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Abstract

We study deformations of certain non-abelian, metabelian, reducible representations of the
knot group into SL(d, C) which are associated to a simple root of Alexander polynomial.

Let K be a knot in S3, X = S%\ V(K) its complement, where V(K) is a tubular
neighborhood of K. Moreover, we let I'y = m;(X) denote the fundamental group of X.
Let ¢: m1(X) — Z denotes the canonical surjection which maps the meridian p of K to
Lie. o(y) = k(v,K). Let Ag(t) € C[t*'] denote the Alexander polynomial of K. We

associate to A € C*, A # £1, a homomorphism
MN:Tg = C* oy NP0

Note that the meridian © maps to A. We obtain also a diagonal representation

AP 0

Pr: FK — SL(27 C)a 10)\(7) -
0 A~

Now, for a given map z: I'x — C let p5 be a map defined by

1 z(9) AP 0

0 1 0 A~

The map p3 is a representation if and only if z: I'x — C,2 is a cocycle i.e. z satisfies for

all 71,72 € I'k the following:

z(my2) = 2(m) + )\QW(VI)Z(%) :

Here, we define Cy2 to be the I-module C with the action induced by A2, ie. v -z =
N2y for all v € I'x and all z € C. It is easy to see that in this case the representation

P is conjugate to the diagonal (abelian) representation py: I'x — SL(2,C) if and only if

6



Abstract

z is a principal cocycle i.e. there exists an element zy € C such that for all v € 'y we
have z(y) = 7 - o — »p. Hence there exists a metabelian, non-abelian representation p5
if and only if there exists a non-principal cocycle z: I'x — C,2. The representations p5
where first studied by G. Burde and G. de Rham [Bur67, |[deR67|. They proved that there
exists such reducible, metabelian, non-abelian, representations of the knot group I'y if
and only if A\? is a root of the Alexander polynomial Ag(t).

In what follows, we let r4: SL(2,C) — SL(d, C) denote the d-dimensional, irreducible,
rational representation of SL(2,C) (see Chapter . We study the behavior of the repre-
sentation ry0 p%: ' — SL(d, C) under the additional hypothesis that A? is a simple root
of the Alexander polynomial A(t). By making use of Theorem 1.1 in [HPS01], we prove
in Proposition [4.1|that the representation rqo p5 is the limit of irreducible representations.

Finally, we show in Theorem that if A? is a simple root of the Alexander polynomial
Ak (t) and if Ag(A\?*) # 0 for 2 < k < d—1 then the representation rgop3 is a smooth point
of the representation variety Ry (FK) = R(FK, SL(d, (C)) of knot group I'k into SL(d, C);

it is contained in a unique (d — 1)(d 4 2)-dimensional component Ry 4 C Ry (F K).



Résumé

Nous nous intéressons a ’étude de certaines représentations réductibles non-abéliennes et
métabéliennes du groupe d’un neeud dans SL(d, C) qui sont associées a une racine simple
du polynome d’Alexander.

Soit K un nceud dans S?, X = S3\ V(K) son complémentaire, ot V(K) est un
voisinage tubulaire de K. Soit I'y = 71(X) le groupe fondamental de X. Soit ¢: m(X) —
Z la surjection canonique qui envoie le méridien p de K sur 1, ie. p(y) = lk(v, K).
Soit Ag(t) € C[t*!] le polynéme d’Alexander de K. On associe & A € C*, A # 1, un
homomorphisme

N T — C*, v AP0

Notons que A¥ envoie le méridien p de K sur A. On obtient ainsi une représentation

diagonale
AP 0

pr: I'x = SL(2,C), pa(y) =
0 A~

Pour une application donnée z: I'x — C on définit 'application p5 par

1 z(9) AP 0

1 0 A~

L’application p3 est une repésentation si et seulement si z: I'xy — C,2 est un cocycle i.e.

z satisfait, pour tous 7y, v, € 'k, la relation

z(ny2) = 2(m) + /\2@(71)2(72) :

Ici, Nous définissons Cy2 comme étant le ['-module C muni de l'action induite par

X2 de. v-x = A*0g pour tout v € T'k et tout € C. 1l est facile de voir que,
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dans ce cas, la représentation p; est conjugée a la représentation diagonale ( abélienne)
pa: Ik — SL(2,C) si et seulement si z est un cobord i.e. il existe un élément z, € C
tel que pout tout v € I'x on a z(y) = v - x9 — xo. Il existe donc une représentation
non abélienne métabélienne p3 si et seulement si il existe un cocyle principal z: I'yx —
Cy2. La représentation p3 était étudiée pour la premiére fois par G. Burde et G. de
Rham |[Bur67, [deR67]. Ils ont montré qu'il existe de telles représentations non abéliennes
métabéliennes et réductibles du groupe de noeuds I'k si et seulement si A est une racine
du polynome d’Alexander Ag(?).

Dans ce qui suit, r4: SL(2,C) — SL(d,C) dénote la représentation rationnelle irré-
ductible de dimension d de SL(2,C) (see Chapter [2). Nous étudions le comportement
de la représentation r4 o pi: 'y — SL(d,C) sous '’hypothése supplémentaire que \*
est une racine simple du polynéme d’Alexander Ag(¢). En utilisant le théoréeme 1.1 de
[HPS01], nous montrons dans la proposition que la représentation r4 o p} est la limite
de représentations irréductibles.

Enfin, nous montrons dans le théoréme que si A\? est une racine simple du polynéme
d’Alexander A (t) et si Ag(A?*) # 0 pour 2 < k < d—1 alors la représentation 740 p% est
un point lisse de la variété des représentations Rq(I'x) := R(I'x, SL(d,C)) du groupe de
neeuds ' dans SL(d, C); elle est contenue dans une unique composante Ry q C Ry (F K)

de dimension (d — 1)(d + 2).



Introduction

The Knot Theory is a branch of mathematical discipline called Algebraic Topology. This
discipline was invented by the French mathematician Henri Poincaré in the late nineteenth
century and focuses on the properties of geometric objects that are invariant under contin-
uous deformations without tearing. In short, the specialist in knot theory is interested in
the shape of the knot. Like any other human activity, the mathematician needs tools. In
knot theory, the most effective tool is the notion of invariant. An invariant is a quantity ;
which can be an integer, a real number, a polynomial, group or any other mathematical
object ; that does not change when the knot is subjected to a continuous deformation
without tearing. Roughly speaking, we can say that the invariants have especially nega-
tive answer to the problem knots. Specifically, suppose that there is an invariant. We can
then say that two knots are not equivalent when evaluating the invariant on these two
knots does not give the same result. In contrast, if the two knots have the same invariant,
so we can not conclude anything. You must either change the invariant or show directly
that these are the same knots. All computable invariants are known to be incomplete,
that is to say that there are actually different knots with the same invariant.

It turned out that many topological invariants can be derived from the fundamental
group. In 1985 A. Casson constructed an invariant for integer homology spheres. This
invariant involves the space R(I',G) where I' = (M) is the fundamental group of a
rational homology sphere M and G = SU(2). The Casson invariant of M is an integer
that counts algebraically the conjugacy classes of representations of the fundamental group
[in SU(2). This invariant for homology spheres was generalized by C. Curtis to groups
G = SO(3), U(2), Spin(4) and SO(2), [Cur94]. For more examples concerning the the

link between the representation theory of fundamental groups and geometry and topology
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of 3-manifolds see [CS83] and |[BZ85].

In what follows, we are interested in the case where I' is the fundamental group of
the complement of a knot K in the three dimensional sphere S3. In 1967, G. Burde and
G. de Rham [Bur67], [deR67|, proved, independently, that when A? is a root of Alexander
polynomial Ak () then there exists a reducible, metabelian, non-abelian, representation
of the knot group into SL(2,C). Let us recall this result: let K be a knot in S3, X =
S\ V(K) its complement, where V(K) is a tubular neighborhood of K. Moreover, let
[k = m(X) denote the fundamental group of X. Let ¢: m(X) — Z denote the canonical
surjection which maps the meridian p of K to 1 i.e. p(y) = lk(7, K). Let Ag(t) € C[t*]
denote the Alexander polynomial of K. We associate to a nonzero complex number v € C
a homomorphism

a?: T = C*, 7y o,

Note that o maps the meridian p of K to a. We define C, to be the I'gx-module C
with the action induced by o¥, i.e. v-z = oMz for all v € I'k and all x € C. The
trivial ['g-module C; is simply denoted C. For each nonzero complex A € C* there exists

a diagonal representation py: I' — SL(2,C) given by

AP 0
PA(V) =
0 A~
Let p% be the application
i i 1 2(v) AP 0
pi: 'k — SL(2,C), pi(y) = : (0.1)
0 1 0 A~

The application p3 is a homomorphism if and only if the map z: 'y — C,2 is a cocycle
ie. z(7172) = 2(71) + A2¥0)z(,). Note also that p% is abelian if A = 1. If A2 # 1 then
p; is abelian if and only if z is a coboundary i.e. there exists an element z, € C such
that z(y) = (A% — 1)xy. Burde and de Rham proved that there exist a metabelian,
non-abelian representation p3 if and only if A? is a root of Alexander polynomial Ag(t).

A generalization of Burde’s and de Rham’s result is established by H. Jebali in [JebOS§]

where the author considers certain reducible, metabelian, non-abelian, representations
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of I' into GL(n,C). It turns out that the structure of the complex Alexander module
H(X;C) is completely determined by these representations.

The question whether or not the representation p3 is a limit of irreducible representa-
tions of ' into SL(2,C) was studied in [HPSO0I|. Theorem 1.1 of [HPSO01] states that a
metabelian, non-abelian representation p5: I'x — SL(2, C) is the limit of irreducible rep-
resentations if A\? is a simple root of Alexander polynomial Ag(t). Moreover, in this case
the representation p5 is a smooth point of the representation variety R(F i, SL(2, (C)); it
is contained in a unique 4-dimensional component Ry C R(F i, SL(2, C))

The problem of deformations of abelian and metabelian representations into SL(2, C)
or SU(2) that correspond to a root of the Alexander polynomial was studies in the lit-
erature (see [FK91l, [Her97, Ben98, [HK98, Ben00, BL02, [HPS01, [HP05, BHJ10]). The
result of [FK91] is generalized in [Her97| and [HK98] by replacing the condition of the
simple root by a condition on the signature operator. L. Ben Abdelghani and all studied

in [BHJI10] the case where A? is a multiple root of A(t).

In this thesis, we study deformations of certain non abelian, metabelian, reducible
representation of the knot group m(X) into SL(d,C). More precisely, we are interested
in the behavior of the representations p5: I'x — SL(2, C) under the composition with the
d-dimensional irreducible rational representation r,: SL(2,C) — SL(d, C).

In order to describe the representation rq, we let SL(2, C) act as a group of automor-
phism on the polynomial algebra R = C[X,Y]. If (‘; 3) € SL(2,C) then there is a unique

automorphism (¢ Y) of R given by

a b a b
T (X)=dX —-bY and r (YV)=—-cX+aY.
c d c d
We let R; 1 C R denote the d-dimensional subspace of homogeneous polynomials of
degree d — 1. The monomials el(d_l) = X7yl 1 <[ < d, form a basis of Ry_; and
T(‘Cl 3) leaves Ry_; invariant. In what follows we will identify R;_; and C? by fixing the

basis (e&dil), cee efidfl)) of Ry_1. It follows that we obtain an d-dimensional representation

12
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rq: SL(2,C) — GL(R4-1) = GL(d, C) defined by

rq: SL(Q, C) — GL(Rdfl)
a b a b
c d c d

a b
e sy (€)= (dX = bY )Y (—eX +aY)*.(0.2)

The representation rq is rational, i.e. the coefficients of the matrix coordinates of rq(A) are
polynomials in the matrix coordinates of A. We remark that the image of r,4 is contained
in SL(R4-1) = SL(d,C) C GL(d,C). Moreover, the image of the composition r, o p5 is
contained in the Borel subgroup By C SL(d, C) of upper triangular matrices.

Note that any rational irreducible representation of SL(2,C) is equivalent to some 74
(see Proposition . Hence the study of the representation 74 o p3 is not restrictive.

Recall that under the hypothesis that A\? is a simple root of Ax(t) the representation
Py € R(FK, SL(Q,(C)) is a smooth point of the representation variety. It is contained
in a unique irreducible 4-dimensional component Ry C R(FK,SL(Q,C)) (see [HPSO1,
Theorem 1.1]). In particular, it is the limit of irreducible representations. Note that
generically a representation p € Ry is irreducible.

Our first result is the following:

Proposition Let K € S? be a knot, \?> € C a simple root of Alexander polynomial

Ak (t) and let z € Z'(Tk,Cy2) be a cocycle representing a generator of H'(T'x,Cyz).
Then the representation p3 ; = rqo px: I'x — Ba is the limit of irreducible representa-

tions in R(I'k,SL(d, C)). More precisely, generically a representation pg = rqop, p € Ry

1s 1rreducible.

Here, a property of an irreducible algebraic variety Y is said to be true generically if
it holds except on a proper Zariski-closed subset of Y, in other words, if it holds on a
non-empty Zariski-open subset.

Firstly, we show in Lemma that if for a representation p: 'y — SL(2,C) the
image p(I'y) C SL(2,C) is Zariski-dense then the representation r; o p is irreducible.

This applies in particular to any irreducible representation p contained in a neighborhood

13
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U =U(p;) C R(I'x,SL(2,C)). Hence, from Lemmal[L.3)it follows that if A? is a simple root
of Ak(t) the representation pf , is the limit of irreducible representations in Ry(I'x) =
R(Tk,SL(d,C)).

Our main result is the following:
Theorem 4.1, If \? is a simple root of Ak(t) and if Ag(A\?*) # 0 for 2 < k <
d — 1 then the reducible metabelian representation p3 4 := rq 0 p5 is a limit of irreducible
representations. More precisely, p3 ; is a smooth point of Ry(T'k); it is contained in a
unique (d + 2)(d — 1)-dimensional component Ry 4 C Ry(T'k).

It follows directly from Proposition @ that p3 ; := 740 p5 is the limit of irreducible
representations.

The Lie algebra sl4(C) of SL(d,C) turns into an SL(2, C)-module via Ad o r; where
Ad: SL(d,C) — Aut(sl4(C)) denotes the adjoint representation and r; the Representation

(0.2]). For this action we have the following equivalence (see Chapter [2)

d—1 d—1
Ador,; = @ r9i+1 which gives sl,(C),, = @ Ry; . (0.3)
i=1 i=1

Therefore, to calculate dimensions of cohomology groups H*(I', sla(C),: ) we have
to calculate dimensions of H*(T'k; Ry;), 1 <i<d — 1.
We denote by C,, the By-module C via the action rd_l(a\ ’\/\__llb):v = \iz. Using the

short exact sequences of Bs-modules
0—>Cy, , — Ri1— Ry —1

and

Pd—3

0= Ry 3 —> Ry 1—C — 0,

X—d+1
where R;_; denotes the quotient Ry_;/ (e&d_l)), we prove the following:

Lemma [4.3, Let A € C*, A\ # 1, and d > 4 be given. If Ax(N~1) %0 and if X' #1
then
H*(T;Ry-y) =2 H*(T; Rys) -

It follows from Lemma that If A2 # 1 is a simple root of Alexander polynomial

14
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and Ag(A*) # 0 and \* # 1, for 2 <i < d — 1, we have

and Equivalence (0.3)) imply that

dim H*(T;s14(C),z ) = (d — 1) dim H*(T; Ry) .

Since hypothesis A (A%) # 0 for 2 < i < d — 1 implies that \* # 1, for all k € Z, we

conclude:
Proposition Let K C S3 be a knot and let A € C* and d > 3.

