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Résumé

Dans cette these nous étudions, dans le cadre de la H-convergence,
quelques problémes d’homogénéisation du systéeme de 1’élasticité linéa-
risée dans des milieux composites et/ou perforés et quelques questions
liées. La thése est constituée d’une introduction, de trois parties faisant
chacune l'objet d’un article [29, 20, 30] et d’une conclusion.

Dans l'introduction (Chapitre 1), nous donnons d’abord la définition
de la H-convergence, notion introduite par L. Tartar et F. Murat [39] et
[46] (voir aussi, dans le cas symétrique, la notion de G-convergence diie
a S. Spagnolo [45]) et sa généralisation au systéme de ’élasticité linéari-
sée (notée dans cette these H.-convergence), étudiée par G. A. Francfort
et F. Murat [26]. Nous présentons ensuite les correspondantes notions
de convergence dans le cas de domaines perforés : la H°-convergence
introduite par M. Briane, A. Damlamian et P. Donato [8] et la H!-
convergence développée par P. Donato et M. El Hajji [24], dont nous
rappelons aussi les propriétés principales. Nous présentons ensuite les
résultats principaux de cette thése.

Dans la premiére partie (Chapitre 2), nous donnons une méthode
itérative générale pour I’homogénéisation du systéme de 1'élasticité li-
néarisée dans des domaines perforés, avec des petits trous présentant un
nombre quelconque d’échelles de périodicité et une condition de traction
sur le bord des trous. Notre méthode est basée sur un résultat plus géné-
ral, dans lequel nous supposons que la plus grande échelle est périodique
et dans les autres échelles nous ne supposons que la HY-convergence.
Dans le cas d’un nombre fini d’échelles périodiques nous donnons des
formules explicites pour 'opérateur homogénéisé en termes de la cas-
cade des problémes cellulaires. Les hypothéeses géométriques sont assez
générales, puisqu’on ne suppose pas de condition de bonne séparation
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Resumeé

d’échelles et la fonction caractéristique du domaine perforé n’est pas,
en général, un produit de fonctions caractéristiques dans les différentes
échelles.

Dans la deuxiéme partie (Chapitre 3), nous montrons quelques es-
timations sur la différence des limites de deux suites H.-convergentes.
Nous donnons deux estimations, I'une de type L' et 'autre ponctuelle.
Les démonstrations reposent de maniére essentielle sur un résultat de
régularité LP, généralisant l'estimation bien connue de N. G. Meyers
pour les équations elliptiques, que ’on établit pour le systéme de 1’élas-
ticité linéarisée. Nous montrons ensuite des estimations similaires dans
le cadre de la H -convergence. L’intérét porté a ce genre d’estimations
est dii a leurs utilisations dans I’étude de la stabilité par passage a la
H-limite (ot G-limite). Ces résultats peuvent aussi servir a 'étude du
comportement asymptotique des solutions de problémes approximants.

Dans la troisiéme partie (Chapitre 4), nous montrons que l'on peut
obtenir la H?-convergence comme cas limite de la H.-convergence. Plus
précisément, soient 2. un domaine perforé avec des petits trous 7. (e-
admissibles) et y. sa fonction caractéristique. Nous montrons que, si

(A%, T) He A° alors on peut retrouver la HC-limite comme limite, dans
un sens convenable, de la double suite A5 = (x- + 6(1 — x:))A® quand
(¢,8) — (0,0). En particulier, le probléme de I'élasticité linéarisée avec
trous peut-étre regardé comme cas limite de problemes sans trous dans
des milieux ayant des tenseurs d’élasticité qui deviennent de plus en plus
petit dans les trous quand § — 0.

Enfin, dans la conclusion, nous présentons quelques commentaires sur
les résultats obtenus et donnons quelques perspectives.

Mots clés : Homogénéisation, H-convergence, systéme de 1'élasticité
linéarisée, domaines perforés et composites, estimation de Meyers.

Classification A.M.S. : 35B27, 35B40, 74B05, 35B45, 74B05.
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Chapitre 1

Introduction et présentation des
résultats

1.1 L’élasticité linéarisée

Soit € un domaine borné de R™ tel que 9Q = T; UTy et Ty N Ty = (0. On
appelle systeéme de I’élasticité linéarisée le systéme d’équations aux dérivées partielles
linéaires suivant :

([ —div o(u) = f dans Q,

o(u) = Ae(u),

o(u)v =g surI'y,

| u = sur [s.
olt A= (Aijki)1<ijki<n €St un tenseur d’ordre 4 qui vérifie

(4) Ay, € L(Q), pour tout i, 5,0, k=1,...,n,

ZZ) Aijlk = Ajilk = Alkij; pour tout i,j, l, k= 1, R

(1.1)

iii) a|n* < An.m,  pour toute matrice symétrique n € RE*™,

[ i) |[An| < Bln|, pour toute matrice n € R™*",

2

i7j:

Remarquons que si les propriétés de symétrie (1.1)ii) sont satisfaites par un tenseur
A, alors les inégalités (1.1)iii) et (1.1)iv) peuvent étre regroupées sous la forme

avec 0 < a < ff et |77|:(an'23'
1

aln* < Annp < BIn|?, pour toute matrice symétrique 1.

Dans la théorie de I’élasticité, €2 est le domaine occupé par le matériau élastique
en supposant qu’il y’ait des petites déformations. Le champ vectoriel u décrit le dé-
placement du matériau et son gradient symétrisé e(u) est le tenseur des déformations

3



Chapitre 1. Introduction et présentation des résultats

linéarisé. La fonction f représente les forces extérieures appliquées a 2. La condi-
tion imposée sur I'; est une condition de déplacement (c’est a dire une condition de
Dirichlet pour le probléme d’élasticité) et celle imposée a I'y est une condition de
traction (c’est a dire une condition de Neumann pour le probléme d’élasticité).

1.2 La H-convergence et la H.-convergence

La théorie de I’homogénéisation date des années 1960-1970 méme si les physi-
ciens et les ingénieurs s’intéressaient au probléme bien avant, & cause de ses multiples
applications a beaucoup de phénomeénes physiques et mécaniques dans les milieux
composites, les milieux perforés et les milieux poreux ainsi que dans d’autres si-
tuations similaires. Deux échelles caractérisent le matériau, 1'une microscopique,
décrivant les hétérogénéités, et ’autre macroscopique, décrivant le comportement
globale. Le but de I’homogénéisation est de déterminer le comportement macrosco-
pique des systémes qui sont microscopiquement hétérogénes, afin de décrire certaines
caractéristiques comme le transfert de la chaleur, la conduction électrique, les dé-
formations élastiques et ’écoulement. Ce qui signifie le remplacement du matériau
hétérogéne par un autre homogéne dont la majorité des caractéristiques sont de
bonnes approximations de celles qui caractérisent le matériau d’origine.

Du point de vue mathématique, il s’agit d’une équation aux dérivées partielles

dépendante d’un petit paramétre qui décrit les hétérogénéités, qui sont petites par
rapport a la taille globale du matériau, oti quand ce paramétre est trés proche de
0, les coefficients de 1’équation oscillent rapidement. Cette rapidité rend les calculs
numériques cotiteux et difficiles. La méthode de 'homogénéisation consiste a étudier
la "convergence" de la solution du probléme initial vers la solution d’un autre pro-
bléme limite appelé probléme homogénéisé plus facile & résoudre numériquement.
En particulier, dans les cas périodiques, les coefficients du probléme homogénéisé
sont constants et donc les calculs numériques sont trés aisés. Parmi les méthodes
de I’homogénéisation périodique, on cite la méthode des développements asymp-
totiques (calculs formels), la méthode des fonctions oscillantes die a L. Tartar, la
méthode de la convergence a deux échelles de G. Allaire [2] et sa généralisation
appelée la convergence multi-échelles de G. Allaire et M. Briane [3]. Nous citons
aussi la méthode récente dite d’éclatement périodique, donnée par D. Cioranescu
- A. Damlamian -G. Griso [11], qui a été généralisé aux domaines perforés par D.
Cioranescu, P. Donato et R. Zaki [13]. La théorie de la H-convergence et ses déve-
loppements ultérieurs permet de traiter aussi les cas non périodiques.
Pour une bibliographie plus compléte nous référons aux livres de A. Bensoussan, J.
L. Lions et G. Papanicolaou [5|, E. Sanchez-Palancia [43], A. Oleinik, A. S. Sha-
maev et G. A. Yosifian [42], N. Bakhvalov et G. Panasenko [4] et D. Cioranescu - P.
Donato [12] et les références qui s’y trouvent.

Dans cette thése, nous travaillons dans le cadre de la H-convergence. Pour in-
troduire cette notion de convergence prenons 'exemple suivant :

{ —div(A*Vu®) = f dans Q,

(1.2)
u® = 0 sur 0,



1.2. La H-convergence et la H,-convergence

ot 2 est un domaine borné de R", f € H~'(Q), et A* € M(a, 3,), ot 'on a posé
M(ev, 8,Q) = {A € L®(Q)" t. q. aln|* < Ann et |An| < Bln| pour tout n € R"},

avec 0 < a < (. Tl est clair que la solution u® est bornée dans Hj (), donc elle
converge faiblement, pour une sous-suite, dans cet espace vers une limite u’. La
question qu’on se pose alors en homogénéisation est la suivante : quant est ce que
toute la suite {u®} converge? et dans ce cas peut-on trouver une matrice A° qui
satisfait des conditions de bornitude et d’éllipticité similaires a celles satisfaites par
A? telle que la limite u° soit solution du probléme

—div (A°Vu®) = f  dans Q,
(1.3)
u® =0 sur ON.

Cette question a été abordée par F. Murat et L. Tartar dans les années 1970-1980
dans [39] et [46], en introduisant et en développant une notion générale de conver-
gence de suites de champs de matrices appelée la H-convergence, qui généralise celle
de la G-convergence introduite en 1968 par S. Spagnolo pour le cas symétrique [45].

Définition 1 Soit A* € M(«,5,Q2). Alors, on dit que A® H-converge vers une
matrice A de M(c/,',Q) et on écrit A® I A° &, pour tout f € H™! (Q), la
solution u® de 1.2 satisfait les convergences faibles suivantes :

i) u®—u faiblement dans H} (),
(1.4)
i) AVus — AV faiblement dans L*(Q)",

ou u® est la solution de (1.3)

L’intérét de cette convergence repose sur le fait qu’elle posséde des propriétés de
compacité et de localité. Elle a ét¢ généralisée par la suite a I'élasticité linéarisée en
1986 par G. A. Francfort et F. Murat dans [26] (cette convergence sera notée dans
cette thése H,-convergence). Posons, pour 0 < o < f3,

Me(Oé, 6, Q) = {A = (Aijkl)lgi,j,k,lgn tq Aijkl € LOO(Q) et A satisfait (11)}

Définition 2 (/26]) Soit A® € M.(«, 5,Q). Alors, on dit que A° H,-converge vers
AY e M (o, 3,Q) et on écrit A® He 40 si, pour tout f € H1 ()", la solution uf
du systeme

—div(A%e(u®)) = f dans §,
u® = 0 sur 0f),

satisfait les convergences faibles suivantes :
i) u®—wu faiblement dans Hj(Q)",
i) Afe(u®) — AV(u®) faiblement dans L*(Q2)"™*",
ot u® est la solution de
—div (A%(u®)) = f  dans Q,
{ u® =0 sur 9.
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1.3 La H'-convergence et la H’-convergence

La notion de la H-convergence a été généralisée aux problémes dans les domaines
perforés, avec une condition de Neumann homogéne sur le bord des trous, par M.
Briane, A. Damlamian et P. Donato dans [8] (H°-convergence). On rappelle ici la
définition.

Soit €2 un ouvert borné de R™ dans lequel on considére une suite de compacts
(trous) T et soit €2, le domaine perforé défini par

Q. =Q\T.

On dénote par . le prolongement par 0 de €2, a 2 et on pose x° = x,,_. Dans la suite
v dénotera le vecteur unitaire normal extérieur a la frontiére de €2.. On pose

W.={ve H(Q) t.q. v=0 sur9Q}

Définition 3 (/8/) Une suite de compacts {1.} est dite admissible dans € si

i) toute limite faible x de {x°} dans L*(Q) est strictement positive presque partout
dans €,

i1) il existe une constante C' > 0 indépendante de € et une suite {Q.} d’opérateurs
de prolongement linéaires telles que, pour tout € > 0, on a

Q. € L(W., Hy(Q)),
(Qev), =v, Vv e,

IV(Q:0)llp0 < ClIV©)lloq., Vo€ W

Notons Q* l'opérateur adjoint de Q., définit de H () vers W/ par

Ve HHQ), Yo € We, (QXf,v)ywrw. = (f, Qv) g-1(),1m1(0)-

Définition 4 [8] Soient A € M, («, 3,92) et {I.} une suite de trous admissible
dans Q. On dit que (A%, T.) H-converge vers un tenseur A° € M, (o, 3,9) et on
0

écrit (A, T.) 0 A° si, pour tout f € H! (), la solution u® du probléeme
—div (A*Vu®) = Qrf  dans Q.,
(AVus )y =0 sur J1,
u* =0 surdf,
satisfait les convergences faibles suivantes :
i) Q:(u®)—u®  faiblement dans H} (),
i) AVuE—A'V(u®)  faiblement dans L*(Q)",
ot u® est l'unique solution du probléme
—div (A°Vu®) = f  dans Q,

w =0 suroQ.
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La H°-convergence admet des propriétés de compacité et de localité semblables a
celles de la H-convergence. Elle a été généralisée a son tour a 1’élasticité linéarisée par
P. Donato et M. El Hajji dans [24] (H?-convergence). Nous rappelons maintenant
la définition et les propriétés les plus importantes de la HC-convergence.
On pose

V.={ve H' ()" t.q. v=0 surdQ}.

Définition 5 (/24]) Une suite de compacts {I.} est dite admissible dans Q pour
Pélasticité linéarisée (0w simplement e-admissible) si

i) toute limite faible x de {x°} dans L*>(Q) est strictement positive presque partout
dans €,

i1) il existe une constante C > 0 indépendante de € et une suite {P.} d’opérateurs
de prolongement linéaires telles que, pour tout € > 0, on a

P, € L(V., Hy(Q)"),
(Pv),, =v, YweV, (1.5)
le (Pv)lloq < Clle()lloq, , Vv eV

Remarque 6 1) Les trous inclus strictement dans € obtenus par répartition -
périodique d’un trou de référence de taille € sont e-admissibles [24].
2) L’inégalité de Korn reste vraie dans V. avec une constante indépendante de c.

Définition 7 (/24]) Soient A* € M, (o, 5,Q) et {T.} une suite de trous e-admissible
dans Q. On dit que (A%, T.) H?-converge vers un tenseur A € M, (a/,3',9) et on

écrit (A°,T.) o si, pour tout f € H*(Q)", la solution u® du systéeme
—div (A% (u®)) = P*f  dans .,
(A%e (u®))y =0  sur JT1, (1.6)
ut* =0 surdf,

satisfait les convergences faibles suivantes :

i) P.(uf)—u’  faiblement dans H}(Q)",

— (1.7)
i)  Afe(uf)—A%(u’)  faiblement dans L?(Q)"*™,
o u® est l'unique solution du systéme
—div (A%e(u®)) = f  dans Q,
(1.8)

w =0 surdf.

Remarque 8 Dans le cas ot 1, = (), cette définition se réduit o celle de la H,-
convergence [26].
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Cette définition est indépendante du choix de la suite d’opérateurs { P}, grace a la
proposition suivant :

Proposition 9 (/24]) Soient T. une suite de trous e-admissible dans Q, {P.} et
{R.} deux familles d’opérateurs de prolongement satisfaisant (1.5). Alors,

(v = v faiblement dans Hy(Q)") = (Pg(vfns) — v faiblement dans H&(Q)") :
Siv® €V, et Pv® — v faiblement dans Hg(Q)", alors

R.v® — v faiblement dans H(Q)",

Vo € D), P, v°) — ¢v  faiblement dans Hy(Q)".

Théoréme 10 (/2/]) Soient A® € M, («, 5,92) et {T.} une suite de trous e-admissible
dans €. Alors les propositions suivantes sont équivalentes :

a) (A5, 7)< 40

b) Pour toute suite de fonctions f¢ de H='(Q)" telle que f¢ — [ dans H=(Q)", la
solution v¢ du probléme

—div (A%e (v°)) = Prf¢  dans S,
(A%e (v¥))v =0 sur 0T,
v® =0 sur S,
satisfait les convergences faibles suivantes :
i) P.(v)—=0®  faiblement dans H}(Q)",
i) Agef(va)AAOe(vO) faiblement dans L*(Q)"*™,
ot v° est 'unique solution du systéme
—div (A% (%)) = f  dans Q,
0 =0 sur 0.

