3𝜎2

1 ≤ 0,
−𝜎 1

1 + 2𝜎2
1 ≤ 0,

2𝜎 1
1 − 5𝜎2

1 ≤ 0,
𝜎 1

1 − 6𝜎2
1 ≤ 0,

𝜎 1
1 + 𝜎2

1 ≤ 1.

𝜎𝑡1 = (0, 0) , 𝜎 (𝜉2)



max 5𝜎 1
2 − 18𝜎2

2 ,

−2𝜎 1
2 + 3𝜎2

2 ≤ 0,
−𝜎 1

2 + 2𝜎2
2 ≤ 0,

2𝜎 1
2 − 5𝜎2

2 ≤ 0,
𝜎 1

2 − 6𝜎2
2 ≤ 0,

𝜎 1
2 + 𝜎2

2 ≤ 1.

𝜎𝑡2 = (0, 0) .

In this case, 𝜎𝑡1 = 𝜎𝑡2 = 0, this mean 𝑥6 is feasible for both scenarios. Now, we test the optimality of 𝑥6 is
by solving the following problems:

Scenario 1 Scenario 2

𝜋 (𝜉 1)



max −6𝜋 1
1 + 3𝜋2

1 ,

−2𝜋 1
1 + 3𝜋2

1 ≤ 1,
−𝜋 1

1 + 2𝜋2
1 ≤ 0,

2𝜋 1
1 − 5𝜋2

1 ≤ 6,
𝜋 1

1 − 6𝜋2
1 ≤ 2.

𝜋𝑡1 =
(
−1,− 1

2
)
, 𝜋 (𝜉2)



max 5𝜋 1
1 − 18𝜋2

1 ,

−2𝜋 1
1 + 3𝜋2

1 ≤ 5,
−𝜋 1

1 + 2𝜋2
1 ≤ 3,

2𝜋 1
1 − 5𝜋2

1 ≤ 2,
𝜋 1

1 − 6𝜋2
1 ≤ 1.

𝜋𝑡2 = (1, 0) .
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After calculating𝑄 (𝑥) = 64
9 , we found that𝑄 (𝑥) = 𝜃 which means that 𝑥6 is the integer optimal solution

with 𝜃 =
19
4 .

Step 4: Efficiency test

We test the efficiency of 𝑥6 by solving the following problem:

(𝐸𝐾 (𝑥6))



maxΨ = 𝜓1 +𝜓2 +𝜓3,

s.t., 𝑥 ∈ 𝑆4,

𝜃 ≥ 1
4 −

1
2𝑥1 + 5

4𝑥2,

−3𝑥1 + 𝑥2 +𝜓1 = 1,
5𝑥1 − 2𝑥2 +𝜓2 = −3,
2𝑥1 − 𝑥2 +𝜓3 = −2,
𝑥1, 𝑥2 ∈ ℕ, 𝜃,𝜓1,𝜓2,𝜓3 ∈ ℝ.

Note that the max Ψ = 0, that means 𝑥6 is efficient with 𝜃 =
19
4 . In addition, we notice that

𝜙𝑥6 = 6 < 𝜙𝑜𝑝𝑡 ⇒ 𝑥𝑜𝑝𝑡 = (1, 4), 𝜙𝑜𝑝𝑡 = 6. Stop, the node 8 is fathomed.

At this step, the algorithm tries to find another solution better than the previous one if it exists,
by visiting other nodes. Here, we resolve the program at node 4.

(𝑃8)
{

min 𝜙 = 2𝑥1 + 𝑥2,

s.t., 𝑥 ∈ 𝑆7.

The minimum is reached at 𝑥7 = (0, 39
8 ) it’s not an integer solution, In this situation, we start the

branching process.

Step 2: The branching process starts

Node 9: 𝑆9 =
{
𝑥 ∈ 𝑆7 : 𝑥2 ≥

⌊
11
5

⌋
+ 1

}
et 𝑥2 ≥ 5 .

Node 10: 𝑆10 =

{
𝑥 ∈ 𝑆7 : 𝑥2 ≤

⌊
11
5

⌋}
et 𝑥2 ≤ 4. No solution exists in this node. then, the node is

fathomed.

The new problem is solved at node 5, and the new optimal solution is 𝑥8 = (0, 5).

(𝑃9)
{

min 𝜙 = 2𝑥1 + 𝑥2,

s.t., 𝑥 ∈ 𝑆11, 𝑥 ∈ ℕ𝑛 .
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Step 3: Feasibility and Optimality Tests

We resolve the next following problems to test the feasibility of 𝑥8.

Scenario 1 Scenario 2

𝜎 (𝜉 1)



max −7𝜎 1
1 ,

−2𝜎 1
1 + 3𝜎2

1 ≤ 0,
−𝜎 1

1 + 2𝜎2
1 ≤ 0,

2𝜎 1
1 − 5𝜎2

1 ≤ 0,
𝜎 1

1 − 6𝜎2
1 ≤ 0,

𝜎 1
1 + 𝜎2

1 ≤ 1.

𝜎𝑡1 = (0, 0) , 𝜎 (𝜉2)



max 6𝜎 1
2 − 19𝜎2

2 ,

−2𝜎 1
2 + 3𝜎2

2 ≤ 0,
−𝜎 1

2 + 2𝜎2
2 ≤ 0,

2𝜎 1
2 − 5𝜎2

2 ≤ 0,
𝜎 1

2 − 6𝜎2
2 ≤ 0,

𝜎 1
2 + 𝜎2

2 ≤ 1.

𝜎𝑡2 = (0, 0) .

Here, 𝜎𝑡1 = 𝜎𝑡2 = 0, this mean 𝑥8 is feasible for both scenarios.In this situation, we check the optimality
of 𝑥8 for the second-stage problems.

Scenario 1 Scenario 2

𝜋 (𝜉 1)



max −7𝜋 1
1 ,

−2𝜋 1
1 + 3𝜋2

1 ≤ 1,
−𝜋 1

1 + 2𝜋2
1 ≤ 0,

2𝜋 1
1 − 5𝜋2

1 ≤ 6,
𝜋 1

1 − 6𝜋2
1 ≤ 2.

𝜋𝑡1 =
(
−1,− 1

2
)
, 𝜋 (𝜉2)



max 6𝜋 1
1 − 19𝜋2

1 ,

−2𝜋 1
1 + 3𝜋2

1 ≤ 5,
−𝜋 1

1 + 2𝜋2
1 ≤ 3,

2𝜋 1
1 − 5𝜋2

1 ≤ 2,
𝜋 1

1 − 6𝜋2
1 ≤ 1.

𝜋𝑡2 = (1, 0) .

In this situation, 𝑄 (𝑥) = 13
2 = 𝜃 and this mean that 𝑥8 is the integer optimal solution with 𝜃 =

13
2 .

Step 4: Efficiency test

We test the efficiency of 𝑥8 by solving the following problem:

(𝐸𝐾 (𝑥8))



maxΨ = 𝜓1 +𝜓2 +𝜓3,

s.t., 𝑥 ∈ 𝑆4,

𝜃 ≥ 1
4 −

1
2𝑥1 + 5

4𝑥2,

−3𝑥1 + 𝑥2 +𝜓1 = 5,
5𝑥1 − 2𝑥2 +𝜓2 = −10,
2𝑥1 − 𝑥2 +𝜓3 = −5,
𝑥1, 𝑥2 ∈ ℕ, 𝜃,𝜓1,𝜓2,𝜓3 ∈ ℝ.

Note that, Ψ = 0, which means that 𝑥8 is efficient with 𝜃 =
13
2 . In this situation, 𝜙𝑥4 = 5 < 𝜙𝑜𝑝𝑡 ⇒ 𝑥𝑜𝑝𝑡 =

(0, 5), 𝜙𝑜𝑝𝑡 = 5, Stop, this node 9 is fathomed.

The algorithm terminates with 𝑥𝑜𝑝𝑡 = (0, 5) and 𝜙𝑜𝑝𝑡 = 5.
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To summarize the proposed method throughout this example, we present a tree Figure 4.1 showing the
states of the nodes during the process:

0(0, 0)

1(0, 11
5 )

2 (0, 3)

4(0, 4) 𝑥𝑜𝑝𝑡 = (1, 7), 𝜙𝑜𝑝𝑡 = 9, given by the efficiency test

5 ( 5
6 , 3)

6 (1, 3)

8 𝑥𝑜𝑝𝑡 = (1, 4), 𝜙𝑜𝑝𝑡 = 6
𝑆𝑇𝑂𝑃

7(0, 39
8 )

9 𝑥𝑜𝑝𝑡 = (0, 5), 𝜙𝑜𝑝𝑡 = 5
𝑆𝑇𝑂𝑃

10

𝐼𝑛𝑓 𝑒𝑎𝑠𝑖𝑏𝑙𝑒

3

𝐼𝑛𝑓 𝑒𝑎𝑠𝑖𝑏𝑙𝑒

5𝑥2 ≥ 11

𝑥2 ≥ 3

11𝑥1 + 8𝑥2 ≥ 32

𝑥1 + 𝑥8 ≥ 1; 2𝑥1 + 𝑥2 ≤ 9

𝑥1 ≥ 1𝑥1 ≤ 0

𝑥7 + 𝑥13 ≥ 1𝑥2 ≥ 5𝑥2 ≤ 4

𝑥2 ≤ 2

Figure 3.1: Search tree of the example



3.5. COMPUTATIONAL RESULTS 77

3.5 Computational Results

According to the available literature, no benchmark instances have been considered for testing the
performance of the only method [Chaabane and Mebrek, 2014] (CMM) presented for solving this prob-
lem. Nonetheless, no experimental study has been conducted by the authors in their paper. For this
reason, we thought about creating randomly generated instances for testing the behavior of our method
(BCM) for solving the case of this problem and to make an experimental comparative study with their
method. We have coded and implemented both algorithms in a MATLAB environment without making
use of any solver and tested over the same randomly generated instances with the same software
environment. For the efficiency and optimality tests, we have used the linprog solver. The deterministic
data (constraint coefficients) are uncorrelated and uniformly distributed. Each component of the vector
𝑏, the entries of the matrix 𝐴, and the coefficients of the objective functions 𝐶 and 𝑑 were randomly
drawn from discrete uniform distributions in the following ranges [100, 200], [1, 100], [−100, 100] and
[−100, 100] respectively.
The stochastic data are generated in the same way as the deterministic ones. For each component of
the recourse matrix𝑊 , the penalties for constraint violations 𝑞, the two matrices 𝑇 and ℎ are in the
intervals [−50, 50], [1, 50], [−50, 50] and [−50, 50] respectively. The probability for each scenario is
randomly generated with the sum of probabilities equal to 1.
We have worked on 44 different groups of instances of (𝑛,𝑚, 𝑘, 𝑅) type, where 𝑛 is the number of
variables,𝑚 is the number of constraints, 𝑘 is the number of objectives and 𝑅 is the number of scenarios,
𝑅 = {2, 3, 5, 10}. However, five randomly generated instances were created for each group, which will
result in an outcome of 220 global instances, these instances are solved by BCM and CMM methods,
where their results are compared in Table 3.3.
Note that: The generation of random instances does not guarantee the feasibility of the instance. For
this study, we have kept only the feasible instances. Also, all proposed solution procedures of the
computational results section are performed on a computer with Intel(R) Core(TM) i3-3120M CPU @
2.50GHz 2.50 GHz processor and 4 GB RAM.
Results discussion: Table 3.3 shows the results achieved by both methods BCM and CMM on five
instances for each group. Column 1 represents the number of existing scenarios 𝑅, column 2 presents
the size of each instance (𝑛 ×𝑚 ×𝑘), where 𝑛 is the number of variables,𝑚 is the number of constraints
and 𝑘 is the number of objectives, columns 3 and 4 of the table display the average CPU time (in
seconds) for both methods BCM and CMM respectively, columns 5 and 6 report the average number of
nodes required (Nbr of Nodes) for both methods, columns 7 and 8 represent the average number of
visited solutions (Nbr of Sols) before finding the optimal one, columns 9 and 10 indicate the average
number of efficient cuts (Nbr of Cuts) used by BCM, and the [Sylva and Crema, 2004] used by CMM.
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Table 3.3: The behavior of the BCM method compared to the CCM method on medium and large scale
instances over different scenarios and based upon different criteria.