Suppose that \* is a simple root of the Alezander polynomial Ak (t) and let p3: T — By
the non-abelian Representation (0.1)).
If Ag(X*) #0 for 2 <i < d—1 then for p54:=raop5: T — By C SL(d, C) we have

dim H* (FK§5ld(C)p§7d) =(d—1) and HO(FK;Eld(C)pi,d) =0.

It follows directly from Propositions @ and @ that pf 4 := 74 0 p} is a smooth point
of R4(T'k); it is contained in a unique (d+2)(d — 1)-dimensional component Ry 4 C Ry(T").

P. Menal-Ferrer and J. Porti [FP12] showed that the conclusions of Theorem [4.1{ hold
for hyperbolic knots if pj is replaced by a lift of the holonomy, hol: 7 (S*\K) — SL(2,C),
of the hyperbolic structure of the complement S* \ K. Note that Theorem and
Proposition do apply to non-hyperbolic knots. Irreducible metabelian representations
and their deformations are studied by H. Boden and S. Friedl in a series of articles
IBE0S, BF11, BF13, BF14]. In particular the deformations of irreducible metabelian

representations, which are not considered in this thesis, are studied in [BE13].

This thesis is organized as follows: In Chapter [I we introduce notations and facts.
Chapter [2| is devoted to give irreducible rational representations of SL(2,C). Also, we
give decomposition of an arbitrary rational representation of SL(2,C). We conclude this
chapter by an equivalence between Adory and ry®7ry = ZZ: rop+1. Chapter |3 deals rep-
resentation spaces and cohomology groups. We present Also a review on the deformations
of representations with some important results. In Chapter [4], we make some cohomology

calculations to study non abelian, metabelian reducible representation of fundamental
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group 'k into SL(d,C) and then we prove Theorem . We conclude this chapter by

some examples, conclusion and perspectives.

16



Chapter 1

Notations and facts

Summary
[L.1 Affine algebraic variety| . . . . . .. ... 000000 18
1.2 Zariskidensesets ............... .. . 0000 20
[1.3 Group representation |. . . . . . ... . 0000 o e 21
[1.3.1 Rational representations of group| . . . . . . . . ... ... ... 22
[1.3.2  Reducible- irreducible representations| . . . . . . . .. .. ... 22
[1.3.3  Abelian-metabelian representations| . . . . . .. .. ... ... 24
|1.4 Some properties of Lie algebra and algebraic group| . . . . . . 24
(.41 Derivationsl . . . . . . . . ..o 24
[1.4.2  Difterential of a morphism and adjoint representation|. . . . . . 25
[1.4.3  Regular elements| . . . . . ... ... ... ... ... ... 26
[1.4.4 Examples| . . . . .. ... ... o 27
[L.5 Some results on knot theory| . . . . . . ... ... .. ... ... 29
[1.5.1 Knot group| . . . . . . . . ... 29
[1.5.2  Alexander module-Alexander polynomial|. . . . . . .. ... .. 31
[L.o.3  Differential calculusof Foxl. . . . . . ... ... ... 32
[1.5.4  The Jacobian of a presentation| . . . . . ... ... ... .... 33

17



Notations and facts

The purpose of this chapter is to recall definitions and basic results of representation
theory, in taking the opportunity to introduce the terminology and notations used later.
We begin by presenting the notion of algebraic variety and we define linear algebraic
group. In Paragraph [I.2] we present some definitions and results on Zariski dense sets.
Paragraph is to recall some properties on representations of group. Paragraph is
devoted to present some properties of Lie algebra and algebraic group. We conclude this

chapter with some results on knot theory.

1.1 Affine algebraic variety

In what follows, the general reference is Springer’s LNM [Spr77|. In the following, K is an
algebraically closed field with caracteristic zero, V' a K—vector space of finite dimension.

d
Let (e})1<i<q be a basis of V', and f; : V' — K are linear functions defined by f;(> x;e}) =
=1

x;, for 1 <4 < d. The f; generate a subalgebra K[V] = S of the algebra of all K—valued
functions on V. The functions of S are called polynomial functions on V' with values in

K. This definition is independent of the choice of the basis (€})1<i<q-

Definition 1.1 (Zeros of ideals of S). Let I be an ideal of S. Then v € V is called a zero
of I if f(v)=0 forall f € 1.

Theorem 1.1 (Hilbert’s Nullstellensatz). (i) (first form) A proper ideal I of S has a

2€r0;

(ii) (second form) Let I be an ideal of S and let f € S be such that f(v) = 0 for all
zeros v of I. Then there is n > 1 such that f* € I. See [Lan71, Chap. X, § 2].

Definition 1.2 (The Zariski topology on V). If I is an ideal of S, let V(I) be the set of

its zeros. We then have the following properties :
1. V{0}) =V, V(S)=10;
2.1CcJ=V(I)DVJ);

3. VINJ)=V(I)UV(J);
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4. If (Io)aca is a set of ideals and )y . 4 1o the ideal of the sums Y . 4 fo, with fo € I,
and fo = 0 for all except finitely many «, then

VO L) =) V()

acA acA

It follows from (1), (3) and (4) that there is a topology on V whose closed sets are the
V(I), I running through the ideals of S. This is the Zariski topology.

Definition 1.3. If X is a subset of V', define the ideal J(X) of S by
JX)={fes | f(X)=0}
If I is an ideal of S, we let /T denote the radical of I. It is defined as
VI={reS|r" el for some positive integer n}.
Proposition 1.1. (i) V(J(X)) = X, the Zariski-cloture of X ;
(i) FO1) = VT.

Definitions 1.1. Let X C V be a closed subset. Such a set is also called an affine
algebraic variety of V.. The restrictions to X of functions of S form an algebra K—wvalued
functions on X, denoted by Sx. It is isomorphic to S/J(X). Moreover, we have a
bijection from X onto the set of K—algebra homomorphisms Sx — K. If f; : V — K is the
dual of €, ils restriction to X is denoted by : fi = gi: X = K, then Sx = Klg1, - - -, g4]-

Let V' be another finite dimension vector space over K and X' C V' a closed subset.
We put S" = K[V].

Let ¢ : X — X' a map. If ' is a function defined on X' with values in K, then ¢* f’
defined by ¢* f'(v) = f'(4(v)) is a function defined on X with values in K. The application

¢ is called a morphism of affines algebraic varieties if ¢*S%, C Sx.

Remark 1.1. Let E(V') = E be the vector space of all K—linear maps on V' (via a basis :

the vector space of all d x d—matrices). Then, the group

GL(V)={g:V — V | det(g) # 0}
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1 a Zariski-open subset of E/, namely the complement of the closed subset given by the
equation det(g) = 0. We want to view GL(V) as an affine algebraic variety. This can
be done by identifying GL(V') with the closed subset of the (d* + 1)—dimensional vector
space E x K, formed by the (g,z) with xdet(g) =1, i.e.

GL(V) ={(g,2) € E x K| zdet(g) = 1}.
Definition 1.4 (Linear algebraic group). A linear algebraic group is a closed subgroup
of some GL(V).

Example 1.1. The group SL(d,K) is a linear algebraic group of GL(d,K), since SL(d, K)

15 the tnverse image of a closed subset by the polynomial function det.

1.2 Zariski dense sets

In what follows, we give some definitions and lemmas that are crucial in the following.

The general reference for this section is [KP96].

Definition 1.5 (Zariski-dense subsets ). A subset X of a finite dimensional vector space
V' is called Zariski-dense if every function f € K[V] which vanishes on X is the zero
function. More generally, a subset X C Y (C V) is called Zariski-dense in Y if every

function f € K[V] which vanishes on X also vanishes on'Y .

In other words every polynomial function f € K[V] is completely determined by its
restriction fx to a Zariski-dense subset X C V. Denote by J(X) the ideal of functions

vanishing on X C V:

J(X)={feK[V] | f(a)=0, forall a € X}.

J(X) is called the ideal of X. Clearly, we have J(X) = Nyexm, where m, =
J({a}) is the maximal ideal of functions vanishing in a, i.e. the kernel of the evaluation

homomorphism ¢, : K[V] — K, f —— f(a). It is called the maximal ideal of a.

Lemma 1.1. Let h € K[V] be a non-zero function and define Vj, :== {v € V| h(v) # 0}.
Then V;, is Zariski-dense in 'V .
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Proof. Let f € K[V] such that fj, = 0. Then:

e fh =0 on V}, by hypothesis.

e fh =0 on the complementary of V}, in V.

Therefore, fh =0on V,but h #0 on V then f =0on V. m

Example 1.2. A typical example of a Zariski-dense subset is the linear general group

GL,(C) of M,(C), since:
GL,(C)={A € M,(C) | det(A) #0}.

Definition 1.6 (Generic properties). A property of an irreducible algebraic variety is said
to be true generically if it holds except on a proper Zariski-closed subset of Y, in other

words, if it holds on a non-empty Zariski-open subset.

1.3 Group representation

In this section, we present definition of rational representation and then we present def-
inition of irreducible and reducible representation of a group. At the end, we give some
results related to representations of group that will be used thereafter. The general ref-
erence for this section is Spinger’s LNM [Spr77].

Let G be a group acting on a set X and let F(X) = {f : X — K} be the space of
functions on X with values in K. Then F(X) is also equipped with a linear action of G
given by

(9-f)(x)=flg7'x), geG, feF(X) veX.

This new action, in a sense, contains as much information as the old, but has the advantage
of using the techniques of linear algebra. This is why we are especially interested in the

study of linear actions of groups i.e., their representations.
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1.3.1 Rational representations of group

Definition 1.7 (Rational representation ). If G is any group, a representation of G in a
finite dimensional vector space W over K is a homomorphism p : G — GL(W).

If G € GL(V) is a linear algebraic group, a rational or polynomial representation of
G in W is a homomorphism p : G — GL(W) which is at the same time a morphism of

affine algebraic varieties.

Remark 1.2. 1. This means that, introducing the bases of V- and W, the matriz co-
ordinates p(g) are polynomials in the d* matriz coordinates of G and of 1/ det(g)
(if dimV = d).

2. Given a representation p: G — GL(W) the vector space W turns into a G—module.

1.3.2 Reducible- irreducible representations

Definition 1.8 (Reducible- irreducible representations). A representation p : G —
GL(V) is called reducible if there exists a subspace {0} # W & V' such that for each
g € G, p(9)W =W. Otherwise, it is called irreducible. In other words, a representation
p: G — GL(V) is irreducible if the only subspaces of V' stable by the action of G are {0}
and V.

Remark 1.3. If p: G — GL(V) is an irreducible representation, then V is a simple
G—module.

Lemma 1.2 (Schur’s Lemma). Let p: G — GL(V') be an irreducible representation. If t
is a linear transformation of V' which commutes with all p(g), g € G, then t is a scalar

multiplication.

Proof. Let a be an eigenvalue of ¢t and we put W = {v € V' | t(v) = av}. Then the proper
space W of V' is not empty, since it contains a proper vector v of V, and it is G—stable

by the action of G. In fact, let v € W and g € G, then we have

tp(g)v = p(g)tv = p(g)av = ap(g)v.
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This implies that W is G—stable. But, V is an irreducible G—module, i.e. admits no
proper G—subspace, then W = V. This implies that for each v € V| tv = av. Hence t is

the multiplication by a scalar. O]

Definition 1.9 (Homomorphism of representations). Let (F1,p1) and (Es, p2) be two
representations of a group G. We call homomorphism of representations p1 and ps a

linear application T : Ey — FEy which commutes with p; and ps, i.e. for each g € G,
Topi(g) =p2(g)oT.

Definition 1.10 (Equivalent representations ). Let (Ey, p1) and (Ea, p2) be two repre-
sentations of a group G. Representations py and ps are called equivalent if there exists a

homomorphism of representations T : Ey — Ey which is bijective.

Lemma 1.3. Let G be a linear algebraic group, p : I' — G a representation and r: G —
GL(W) an irreducible rational representation.

If p(T') C G is Zariski-dense then r o p: T' — GL(W) is irreducible.

Proof. We assume that there exists a subspace V' C W such that r(p(v))V C V, for each
v €T. Let {e1, -+ ,eq} be a basis of W and let {vy, -+ ,vx} be a basis of V. We put for
each 1 <i <k, v; = Z?:1 aje; and for each A € G, r(A)y, = Z?Zl Bue;. For 1 <i <k
fixed, we define the matrix M; by

a1 o Qr(i-1) Oy Bri o (i+1) Qg

Qo1 -0 Qg(i—1) Q24 Pai (i+1) 2k
Mi -

Qg1 - Qdi-1) Qds Bai Qg (i+1) CQdk

Since G is a linear algebraic group, it is a subgroup of some GL,,(C). Let F;: M,(C) —
C(1) be an application such that F;(A) is a vector whose the components are the (kil)
determinants of (k+1) x (k+ 1) sub-matrices of M;. Since dimV = k and r(p(y))V C V,
for each v € T, then F;(p(y)) = (0,---,0) for each v € I". Since p(I') is Zariski-dense,
F; is zero on all G. The restriction of F; to G being zero, the components of F;(A), for
A € @G, are vanishing. Consequently r(A)v; € V, for each 1 < i < k and all A € G. It
follows that V' C W is stable by the action of . On the other hand, r is irreducible and

hence V' = {0} or V.= W. Hence r o p is irreducible. O
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1.3.3 Abelian-metabelian representations

Abelian representation being completely determined by the data of the image of a meridian
of a knot, the study of such representations provides little information about knot. By
cons, the case of metabelian representations provides more information about knot and
it presents a domain of study that has interested many authors whose include [Har79],

[Fri04], [BETI), [HPS01] and [HKLOS].

Definition 1.11 (Derived group). If G is a group, we call the nth derived group of G (n
is a positive integer), and it is denoted by D"G, the subgroup of G defined inductively as
follows : D°G > D'G > ... such that

DG = G,

D@ is the group of commutators of D"G, n € N

Group D'G is the group of commutators of G and that we denote G'. The group D*G is
denoted G".

Definition 1.12 (Abelian-metabelian representations). Let k > 1 and let G be a group. A
representation p : m — G is called k—metabelian if the restriction of p to kth derived group
of ™, noted D*r, is trivial. A representation 2—metabelian is called simply metabelian. A

representation 1—metabelian is abelian.

1.4 Some properties of Lie algebra and algebraic group

In this section, we introduce the Lie algebra of an algebraic group. Great interest to
combine a Lie algebra with an algebraic group G is that it automatically provides a
rational representation of G. But before this, we give some useful definitions. The general

reference for this section is [Gob09, Sec. 4.3|. Let A a K— algebra.

1.4.1 Derivations

Definition 1.13 (Derivations). A derivation of A is a mapping K—linear D : A — A
satisfactory for a,b € A,
D(ab) = aD(b) + D(a)b.
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We denote Derg(A) the set of derivations of A.

One checks by direct calculation that if D, F' are two derivations, D o ' — F o D is
still a derivation. This endows the set of derivations of a structure of Lie algebra for
the bracket [D,F| = Do F — F o D. In the case where G is an algebraic group, we
are interested the set of the derivations for A = K[G]. For each g € G, we can define a
mapping K[G] — K[G] providing an action of g on K[G] by (g f)(z) = f(g 'x), where
f eK[G], x € G.

Definition 1.14 (Lie algebra of an algebraic group). The Lie algebra of an algebraic
group G is the algebra, noted by g, given by

g ={D € Derx(K[G]) | Dg =g¢D, Vg € G}.
Note that g is a subalgebra of Derg(K[G]).