¢) Pour toute suite de fonctions f¢ de L(Q)" telle que f© — f dans L2(Q)"™ fort,
la solution w*® du probleme

—div (A% (w®)) = f¢  dans .,
(A%e (w))y =0  sur 0T,

wt =0 surdf,
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satisfait les convergences faibles suivantes :

i) P.(wf)—w®  faiblement dans H; ()",

—~—

i)  Afe (w)—=A%(w®) faiblement dans L*(Q)"*",
ot w’ est l'unique solution du systéme
—div (A%e(w®)) = f  dans Q,

w' =0 sur .

d) Pour toute fonction [ de L*(Q2)" et pour toute sous-suite {e'} de {c} telle que
xX° — X° dans L=(Q) faible , la solution @W° du probléme

—div (A%e (w®)) = f dans Q.,
(A%e (W) v =0  sur JT,
w =0 sur 0f,

satisfait les convergences faibles suivantes :

i) Po(@")—=@°  faiblement dans H}(Q)",

—~——

ii) Ae(WF)—=A%(@°) faiblement dans L*(Q)"*™,
ot W° est l'unique solution du systéme
—div (A%(@%) = xf dans Q,
@w® =0 sur 0N.

L’intérét de cette notion de convergence vient des résultats de compacité et de
localité suivants :

Théoréme 11 (/24]) Soient A° € M, («, B,92) et {1.} une suite de compacts e-
admissible dans Q0. Alors, il existe une sous-suite de {e} (notée toujours par {€}) et
un tenseur A° € M.(5&, 8,9) tels que la suite {(A°,T.)} HJ-converge vers A°.

Remarque 12 Le fait que A° appartient ¢ M, (%, B, Q), pas explicitement énoncé
dans le théoréme de compacité donné dans [24], est obtenu par les mémes arguments
ulilisés pour le cas elliptique sans trous.

Theorem 13 (/24]) Pour j € {1,2}, soient O; un ouvert borné de R", C5 un ten-
. ) 0
seur d’ordre 4 de M, (o, B,0;) et {T?} e-admissible dans O; telle que (C%,T7) o C?

jrté
dans Oj. Alors, pour tout ouvert w relativement compact dans Oy N Oy, on a

(wNT!'=wnT? e C;=C5 sur w\T!)= (C)=C5 surw).
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On rappelle enfin le résultat suivant du type div-rot qui joue un role essentiel dans
les différents passages a la limite :

Théoréme 14 (/2/]) Soient {T.} une suite de trous e-admissible dans Q0 et {£°}
une suite de tenseurs de L* (£2.)""" tels que

55 est borné dans L*(2)™*",
—div £ = P} f¢ dans €.,
Ev=0 surdl,

ot la suite {f¢} est dans un compact de H-! (Q)n Alors,

i) divE® est dans un compact de H1 (Q)".

ii) Si 58 converge faiblement vers un certain £ dans L* (Q)""", alors f* converge
fortement vers f° = —div £ dans H™ ' (Q)". De plus si n° € H* (Q)" est une suite
qui converge faiblement vers n° dans H' (Q)", alors £.e(rf) converge vers £2.e(nP)
dans D'(Q).

nxXn

1.4 Présentation des résultats

Nous présentons les résultats de cette thése dans les chapitres 2 & 4.

Chapitre 2 : Homogénéisation itérée pour I’élasticité linéarisée par H.-
convergence

La notion de I’homogénéisation réitérée a été introduite par A. Bensoussan - J.L.
Lions - G. Papanicolaou dans [5] pour des opérateurs linéaires dans des domaines
fixes. Le cas non linéaire correspondant a été étudié par A. Braides - D. Lukkassen
[7], J. L. Lions - D. Lukkassen - L. E. Persson - P. Wall [32] et D. Lukkassen - G.
Nguetseng [35].

L’homogénéisation des problémes elliptiques dans les domaines perforés avec
double périodicité ont été traités par plusieurs auteurs. Avec une condition de Di-
richlet homogéne, d’abord par T. Levy [34]| pour ’équation de Stokes, puis par P.
Donato - J. Saint Jean Paulin [21| pour les equations de Laplace et de Stokes et
par T. Mekkaoui - C. Picard ([37]) pour le p-laplacien. Le cas de condition de Neu-
mann homogéne sur le bord des trous a été étudié par I.A. Ene [25] par la méthode
de convergence trois-échelles, qui est une généralisation de la convergence a deux-
échelles introduite par G. Nguetseng [41] et développée par G. Allaire |2].

Le cas multi-échelles générale avec condition de Neumann a été étudié pour les
échelles multiples périodiques d’abord par G. Allaire - M. Briane dans [3]| avec une
condition de "bonne séparation" d’échelles en utilisant la convergence multi-échelles,
puis par A. Damlamian - P. Donato dans [17] par la H%-convergence [8].

L’homogénéisation des systémes d’élasticité linéarisée dans les domaines perforés
périodiquement avec des trous de taille d. (ot {d.} est une suite de nombres réels
positifs telle que 0. < ¢) a été d’abord traité par F. Léné dans [31]| pour le cas §, = &,

10
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par C. Georgelin dans [27] pour le cas §. << e. Nous citons aussi le travail de J.
Casado-Diaz et M. Luna-Layneza [9] pour les structures réticulées minces et celui
de M. El Hajji [23] qui traite un cas trés particulier de la double périodicité.

Dans ce chapitre nous donnons une méthode itérative générale pour I’homogé-
néisation des systémes de I’élasticité linéarisée dans des domaines perforés avec des
petits trous présentant un nombre quelconque d’échelles de périodicité. Les hypo-
théses géométriques sont assez générales, puisqu’on ne suppose pas que les échelles
soient "bien séparés" (voir [3] pour la définition) et la fonction caractéristique du
domaine perforé n’est pas, en général, un produit de fonction caractéristiques dans
les différentes échelles. Notre méthode est basé sur un résultat plus générale, dans le-
quel nous supposons que la plus grande échelle microscopique est périodique et dans
les autres échelles nous ne supposons qu'une HC-convergence. Des résultats ana-
logues ont été données par A. Damlamian - P. Donato dans [17] pour les équations
elliptiques d’ordre 2.

Plus précisément, nous considérons le domaine perforé €). et la suite de tenseurs
A¢ définis comme suit.

Le domaine perforé :

Soit Y un ouvert connexe de R™ qui posséde la propriété du pavage (par rapport a
une base {b;}1<i<n) et qui représente la cellule de référence, dans lequel on considére
un trou compact lipschitzien 7*. On pose Y* = Y\T* et on considére dans Y™* une
suite de trous {S.}, compacts et de frontiére lipschitzienne. On suppose aussi que
les trous sont admissibles au sens de H'(Y*)" (définition un peu plus restrictive que
celle de la e-admissibilité, voir définition 26). Les trous ne sont pas dis forcément a
une répartition périodique d’un trou de référence.

¢ e

>0

— °

N
o ~ @

Nous définissons les trous dans €2 par T, = T* U 5., avec
T; = {U 8{7-* + klbl} tq keZ" et 8{7-* + klbl} C Q},

Se={Ue{S. +kb} tg keZetec{S +kb} CQ}.

11
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On remarque donc que les trous S, sont obtenus par un changement d’échelles
d’ordre € a partir des trous non périodiques S;, et occupent des zones e-périodiques,
tandis que les trous 7T sont e-périodiques et de taille €.

Nous montrons que la suite de trous 7, ainsi définie est e-admissible dans (2,
en utilisant le prolongement associé a S. et 'opérateur de prolongement classique
appartenant a L(H'(Y*)", H'(Y)") donné pour I'élasticité [42].

La suite de tenseurs :
Considérons B® € M,(«, 3,Y) (prolongé par Y-périodicité a R") tel que

(B, S.) H-converge dans Y* vers un certain B°.

Posons .
Af(x) = Bg(g) p.p. dans €.

Le cas périodique classique correspond a B = B et S, = 0.

Nous montrons que si |9§2| = 0, alors la suite {(A®, T.)} H2-converge dans () vers
le tenseur A° définie par

—~—Y

AOA = My(BOG (WA) ),

pour toute A € RZ*™ | ot W, est I'unique solution de

Trouver Wy dans {Ay + H},, (Y*)"} tel que

per
My« (Wy) =0, (1.9)
fy. B¢ (Wy) .e (@) dy =0, Vo € Hy,, (Y*)",
et ou o désigne le prolongement par 0 de Y* a Y.

Ceci montre que I’homogénéisation dans le domaine perforé peut se faire séparément

12
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en commencant par la plus petite échelle. Fin d’autre termes, on retrouve le méme
probléme homogénéisé si on remplace (B°,S.) par sa HC-limite dans Y™, puis on ap-
plique le processus d’homogénéisation périodique classique dans Q\ 7. Ce processus
d’homogénéisation itéré du systéme de 1’élasticité linéarisée s’applique en particulier
aux domaines perforés présentant plusieurs échelles de périodicité sans imposer une
condition de bonne séparation des échelles. Dans ce cas, le systéme homogénéisé est
obtenu par des formules explicites en termes de la cascade des systémes cellulaires.

Pour illustrer cette fagon d’homogénéiser nous traitons dans la deuxiéme partie
de ce chapitre le cas de la double périodicité, c’est a dire le cas ou S, est obtenu par
une distribution périodique partielle d’'un trou fixe de référence. Plus précisément,
considérons un trous S; compact régulier dans un ouvert connexe 7 de R" qui
posséde la propriété du pavage (par rapport a une base {¥/}1<i<n) et Y7 C Y* un
ouvert non vide de R”. On définie la suite de trous S. dans Y™* par (distribution
périodique partielle)

Se = {UsAS + kibj}; ke Z,6.{S1 + kib} C Y1}

ol J. est une suite de nombres réels positifs qui tend vers 0 avec e.

T - s=-

. @ = ZE

= X
»’ oo
oo
oo ‘

D’autre part, on défini la suite de tenseurs B¢ par

D(%) pour y € Y7,
B(y) =
B(y) poury €Y \Y,

ou D€ M.(,3,7) et B€ M(c,3,Y).
Dans ce cas, en utilisant la propriété de localité de la H -convergence nous montrons
que si |[0Y1] = 0, alors (A°,T.) HP-converge dans € vers le tenseur A° défini, pour

tout A € RY*", par
Y
AOA = /\/ly(BOe (WA) )

ou Wy est 'unique solution de (1.9) avec
D pour y € V7,
B°(y) =
B(y) pourye Y \Y,

13
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ott DY est défini par
/_\_’/Z

D°A = Mz (De (iy) ),
et wy est I'unique solution de

Trouver wy dans {Az + H}, (Z*)"} tel que

per
M, (wy) =0,

CT'(Z*)TL7

[ De(iy) e(p)dz =0, Vo€ H)
ou Z* = Z\ S, et ¢’ dénote le prolongement par 0 de Z* a Z.

Chapitre 3 : Estimations de type Meyers en élasticité et applications a la
H-convergence

Dans ce chapitre, nous montrons quelques estimations de la différence de deux H,-
limites et de deux H?-limites en se basant sur des estimations de type Meyers.

Les premiers résultats dans cette direction concernent les équations elliptiques de
deuxiéme ordre dans les domaines sans trous et ont été établit par F. Colombini -
S. Spagnolo dans [15] pour la G-convergence, puis par L. Boccardo - F. Murat dans
[6] et par P. Donato dans [19] pour la H-convergence. L’intérét porté a ce genre
d’estimations est dii a leurs applications dans les questions de stabilité par rapport a
d’éventuels paramétres par passage a la H-limite (ou G-limite). Ces résultats peuvent
aussi servir a l’étude du comportement asymptotique des solutions de différents
problémes qui ne sont pas nécessairement périodiques et qui peuvent étre dépendants
du temps ou non linéaires (voir [15], [6], [24]).

Dans la premiére partie de ce chapitre, en considérant deux suite de tenseurs d’ordre
4, {A%} C M(a, 8,) et {B°} C M.(d/, F',Q) tels que

A Be q0,
B po.

nous établissons deux estimations de la différence A° — B°. La premiére estimation
est donnée par :

|A° = B°|| 1) < Oy liminf||A® — B®[| (@) < Cs liminf||A* — B7||;, g,

ou s €]2, +oo[, C et Cy sont deux constantes positives indépendantes de e.
La deuxiéme estimation de cette différence est par contre ponctuelle. En effet, Si

|A®(z) — B*(z)| < h*(x) p.p. dans €,
hé — h® fortement dans L'(Q),
alors
0 0 BB o
|A%(z) — B(x)| </ — h'(z) p.p dans Q.
aQ
Ces deux estimations montrent qu’en particulier si

A® — B* — 0 p.p dans €2,

14



1.4. Présentation des résultats

alors (grace au théoréme de convergence dominée) A° = B p.p dans Q, ce qui
signifie que les systémes de I’élasticité linéarisée avec une condition de déplacement
homogéne associés a ces tenseurs admettent le méme probléme limite.

Les deux outils principaux pour démontrer nos estimations sont le lemme div-rot
(version élasticité linéarisée) et un résultat de régularité de type Meyers que nous
établissons pour I'élasticité linéarisée. Ce résultat de régularité établit que si €2 est
un ouvert borné de R" de classe C?, A € M, (a,3,Q), g € L*(Q)"" et u est la

solution de
—div(Ae(u)) = div g dans Q,

ue HH (Q)",

alors il existe p > 2, qui dépend seulement de «, 3, Q et n tel que, pour tout
p € [2,p], si g € L%(Q)™™ alors u appartient a W, *(Q)™ et satisfait

||u||W01’p(Q)n < C||g||Lp(Q)an,

ol ¢ dépend seulement de «, 3, €2, n et p.

Pour démontrer ce résultat de régularité nous adaptons a 1’élasticité linéarisée la
démonstration donnée dans [5] pour les équations elliptiques. La plus grande diffi-
culté provient du fait que le systéme de I’élasticité linéairisé ne satisfait la condition
d’ellipticité forte suivante :

AANA > oA
que pour les matrices symétriques A € RY*". La démonstration repose sur

— L’introduction de normes convenables dans W, et W17 (différentes de celles
du cas scalaire).

— L’utilisation de l'opérateur de Lamé E(-) = —div e(-) et l'invariance de son
indice par rapport & p dans des espaces de Sobolev de type W%, Dans I’annexe
on montre que ce résultat est une application des résultats de G. Geymonat
[28] concernant les systémes elliptiques.

— L’utilisation de I'interpolation de Riesz-Thorin.

Dans la deuxiéme partie de ce chapitre, sous une hypothése de régularité de type
Meyers, nous montrons pour le cas des domaines perforés des estimations similaires
a celles données dans la partie précédente. Nous établissons que si w CC ), A® €
M.(a, B,9Q), BE € M. (d/,8,9Q), et {T!} et {T?} sont deux suites de trous (non
nécessairement identiques) e-admissibles dans € telles que

HO
(AS,TEI) g AO7
HO
(B, T?) = B,
alors
|A? = Bl 11y < ¢ lim inf ((TIAT?) Nw|+||A° = B||lpiw) (1.10)

avec ¢ > 0 7 > 0 indépendants de .
De plus si on note par x5 la fonction caractéristique de Q\ 7%, i =1, 2 et
i) X5|A%(z) — B%(x)| < hé(x) — h® fortement dans L'(w),
(1.11)
it) X5 — x5 — 0 fortement dans L'(w),

15
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alors nous montrons
!
A" - BY| < ﬁ—ﬁl R a.e.in w. (1.12)
Qo

Pour démontrer les deux résultats nous avons besoin de supposer une estima-
tion uniforme de type LP pour un correcteur associé¢ a (A%, T}) ou a (B¢, T?). Les
difficultés principales pour démontrer la premiére et surtout la deuxiéme estimation
résident dans le fait que ’hypothése de régularité est faite pour un seul couple et
que les deux suites de trous considérées peuvent étre différentes (par exemple les
deux suites de trous définies dans la section 3 de [§]).

La premiére estimation, a savoir (1.10), étend a I’élasticité linéarisée celle donnée
dans [8] pour le cas scalaire elliptique. Par contre, 1’estimation ponctuelle (1.12)
est originale en particulier dans le cas scalaire. Nous donnons dans la conclusion
une variante de cette estimation ponctuelle dans le cas ou 1’hypothése (1.11)ii) est
remplacée par

i — x5 — X" fortement dans L'(w).

Chapitre 4 : Une propriété de la H-convergence pour ’élasticité dans les
domaines perforés

Dans ce chapitre, nous étudions la relation entre la H-convergence du systéme de
I’élasticité linéarisé dans les milieux perforés et celle dans les milieux composites.
Nous montrons que la H-convergence dans les domaines perforés avec une condition
de traction sur les trous peut étre obtenue comme cas limite de la [H-convergence
dans les domaines sans trous. En d’autre termes, si {T.} est une suite de trous e-

admissible dans un ouvert borné Q de R" et A° € M, («, 8,Q) tels que (A%, T%) <R AL,
alors nous montrons que on peut retrouver la H'-limite A° comme "limite" de la
double suite

A5 = (xe +0(1 = x.))A® p.p. dans Q,

définie pour tout € > 0 et § > 0. Ceci peut étre représenter sous le schéma commu-
tatif suivant :

A =4
1 L
(45,7) 40

Plus précisément, soient f, f¢ € H~'(Q)" tel que f¢ — f fortement dans H~'(Q)"
et u® et soient uj les solutions respectivement de

—div (A%e (u®)) = Prf¢ dans Q.,
(A% (u®))y =0 sur O1,

u® =0 sur 9

—div (A§e(uj)) = f° dans €,
uzy =0 sur 0€).
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Nous montrons que, si A5 H.-converge vers un certain A; pour une sous-suite de
{e} (toujours vrai pour une sous-suite grace a la compacité de la H.-convergence),
alors As converge vers A° fortement dans L?(§)) pour tout p > 1, et faiblement %
dans L>°(€) et la solution us du systéme

—div (Ase(us)) = f in Q,
us =0 on 00
satisfait les convergences suivantes :
us — u® fortement dans Hj(Q)",
Ase(ug) — A (u®) fortement dans L?(£2)"*".
ot u® est la solution de (1.8).