𝐶𝑃𝑈 (𝑆𝑒𝑐 ) 𝑁𝑏𝑟 𝑜𝑓 𝑁𝑜𝑑𝑒𝑠 𝑁𝑏𝑟 𝑜 𝑓 𝑆𝑜𝑙𝑠 𝑁𝑏𝑟 𝑜 𝑓 𝐶𝑢𝑡𝑠

R 𝑛 ×𝑚 × 𝑘 𝐵𝐶𝑀 𝐶𝑀𝑀 𝐵𝐶𝑀 𝐶𝑀𝑀 𝐵𝐶𝑀 𝐶𝑀𝑀 𝐵𝐶𝑀 𝐶𝑀𝑀

2 10 × 5 × 3 1.23 2.42 48.40 94.40 0.20 0.20 1.80 3.40
20 × 10 × 5 2.60 7.41 82.00 193.20 1.00 1.00 1.60 4.00
30 × 15 × 5 7.29 17.55 144.80 230.40 1.00 1.20 1.40 4.80

40 × 20 × 5 22.47 50.17 339.60 592.00 1.40 1.40 2.60 5.00
50 × 25 × 10 37.40 42.68 396.00 410.00 0.80 0.80 0.00 1.80
60 × 30 × 10 126.93 136.61 769.20 799.60 2.40 2.40 0.20 3.60
70 × 35 × 10 130.71 168.55 681.20 760.00 1.20 1.20 0.40 2.60

80 × 40 × 20 227.21 239.62 892.00 905.20 1.40 1.40 0.20 2.60
90 × 45 × 20 347.77 356.07 1026.80 1034.40 1.00 1.00 0.00 2.00

100 × 50 × 20 429.25 457.62 1094.40 1118.40 2.00 2.00 0.40 3.40
110 × 55 × 30 518.67 529.81 994.00 1001.60 1.60 1.60 0.20 2.80

𝐴𝑣𝑒𝑟𝑎𝑔𝑒 (𝑅 = 2) 168.32 182.59 588.04 649.02 1.27 1.29 0.80 3.27

3 10 × 5 × 3 2.60 7.75 30.40 126.40 0.80 1.00 3.20 7.00
20 × 10 × 5 3.00 6.59 82.00 147.60 0.80 0.80 0.80 2.80
30 × 15 × 5 11.25 14.97 252.00 292.00 0.00 0.00 0.80 1.80

40 × 20 × 5 26.45 97.26 392.20 788.00 0.60 0.60 3.80 7.00
50 × 25 × 10 37.19 37.39 351.20 361.60 1.20 1.20 0.00 2.20
60 × 30 × 10 55.08 91.54 376.80 528.40 1.40 1.40 0.60 3.00
70 × 35 × 10 138.96 144.93 632.60 654.80 2.20 2.20 0.40 3.60

80 × 40 × 20 218.11 225.08 852.80 871.20 0.80 0.80 0.40 2.20
90 × 45 × 20 222.42 236.52 968.00 998.00 1.20 1.20 0.20 2.40

100 × 50 × 20 355.92 379.03 930.80 962.00 2.40 2.40 0.00 3.40
110 × 55 × 30 850.92 853.24 1605.20 1619.20 2.00 2.00 0.00 3.00

𝐴𝑣𝑒𝑟𝑎𝑔𝑒 (𝑅 = 3) 174.72 190.30 563.27 647.38 1.22 1.24 0.93 3.49

5 10 × 5 × 3 3.84 12.63 55.60 267.60 0.80 1.00 4.60 11.60
20 × 10 × 5 5.26 15.22 106.00 311.60 1.80 2.20 3.40 6.40
30 × 15 × 5 7.70 21.48 153.60 322.00 1.40 1.40 2.00 5.00

40 × 20 × 5 17.77 44.88 233.60 445.60 1.20 1.20 2.20 4.40
50 × 25 × 10 16.20 18.39 188.00 197.20 1.00 1.00 0.00 2.00
60 × 30 × 10 51.60 60.27 303.60 330.00 1.40 1.40 0.20 2.60
70 × 35 × 10 110.80 151.64 602.40 684.40 1.40 1.40 0.20 2.60

80 × 40 × 20 150.99 161.82 646.40 665.20 1.00 1.00 0.00 4.58
90 × 45 × 20 229.11 247.07 767.60 787.60 1.60 1.60 0.00 2.60

100 × 50 × 20 345.16 355.52 902.40 924.00 1.60 1.60 0.40 3.00
110 × 55 × 30 452.84 476.31 944.80 973.60 2.40 2.40 0.00 3.40

𝐴𝑣𝑒𝑟𝑎𝑔𝑒 (𝑅 = 5) 126.48 142.30 445.82 537.16 1.42 1.47 1.18 4.15

10 10 × 5 × 3 19.64 27.84 124.00 313.60 1.00 1.00 15.00 20.60
20 × 10 × 5 7.05 20.94 106.40 326.80 1.00 1.00 3.00 7.80
30 × 15 × 5 9.02 16.40 156.80 244.80 0.60 0.60 1.60 3.20

40 × 20 × 5 12.19 35.90 152.80 317.20 1.20 1.40 1.20 4.40
50 × 25 × 10 22.96 29.52 228.00 255.20 2.00 2.00 0.20 3.20
60 × 30 × 10 58.15 90.74 391.20 483.20 2.00 2.00 0.40 3.40
70 × 35 × 10 84.72 146.53 468.40 621.20 1.60 1.60 0.80 3.40

80 × 40 × 20 110.78 119.45 479.20 500.00 1.80 1.80 0.00 2.80
90 × 45 × 20 251.28 266.10 740.80 762.00 1.80 1.80 0.60 3.40

100 × 50 × 20 416.68 436.81 936.80 955.60 2.20 2.20 0.00 3.20
110 × 55 × 30 376.67 396.00 713.20 718.00 1.00 1.00 0.00 2.00

𝐴𝑣𝑒𝑟𝑎𝑔𝑒 (𝑅 = 10) 124.47 144.20 408.87 499.78 1.47 1.49 2.07 5.22
𝐺𝑙𝑜𝑏𝑎𝑙 𝐴𝑣𝑒𝑟𝑎𝑔𝑒 148.50 164.85 501.50 583.34 1.35 1.37 1.25 4.03
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In what follows, we comment on the results reported in Table 3.3, where the term ”group of instances”
will be simply replaced by instance, since results are shown in averages:

• The value of the CPU time provided by BCM (column 3) is greater than the one achieved by CMM
(column 4) for all tested instances.
The following figure 3.2 illustrates the performance of our proposed BCM method compared to the
CMM based on the CPU (in seconds)for all studied instances, where R=2 and R=10 respectively.
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Figure 3.2: Illustration of the CPU (in seconds) achieved by both methods for all studied instances,
where 𝑅 = 2 and 𝑅 = 10 respectively.

• In columns 5 and 6, we notice that the BCM method is competitive when compared to the per-
formance of the CCM method in terms of the number of nodes during the branching process.
Indeed, it achieves the optimal solutions with a number of nodes less than the ones generated
by the CMM method throughout the searching procedure, and for all tested instances. Figure
3.3 demonstrates the average number of nodes required to achieve the optimal solution by both
BCM and CMM methods for all studied instances for R=2 and R=10 respectively.
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Figure 3.3: Illustration of the average number of nodes required to achieve the optimal solution by both
methods for all studied instances for R=2 and R=10 respectively

• When we consider the number of solutions visited before finding the optimal solution (see,
columns 7 and 8), we notice that our proposed method performs better according to this criterion
over five cases (line 3, R=2), (line 1, R=3), (line 1 and 2, R=5) and (line 4, R=10) respectively, and
remains very competitive for the remaining ones, where it is still able to achieve the same values
found by CMM.

• Columns 9 and 10 show the number of cuts generated by both algorithms for each instance, where
BCM is also able to achieve better performance. Besides being able to generate a more optimal
number of cuts (less), we would like to point out that CMM generates a set of binary variables
whenever a set of cuts are being added, which causes a higher complexity of the algorithm, on the
other hand, in the case of BCM, no additional binary variables are added to the cutting process.

BCM versus CMM: we can observe that despite the power of CMM, BCM is able to provide improvements
on different criteria for the majority of instances. In what follows, we comment on the average and
global average results reported in Table 3.3:

• The average CPU time: BCM remains competitive even when it comes to the average time for
each class of instances ((R=2), (R=3), (R=5), and (R=10)). Where it’s able to provide an average
CPU time of 168.32, 174.72, 126.48 and 124.47 seconds for each scenario, on the other hand, CMM
was capable of reaching a CPU time of 182.59, 190.30, 142.30 and 144.20 seconds for the 4 existing
variety on the number of scenarios (R) (see figure 3.2).
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• The average number of nodes: BCM is also able to provide better average values on the number
of nodes generated during the searching process, where BCM is capable of achieving an average
of 588.04, 563.27, 445.82 and 408.87 created nodes for all scenarios, in parallel CMM was able to
generate the following averages: 649.02, 647.38, 537.16 and 499.78 for all groups of instances (see
figure 3.3).

• The average number of solutions: BCM is still competitive when it comes to the average number
of solutions compared to those obtained by CMM. However, BCM is able to provide an average
of 1.27, 1.22, 1.42 and 1.47 solution, where CMM was able to generate the following averages: 1.29,
1.24, 1.47 and 1.49 of solutions.

• The average number of cuts: For this criteria, BCM still outperforms the CMM method for all
averages of 0.80, 0.93, 1.18 and 2.07 number of cuts, compared to 3.27, 3.49, 4.15 and 5.22 found
by the CMM method.

• Global Average: Last but not least, a global average for each criterion has been also added on
the last line of the table for a global comparison of the behavior of both methods for all studied
criteria, where BCM was able to provide significant global averages of 148.50, 501.50, 1.35 and
1.25 compared to those obtained by CMM, 164.85, 583.34, 1.37 and 4.03.

The following figure 3.4 displays the average and global average (𝐺𝑙𝑏 𝑎𝑣𝑟𝑔) of the CPU (in seconds)
achieved by the BCM and CMM methods for all the studied groups.
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Figure 3.4: Illustration of the average and the global average (𝐺𝑙𝑏 𝑎𝑣𝑟𝑔) of CPU (in seconds) achieved
by both methods for all studied groups
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3.6 Conclusion

This chapter introduces a novel exact method that optimizes a linear function over an efficient set of
a MOSILP problem. Our proposed method combines two established methods. The first is known as
the L-shaped method, which is an algorithm adept at addressing two-stage stochastic programming
problems. Its primary function involves assessing both the feasibility and optimality of the second-stage
problems. The second one known as the branch-and-cut strategy, whose general principle is based
on the branch-and-bound technique strengthened by the efficient tests and cuts, which allows the
exploration of a limited number of nodes in the search tree. This combination of methods allows the
optimal solution to be obtained without visiting the entire efficient set. Furthermore, our method
underwent testing using randomly generated instances, incorporating variant data dimension sizes.
The computational results showed the competitive nature of the proposed method, showcasing its
performance relative to the existing CCM method. According to our modest experience in this field, we
affirm that the class of optimization over an efficient set in the stochastic environment is extensive and
has received comparatively less attention than other problem categories. The inclusion of the nonlinear
variant in this study is particularly intriguing, as it mirrors various practical scenarios for research.
Consequently, we propose investigating the multiobjective stochastic model with the incorporation
of the nonlinear form. Additionally, exploring this problem with nonlinear preference functions of
decision-makers, alongside continuous variables, would contribute valuable insights.
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Chapter
Biobjective integer stochastic opti-
mization over the integer stochastic
efficient set

”Mathematics is the art of giving the same name to different things.”
”Les mathématiques sont l’art de donner le même nom à des choses différentes.”

Henri Poincaré

Abstract: In this chapter, we focus on presenting an exact method to optimize two preference functions
over the efficient set of a MOSILP problem in order to find the best compromise solutions without
enumerating all elements of this efficient set. The proposed method is based on the combination of two
techniques: the first one is called the L-shaped method, while the second one is an adaptation of the
branch-and-bound strategy by reinforcing it with efficient cuts and tests, which allows the method to
remove a large number of inefficient solutions within the search tree. Moreover, the method exhibits
adaptability in addressing the general case involving multiple preference functions. A didactic example
is presented for illustration, followed by a computational study evaluating the method’s efficacy and
performance by solving randomly generated instances.