Remark 1.4. We can define the Lie algebra of an algebraic group as vector space tangent

to the neutral element e as follows:
T.(G) = {5 : K[G] — K linéaire | 6(fg) = f(e)d(g) +d(f)g(e), Vf,g € K[G]}

The both descriptions give K—isomorphic vector spaces and we can thus transport the

structure of Lie algebra obtained above on the tangent space.

The case we are interested in the following is which of G = SL(d, K). The Lie algebra
of SL(d, K) is isomorphic to sl4(K), i.e. the vector space constitute of all matrices of trace
zero.

Now, we define the notion of differential of a morphism of algebraic groups, which

ensures that the Lie algebra of an algebraic group G provides a rational representation.

1.4.2 Differential of a morphism and adjoint representation

Let G, H two linear algebraic groups and let ¢ : G — H be a morphism of algebraic
groups. The differential d¢ of ¢ is the application K—linear d¢ : T.(G) — Ty (H)
defined by d¢(d) = 0 o ¢*.
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The differential behave in functorial way, i.e. for two morphisms ¢: G; — Ga,
: Gy — G5, we have d(v o ¢) = dip o dp. Moreover, we can see that do: gy —

g2 is a morphism of Lie algebras. Given x € G, we define an automorphism of G,

1

by y — xyx~"', noted Int, which is a regular application <Given two affine algebraic

varieties V' C K" and W C K™, we say that ¢: V — W is a regular application if
there exists polynomials fi, -, fi, € K[X3,---,X,] such that for x € V| we may have
o(x) = (fi(z), - ,fm(x))> Thanks to the functorial behavior of differential, we have

d(id) = d(Int,Int;') = d(Int,) o d(Int;') = id,
which ensures that d(Int,) € GL(g;). We have thus defined a rational representation of G;

AdIGl — GL<91>
r — Ad(x):=d(Int,).

This representation is called adjoint representation of G.

1.4.3 Regular elements

Definition 1.15. An element A € SL(d,C) is called regular element if its centralizer
Z(A) is of minimal dimension among all centralizers of SL(d,C) , i.e. dim Z(A) =d—1.

The minimum dimension mentioned above is precisely the rank of SL(d,C), i.e. the

dimension of a maximal torus of SL(d, C).
Proposition 1.2. Regular elements of SL(d,C) form a dense open in SL(d,C).

Proposition 1.3. 1. A semi-simple element of SL(d, C) or GL(d, C) is regular if and

only if its eigenvalues are distinct in pairs two by two.

2. A nilpotent element of SL(d, C) or GL(d, C) is regular if and only if there is a unique
bloc in the Jordan-Holder form.

3. Following propositions are equivalents in SL(d, C) or in GL(d,C):

e 1 is a reqular element .
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e The minimal polynomial of x is of degree d, i.e. the minimal polynomial =

characteristic polynomial.
e Z(x) is abelian.

o C% is cyclic as C[X]—module.

For more detail see [Ste74] sec. 3.5].

1.4.4 Examples

In what follows, we give some examples of representations of groups that we will need

later.

Example 1.3. We let SL(2,C) act as a group of automorphisms on the polynomial algebra
in 2 variables R = C[X,Y]. If (2%) € SL(2,C) then there is a unique automorphism
r(2%) of R given by

a b a b
r (X)=dX —-bY and 1r( (YV)=—-cX+aY.
c d c d

We let R4—1 C R denote the d-dimensional subspace of homogeneous polynomials of degree
d — 1. The monomials el(d_l) = X!lyd=t 1 <1 < d, form a basis of Rq_; and r(‘; g)
leaves Rq_1 invariant. In what follows we will identify Ry_1 and C? by fizing the basis

egd_l), .. .,eﬁld_l)} of Rg_1. It follows that we obtain an d-dimensional representation

rq: SL(2,C) — GL(R4-1) = GL(d, C).
The representation ry is rational i.e. the coefficients of the matrix coordinates of rq (A)
are polynomials in the matrixz coordinates of A.

Representation rqy maps an unipotent matrix ((1] 11’) and (}: (1’) onto an unipotent element

of SL(R4—1) since for each 1 <1 <d

LY (g tvdt s (1-1 b (d—1)
rq e = (X )y =) B [CULC

and

L 0) — (d—1 -
T4 el(d Do X (—eX + V)5 = ( )(—C)kel(ikl)-
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Moreover, for 1 <1 < d we have
Tq (diag(a, a’1)> el =, (diag(a, a’1)>Xl’1Yd’l = ad’Ql“el(d*l). (1.1)
This shows that the image by rq of a diagonal matriz is the diagonal matrix
T (diag(a, a’l)) = diag(a®t, a3, .. a7, o7,
Hence the image of rq is contained in SL(R4-1) = SL(d, C).

Example 1.4.

1. The representation r1: SL(2,C) — SL(1,C) = {1} is the trivial representation.

2. The representation ro: SL(2,C) — SL(2,C) is equivalent to identity

3. Letsly(C) = (e1 = (38),e2= (4 %) es=(19)), and Ry = (¢f = Y?, ¢, =Y X, e} = X?).
The adjoint representation Ad: SL(2,C) — Aut(sly(C)) is equivalent to rs if there
exists a linear isomorphism T': slo(C) — Ry such that the following diagram com-

mutes
5[2 (C) L) RQ

AdgT Trs(g)

5[2(@) L RQ.
Then we have :

. Forg=(3,%)

M(Ad,) =
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° Forg:((l)‘f)

1 —2a —a? 1 —a a?
M(Adg) =10 1 a ., M(rs(g)=10 1 —2a
0 0 1 0 0 1
e Forg= ((1’ _01)
0O 0 -1 0 0 1
MAdg) =0 -1 0|, Mrg)=]0 -1 0
-1 0 O 1 0 0

We remark that the operator T' defined by T'(e1) = €}, T'(e2) = 2€,, and T'(ez) =
—eb verifies T o Ad, = 13(g) o T, Vg € SL(2,C).

1.5 Some results on knot theory

This section is devoted to a review on knot theory that will be used thereafter. In the
Subsection [I.5.1], we define a knot group. In the second part[I.5.2)we present the Alexander
module and the Alexander polynomial and then some results.

A polygonal knot is one which is the union of a finite number of closed straight-line
segments called edges, whose endpoints are the vertices of the knot. A knot is tame if
it is equivalent to a polygonal knot; otherwise it is wild. Equivalently, a knot is tame if
it is the image by a differentiable embedding of a circle S! into the sphere S®. In knot
theory and 3-manifold theory, often the adjective "tame" is omitted. In our thesis we are

interested in tame knots. The general reference for this section is [BZH13].

1.5.1 Knot group

Let K be a knot in S* and V(K) is a tubular neighborhood of K. We denoted X =
S3\ V(K) the complement space of a knot. The fundamental group I'x = 7 (X) is called
knot group. Knot group is a group that admits a finite presentation quite special called
the Wirtinger presentation, and which can be easily read from a regular projection of the

knot.
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To compute the Wirtinger presentation of a knot, we consider an oriented diagram of

a knot, where we read relations on each crossing using the following convention:

95 9

gi 9k 9k i

9i = 9k9igy 9; = 95 90
FIG. 1— Relations of Wirtinger presentation

If the knot has n crossings, we have n generators that represent strands or arcs and
n relations identified on the crossings of the knot. The n generators and the n relations
constitute the Wirtinger presentation of the knot. Note that one of these relations is a
consequence of the others. An example is given for calculating Wirtinger presentation of
trefoil knot:

S

FIG. 2— Diagram of the trefoil knot

Example 1.5. Applying the method, described above, on the diagram of the trefoil knot

given above, we have the following relations:

S8 851 St =1,
S1858, 1St =1,
S35 1S, = 1.
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And since one relation is a consequence of the others, we can eliminate one of them to
have the system:

Sy = 5153577,

S1 = 535995 Y
which gives S15351 = 535153. Then a Wirtinger presentation of trefoil knot is the follow-

mg :

7T1(X) = <Sl, 52,83 . 823153_151_1 = 515352_153_1 = 538231_132_1 = 1> (12)
= <Sl, 53 : 515351 = 535153> .

One of the most important properties of group of a knot K in S? is that given by the

following theorem of Papakyriapoulos:

Theorem 1.2 (Asphericity of the knot complement). Forn # 1, we have m,(X) = 0. In

other words, the complementary space X is an Eilenberg-Mac Lane space K (7, 1).

Recall that a meridian of a knot K is a simple curve p on 0V (K) such that [u] = 0 in
m(V(K)), and [p] # 0 in 7 (OV (K)) and a longitude | of K is a simple curve in 0V (K)
which represents a generator of 7 (V(K')) and whose equivalence class in the homology
group of the complementary space of the knot is trivial. Then, [u] and [I] form a basis
of H(OV(K)) ~ Z & Z. As elements of the knot group the pair (p,[) is unique up to

conjugation.

1.5.2 Alexander module-Alexander polynomial

Let K be a knot of §?, X = S3\ V(K), where V(K) denotes a tubular neighborhood of
K and 'y = 71(X) the fundamental group of X. Let I'y /T ~ Z = (t : —) the quotient
group cyclic infinite generated by the image ¢ of meridian p and X* the covering of X
corresponding to the group of commutators 'y, = [['g,Tx]. Let A := C[t*] the ring
of Laurent polynomials with complex coefficients. Since the group of automorphisms of
recover X, Aut(X*®) ~ 'y /T ~ Z, the recover X is called infinite cyclic covering of

X. The homology groups H,(X*,C) are endowed with a structure of A-module. These
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modules are of finite type and of torsion. Only H; plays a significant role. Indeed, we

have:

Ho(X>:C) = C,
Hy(X®,0X%:C) = C,
Hi(X™,0X%;C) = H{(X®;C) = x/r &C, [BZHT3]
H, (X®,0X>:C) = 0 ¥m > 3,
H(X™:C) = 0 vm > 2.

Moreover, the group of covering transformations acts trivially on Hy(X >, 0X>;C) and
the isomorphism Hy (X, 0X>°;C) = C depends only from the orientation of the knot.
The module H,(X*;C) is a finitely generated, torsion A-module which is called the
Alexander module of a knot K. A generator of its order ideal is called the Alexander
polynomial Ak (t) € C[t*] of K. The Alexander polynomial is unique up to multiplication
with a unit in C[t*] and it is of even degree with integer coefficients. In addition, it has

the following properties:
1. Ag(t)=Ag(t™') (symmetry),
2. Ag(1) =+1.

Where ”=" means is equal to, up to multiplication by a unit.

1.5.3 Differential calculus of Fox

The general reference for this paragraph is [BZHI3, Chap. 9|. Let T" be a group and we
denote ZI'" its group ring.

Definition 1.16 (Derivations in the sense of Fox). 1. There is a homomorphism € :
ZU — 7 defined by €(>_n;g;) = > n; withn; € Z and g; € I, called augmentation

homomorphism, its kernel IT is called ideal of augmentation.

2. An application D : ZI' — ZI" is called derivation of ZI' if

D(§+n) = D) + D(n)  (linearity),
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D(¢-n) = D(&e(n) +&-D(n)  (product rule),
for &,n e Zl

Example 1.6. A.: ZF, — ZF,, w — w — €(w), is a derivation, where € is the homo-

morphism defined by[1.16,
Let F;, be the free group of generators Sy, ..., S,.

Definition 1.17 (Partial Derivations ). The derivations % 1 LF, — ZF, given by

0 1, si i=j

stnon,

of the group ring of a free group I, are called partial derivations.

Proposition 1.4. There exists a unique derivation A : ZF,, — ZF,, such that AS; = w;,

for arbitrary elements w; € ZF,, and such that for each w € F,,, we have

1 A(w) =370 a(?gi (w)A(S;)-

2. A(w) =w—e(w) =31, g—é”i(Si — 1) (fundamental formula).

1.5.4 The Jacobian of a presentation

Let I'k be the fundamental group of the knot K and (S;,...,S, : Ry,..., R,) a Wirtinger
presentation of K. Let ¢ : 'y — ' /T be the canonical homomorphism of groups which
extends to the homomorphism, noted as well, ¢ : ZI'xy — Z(I'x /") and ¢ : F,, — 'k
the canonical homomorphism of groups which extends to the homomorphism, noted as

well, ¢ : ZF,, — ZI'k given by :
P
< Z nigi) = Z mgﬁp
for g; € F,, and n; € Z.

Definition 1.18 (The Jacobian of a presentation). We call Jacobian matrix of the

presentation (S1,...,Sy : Ri,..., Ry,) the matriz, noted J(t) = (Jji)1<i, j<n, given by

5= ()"
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Proposition 1.5. With the above notations, we have:

n

Proof. Tt follows from the fundamental formula applied to R;:

n Y n

== | S (50| (5 e

(2
1=

1=

Since ZF,, has no divisors of zero, equation ({1.3)) follows. ]

Example 1.7 (Alexander polynomial of trefoil knot).
Let T3, = (51,55, 95 | 192551551, 525357 155", 555195151 1) be a Wirtinger presenta-
tion of trefoil knot. If R = 5155595155, then

OR _ OR . OR

o 9o 1 _ 1
95, b g5, T T s S, G = —5is,
and
R OR R
ov _ 1 oo _ 41 oo _
(DRyos =1, (QRy—t1, (PR —

By similar calculations we obtain the matriz of derivatives and we apply ¢y to get

1 t-—-1
It is clair that J(t) verifies Proposition (1.5, The 2 x 2 minor Ay = , for
-t 1

example, is a presentation matriz of Alezander module. | Ay |=1—t + 1> = Ag(t) is an

Alexander polynomial of trefoil knot.
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Rational representations of SL(2, K)

The principal references for this chapter are [Spr77] and |Gre67]. The purpose of the
Section is to prove that the rational representation ry of SL(2,K) into SL(R4—1) is
an irreducible one. In Section [2.2| we show that any irreducible rational representation of
SL(2, K) is equivalent to some representation r4. Section [2.3|is devoted to give the decom-
position of an arbitrary rational representation of SL(2,K) as direct sum of irreducible
rational representations of SL(2,K) into SL(d,K). In the last section we prove that the

adjoint representation Ad o r4 is equivalent to a direct sum of representations 7.

2.1 Representation r; of SL(2,K) into R; 4

In the following, we assume that K is an algebraically closed field with characteristic zero.
Let R = K[X,Y] be the polynomial algebra in two variables and let R;_; C R denote
the d-dimensional subspace of homogeneous polynomials of degree d — 1, d > 1. The
monomials el(d_l) = X7yl 1 <[ < d, form a basis of R;_;. To shorten notation we
write ¢; instead of el(d_l) if no confusion can arise.

In this chapter we will use the following notation: let G = SL(2,K) and

a 0 1 a
T = ‘ a€ K5, U= ‘ a€eKy, (2.1)
0 at 0 1

be respectively the subgroups of diagonal and unipotent matrices of G. Let w = <,01 é)

be an element of G. It easy to see that G is generate by T, U and w.

Definition 2.1 (Character of a group). A character of a group I' into K is a homomor-

phism x : I' = K*.

Lemma 2.1. Let ry be the Representation (0.2), and let ¢; = X771V 1 <4 < d, be
the above basis of Ry_1. Let x; : T'— K* be the character defined by

a O ,
Xi a'. (2.2)
0 at

Then, for eacht € T and 1 <1 < d we have :

ra(t)e; = Xat1-2i(t)e;. (2.3)
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Rational representations of SL(2, K)

Proof. For each t = (“ 0 )ETandlgz’gd, we have :

0a !

ra(t)e; = ra XTWE = (a7 X)) aY ) = ™Y = ygpai(tes.