De plus, si
Ve >0, (f,v)=0, Yoe Hy(Q)", v=0sur,

alors A5 — (A%, T.) quand § — 0 dans le sens des convergences suivantes :

u§ — uf fortement dans H'(Q.)",

——

Ase(us) — Afe(uf) fortement dans L*(Q)"*"

et A5 — AY quand (g,d) — (0,0) dans le sens des convergences suivantes :
us — u® faiblement dans Hj (Q)",
Ase(us) — A(u?) faiblement dans L?(Q)™*".

Les démonstrations de ces convergences se basent sur les estimations a priori sui-
vantes :

=

1Py, ) = Py < e (67 + 1F%, Polus, ) = u)l*)

7% & £ 5%
le(ui)llzagryene < e (1461457 Potugy, ) — i)l (113)

| l145e(u5) — A%e() Ilzzayeen < ¢ (07 + (77, Puugy, ) — )l )

Ces résultats généralisent a 1’élasticité linéarisée ceux obtenus par D. Cioranescu -
A. Damlamian - P. Donato - L. Mascarenhas [10] pour les équations de diffusion.
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Chapitre 2

Iterated homogenization for the
linearized elasticity by
HY-convergence

Published in [29]

Abstract
In this paper we show a homogenization result for the linearized elasticity

system in perforated domains with finitely many periodic scales, by using the
H%-convergence [24]. It extends to the elasticity case a results given by A.
Damlamian and P. Donato in [17] for elliptic problems.

2.1 Introduction

In this chapter, we give a general iterative method for the homogenization of
the linearized elasticity system in perforated domain with finitely many periodic
scales. We use the H?-convergence given by P. Donato and M. El Hajji [24], which
extends to the linearized elasticity system the HY-convergence introduced by M.
Briane, A. Damlamian and P. Donato in [8]. This notion extends to the case of
perforated domains that introduced by S. Spagnolo [45] for the symmetric case (G-
convergence), and by F. Murat and L. Tartar [39], [40], [46] for the non-symmetric
case (H-convergence). The H-convergence for the elasticity has been studied by G.
A. Francfort and F. Murat in [26].

In Section 2 we recall the principal results concerning the H’-convergence and
establish a sufficient condition for the sequence {(A®,7;)}, to be HY-convergent. It
generalizes to our case a similar result given in [17] for the H%-convergence and shows
that it is enough to have n"T“ suitable sequence of test functions for constructing
HY-limit.

In Section 3 we state our main result (Theorem 29), that we describe briefly
here. Let Y a reference cell, Y* = Y\ 7T*, where 7* is a compact subset of Y and let
{(B*,S.)}. a sequence which H?-converges to some B° in Y*. Then, if {(A°,1.)}.
is a sequence constructed by eY-periodicity from {(B°, S.)},, one has

(45,T) % a0,
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with A° defined by

—

A°A = My (B (Wy)),
for every symmetric matrix A € R™ ", where - denotes the extension by zero and
Wy is the unique solution of

Find Wy in {Ay+ H},.(Y*)"} such that

My (Wy) = 0,
[ Be(Wa)e(p) dy=0,  Vee HL (V)"

Section 4 is devoted to the proof of this result. To do that, we first prove some
preliminary results, concerning some convergence properties of the solution of a
periodic auxiliary problem posed in Y\ S..

In Section 5, by using Theorem 29, we give an iterative method for the homoge-
nization of the linearized elasticity system in perforated domain with finitely many
periodic scales.

The homogenization for linearized elasticity in domains perforated by holes of size
. (where {d.} is a positive sequence such that §. < ) was studied by many authors.
It was firstly treated by F. Léné in |31] for case J. = ¢, and then by C. Georgelin in
[27] for case 0. << e. Iterated homogenization (without holes) was mathematically
developed and justified by A. Bensoussan, J.L.. Lions and G. Papanicolaou in [5].

Let us also mention that elliptic problems in perforated domains with double
periodicity have been considered by many authors, for Dirichlet conditions first by
T. Levy [34], then by P. Donato and J. Saint Jean Paulin [21] for the homogenization
of the Laplace and Stokes equations and by T. Mekkaoui and C. Picard [37] for the
p-Laplace operator.

The homogeneous Neumann conditions on the boundary of the holes was studied
by I.A. Ene |25] by a three-scale method. A general multi-scale result was indepen-
dently given by G. Allaire and M. Briane in [2] for periodic and "well-separated"
scale.

We also refer for the periodic multi-scale case by the periodic unfolding method
to D. Cioranescu, A. Damlamian and G. Griso |11].

2.2 A sufficient condition for H’-convergence

In this section we give a sufficient condition for a sequence to be HC-converging.
To do that, we first recall its definition as well as the main properties, given by P.
Donato and M. El Hajji in [24].

2.2.1 Notations

e () is a bounded domain of R",
e {¢} denote a strictly decreasing sequence converging to zero,
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o if ( = (Gij)<j<n and &= (&j), <, j<, aT€ two square matrix, we set

C£= Gj& and |¢|= (foj),

i,j=1 b=l

e if v = (v1,... ,vn) is a vector valued function and ¢ = ((i5),; <, is a second order
—J =
tensor of variable x = (x1,... , ), we set
( ov;
)
(Vo),; = e
Lj

e for two real numbers o and [ such that 0 < o <  and an open set O of R",
M. (o, 3,0) is the set of the tensors A = (A;jx) defined on O such that

1<i,jlk<n
a.e. on O, we have

(1) Ajj, € L™ (0), forany i,j,l,k=1,..,n,
i) Ay = Ajuk = Ay, forany 4,5,k =1,...,n,

iii) a|n|> < Ay, for any symmetric matrix ),

 iv) |An| < Bn| , for any matrix 7,

e ), denotes the characteristic function of a subset E of R",
e |E| denotes the Lebesgue measure of any measurable subset E of R”,
e Mg (v) = ﬁ [pv dz, for every measurable subset of R" with |E| > 0,

1

2 1 2 2 2
o lollo = (fo lol? d2)7, ol = (Ill20 + IV0l0)
Along this chapter, we denote by C' different constants independent of ¢.

Convention : We adopt the Einstein summation convention, i.e. we sum over re-
peated indices.

Remark 15 If A = (A;i)
a square matriz, we have

is a fourth order tensor and A = (Aij)1<ij<n is

1<ijlk<n

AN = ((40),,

) ryen = AN

Moreover, if A satisfies (2.1)ii), one has

AA = A (%(A i A)) |
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2.2.2 Preliminary results
We introduce the perforated domain
0. =0\ T,
where T, is a sequence of compacts subsets of €2 and set
V.={veH' ()" s.t. v=0 onoN}.

In the following, v denotes the outward normal unit vector on the boundary of
Q.. Further, we denote by e the extension by 0 from . to €.

Definition 16 (/2/]) The set T. is said to be admissible (in Q) for the linearized
elasticity (or e-admissible), if and only if

i) every L weak *-limit point of {Xng }5 18 positive a.e. in §2,

ii) there exists a positive real C, independent of ¢, and a sequence {P.}_ of linear
extension operators such that for each e

P. e L(V., Hy(Q)"),

(Pv), =v, Yvel, (2.2)

le (Po)llpn < Clle()llpq,, Vo€V

Observe that (2.2) implies that the Korn inequality holds in V. with a constant
independent of ¢, i.e. there exists a positive constant C' independent of € such that

1]l 0. < Clle()llgq., Vo€V (2:3)

Definition 17 (/24]) Let A® € M, («a, 3,92), and T. be e-admissible in Q and for
every ¢, let PS be the adjoint operator of P.. We say that the pair {(A®,T,)}, is

H?-converge to the tensor A° € M, (o, 3',Q) (and we write (A°,T}) e AY) if and
only if, for each function f i H ' (Q)", the solution u® of
—div (A%e (u®)) = P*f in Q.,

(A% (u®))yr =0  on 0T, (2.4)

ut =0 on 09,
satisfies the weak convergence

i) P.(uf) = u weakly in H}(Q)",

_ (2.5
i)  Afe(uf) — A%(u) weakly in L*(Q)"*",
where u is the unique solution of the problem
—div (A% (u)) = f in Q,
(2.6)

u=0 on 0.
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In the theory of elasticity, if v is the displacement vector, e(v) is the strain tensor.

The definition of H-convergence is independent of the sequence {P.},, thanks
to the following result :

Lemma 18 ([24]) Let T, be e-admissible in Q, {P.} and {R.} be two family of

extension operators satisfying (2.2). Then,
(v = v weakly in Hy(Q)") = (Pg(vfna) — v weakly in Hé(Q)”) .
Furthermore, if v° € V. and P.v® — v weakly in H}(Q)", then
R.v® — v weakly in H}(Q)",
Vo € D(Q), PP, v°) = ¢v  weakly in Hy(Q)".

The main properties of the HY-convergence are given by the compactness and
locality results below.

Theorem 19 ([24]) Let A® € M, («, 5,9) and T, be e-admissible in 2. Then, there

2

exists a subsequence of {€} (still denoted by {e} and a tensor A® € M, (%, 6—, Q),
«

such that the sequence {(A®,T.)}. HP-converge to A°.

2
Remark 20 The fact that A° belongs to M, (%, 6—, Q), does not appear explicitly
Q

in the statement given in [24], but can be easily deduced from its proof.

Theorem 21 ([24]) Let Oy and Oy be two bounded open sets in R", and let T}
and T? be e-admissible in Oy and Oy respectively. Let CF € M, (a, 8,0,) and C5 €
M, (a, B,03) be such that

0
{(CTJT;)}& I—i C{) im 017
HO
{(C5,12)}, = €3 in O,
Then, for any w relatively compact open set of O1 N Oy, one has
(wNT!=wnT? and C;=C; on w\1))=(C} =C) onw).
In the following, we will make use of the div-curl type lemma below.

Theorem 22 ([24]) Let T. be e-admissible in Q and {&°} € L? (Q.)""" a sequence
such that & is bounded in L* ()" and

—div & = Prfe in €,
Ev=0 ondT,,
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where { f¢} is in a compact of H=' (Q)". Then,

i) divE® is in a compact subset of H1 (Q)".

i) If ng converges weakly to some £° in L2 (Q)""", then f¢ converges strongly to

0= —div & i H(Q)". Therefore if n° € H* (Q)" is a vector field which converges
weakly to some n° in H' (Q)", then &5.e(n°) converges weakly to £%.e(n°) in D'(Q).

2.2.3 An H'-convergence result

We can prove now a sufficient condition for the sequence {(A® T.)} to be
H?-convergent. It generalizes to the case of elasticity in perforated domains the
analogous one given in [17] for the H’-convergence.

Theorem 23 Let A* € M.(«a,5,Q) and {1I.} be an e-admissible sequence in .
Suppose that, for every symmetric matriz A € R" ", there exists two sequences
{wi} € HY(Q)" and {¢5} compact in H=1(Q)" such thal

(i) wi — Az weakly in H (Q)",
—div (A%e (wy)) = Prgi in Q,

it) (2.7)
(A% (wy))v = 0 on J1¢,

L i11) xq A% (wh) is weakly convergent in L* ()" .

Then,

HO

(A5 T,) == A°

Y

where A® is the symmetric tensor defined by
A’A = wlim (x,,, A% (w})), (2.8)
for every symmetric matriz A € R™", and wlim denotes the weak limit in L? (Q)".

Proof. Observe first that w-lim (x,,_A% (w5)) is a symmetric tensor.
Since A® € M (a, 3,82), Theorem 19 implies that there exists a subsequence of {¢}
(still denoted by {¢}) such that

0?2 a’

0 2
(45, 1,) s A06M6<a i Q)

Then, if f € H (), the solution u® € Hg(Q)" of (2.4) satisfies (2.5)-(2.6). On the
other hand, for every symmetric matrix A € R"*", we have

——

Afe(uf).e(wy) = x,, A%e(wy).e(Puf).
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2.2. A sufficient condition for H?-convergence

For computing the limit in D'(Q2) of each side of this equation, we apply twice
Theorem 22. First, to the left-hand side for £&# = Afe(u®), n° = w} and then to the
right-hand side for £ = A%e(wq), n° = P.u®. This gives

Ae(u’).A = wlim (x, A% (w})) .e(u’) ae. in Q.
By virtue to the symmetric properties of A” and wlim (x, A% (w§)), it comes
A’AVu® = wlim (x, A%e(w})) . Vi’ ae. in Q. (2.9)
As the choice of f is arbitrary in H~!(Q) and the operator

Ui Q) — 1),
u — U(u) = —div(A(u)),

a [?

reZ Q) ), equality (2.9) is still valid for every

is an isomorphism (since A° € M, <
u® € H(S2). Hence,
AN = wlim (x, A% (w})) a.e. in €,

for every symmetric matrix A € R"*". Moreover A" is defined in a single way by
(2.8), since its symmetric propriety gives

= —(A+ , e R"",
A°A = A° ;\ PAY), VA nxn

This shows that the whole sequence {(A®,T.)} H?-converges to A°. m

Corollary 24 The construction of the H?-limil needs only w suitable sequences

of test functions.

Proof. If, for every [,k € {1,...,n}, we take in (2.8)

A = Ey,, with (Elk)pq = (6lp6kq + 6lq5kp) , VD, q € {1, ey n},

DN | =

we obtain

1 } ..

§(A?ﬂk + Agjkl) = wlim (XQEAfquepq (w%lk)) , Vi,je{l,..,n}.
Then, since A?ﬂk = Agikl, we have

A?jlk = wlim (XQEAfquepq (w%lk))

and due to the fact that Ej. = Ej;, the construction of A?jkl needs only the test
functions wg with [,k € {1,...,n} and [ < k. =
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2.3 Statement of the main result

In this section we state our main result, concerning the iterated homogenization.
We prove it in the next section.

Let Y be an connected open set of R”, with piece-wise smooth boundary, having
the "paving property” with respect to the basis (by,...,b,) (where b; is a vector of
R™). This means that, setting Y* =Y + kb, for all k = (k;)i=%, h = (hy)i=h € Z",
we have

R*= U Y,
kezn

YENYh =0 if k # h.
We recall the following lemma :

Lemma 25 ([16]) Let h. be a Y -periodic function in LP(Y') (p € [1,4+00[). Define
®.(x) = h(%) € Lj, (R"). Then,

loc
1) {®.} is bounded in L] (R") if and only if {h.} is bounded in LP(Y').
i) for 1 < p < +oo, . converges weakly in L .(R™) if and only if the sequence
My (he) is convergent. In this case, . converges weakly in LY (R™) to the limit of
MY(hE))

11t) for p = 400, O, converges weakly * in L>°(R™) to the limit of My (he).
Let 7* be a compact subset of Y and set
Y=Y\ T

As in the elliptic case, we need to extend the notion of admissible holes to
functions in H'.

Definition 26 Let {S.}_ be a sequence of compacts subsets of Y* and set
Y. =Y"\S..

One says that {S.}, is H'(Y*)"-admissible for the linearized elasticity, if and only
if

i) every L™ weak x-limit point of {XYE} s positive a.e. in Y™,

it) there exist a positive real C, independent of €, and a sequence {Q}}, of linear
extension operators such that

((Q: € LIHN(Y)", HI(Y)™),
(Qev)y, =v, Yve H' (Yo",

1Q:vlloy < Cllvllyy, , Vv e HI(Y)",

[ e (@i)lloy+ < Clle@)llgy, » Vo€ H (Y™

Remark 27 [t is clear that if {S.}. is H'(Y*)"-admissible for the linearized elas-
ticity, then {S.}. is admissible in Y* for the linearized elasticity in the sense of
Definition 16.
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We assume the following regularity and admissibility conditions :

The sets 7* and S, have a Lipschitz boundary, (2.10)
{8}, is H(Y*)"-admissible for the linearized elasticity, '
and set
T.=TruUSs.,
where

Tr={Ue{T*+ kb} st. keZ"and e {T*+ kb} C Q},

Se ={Ue{S. +kib;} st. keZ"and € {S. + kb } C Q}.
In the following, we denote by e (respect. :Y)
(respect. from Y* to Y).

the extension by 0 from Y, to Y*

Proposition 28 The sequence {1.}, is admissible in Q) for the linearized elasticity.

Proof. We have
T
o (1) 2 X, (5). (211)

Indeed, if x, (z) = 0, then L belongs to some translated of 7* U S., so that
: £

Xyﬁ(z) = 0. The first condition in Definition 16 follows then from (2.10), (2.11)
“te

and Lemma 25.