4.1 Introduction

MOP plays an important role in dealing with real-world problems especially when multiple decision-
makers or stakeholders are involved in the same problem, making it difficult to decide which single
goal to achieve since there may be conflicting objectives that need to be balanced. Imagine a situ-
ation where one group wants to maximize profits, while another wants to minimize costs, which
makes balancing these conflicting objectives quite challenging. Furthermore, MOP can handle ef-
fectively both deterministic environments which refer to situations where all data are known with
certainty, such as the works of [Obal et al., 2013, Shidpour et al., 2013, Cao et al., 2018, Ren et al., 2021,
Zhang et al., 2021, Halffmann et al., 2022, Motahari et al., 2023], and stochastic cases, which present
intricate challenges due to the involvement of uncertain or random parameters, including works of
[Goicoechea et al., 1976, Urli and Nadeau, 1990, Abdelaziz and Masri, 2010, Bozorgi-Amiri et al., 2013,
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Ramezani et al., 2013, Moayedi and Sadeghian, 2023].
The biggest challenge in the MOP realm is the necessity of balancing the multiple conflicting ob-
jectives, this challenge can be tackled by identifying a set of solutions known as an efficient so-
lution set. The size of this efficient set is influenced by both the complexity of the problem and
the computing resources available, and as the problem size grows, the efficient set has the poten-
tial to expand significantly. Over the last few years, numerous authors have addressed this chal-
lenge of identifying the efficient set in deterministic cases, for example, [Jahanshahloo et al., 2004,
Lokman and Köksalan, 2013, Rasmi and Türkay, 2019, Tamby and Vanderpooten, 2021]. In contrast,
for stochastic cases, the presence of these stochastic parameters heightens the complexity of the
problem. It is noteworthy that a limited number of studies have addressed this specific challenge, such
as [Abbas and Bellahcene, 2006, Amrouche and Moulaı̈, 2012].
In numerous real-world problems, decision-makers often find themselves in front of a multitude of
efficient solutions, which places them in difficult situations where they must carefully evaluate and
select the best solution among all these efficient solutions. One effective approach to address this
problem is to employ optimization techniques that allow decision-makers to fine-tune their preference
function, and optimize it over the set of efficient solutions to ultimately obtain the optimal solution
that aligns with their preferences. It is worth noting that the classic approach of enumerating all the
efficient solutions is not recommended, due to its impracticality and the significant computational
complexity it entails.
Optimization over the efficient set is a well-established and dynamic research field that is constantly
evolving. It was first considered by [Philip, 1972], who made a significant contribution to this field.
Because of its substantial implications for various research endeavors, this field has garnered the
attention of numerous scholars from its inception. Indeed, it has been studied in several notable
works such as [Benson, 1984, Ecker and Song, 1994]. Subsequently, based on the previous works,
[Abbas and Chaabane, 2006] developed the first method for optimizing a linear function over the
efficient set without finding all non-dominated points. Following that, [Jorge, 2009] proposed an
exact algorithm to optimize a linear function over the integer efficient set of a MOILP problem. Later,
[Ouaı̈l et al., 2017] introduced a branch and bound-based method to optimize a linear function over
the efficient set of a MOILP problem. After that, [Boland et al., 2017] described a new algorithm
to solve the same problem by modifying the algorithm of [Jorge, 2009]. In a different direction,
[Sierra Altamiranda and Charkhgard, 2019] developed the first criterion space search algorithm for
optimizing a linear function over the set of efficient solutions of Bi-objective Mixed Integer Linear Pro-
grams (BOMILP). Later on, [Lokman, 2021], based on the work of [Jorge, 2009] and [Boland et al., 2017]
developed two algorithms to optimize a linear function over the nondominated set of MOIP prob-
lem. Most recently, [Belkhiri et al., 2022] proposed a new methodology to search for an efficient
extreme point that optimizes a linear function over the set of efficient extreme points of a convex
polyhedron. Furthermore, this area of research has extended further than linear cases, with many
authors looking at non-linear scenarios, such as the work of [Zerdani and Moulai, 2011], where they
developed an algorithm that optimizes an arbitrary linear function over an integer efficient set of a



4.1. INTRODUCTION 85

Multi-objective Linear Fractional Programming (MOLFP) problem. Later on, [Drici et al., 2018] pro-
posed a new exact method to maximize a linear fractional function over the integer efficient set of a
MOILP problem. After that, [Moulaı̈ and Drici, 2018] presented a new exact method for solving the
maximization of an indefinite quadratic utility function over the efficient set of a MOILP problem.
Recently, [Chaiblaine and Moulaı̈, 2021] described an exact method to optimize a quadratic function
over the efficient set of a Multi-objective Integer Linear Fractional Programming (MOILFP) problem.
However, it’s worth noting that in stochastic cases, this specific problem has attracted less attention
compared to its deterministic counterparts. To the best of our knowledge, the only work that addresses
this problem is by [Chaabane and Mebrek, 2014], where their research is primarily centered on opti-
mizing a linear function over the efficient set of MOSILP problem.
In this research endeavor, our focus is directed toward a new challenge known as bi-objective optimiza-
tion over an efficient set. Essentially, this challenge can arise when two decision-makers or more collab-
orate on the same MOILP problem, with each of them possessing their unique preference objectives and
visions. This situation presents a complex task of optimizing their individual preference objectives over
the efficient solutions set of this problem in order to ultimately identify the best compromise solutions
that satisfy the preferences of each decision-maker. In addition, this challenge also occurs when it comes
to identifying the intersection between two efficient solution sets arising from two distinct MOILP and
Bi-objective Integer Linear Programming (BOILP) problems to determine the common optimal solutions
shared between these two sets. Nowadays, BOILP has become a sophisticated and well-established field
in the operations research domain, marked by significant contributions from various authors, including
[Soylu, 2015, Boland et al., 2015, Adelgren and Gupte, 2022, Bongo and Sy, 2023]. Despite the impor-
tant roles played by both BOILP and optimization over an efficient set in various fields, the intersection
of these two areas remains comparatively less explored and developed. Notably, few references delve
into this particular area, such as the work of [Chaiblaine et al., 2020], where the authors introduced an
exact method for optimizing two fractional linear functions over the efficient set of a MOILFP problem.
After that, [Cherfaoui and Moulaı̈, 2021] presented an exact method for optimizing two preference func-
tions over the efficient set of a MOILP problem. This significant gap between BOILP and optimization
over the efficient set offers an interesting direction for further exploration and progress in the research
operations domain.
The main objective of our contribution is to address this new challenge, specifically tackling the
resolution of the problem mentioned above within a stochastic environment. To the best of our
knowledge, no prior study has addressed this specific problem thus far. The only study that tackled a
similar problem is the previously mentioned work by [Chaabane and Mebrek, 2014], It is worth not-
ing that their work focused on optimizing a single linear function over an efficient set of a MOSILP
problem. In contrast, our research takes a different approach by concentrating on the optimization
of two preference functions over the efficient set. To be precise, we introduces an exact method
to optimize two preference functions over an efficient set of a MOSILP problem. The proposed
method is a combination of two approaches: the first one is known as the L-shaped method which
is an iterative algorithm used to solve the two-stage stochastic linear programming problems, see
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[Li and Grossmann, 2018, Ušpurienė et al., 2018, Dos Santos and Oliveira, 2019, Torres et al., 2022]. In
this context, first-stage decisions precede the realization of uncertainty, while second-stage deci-
sions occur after the realization of uncertain parameters. One of the most significant roles of the
L-shaped method is its efficiency in handling large-scale problems with numerous scenarios. In-
stead of solving the entire problem at once, it decomposes the original stochastic problem into two
manageable levels: a master deterministic problem and subproblems, where the master problem is
solved in the first level and provides an initial solution. After that, the subproblems are solved itera-
tively, incorporating information from realized scenarios to improve the solution. For more details see
[Kall, 1976, Van Slyke and Wets, 1969, Kall et al., 1994, Birge and Louveaux, 2011]. The second approach
involves adapting the branch-and-bound procedure to suit our needs, this adaptation is enhanced by the
implementation of efficient cuts and tests, enabling the removal of a substantial number of inefficient
solutions within the search tree.

4.2 Preliminaries

4.2.1 Problem formulation

Our primary objective is to solve the problem involving the optimization of two preference functions
over the efficient set of the MOSILP problem (3.1). This can be formulated as follows:

(𝑃)



min 𝜙1 = 𝑑1(𝜉)𝑥,
min 𝜙2 = 𝑑2(𝜉)𝑥,
𝑠 .𝑡 .,

𝑥 ∈ X𝐸,

(4.1)

where 𝑑1(𝜉) and 𝑑2(𝜉) are two random vectors in ℝ𝑛 that represent the preference functions of decision-
makers. X𝐸 denotes the efficient solution set of the MOSILP problem (3.1).
The main difficulty in solving problem (4.1) is the fact that it considers several stochastic objective
functions simultaneously.

4.2.2 Equivalent deterministic problem

Considering preference objectives, we express 𝜙𝑟𝑖 = 𝑑𝑖 (𝜉𝑟 )𝑥 for 𝑖 ∈ {1, 2}, where 𝑑𝑖 (𝜉𝑟 )𝑥 represents the
preference objective for the 𝑖th criterion in the 𝑟 th scenario. In this context, the deterministic equivalent
of our primary problem is defined as follows:
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(𝑃𝐷)



min 𝜙1 +𝑄 (𝑥),
min 𝜙2 +𝑄 (𝑥),
𝑠 .𝑡 .,

𝑥 ∈ X𝐸𝐷 ,

(4.2)

where 

𝜙1 = 𝔼[𝜙𝑟1 ] = 𝔼[𝑑1(𝜉)𝑥] =
𝑅∑︁
𝑟=1

𝑃𝑟𝑑1(𝜉𝑟 )𝑥 = 𝑑1𝑥,

𝜙2 = 𝔼[𝜙𝑟2] = 𝔼[𝑑2(𝜉)𝑥] =
𝑅∑︁
𝑟=1

𝑃𝑟𝑑2(𝜉𝑟 )𝑥 = 𝑑2𝑥,

𝑄 (𝑥) = 𝔼[𝑄 (𝑥, 𝜉)] =
𝑅∑︁
𝑟=1

𝑃𝑟 (𝑞𝑟 )⊺𝑦𝑟 .

Here, X𝐸𝐷 signifies the set of efficient solutions for the deterministic equivalent problem (3.3). Further-
more, the relaxed problem of our main problem can be defined as follows:

(𝑃𝑅)



min 𝜙1 = 𝑑1𝑥 + 𝔼[𝑄 (𝑥, 𝜉)],
min 𝜙2 = 𝑑2𝑥 + 𝔼[𝑄 (𝑥, 𝜉)],
𝑠 .𝑡,

𝑥 ∈ S = {𝑥 ∈ ℕ𝑛 |𝐴𝑥 = 𝑏},

(4.3)

4.3 Methodology, algorithm and theoretical results

In the following subsection, we detail each step of our methodology that is designed to solve the
problem described in (4.2). Following this, we describe the algorithm, giving a comprehensive overview
of the essential steps in our proposed method. After that, we turn to a discussion of various theoretical
results. Finally, we demonstrate how to extend the method to general multi-decision cases.

4.3.1 Methodology description

The proposed algorithm aims to generate a subset X𝐵 ⊂ X𝐸 , where X𝐸 is the efficient set of the
deterministic equivalent problem (2.24). The elements in X𝐵 are selected to be also efficient in terms
of both objective functions 𝑑1 and 𝑑2. Contrary to the classical approach, our algorithm avoids the
exhaustive enumeration of all elements in X𝐸 to generate X𝐵 . The classical method for solving problem
(4.2) is to determine two sets X𝐸 and X𝐶 , where X𝐶 represents the efficient solutions in terms of 𝑑1

and 𝑑2. Then we have to select the elements that are in both sets X𝐸 and X𝐶 simultaneously, which
is very computationally expensive. As mentioned previously, the proposed algorithm employs two
distinct techniques to address the problem. These include the well-known L-shaped method and an
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adaptation of the branch-and-bound procedure, reinforced by efficient cuts and tests. To start the
process, we initialize the two variables, 𝜃 and 𝑙 , to −∞ and 0, respectively. Furthermore, at each node 𝑙 ,
the algorithm resolves the linear program (4.4) using the simplex or dual simplex method.

(𝑃 𝑙 )


min 𝜙1 = 𝑑1𝑥,

𝑠 .𝑡 .,

𝑥 ∈ S𝑙 = {𝑥 ∈ ℕ𝑛 |𝐴𝑥 = 𝑏}.

(4.4)

Once the linear program (4.4) has been solved, the algorithm checks for the existence of a solution. In
case the program has no solution, the node is fathomed. Otherwise, there are two possible situations:

1. The optimal solution 𝑥𝑙 is not an integer. in this situation, the algorithm follows a basic branching
process according to the following steps: Identify a component 𝑥 𝑗 of 𝑥𝑙 such that 𝑥 𝑗 = 𝛼 𝑗 , where
𝛼 𝑗 represents a fractional value. After that, the node 𝑙 of the tree is separated into two nodes
which are imposed by the following two additional constraints:


𝑥 𝑗 ≤

⌊
𝛼 𝑗

⌋
,

𝑥 𝑗 ≥
⌊
𝛼 𝑗

⌋
+ 1,

(4.5)

where,
⌊
𝛼 𝑗

⌋
indicates the greatest integer less than 𝛼 𝑗 . The linear program obtained must be

solved until an integer feasible solution is found (if it exists).

2. The solution 𝑥𝑙 is an integer. Here, the process passes through two tests: the feasibility and
optimality tests, which are detailed in subsections (2.2.4).

As soon as an optimal integer solution 𝑥𝑙 is found after the feasibility and optimality tests, then two
efficiency tests are performed by solving the programs 4.6 and 4.7 (see, subsection 1.3.1).

1. In the first step, we test the efficiency of the solution 𝑥𝑙 in terms of 𝑑1 and 𝑑2 by solving the
following first program:

(𝐸𝐾 1(𝑥𝑙 ))



max
∑2
𝑖=1 𝑣𝑖,

𝑠 .𝑡 .,

𝑑𝑖𝑥 + 𝑣𝑖 = 𝑑𝑖𝑥𝑙 , 𝑖 ∈ {1, 2},
𝑥 ∈ S𝑙 ,
𝑣𝑖 ≥ 0, 𝑖 ∈ {1, 2}.

(4.6)

As a well-known result, 𝑥𝑙 is efficient if and only if 𝐸𝐾 1(𝑥𝑙 ) has a maximum value of zero. See,
[Ecker and Kouada, 1978].
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2. The process continues by passing the second efficiency test for the deterministic equivalent
problem (2.24).