]

Lemma 2.2. Let V' be a K—wvector space and 1" be a group. Being given the distinct

characters x; : I' = K* and elements v; € V, 1 <1 < n, we have :
(%) Zvixi:Oévi:O V1<i<n.
i=1

Proof. We show (%) by contradiction. For this, suppose that > v;x; = 0 and Jig €
i=1
{1,...,n}, v;y, #0.
k

Taking > v;x; = 0 for k as small as possible and such that v; are all nonzero, we have:
i=1

X1U1 F X2V + ... F Xk =0, v, #£0 V1<i<k. (2.4)

Since the x; are distinct, there exists 79 € I' such that x1(v0) # x2(70). Then we have for

each v €I,
s : - Xi(70)
Z)@(Wo)’vi =0 in(V)Xi(’Yo)vi =0« in('y) 200 =0
=1 =1 i=1 Xl (70)

k
Subtracting Y v;x;(7) = 0 from the last equation we obtain:
=1

(2

ixi(7)<xi(70) B 1)%’ _o

i—2 x1(70)
Since x1(70) # x2(70), the first coefficient is nonzero. Then the last relation is true and
has a length smaller than k. This contradicts that k is the smaller integer that verify
, consequently, the y; are free. O

Recall that G = SL(2, K).
Proposition 2.1. Let ry : G — SL(R4_1) be the Representation ((0.2)).
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Rational representations of SL(2, K)

(i) If W is a nonzero G—stable subspace of Ry_1 then e € W and eq € W.
(ii) The representation rq : G — SL(Rgq_1) 1s irreducible.

Proof. (i) Let x = > x;¢; € W be a nonzero vector with z; # 0 and I C {1,...,d}. As
il

W is G—stable, Lemma gives for each t € T
rq(t)x = inxdﬂ,gi(t)ei ew.
iel
So, the vectors xgi1-2i(t)e;, © € I are linearly dependent modulo W. The linear
independence of the characters xq.1_2; (see Lemma implies that e; € W ifi € I.
Let e; € W. Then

1 -1 1 -1 rdi
rq e = T4 X'y
0 1 0 1

— (X_I_Y)i—lyd—i
i—1 . 1

_ Z( )XjY’ll]Yd’L
Jj=0 J
1—1 . 1

_ Z( - ) K GHD)-Lyd—(1+))
—\ j
i—1

i
j=0
/i1

= ( X )€j+1EW
—\ J

J

Since (igl) # 0, by the same argument given before, we have e; € W. Similarly,
-1
using the matrix instead of the matrix , we show that e; € .
-1 1 0 1
(ii) Since e; € W,
1 0 L0\ Nyt -
rd< )elzrd< )Y X+Y , ejHEW
11 11 =

As (dgl) #0,Vj€{0,...,d—1}, we have e;;; € W, Vj € {0,...,d—1}. So, W =
R4_1 ans since Ry4_1 is an irreducible G—module, r, is an irreducible representation.

O
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Rational representations of SL(2, K)

2.2 Irreducible rational representations of SL(2, K)

The purpose of this section is to show that any irreducible rational representation of
SL(2,K) is equivalent to some representation r4. But before this, we start by giving some

results that allow us to show it.

Lemma 2.3. There exists a non-degenerate bilinear form (,) on R4y such that

(ra(g)x,ra(9)y) = (x,y), (2.5)

forg € G, x,y € Ry_1. This form is symmetric if d — 1 is even, skew-symmetric if

d — 1 is odd and it is defined by

d—1 Z.
(€i,e;) = (—1)"0i—1,d4—js (2.6)

where 0,1 q—; 15 the Kronecker symbol.

Proof. Let V = (e}, e5) be a C—vector space . Let V®(@=1) be the (d—1)—th power tensor
of V and let V®@~DV be the subspace of V&1 of (d — 1)-th power symmetric tensor
defined on C—vector space V. From [Gre67, Sec. 7.13] Ry_; = v®(@=DV . So, to show the

existence of a bilinear form on R,4_; it suffices to show the existence of a bilinear form on

v@@=DV The permutation group Sy ; acts on V&= by
a(x1 ®- & mdfl) = To-1(1) & @ To-1(d-1),

where 71 @ - - @ x4_y € V4D and o € Sy_y.
Let {e;, ® --- ®e;, .} (ir = 1,2) be a basis of V@~ and 7, : V&= — y&d=1) the

symmetrizer given by:

To(21 @ @u4o1) =

Z 0(:)31®---®$d_1) =

0€Sq—1

(d—1)!

1
@1 > (e @ @),

c€Sq—_1
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for each 2, ® - -- @ 14—y € V=D, Tt is well known that 7,(V®@-1) = y&(d-1y/,

Let B:V xV — C be a bilinear form on V' given by
B(ej,es) = —1 = —B(ea,e1), Bley,e1) = Blea,e3) =0.
This bilinear form induces a bilinear form on V®@=1 given by
B* (ml R QT 1, Q- ® yd_1> = B(x1,y1) - B(®d-1, Ya—1),

foreach 11 ® -+ @ g 1, 1 ® - R Yqg_1 € Ved-1) Tt follows that

B*<SU1 R T, Ts(Y1 ® -+ ® Z/dfl)) =

1
(d—1)! > B*(xl B B Ta1,Yor) @ @ ya—lw—l)) -
’ 0c€Sq_1
1
(d—1)! Z B(xlvya‘l(l)) "'B(xdflvya—l(dfl)) =
’ oES_1
1
(d — 1)' Z B<x00—1(1),y0_1(1)) N B(I‘Ua'_l(dfl)uya'_l(d—l)) =
’ 0c€Sg—1

1
(d _ 1)! Z B(xa(jl)’ yjl) e B<x0(jd—1)7 yjdq)

" 0€Sy_1

By increasing rearrangement on the j; for 1 <i < d — 1, we have

B*(Il R T, Ts(Y1 ® -+ ® ydfl)) =

1
—_ 1) Z B(xg(l)vyl) e 'B(xo(dflﬁyd—l) =
(d—1)
’ 0€Sq—_1
1
Y] B (oM 11 ® - @xg1),n @+ Qya1) =
(d—1)!
’ o€S_1

B*(m(xl ® - ®Ta_1), Y1 ® - ® yd_l).

2

Since 77 = 7, it follows:

B*<7T5(I1®"'®$d—1)7ﬂs(y1®"'®yd—1)> = B 901®"'®5Cd—1,7§(y1®---®yd—1)>

/N -7 N

= B $1®"'®$d—1,ﬂs(y1®---®yd—1))~
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Now for 1 < j < d, let ¢} = e?j_ltg)e?(d_j) and e = e?j_1®e?(d_j). Since B(e;, e;) = 0,

we have B* (e/- e’~’> = 01if ¢ # j. In the case where i = j, we have :

jrvi

B (m(el)m(el)) = B* (el ()

1 . 4 , 72.
—m 2 B(Eed @ e d ).

o€Sq_1

Since o permutes the e; of (d —7)! choice and the ey of (i — 1)! choice, we have :

* / " 1 - | N i—1 d—i d—1 R i—1
B(Ws(ei),ﬂs(ei)>:(d_1)!(1—1).(61—2).3(61,62) Blewe)™ = || (-

Thus we define the bilinear form (,) on R;_; by

-1
d—1 - o
<€i7 e]) = (_1)17 6i71,d7j7 1 S 1, ] S d.
i —1
Show that the bilinear form (,) on Ry_; is symmetric if d — 1 is even.
This form is symmetric if for each e;, e; elements of the basis of Rq_1, 1 < 4,7 < d, we

have (e;, e;) = (ej, €;).

e lfit+j=d+1

-1 -1
d—1 - d—1 -
(ei,€5) = {ej,€:) < (=1 bim1,a— = (=1)770j-1,4-4-
i—1 j—1
d—1 d—1
Since ¢ —|—] =d + 1, = and 5i—1,d—j = 51‘_171'_1 = 5j—17j—1 =
i—1 ji—1

j_1.4—i- Moreover, d — 1 being even, (—1)"! = (=1)"" 174+ = (—1)77*1. Then for

each 1 <1i,5 < d, we have :

(€i,€5) = (€5, €) -
o Ifi+j5#d+ 1.
i+j#d+le(i—1>d—j ) V(i—1<d—j).
In both cases 0;_1,4—; = 0;-1,4—i = 0. Hence the equality.
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Therefore, the bilinear form (,) on R;_; is symmetric if d — 1 is even.
Show that the bilinear form (,) on R;_; is skew-symmetric if d — 1 is odd.

This form is skew-symmetric if for each 1 <1, j < d, we have (e;,e;) = — (e, €;).

e lfi+j=d+1

—1 -1
d—1 . d—1 .
(eire5) = — (€5, €:) & (=) 0i1,a-5 = — (=17 6j-1,a—i-
i—1 j-1
- d—1 d—1
Since i +7 = d + 1, = and 51',170[,]' = 61',171',1 = (5]’,1,]’,1 =
i—1 j—1

8j_1,a—i- Moreover, d — 1 being odd, (—1)"~! = —(—1)""174*1 = —(—1)79F1. Then

for each 1 < 4,5 < d, we have :

(ei,e5) = — (e, €i) -

o Ifi+j#d+1
i+j#d+1le(i—1>d—j)V(i—1<d—7).

In the both cases 6,1 4—j = d;_1,4—; = 0. Hence the equality.

Then, the bilinear form (,) on Ry ; is skew-symmetric if d — 1 is odd.
d d
This bilinear form is non degenerate. Indeed, for all x = > x;e; and y = > y; e; of

i=1 i=1
Rd—17
—1

d—1 ,
(z, y) = Z z;y; (e ej) = Z Tilj | . (_1)Z_15i—1,d—j-

1<i, j<d 1<i, j<d L=
Since this form is symmetric if d — 1 is even and it is skew-symmetric if d — 1 is old it

d

suffices to show that for all x = >  z;e; of Rq_1, (x, y) = 0 imply that y; = 0, for all
i=1

1<y <d

(r,y) =0, for all z € Ry_q, is equivalent to > z;y; (d_l)_l(—l)i_151_17d_j =0 for

1<i, j<d il
all x € Ry_1. It is clear that y; = 0, for all 1 < j <d.
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Since G is generate by T', U and w, defined by ({2.1]), to show ({2.5)) it suffices to verify

it for the generators t = (& %), a € C*, u= (}?),beC,andw= (9 }).

0at

For g = w, we have rg(w)e; = (—1)" ez ;1. Then

(ra(w)e;, ra(w)e;) = (1) (eqit1, €4—j41)
~1
o [d-=1 .
= (_1)Z+] (_1>d725d7i,d7d+j71
d—1
—1
[d—-1
= (-1 Od—i,j—1-
d—1

We distinguish two cases :
o If j —1=d—ithen (—1)™7 = (—1) ! and (%)) = ().

o If j—1#d—ithen dqg—; ;-1 = di—1,4—j = 0.

Thus, for the generator g = w, we have the Equality (2.5]).
From Lemma [2.1| we have r4(t)e; = a??*e;. Then

(rat)es, ra(t)e;) = a* 2722 (e; ¢;) .

To show equality (2.5) we have to show that d —i —j+ 1 =0 or (e;, e;) = 0.
So, we distinguish two cases :
e It is clear that if j — 1 = d — i we have a?¢~21-27+2 — (),

o If]—l;&d—lthen 5i—1,d—j =0.

Thus, for the generator g = ¢, we have the Equality (2.5)).
Similarly, for the generator g = u, we have the Equality (2.5). m

Lemma 2.4. Let R ; = hom(R,;_1,K) be the dual vector space of Rq—1. Then

1. Ry—1 and R}_, are isomorphic as G—modules, where the action of G on R}_, is

given by (g f)(z) = f<7’d(g)_1:c>, forge G, x € Ry_y and f € R}_,.
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2. Rq—1 ® R}_, is G—isomorphic to the space End(Rq—1) of all linear transformations

of Rq_1, where the action of G on End(Ry_1) is defined by

g-t=r4(g)otory(g) ",

forge G, t € End(Ry_1).

Proof. 1. Rg_1 = R}, as G—modules if there exists a linear isomorphism 7" : Rq_; —

R}, which commutes with the action of G. Let the operator 7" defined by :
z— T(x): Ry —K
y = T2y = (z,y),

where (,) is the bilinear form defined by (2.6]). So, for each z,y € Ry ; and g € G:

T(g-2)(y) = T(ralg)e) )
= (ra(g)z,y)
= (z,r4(9)"y)
= T(x)(ralg)"'y)
= (9-T(x))()

Then T'g = gT. Hence the isomorphism of R4_; and R _; as G—modules.

2. Ry ®k Ry, = End(R4q-1) as G—modules if there exists a linear isomorphism
T : Rs1 ®x R, — End(R4q-1) which commutes with the action of G. Let the

operator 1" defined by:

T: Rd,1 XK R;—l — End(Rd,l)
T Qx f — T($ QK f) : Rg1— Rg_1

w T(x @k f)lw) = f(w)x

Then
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and
g- (Tex ) w) = ralo)(T( @ Niralg) ™ w)
= rul)f (ral9) ™ (w))a
= (ralo) (@))ralg)a
= ra(g)f(w)ra(g)z
So, T is the desired isomorphism. O

Remark 2.1. We can view SL(2,K) as a closed subset of the vector space K, consisting

of the points (&,m,(, 1) with &7 —n¢ = 1. Then we have :

o The functions on SL(2, K) induced by the polynomial functions on K* form a K—algebra
A called the coordinate algebra of G = SL(2,K), i.e. A = {f : SL(2,K) —
K | f polynomial function}. Then we have :

A :K[xvyuz7t] = K[X,Y;Z,T]/(XT-YZ— 1)7

where x,y, z,t are the coordinate functions defined by

SL(2,K) 5 K
$ &, et
¢ T

e (G operates on A by :
(9-f)(h)=f(g'h), feA ghed
e Ford—12>0, define Vy_1 to be the subspace of A given by :
Vir={feA | flgtw)=xirOf(g) g€ G, teT uelf. (27

o The subspace Vy_1 is G—stable. Moreover, Vy_ 1 is the set of f € A such that

x
f Y depends only of x and z and for & € K*, we have
z 1

P ) =y
&zt z t

(2.8)
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o dimV, y =d. Indeed, from (2.8), Vy_1 is an homogeneous subspace of A and since
it depends only of x and z, we obtain dim Vy_; = ((d_;)jf_l) =d.

Lemma 2.5. The G—modules V;_1 and R};_, are isomorphic.

Proof. Let {e; = X7y be the basis of Ry ; defined above. Let ¢ be the

}1§i§d

homomorphism of G—modules defined by
p: Ry, — A
l— o(): G—=K
g = o()(g) = l(ra(g)er).

We will show first that Im¢ C V1, where Vj;_1 is the subspace defined by (2.7)).
Note that for u = ((1) _1“),

re(u)e; =ryq Yyt = yd-l —¢. (2.9)
0 1

So, Relation (2.9) together with Relation ([2.3)) give

o()(gte) = I(ralgtu)e )
_ <d(
(
(

_ (dg

forge G, teT and ueU.

Now, it is easy to see that ¢ is a map of G—modules.

To prove that ¢ is injective, let [ € Ry | such that ¢(I) = 0. Then, ¢(I) = 0 if and
only if I(r4(g)e1) = 0, Vg € G. The subspace

{Td(g)el | g€ G} C R

being G—stable, the irreducibility of r4 implies that {ry(g)e; | g € G} = R4s_1. Then
[ =0on all Ry, and ¢ is injective.

Since dim V;_; = dim R} ; = d, we conclude that V;_; and R}_, are isomorphic. [J
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Lemma 2.6. Let T,, be the subgroup of diagonal matrices of SL(n,K). If p: T,, — GL(W)
is a rational representation then there exists a basis {€|,...,e.} of W and characters

Xi : T, = K* such that for each t € T,

pt)e; = xi(t)e;.