On the other hand since, by assumption, 9T™* is Lipschitz continuous, classical exten-

sion results (see, for instance, [42]) prove the existence of a linear extension operator
Q? such that

(Q2 e LT (V) (Y)Y,
Q). = v, Vo H'(Y*)",
(2.12)
1@y < Cllellgy Yo € H ()",

(e (@)

oy < Cle@)llgy., Yo H(Y™H)".
Then, Q. = Q?0Q! satisfies
((Q. € L(H'(Y.)", H'(Y)"),

(QEU)\YS =v, Yve HY(Y,)",

1Qevlloy < Cllvllgy., Yve HH (Y™,

(e (@ev)lloy < Clle)llpy,, Yo € HI(Y:)"
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If one extends Q! and Q? by Y-periodicity and sets v(y) = w(ey) for every w € V.
and ey in €., it is easy to see that the operator P. defined by

UJ(ZL’) ifdkeZ"s t.x e 5{85 + klbl} N and 6{85 + klbl} SZ €,
(Pgw) (ZE) — UJ(ZL’) ifdkeZ”s. t.x € €{T* —+ klbl} N and 6{T* -+ klbl} SZ Q,

(Q:v) (g) elsewhere,
satisfies (ii) of Definition 16. m

If S is a compact subset of Y, we denote by H}, . (Y)" (respect. Hp,, (Y \ S)")
the space of Y-periodic functions in H} (R™)" (respect. H*(Y \ §)"). We also set

Woer (V' \ 8) = {v € HYy(V \ S)s My s(v) = 0}.

We give now our main result. It extends to the case of elasticity the result given
in [17] (Theorem 3.7) for the H°-convergence.

Theorem 29 Assume that |0Q)| = 0 and the hypothesis (2.10) holds. Let {B°}, be
a sequence in M, («, 5,Y) (extended by Y-periodicity to R™) such that

2
{(B%,8.)}, H.-converges in Y* to B® € M, (%, %, Y) (2.13)

and set

VreQ, Af(x)= BS(?).
Then, the sequence {(A®,T.)}. H?-converges in Q2 to A® defined by

—~Y

AA = My (B% (W) ),
for every symmetric matric A € R™" | where Wy is the unique solution of

Find Wx in {Ay+ H}, (Y*)"} such that

My (W) =0, (2.14)

[y Be(Wa) € (¢) dy =0, Vo € Hp,, (Y*)™

The proof of the existence of a solution of (14) will be given in Section 4, together
with the proof of this theorem.
2.4 Proof of the main result

In this section, we prove Theorem 29. To do that, we introduce the following
auxiliary periodic problem :

Find W in {Ay+ H,

er

(Y.)"} such that
My, (W) =0 (2.15)

Jy. Bre(W3) e(p) dy=0, Ve H, (Y)"
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2.4. Proof of the main result

2.4.1 Some preliminary results

Proposition 30 For every symmetric matriz A € R"*™, problems (14) and (2.15)
have a unique solution.

Proof. Let A € R"*" be a symmetric matrix and consider the following problem
Find 54 in W), (YZ) such that

(2.16)
fy. Bre (o) e(¥) dy = [, BN e () dy, Vi € Wyer(Y2).

Due to the Korn inequality for the periodic case, the Lax-Milgram theorem shows
that problem (2.16) has a unique solution. Then, if we take in (2.16)

1
¢:¢__ @dyeWper(Y;);
Y| Jy.

where ¢ € H;QT(YE)", we obtain also the existence and uniqueness of the solution of

the following problem

Find s in W), (YZ) such that

(2.17)

Ji BreGA) elg) dy= [, BN e(o) dy, Vo€ Hh (Yo"

Since A is symmetric, this is equivalent to (2.15), through the relation
Wi = Ay — My, (Ay) — s (2.18)

Similarly, we can prove that problem (14) has a unique solution. m

To describe the asymptotic behavior of the solution of (2.15), we need the two
results below. The first shows that the Korn inequality for periodic functions is still
valid, with a constant independent of ¢, for the functions of H,,(Y*)" having a zero
average on Y. (instead of Y*).

Proposition 31 There exists a positive constant C independent of € such that

lelliys < Clle(e) oy, (2.19)
for every ¢ in H, (Y*)" with My_(¢) = 0.

per

Proof. Suppose that (2.19) is not true. Then, one can find a subsequence {e,,} of
{¢} and a sequence of functions ¢, € Hl, (Y*)" (m € (N*)") such that

per
My, (¢,) =0
1l e > mlle(w, ) ]gye-
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By setting 6, = HL, it results
Pm LY.
(
1Omll, 5 =1,
1
(@l < -
| My, (0) =0

Then, there exists § € H),, (Y*)" such that (up to a subsequence)
O, — 6 weakly in H'(Y*)",
so that
e(0,) — e(f) weakly in L?(Y*)"<",
But
e(0,,) — 0 strongly in L*(Y*)"<n,

Then, e(6) = 0, which is equivalent to say that there exists a skew-symmetric matrix
L of R™*™ and b € R" such that § = Ly +b. But the Y-periodicity of 0 gives L = 0,
hence 6 = b.
Moreover, since S, is H'(Y*)"-admissible in Y* and the embedding of H*(Y™*)" in
L*(Y*)" is compact, we have (up to a subsequence)

Xy, — X° in L®(Y™) weakx, with x° > 0 a.e. in Y*

and

0, —> b strongly in L*(Y*)".

0:/ Hmdx:/ Om Xy dzé/ bx° dz,
Y. Y+ o Y+

so that 0 = b = 0.
On the other hand, we have (see, for instance, [42])

3
n%mwscommp+(L¢MMPm)).

Then, by using the previous convergences, we get

Then,

JLZQLO ||9m||1,y* =0.
This contradicts the fact that ||6,,]], ., =1. =
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Lemma 32 Let ¢° € H}(Y*)" and suppose that (2.13) holds. Then, the solution
v° of
—div (B%e (¢)) = —(Q1)" (div (B% (¢"))) in Y,

(Be(¢®))v =0 on 0S., (2.20)
Y =0, on dY™,
satisfies
i) Q" — " weakly in Hy(Y™)",
i) Bfe(ye) — Bl (%)  weakly in L*(Y*)"",
Proof. By assumption, (B¢, S.) H?-converges in Y* to B%. Then
) Qi — 80 weakly in Hl(Y*)",

ii) Bfe(¢¢) = B%(6°)  weakly in L2(Y*)"*"
where §° € Hj(Y*)" satisfies
—div (B% (0°)) = — (div (B% (¢°))) in Y™,
6° =0 on JY*,

Since ¥° € HJ(Y*)" and B® € M, (%, i—Q,Y), the uniqueness of solution of this

problem implies that §° = ¥° a.e.in Y*. This, together with (2.22), gives (2.21). m

The following result gives a priori estimate for the solution of (2.15).

Proposition 33 For each symmetric matriz A € R™™, ||[W]|, ;. is bounded inde-
pendently of ¢.

Proof. Taking ¢ = s in (2.17) and using the fact {B°}_ € M, (o, 5,Y), we find

alle Gy, < / Bee(55) ¢(:4) dy

€

= /BEAe(%f\) dy

1
2

< Blle Gy, IAYz
L £
< BIATY lle (53) o,y -

AN

Then

. B 1
le (>¢0) lloy. < = [A[[Y]2. (2.23)
(0%

Since Qlss € HY,, (Y*) and My, (QL»5) = 0 (due to the fact that »; € W, (Y2)),

per
Proposition 31 gives

Il < 11054l - < € le (@) [y < Clle (6o -
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So, by using (2.23), one gets

1

iy, < [Q5ll, . < 2 ANV, (2.24)

which implies, by virtue of (2.18), that W is bounded in H'(Y.)" independently of
. m

The next result describes the asymptotic behavior of Wj.

Proposition 34 Let Wy, W5 and 3¢5 be the solutions of problems (2.14) (2.15) and
(2.17) respectively and Ly be given by Ly = Ay — Qlscy, — My~ (Ay — Qlse}). We
have

i) Ly — Wy weakly in H' (Y*)",
(2.25)

—

i) Bfe (W5) — B% (W) weakly in L?(Y*)"",

Proof. Proposition 33 shows that L§ is bounded in H'(Y™*)" and 5‘@ = Bfe (W}) is
bounded in L*(Y*)"*" (since {B°}, € M, («,3,Y)).

Then, up to a subsequence, there exist two functions W € H'(Y*)" and & €
L2(Y*)™*™ guch that

i) Li—=W  weakly in H'(Y*)",
(2.26)

—

i) B (W5)—¢ weakly in L2(Y*)"<m,
To obtain (2.25)i) and (2.25)ii), it is necessary and sufficient to show that
W=W,, &=DB% (W) inY™"

We will show that in two steps. In the first step we prove some properties of W
and ¢ and in the second one we establish the relationship between them and Wj.
Step 1. It is clear that Lj is in {Ay + H,,,.(Y*)"} and My+ (L}) = 0, so that the
same holds for W, since the set {v € {Ay + H,,.(Y*)"}, My~ (v) =0} is a closed
subspace of {Ay + H,,,.(Y*)"}.

On the other hand, by virtue of the symmetry properties of B®, £ is symmetric.
Moreover, passing to the limit in (2.15), one obtains

. Eelp) dy=0, VYoeH, (Y*)" (2.27)

Step 2. Let ¢° € Hy(Y*)" and ¢° the solution of (2.20). Then

Ere (V) = Be (vf) e (Wg), in Y.

But e(Lj)),. = e (W5), hence

—

& e (Q5y°) = Boe (y).e (L3) in Y™ (2.28)
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For computing the limit in D'(Y™*) of each side of (2.26), we use Theorem 22 in Y.
First we choose here £&¢ = &5, f¢ = 0 and ° = Q{¢°. From (2.21)i), (2.15) and
(2.26)ii), we have

£.e (@) e (¥°)  in DY), (2.29)
To pass to the limit in the right-hand side of (2.28), we use here Theorem 22 written
in Y* for £& = Be (Qv°), f¢ = —div (B% (¢°)) and n° = L5. From (2.26)i), (2.20)
and (2.21)ii), we have

—

Boe (ye).e (Ly) =B (v°) .e (W) in D'(Y?). (2.30)
Combining (2.28), (2.29) and (2.30), we obtain
Ee(v’) =B% (¢°) .e(W) ae inY™
Taking into account the symmetries of B, this equality becomes
EVYY = B% (W) .V¢°  ae. in Y,
for every ¢° € H}(Y*)". Hence
£ =B% (W) ae. inY*

Then, using (2.27), we conclude that

W e {Ay+ Hlp (V)" My- (W) =0,

Jy. Be(W) e(p) dy=0, VgeH,, (V")

From the uniqueness of solution of this problem, given by Proposition 30, we deduce
W =W, and f = Bl (WA) u

Before proving Theorem 29, we prove the following lemmas :

Lemma 35 Let C.(092) be the union of all the cells which intersect 02 and let
N=(0Q) their number. Then, one has

(109] = 0) <= (="N*(39) — 0).

Proof. Suppose that |0Q] = 0. Denote by diam(Y) the diameter of Y and let {l.}
be a sequence of positive numbers which tends to zero, such that I, > ¢ diam(Y'),

for every e. Set
Vi.(092) = {z € R/ dist(x,00) <.}

Since V_(02) is a sequence of sets decreasing to 05,
V.. (082)] — |092] = 0.

On the other hand, one has
C.(09) C V. (99),
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hence
|C-(0)] < [Vi.(09)].
But
|C(09Q)| = |eY|N®(092) = "|Y|N*(09Q). (2.31)
Then (since |Y| # 0),
e"N(092) — 0.

Conversely, if e"N¢(9Q2) — 0, then from (2.31), C.(992) — 0. Since
09] < [C.(09)],
passing to the limit in this inequality, one deduces that |02] = 0. =

Lemma 36 For every ¢ € L2, (Y)", set ¢°(z) = ¢(%). We have

per

2]

c112 2
e[l < v (14 o(1)) [[elloy -

Proof. By virtue of the "paving property” of Y, Q can be covered by N(e) cells
(W)Z:N(S) f .
©)._, ~oltypeceY, ie.
N(e)___
QC Y Ye,

where N(g) = e (1 4 (1)) and each Y7 is a translated set of €Y. Then,

Y
€112 — E)
Il = [ |o (2

=1 i
- X[

Using the change of scale y = 7 and the Y-periodicity of ¢, we obtain

N(e)

|2, < & /Y )P dy> 1
=1

Q) ,

7] (o) el
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2.4.2 Proof of Theorem 29

We are able now to prove Theorem 29. First observe that A° € M, («, 3,9). Let
the sequence {w5} be defined by

wi = Ax — e (Q.}) (g) ,  for x a.e. in

where Q. = Q%0Q)].
Let us show that the sequence {w$} satisfies the assumptions of Theorem 23. We
proceed in three steps.

Step 1. Let us establish first (2.7)i), i.e.
wy — Az weakly in H' ()",

By virtue of Lemma 36, we have

2

Fas G, = 2 [ o (O s+ [[ms@ (2)f o
< 52% (1+o() Q=54 l5.y + % (1+ o) IV, (Q543) oy

Hence, estimates (2.12) and (2.24) imply that e (Q.5¢;) (%) is bounded in H'(Q)"

13
independently of e, which provides the existence of a subsequence of ¢ (still denoted

¢) and 6 in H'(Q)" such that
e(Qery (g)) — @ weakly in H'(Q)".

Then .
£(Qeey (g)) — @ weakly in L*(Q)".

But, estimate (2.12) and (2.24) give also

[reua),, < =02 i ViRla+ o),

hence Q.2 (%) converges strongly (and then weakly) to 0 in L*(€2)". Then, by

virtue of the uniqueness of the weak limit, § = 0, so that (2.7)i) holds.
Step 2. Let us show now(2.7)ii). By construction,

Je (Az =2 (@) (2))

— B (A — e (Qu) (g)) a.e. in Q.

A(z)e (w}) (x) = BY(

MRO|R

Then, if we set
05 = A —e(Qery),
one has .
Ae(wi)(@) = (B6;) (2)  ae in .
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Setti
etting .
Th(@) = (B03) (5)

and using (2.15), this gives that
—div [A%e (w})] = —divEZg in .,
(A%e (w3)) v =0 on OT..
We need to show that for a suitable g5 compact in H~'(2)" we have
—div¥ = Prg5 in Q..

To do that, we denote by C*(9€2) the union of all the cells which intersect 02 and by
N#(09) their number. We also denote T¢(9€2) the holes of R™ contained in C¢(92).
Then, for every ¢ € V., we have, by symmetry

(divShoph, = [ (BRI elo)a) do

— / (B05)(
Q\T=(99)

b )
QNT=(3Q)

Since 65 = e(W5) in Q. \ 7%(092) and Q. \ 7¢(012) is a union of translated cells of
eY,, one has

0|8

) e(p)(x) do

U

) e(p)(x) da.

/ (B ele)(x) dr = 0.
Q\T=(59)

Then,

o R

(v S = [ B ) do

— [ e (B
Q

Hence, if we set g (2) = —div(X . yq, (B°03)(£)), one obtains

)V (Pep)(x) da.

RS

(—div I, @)y v, = (P g3, @)y v,

Now let us show that g5 — 0 strongly in H*(Q)". For every v € H} ()", one has

&€ £ Ne T
(g% V) -1 @ mye] = | (B*O)(=) e(v)(x) d]
QNT=(80) €

£ :E %
8 ( [ mcr dx>) I9ello.
Te(69) 3

£ Z 13 Z
o mOpds [ s,
QNT=(09Q) € C.(09) €

IA

36



2.4. Proof of the main result

which implies by using the change of scale y = L
€

e X
[ P
QNT=(8%) €

A

N (00) /Y 030 dy

"N (910315 v
e"N(OQ)|IA — e (Qes3) [[6,y
Ce"NE(99).

IN AN CIA

So
93, V) 1y m3)n | < B (Ce"N*(9Q))? |[Volloa.

Thanks to Lemma 35, one deduces

sup ’(!Jia U)H—I(Q)n,Hg(Q)n‘ — 0,
H’UHH&(Q)RZI

so that
g5, — 0 strongly in H1(Q)".

Hence, in particular, (2.7)ii) holds for {¢5} compact in H~(Q2)".

Step 3. It remains now to show (2.7)iii) and identify the weak limit of xq_A%e (w3).

For every ¢ € L*({)), one has

/ Yo Ae () pdr = / (B263)(
Q Q\T=(89)

L N
QNT=(89)

Since 05 = e(Wy) in Q. \ T¢(012), one deduces

o8

) p(x) da

m |8

) pl(x) d

froewien = [ @) o) dr

x
s ) el do
QNT=(89) €
Y

= [ Bt i

T / (B03)(
QNT=(8Q)

In first hand, using the same arguments as in the second step, one obtains

U

) pl(x) d

g) o(x) dx.

X
/ BEENE) () da — 0.
QNT=(09Q) €
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On the other hand from (2.25)ii), it comes

—~~—Y —~—Y
—~— 1 e ~———
My (Bse (W5) ) = m/yBge (Wg) dy
= L B dy—» = [ Bewy) d
I e S T e

—~——Y

= My (Boe (W) )

—~—Y
— N

This implies, by virtue of Lemma 25 written for h, = B (W}) , that

—~——Y

L ) et ao o [ my (BT ) o) o

Then,

Y
xa. A%e (wh) = My (Boe (Wa) ) weakly in L* ()", (2.32)

In conclusion, the sequence {w4} satisfies all the assumptions of Theorem 23, so
that from (2.32), it comes

—

A'A = My (B% (W) ).