(𝐸𝐾2(𝑥𝑙 ))



max
∑𝐾
𝑖=1𝑤𝑖,

𝑠 .𝑡 .,

𝐶𝑖𝑥 +𝑤𝑖 = 𝐶𝑖𝑥𝑙 , 𝑖 ∈ {1, 2, . . . , 𝐾},
𝑥 ∈ S𝑙 ,
𝑤𝑖 ≥ 0, 𝑖 ∈ {1, 2, . . . , 𝐾}.

(4.7)

Based on the same previous concept, the solution 𝑥𝑙 is efficient for the deterministic equivalent
problem (2.24) if and only if 𝐸𝐾2(𝑥𝑙 ) has a maximum value of zero.

As a result, if both 𝐸𝐾 1(𝑥𝑙 ) and 𝐸𝐾2(𝑥𝑙 ) have zero maximum value, then 𝑥𝑙 belongs to X𝐵 . The process
continues to search for other efficient solutions in other nodes (if they exist) by applying efficient cuts
to the related program (see, subsection 3.2.2). Initially, two setsH𝑙 andH ′

𝑙
are constructed. After that,

the efficient cuts (4.8) and (4.9) are constructed and incorporated into the successor nodes of 𝑙 .

H𝑙 =
{
𝑗 ∈ N𝑙 |∃𝑖 ∈ {1, 2, . . . , 𝐾}, 𝐶 𝑗

𝑖
< 0

}
∪

{
𝑗 ∈ N𝑙 | 𝐶 𝑗

𝑖
= 0, ∀𝑖 ∈ {1, 2, . . . , 𝐾}

}
,

∑︁
𝑗∈H𝑙

𝑥 𝑗 ≥ 1, (4.8)

And

H ′

𝑙
=

{
𝑗 ∈ N𝑙 | 𝑑 𝑗2 < 0

}
∪

{
𝑗 ∈ N𝑙 | 𝑑 𝑗1 = 0 and 𝑑 𝑗2 = 0

}
,

∑︁
𝑗∈H′

𝑙

𝑥 𝑗 ≥ 1. (4.9)

Hence, the domain of the successor node 𝑙 + 1 is determined by applying the efficient cuts (4.8) and (4.9)
to S𝑙 .

S𝑙+1 = S1
𝑙+1 ∩ S

2
𝑙+1, (4.10)

where 
S1
𝑙+1 =

{
𝑥 ∈ S𝑙 |

∑
𝑗∈H𝑙 𝑥 𝑗 ≥ 1

}
,

S2
𝑙+1 =

{
𝑥 ∈ S𝑙 |

∑
𝑗∈H ′

𝑙

𝑥 𝑗 ≥ 1
}
.

The method ends when all the created nodes are fathomed or when one of the sets (H𝑙 orH ′

𝑙
) is empty,

which means thatH𝑙 = ∅ orH ′

𝑙
= ∅.
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4.3.2 Algorithm

The following algorithm 14 resumes in detail the main steps of the proposed method, these steps are
treated according to the backtracking principle.

Algorithm 14: Biobjective Stochastic Programming Method
Data: X𝐵 = ∅, 𝜃 = −∞, 𝑙 = 0.
Result: X𝐵 : The solutions set of problem (4.2).
while As long as a unfathomed node 𝑙 exists in the tree do

Solve problem (4.4) using simplex or dual simplex method;
if Problem (4.4) has a feasible solution 𝑥𝑙 then

if 𝑥𝑙 is integer then

Feasibility test.

Solve program (2.13);
if 𝜎⊺ [ℎ (𝜉𝑟 ) − 𝑇 (𝜉𝑟 )𝑥𝑙 ] > 0 then

Add the feasibility cut (2.14) to the successors of 𝑙 ;
else

Optimality test.

Solve program (2.16), calculate Q(x);
if 𝑄 (𝑥𝑙 ) > 𝜃𝑙 then

Add the optimality cut (2.19) to the successors of 𝑙 ;
else

Efficiency test.

Solve program (4.6);
𝑣 is the optimal solution criteria;
if 𝑣 = 0 then

Solve program (4.7);
𝑤 is the optimal solution criteria;
if 𝑤 = 0 then

X𝐵 = X𝐵 ∪ {𝑥𝑙 };
end

end

Update set S.

Construct the sets H𝑙 and H′
𝑙
;

if H𝑙 or H′
𝑙
= ∅ then

Fathom the node 𝑙 ;
else

Add the efficient cuts (4.8) and (4.9) to the successors of 𝑙 ;
end

end

end

else

Branching process.

Choose an index j such that 𝛼 𝑗 is the most fractional number, then:
Split the program 𝑃𝑙 into two sub programs, by adding respectively
the constraints 𝑥 𝑗 ≤

⌊
𝛼 𝑗

⌋
and 𝑥 𝑗 ≥

⌊
𝛼 𝑗

⌋
+ 1, to obtain (𝑃𝑙1 ) and (𝑃𝑙2 )

(𝑙1 ≠ 𝑙2 and 𝑙1 ≥ 𝑙 + 1, 𝑙2 ≥ 𝑙 + 1) ;
end

else

The corresponding node 𝑙 is fathomed;
end

end
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4.3.3 Theoretical Results

The following theoretical tools show that the algorithm yields the set of solutions for problem (4.2) in a
finite number of iterations.

Theorem 4.3.1. Assume thatH𝑙 ≠ ∅ andH ′

𝑙
≠ ∅ at the current integer solution 𝑥𝑙 . If 𝑥 ≠ 𝑥𝑙 is an efficient

solution of problem (4.2) in domain S𝑙 , then, 𝑥 ∈ S𝑙+1 (𝑙 + 1 is the successor of 𝑙).

Proof. Let 𝑥 ≠ 𝑥𝑙 be an integer solution in domain S𝑙 , such that, 𝑥 ∉ S𝑙+1. Two situations can occur in
this case:

1. 𝑥 ∉ S1
𝑙+1, implies that 𝑥 ∈

{
𝑥 ∈ S𝑙 |

∑
𝑗∈N𝑙\H𝑙 𝑥 𝑗 ≥ 1

}
. The components of vector 𝑥 here satisfy the

following inequalities:


∑
𝑗∈H𝑙

𝑥 𝑗 < 1,∑
𝑗∈H𝑙\H𝑙

𝑥 𝑗 ≥ 1.

Which means that 𝑥 𝑗 = 0, for all 𝑗 ∈ H𝑙 and 𝑥 𝑗 ≥ 1, for at least one index 𝑗 ∈ N𝑙 \ H𝑙 .
On the other hand, for all criterion 𝑖 ∈ {1, 2, . . . , 𝐾}, the following equality is supported using the
simplex table:

𝑓𝑖 (𝑥) = 𝐶𝑖𝑥 =
∑
𝑗∈B𝑙

𝐶
𝑗

𝑖 𝑥 𝑗 +
∑
𝑗∈N𝑙

𝐶
𝑗

𝑖 𝑥 𝑗 , where
∑
𝑗∈B𝑙

𝐶
𝑗

𝑖 𝑥 𝑗 = 𝑓𝑖 (𝑥𝑙 ).

Hence, we can write as follows:

𝑓𝑖 (𝑥) − 𝑓𝑖 (𝑥𝑙 ) =
∑
𝑗∈N𝑙

𝐶
𝑗

𝑖 𝑥 𝑗 ,

=
∑
𝑗∈H𝑙

𝐶
𝑗

𝑖 𝑥 𝑗 +
∑

𝑗∈N𝑙\H𝑙
𝐶
𝑗

𝑖 𝑥 𝑗 ,

=
∑

𝑗∈N𝑙\H𝑙
𝐶
𝑗

𝑖 𝑥 𝑗 .

Thus, this implies that 𝑓𝑖 (𝑥) ≤ 𝑓𝑖 (𝑥𝑙 ), for all criterion 𝑖 ∈ {1, 2, . . . , 𝐾}. As well as 𝑓𝑖 (𝑥) < 𝑓𝑖 (𝑥𝑙 ),
for at least one criterion of 𝐶 𝑗

𝑖 ≤ 0, for all 𝑗 ∈ N𝑙 \ H𝑙 .
We conclude then that the solution 𝑥 is not efficient for the deterministic equivalent problem
2.24. In other words, this means that 𝑥 ∉ X𝐸 , and 𝑥 ∉ X𝐵 .

2. 𝑥 ∉ S2
𝑙+1 implies that 𝑥 ∈

{
𝑥 ∈ S𝑙 |

∑
𝑗∈N𝑙\H

′
𝑙

𝑥 𝑗 ≥ 1
}
. The components of vector 𝑥 in this situation

satisfy the following inequalities: 
∑
𝑗∈H ′

𝑙

𝑥 𝑗 < 1,∑
𝑗∈N𝑙\H

′
𝑙

𝑥 𝑗 ≥ 1.
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Which means that 𝑥 𝑗 = 0, for all 𝑗 ∈ H ′

𝑙
and 𝑥 𝑗 ≥ 1, for at least one index 𝑗 ∈ N𝑙 \ H

′

𝑙
.

Furthermore, by using the simplex table in 𝑥𝑙 , the following equality is satisfied:

𝑑2𝑥 =
∑
𝑗∈B𝑙

𝑑
𝑗

2𝑥 𝑗 +
∑
𝑗∈N𝑙

𝑑
𝑗

2𝑥 𝑗 where
∑
𝑗∈B𝑙

𝑑
𝑗

2𝑥 𝑗 = 𝑑2𝑥
𝑙 ,

Here, we can write as follows:

𝑑2𝑥 − 𝑑2𝑥
𝑙 =

∑
𝑗∈H ′

𝑙

𝑑
𝑗
2𝑥 𝑗 +

∑
𝑗∈N𝑙\H

′
𝑙

𝑑
𝑗
2𝑥 𝑗 ,

=
∑

𝑗∈N𝑙\H
′
𝑙

𝑑
𝑗
2𝑥 𝑗 .

Thus, 𝑑2𝑥 ≤ 𝑑2𝑥
𝑙 , with 𝑑2𝑥 < 𝑑2𝑥

𝑙 and 𝑑1𝑥 ≤ 𝑑1𝑥
𝑙 , since 𝑥𝑙 is the optimum of the current problem.

This means that 𝑥 ∉ X𝐵 .
Since 𝑥 ∉ X𝐵 in both situations. As a result, 𝑥 is not an efficient solution of problem (4.2).

□

Proposition 4.3.1. Suppose thatH𝑙 = ∅ orH ′𝑙 = ∅ at the current integer solution 𝑥𝑙 . Then there is no
solution in the remaining domain that is not dominated by 𝑥𝑙 .

Proof.

• Suppose thatH𝑙 = ∅, which means that we have 𝐶 𝑗

𝑖
≤ 0, ∀𝑗 ∈ N𝑙 , ∀𝑖 ∈ {1, 2, . . . , 𝐾}. As well as,

∀𝑗 ∈ N𝑙 , ∃𝑖0 ∈ {1, 2, . . . , 𝐾}, such that 𝐶 𝑗

𝑖0
< 0. This implies that 𝑥𝑙 dominates all points 𝑥 , 𝑥 ≠ 𝑥𝑙

of domain S𝑙 .

• Now assume thatH ′

𝑙
= ∅, and this means that ∀𝑗 ∈ N𝑙 , 𝑑 𝑗2 < 0 or 𝑑 𝑗2 = 0, and 𝑑 𝑗1 < 0, leading to

𝑑
𝑗
1 < 0, ∀𝑗 ∈ N𝑙 . Since it is an optimal solution for (𝑃 𝑙 ). Thus, 𝑥𝑙 becomes the most preferred

solution in the domain S𝑙 .

□

Theorem 4.3.2. Algorithm 14 terminates in a finite number of iterations and the set X𝐵 contains all the
solutions of problem (4.2).

Proof. Let S be the set of feasible integer solutions of the deterministic equivalent problem 2.24 a
bounded set. Moreover, the efficient sets X𝐵 and X𝐸 contain a finite number of integer solutions which
means that the cardinality of these sets is a finite number. For each step 𝑙 of the algorithm 14, when an
integer solution is found, there are only a finite number of cuts that eliminate 𝑥𝑙 and all dominated
solutions from the search tree (see Proposition 4.3.1). Similarly, the algorithm used a limited number
of feasibility and optimality cuts. which means that the search tree would have a finite number of
branches and that the algorithm terminates in a finite number of steps.
For each step 𝑙 of Algorithm 14, when an integer solution 𝑥𝑙 is found, the cuts eliminate 𝑥𝑙 and all
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dominated solutions from the search tree (see Proposition 4.3.1). In addition, for X𝐵 to contain all the
solutions of problem (4.2), the fathoming rules are used without loss of any elements in X𝐵 . The first
rule is when the setH𝑙 orH ′

𝑙
is empty. In this case, the current node can be fathomed since the rest of

the domain contains only dominated solutions either in terms of the deterministic equivalent problem
or in terms of the two preference functions. The second rule is the trivial case when the reduced domain
becomes infeasible, whether it is because of previous cuts or the branching. □

4.3.4 Generalization of the method

The same algorithm can be used to solve the problem where there are 𝑝 decision-makers, the general
problem can be formulated as follows:

(𝑃)



min 𝜙1 = 𝑑1 (𝜉)𝑥,
min 𝜙2 = 𝑑2 (𝜉)𝑥,
...

min 𝜙𝑝 = 𝑑𝑝 (𝜉)𝑥,
𝑠 .𝑡 .,

𝑥 ∈ X𝐸 .