Proof. Let t € T be the diagonal matrix diag(z1,...,x,), with z; # 0. By the definition
of a rational representation, the matrix elements of p(t), with respect to some fixed basis
of W, are the linear combinations of products x7* ...z%  with a; € Z.

For a fixed n-tuple(ay, ..., a,) the function

x:1T, — K*

an
n

t =diag(xy,...,z,) — x({t)=2a"...x

defines a rational representation of 7,, into K*. Such a y is called a rational character of
T,,. It follows that we can write :

p(t) = Z X () Ay,

XES

where x runs through a finite set S of rational characters of T;,, and A, is a linear
transformation of W.

Since x and p are homomorphisms, we have for each t € T,:

p(tt) = p(t)p(t) & 3o xt)A = (3 x0a) (X XA

XES XES X' €S
& D xMxt)A = D xOX () AA.
XES X,X' €S

The linear independence of characters y (see Lemma implies that
XA =D X () AA,
x'€S
which gives :
>0 VW) AAe +x() (A, - Ay ) =0,
X' €9X'#x

Once again, the linear independence of characters y gives

AAy =0, it x#x

A A =A,.

(2.10)
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Moreover,
Id=p(1) =) x(D)A, =D _A,.
XES XES
So, we have W = > AW = > W,. To show that this sum is direct we have to

XES XES
show the uniqueness of the writing. We suppose that for w € W there exist v,v’ € W

such that

w = ZAXU = ZAXU’.

XES XES

Then, for x’ € S fixed we have :
Ayw =" ApA =Y AyAw.
XES XES

Considering Relations (2.10)), we have : A,,v" = A,,v. By definition of A,/ we obtain the

uniqueness of writing of w.

Moreover the W, are stable by p(t). Indeed, since p(t) = > x(t)A,, we have :
XES

p)Wy = ZX(t)AxWX’

XES

= D X(AAW
XES

= (DA AW

= X(H)AW

= X/(t)WX/.

Thus

p()w, = xO)Idw,.

This proves that there exists a basis such that p(t) is diagonal on each W,, i.e. there

exists a basis such that p(¢) is diagonal. O

Proposition 2.2. Any irreducible rational representation of G = SL(2,K) is equivalent

to some ry.

Proof. Let p : SL(2,K) — GL(V) be an irreducible rational representation of SL(2, K)
into a vector space V and let ry : SL(2,K) — SL(R;_1) be the irreducible rational
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Representation (0.2)). To show that r; and p are equivalent, it suffices to show that V'
is isomorphic to R4_; as G—modules. By Lemma , there exists a basis (€})1<;<,, of V
such that

pt)e; = Xa, (t)e;,
forallt € T and a; € Z, 1 < i < n, as in the proof of Lemma . Assume the €} to be
ordered such that a1 < as... < a,.

Since p is a rational representation, there are polynomials f; € K[X] such that

1 & n
o) =3 hee 2.11)
0 1 i—1
From (2.11)) and the equality
n 0\ (1 &) (n' 0O 1 n*
= , £€K, neK,
0 nt) \0 1 0 n 0 1
we have for t = (gngl) and u = (é%)
pltat)e, = 3 FlerP)e. 212)

i=1
The fact that p is a homomorphism together with Relation (2.3) and Lemma imply
that

p(tut=")el, = p(t)p(u)p(t)e),

= p(t)p(u)X—a,(t)e,

Thus .
p(tut™)el, = Xar—an () fi( )€} (2.13)
i=1



Rational representations of SL(2, K)

Identifying (2.12) with (2.13)), we have for each 1 <i < n, £ € K and n € K*:
Filen?) = Xay—an () fi(€) = 0™~ fi(£), (2.14)

from which we conclude that f; is constant. More precisely, f; = 1 if a; = a,, and f; =0

if a; < a,. So, forallt € T and u € U,

p(tut 1)e! = ¢

n*

Firstly, using relation (2.11) and then Lemma we obtain :

p(tu)e), = p(t)p(u)e, =Y [(E)p(t)e; =Y fi(§)Xa, (t)e}.
i=1 i=1
Since a; < a,,, we have for all w € U and t € T,,:

pltu)el, = Xa, (D), (2.15)

Now, we show that V is isomorphic to some Ry ;. Define the G—linear map ¢ from the

dual V* of V into A by

o(D)(g) =Up(g)er), 1eV™, geq.

Since V' is irreducible, we have that ¢ is injective (as in the proof of Lemma .
Moreover, Im(¢) C V, C A, where V, is given by (2.7). Indeed, Relation (2.15)

allows us to write :

(1) (gtu) = 1(p(gtu)e,)

Since ¢ maps V* into the space V,, € A with V, = R; then ¢ : V* — R} is an
injective map of G—modules. It follows that ¢ determines a surjective homomorphism
of G—modules R,, — V. As R,, is irreducible, it follows that V" is isomorphic to R,,,

which proves the assertion. O
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2.3 Decomposition of an arbitrary rational representa-
tion of SL(2, K)

In this section, we present the theorem of decomposition of any rational representation of

SL(2,K) as direct sum of irreducible rational representations of SL(2, K).
Theorem 2.1. Let p: SL(2,K) — GL(V) be an arbitrary rational representation. Then
1. V= @kzoRZn(k) and p = ZkZI m(k)ry.

0 -
2. For each & € K*, trp : = m(k)fk_5 -

3. The multiplicities m(k) are uniquely determined by p.

Proof. 1. (a) If V is an irreducible G—module, by Proposition V' is isomorphic to

some ;1 and the representation p is equivalent to some representation ry.

(b) If V is a reducible G—module, Lemma implies that V = @gerVi—1, where
Vi_1 are the irreducible G—submodules of V' and [ is a finite set of indices. By
Proposition , each Vj_; is isomorphic to some Ry_;. Let m(k) be the number of

subspaces Vj_1 isomorphic to some Rj_;. It follows:

V2 @ R and p = Zm(k)rk.

k>1
2. Since
§& 0 : 7i_§k_ffk
tr (’I’k 0 5_1 >:;§k+l 2 ——5_5_17
we have

f 0 fk_gfk

= k)>—>">—.

tr(p 0 ¢ ) ;m()f—f‘l
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0 .
Indeed, 7, e; = M=%, for each 1 < i < k, then
0 ¢t
gk’—l 0 0
0 ghs 0
£ 0
Tk = 0 0 0
0 ¢
0 0 .. ¢kn

3. The multiplicities m(k) are uniquely determined by p since the function £ —

ENtr (rk ; ) ) is a polynomial function on C for a some N sufficiently large.
0 ¢

Then the coefficients of this polynomial are uniquely determined by p.

]

. d—1
2.4 Equivalence between Ador; and > | o541
The following theorem is crucial for the next chapter saw it facilitates the calculation of
dimensions of certain cohomology groups.

Theorem 2.2 (of Clebsch-Gordan formula). For d > e > 1, we have isomorphism of

G—modules:

Ry 1 @k Ree1 = Rg—14e-1 @ Rg—14e-1-2D ... © Ry, (2.16)
Ru1 @k Ryt = Rogo® Rog s ® ... & Ry @ Ry, (2.17)

Moreover, we have : .
Adorg Z2ry@ry = Y Tokt1- (2.18)

=
Il

1
Proof. 1. To show that Ry—1 ®g Re—1 = Rg—14e-1 D Rite—a @ ... D Ry, it suffices

to show equivalence of representations of GG into Ry 1 ®x R._1 and into Rgi. o &
Ryie 4@ ...8 Ry_.. To do this, we show that these representations have the same

trace, i.e.
tr (Td(t) ® T‘e(t)) =tr (rd+e_1(t) Brirest)®...d 7’d—3+1(t)> .
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On one side we have :
tr(ra® @re®) = tr(ra®)tr(re(t)
gd o f_d fe o é&—e
(=) (=)
§d+e + é-fdfe o é'efd o é-dfe
(€ —¢&1)?

On the other side, we have :

tr(rare 1 (1) @ Tare a() © .. Braen(t)) = 2_: tr(rase12i(0))

e—1 £d+67172i . €7d7e+1+2i

pare §—¢!
B gd—i—e + S—d—e _ Se—d _ gd—e
N (€—¢&1)?

This proves the equivalence of the representations and thus the isomorphism of

G—modules.
2. From Relation ([2.16) it follows for d = e the following equivalence and isomorphism:
T4 @ rd = T24-1 B raa—3 D ... 11,
Rg1 ®x Ri—1 = Roa—2® Rog-1a® ... D Ro.
3. By Lemme [2.4] we have :
End(Rs—1) 2 Ry1 ®k R | = Rq1 ®x Ry_1.

Since the action of G on End(Ry; 1) is defined by g -t = r4(g) ot o 74(g)~" for
t € End(Ry-1) and g € G, we have :

U

-1
Adord%rd@)rd%’ Tok41-
1

i

53



Chapter 3

Representation spaces and cohomology

groups
Summary
[3.1 Representation space and cohomology groups| . ... .. ... 55
[3.1.1 Representation spaces| . . . . . . . .. ... ... ... ..., 55
[3.1.2  Zariski tangent space and cohomology groups] . . . . . . . . .. 95
[3.1.3  Some results on cohomology groups of knot group|. . . . . . .. 57
[3.2 Review on the deformations of representations|. . . . . . . .. 60
B.3 Someresults] .. .......... . o oo oo 66

54



Representation spaces and cohomology groups

In Section [3.1] we present some useful definitions and results. In Paragraph we
define the representation space and we show that it admits a structure of affine variety. In
Paragraph we define the Zariski tangent space and we give a review on cohomology
groups. We end this section by some results on cohomology groups of knot group. In
Section [3.2] we give a review on the deformations of representations. In the last section,

we give some important results.

3.1 Representation space and cohomology groups

3.1.1 Representation spaces

Definition 3.1. Let I be a finitely presented group and G an algebraic group. The space
of representations of I' to G, denoted R(I',G), is the set of all group homomorphisms
from T to G.

The set R(I',G) admits a structure of affine variety (real or complex) not necessar-
ily irreducible [CS83]. Indeed, if F,, is the free group of generators Si,...,S,, the set
R(T', G) is naturally identified with the affine variety G". If G admits the presentation
(S1,...,8,: Ry,...,Ry,), we can embed R(T',G) into G™ via the application f given by
flp) = (p(Sl), e ,p(Sn)). The application f is injective because the S; generate I'. Let
(01,...,0,) be an element of G™. If we substitute o; instead of S; into R;, then we can

consider each word R; as a polynomial application of G™ into G™. Therefore
Imf=n{R;'(e) | j=1,....m} =R '(e,... e)
where e is the unity in G and R = (Ry, ..., R;,) : G* — G™. Thus, we can identify R(I', G)

with Imf. This structure is independent of the chosen presentation (see [LMS85]).

3.1.2 Zariski tangent space and cohomology groups

Definition 3.2 (Zariski tangent space). Let V be an affine sub-variety of C* which ideal
of definition is I(V'). Let p be a point of V. The Zariski tangent space on'V at p, denoted
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by TpZ‘”(V), is given by:

{dij) e €| 1 € (€M) A(0) =p, f oy € Tt for each f I<V>}

oo
is the vector space of derivatives of polynomial germs ~y(t) defined near the origin, with

values in C? such that v(0) = p and satisfy the equations of 1(V') modulo t2.

In general, dim(Z,7*"(V')) > dim V and we have equality if and only if the point p is
not singular.

Let I' = (Sy,...,8, : Ry, ..., R,) be a presentation of the group of a knot K in S3, G
a connected algebraic Lie group and g its Lie algebra. Let p: I' = GG be a representation
of I' in G. The Lie algebra g can be equipped with the structure of I'—module via the

action of the adjoint representation:

Ad:T'xg — ¢

(v,z) = Adop(y)(v)

and will be denoted g,. A cocycle d € Z'(T';g,) is a map d: I' — g satisfying

d(n2) = d(n) + Adpeyyd(72), Yy1,72 €T

It was observed by Weil [Wei64] that there is a natural inclusion TpZ‘“"R(F,G) —
ZY(T; g,). Informally speaking, given a smooth curve p, of representations through py = p

one gets a 1—cocycle d : I' — g, by defining

) = 2D

Ezop('y)’l, vy el

In general, this inclusion is strict and by [HPS01, Sec. 2.2| we have
Zl(ragp)g{(XbaXn)Egn ‘ ZazR]OXza forjzl,---,m}.
i=1

The tangent space to the orbit of p by conjugation O(p) := {ApA~' | A € G} cor-
responds to the space of 1—coboundaries B!(T'; G). Here, b : I' — g is a coboundary if

there exists = € g such that
b(v) = Ad,yyz — .
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A detailed account can be found in [LM85].

Let dim, R(I', G) be the local dimension of R(I', G) at p, i.e. the maximal dimension
of the irreducible components of R(I", G) containing p (see [Sha77, Ch. II, §1.4]). So, we
obtain, for every p € R(I", G):

dim, R(I',G) < dimT7*" R(T', G) < dim Z'(T'; g,).

Definition 3.3. A representation p € R(T',G) is called regular if dim, R(T', G) = dim Z*(T'; g,).

Lemma 3.1. Let p be a representation in R(T', G). If p is regular, then p is a smooth point
of the representation variety R(T', G). Moreover, p is contained in a unique component of

R(T, Q) of dimension dim Z* (F; gp).
Proof. For every p € R(I', G) we have
dim, R(I',G) < dim T/ R(T',G) < dim Z'(I'; g,).

Since dim, R(T',G) = dim Z*(T'; g,) we obtain dim 77" R(I", G) = dim Z'(T'; g,). Then p
is a smooth point of the representation variety R(I',G) and it is contained in a unique

component of dim Z'(T'; g,). O

Remark 3.1. Note that there are discrete groups and representations p which are smooth
points of the representation variety without be reqular. See [LM85, Example 2.10] for

more details.

3.1.3 Some results on cohomology groups of knot group

In this paragraph we give some important results on cohomology groups on knot theory
which are crucial in the following.

If T is a finitely presented group and M is a I'—module, we denote by C™(I'; M) :=
{f: ™ — M} the space of n—cochains. The coboundary operator is denoted by 0 :
C™(T; M) — C"*(T'; M) and is given by :

Of (s Ynt1) =Nf(Y2s oo, Y1)+

n

Z(_l)if(%a Vi 1y YV Vit - nrt) F (DT ()

i=1
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For example for n = 0, C°(T; M) = M and for each v € T, A(y) = v- A — A. For
n=1and f € CYT; M), 0f(71,72) = 1f(2) — f(n2) + f(71), for each 71,7, € T. We
denote by B*(I'; M) <resp. Z*(Ty M), H*(T M)) the sets coboundaries (resp. cocycles,
cohomology class) of I' with coefficients in M. See [Bro82] for more details.

The following lemma presents a classical result which proof can be found in [HP03,

Lemma 3.1].

Lemma 3.2. Let M be a connected, compact, orientable 3—manifold such that OM is a
torus. Let A be a m(M)—module and let X be any CW-complex with m(X) = m(M).
Then there are natural morphisms H; (X;A) — H; (7T1(M);A> which are isomorphisms
for v = 0,1 and surjection for i = 2. In cohomology, there are natural morphisms

Hi(m(M); A) — H'(X; A) which are isomorphisms for i = 0,1 and injection for i = 2.