This ends the proof of Theorem 29.

2.5 The case of multiple periodic scales

Under the notations of the previous section, we consider here the particular case
where the holes and the coefficients are periodic at any scale. In this situation, if we
suppose that [0Q] = 0 and 7> has a Lipschitz boundary, one can describe precisely
the homogenized tensor A of Theorem 29.

2.5.1 Homogenization with one periodic scales

Observe first that the classical periodic case studied by F. Léné [31] can be easily
obtained as a particular case of Theorem 29.
Indeed, let A be a tensor of M(«, 5,Y") and set

T

Af(x) = A(g), for x in Q.

0
Taking in Theorem 29 B = A, S, = () and remarking that (A Q) B Ain Y™,
one obtains .
m,

(4°,T.) = A,
where A° is defined by

—~Y

AP = My (Ae (Wy) ),
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for every symmetric matrix A € R™*" and W, is the unique solution of

Find Wy in {Ay + H;

er

(Y*)"} such that
My (Wy) =0,

fY* Ae (Wy) e(p)dz =0, Yo € H;QT(Y*)”.

2.5.2 Homogenization with double periodic scales

We use here the same framework of [17]. Suppose that S, itself arises from a
partially Z-periodic distribution in Y*. More precisely, assume that Z is a domain
with piece-wise smooth boundary which having the paving property in R", with
respect to a given basis (b], ..., b)) and that S; is compact smooth subset of Z. Let
Y7 be a nonempty open subset of Y* and {d.}, be a positive sequence going to zero
with . Define S, C Y™ by

S, = {U(SE {81 + klb;} , ke Zn768 {81 + klb;} C Yi} .

Let D a Z-periodic tensor in M («, 3,7) and B be a tensor in M(«, 3,Y). Set
then,

D(y) =D(Z) forye v,

and
Di(y) fory e Vi,

B(y) foryeY \ Y,

which belongs to M, («, 3,Y) and it is extended by Y-periodicity. Finally denote by
¢7 the extension by 0 from Z* = Z \ S to Z.

Proposition 37 Assume that |0Y1| = 0. Then, the pair (A%, 1.). H?-converges in
Q to A defined by

A°A = My (B% (Wy) ).

for every symmetric matriz A € R™™ and where Wy is the unique solution of (2.14)
with

DY inY,

B(y) = (2.33)

B(y) foryeY \ Yy,

with,
/_\_/Z

D°A = Mz(De (y) ), (2.34)

and Wy 1s the unique solution of

Find oy in {Az+ HY, (Z2*)"} such that

per
M, (i) =0, (2.35)

[ De (1) e(p)dz =0, Vo e HY (7).

per
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Proof. According to Theorem 29, it suffices to show that
{(B%,8.)}, Hl-converges in Y* to B, (2.36)
where B is defined by (2.33)-(2.35). We do that in three steps.

Step 1. Admissibility of S,

The holes of S, have size ¢,, are . Z—periodicity in Y; and do not touch dY;. Hence
{&.}, is H'(Y1)"-admissible for the linearized elasticity (see, for instance, [42]), which
implies that it is also H'(Y™*)"-admissible for the linearized elasticity. Then, {S.},
is also e-admissible in Y] and Y* (in the sense of Definition 2).

Step 2. The H-limits of {(B*,S.)}., {(D?.S.)}. and {(B,0)}
Since {B®}, € M, («, 3,Y), the Compactness Theorem 19 implies the existence of
a subsequence (still denoted {e}) such that (B?,S.) H’-converges in Y* to some

BoeMe(a & Y).

2 o
By virtue of the results of F. Léné [31], {(D?,S.)}, H-converges in the open set Y;
to D° defined by (2.34)-(2.35).

On the other hand {(B, @)} H-converges in the open set (Y* \ 17) to B.

Step 3. Relationship between the H’-limits
In order to prove (2.36), we use the locality property for the H? -limit given by
Theorem 21, applied as follows.

First, choose in Theorem 21

Ol = Y*7 702 = }/17
T'=8., T* =8,
s =B C5=D"
Then,
HO
{(B%,8.)}, = B° inY™,
0
(D5, 80}, 5D iy,
For every relatively compact open subset w of O; N Oy = Y], we have
wNT!=wNnT? and C¢=C5 onY; (hence on w \ T,

so that
B =D°

on every relatively compact open subset w of Y7, hence in all Y; (because the later
is open).
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Choose now in Theorem 21
Ol — Y*7 702 - Y*\?b

T!'=8. and T?=0Q,

C: =B, C;=B.

We have .
(Bz, 8. B in v,

0 JE—

(B0}, B inY*\ Y,
and for every relatively compact open subset w of O; N Oy = Y* \ Y, we have
WwNT =0 =wnT? and Cf=C5on Y*\Y; (hence on w=w \ T}).

Hence
B'=B

on every relatively compact open subset w of Y*\Y], so in all Y*\Y; (because the
later is open). One then can conclude, that B = B a.e. on Y*\Y7, since |0Y;| = 0. m

As observed in the elliptic case, one can iterate this procedure finitely many
times. This allows to treat the case of an arbitrary number of partially periodic scales.
We also remark that no separation of scales is needed, since we do not suppose that
the characteristic function of €. is product of characteristic functions. For example,
in the case where one has three scales (see Proposition 37) and the holes do not
touch the boundary of 2, the characteristic function of €2, can written as below

X x x .
Xo. (T) = X, \Yl(g) + X, (E)XZ*(gT)’ a.e. in €.

£
Acknowledgments
This work was finalized during a stay of the author at Laboratory of Mathematics
Raphaél Salem of the Rouen University.
The author wishes to thank Professor P. Donato for suggesting the topic and nu-
merous discussions. The author also extends his thanks to Professor A. Damlamian
for useful suggestions.

41






Chapitre 3

Meyers type estimates 1n elasticity
and applications to H-convergence

With P. Donato', published in [20]

Abstract

In this paper, we prove some estimates on the difference of the limits of
two H,-converging sequences. This convergence extends the H-convergence of
Murat-Tartar to the linearized elasticity system . We give both L' and point-
wise estimates. This is achieved by proving an L? regularity result, extending
the well known Meyers estimate for elliptic equations to the elasticity system.
In a second part, we show similar estimates in the framework of the H?-
convergence, the generalization of the H.-convergence to the case of domains
with small holes.

3.1 Introduction

The classical notion of G-convergence has been introduced by S. Spagnolo [45]
for second-order elliptic symmetric operators and extended to the non symmetric
case, called H-convergence, by F. Murat and L. Tartar [39], [40], [46].

A generalization, to the case of perforated domains with a Neumann condition
on the boundary of the holes, denoted H'-convergence, has been done by M. Briane
- A. Damlamian - P. Donato in [8].

The H-convergence was extended to the linearized elasticity system by G. A.
Francfort - F. Murat in [26]. We denote it here H.-convergence. In the case of
perforated domains the H%-convergence was extended to the linearized elasticity
system with traction conditions on the holes by P. Donato - M. El Hajji in [24] and
called H?-convergence.

In this paper, we prove some estimates on the difference of the limit of two se-
quences which are either H,-converging or H’-converging. This kind of estimates can

!Laboratoire de Mathématiques Raphaél Salem, UMR 6085 CNRS-Université de Rouen, Avenue
de I’Université, BP.12, F76801 Saint-Etienne-du-Rouvray, France & Université Paris VI, Labora-
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be applied for computing the effective problem in several homogenization problems
(see for instance [6], [19] for the elliptic case).

In the first part of this paper we consider the case of a fixed domain. We prove two
main results, stated in Section 3. The first (Theorem 43) provides an estimate of the
L'-norm of the difference of two H,-limits and states that if {A°} € M, (a, 5,Q) and
{B} € M.(«,5',Q) are two sequences of fourth-order tensors which H.-converge
to A® and BY respectively, then

1
142 = B|[11oy < C liminf||A° = B[,

where s €]2,4+o00[ and C' is a positive constant independent of .

The second result (Theorem 44) gives a pointwise estimate of the difference of
two H,-limits. Tt states that if {A°} and { B¢} H,-converge to A’ and BY respectively
and

|A%(z) — B5(2)| < h¥(x) — h° strongly in L*(Q),

|A%(z) — B%(2)| < \/% R%(z) a.e. in Q.

For analogous pointwise estimates in the elliptic case we refer to P. F. Colombini - S.
Spagnolo [15] and L. Boccardo - F. Murat [6] for G-convergence and H-convergence
respectively and to P. Donato in [19] for L'-estimates for the H-convergence.

The main tool for proving both results is an L? regularity result for the linearized
elasticity system which extends the well known estimate for second-order elliptic
equations due to N. G. Meyers [36].

Originally, we thought that this result was also known in the case of elasticity
systems. We were unable to find reference and, inquiring from colleagues well versed
in elasticity theory, it appeared that such estimates were not even obvious. After
several discussions, in particular with Luc Tartar, such a result appeared plausible,
so, after obtaining a complete proof, we decided to incorporate it in the present
paper (Theorem 45). The proof, somewhat technical, follows the lines of that given
in [5] for the elliptic case and makes use of the invariance of the index of some
operators associated to elliptic systems in Sobolev spaces of type W' with respect
to p (see G. Geymonat [28]).

In a second part we prove similar estimates for the case of domains with small
holes. We prove that (Theorem 63) if w CC Q, {A°} € M.(«,3,9), {B°} €
M.(c/,3,9Q) and {T!} and {T?} are two sequences of holes e-admissibles in

0 0
such that (A° T}) 1< 49 and (B%,T2) %< BO, then

then

|A® = B[ 11y < c liminf (|(ZFAT2) Nw| + |4 — Bl11)” .

where A denotes the symmetric difference, and ¢ > 0 and 7 > 0 are independent of
¢. This result reduces to that given by M. Briane - A. Damlamian - P. Donato in [8]
for the H-convergence.
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Let x% the characteristic function of Q\ T¢, i = 1, 2. We also prove (Theorem
65) that if

X5 |A%(x) — BS(z)] < hé(z) — h®  strongly in L'(w),
X5 — x5 — 0 strongly in L' (w),

then
!
A" - BY| < ﬁ—ﬁl R a.e.in w.
oo

In both theorems we need to suppose a uniform LP estimate for one of the
correctors associated to our problem (see Assumption (3.59) below). In the case
without holes, this estimate is consequence of the Meyers estimate given by Theorem
45 in the first part.

In presence of holes, this estimate has to be assumed by hypothesis. Indeed, a
generalization of this estimate in the case of perforated domains remains an open
question.

For the elliptic case, an extension of the Meyers estimate to the case of a domain
with one reference hole and a Neumann condition has been proved in [8|. This allow
to have a uniform Meyers estimate (with respect to €) at least for periodic functions
in periodically perforated domains. Even in this case, the proof given in [8] does not
seems to be adaptable to the elasticity system.

Plan :
2. Preliminaries on the H-convergence (including notations).
3. Two estimates on the difference of H,-limits.
4. Proof of a Meyers type estimate.
5. Preliminary results on the H’-convergence.
6. Two estimates on the difference of H-limits.

3.2 Preliminaries on the H.-convergence

In this section we recall the definition and some properties of the H-convergence
for the linearized elasticity studied by G. A. Francfort and F. Murat in [26]. We will
denote it by H.-convergence.

We use the following notations :
o If A= (Aiju)i<ijri<n, B = (Bijki)i<ijki<n arve two fourth-order tensors, A, YT €
R™™ and £ € R"™ we set

(AB)iji = > AijpgBpant

1<p,q<n

(AN = > Ay,

1<k,I<n
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and
(AT = > AiiTij,
1<ig<n
1

i-( 2 @)

1<i<n

| 14 = sup {[AAY] t.q. [A|=|Y]=1and A, T € R™"},

e if I is a set of matrices fields, Fls = {M € I s. t. M is symmetric},

e () is a domain of R",

e I'(Q) is the set of fourth-order tensors with components in D'(Q2),

e " (2) is the set of fourth-order tensors with components in L?(),

o W'P(Q) is the set of fourth-order tensors with components in W' (),

e W,7(Q) is the set of fourth-order tensors with components in W,* (1),

e {¢} denotes a strictly decreasing sequence converging to zero,

e if v = (v1,... ,vn) is a vector valued function and ¢ = ((i5),; <, is a second order
tensor of variable x = (x1,... , ), we set -

( avi

(Vv)ij = 81'] = ijvi,

e(v) = L(Vv +' Vv),
9,
(ding), = 52,
\ i

e for two real numbers « and 8 such that 0 < a < 5, M, («, 3,) is the set of the
tensors A = (Ajjkr) defined on €2 such that a.e. on , we have

1<i gkl <n
(1) Ajju € L*®(Q), forany i, jk,i=1,..n,
i) Ajr = Ajimt = Apig, forany 4,5,k 1=1,...,n,

(3.2)
i) o |[A]* < AAA, for any symmetric matrix A,

iv) |[AA| < B|A], for any matrix A,

\

e if A is a fourth-order tensor we set
Ap = (Ar)i<ij<n = (Aijri)1<ij<n. Yk, L€ {1,....,n},
AT = (A7) 1 <ppcn = (Aiji)1<kicns Vi, € {1,...,n}, (3.3)
A= (tAijkl)lgi,j,k:,lgn = (Aklij)lgi,j,k,lgn’

e I denotes the fourth-order tensor defined by

1
Eijr = 5(5ik5jl + 0adik), Vi, g, k.l € {1,2,...,n}. (3.4)
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o for 1 < p < oo, LP(Q), LP(2)™™, WP(Q)" and L"((2) are the Banach spaces
equipped by the norms defined by

( 1
H@lez’(g) = (fq lplPdz)7,

112, e = (o [[7d)5,

Byt my = (3 1l + 30 1521y

1<i<n 1<i,5<n

=

(Al @ = (Jo [APdz) 7

respectively, for ¢ € LP(Q), ¥ € LP(Q)"*" ¢ € WP(Q)" and A € L"(Q),

e A denotes the symmetric difference of sets.

Convention : We adopt the Einstein summation convention, i.e. we sum over re-
peated indices.

Remark 38 A standard linear algebra result on the quadratic forms shows that if
A satisfies (3.2)ii), then
(VA € R™™ |ANA| < ﬁ'|A]2) & (\m € R™™, |AA| < /3']/\\) .

Definition 39 (/26]) Let A® € M, («, 3,X2). We say that the sequence {A®}.

H,-converges to the tensor A° € M, (o/,8',Q) and we write A® He 40 if and only if
for any function f in H 1(Q)" the solution u® of

—div (A%e(u®)) = f in Q,

(3.6)
u* =0 on 0,
satisfies the weak convergences
i) uf —u  weakly in H(Q)",
(3.7)
i) Afe(u®)—A(u) weakly in L*(Q)"*",
where u is the unique solution of the problem
—div (A% (u)) = f in Q,
(3.8)

u=0 on .

The following compactness result given by G. A. Francfort and F. Murat in
[26], state the main property of the H.-convergence. It extends to the linearized
elasticity case the analogous one established for the second-order elliptic equation
(G-convergence or H-convergence) by Spagnolo [45], F. Murat and L. Tartar [39],
[40], [46] (See also L. Simon [44], V. V. Zhikov, S. M. Kozlov, O.A. Oleinik and K.
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T. Ngoan [48]). Let us recall that in Definition 1 the weak convergence (3.7)ii) is
not a consequence of the weak convergence (3.7)i), even if A® satisfies the symmetry
properties (3.2)ii). From this point of view, Definition 1 is a generalization of the
definition of H-convergence, which concerns non-symmetric matrices and where the
weak convergence of A*Vu® has to be supposed in the definition. This is not the
case for the G-convergence, where the symmetry of the matrices A® provides the
convergence of A*Vu°.

Theorem 40 (Compactness) ([26]) Let A® € M.(«, B,Q). Then, there exists a sub-
sequences of {e} (still denoted by {}) and a tensor A° € M, («, 3,9)) such that the
sequence {A®}. H,-converges to A°.

One has also the following locality properties :

Theorem 41 (Locality) Let A° € M(a, 3,92) and B* € M («, 5,9) be such that
A e 40 in Q)
B % BY in Q.
Then, for every open subset w of €2, one has
(A° = B® onw) = (A’ = B" onw).

In the following, we will make use of the lemma below. It is a variant of the know
div-curl lemma [40].

Proposition 42 Let & € L*(Q)™" and n° € H(Q)" two sequence such that
£ — & weakly in L*(2)"<",
div &° is compact in H=1 ()"

and

n° — n° weakly in H'(Q)".
Then,

& .e(n) = &e(n’) in D'(2).

For the proofs of Theorem 41 and Proposition 42, we refer to [24], where they are
given in the more general framework of perforated domains.

3.3 Two estimates on the difference of H.-limits

The first result is an estimate of the L'-norm of the difference of two H,-limits. It
generalizes to the linearized elasticity the analogous one given for the G'-convergence
by P. F. Colombini - S. Spagnolo in [15] and for the H-convergence by P. Donato in
[19].
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Theorem 43 Let {A®} € M (a, 5,Q) and {B*} € M.(/, 5,Q) such that
As e g0,
B % po,

Then, there exist s €]2,+o0[ and two strictly positive constants Cy and Cy which
depend on o, o, B, ', n and Q such that

14° = Bl < C1 liminf|[A° = B [[1o(q) < G liminf[|A4° = B*|f,q).  (3.9)

The second result is a pointwise estimate of the difference of two H,-limits, which is
of the same type as that given for G-convergence by P. F. Colombini - S. Spagnolo
in [15] and for H-convergence by L. Boccardo - F. Murat in [6].