(4.11)

To solve this problem, we use our algorithm and modify the efficiency test 𝐸𝐾 (𝑥𝑙 ) as follows:

(𝐸𝐾 (𝑥𝑙 ))



max
∑𝑝

𝑖=1 𝑣𝑖 ,

𝑠 .𝑡 .,

𝑑𝑖𝑥 − 𝑣𝑖 = 𝑑𝑖𝑥𝑙 , 𝑖 ∈ {1, 2, . . . , 𝑝},
𝑥 ∈ S𝑙 ,
𝑣𝑖 ≥ 0, 𝑖 ∈ {1, 2, . . . , 𝑝}.

(4.12)

Also,H ′

𝑙
is calculated as follows:

H ′

𝑙
=

{
𝑗 ∈ N𝑙 |∃𝑖 ∈ {1, 2, . . . , 𝑝}, 𝑑 𝑗𝑖 < 0

}
∪

{
𝑗 ∈ N𝑙 | 𝑑 𝑗𝑖 = 0, ∀𝑖 ∈ {1, 2, . . . , 𝑝}

}
.

The rest of the algorithm remains the same. The algorithm returns the set of efficient solutions
X𝐵 = X𝐸 ∩ X𝐶 .
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4.4 Didactic Example

Consider the following multi-objective integer linear programming stochastic problem:

Scenario 1 Scenario 2

𝑀𝑂𝑆𝐼𝐿𝑃 (𝜉 1)



min 𝑓 1
1 = −9𝑥1 + 4𝑥2,

min 𝑓 1
2 = 3𝑥1 − 5𝑥2,

min 𝑓 1
3 = 5𝑥1 − 11𝑥2,

s.t.,
𝑥1 − 4𝑥2 ≤ 3,
𝑥1 + 3𝑥2 ≤ 18,
2𝑥1 + 𝑥2 ≤ 10,
𝑥1 + 2𝑥2 ≤ 3,
−3𝑥1 + 𝑥2 ≤ 5,
𝑥1, 𝑥2 ∈ ℕ.

𝑀𝑂𝑆𝐼𝐿𝑃 (𝜉2)



min 𝑓 2
1 = 3𝑥1 − 2𝑥2,

min 𝑓 2
2 = 6𝑥1 + 𝑥2,

min 𝑓 2
3 = −7𝑥1 + 10𝑥2,

s.t.,
𝑥1 − 4𝑥2 ≤ 3,
𝑥1 + 3𝑥2 ≤ 18,
2𝑥1 + 𝑥2 ≤ 10,
5𝑥1 + 𝑥2 ≤ 4,
−3𝑥1 + 2𝑥2 ≤ 1,
𝑥1, 𝑥2 ∈ ℕ.

The recourse matrix and the deterministic constraints matrices are given for both
scenarios by:

𝐴 =
©­­«

1 −4
1 3
2 1

ª®®¬ , 𝑏 =
©­­«

3
18
10

ª®®¬ , 𝑊 =

(
−2 −1 2 1
3 2 −5 −6

)
.

The penalties of constraint violations and the probability distribution are given for both scenarios by:
𝑞 (𝜉 1) = (1, 3, 6, 2)⊺ , ℙ (𝜉 1) = 2

3 , 𝑞 (𝜉2) = (5, 3, 2, 1)⊺ , ℙ (𝜉2) = 1
3 .

The stochastic constraints matrices are given for both scenarios by:

𝑇 (𝜉 1) =
(

1 2
−3 1

)
, 𝑇 (𝜉2) =

(
5 1
−3 2

)
, ℎ (𝜉 1) =

(
3
5

)
, ℎ (𝜉2) =

(
4
1

)
.

The equivalent deterministic multiple objective integer linear programming problem:

𝑓1 = 𝔼 [𝐶1 (𝜉) 𝑥] = ℙ (𝜉 1)𝐶1 (𝜉 1) 𝑥 + ℙ (𝜉2)𝐶1 (𝜉2) 𝑥,

𝑓2 = 𝔼 [𝐶2 (𝜉) 𝑥] = ℙ (𝜉 1)𝐶2 (𝜉 1) 𝑥 + ℙ (𝜉2)𝐶2 (𝜉2) 𝑥,

𝑓3 = 𝔼
[
𝐶3 (𝜉) 𝑥

]
= ℙ (𝜉 1)𝐶3 (𝜉 1) 𝑥 + ℙ (𝜉2)𝐶3 (𝜉2) 𝑥 .
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(𝑀𝑂𝑆𝐼𝐿𝑃𝐷)



min 𝑓1 = −5𝑥1 + 2𝑥2,

min 𝑓2 = 4𝑥1 − 3𝑥2,

min 𝑓3 = 𝑥1 − 4𝑥2,

s.t.,
𝑥1 − 4𝑥2 ≤ 3,
𝑥1 + 3𝑥2 ≤ 18,
2𝑥1 + 𝑥2 ≤ 10,
𝑥1, 𝑥2 ∈ ℕ.

Consider now two decision makers with the following preference functions for each scenario.

Scenario 1 Scenario 2

𝑃 (𝜉 1)


min𝜙 1

1 = −2𝑥1 + 4𝑥2,

min𝜙 1
2 = 2𝑥1 − 1𝑥2,

s.t.,
𝑥1, 𝑥2 ∈ X𝐸 .

𝑃 (𝜉2)


min𝜙2

1 = 𝑥1 + 4𝑥2,

min𝜙2
2 = 2𝑥1 + 5𝑥2,

s.t.,
𝑥1, 𝑥2 ∈ X𝐸 .

The main equivalent deterministic relaxed problem is defined by:

𝜙1 = 𝔼 [𝑑1 (𝜉) 𝑥] = ℙ (𝜉 1) 𝑑1 (𝜉 1) 𝑥 + ℙ (𝜉2) 𝑑1 (𝜉2) 𝑥,
𝜙2 = 𝔼 [𝑑2 (𝜉) 𝑥] = ℙ (𝜉 1) 𝑑2 (𝜉 1) 𝑥 + ℙ (𝜉2) 𝑑2 (𝜉2) 𝑥 .

(𝑃𝐷𝑅)


min 𝜙1 = −𝑥1 + 4𝑥2,

min 𝜙2 = 2𝑥1 + 𝑥2,

s.t.,
𝑥1, 𝑥2 ∈ S,

where S = {𝑥1 − 4𝑥2 ≤ 3, 𝑥1 + 3𝑥2 ≤ 18, 2𝑥1 + 𝑥2 ≤ 10 | 𝑥1, 𝑥2 ∈ ℝ𝑛}.

Initialization: X𝐵 = ∅, 𝜃 = −∞, S0 = S.
Step 1: We start by solving the first following relaxed problem (𝑃0).

(𝑃0)


min 𝜙 = −𝑥1 + 4𝑥2,

s.t.,
𝑥 ∈ S0.

The first optimal solution is 𝑥0 = ( 43
9 ,

4
9 ) which is not an integer. The algorithm starts the branching

process.

Step 2: The branching process. The search nodes obtained after branching on 𝑥0 are:
Node 1 S1 = { 𝑥 ∈ S0 : 𝑥1 ≤ 4}.
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Node 2 S2 = {𝑥 ∈ S0 : 𝑥1 ≥ 5}. No solution exists in this node. Thus, this node is fathomed.

Now, we continue the process by solving the new problem (𝑃 1) at node 1.

(𝑃 1)


min 𝜙 = −𝑥1 + 4𝑥2,

s.t.,
𝑥 ∈ S1.

The optimal solution is 𝑥 1 = (4, 1
4 ). The algorithm will again perform branching process.

Step 2: The branching process. The obtained search nodes after branching on 𝑥 1 are:
Node 3 S3 = {𝑥 ∈ S2 : 𝑥2 ≥ 1}.
Node 4 S4 = { 𝑥 ∈ S2 : 𝑥2 ≤ 0}.

In this situation, the process continues with solving problem (𝑃3) at node 3.

(𝑃3)


min 𝜙 = −𝑥1 + 4𝑥2,

s.t.,
𝑥 ∈ S3.

The obtained optimal integer solution is 𝑥2 = (4, 1). In this situation, 𝑥2 is tested for second stage
feasibility and optimality for each scenario.

Step 3: Feasibility and Optimality tests. At first, we evaluate the feasibility of solution 𝑥2 by
solving the following two problems:

ℎ (𝜉 1) −𝑇 (𝜉 1) 𝑥2 =

(
3
5

)
−

(
1 2
−3 1

) (
4
1

)
=

(
−3
16

)
.

ℎ (𝜉2) −𝑇 (𝜉2) 𝑥2 =

(
4
1

)
−

(
5 1
−3 2

) (
4
1

)
=

(
−6
11

)
.

Scenario 1 Scenario 2

𝜎 (𝜉 1)



max −3𝜎 1
1 + 16𝜎2

1 ,

−2𝜎 1
1 + 3𝜎2

1 ≤ 0,
−𝜎 1

1 + 2𝜎2
1 ≤ 0,

2𝜎 1
1 − 5𝜎2

1 ≤ 0,
𝜎 1

1 − 6𝜎2
1 ≤ 0,

𝜎 1
1 + 𝜎2

1 ≤ 1.

𝜎
⊺
1 =

(
2
3 ,

1
3

)
, 𝜎 (𝜉2)



max −6𝜎 1
2 + 11𝜎2

2 ,

−2𝜎 1
2 + 3𝜎2

2 ≤ 0,
−𝜎 1

2 + 2𝜎2
2 ≤ 0,

2𝜎 1
2 − 5𝜎2

2 ≤ 0,
𝜎 1

2 − 6𝜎2
2 ≤ 0,

𝜎 1
2 + 𝜎2

2 ≤ 1.

𝜎
⊺
2 = (0, 0) .

Note that 𝜎⊺1 [ℎ (𝜉 1) −𝑇 (𝜉 1) 𝑥2] =
(

2
3 ,

1
3

) (−3
16
)
= 10

3 > 0, which means that 𝑥2 is not feasible for the first
scenario 𝜉 1, In this case, we add the following feasibility cut to current problem (𝑃3).
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(
2
3 ,

1
3

) (
1 2
−3 1

) (
𝑥1

𝑥2

)
>

(
2
3 ,

1
3

) (
3
5

)
=

11
3 ⇐⇒ − 1

3𝑥1 +
5
3𝑥2 ≥

11
3 .

After adding the feasibility cut, we solve the following problem (𝑃 5) in node 5:

(𝑃 5)


min 𝜙 = −𝑥1 + 4𝑥2,

s.t.,
𝑥 ∈ S5 = {𝑥 ∈ S3 | − 1

3𝑥1 + 5
3𝑥2 ≥ 11

3 }.

The optimal solution is 𝑥3 = ( 39
11 ,

32
11 ). The branching process is then started again.

Step 2: The branching process. After branching on 𝑥3, we obtaine the following search nodes:
Node 6 S6 =

{
𝑥 ∈ S5 : 𝑥1 ≥ 4

}
. No solution exists in this node. This node is fathomed.

Node 7 S7 =
{
𝑥 ∈ S5 : 𝑥1 ≤ 3

}
.

The process continues in this step by solving problem (𝑃7) at node 7.

(𝑃7)


min 𝜙 = −𝑥1 + 4𝑥2,

s.t.,
𝑥 ∈ S7.

The obtained solution is 𝑥4 = (3, 14
5 ). The branching process begins again.

Step 2: The branching process. The search nodes obtained after branching on 𝑥4 are:
Node 8 S8 =

{
𝑥 ∈ S7 : 𝑥2 ≥ 3

}
.

Node 9 S9 =
{
𝑥 ∈ S7 : 𝑥2 ≤ 2

}
. No solution exists in this node. Then, this node is fathomed.

We solve now problem (𝑃8) at node 8.

(𝑃8)


min 𝜙 = −𝑥1 + 4𝑥2,

s.t.,
𝑥 ∈ S8.

The obtained integer solution is 𝑥5 = (3, 3). We continue the process by testing the feasibility and
optimality of the solution 𝑥5.

Step 3: Feasibility and Optimality tests.

As previously mentioned, this step commences with a feasibility test, where the feasibility of the
solution 𝑥5 is examined by solving the following pair of problems.
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Scenario 1 Scenario 2

𝜎 (𝜉 1)



max −6𝜎 1
1 + 11𝜎2

1 ,

−2𝜎 1
1 + 3𝜎2

1 ≤ 0,
−𝜎 1

1 + 2𝜎2
1 ≤ 0,

2𝜎 1
1 − 5𝜎2

1 ≤ 0,
𝜎 1

1 − 6𝜎2
1 ≤ 0,

𝜎 1
1 + 𝜎2

1 ≤ 1.

𝜎
⊺
1 = (0, 0) , 𝜎 (𝜉2)



max −14𝜎 1
2 + 4𝜎2

2 ,

−2𝜎 1
2 + 3𝜎2

2 ≤ 0,
−𝜎 1

2 + 2𝜎2
2 ≤ 0,

2𝜎 1
2 − 5𝜎2

2 ≤ 0,
𝜎 1

2 − 6𝜎2
2 ≤ 0,

𝜎 1
2 + 𝜎2

2 ≤ 1.