Remark 3.2. In the case where X s the complement of a knot, the homomorphisms
H*(ﬂ'l(X);A) — H*(X;A) and H*(m(aX);A) — H*((?X;A) are isomorphisms. This
is a consequence of the asphericity of X and 0X. Moreover, the knot complement X has
the homotopy type of a 2— dimensional CW —complex which implies that H* (7r1 (X); A) =
0 for k > 3. See [Whi7§] for more details.

Let K be a knot and 'k its group.The Laurent polynomial ring C[t*!] turns into a
'k —module via the action - p(t) = t¥)p(t) for all v € 'k and all p(t) € C[t*']. Recall

that there are isomorphisms of C[t*!]—modules
H,(Cg; Clt™']) = Ho(X; C[t*!)) = H.(X*;C),

where X denotes the infinite cyclic covering of the knot complement X. For more
details see [DKOT, Chapter 5]. The module H;(T'x; C[t*!]) is a finitely generated torsion
module called the Alexander module of K. A generator of its order ideal is called the
Alexander polynomial A (t) € C[t*!] of K. The Alexander polynomial is unique up to
multiplication with a unit in C[t*1].

For completeness we will state the next lemma which shows that the cohomology
groups H*(T'g; C,,) are determined by the Alexander module H; (T'g; C[t*!]), i.e. H'(T'g; Cy) 22
hom, (Hl(XOO; C); ca)
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Lemma 3.3. Let K C S? be a knot and ' its group. Let o € C* be a nonzero complex
number and let C, denotes the T -module given by the action y - z = a¥")z.

If « = 1 then C, = C is a trivial T g-module and H*(Tg;C) = C for k = 0,1 and
HY(Tg;C) =0 for k > 2.

If a # 1 then H'(Tk;C,) = 0 and dim H'(T'x; C,) = dim H*(T'x; C,). Moreover,
H'(Tg;C,) # 0 if and only if Ag(a) = 0.

Proof. From [BZH13, Prop. 8.16] we have
Ho(X>;C) = C=C[t*]/(t —1), and H(X*;C)=0, fork>2.

If =1 then H*(Tx;C) = C for k=0,1 and H*(T'x;C) = 0 for k > 2 follows.

Now suppose that o € C*, a # 1, and notice that we have an isomorphism C, =
C[t*']/(t — a). The cohomology group H°(I'k;C,) vanishes, since the I'x—module C,
has no invariants and H*(T'x;C,) = 0 for k& > 2 since the knot complement X has
the homotopy type of a 2—complex. Recall that the Alexander module H;(T'x; C[t*!])
is finitely generated torsion module and hence a sum of non-free cyclic modules since
C[t*!] is a principal ideal domain. The Alexander polynomial is the order ideal of
H,(Tg; C[t*']). Since a # 1, it follows from the universal coefficient theorem that
H'(Tk;C,) = hom(H,(T'k;C);C,). Hence H'(T'x;C,) # 0 if and only if the module
H(Tg; C) has (t—a)—torsion which is equivalent to A () = 0. Finally, dim H*(T'x; C,) =
dim H?(T'g; C,) follows since the Euler characteritic of X vanishes. See [Ben00, Proposi-

tion 2.1] for more details. O

Let M be a connected, compact, orientable 3—manifold with torus boundary. Let
d > 2 and let p: m (M) — SL(d, C) be a representation from the fundamental group of
M into SL(d,C). The Lie algebra sl,(C) turns into a m;(M)—module via the action of

the adjoint representation Ad o p. A detailed account can be found in [Por97].
Lemma 3.4 (Poincaré duality). Fori € {0,1}, we have :

1. HY(M;sly(C),)" = H*H(M,0M;sl4(C),).

2. H'(0M;slq(C),)" = H*71(0M;sl4(C),).
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Accordingly, dim H*(0M;sly(C),) = 2dim H°(0M;sl4(C),).
Lemma 3.5. In the exact cohomology sequence of the pair (M,0M) we have
H'(M;sly(C),) % H'(0M;sly(C),) S H?(M,0M;sl4(C),)

with rk(a) = & dim H'(0M; sl4(C),)

— 2

Proof. Lemma implies that « and § are dual to each other. Hence dim Im(3) =
dim I'm(«) and by Im(a) = ker(5) we obtain

dim H'(0M; sl4(C),) = rk(B) + dim(ker 8) = 2rk(a).

3.2 Review on the deformations of representations

The general references for this section are [Bro82] and [HPS01].

In what follows, let d > 2 be an integer, I" a discrete group and let C'(T';sl4(C)) :=
{c: T — sly(C)} denote the 1-cochains of I' with coefficients in sl4(C) and we shall denote
by ¢ the coboundary operator of C*(T',sl%(C)) (see [Bro82, p.59]).

Definition 3.4. Let p: I' — SL(d, C) be a representation. A formal deformation of p is
a homomorphism ps: I' = SL(d, C[t]) such that

Poo(77) = exp (Z tiui(v)> p(7)

where w; : T' — s14(C) are elements of C* (T, sl4(C)) such that ev o pos = p. We say that

Poo 15 @ formal deformation up to order k of p if pss is a homomorphism modulo t*+1,

Here, evy: SL(d, C[t]) — SL(d,C) is the evaluation homomorphism at ¢ = 0 and we
denote by C[t] the ring of formal powers series.

In general, the formal deformations of a representation p: I' — SL(d, C) are determined
by an infinite sequence of obstructions. These obstructions were first studied by Kodaira

and Spencer in a different context. When the £—th obstruction vanishes, the obstruction
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of order k + 1 is defined, it lives in H? (F;s[d((C) p). This is what we will present in the
following.

For every k € Z, k > 0, we define the ring Ay := C[t]/(t*™!) and A, := C[t]. We are
interested in the following Lie group Gy, := SL(d, Ax) and in its Lie algebra gy := sl4(Ay).
Note that Gy = SL(d, C), go = sl4(C) and g;, = { zk: X | X; € sld(C)}. For every k > [
we have a projection 7 ;: Gy — G;. The projectizgr(i Tr+1,% 1s denoted by 7 and 7y  is
denoted by py.

Let p € R(I") and u;: I' — s14(C), 1 =1,--- , k, be given. We define a map

Pri= AT G

by
Pr(7) = exp (tul(v) +eeet t’“uk(v)> p(7)- (3.1)
For all 7 > 0 we obtain a map p;: I' — G; given by p; := p§p’“1"“’“k) := p; o pp. We define
Up q = ~,Sill’"""’“): I' = g as follows
Up—1(7) = u1(7) + 2tua(y) + - - + kt* g (). (3.2)

Thus, for all i > 0 we obtain a map U;: I" — g; given by U, := Ui(ul’""“’“) = p; 0 Up_1.

We fix from now on a representation p € R(I').

Lemma 3.6. Let u; : I' — sly(C), i = 1,--- ,k 4+ 1 be given and define pryr (resp. Uy)
as in equation (3.1) (resp. equation (3.2))). Assume that py = pr o prr1: I = G is a

homomorphism. Then pgi1 = Pri1 0 pry1: I — Gri1 is a homomorphism if and only if
Uy == pyo Uy € ZHT, g¥)
s a cocycle.

Proof. The map py1 is a homomorphism if and only if

Pt (1) Prr1(V2) = Prsa (1172) mod 72,

If we apply the usual differential operator % to this equation we obtain:

d d

T (ﬁkﬂ(%))ﬁkﬂ(%) + ﬁkz+1(%)% (ﬁkﬂ(%)) =7 <,5k+1(7172)> mod t**!.
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Hence
Ur(71)Prs1 (1) 1 (92) + e () Ur(92) i1 (72) = Un(1172) i1 (1172) mod 571,
Which is equivalent to the following equation
Un (1) Brs1 (1) Pt (2) +Pre1 (1) Uk (32) Bresr (1) ™ s (71) i1 (12) = Uk (1172) s (1172) mod 541,
Since py is a homomorphism this is equivalent to the following equation in gy
Us(m) + pe(n) Ui () p(11) ™ = Ur(n172)-

Hence Uy € Z1(T, g*) is a cocycle.

if U, € ZYT, g}*) is a cocycle , i.e.
Ur(m) + (1) Uk (2) pr (1) ™ = Ug(1172) = 0 mod
we have

Pk © Uk(’Yl) + Pr1(71)pr © (7k(72)/5k+1(71)71 —pro Uk(’h%) = 0 mod t**!

Multiplying this equation by pry1(71)pk+1(72) and integrating it we obtain

Pes1(71) 1 (2) = Prr1(11y2) = C mod 572

where C' € My(C) is a matrix. Evaluating this equation at ¢ = 0 we obtain C' = 0. Then

Pra1 1S a homomorphism. O]

The following proposition gives a similar result to that of [HPSO1l Proposition 3.1|. It

concerns the case of the Lie algebra sly(C).

Proposition 3.1. Let uq,...,u; € C* (F;s[d((C)p) such that

pr(y) = exp (Z tiui(v)> p(7)

is a homomorphism of group T into SL(d, C[t]) modulo t***. Then there exists an

obstruction class (41 1= C,Eill’""u’“) € H*(I';s14(C),) with the following proprieties:
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(i) There is a cochain upii: I' = sl4(C), such that

Pri1(7) = exp <Z t"ui(v)) p(7)

is a homomorphism modulo t*+2 if and only if Cuyq = 0.

(1) The obstruction (i1 is natural, i.e. if f: T'y — T' is a homomorphism, then f*py :=

----- Uk)) _ Igi*11i17"wf Uug) c

H? (Fl;ﬁ[d(C)f*p) .
As a consequence we obtain:

Corollary 3.1. Let p € R(T) be given. An infinite sequence u; € C* (F;s[d((C)p), i €N,
defines a representation po: I' — SL(d, C[t]),

poc(7) = exp (Z tiui(7)> p(7),

Proof. 1f py is a homomorphism then p := pi 0 po is @ homomorphism for all k. Since
pr = p ) and ppag = plii“ll""’"’““) are homomorphisms we have C,Sfl’""“k) =0 by

Proposition (3.1}

Pk = p](f k) s g homomorphism for all k£ > 1 and hence Poo 18 @ homomorphism.

O
Let pp = p,(ﬁp;ul""’"’“): I' — G be a homomorphism. In order to find a cochain
ugs1: I' — slg(C) such that ppq = p,(ﬁqf’m’u’““) is a homomorphism we consider the

following exact sequence of I'—modules
0 — slg(C)? 2 gt Zh Pt 4 ()

where ay(X) = t*X and pj_1 = mr_1 0 pr. This sequence gives rise to the following exact

sequence in cohomology (see Proposition 6.1 of [Bro82, Chap. III|):
HY(T, gf) 2 gD, ) 22 AT s1y(C)7) 2 BT, o). (3.3)
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Definition 3.5. Let u;, i = 1,--- |k, be given. If p; = p,&p;ul""’uk): I' — Gy is a ho-
momorphism then by Lemma U,Sfl’“"u’“) € Z T, g* ") where pp_y = Tp_1 0 pr. We
define

Gerr = Gy = B (U ")) € H(T, 514(C)).

Example 3.1. Let p: T' — SL(d,C) be a representation and let uy € Z*(T',sl4(C)?) be

giwen. We have a homomorphism py: I' — G given by

pi(y) = (1 + tul(v)>p(7)-

We consider uy as a map uy: I' — g1. Therefore we have d1ui(y1,72) = ui(y1) + 71 ©

w1 (y2) — u1(7172). Since

Yo ur(v2) =pr(m)ur(y2)pr (1)~

— (1 + tm(%))p(%)ul(’m) (1 - tul(%))p(%)’l

we have

Grur (1, 72) =u1(m) + p(y)ua(v2)p(n) " — ur(y2)+

tuy (1) p(y)ur (72) p(1) ~" = tp(a)ur (v2)ur (1) p(n) -

Since u; € ZYT,sl4(C)?) we have d1uy(yy2) = tur(m)p(y)ui(2)p(11)™t = tluy ~
w)(71,72). By definition of oy, we have C; = (3" = [uy — wi]. If ¢ € HA(T,sly(C)?)
we can choose uy € ZY(T,5l4(C)?) such that 26;(uz) + u1 ~ uy = 0. The map Ul(ul’m) €
ZYT, gy") is a cocyle and

(u1,u2)

Po :F—>G2

1s a homomorphism.

Proof of Proposition[3.1. Let pj := p,(cp;ul""’u’“): [' — G be a homomorphism. By Lemma
Ewe have U,Sill’""u’“) € ZY(T,gy*') where pr_1 = mx_1 0 py.

From the exactness of the sequence it follows that Sy_1([U, ,57”111“")]) = 0 if and
only if [UM ™)) € Imy, ..
ZY(T, g*) such that U,glfl’""u’“) = 7,_1 o Uy. It follows that U, = U,iul""’u’““) for a map
Ugy1: I — sl4(C) and pgﬁim’uk“) is a homomorphism by Lemma

This is equivalent to the existence of a cocycle U, €
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The naturality assertion follows from the definition of the connection homomorphism

(see Proposition 6.1 of [Bro82, Chap. III]). O

We denote by C{t} C C[t] the ring of convergent power series. Starting from a formal

deformation of p we obtain a convergent deformation as follows:

Proposition 3.2. Let py: I' = SL(d, C[t]) be a formal deformation of p € R(I'). Then
for every N € N there exists a convergent deformation ps: I' — SL(d,C{t}) such that
Poo () = poo(y) mod TN for all v € T.

Proof. Let T' = (S1,...,S,: Ry,..., Ry) be a finite presentation. We have
R(T") C SL(d,C)"

and we fix (A, -+, A,) € SL(d,C)" such that p(S;) = A;. It is easy to see that we can
identify the space R(I') with the following subset of C%":

{(Yh--- Ya) € My(C) | (E+Y;) € SL(d,C), Rj<(E+Y1)A1, . ,(E+Yn)An)> — E}

Hence there is a system of polynomial equations F(y) = 0 such that

R(D) = V(F) = {y eC® | Fly) = o}. (3.4)

Note that the solution F(0) = 0 corresponds to the representation p. A formal de-
formation of p corresponds to a formal solution y(¢) € C[t], y(0) = 0, of the system
F(y(t)) = 0. By a theorem of Artin (see [Art68]) there is for a given N € N a convergent
solution y(t) = y(t) mod t". O

Lemma 3.7. Let p € R(T') be regular and let u; € CY(T',sl4(C),) be given such that
plPiu ) T — Gy is @ homomorphism. Then there exists for every v € ZY(T,sl4(C),) a

cochain ug1 € CY(T,5l4(C),) such that plpiw kw1 V) Ty (G ds a homomorphism.

Proof. Recall that p € R(T") is regular if and only if dim, R(T") = dim Z*(T, s/4(C),). We
have the identification R(I') = V := V(F) € C¥" where the solution F(0) = 0 corre-
sponds to the representation p (see equation (3.4)). The representation p(Piut-=sue): T' —
G, corresponds to a polynomial vector y,.(t) € (C[t])¥™ of degree k such that F(y,(t)) =
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0 mod t**!. The element v € Z'(I',sl4(C),) gives us a vector v € To(V). It follows from
Lemma [3.1] that 0 € V is a smooth point.
It is now easy to see (using the formal implicit function theorem, see [MumT6]) that

we can extend y, (), i.e. there is a w € C¥ such that y,,, := y,(t) + t*(v + w) satisfies
F(y,.1(t)) = 0 mod t*+2.