Theorem 44 Let {A°} € M (o, 5,Q) and {B*} € M.(/, 5,Q) such that
A e 40,
B o,

Assume that there exists two functions he, h® € L*(Q) such that

|A*(z) — B*(x)| < h*(z) a.e.in
(3.10)
hf — WY strongly in L' ().

|A°(z) — B(z)| < 4/ % R%(x) a.e.in Q. (3.11)

Theorem 43 and Theorem 44 will be proved at the end of this section. The main
tool for their proofs is the following Meyers type estimate. It generalizes the similar
one proved in [36] for elliptic equation to the linearized elasticity system .

Then,

Theorem 45 Let Q be a bounded open set of R™ of class C*, A € M, («,3,Q),
g € L*(Q)™" and u be the solution of

—div(Ae(u)) = div g,
(3.12)
u e H(Q)".

There exists p > 2, which depends only on «, 3, Q and n such that, for allp € [2, p|,
if g € LR(Q)™™ then u belongs to Wy ()™ and satisfies

||u||W01’p(Q)n < c||gllo(@ynxn, (3.13)

where ¢ depends only on o, B, 2, n and p.

Theorem 45 is proved in Section 4. To prove Theorem 43 and Theorem 44 we need
the following result :
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Proposition 46 Let {A°} € M, (a, 3,9Q) be a sequence which H,-converges to A°.
Then, for every A € RY™, there exists a function wi € H*(Q) such that

i) wi — Az weakly in H' (),
i) Afe(wq) — A°A weakly in L*(Q)"™, (3.14)
ii1) div(Afe(wy)) is compact in H=(Q)".

Moreover, if M is the fourth-order tensor corrector defined in € by

MY = e(wi

2

i), VT ERV, (3.15)

then there exists ¢ > 2 and ¢ > 0 independent of € such that, for all p € [2,4],
M|y < c. (3.16)

Proof. Let A € RY*™.
Step 1. Let us prove that there exists a function wi € H'(Q) which satisfies (3.14).
Let ©; be a bounded set of R” of class C? such that Q CC € and set

A in €,
C° =
aF in Q\ Q.

It is clear that C* € M,(«a, (,€;). From Theorem 40, it follows that (up to a
subsequence) C¢ H,-converges to some C° € M, («, 3,€;) in Q.

Then, for every ¢ € D(€;) such that ¢ =1 in Q, let w5 the solution of the following
problem

—div(Ce(x)e(wi (x))) = —div(C%(z)e(p(z)Az)) in £,
(3.17)

Then,
wi — ¢ Az weakly in H} (Q4)",

Cfe(wy) — C%%(p Az) weakly in L*()""".

Using the fact that ¢ = 1 in Q and Theorem 41, we deduce that C° = A% on  and
obtain (3.14)i) and (3.14)ii).

Finally, statement (3.14)iii) is a consequence immediate of (3.17), where the right-
hand side of the system is independent of e.

Step 2. By virtue of (3.17) and Theorem 45, there exists ¢ > 2 which depends only
on a, 3, O and n (hence independent of €) such that for every p € [2, ¢[, we have

[willypr (e < € IC7(@)e((2)Az) || Lo, ymen < e Al (3.18)
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where ¢ > 0 and ¢; > 0 are independent of ¢.
On the other hand (see (3.1) and (3.5), we have

MUy = [ 1P < sp [ TP

IT[=1

= s [ el o < 5D 10 0 <

where we used (3.18). m

Remark 47 The tensor M¢ is a corrector for A® in the sense that

lim||e(u®) — M®e(u®)||p1(aymxn = 0, (3.19)

e—0

for every f € H=Y(Q)", where u® and u® are the solutions of (6) and (8) respectively.
For a proof of (3.19) see for instance [24], where the result is given for the general
case of a perforated domain.

Proof of Theorem 43. The proof adapt some ideas of [19] to the tensor case and
to the norm defined by (3.5). Let {A°} € M.(a,5,Q) and {B°} € M.(d/, 5, Q)

such that
A fe q0,
B 2 po.

Let v (respect. w5 ) be the vector valued function and M¢ (respect. N¢) the corrector
tensor given by Proposition 46 for A® (respect. B¢). Then, using (3.3), we can write

("NEATM#)jja = ('N°)9. (A°Mj) = Nij;. (A°Mj)
(‘N°B*M®)iju = ("N°).(B* M) = Njj. (B*Mg) .
Using the symmetry proprieties of B®, this gives
("N=A°M*)iju = (A°Mp,;) N,
("N B*M*®)ju = (Bngj) M.
But, from (3.3), (3.4) and (3.15), we have
My = MPEy = e(v,,),
Nj = N°By; = e(wy,),
so that
("NEAM®)ija = (A%e(vg,,)) -e(wi,),
(N B M) = (Bee(wiy,)) (v,
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Using (3. 14) and Proposition 42 written first for £ = A%e(vg, ), n° = wf,, and then
for £&F = (wE ), ° = v,,, one can pass to the limit in the last relations to obtain

(tNeAsMs)ijkl — AOEM : EZ] = Agjkl in D,(Q),
This implies that
INF(A® — B )M® — A — B in D'(Q).
The weak lower semi-continuity of L'(2)-norm gives

1A% — B||L1(a <hm1an N¢(A® — B )M* (3.20)

ey

since by (3.5), for every 1 < r < oo,

1D

LT(Q):/Q|D|de7 VD e L(Q).

On the other hand, by virtue of Proposition 46, there exists p > 2 and ¢ > 0
independent of £ such that
| M#|er ) < c,

||N6||]L2(Q) < c.

Hence

I'N® (A — B*) M*||p1 (g all'Ne||ir oy 1A% — B%[|Ls) [1M7 |2

<
< ellA° - B

Ls(2)5

with ¢; > 0 and ¢ > 0 independent of £ and %+ % +§ = 1. Observe that this implies
that s > 2.
Combining this inequality with (3.20), we get

|A° — B%||11(q) <0111m1nf||A5 B|1s(0)- (3.21)
Finally, observe that
: : £ £ £ % £ £ 1_%
hmgmf||A - B B HLl(Q)HA - B H]LOO(Q))’

since [|A® — Bf|| =) < B+ §', which together with (3.21) gives the required in-
equalities. m

Proof of Theorem 44. We use a similar argument as the one used in [6] for the
scalar case. For every A, T € R%*", let v} (respect. w%) the vector valued function
given by Proposition 46 for A® (respect. BE) and let ¢» € D(Q) such that ¢ > 0. Set

(If = | JoulA° — BY) (o) e(wi)de],

{ B =inf{he, B+ B}, (3.22)

[ A" =inf{h% B+ B'}.
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3.3. Two estimates on the difference of H,-limits

Then, by (3 14) and Proposition 42 applied first for £&& = A%e(v} ), n° = w5 and then
for £&¢ = Bfe(ws), n° = v5, it follows

Afe(vy).e(wg) — A°AY  in D'(Q),
Bee(w)).e(vy) — B°A.Y in D'(Q).

This gives
lim’? = | / B(A° — BO)A. Y da]. (3.23)

On the other hand, from (3.10) and the fact that ||A® — B®|| <) < 8+ 3, we have
s [ 0lAT = B e ew)ds
< [ i letwp)lletwt e

- [ <¢h€|e(vi)l2> (v#letu >|2)§dx

Using the Hélder inequality and the fact that {4} € M.(«,5,Q) and {B°} €
M. (o, 5, ), this implies

I < % ( /Q wi{fAEe(v;).e(v;)dmf < /Q wi;EBge(wi).e(wif)da:)%. (3.24)

From (3.14) and Proposition 42 written first for ¢ = A%e(vy), n° = v§ and then for
& = Bfe(ws), n° = w5, we obtain

M

Afe(vg).e(vy) — A"A A in D'(Q),
Bee(wg).e(ws) — BY. Y in D'(Q).

On the other hand, Theorem 45 implies that there exists p > 2 such that A%e(v).e(v%)
(respect. Bee(ws).e(ws)) is bounded in L7 (). Therefore, it converges weakly (up
to subsequence) in this space. Hence

Afe(v]).e(vy) = A°A.A  weakly in L5(Q),
(3.25)
Bee(wy).e(wy) — BY.Y  weakly in L (Q).
Since, in view of (3.10) and (3.22), one has

he — hY  strongly in L'(2),

he < B+ 8,

the dominated convergence theorem implies
W — RO strongly in L1(Q2), Vq € [1, +o0].
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Hence, from this convergence and (3.25), we deduce that

( 1

lim ( Joy ohe Afe(vy) e (v5)d ) ( [y bhOAOA. Ad:p) < VBIA| ( IR I/Jhoda:>

1

lim (fQ whe Bee(uws).e(vs)d ) <fQ YhOBOY. ng;>%< VBT (fﬂ ¢h0dx>

1
2

\

Then, passing to the limit in (3.24), we obtain

|/¢ — BYAYdz| < ,/55'|A||T|/z/)h°dx

Since the choice of ¢ > 0 is arbitrary in D(Q2), we deduce

56’

(A" = BY)AY| < |A||T|h0

for every A, T € RY*". By virtue of the symmetry properties of A° and B°, this
inequality is still valid for every A, T € R"*" which gives (3.11). =

3.4 Proof of a Meyers type estimate

In this section, we prove Theorem 45. We will use on Wol’p(Q)", for 1 < p < o0,
the following norm

[l 2y = lle(w)l]o@ynen, (3.26)

which from the Korn inequality is equivalent to the usual one. Denote the corres-
ponding norms on W=12(Q)" and £ (WP ()", Wy?(2)") by

[(fv) |

!
w-Lp@n,waP (@)n

-1, n — Ssu ]‘:l—i_L
A lllw-1r(e) o Pmn el rof gy p A
00
) (3.27)
[ [
F Py = .
IE 2w @ymwie @) ve;&{gmn [CI—
. v#0

for every f € W=(Q)" and F € £ (W, *(Q)", W, *(Q)").
The following result is a consequence of known results :
Proposition 48 The Lamé Operator E defined by
u+— Eu = —div e(u),
is an isomorphism from W, P (Q)" to W=1P(Q)" for every p € [2, 00[.
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Proof. The result is well know for p = 2. This fact, together with Theorem 3.5 of G.
Geymonat [28], shows that E is an isomorphism for p > 2 from W27 (Q)" N W, (Q)"
onto LP(Q)". To prove that E maps W,”(Q)" onto W~#(Q)", one can follows
exactly the same argument used by J. Lions et E. Magenes in the proof of Theorem
8.1 of [33] for the scalar case, which is still valid in our case. It remains to prove the
injectivity of E. Since p > 2, W, (Q)" € H}(Q)". Then, if Eu = 0, the uniqueness
in H}(Q)" gives u = 0. This concludes the proof. m

Corollary 49 For every p > 2, the mapping g — div (g +' g) is onto from
LP(Q)™X" o W=LP(Q)™.
Proof. For every f € W—1(Q)", consider the problem

—div e(w) = f,

w € Wy (Q)".

In view of Proposition 48, this problem has a unique solution. The result follows
immediately by taking ¢ = —Vw. =

Lemma 50 Let p > 2 and set, for every f € W 1P(Q)",

||f||;‘/,1,p(ﬂ)n = 1nf{||g||Lp(Q)nm s.t. EdZ’U(g _|_t g) — f a?’ld q € LP(Q) X } (328)

Then,
Aoy < ILFIFv-10(0)- (3.29)
Moreover || - [[§—1,5(q). defines a norm on W=2(Q)" and
[div glltysogape < lgllznaysns Vo € L(Q™ (330

Proof. We proceed in three steps.
Step 1. Let us show (3.29). Let f € W~1P(Q)". According to Corollary 49, there
exists g € LP(€2)™*" such that f = $div(g +" g). Hence

( W
Wfllroy = sup o tpem g on
wotr(@) ot [
weW,? (Q)n 0o
w0
14 t
= sup o g)’w>wfl,p(mn,wé’p'(m”|
\ o el v o (3.31)
weW,? (Q)n o @
w70
. | Jo $(9+19)-Vw daf
- el o
wEW()l’p’(Q)" WP ()
\ w#0

where %4— z% = 1. But
(9+'9)-Vw=(g-(Vw)+g - ("Vw)) =2g-e(w).
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Then, from (3.31)

| [q9 - e(w) dx]
Ufllhw-soee = s S
wewy? (@) Wt ()
w70
- 19[[ Lo @ynxn [le(W)| 1 @ynxn
- wGWOI’pI(Q)" |||w|||W01,p’(Q)n
w#0
= HgHLp(Q)an

Since g is an arbitrary function in LP(2)™*" such that f = idiv(g+"g), this implies
(3.20).

Step 2. Let us prove that || - [|§ -1, (g 15 a norm on W~#(Q)".

First : Let f € WHP(Q)"™ Then, if || f|lfy-1p(q). = 0, in view of (3.29), this implies

f=0. R
Second : Let f, f € W=bP(Q)". Then, there exists g, § € L*(2)"*" such that

PO (3.32)

which implies that f + f = sdiv((g+7) +' (9 +7)). Hence

1 . = nxn
| f+ f||W L@ = nf{ ||| Lo(ynxn s. t. §dw(1/) +rp) = f+ f, € LP(Q)™"}
S g + Gl ze@ymxn < ||glloymxn + 1G]] Lo (ynxn.

This is valid for all g, g € L*(Q2)™*" satisfying (3.32), hence

1f + FIRv-ro@n < -1y + 1FIBr-10(@ye-

Third : Let f € W=(Q)" and A € R. Observing that

1 1
{g € LP(Q)"" s.t. §div(g +tg)=\f}={)\g s.t. g € LP(Q)""", §div(g +tg) = £},

we obtain
A 5-2o(0ye = I -1
Step 3. Let us prove (3.30). If g € LZ(Q)”X", then

1
div g = §div(g +'9).

In the rest of this section we also adopt the following notations :
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3.4. Proof of a Meyers type estimate

o for F e £(W,P(Q)",W=(Q)") and G € L (W12(Q)", W, *(2)") we set

( I1E@)I15, -1
FI* = su W= P
IV 20 gy =) vewggmn Mol 0 oy
v#0
(3.33)
NGy 1 gy
* _ 0
\ $#0
To prove Theorem 45 we will use the following two lemmas :
Lemma 51 With the notations of (5.26)-(3.27)-(3.53), set for every p > 2,
H=(E) " E:uecW,?(Q)" — —div e(u) € W P(Q)" and
h(p) = HHHZ(W—I,]}(Q)nyW(}’p(Q)n)' (334)

Then, for every p, > 2, there exists a function h continuous on [2,p,] such that

h(p) < h(p),

R (3.35)
h(2) = 1.
Proof. Let p, > 2 be fixed. For p € [2,p,], let M be the mapping
M p e LP(Q)" — e(w) € LP(Q)"",
where w is the solution of
—div e(w) = 1div(y +' V),
(3.36)
w e Wy (Q)"
and set
N(p) = M| c(zo@ymsn, Lo@ymsn)-
Let ¢ € W=1P(Q)". Then, for every ¢ € LP(2)"*" such that
1
¢ = Sdiv(y +t 1) (3.37)

(which exists from Corollary 49), one has
1
Ho = §H(dw(¢ + ) = w,
where w is the solution of (3.36). This implies

H|H¢||’W01’p(ﬂ)" = ’mew(}’f’(mn = [le(w)||zr @ynxn
= |IM@) e @ymxn < N(p) [[¥]| L2 (ynxn-
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Hence, since ¢ is an arbitrary function of LP(Q)"*" satisfying (3.37), from (3.28)
one has

[Holwer@p < N@) inf  [[dl[eo@yon = NO)|liy-1000
”L/)GLP( nxn
Fdiv(p+ty)=¢

for every ¢ in W 1?(Q)". Using (3.33) and (3.34), this gives
h(p) < N(p).
By the Riesz-Thorin interpolation theorem, we have

N(p) < N(p,)' @ N(2)"®,

with ) )
1 1-
1 (p) N (n) (3.39)
P Do 2
Hence,
h(p) < N(p,)" "% N(2)"®), (3.39)

On the other hand, let ¢ be in L?(Q)"*" and take w as a test function in the
variational formulation of (3.36) written for p = 2. We obtain

T .
%Z(Q)an = ‘<§(dZ'U(T/J ‘|‘t 1/}), w>H—1(Q)n7Hé(Q)n‘

- |/3<w+w>~wdx|

le(w)

- ‘/w d.’L" < Hd]”[} nxn"@(ﬂ])“[)(ﬂ)nxn,
which implies that

M) 2(@ymen = [le(w) 2@

.,(Q)nxn,
for every ¢ in L?(Q2)"*". Consequently,

N(2) < 1.