𝜎
⊺
2 = (0, 0) .

Here, 𝜎⊺1 = 𝜎
⊺
2 = 0, which means that, 𝑥5 is feasible for both scenarios. Following this, we perform the

optimality test for 𝑥5 by solving the following two problems.

Scenario 1 Scenario 2

𝜋 (𝜉 1)



max −6𝜋 1
1 + 11𝜋2

1 ,

−2𝜋 1
1 + 3𝜋2

1 ≤ 1,
−𝜋 1

1 + 2𝜋2
1 ≤ 3,

2𝜋 1
1 − 5𝜋2

1 ≤ 6,
𝜋 1

1 − 6𝜋2
1 ≤ 2.

𝜋
⊺
1 = (7, 5) , 𝜋 (𝜉2)



max −14𝜋 1
1 + 4𝜋2

1 ,

−2𝜋 1
1 + 3𝜋2

1 ≤ 5,
−𝜋 1

1 + 2𝜋2
1 ≤ 3,

2𝜋 1
1 − 5𝜋2

1 ≤ 2,
𝜋 1

1 − 6𝜋2
1 ≤ 1.

𝜋
⊺
2 =

(
− 11

3 ,−
7
9

)
.

Once the previous two problems have been solved, the process is followed by first calculating the value
of the expected recourse function value 𝑄 (𝑥) by:

𝑄 (𝑥, 𝜉 1) = 𝜋⊺
1 [ℎ (𝜉 1) −𝑇 (𝜉 1) 𝑥3] = 13,

𝑄 (𝑥, 𝜉2) = 𝜋⊺
2 [ℎ (𝜉2) −𝑇 (𝜉2) 𝑥3] = 434

9 ,

𝑄 (𝑥) = 2
3𝑄 (𝑥, 𝜉

1) + 1
3𝑄 (𝑥, 𝜉

2) = 668
27 .

Note that: 𝑄 (𝑥) > 𝜃 = −∞. Based on this, we construct the optimal cut as outlined below. We
then add it to the current problem (𝑃8).

𝜃 ≥ 689
27 −

32
3 𝑥1 +

295
27 𝑥2.

After adding the optimality cut, we proceed to solve the new problem (𝑃 10).

(𝑃 10)


min 𝜙 = −𝑥1 + 4𝑥2,

s.t.,
𝑥 ∈ S′8 = {𝑥 ∈ S8 | 𝜃 ≥ 689

27 −
32
3 𝑥1 + 295

27 𝑥2}.

After solving problem (𝑃 10), we obtain the same optimal solution 𝑥5 = (3, 3). As we have seen previously,
this obtained solution is the feasible and optimal solution for both scenarios with the penalty value
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Table 4.1: Optimal simplex table at node 8

B Rhs 𝑥9 𝑥10

𝑥8
1
3

−1
3

−5
3

𝑥3 12 −1 −4
𝑥4 6 −1 3
𝑥5 1 −2 1
𝑥6 1 −1 0
𝑥2 3 0 −1
𝑥7 2 0 −1
𝜃 668

27
32
27

295
27

𝑥1 3 1 0

𝑓1 −9 5 2
𝑓2 3 −4 −3
𝑓3 −9 −1 −4

𝑑1 9 1 4
𝑑2 9 −2 1

𝜃 = 668
27 , see table 4.1.

The algorithm now proceeds to another essential step, namely the efficiency test. This test is performed
to evaluate the efficiency of the solution 𝑥5 for both bi-objective and multi-objective problems.
Step 5: Efficiency tests.

We start first by testing the efficiency of 𝑥5 for the bi-objective problem by solving the following problem:

(𝐸𝐾 1(𝑥5))



max𝑉 = 𝑣1 + 𝑣2,

s.t.,
𝑥 ∈ S8,

𝜃 ≥ 689
27 +

32
3 𝑥1 − 295

27 𝑥2,

−𝑥1 + 4𝑥2 + 𝑣1 = 9,
2𝑥1 + 𝑥2 + 𝑣2 = 9,
𝑥1, 𝑥2 ∈ ℕ, 𝜃, 𝑣1, 𝑣2 ∈ ℝ.

Note that 𝑉 = 0, this means that 𝑥5 is efficient for the bi-objective problem. Following this, we test its
efficiency for the multi-objective problem by solving the following problem:

(𝐸𝐾2(𝑥5))



maxΨ = 𝜓1 +𝜓2 +𝜓3,

s.t.,
𝑥 ∈ S8,

𝜃 ≥ 689
27 +

32
3 𝑥1 − 295

27 𝑥2,

−5𝑥1 + 2𝑥2 +𝜓1 = −9,
4𝑥1 − 3𝑥2 +𝜓2 = 3,
𝑥1 − 4𝑥2 +𝜓3 = −9,
𝑥1, 𝑥2 ∈ ℕ, 𝜃,𝜓1,𝜓2,𝜓3 ∈ ℝ.
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Here, Ψ = 0, that means that 𝑥5 = (3, 3) is efficient for the multi-objective problem. Furthermore,
we notice that 𝑥5 is efficient for both bi-ovjective and multi-objective problems. Thus, we update the
efficient setX𝐵 by adding the solution 𝑥5,X𝐵 = {(3, 3)} and the algorithm continues the process through
the last step.

Step 6: The efficient cuts.

We start first by constructing the two setsH1 andH ′1 by using the decreasing direction of each criterion
𝑓𝑖∈{1,...,3} for the multi-objective problem, and the decreasing direction of each criterion 𝜙𝑖∈{1,2} for the
bi-objective problem, respectively.

From Table 4.1,H1 = {9, 10} ≠ ∅ andH ′1 = {9} ≠ ∅.

After adding the cuts 𝑥9 + 𝑥10 ≥ 1 and 𝑥9 ≥ 1 to the current problem (𝑃 10), the algorithm contin-
ues the search process for other efficient solutions by solving the following new problem at node
10.

(𝑃 11)


min 𝜙 = −𝑥1 + 4𝑥2,

s.t.,
𝑥 ∈ S10 = {𝑥 ∈ S′8 | 𝑥9 + 𝑥10 ≥ 1, 𝑥9 ≥ 1}.

From the table 4.2, the integer solution obtained is 𝑥6 = (2, 3). In this step, we pass directly to the
feasibility and optimality test.

Table 4.2: Optimal simplex table for node 10

B Rhs 𝑥10 𝑥13

𝑥8
2
3

−4
3

−1
3

𝑥3 13 −3 −1
𝑥4 7 4 −1
𝜃

380
27

7
27

32
3

𝑥6 2 1 −1
𝑥2 3 −1 0
𝑥7 2 −1 0
𝑥9 1 −1 −1
𝑥1 2 −1 1
𝑥5 3 3 −1
𝑥12

−1
45 −1 1

𝑓1 −4 −3 5
𝑓2 −1 1 −4
𝑓3 −10 −3 −1

𝑑1 10 3 1
𝑑2 7 3 −2
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Step 3 Feasibility and Optimality tests

We test the feasibility of 𝑥6 by solving the following two problems.

Scenario 1 Scenario 2

𝜎 (𝜉 1)



max −5𝜎 1
1 + 8𝜎2

1
−2𝜎 1

1 + 3𝜎2
1 ≤ 0

−𝜎 1
1 + 2𝜎2

1 ≤ 0
2𝜎 1

1 − 5𝜎2
1 ≤ 0

𝜎 1
1 − 6𝜎2

1 ≤ 0
𝜎 1

1 + 𝜎2
1 ≤ 1

𝜎𝑡1 = (0, 0) 𝜎 (𝜉2)



max −9𝜎 1
2 + 𝜎2

2
−2𝜎 1

2 + 3𝜎2
2 ≤ 0

−𝜎 1
2 + 2𝜎2

2 ≤ 0
2𝜎 1

2 − 5𝜎2
2 ≤ 0

𝜎 1
2 − 6𝜎2

2 ≤ 0
𝜎 1

2 + 𝜎2
2 ≤ 1

𝜎𝑡2 = (0, 0)

𝜎𝑡1 = 𝜎𝑡2 = 0, that means 𝑥6 is feasible for both scenarios. After that, we test the optimality of 𝑥6 by
solving the following two problems.

Scenario 1 Scenario 2

𝜋 (𝜉 1)



max −5𝜋 1
1 + 8𝜋2

1
−2𝜋 1

1 + 3𝜋2
1 ≤ 1

−𝜋 1
1 + 2𝜋2

1 ≤ 3
2𝜋 1

1 − 5𝜋2
1 ≤ 6

𝜋 1
1 − 6𝜋2

1 ≤ 2

𝜋 𝑡1 = (7, 5) 𝜋 (𝜉2)



max −9𝜋 1
1 + 𝜋2

1
−2𝜋 1

1 + 3𝜋2
1 ≤ 5

−𝜋 1
1 + 2𝜋2

1 ≤ 3
2𝜋 1

1 − 5𝜋2
1 ≤ 2

𝜋 1
1 − 6𝜋2

1 ≤ 1

𝜋 𝑡2 =
(
− 11

3 ,−
7
9

)

In this situation, 𝑄 (𝑥) = 380
27 , and we note that 𝑄 (𝑥) = 𝜃 (see table 4.2), this means that 𝑥6 = (2, 3) is

optimal for both scénarios with 𝜃 =
380
27 . We proceed to the next step of the algorithm.

Step 5 Efficiency tests

We start by testing the efficiency of 𝑥6 for the bi-objective problem by solving the following problem:

(𝐸𝐾 1(𝑥6))



max𝑉 = 𝑣1 + 𝑣2

s.t 𝑥 ∈ S8

𝜃 ≥ 689
27 +

32
3 𝑥1 − 295

27 𝑥2

−𝑥1 + 4𝑥2 + 𝑣1 = 10
2𝑥1 + 𝑥2 + 𝑣2 = 7
𝑥1, 𝑥2 ∈ ℕ, 𝜃, 𝑣1, 𝑣2 ∈ ℝ

We found = 0, Then 𝑥6 is efficient for the bi-objective problem. After that, we test its efficiency for the
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multi-objective problem by solving the following problem:

(𝐸𝐾2(𝑥6))



maxΨ = 𝜓1 +𝜓2 +𝜓3

s.t 𝑥 ∈ S8

𝜃 ≥ 689
27 +

32
3 𝑥1 − 295

27 𝑥2

−5𝑥1 + 2𝑥2 +𝜓1 = −4
4𝑥1 − 3𝑥2 +𝜓2 = −1
𝑥1 − 4𝑥2 +𝜓3 = −10
𝑥1, 𝑥2 ∈ ℕ, 𝜃,𝜓1,𝜓2,𝜓3 ∈ ℝ

Here, Ψ = 0, this means that 𝑥6 = (2, 3) is efficient for both problems. Before proceeding to the next
step, this solution will be added to the set X𝐵 = {(3, 3), (2, 3)}.

Step 6 The efficient cuts

In this step, we construct two new setsH2 = {10, 14} ≠ ∅ andH ′2 = {14} ≠ ∅. See Table 4.2. After that,
we add the new constraints 𝑥10 + 𝑥14 ≥ 1 and 𝑥14 ≥ 1 to the current problem. Once again, the algorithm
continues the search process of finding other efficient solutions by solving the new problem at node 11.

(𝑃 12)


min 𝜙 = −𝑥1 + 4𝑥2

s.t
𝑥 ∈ S11 = {𝑥 ∈ S10 | 𝑥10 + 𝑥14 ≥ 1, 𝑥14 ≥ 1}

The new integer optimal solution is 𝑥7 = (1, 3).

Step 3 Feasibility and Optimality tests

We test the feasibility of 𝑥7 by solving the following problems.

Scenario 1 Scenario 2

𝜎 (𝜉 1)



max −4𝜎 1
1 + 5𝜎2

1
−2𝜎 1

1 + 3𝜎2
1 ≤ 0

−𝜎 1
1 + 2𝜎2

1 ≤ 0
2𝜎 1

1 − 5𝜎2
1 ≤ 0

𝜎 1
1 − 6𝜎2

1 ≤ 0
𝜎 1

1 + 𝜎2
1 ≤ 1

𝜎𝑡1 = (0, 0) 𝜎 (𝜉2)



max −4𝜎 1
2 − 2𝜎2

2
−2𝜎 1

2 + 3𝜎2
2 ≤ 0

−𝜎 1
2 + 2𝜎2

2 ≤ 0
2𝜎 1

2 − 5𝜎2
2 ≤ 0

𝜎 1
2 − 6𝜎2

2 ≤ 0
𝜎 1

2 + 𝜎2
2 ≤ 1

𝜎𝑡2 = (0, 0)

Note that, 𝜎𝑡1 = 𝜎𝑡2 = 0, 𝑥7 is feasible for both scenarios. We test the optimality of 𝑥7 by solving the
following problems.
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Scenario 1 Scenario 2

𝜋 (𝜉 1)



max −4𝜋 1
1 + 5𝜋2

1
−2𝜋 1

1 + 3𝜋2
1 ≤ 1

−𝜋 1
1 + 2𝜋2

1 ≤ 3
2𝜋 1

1 − 5𝜋2
1 ≤ 6

𝜋 1
1 − 6𝜋2

1 ≤ 2

𝜋𝑡1 =

(
− 4

3 ,−
5
9

)
𝜋 (𝜉2)



max −4𝜋 1
1 − 2𝜋2

1
−2𝜋 1

1 + 3𝜋2
1 ≤ 5

−𝜋 1
1 + 2𝜋2

1 ≤ 3
2𝜋 1

1 − 5𝜋2
1 ≤ 2

𝜋 1
1 − 6𝜋2

1 ≤ 1

𝜋𝑡2 =

(
− 11

3 ,−
7
9

)

After calculating𝑄 (𝑥) = 64
9 we found that𝑄 (𝑥) > (𝜃 =

92
27 ). In this situation, we construct the following

optimality cut and add it to the current problem.