This gives us the existence of the representation pl#: % u:ukt1t0): ' — G, 11 claimed in

the lemma. O]

3.3 Some results

The following result gives relation between metabelian irreducible representations and
traces of images of meridian p and longitude [ of the knot. For more details, see [Nag07,

Propositionl.1 and Theorem1.1]

Theorem 3.1. If K C S? is a knot and X its complement space, then any irreducible

metabelian representation p: m (X) — SL(2,C) satisfies

tr(p(p)) =0 and tr(p(l)) =2,

where p and | are respectively a meridian and longitude of a knot K. Further, there exist
only finitely many conjugacy classes of irreducible metabelian representations of m(X)
into SL(2,C), and their number equals
ACDI -1
2

Theorem 3.2. Let G be a simply connected semi-simple algebraic group. let C(G) =
{(z,y) e G xG | zy=uyz} and (z,y) € C(G). Let N be a neighbourhood of (z,y) in
C(G). Then there ezists a maximal torus T of G such that N meets T x T'. Consequently
C(G) is irreducible.

Proof. See [Ric79, Theorem C|. O
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Theorem 3.3. Let g be a non commutative reductive Lie algebra over an algebraically
closed field K of characteristic zero with adjoint group G. Let C' = C(QG) be the commuting
variety of G,

C=CG) ={(x,y) e GxG | zy=yx}.

Then we have

dimC =dimG + rkG.
Proof. See [Pop0§]. O

Example 3.2. If G = SL(d,C) and p3 ; := ra 0 pj is the representation given by (0.1)-
(10.2), then Theorem and Theorem imply that

1. C(SL(d,C)) = R(Z & Z,SL(d,C)) is an irreducible variety and

dim C(SL(d,C)) = dim SL(d, C) + rk(SL(d,C)) = d* + d — 2.

2. From [Pop0§, Sec. 2, Equation 8] we have : p3 0 i, € R(Z ® Z,SL(d,C)) is a
smooth point if and only if 514(C)*** = HY(Z® Z,514(C) sz oi,) has dimension d—1,

where i,: m(0X) — m(X) designs the inclusion.
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Deformations of reducible representations of knot groups into SL(d, C)

In this chapter, we study deformations of certain non-abelian, metabelian, reducible
representations of the knot group I'x := m;(X) into SL(d,C) which are associated to
a simple root of the Alexander polynomial. Section deals with the deformation of
such representations and some related results. In Section we give a proof of the main
results. In Section [.3] we make cohomological calculations which allows us to prove

results of Propositions [4.3] Finally, we give some examples.

4.1 Deforming representations

The aim of the following section is to prove that if A? is a simple root of Alexander
polynomial then the non-abelian, metabelian reducible representation p3 ; := 74 0 p5 I8
the limit of irreducible non-metabelian representations. Here p3 is the representation
given by and r4: SL(2,C) — SL(d, C) denotes the irreducible representation ((0.2))
(see chapter [2)).

Recall that a property of an irreducible algebraic variety Y is said to be true generically
if it holds except on a proper Zariski-closed subset of Y, in other words, if it holds on a
non-empty Zariski-open subset (see Definition .

Let By C SL(d,C) denote the Borel subgroup of upper triangular matrices. Let
K C S? be a knot, \*> € C is a simple root of Ag(t) and let 2 € Z'(T'x,Cyz) be
a cocycle representing a generator of H'(I'x,Cy2). Following [HPS01, Theorem 1.1] the
representation p € Ry(I'k) is a smooth point of the representation variety. It is contained
in a unique irreducible 4—dimensional component Ry C Ro(I'x). It is the limit of non
metabelian irreducible representations. Note that generically a representation p € R, is

irreducible.

Proposition 4.1. Let K C S? be a knot, \* € C is a simple root of Ak (t) and let
2z € Z1 Tk, Cy2) be a cocycle representing a generator of H' (T, Cy2).

Then the representation p3 4 := ra 0 px: I'x — By is the limit of irreducible represen-
tations in Rq(T'x). More precisely, generically a representation pg := rq0 p, p € Ry is

irreducible.
Proof. Tt follows from [HPSO1, Theorem 1.1] that p; € Ro(T'k) is the limit of irreducible
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representations. Moreover, p; € Ry(I'k) is a smooth point which is contained in a unique
4—dimensional component Ry C Ry(I'k).

Let p: ' — SL(2,C) be an irreducible representation of Ry C Ry(I'x). If the image
p(I'x) C SL(2,C) is Zariski-dense then from Lemma [1.3| the representation p; :=rg0p €
R;(T') is irreducible. Hence, in order to prove Proposition we show that there is a
neighborhood U = U(p}) C Ra(T'k) such that p(I'x) C SL(2,C) is Zariski-dense for each
irreducible p € U. Let now p: I'x — SL(2, C) be any irreducible representation of U and
let G C SL(2,C) denote the Zariski-closure of p(I'x). Suppose that G # SL(2,C). Since
p is irreducible it follows that G is, up conjugation, not a subgroup of upper-triangular
matrices of SL(2,C). Then by [Kov86, Sec. 1.4] and [Kap57, Theorem 4.12] there are, up

to conjugation, only two cases left:

e (5 is a subgroup of the infinite dihedral group

Du={(5.5)|acCu{( La§)|acC}.

SL(2,C) (

e (G is one of the groups AELQ’C) (the tetrahedral group), S the octahedral

)

group) or AgL(Z’C (the icosahedral group). These groups are the preimages in

SL(2,C) of the subgroups A4, Sy, A5 C PSL(2,C).

In the first case it follows directly from [Nag(07] that if p is an irreducible metabelian
representation then the trace of the image of a meridian tr(p(u)) = 0, i.e. p(p) is similar
to (§2). Now, tr(pi(n)) # 0 since Ag(—1) # 0 and Ag(A*?) = 0. For the second case
there are up to conjugation only finitely many irreducible representations of I'x onto the

SL2O) SEL(Z’C) and AES)L@’C). Note that these finitely many orbits are closed

subgroups A;
and 3—dimensional. Hence the irreducible p € Ry such that r;0p is reducible is contained

in a Zariski-closed subset of R,. Hence generically r,4 o p is irreducible for p € R). m

Remark 4.1. Recall that a finite group has only finitely many irreducible representations
(see [Ser78, [FHI1l)). Hence, the restriction of rq4 to the groups AEL@), SSL 2 and ASL

is reducible, for all but finitely many d € N.

In order to prove that a certain representation p € Ry(T'k) is a smooth point of the

representation variety we will prove that every cocycle v € Z* (F i3 5lq(C) p) is integrable.
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In order to do this, we use the classical approach, i.e. we first solve the corresponding
formal problem and apply then a theorem of [Art68] (see Section [3.1)).
The following result streamlines the arguments given in [HP05, BHJ10] :

Proposition 4.2. Let M be a connected, compact, orientable 3-manifold such that OM
is a torus boundary and let p: m (M) — SL(d,C) be a representation.

Ifdim H* (Wl(M);ﬁld(C)p) = d—1 then p is a smooth point of the SL(d, C)-representation
variety Rq(m (M), SL(d,C)). Moreover, p is contained in a unique component of dimen-

ston d? + d — 2 — dim H° (71 (M ); 514(C),.) .

Proof. First, we will show that the map *: H?(m(M);sl4(C),) — H*(m(9M);5l4(C),),
induced by the inclusion OM < M, is injective.
Recall that for any CW —complex X with m1(X) = 7 (M) and for any 7 (M )—module
A there are natural morphisms H'(m (M); A) — H'(X; A) which are isomorphisms for
i = 0,1 and an injection for i = 2 (see Lemma . Note also that OM = S! x S! is
aspherical and hence H*(m;(OM); A) — H(OM; A) is an isomorphism (see Remark [3.2)).
First, we will prove that for every representation ¢ € Ry(Z & Z,SL(d, C)) we have

dim H°(Z & Z; s14(C),) = % dim H'(Z & Z; s14(C),) > d — 1 (4.1)

Moreover, we will prove that o € Ry(Z & 7Z,SL(d,C)) is regular if and only if equality
holds in (4.1)). It follows from Lemma |3.4] that for every o € Rq(Z & Z,SL(d, C)) we have

dim H°(0M; 5l4(C),) = dim H?(9M; sl4(C),),
and since the Euler characteristic of M vanishes we obtain the first equality in (4.1])
dim H' (9M:; 514(C),) = 2dim H*(OM; s14(C),) = 2 dim sl (C) 2472,

Now, Example show that the representation variety Ry(Z @ Z,SL(d,C)) is an
irreducible algebraic variety of dimension (d + 2)(d — 1). Hence we obtain for every

0 € Ry(Z ®Z,SL(d, C)) that

dim Z' (0M;s14(C),) > (d+2)(d— 1) =d* +d — 2 (4.2)
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where the equality holds if and only if p is regular (see Lemma ). At the same time,

we have
dim Z' (0M; sl4(C),) = dim H' (0M; sl4(C),) + dim B* (9M; sl4(C),)
and the exactness 0 — H®(9M;sl4(C),) — slq(C) — B'(0M;sl4(C),) — 0 gives
dim B (0M; sl4(C),) = dimsly(C) — dim H°(0M; sl4(C),).

This together with dim H'(9M;sl4(C),) = 2dim H°(0M;sl4(C),) and (4.2)) give for all
0 € Ry(Z®Z,SL(d,C)):

dim Z' (0M; 5l4(C),) = dim H°(0M;sl4(C),) + &> =1 >d — 1+ (d* — 1).
It follows that
dim H(0M;sl4(C),) > d —1, for all o € Ry(Z & Z,SL(d, C)), (4.3)

and 0 € Ry(Z ® Z,SL(d, C)) is regular if and only if dim H°(0M;sly(C),) = d — 1 (see
Example .

Now, the exact cohomology sequence of the pair (M, M)
0—0M— M — (M;0M) —0
gives

— H'(M,0M;sl4(C),)
— H'(M;sly(C),) & H' (0M;sly(C),) & H*(M,0M;sl4(C),)
Ly H?(M;5l4(C),) S H2(OM;514(C),) — H*(M,0M;sl4(C),) = 0.

Poincaré-Lefschetz duality implies that o and 5 are dual to each other (see Lemma

3.5]). This together with gives:

d—1=dimH"(M;sl4(C),) > rk(a) :% dim H' (0M;54(C),) (4.4)

= dim H°(0M;sl4(C),) > d — 1. (4.5)
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Therefore, dim H° ((9M;5ld((C)p) = d—1 holds in (4.1), and consequently i*p = poiy €
R4 (0M,SL(d,C)) is regular (here i: M — M is the inclusion). Note also that ( is

surjective:
d—1 = dim H*(M,0M;sl4(C),) = dim ker j+rk(j) = dim Im(B3)+dim ker(i*) = d—1+dim ker(i*).

Hence

i*: H*(M;sly(C),) — H*(0M;sly(C),)

is injective. The following commutative diagram shows that i*: H?(m;(M);sl4(C),) —

H?(m1(0M);5l4(C),) is also injective:

HY(M;sly(C),)  ——  H*(9(M);sl4(C),)

T T

H2 (71 (M); 814(C),) —— H2(my(0M);5l4(C),) .

14

In order to prove that p is a smooth point of Ry(m(M),SL(d,C)), we show that all
cocycles in Z'(mi(M);sl4(C),) are integrable. In what follows we will prove that all
obstructions vanish, by using the fact that the obstructions vanish on the boundary. Let

Uy ..y ug: (M) — sly(C) be given such that

k
pr(7) = exp (Z tim(v)) p(7)
i=1
is a homomorphism modulo #**!. Then the restriction i*py: m (M) — SL(d, C[t]) is
also a formal deformation of order k. Since i*p is a smooth point of the representation
variety Rq(Z & Z,SL(d, C)), the formal implicit function theorem gives that i*p; extends
to a formal deformation of order k + 1 (see Lemma [3.7). Therefore, we have that

_ ARu et ug) ek (U ug)
0= Cpq = "Gy

..... u .
*) vanishes.

Hence all cocycles in Z* (F;sld(C)p) are integrable. By applying Artin’s theorem

|[Art68| we obtain from a formal deformation of p a convergent deformation (see Proposi-

tion [3.2)).
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Thus p is a regular point of the representation variety Rq(m(M),SL(d,C)). Hence,
dim H* (71 (M);5l4(C),) = d — 1 and the exactness of

0 — H°(m1(M);5l4(C),) — sl4(C), — B (m1(M);sl4(C),) — 0
implies
dim, Ry(m (M)) = dim Z* (m(M); 514(C),) = d* + d — 2 — dim H° (71 (M ); 514(C),) -

Finally, the proposition follows from Lemma (3.1 O]

4.2 Reducible representations of knot group into SL(d, C)

This section is devoted to present the main result and its proof. But before that, we begin

by presenting a smoothness result.

Proposition 4.3. Let K C S? be a knot, let A € C* and d > 3. Suppose that \? is a
simple root of the Alexander polynomial Ak (t) and let p5: I'x — SL(2,C) be the non-
abelian representation given by .

If A(N*) # 0 for 2 < i < d—1 then for p3 4 := rao p5: T'x = Bg C SL(d,C) we
have

dim H' (T'g;604(C)pz ) = (d — 1) and H°(Px;8la(C),z ) = 0.
Proof. A proof of the cohomological calculation will be given in Section [4.3] O]

Theorem 4.1. If \? is a simple root of Ak (t) and if Ag(N*) # 0 for 2 < k < d —
L then the reducible metabelian representation p3 , := rq o p3 is a limit of irreducible
representations. More precisely, p5 ; is a smooth point of Ra(I'r, SL(d, C)); it is contained

in a unique (d + 2)(d — 1)—dimensional component Ry 4 C Rq(I'k,SL(d, C)).

Proof. 1t follows directly form Propositions andthat PA.d i= Taop3 1s a smooth point
of Rq(I'k,SL(d, C)) which is contained in a unique component Ry, C R4(I'x,SL(d, C)),
dimRyg=d*+d—2.

That p3 4 is the limit of irreducible representations which are contained in the compo-

nent R) 4 follows from Proposition [£.1] O
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4.3 Cohomological calculations

In this section, using the decomposition of an arbitrary rational representation of SL(2, C)
in direct sum of rational irreducible representations and the equivalence between Ad o ry
and Z?:_ll ro;i11, we make calculations that prove the Proposition (see chapter .

The Lie algebra sl;(C) of SL(d,C) turns into an SL(2,C)-module via Ad o r4 where
Ad: SLy(C) — Aut(sly(C)) denotes the adjoint representation and r, the Representation
(0-2). For this action we have from Theorem ([2.2)

d—1

Ado?‘dg@ﬁiﬂ-

i=1
Let By C SL(d, C) denote the Borel subgroup of upper triangular matrices. The vector

space R4_; turns into a By—module via restriction of r4 to By. For ()‘ ’\71”) € SL(2,C),

0 AL
we have
A A7 (d—1) A A7 < d
Td el = Tq X Y
0 Mt 0 At
— (X —aY) T )
-1
_ )\d72l+1 Z(_b)] (l _ 1) lelijdJrjfl
Jj=0 J
-1 11
— )2+l Z(_b)] ( » )el(ijl) )
Jj=0 J
Then
A )\flb -1 -1
(d-1) d—21+1 (d—1)
r e =\ —b)’ o )e T 4.6
d<OA_1>Z ;u(j),] (16)

Hence rq(Bs) is contained in B; C SL(d, (C)) and the one-dimensional vector space

< (d-1)

. . . . -1 d—1 —1 (d—1
ei” ') is Bo—invariant since rq( )} b)e( ) = pd-1ed)

01/l
let x;: Ba — C* = GL(1,C) denote the rational character given by

. For a given integer i € Z we

Now C turns into a By-module via y; i.e. (6\ ’t\illb).z = Mz for z € C. We will denote

this By-module by C,,. It follows that the By-module (" VY ¢ Ry, is isomorphic to

75



Deformations of reducible representations of knot groups into SL(d, C)

C

va_, and we obtain a short exact sequence of By-modules
0—>Cy,, = Ra1— Ryy — 1 (4.7)

where Ry 1 denotes the quotient Ry ;/ <e§d_1)>. For a given element x € Ry we let

T € Ry denote the class represented by z i.e. T =z + (egd_l)).