This inequality, together with (3.39), gives

h(p) < N(p,)' . (3.40)

But, by virtue of (3.38), 8(p) = iéio :gg, hence the function / defined by
0

h(p) = N(p,)' ="
is continuous on [2,p,] and E(?) =1, which, together with (3.40), gives (3.35). =
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3.4. Proof of a Meyers type estimate

Lemma 52 With the notations of (3.4)-(3.26)-(3.27)-(5.33), let A € M, («, 3,)
and set, for every p € [2,+00],

E() = —div(e()), A() = —div(Ae()),
(3.41)

— *
k(p) - ||IE AH (Wlp (n, W—l,p(Q)n)'

Then,
k(p) <1-—

Proof. Let v € W,”(Q)". Then, since (E — %A)U = —div((E —
(E — 5A)e(v) is symmetric, from Lemma 50 we have

%A)e(v)) and

(B = S0l < I0E = ZA) e

1
B
i.e.

1 P
(B = 380 li-roien)” < [ (B = S )e(w) de (3.42

Since )
VA ERYT, (B - SANA| < (1- %)\AP,

by Remark 38, we have
1 o
VA € R™", (B = ZA(x)Al < (1= Z)[A].
B B
Hence, choosing A = e(v)(z), we obtain

1
I(E = gA(@)e(v) @) < (1= F)le(@) )]

From this inequality and (3.42), one deduces

1 * P P
m@—EMWMwmn)SO—?H(wamzﬂ—%HMMW®

for every v € W,P(Q)". Using the fact that

I(E — FA)0[y -1
k(p) = sup ,
vEWEP(Q)" |||U|| |WO”’ (Qn
v#0

we obtain the claimed result. m

Proof of Theorem 45. Let p, > 2. We still use the notations of (3.26), (3.27),
(3.33), (3.34) and (3.41) and proceed in two steps.
Step 1. By virtue of Lemma 52, we have

Vp>2, k(p) <1-— (3.43)

S E
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Moreover in view of the continuity of & on [2,p,] and the fact that h(2) = 1, Lemma
51 shows that

36 €]0,p, — 2] s.t.Vp € [2,2+ 6], hip) <h(p) <1+ %. (3.44)
Using (3.43) and (3.44), and setting
p=2+56, (3.45)
this gives
~ _ «
3p €]2,p,] s.t. Yp € [2,p[, h(p) k(p) <1 - (5)2 <L (3.46)

On the other hand, from (3.34) and (3.41), using the norm || - [[f;—1,,q), one has

1
1H B+ S8 g sy < hio) ko).

Then, from (3.46)

35 €2, p,] 5.t Vp € [2,5], |[|H(-E + %A)|||£(W5,p(mnywé,p(mn) 1o (%p<r
(3.47)
This implies that, for any p such that 2 < p < p, the map I + H(—E + %A), where
I = id, is invertible in W, (Q)" .
Step 2. Equation (3.12) is equivalent to

1 1
Eu+ (-E+ -A)u = =div g.
TErghe=3

Hence,
(I+ H(-E + %A))u _ %H(dz’v 7). (3.48)

Let p be defined by (3.45). By assumption, g € LE(2)™*™ for some p € [2,p][.
From Step 1, I + H(—E + %A) is invertible in W, *(Q)", so that (3.48) implies that
u € Wy (Q)". Moreover from (3.33), (3.34), (3.47) and (3.48)

1
lelllygriye < NHE+ ZAN (e e el oy

1 )
+ S 6)llyray

< u—w%fmmmmwmw

1 ‘
+ E"H‘IZ(W—I,p(Q)nywol’p(Q)n) Hdm} g”{(/V*l,P(Q)"'

This gives, from (3.44),

« 1 a. .
Hulllyr@y < (1= (E)Q)WUH‘WOLP(QVL + 5(1 + E)Hdw 9l —r00)n-

60



3.5. Preliminary results on the H?-convergence

Hence,
o 1 N N
(E)2|I|U|||ng(g)n < 3(1 + E)Ildw w1y

so that, from Lemma 50 and the symmetry of g,

a+p
o2

H|UH‘W01’I’(Q)7L < 91| 2o (s

This gives (3.13), since the two norms ||| - H]W&,p(ﬂ)n and || - HWOLP(Q)n on Wy ()"
are equivalent with constants depending only on p, Q and n. =

3.5 Preliminary results on the H’-convergence

We introduce the perforated domain
Q =0\ T,
where T} is a sequence of compacts subsets of {2 and set
V.={ve H' ()" s.t. v=0 ondQ}.

We denote by " the extension by 0 from €2, to €2 and set x* = x,_. In the following
v denotes the outward normal unit vector on the boundary of €)..
To generalize to perforated domains the results given in Section 3 for fixed domains,
we recall first the main results concerning the H?-convergence, introduced by P.
Donato and M. El Hajji |24].

Definition 53 ([24]) The set T, is said to be admissible (in Q) for the linearized
elasticity (or e-admissible), if and only if

i) every L™ weak -limit point of {x°}. is positive a.e. in ,

i) there exists a positive real C, independent of €, and a sequence {P.},_ of linear
extension operators such that for each ¢

P.oe L(V., Hy(Q)"),

(Pv), =v, Ywel, (3.49)

|QE

le (P.v)||2(@ynxn < C lle(@) |2 ynxn, Vo € Ve

We denote by P* the adjoint operator of P., which is defined from H~'(Q)" to V!
with P* given for every f € H™'(Q2)" by

Vv € Vg, <P5*f;U>VE’7VE = (/, PEU>H—1(Q)n7H5(Q)n-

Definition 54 ([2/]) Let A® € M, (o, 5,Q2) and T. be e-admissible in Q2. We say
that the pair (A%, T.) H?-converges to the tensor A° € M, (a/,,Q) and we write

(A, T.) e A% if and only if for each function f in H=" (Q)", the solution u® of
—div (A%e (u®)) = Prf in Q)

(A%e (u®))y =0 on JT, (3.50)
u* =0 on 09,
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satisfies the weak convergence

i) P.(u¥)—u’  weakly in H}(Q)",

— (3.51)
i) Afe(uf)—A%(u®)  weakly in L?(Q)"*"
where u° is the unique solution of the problem
—div (A% (u®)) = f in Q,
(3.52)

wW =0 onoN.

Remark 55 1) In the case where T, = 0, this definition reduces to the definition of
H.-convergence [26].

2) The definition of H°-convergence is independent of the choice of the extension
operators P¢ (see [24]).

The main properties of the H-convergence are given by the results below.

Theorem 56 (compactness) ([24]) Let A® € M, (a, 3,82) and T, be e-admissible in
Q. Then, there exists a subsequence of {e} (still denoted by {c} and a tensor
A’ € M, (&, 8,9) such that the sequence {(A®,1.)}. H-converge to A°.

Remark 57 The fact that A° belongs to M, (%, B, Q) is not explicitly state in [24],
but can be easily deduced with the same arquments as those given for the case of a
fixed domain.

Theorem 58 (Locality) ([24]) Let Oy and Oq be two bounded open sets in R",
and let T' and T? be e-admissible in Oy and Oy respectively. Let C$ belong to
M. (e, 8,04) and C5 to M, («, 8,05) and satisfy

0
{(CTJT&})}& }i C{) mn 017
0
{(C5.12)). = 8 in Oy
Then, for any w relatively compact open subset of O1 N Oy, we have

(wNT!=wnT? and C{;=C5 on w\1))=(C} =C) onw).

Finally, we give the following result of type div-rot which will be used in the follo-
wing :

Theorem 59 ([24]) Let T. be e-admissible in Q and {&°} € L? (Q.)""" a sequence
such that & is bounded in L* (Q)"*" and

—div & = Prfe in €,
Ev=0 ondT,,
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3.5. Preliminary results on the H?-convergence

where { f¢} is in a compact of H=' (Q)". Then,
i) div 55 is in a compact subset of H=' ()",

i) If & converges weakly to some £ in L2 (™", then f¢ converges strongly to
O = —div & i H1 ()", Therefore ifn° € H' (Q)" is a vector field which converges
weakly to some n° in H' (Q)", then

g.e(ifF) = .e(n) in D'(Q).

Proposition 60 Assume that (A, T.) e AY and let w CC Q. Suppose that, for
every symmetric matriz A € R™", there exists a sequence {wy} bounded in H'(2)"
such that
( —div (A%e (wy)) = Prgy in Q.,

i

) with g5 is in a compact of H~ ()",

(3.53)
it) A%e (wi)v =0 on 1,

[ i) wi — Az weakly in H* (w)".

Then, wh and x°A%e(w}) lie in a weak compact of H'(Q)™ and L*(2)"*" respectively.
Moreover, one has
eA%e(wi) = AN in L*(w)™ ™. (3.54)

Proof. Since {w%} is bounded in H'(Q)" with respect to £ and A belongs to
M,(a, 3,9), then there exists w € H' () and £ € L%(Q)™ " such that, to up
subsequence,
wi — w weakly in H'(Q),
(3.55)
XA e(wy) — & weakly in L*(2)"*".

On the other hand, let f € H1(Q2) and w® € HJ(2)" the solution of (3.50). Then,
for every symmetric matrix A € R"*", we have

—

Ate(uf).e(wy) = x*A%e(w}).e(Pu®) a.e. in L.

Passing to the limit in D'(Q2) in this equation and using Theorem 59, first to the
left-hand side for €5 = Afe(u®), n° = w and then to the right-hand side for & =
Afe(wy), n° = P.uf, we obtain

A%e(u’).e(w) = .e(u’) a.e.in Q,

0
where we used (3.55) and the fact that (A°,T,) I 40,
By virtue of the symmetry properties of A® and £°, this is equivalent to

Ae(w).Vu' = . Vu’ ae. in Q. (3.56)
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Since the choice of f is arbitrary in H~1({2) and the operator

U: Hy(Q) — H'(Q),
U — Z,{(u) = —diU(Aoe(U))7

is an isomorphism (as A° € M, (%,B,Q)), equality (3.56) is still valid for every

u’ € Hj(Q). Hence,
A%e(w) = €% a.e. in Q.

This, together with (3.55) and (3.53)iii), gives
A°A = €% ae. in w.

This implies that the whole sequence x° A%e(wq ) converges weakly to A°A in L?(w)"*™.
]

Remark 61 In Proposition 60 we do not need to make any assumption on the trace

of wi on 0€).

Proposition 62 Assume that (A, T.) e A°. Then for every w CC 2 and A€ RE*™,
there exists a sequence {w%} of valued functions of H(Q)" such that

i) {ws} is bounded in H'(Q)",

ii) {wi} satisfies (3.53),

ii) 3¢ > 0 independent of € and A such that

(i) iz < clA
Proof. Let v§ be the solution of the system
—div(A*(x)e(v](2))) = PX (=div(A°()e(p(z)Az))) in Q,
(Afe(vy))v =0 on 01, (3.57)

vi =0 in 0f,

with ¢ € D(Q) and ¢ = 1 in w. Using the fact that (A%, T;) T A0 and A° €
M.(&, B,), we deduce that wi = P.vj is bounded in Hj(Q)" and satisfies (3.53)
for w. Moreover, choosing v% as test function in the variational formulation of (3.57)
gives (in view of (3.49))

le(P.v)llzz(ayeen < clAl,

with ¢ > 0 independent of £. m

3.6 Two estimates on the difference of H'-limits

In this section we extend the estimates stated in Section 3 for the difference of
two H-limits to the difference of two H?-limits and we give again two estimates.
The first result (Theorem 63 below) is an estimate of the L'-norm of the difference
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of two H?-limits and generalizes the one established by M. Briane, A. Damlamian
and P. Donato [8] for the second-order elliptic equation to the linearized elasticity
system. The second one (Theorem 65 below) gives a pointwise estimate.

In both cases, we need to assume an uniform L? estimates for one corrector (see
Assumption (3.59) below). This is not an additional assumption in the case of a
fixed domain, since it follows by the Meyers estimate given in Theorem 45. As
mentioned in the introduction, the generalization of the Meyers estimate in the
case of perforated domains with a traction condition remains an open question, and
the proof given for the elliptic case and one reference hole (see [8]) seems not be
adaptable to the elasticity system.

Let T} (respect. T?) be e-admissible in 2 and x5 (respect. x5) be the characteristic
function of Q\ T! (respect. 2\ T1).

Theorem 63 Let w be a relatively compact open subset of ), , {A°} € M.(«, 3,Q)
and {B°} € M.(d, ', 82) such that

(45,7 40
e 4 (3.58)
(B, T?) = B°
Assume that (B¢, T?) satisfies
dp > 2 s.t. for every A € RY*™, there exists {ws} bounded
in HY(Q)" which satis fies (3.53) and
(3.59)

le(wi)llzr@ymen < d[A],

where d > 0 is independent of € and A.
Then, there ezists ¢ > 0 (which depends on «, 5, B', d, C, p, n and w) such that

|A° — BY[11() < climinf (|(T)AT?) Nw|+ ||A® — Bf|luiw) (3.60)

where T = % and C is given by (3.49) for T.
Proof. We denote by x§ (respect. x5) the characteristic function of Q\ 7! (respect.
Q\T2). Let A € R&"™ and v the vector valued function given by Proposition 62
and associated to the pair (A%, T1).

Set for z a.e. in Q
MFA =e(vy), VA eRY™,

(3.61)
NeA =e(ws) VA e RY™
Using Proposition 62 and assumption (3.59) on (B, T?), we get
||M8||]L2(w) S G,
(3.62)
[N |lee ) < d,
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with ¢ > 0 and d > 0 are independent of ¢.
On the other hand, using (3.61) and arguing as in the proof of Theorem 43, we
obtain
(NXTATME)ijm = x[A%e(vg,, )-e(wE,),
(3.63)
(NeX3BM®)ijm = x5 B e(wg,).e(vg,,)-

Taking into account Proposition 60 and Proposition 62 and applying Theorem 59
first for £ = A%e(vg,, ), n° = w,, and then for £ = Be(wy, ), n° = v,,, we obtain

(tNgxiAEME)ijkl — AOEkl.EZ‘j = A?jkl in D'(w),
(tN‘EX;BSM‘E)Z‘jkl — BOEijEkl = Bl(c)lij = Bzojkl in D,(CU).

This implies

ENE(NGA® —5BS) M — A° — B inD'(w),
thus

ENE (XGA° — x5B°) M — A — BY inD'(w).

This gives, from the weak lower semi-continuity of L!(w)-norm
| A% — B||p1 () < lim inf |*Ne (x[A° = x3B°) MEHLI(w) :
Now, using (3.62) we obtain
|A° = By < ded lim inf [(XTA° = X58) [|pa (0

. . £ £ £ g l E AE > & l_l
< c’cdhmglnf <||X1A —x5B ||fi1(w)||X1A — XaB°| | >

Lo (w)

where ¢ >0 and § + Il) + % = 1. Taking into account the fact that ||A®|| =) <8
and ||B®||peowy < B, we deduce

14° = Bl < en liminf[S A" = X587

= limginf||xi (A°* = B®) + (x] — X%)Bg||£1(w)

Q=

IA

1 limginf (Hxi (A° = B) || + || (x5 — X;)BEHH}(M)

Q=

< o limginf (||AE — Bf||lurw) + Xt — X§||L1(w)) ’

with ¢; = ded(8 + 6’)1_% and ¢ = ¢; max(1, 8'). This gives (3.60). m

Corollary 64 Let T, be e-admissible in Q and A® € M.(«, 3,X2) such that A® Ut
A%, Then, if |T.| goes to 0, one has

(45, 1) 8 A0, (3.64)
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Proof. Let T, be e-admissible in €2 such that |T.| — 0 and let A° € M, («, 5,Q)
which H,-converges to A°. Then,

0
(4°,0) 75 A°.
Moreover, Proposition 46 shows that the pair (A%, () satisfies Assumption (3.59) for

some p > 2. On the other hand, in view of Theorem 56, there exists
B’ € M (&, .9) such that

(A=, 1) < B,
Also, for every relatively compact open subset w of €2,
lwN(T: AD)| = |lwNT.| <|T.] — 0.
Hence, from Theorem 63, we obtain
B%(2)A%x) a.e.inw,
which gives the result (since the choice of w CC Q is arbitrary). m

The second result is the following pointwise estimate of the difference of two H?-
limits :

Theorem 65 Let w be a relatively compact open subset of Q, T} and T? be e-
admissible in Q, {A°} € M (a, 5,Q) and {B*} € M.(, ', Q) such that

and (B?,T?) satisfy the estimate (3.59) for some p > 2 and d > 0. If

X5|A%(z) — B (x)| < h¥(x) a.e.inw,

(3.65)
with h® — h® strongly in L'(w)
and
X5 — x5 — 0 strongly in L'(w), (3.66)
then
!
1A — BY| < 6—6, R a.e.in w. (3.67)
oo

Remark 66 Assumption (5.66) is obviously satisfied when T} = T? for every €. If
not, we need to suppose the strong convergence (3.66), since one needs some strong
convergence in L', as already seen in Theorem 44 for the case without holes.
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Proof. Let A € RY*™\{0} and v the vector valued function given by Proposition
62 and associated to the pair (A%, T!). Let also 1) € D(w) such that ¢ > 0. Set

e = inf{h, 3+ B},
0 — inf {1, 5+ B’}

Then, by virtue of the dominated convergence theorem and hypotheses (3.65), we
have

B — RO strongly in LY(w), Vg :1 < q < +o0. (3.68)
On the other hand, we have

D= / BOGA — X5B°) e(vs).e(w)de = I° + J.,

where

7 = [, ¥xix3(A7 = BY) e(v}) e(wf)de,

= [ (x5 — x5) (A% + x5B°) e(v3).e(ws)da.