𝜃 ≥ −29
3 −

46
9 𝑥1 −

35
9 𝑥2

After solving the new following problem, we found the same previous solution 𝑥7 = (1, 3) with 𝜃 =
64
9 .

See table 4.3

(𝑃 13)


min 𝜙 = −𝑥1 + 4𝑥2

s.t
𝑥 ∈ S′11 = {𝑥 ∈ S11, | 𝜃 ≥ −29

3 −
46
9 𝑥1 − 35

9 𝑥2, 𝑥 ∈ ℕ𝑛}

Table 4.3: Optimal simplex table after introducing optimality cut at node 11

B Rhs 𝑥10 𝑥16

𝑥8 1 −1 −1
3

𝑥3 14 −2 −1
𝑥4 8 5 −1
𝑥5 5 5 −2
𝑥6 3 2 −1
𝑥2 3 −1 0
𝑥7 2 −1 0
𝜃

64
9

−127
9

46
9

𝑥12
100
27

−100
27

−50
9

𝑥9 2 2 −1
𝑥14 1 1 −1
𝑥13 1 2 −1
𝑥15 0 1 −1
𝑥1 1 −2 1

𝑓1 1 −8 5
𝑓2 −5 5 −4
𝑓3 −11 −2 −1

𝑑1 11 2 1
𝑑2 5 5 −2
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Step 5 Efficiency tests

We test the efficiency of 𝑥7 for the bi-objective problem by solving the following problem:

(𝐸𝐾 1(𝑥7))



max𝑉 = 𝑣1 + 𝑣2

s.t 𝑥 ∈ S8

𝜃 ≥ −29
3 −

46
9 𝑥1 − 35

9 𝑥2

−𝑥1 + 4𝑥2 + 𝑣1 = 11
2𝑥1 + 𝑥2 + 𝑣2 = 5
𝑥1, 𝑥2 ∈ ℕ, 𝜃, 𝑣1, 𝑣2 ∈ ℝ

Here = 0, which means that 𝑥7 is efficient for the bi-objective problem. Now we test its efficiency for
the multi-objective problem by solving the following problem:

(𝐸𝐾2(𝑥7))



maxΨ = 𝜓1 +𝜓2 +𝜓3

s.t 𝑥 ∈ S8

𝜃 ≥ −29
3 −

46
9 𝑥1 − 35

9 𝑥2

−5𝑥1 + 2𝑥2 +𝜓1 = 1
4𝑥1 − 3𝑥2 +𝜓2 = −5
𝑥1 − 4𝑥2 +𝜓3 = −11
𝑥1, 𝑥2 ∈ ℕ, 𝜃,𝜓1,𝜓2,𝜓3 ∈ ℝ

We found Ψ = 10 ≠ 0, which means 𝑥7 is not efficient for the multi-objective problem. This solution is
not added to the set X𝐵 . However, we continue the search process for other efficient solutions.

Step 6 The efficient cuts

In this situation,H3 = {10, 16} ≠ ∅ andH ′3 = {16} ≠ ∅, see Table 4.3. We construct then the new two
constraints 𝑥10 + 𝑥16 ≥ 1 and 𝑥16 ≥ 1 and we add it to the current problem.

(𝑃 14)


min 𝜙 = −𝑥1 + 4𝑥2

s.t
𝑥 ∈ S12 = {𝑥 ∈ S

′
11 | 𝑥10 + 𝑥16 ≥ 1, 𝑥16 ≥ 1}

After resolving the new problem, we found a new optimal solution 𝑥8 = (0, 3) which is an integer.
Step 3 Feasibility and Optimality tests
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We resolve the next following problems to test the feasibility of 𝑥8

Scenario 1 Scenario 2

𝜎 (𝜉 1)



max −3𝜎 1
1 + 2𝜎2

1
−2𝜎 1

1 + 3𝜎2
1 ≤ 0

−𝜎 1
1 + 2𝜎2

1 ≤ 0
2𝜎 1

1 − 5𝜎2
1 ≤ 0

𝜎 1
1 − 6𝜎2

1 ≤ 0
𝜎 1

1 + 𝜎2
1 ≤ 1

𝜎𝑡1 = (0, 0) 𝜎 (𝜉2)



max 𝜎 1
2 − 5𝜎2

2
−2𝜎 1

2 + 3𝜎2
2 ≤ 0

−𝜎 1
2 + 2𝜎2

2 ≤ 0
2𝜎 1

2 − 5𝜎2
2 ≤ 0

𝜎 1
2 − 6𝜎2

2 ≤ 0
𝜎 1

2 + 𝜎2
2 ≤ 1

𝜎𝑡2 = (0, 0)

We notice that 𝑥8 is feasible for both scenarios. We proceed now with the optimality test for 𝑥8 by
solving the following problems.

Scenario 1 Scenario 2

𝜋 (𝜉 1)



max −3𝜋 1
1 + 2𝜋2

1
−2𝜋 1

1 + 3𝜋2
1 ≤ 1

−𝜋 1
1 + 2𝜋2

1 ≤ 3
2𝜋 1

1 − 5𝜋2
1 ≤ 6

𝜋 1
1 − 6𝜋2

1 ≤ 2

𝜋 𝑡1 =
(
−4

3 ,−
5
9

)
𝜋 (𝜉2)



max 𝜋 1
1 − 5𝜋2

1
−2𝜋 1

1 + 3𝜋2
1 ≤ 5

−𝜋 1
1 + 2𝜋2

1 ≤ 3
2𝜋 1

1 − 5𝜋2
1 ≤ 2

𝜋 1
1 − 6𝜋2

1 ≤ 1

𝜋 𝑡2 = (1, 0)

In this situation, 𝑄 (𝑥) = 61
27 > 𝜃 = 2, which means that we will add the following optimality cut to the

current problem.
𝜃 ≥ −86

27 +
17
9 𝑥1 −

49
27𝑥2

(𝑃 14)


min 𝜙 = −𝑥1 + 4𝑥2

s.t
𝑥 ∈ S′12 = {𝑥 ∈ S12, | 𝜃 ≥ −86

27 +
17
9 𝑥1 − 49

27𝑥2, 𝑥 ∈ ℕ𝑛}

We solve the new problem (𝑃 14) and we found the same previous solution 𝑥8 = (0, 3) with 𝜃 = 61
27 , see

table 4.4. Following this, we pass through the efficiency tests step.
Step 5 Efficiency tests

The efficiency of 𝑥8 for the bi-objective problem is tested by solving the following problem:

(𝐸𝐾 1(𝑥8))



max𝑉 = 𝑣1 + 𝑣2

s.t 𝑥 ∈ S8

𝜃 ≥ −86
27 +

17
9 𝑥1 − 49

27𝑥2

−𝑥1 + 4𝑥2 + 𝑣1 = 12
2𝑥1 + 𝑥2 + 𝑣2 = 3
𝑥1, 𝑥2 ∈ ℕ, 𝜃, 𝑣1, 𝑣2 ∈ ℝ
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Table 4.4: Optimal simplex table after introducing optimality cut at node 12

B Rhs 𝑥1 𝑥18

𝑥8
4
3

−1
2

−5
6

𝑥3 15 −1 −1
𝑥4 9 5

2
3
2

𝑥5 7 5
2

1
2

𝑥6 4 −1 0
𝑥2 3 −1

2
−1
2

𝑥7 2 −1
2

−1
2

𝑥15 1 −1
2

−1
2

𝑥12
257
27

167
27

−172
27

𝑥9 3 1 0
𝑥14 2 1

2
−1
2

𝑥13 2 1 0
𝑥10

−1
72

−1
2

−1
2

𝑥17
7
27

217
27

28
27

𝑥19
1

10
−1
2

−3
2

𝑥16 1 0 −1
𝜃 61

27
53
54

−49
54

𝑓1 6 −4 1
𝑓2 −9 5

2 − 3
2

𝑓3 −12 −1 −2

𝑑1 12 1 2
𝑑2 3 5

2
1
2

𝑥8 is efficient for the bi-objective problem. After that, We test its efficiency for the multi-objective
problem by solving the following problem:

(𝐸𝐾2(𝑥8))



maxΨ = 𝜓1 +𝜓2 +𝜓3

s.t 𝑥 ∈ S8

𝜃 ≥ −86
27 +

17
9 𝑥1 − 49

27𝑥2

−5𝑥1 + 2𝑥2 +𝜓1 = 6
4𝑥1 − 3𝑥2 +𝜓2 = −9
𝑥1 − 4𝑥2 +𝜓3 = −12
𝑥1, 𝑥2 ∈ ℕ, 𝜃,𝜓1,𝜓2,𝜓3 ∈ ℝ

We found that Ψ = 10 ≠ 0, which means 𝑥8 is not efficient for the multi-objective problem.
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Step 6 The efficient cuts

In this situation,H4 = {1, 18} ≠ ∅ andH ′4 = ∅, see table 4.4. Note thatH ′4 = ∅ which means that this
node is fathomed. Moreover, the algorithm continues the search process and tries to find other efficient
solutions if it exists by visiting other nodes. At this step, we solve the program at the node 4.

(𝑃4)
{

min 𝜙 = −𝑥1 + 4𝑥2

s.t 𝑥 ∈ S4

The obtained integer solution is 𝑥9 = (3, 0).
Step 3 Feasibility and Optimality tests

The feasibility of 𝑥9 is tested by resolving the following problems.

Scenario 1 Scenario 2

𝜎 (𝜉 1)



max 14𝜎2
1

−2𝜎 1
1 + 3𝜎2

1 ≤ 0
−𝜎 1

1 + 2𝜎2
1 ≤ 0

2𝜎 1
1 − 5𝜎2

1 ≤ 0
𝜎 1

1 − 6𝜎2
1 ≤ 0

𝜎 1
1 + 𝜎2

1 ≤ 1

𝜎𝑡1 =
(

2
3 ,

1
3

)
𝜎 (𝜉2)



max −11𝜎 1
2 + 10𝜎2

2
−2𝜎 1

2 + 3𝜎2
2 ≤ 0

−𝜎 1
2 + 2𝜎2

2 ≤ 0
2𝜎 1

2 − 5𝜎2
2 ≤ 0

𝜎 1
2 − 6𝜎2

2 ≤ 0
𝜎 1

2 + 𝜎2
2 ≤ 1

𝜎𝑡2 = (0, 0)

Note that 𝑥9 is not feasible for the first scenario 𝜉 1. We add the following feasibility cut to the current
program.

− 1
3𝑥1 +

5
3𝑥2 ≥

11
3

After solving the new problem in the new node. We do not find any feasible solution in this node 13.
This means that this node 13 is fathomed.

Final result:

The final efficient set found is X𝐵 = {(3, 3), (2, 3)}.
Where:

• X𝐶 = {(3, 3), (2, 3), (1, 3), (0, 3)}, the efficient solutions in terms of 𝑑 1 and 𝑑2.

• X𝐸 = {(3, 3), (2, 3), (3, 4), (2, 4), (1, 4), (0, 4), (2, 5), (1, 5), (0, 5), (0, 6)}, the efficient set of the deter-
ministic equivalent problem (2.24).
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4.4.1 The search tree

The search tree presented in figure (4.1) summarizes and illustrates the different steps and states of the
nodes throughout the algorithm process in the previous example 4.4.