Lemma 4.1. The linear map ¢4_3: Rq_s — Rq_1 defined by

- 1 -
dasle V)= ey I=10d=2,

15 an injective By-module morphism i.e. for all x € Ry_3 we have

A A A A1
Td ( ) ba—3(x) = da_3 (Td < ) l‘) -
0 M\t 0 M\t

Proof. The linear map ¢4_3 is injective since the vectors él(d_l), 2 <1 < d, form a basis of

Rq_1. Now, using Equation (4.6)) we have

A A7 B 1 A A7 B
Td Sa—s(ef ) = 77 e Y
0 Mt 0 Mt
1 ’ l
_ 7)\cl—2l—2+1 Z(_b)j (j) él(i;lr)l
=0

l
VIR U @1
= NN (b (j>e§_j+>1.
j=0

Since (]l) (l—j)= l(l?) and &" " = 0 it follows

A A1 3 1 1—1\ 1 3
A7) ot S ()

0 M\t =0 J J

A A
= da-s( 1 e ).
0 !

Hence ¢4_3 is a Bs-module morphism. O
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Lemma 4.2. There is a short exact sequence of Ba-modules

Pd

0> Ry 3 —5R;, —C — 0. (4.8)

X—d+1

Proof. Again the lemma follows from Equation (4.6):

A AT (d=1) —dt1 ! (d—=1\ 4 _di1 (d—1) (d—1) (d—1)
ry o ey =)\ Z(_b)ﬂ o eq;  =EA ey Tmod (e ieg )

[

Let us fix a representation p5: I'x — B,. Then R, turns into a I'x-module and the

exact sequences (4.7) and (4.8)) are exact sequences of I' x-modules. Note that C,, = Cyx
since for all v € T'x and k € Z the equation yx(pi(7)) = ¥ holds.

Lemma 4.3. Let A € C*, A # 1, and d > 4 be given. If Ag(A\1) # 0 and if X371 # 1
then
H*(Tk; Ra—1) = H (Uk; Ra—s) -

Proof. The assertion of the lemma follows form Lemma[3.3]and the long exact cohomology
sequences [Bro82) I11. § 6] associated to the short exact sequences (4.7)) and (4.8)).

Indeed, the long exact cohomology sequences associated to the short exact sequences

of 'k —modules (4.7) and (4.8)), are given by

0 — H(Tk;Cha1) = HTg; Ry_y) — HY(Tge; Ryy)
— H'(Tx;Cyamr) = H'(Px; Rg—1) = H' (Tx; Ra-v)
— H*(Tk;Cyamr) = H*(Px; Rg—1) = H*(Tk; Rav)
— Hg(FK,(C)\d 1)

and

0 — (FK,Rd 3) —)H (FK,Rd 1) —>H (FK,C)\ d+1)
— 1(PK,RC[ 3) — HI(FK,Rd 1) — H (FK,(C)\ d+1)
— 2(FK,Rd 3) — H (FK,Rd 1) — H (FK,(C)\ d+1)
— (FKaRd 1)
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Now H°(T'g; Cya-1) = O since A% #£ 1 and dim HY(T'g; Cya-1) = dim H?(Tg; Cpa1) =
0 since Ag(A%1) # 0 (see Lemma [3.3). Hence

H*(Dg; Ra1) = H*(Tx; Ry—1) for k=0,1,2. (4.9)

Finally, H(I'g; Cy-at1) = 0 since A9 # 1 and dim H*(T'g; Cy—a41) = dim H?(Tg; Cy-at1) =
0 since Ax (A7) #£ 0 (note that Ag(t) is symmetric). Hence

H*(T: Ry_3) = H*(Tx; Rq_y) for k=0,1,2. (4.10)
It follows from and that
H*Tg; Ry_1) = H*(Tk; Ry_s) for k=0,1,2.
O

Proposition 4.4. Let A € C*, Ag(A\?) =0, d > 3 and let p5: Tk — By be given as in
(0.3). If Axk(N*) £ 0 and N> #1 for2<i<d-—1 then for p3 4 :=raopi: ' = By C
SL(d,C) we have

dim H*<FK;5ld(C)p§,d) = (d — 1) dim H*(FK; R2> .

Proof. It follows from ([2.18)) that we have an isomorphism of I"-modules:

d—1
5la(C)y; , = EP Rai -
i=1

Now Lemma [4.3 implies that dim H*(I'k, Ry) = dim H*(I'g, Ry) since Ax(A\*) # 0

and A% # 1 for 2 <i < d — 1. Hence the assertion of the proposition follows. O

Proof of Proposition[[.3. Let A € C* and d € Z, d > 3. Suppose that A\? is a simple root
of the Alexander polynomial Ag(t) and let p5: I'x — B be a non-abelian Representation
as in ((0.1)).

In order to apply Proposition we have to show that A% # 1 for 2 < i < d — 1.
Suppose that there exists i € Z, 2 < i < d — 1, such that A* = 1. Next note that

A72 = A\%72 is a root of the Alexander polynomial since Ag(t) is symmetric. Therefore
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the assumption of the proposition implies that i = 2 i.e. A* = 1 and hence \? = +1.
On the other hand, +1 is not a root of Ak(t) since Ag(1l) = £1 and Ag(—1) is an odd
integer. This gives a contradiction and hence A* # 1 for 2 < i < d — 1. Therefore,
Proposition [4.4] implies that

dim H*(Txc; 814(C) z ) = (d — 1) dim H*(T'xc; Ry). (4.11)

Finally, observe that sly(C),: = Ry (see Example and dim H'(T'x; Re) = 1 follows
from [HPO5, Corollary 5.4] or [HPS01, 4.4]. Then Equality (4.11]) gives

dim HI(FK;Eld<C)p§d) = (d - 1)

Since p3 is a non-abelian representation, dim B!(T'x; Ry) = 3 and the exactness of

0— H°(Tg; Ry) = Ry — B'(Tg; Ry) — 0

implies

H°(Tg; Ry) = 0.
This together with (4.11]) gives

dim H0<FK§5ld(C)p§Md) = 0.

4.4 Examples

Let K C S® be a knot and A? a simple root of Ag(t). Theorem implies that If
Ag(A?*) # 0 for all k € Z, i # £1, then for all d > 2, d € Z, the representation
space Ry4(T'x,SL(d,C)) contains a component Ry 4 of dimension d* + d — 2. Moreover,
Proposition 3.8 of [New78| shows that if component contains an irreducible representation,

then generic representations on that component are irreducible.

Corollary 4.1. Let K C S? be a knot with the Alexzander polynomial of the figure-eight
knot.
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Then the representation variety Ry(T,SL(d, C)) contains a (d* +d — 2)—dimensional
component and the irreducible representations form an Zariski-open subset of this compo-

nent.

Proof. The Alexander polynomial of the figure-eight knot is Ax(t) = t* — 3t + 1 and
its roots are A*2 = 3/2 + /5/2 and no power \*?* k # 41, is a root of A (t). So,
Corollary [.1] follows from Theorem [4.1 O

The situation for the trefoil knot 3; is more complicate since the roots of its Alexander
polynomial Az, (t) = 2> —t + 1 are the primitive 6—th roots of unity A\*? = ¢*/3. Hence
R4(T3,,SL(d,C)) contains a (d* + d — 2)—dimensional component Ry 4 for d € {2,3,4,5}
since e*™/3 is a simple root of A, (t) and since Ag, (e**7/3) £ 0 for k € {2,3,4}.

Let us study the case d = 6: the group I's, is free product with amalgamation

where x = STS, y = T'S, and ¢ = x? = 3 generates the center of I's;. Note that a
meridian p of 3; is represented by the Wirtinger generator y = S = xy~t. Let p: I's, —
SL(6,C) be an irreducible representation. It follows from Schur’s lemma that if p is
irreducible then the generator of the center 72 = ¢ = > has to be mapped into the center
of

Cs = {exp(27r§)[6 | 1<k<6}CSL6C)

of SL(6,C). Notice that for each element of the center Cq there are only finitely many
square et cube roots up to conjugation in SL(6, C). This implies that if R C Rg(I's,, SL(d, C))
is an irreducible component of the representation variety then the conjugacy classes rep-
resented by the elements p(c), p(x), p(y) in SL(6,C) do not vary with p € R. Now
let A = ¢”/6 be a primitive 12—th root of unity. A cohomological non-trivial cocycle
z € Z'(T'3,;Cye) is given by 2(S) = 0 and 2(T) = 1. Therefore the representation

pi: I's; = SL(2,C) is given by

PA(S) = and  p3(T) =

A0 A At
0 At 0 At

Hence
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i A7t ; A2 2 B
pi(x) = o raly) = and  p3(c) = —1>.
0 —i 0 A2
Proposition implies that pf s = 75 0 pf is a limit of irreducible representations.
Computer supported calculations show that dim H'(T's,; Ryg) = 3 and Lemma implies
that dim H'(T's,; Rox) = dim HY(T'3;; Ry) = 1 for k € {2,3,4}. Hence Formula ({0.3)

implies that
dim Hl (Fgl ) 5l6<C)p§\ 6) =7 le. dim Zl(rgl ) EZG(C)pf\ 6) = 42.

In order to see that p3 ; is contained in a 42—dimensional component of Rs(I's,, SL(d, C))

we proceed as follows: let A = pf4(z) and B = p54(y) denote the image of z and y

respectively. Notice that the matrices A and B are conjugate to 7"6(6 _Oi) and ()E)Q )\92 )
Hence
¢t 00 0 0 0 -1 0 0 0 O 0
0«0 0 0 O 0 -1 0 0 0 0
A 00 ¢« 0 0 O and B o 0 0 XX 0 0 0
000 — 0 O 0 0 0 X 0 0
000 0 —i O 0 0 0 0 X2 0
000 0 0 —g 0 0 0 0 0 \?2

Further note that a choice of eigenspaces E4(i), Ea(—1), Eg(—1), Ez(\?), Eg(A\7?)
such that E4(i) ® Ea(—i) = C° and Ez(—1) ® Ep(\?) & Ep(A?) = C° determines a
representation p: I's; — SL(6, C) completely.

Let Gr(p, d) denote the Grassmannian which parametrize all p—dimensional subspaces
of C¢. Hence the choice of two elements in Gr(3,6) in generic position determines A and
the choice of three elements in Gr(2,6) in generic position determines B. The representa-
tion will be irreducible if the eigenspaces of A and B are in general position and reducible
if not.

It is well known that dim Gr(p,d) = p(d — p) and hence
dim (Gr(3,6) x Gr(3,6)) =18 and dim (Gr(2,6) x Gr(2,6) x Gr(2,6)) = 24.
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Therefore, we construct a 42—dimensional component of representations C' C Rg(I'3,)
which also contains p3 4 = r¢ o p§ and which contains irreducible representations. Note

that 62 + 6 — 2 = 40 < 42. In conclusion we have:

Corollary 4.2. The representation variety Re(I's,) contains a 42—dimensional compo-
nent C'. The generic representation of C is irreducible and p35 s € C C Rg(I'3,) is a smooth

point.

Proof. Computer supported calculations give that dim Z'(T's,; 5l6(C),z ) = 42. Addition-
ally, we constructed a 42—dimensional component C' containing p3 4. Now, the assertion

follows from Lemma B.1] O
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A tout nceud K C S? on peut associer le groupe fondamental I'x = 7, (S*/K). Ce dernier
est un invariant puissant, il a permit de classifier tous les nceuds toriques. Toutefois,
I’étude directe des groupes de nceuds est en général difficile. Des mathématiciens tels que
A. Casson et W. Thurston ont inventé, dans les années 1980, une méthode permettant de
contourner cette difficulté en examinant I'image homomorphe des groupes de nceuds dans
un espace dont la géométrie est mieux connue comme par exemple SU(2). Ceci permet
de mieux apprécier la structure globale du groupe d’un noeud.

Pour certains invariants comme le polynéme d’Alexander, la relation avec le groupe
fondamental est bien comprise et il est possible de déduire le polynéme d’Alexander,
Ak(t), du groupe fondamental du noeeud. Pour mieux comprendre les groupes de nceuds,
on étudit le lien entre I'existence et la régularité de représentations des groupes de nocuds
et les racines du polynéme d’Alexander.

G. Burde et G. de Rham ont montré dans [Bur67] et [deR67]| qu’il existe une représen-
tation non abélienne et métabélienne p3 des groupes de noeuds si et seulement si A? est une
racine du polynéme d’Alexander Ak (t). Cette étude a été suivit par celle de Heusener,
Porti et Suarez dans [HPS01], o les auteurs montrent que cette derniére est un point lisse
de la variété des représentations. Le but de notre travail est de généraliser les résultats de
[HPSO01], concernant SL(2,C) a SL(d, C). Plus précisément, nous nous sommes intéressés
a I’étude de certaines représentations non-abéliennes, métabéliennes et réductibles des
groupes de noeuds dans le groupe des matrices triangulaires supérieures SL(d, C).

Dans la proposition 4.1} nous avons montré que si K C S? est un nceud et si \? est
une racine simple du polynéme d’Alexander, la représentation en question est une limite

de représentations non-métabéliennes et irréductibles.
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Les questions qui se posent:

Dans le cas des racines multiples, a t-on de résultats similaires et quelles sont les
hypothéses suffisantes?

Qu’en est il dans le cas des entrelacs?

Nous avons montré dans le théoréme que si K C S? est un nceud et si \? est
une racine simple du polynoéme d’Alexander telle que Ax(A\?*) #£ 0, k € Z/{%1,0}, la
représentation en question est un point lisse de la variété des représentations. Qu’en est
il si la multiplicité de \? est supérieure & 1? La condition sur la racine du polyndme
d’Alexander: A% n’est pas racine de 1'unité, est crucial dans notre étude de la régularité
de la représentation en question. Que se passe t-il si la racine du polynéme d’Alexander
est racine de l'unité?

Tout au long de cette thése, notre étude concerne les noeuds dans S3. Les résul-
tats qu’on vient de montrer se généralisent-ils aux noeuds dans les sphéres d’homologie
rationnelle de dimension 37

La méme question se pose pour les nceuds de dimensions supérieures. Quelles condi-
tions supplémentaires faut-il imposer & ces nceuds pour avoir des résultats analogues aux
résultats du Théoréeme A1

Soit pra: 'k — SL(d, C) la représentation diagonale donnée par pyq = 740 pa. Le
groupe SL(d, C) agit sur la variété des représentations Ry(I'k, SL(d, C)) par conjugation,
et 'orbite O(pyq4) est contenue dans la cloture m . D'ou, pra et p3 4 se projettent

sur le méme point x4 de la variété des caracteres
X(FK,SL(d, C)) - R(FK, SL(d, (C)> /SL(d,C).

Lci, R(FK,SL(d, (C)> // SL(d,C) dénote le quotient GIT de l'action (voir [NewT78] pour
plus de détails). Rappelons que le quotient GIT paramétrise les orbites fermées sous
I'action de SL(d, C).

Il est possible d’é¢tudier I'image locale de la variété des caracteres en x) 4 comme dans
[HPSO1] et [HPO5|. Malheureusement, il y a des difficultés techniques supplémentaires, et
les calculs nécessaires sont beaucoup plus complexes.

Ces complications sont due au fait que la représentation diagonale p) 4 est contenue
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dans 2971 composantes de R(I', SL(d, C)). Néanmoins, seule la composante Ry 4 contient

des représentations irréductibles. Nous aborderons ce sujet dans un prochain article.
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