0 X𝐸 = ∅( 43
9 ,

4
9 )

1 (4, 1
4 )

4 (3, 0)3(4, 1)

13

𝐼𝑛𝑓 𝑒𝑎𝑠𝑖𝑏𝑙𝑒

5( 39
11 ,

32
11 )

7 (3, 14
5 )

8 (3, 3)X𝐸 = X𝐸 ∪ {(3, 3)}

10 (2, 3)X𝐸 = X𝐸 ∪ {(2, 3)}

11 (1, 3)

12 (0, 3)

𝐻
′
4 = ∅, 𝑆𝑇𝑂𝑃

9

𝐼𝑛𝑓 𝑒𝑎𝑠𝑖𝑏𝑙𝑒

6
𝐼𝑛𝑓 𝑒𝑎𝑠𝑖𝑏𝑙𝑒

2
𝐼𝑛𝑓 𝑒𝑎𝑠𝑖𝑏𝑙𝑒

𝑥1 ≤ 4

𝑥2 ≥ 1 𝑥2 ≤ 0

− 1
3𝑥1 + 5

3𝑥8 ≥ 11
3− 1

3𝑥1 + 5
3𝑥8 ≥ 11

3

𝑥1 ≤ 3𝑥1 ≥ 4

𝑥2 ≥ 3 𝑥2 ≤ 2

𝑥9 + 𝑥10 ≥ 1, 𝑥9 ≥ 1

𝑥10 + 𝑥14 ≥ 1, 𝑥14 ≥ 1

𝑥10 + 𝑥16 ≥ 1, 𝑥16 ≥ 1

𝑥1 ≥ 5

Figure 4.1: Search tree of the example
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4.5 Computational Results

To the best of our knowledge, this particular problem has not been studied in existing literature. Indeed,
according to the available literature, no benchmark instance has been proposed to test the performance
of this type of problem. For this reason, we thought of creating randomly generated instances to test the
performance of our method for solving this problem. Moreover, the algorithm has been implemented
in the MATLAB 2019 environment without making use of any solver and tested over the randomly
generated instances, as for the efficiency and optimality tests we have used the linprog solver. In
addition, all proposed solution procedures of the computational results section are performed on a
computer with Intel(R) Core(TM) i3-3120M CPU @ 2.50GHz 2.50 GHz processor and 4 GB RAM.
Regarding deterministic data (constraint coefficients) they are uncorrelated and uniformly distributed.
Each component of the vector 𝑏, the entries of the matrix 𝐴, and the coefficients of the objective
functions 𝐶 and 𝑑 were drawn randomly from discrete uniform distributions in the following ranges
[100, 200], [1, 100], [−100, 100] and [−100, 100].
The stochastic data are generated in the same way as the deterministic ones. For each component of
the recourse matrix𝑊 , the penalties for constraint violations 𝑞, the matrice 𝑇 and the vector ℎ are in
the intervals [−50, 50], [1, 50], [−50, 50] and [−50, 50], respectively. The probability for each scenario
is randomly generated with the sum of probabilities equal to 1.
We have worked on 44 distinct groups of instances of the (𝑛,𝑚, 𝑘, 𝑅) type, where 𝑛 represents the
number of variables,𝑚 denotes the number of constraints, 𝑘 indicates the number of objectives, and 𝑅
signifies the number of scenarios, with 𝑅 = 2, 3, 5, 10. Additionally, for each group, we generated five
instances randomly, resulting in a total of 220 instances. Our method successfully solved these instances,
and the corresponding results are presented in the following Table 4.5. Note that: The generation of
random instances does not guarantee the feasibility of the instance. For this study, we have kept only
the feasible instances.
Table Contents: Table 4.5 shows the results achieved by our method on five instances for each group.

• Column 1 represents the number of existing scenarios 𝑅.

• Column 2 presents the size of each instance (𝑛 ×𝑚 × 𝑘), where 𝑛 is the number of variables,𝑚 is
the number of constraints and 𝑘 is the number of objectives.

• Column 3 displays the minimum (Min), the average (Mean), and the maximum (Max) of the CPU
time (in seconds).

• Column 4 reports the minimum (Min), the average (Mean), and the maximum (Max) of the
number of nodes required (Nbr of Nodes) to get the final set X𝐵 .

• The last column 𝜌 represents the average (Mean) of |X𝐵/X𝐸 |.
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Table 4.5: The behavior of our method on medium and large scale instances in different scenarios and
based on different criteria

𝐶𝑃𝑈 (𝑆𝑒𝑐 ) 𝑁𝑏𝑟 𝑜𝑓 𝑁𝑜𝑑𝑒𝑠 𝜌

R 𝑛 ×𝑚 × 𝑘 𝑀𝑖𝑛 𝑀𝑒𝑎𝑛 𝑀𝑎𝑥 𝑀𝑖𝑛 𝑀𝑒𝑎𝑛 𝑀𝑎𝑥 𝑀𝑒𝑎𝑛

2 5 × 3 × 3 0.41 2.47 6.43 10 42 88 0.40
10 × 5 × 3 2.08 4.49 6.80 40 79 116 0.39
20 × 10 × 5 5.39 8.51 12.58 134 197.20 338 0.09
30 × 15 × 5 21.15 30.11 39.15 322 490 652 0.10
40 × 20 × 5 55.80 82.15 164.64 608 721.20 954 0.10
50 × 25 × 10 76.74 113.55 135.27 754 918 1044 0.27
60 × 30 × 10 138.55 181.98 243.79 916 1112.80 1478 0.12
70 × 35 × 10 346.84 405.40 489.74 1580 1822.40 2344 0.09
80 × 40 × 20 513.05 565.49 649.62 1446 1770 2206 0.11
90 × 45 × 20 783.20 1070.44 1395.43 2546 2667.60 2978 0.10
100 × 50 × 20 1003.98 1407.96 1897.15 2288 2816 3438 0.12

𝐺𝑙𝑜𝑏 𝐴𝑣𝑟𝑔 (𝑅 = 2) 267.93 352.05 458.24 967.64 930.49 1421.45 0.17

3 5 × 3 × 3 0.97 3.51 11.65 8 33.20 98 0.57
10 × 5 × 3 1.06 4.23 7.50 18 66.40 118 0.37
20 × 10 × 5 3.54 11.78 18.64 106 190.80 256 0.29
30 × 15 × 5 18.64 23.62 26.31 322 398.80 454 0.13
40 × 20 × 5 38.28 60.72 88.62 576 693.20 904 0.30
50 × 25 × 10 71.32 104.45 187.82 538 862.40 1424 0.19
60 × 30 × 10 110.91 191.95 358.30 832 1111.60 1634 0.06
70 × 35 × 10 205.65 340.08 492.87 864 1425.20 1798 0.07
80 × 40 × 20 349.53 612.98 876.32 1180 2019.20 2844 0.08
90 × 45 × 20 689.63 954.20 1466.57 1706 2415.20 3040 0.06
100 × 50 × 20 273.65 1402.61 2272.41 746 2535.60 4096 0.12

𝐺𝑙𝑜𝑏 𝐴𝑣𝑟𝑔 (𝑅 = 3) 160.24 337.29 527.91 337.29 626.91 1515.09 0.20

5 5 × 3 × 3 1.84 3.94 6.70 10 26.40 46 0.29
10 × 5 × 3 5.65 7.89 14.33 58 84.40 154 0.40
20 × 10 × 5 7.60 11.75 20.91 152 183.20 238 0.27
30 × 15 × 5 22.31 27.64 33.54 302 361.20 450 0.13
40 × 20 × 5 36.35 72.61 118.72 384 648.80 992 0.08
50 × 25 × 10 101.96 143.70 213.36 826 1036.80 1434 0.08
60 × 30 × 10 154.29 267.86 360.80 1048 1419.60 1816 0.07
70 × 35 × 10 244.93 350.09 471.33 1324 1523.20 1804 0.05
80 × 40 × 20 545.48 812.29 993.73 1860 2357.20 2882 0.04
90 × 45 × 20 913.20 1033.18 1240.23 1944 2503.60 2966 0.04
100 × 50 × 20 873.47 1282.77 1674.22 1744 2548.80 3398 0.07

𝐺𝑙𝑜𝑏 𝐴𝑣𝑟𝑔 (𝑅 = 5) 264.28 364.88 467.98 877.45 1153.93 1470.91 0.14

10 5 × 3 × 3 1.40 5.12 8.36 8 21.20 34 0.33
10 × 5 × 3 3.44 9.40 16.91 18 56 104 0.27
20 × 10 × 5 8.59 23.96 44.38 68 231.20 434 0.07
30 × 15 × 5 18.74 41.13 63.64 172 419.60 552 0.11
40 × 20 × 5 67.11 86.19 127.58 598 762.80 994 0.16
50 × 25 × 10 68.85 135.97 170.81 570 1040 1288 0.07
60 × 30 × 10 167.50 261.94 304.53 904 1348 1844 0.07
70 × 35 × 10 290.50 373.66 485.72 1404 1499.20 1752 0.07
80 × 40 × 20 427.21 596.96 759.83 1462 1771.20 2274 0.05
90 × 45 × 20 621.69 1032.79 1626.56 1934 2383.20 3042 0.06
100 × 50 × 20 477.19 1263.33 1814.29 1180 2535.60 3724 0.07

𝐺𝑙𝑜𝑏 𝐴𝑣𝑟𝑔 (𝑅 = 10) 195.66 348.22 492.96 756.18 1097.09 1458.36 0.12
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The elements and cardinality of X𝐸 are calculated using the algorithm presented in [Ouaı̈l et al., 2017].
The elements and cardinality of X𝐵 are calculated by using the present method. In addition, we have
reported a global average (Glob Avrg) in the last line for each 𝑅 scenario case, which represents the
total mean for all instances studied in that 𝑅 case.
The results from Table 4.5 show that average CPU time generally increases with the size of the instance
and the number of scenarios. For example, for 𝑅 = 2 the average CPU time increases from 2.47 seconds
for the instance (5 × 3 × 3) to 1407.96 seconds for the instance (100 × 50 × 20). Similarly, for 𝑅 = 2, the
average CPU time for the instance (20× 10× 5) is 8.51 seconds, while for 𝑅 = 10 it rises to 23.96 seconds.
However, this trend is not always consistent. For example, the instance (90× 45× 20) shows a decrease
in average CPU time from 1070.44 seconds for 𝑅 = 2 to 954.20 seconds for 𝑅 = 3. This is due to the fact
that the average CPU time is mainly influenced by the number of visited efficient solutions. In the same
instance (90× 45× 20), the average number of nodes is higher for 𝑅 = 2 at 2667.60 compared to 2415.20
for 𝑅 = 3, which suggests that more efficient solutions were visited for 𝑅 = 2. Thus, the average CPU
time is mainly related to the number of efficient solutions explored, and it is represented in figure 4.2.
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Figure 4.2: Illustration of the CPU time (in seconds) for all studied instances.

Figure 4.3 presents a graphical representation of the average number of nodes required to obtain the
optimal set X𝐵 for all the instances analyzed.
Concerning the last column 𝜌 , we have presented the average ration that exists between the number of
elements of the set X𝐵 calculated by our algorithm and the number of elements of the efficient set X𝐸
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Figure 4.3: Illustration of the mean of the number of nodes required for all studied instances.

of the MOILP problem gotten by the method presented in [Ouaı̈l et al., 2017]. Where, 𝜌 indicates the
average of |X𝐵/X𝐸 |. We see that the minimal value of 𝜌 does not exceed 0.04 for all the instances and
that the maximal value equal a 0.57 for all the instances. An illustration of the value 𝜌 is presented by
the following graphs 4.4.
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4.6 Conclusion

This chapter presents an exact method for dealing with a new type of stochastic environment problem.
The problem considered involves two or more decision-makers, each seeking to optimize their utility
functions over the efficient solution set in a MOSILP problem. In addition, the proposed method can
be used to identify the intersection between the efficient sets of the two stochastic multi-objective
problems. Moreover, by optimizing two functions over the efficient set, decision-makers obtain a set of
best compromise solutions in a finite number of iterations. It is also worth noting that the proposed
method obtains this set without having to explore the whole efficient set of the MOSILP problem, which
reduces the computational complexity compared to solving the MOSILP problem.
The proposed solution approach mainly relies on the combination of two techniques: the first is the
L-shaped method, and the second involves an adapted branch-and-bound strategy. This combined
approach is further enhanced by incorporating efficient tests and cuts to iteratively reduce the search
space of the MOSILP problem. Moreover, the algorithm can be readily extended to accommodate multiple
decision-makers by integrating their respective preferences into the efficient cuts. Experimental results
showcase the effectiveness of the method, demonstrating excellent performance in terms of the number
of iterations required while maintaining reasonable computation times. This contribution has prompted
us to contemplate several future avenues of research. Our focus will be directed towards addressing the
nonlinear aspect of the problem by considering the adaptation of our method to handle nonlinear multi-
objective models, incorporating nonlinear preference functions. We remain committed to continuous
improvement of the method in future endeavors.



General conclusion

This thesis was on the topic of ‘Bi-objective optimization over efficient set of the multi-objective
stochastic integer linear integer problem’. The first part laid the theoretical foundations by introducing
the basic concepts of algebra, convex analysis, linear optimization, and stochastic optimization. It also
provided an overview of the generalities of multi-objective optimization and stochastic multi-objective
optimization and introduced the MOP and MOSP methods relevant to our study.

The second part presented our original contributions to the literature, with research results from the
following works:

• Optimization of a linear function over the efficient set of a multi-objective stochastic

integer linear programming (MOSILP) problem: This work introduces a new method to
optimize a stochastic linear function over the efficient set of the MOSILP problem. this work is
under review in the international journal RAIRO-Oper

• Biobjective integer stochastic optimization over the integer stochastic efficient set:

This work, published in the international journal Pesquisa Operacional. (DOI: 10.1590/0101-
7438.2023.043.00281853). This work proposes a method for optimising two linear stochastic
function over the efficient set of a MOSILP problem,

Looking ahead, we are planning to :

• Improve the efficiency of algorithms by reducing resolution time.

• adaptation of our method to handle nonlinear multi-objective models.

• Explore more complex problems, such as non-convexity.

• Testing methods with mixed integer variables

• Publish the remaining work in international journals.
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