Then,
IDF| < |1 + | . (3.69)

Step 1 (Computation of liIT(l)DE). By Proposition 60 and Proposition 62, if we apply
E—>
Theorem 59 first for £ = Afe(v%), n° = wj and then for & = Bfe(w}), n° = v§, we
get
XiA%e(vy).e(wy) — A°A.A in D' (w),

(3.70)
x;Bfe(wy).e(vy) — B°A.A in  D'(w).
This implies
lim D* = / Y(A° — B%) A.Adz. (3.71)
E—

Step 2 (Estimation of hm Sup|]€|) Since x5|A° — Bf| < h® a.e in w and
X5|AS — B | < B+ a.e. in Q, then

= [ oxig (67 = B)) elehelus)da

< [ wldle) (hfxae(wzn) &

We use here an argument introduced by L. Tartar for the proof of a similar result for
the elliptic case and a fixed domain (see [47], Proposition 16). For every a, b € R%
such that 4abac’ = 1, we have

XY <aaX?+bd'Y? VX,Y eER.
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Hence B
Pl <aa [ indle@Pdatia’ [ o nslei) Pz, (@72

v

TV TV
> [
I IS

As {A°} € M (a, 5,Q) and {B*} € M,.(d/,3,Q), we get

It < a [, b Ae(v) e(v3)d,
i (3.73)
I5 < bfwI/J(hS)QXgBEe(wf\).e(wf\)dx.

On the other hand, in view of Proposition 60 and Proposition 25, Theorem 59 applied
first for £&5 = A%e(vy), n° = v and then for £&& = Be(w?), n° = wj, implies

i A%e(vy).e(vy) — A°AA in D'(w),
xsBfe(ws).e(wiy) — B°A. A in  D'(w).
But by virtue of Assumption (3.59) made for (B¢, 1), there exists p > 2 such that

x5 Be(ws).e(ws) is bounded independently of & in L% (w). Then, it converges weakly
(up to subsequence) in this space. Hence

XiA%e(vg).e(vy) — A°A. A in D' (w),
5 Bfe(ws).e(wy) = B°A.A  weakly in L2 (w).

This together with (3.68) and (3.73) gives, passing to the limit as ¢ — 0 in (3.72),

limsup|I°] < a / AN dz + b / G(h°)? BOA Ada.

e—0

Hence, (in view of the fact that A° € M.(%.5,Q) and B® € /\/le(g—;, B,Q)

e—0

lim sup| 1] < |A] / " (aﬁ + bﬂ’(h°)2> du, (3.74)

for every a, b € R% such that 4abaa’ = 1.
Step 3 (Computation of lin[1)|J€|). By Proposition 62 and assumption (3.59), one has
e—

le(wi)llL2 (@)™ < c|Al,
[le(wi)|lze (w)™™ < d]A],
with ¢ and d are two positives constants independent of €. Hence
7 < [ 0l = 6l + et e
< supY{IXG = X5l le(illaymce lle(wi)llogy
< XS = Xl AP,

69



Chapitre 3. Meyers type estimates in elasticity and applications to H-convergence

with ¢ > 0 independent of € and 1 = % + 3+ %. But, in view of(3.66), we have

1
Lr(w) — </ \Xi—XZVdJU)
= </\X§—X§!d93> — 0.

lim|.J¢| = 0. (3.75)

e—0

Step 4 (Conclusion). From (3.69), (3.71), (3.74) and (3.75), it follows

X1 — X5

Then,

]/1/1(/10 — BA.Adz| < /w (a5+b5'(h_°)2) A[2dz.

As the choice of ¢» > 0 is arbitrary in D(w), we deduce that, for every symmetric
matrix A € Ry*" \ {0} and for every a, b € R% such that 4abac’ = 1, we have

(A% — BY)AA| < (w + bﬁ’(h_o)2> A a.einw. (3.76)

Let us prove now that for z a.e in w there exists a(z), b(z) € R such that
4a(z)b(r)ae’ =1 and for every A € RY™

(4%) — BY)AA] < 20 w0 AP (3.77)

To do that, let x a.e. in w.

First case ﬁO(;p) # 0 : It suffices to choose in (3.76)

a(2) = 190 (@) S

b(z) = —L oy
28'h0(»)

Second case h°(z) = 0 : In this case we have to prove that

(A%(z) — B®(z))A.A = 0. (3.78)

We take in (3.76), for m € N*

1
a=—,
m
1
b= m—
m4aa"
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which satisfies 4abac’ = 1. Then,
(4°) — Be)AA| < AP,

which gives (3.78), as m — oc.
To conclude the proof, observe that from (3.77) and Remark 38, for all matrix
A € R™™ we have

(A%(x) — BY(2))A| < ,/%h_@(@w ae. in w,

which gives finally (3.67). m
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Chapitre 4

A property of the H-convergence for
elasticity in perforated domains

Published in [30]

Abstract

In this work, we obtain the H?-convergence as a limit case of the H,-
convergence. More precisely, if . is a perforated domain with (admissible)

holes T, and x. denote its characteristic function and if (A%, T;) e AV we
show how the behavior as (e,d) — (0,0) of the double sequence of tensors
A% = (x: + 0(1 — x¢))A® is connected to A°. These results extend those given
by D. Cioranescu, A. Damlamian, P. Donato and L. Mascarenhas in [10] for
the H-convergence of the scalar second elliptic operators to the linearized
elasticity systems.

4.1 Introduction

The notion of H-convergence has been introduced by F. Murat and L. Tartar
[39], [40], [46] for the second-order elliptic operators (non necessary symmetric) and
extended to the case of holes by M. Briane, A. Damlamian and P. Donato in [8] and
called H-convergence. In [10], D. Cioranescu, A. Damlamian, P. Donato and L.
Mascarenhas obtain the H%-convergence as a limit case of the H-convergence with
a vanishing coercivity constant in the holes.

In this work, we show that a similar property holds for the linearized elasticity
systems, namely between the H.-convergence studied by G. A. Francfort and F.
Murat in [26] and its generalization to the case of holes, denoted by H?-convergence,
which has been developed by P. Donato and M. El Hajji in [24]. The H.-convergence
deals with the convergence of the solutions of a system of linearized elasticity whose
tensor coefficient {A°} are equibounded and uniformly definite positive. The H?-
convergence treat the same problem in a perforated domain (). with a traction
condition on the holes for which uniform Korn estimates hold.

Let us briefly describe here the main results of this paper. Let 2 a bounded
open subset of R™, {T.} a sequence of (admissible) holes, denote Q. = Q\ T the
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perforated domain and x¢ the characteristic function of .. Let also { A°} a sequence

0
of linearized elasticity tensors on € such that (A4%,T.) B A0, We prove (Theorem
78) that if we set for every § > 0

A5 = (xe +6(1 — x))A® ae.in Q

and if AS H.-converges to a tensor A (for some subsequence), then A5 — A° strongly
in LP(Q2) for any p > 1, and weakly x in L*°(Q2). Moreover, under suitable assump-
tion (see (4.32) below), we have also (Theorem 79)

u§ — u strongly in H'(Q.)",
(A5 = (A°,T.)) in the sense o

Ase(us) — Afe(uf) strongly in L*(Q)™*"
and (Theorem 80)
u§ — u® weakly in Hy(Q)",

(A5 (©020.0) A% in the sense
Ase(ug) — A% (u®) weakly in L*(Q)™",

where u®, u§ and u® are the solutions of (4.2), (4.13) and (4.4) respectively. This
results can be resumed by the following commutative schema :

A5 A
\ N
(45, 1) Z< q0,

The definition and the main properties of the HC-convergence are recalled in
Section 2. In Section 3 we give some preliminary results and in Section 4 we state
and prove the main results.

4.2 The H’-convergence

We use the following notation :
o If A= (Ajju)i<ijhi<n is a forth order tensors and A € R™*", we set

(AN = Z Aijklqu

1<i,jk,I<n

AT - Z AijTij,

1<i,j<n

Al=( 3 AP,

\ 1<4,5<n

e () is a domain of R",
e if I is a set of matrices fields, Fls = {M € I s. t. M is symmetric},
e {¢} and {0} denote a two strictly decreasing sequence converging to zero,
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o if v = (v1,... ,v,) is a vector valued function and ¢ = ({;;) is a second order

1<i,j<n
tensor of variable z = (x1,... , ), we set

( avi
(Vv)ij = 81'] = ijvi,

e(v) = %(Vv +!' V),

\ (dZ'I}f)Z - ag)j;

e for two real numbers a and /8 such that 0 < a < 5, M, («, 3,12) is the set of the

tensors A = (Aijkl)1<ijk 1<, defined on Q, such that a.e. on €2 we have

(1) Aijr € L> (), for any i,j,k,l=1,...,n,
i) Aijjrr = Ajie = Apiij, for any i,5,k, 0 =1,...,n,

i) « \A\Q < AA.A,  for any symmetric matrix A,

| iv) |AA| < B|A|, for any matrix A,
oif f € H71(Q)" and u € Hy(Q)", we set (f,u) = (f,u)y-1(qy,mi ()

Let us recall first the main results concerning the H2-convergence introduced by
P. Donato and M. El Hajji [24]. Introduce the perforated domain

Q. =0\ T,
where T, is a sequence of compacts subsets of €2 and set
Vo={veH' ()" s.t. v=0 onoN}.

In the following, we denote by v the outward normal unit vector on the boundary
of Q. and " the extension by 0 from (2. to € and set x* = x,,_.

Definition 67 ([2/]) The set T is said to be admissible (in Q) for the linearized
elasticity (or e-admissible), if and only if

i) every L™ weak x-limit point of {Xne }5 s positive a.e. in 2,

ii) there exists a positive real C, independent of ¢, and a sequence {P.}_ of linear
extension operators such that for each e

P. € L(V., Hy(Q)"),
(ng)‘ns =v, Yvel, (4.1)

le (Peo)llpn < Clle()llpq,, Vo eV
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We denote by P* the adjoint operator of P., which is defined from H~'(Q)" to
V! with P* given for every f € H~'(Q2)" by
Vo € Vo, (BXf,o)vev. = (f, Poo)y-1ym mi )
Definition 68 (/2/]) Let A* € M, (a,,9), T. be e-admissible in Q. The pair

0
(A° T.) is said H?-converge to the tensor A° € M, (o, 3',2) and denoted (A®,T.) o
AY if and only if for each function f¢ € H=Y(Q)" such that ¢ — [ strongly in
H=Y(Q)", the solution u® of

—div (A%e (u®)) = P*f° in S,
(A% (u®))v =0 on JT, (4.2)
u* =0 on 09,

satisfies the weak convergence

i) P.(ut)—u®  weakly in H}(Q)",

— (4.3)
i)  Afe (uf)—A%(u®)  weakly in L*(Q)™*",
where u° is the unique solution of the problem
—div (A% (u°)) = f in Q,
(4.4)

=0 on 0N.

Remark 69 1) In [24] the definition is given for fized f* = f. The two definitions
are equivalent in view of Proposition 2 of [24].

2) In the case where T. = (), this definition reduces to the definition of the H,-
convergence [26].

This notion of convergence makes sense in view of the following compactness theo-
rem :

Theorem 70 ([24]) Let A® € M, (c, 5,9) and T, be e-admissible in 2. Then, there
evists a subsequence of {e} (still denoted by {e}) and a tensor A® € M, (%,5,9),
such that the sequence {(A®,T.)}. HY-converge to A°.

Remark 71 The fact that A° belongs to M, (%,6,9), does not appears explicitly
in the statement given in [24], but can be easily deduced with the same arguments as
that used in the non perforated case.

Let us recall also a property recently proved in [20].

Theorem 72 ([20]) Let {A°} € M.(«,B3,9) and {B*} € M.(/,,Q) such that
A e 40 4nd Be < BO. Assume that there eists two functions h?, h® € L'(Q) such
that

|A® — B*| < h* — B® strongly in L' ().
Then,

|A%(z) — B®(z)| < sy R%(z) a.e.in €.

ao!
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The following proposition complete a result given in [24] :

Proposition 73 One has
1) If {v°} is a bounded sequence in H}(Q)), then

(v° = v weakly in Hy(Q)") & (P.(v°,.) = v weakly in Hy(Q)") .

2) 1f (

£,0) is a sequence of R% X RY such that (g,0) — (0,0) and {v5} is a sequence
in HY(©)

bounded independently of € and §, then

(v = v weakly in H)(Q)") < (Pg(vg‘ﬂg) — v weakly in H&(Q)”) :
Proof. Suppose that
P.(v",. ) = v weakly in Hj(Q)". (4.5)

Observe first that
vEX* = P(v)g, ) X" (4.6)

On the other hand, since {v°} is a bounded sequence in Hj (), there exists a {¢'} C
{e} and w € H(2)" such that

v¥ = w weakly in HE(Q)". (4.7)
But [x*'| < 1, hence there exists x* € L>(Q) and {¢"} C {£'} such that
xX© — x° weakly « in L>®(Q). (4.8)
Passing to the limit (in D'(€2)) in (4.6) by using (4.5), (4.7) and (4.8), we find
'w = x%.

Taking now into account the fact that (in view of Definition 67) x? > 0, we obtain
w = v. This, together with (4.7), implies that the whole sequence {v®} converge
weakly to v. We refer to [24] for the converse implication.

The proof of (2) follows by the same arguments. m

4.3 Preliminary results

Along this chapter, {A°} is a sequence of fourth-order tensors of M.(«, 3, )
and {7.} is a sequence of holes e-admissible in € such that

A= o, (4.9)
Set, for every o > 0,
AS = (xe +6(1 — x))A® a.e.in L (4.10)
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Since, for fixed § > 0, A5 € M, (min(1, ), max(1,d)5,Q), in view of the com-
pactness properties of H.-convergence, there exists a subsequence {¢,,} of {¢} and
As € M (min(1,0)e, max(1,6)5,Q) such that Az™ B¢ Ay as e, — 0. Hence, for
every 0 > 0, the set

W5 = {As; Hemtmen C {e} s t. Am Ze 45} (4.11)

is not empty.
Let {f°} be a sequence in H 1(Q)" such that

f¢ — f strongly in H~1(Q)" (4.12)
and let As be in Ws. Let uj and u; the solutions of

—div (Aje(us)) = f¢ in Q,

(4.13)
uy =0 on 0N
and
—div (Ase(us)) = f in Q,
(4.14)
us =0 on 0
respectively. We consider now the following sets
Us = {us s.t. ugis the solution of (4.14) for some As € Wi},
(4.15)

Vs={The set of weak limit points of Ase(us) in L*(Q)" as ¢ — 0}.
One has the following result

Lemma 74 One has
Vs = {Ase(us) s.t. As € Wi and us is the solution of (4.14)}.

Proof. It is clear that, if A; € Ws and us is the solution of (4.14), then Ase(us)
belongs to Vs. On the other hand, let v € V. Then, there exists a subsequence {¢,,}
of € such that

Asre(u™) — v weakly in L*(Q), (4.16)

as €, — 0. But the compactness property of the H.-convergence shows that there
exists a subsequence {/ } of {¢,,} and a forth-order tensor A; such that

A He g5
This implies in particular

A?"e(u?”) — Ase(us) weakly in L*(Q)".
This, together with (4.16), gives v = Ase(us). ®
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Remark 75 Let us show that in view of Theorem 72, there exists {e,} C {e} and
for all 6 > 0 a tensor As such that

—~

Asm He g (4.17)

Let us also point out that in Theorem 78 we will consider a more general situation,

where for every 6 > 0, there exists {es} and a tensor As such that Ay A As.

Let us prove (4.17). Using the diagonal subsequence procedure and the compactness
property of the H,-convergence, one extracts a subsequence {e,,} of {e} such that,
Jor every 6 € Q% , one has

ASm H,-convergences to a limit Aj;. (4.18)

Since a.e in £} one has

|Ayr — Ayt < Bl61 — daf, V61, 62 € QF,
A5 € Me(min(1,6;)a, max(1,01)3,€2),
Asr € Me(min(1, 65)a, max(1, 62) 3, Q).

Then, from Theorem 72, it follows

2 Imaz(1,8))maz(1,d,)
As, — A, | < — ’ ’ — 0.
[4s, | = a \/min(l,él)min(l,ég) 01— 0|

This implies that the mapping 6 € Q% — As € L*(Q) is uniformly continuous.
Hence, it can be extended to a mapping (still denoted by 6 — As) defined and
uniformly continuous on all RY (since Q% is dense in R% ).

Let now 6 be a strictly positive real and {05} be a sequence of Q% which converges
to 0 as s — oo. Then, there exists a sub-subsequence {e!,} of {em} such that

A?’"‘ H,.-converges to some A. (4.19)

In view of Theorem 72 this give, together with (4.18) and the fact that \A?” —Agi”] <
B0 — 65|, the following inequality :

2
|A — As,| < — qu(l,d)mq:p(l,és) |6 — 05| a.e.in Q.
: a \[ min(1,5)min(1,ds)

Using the continuity of the mapping 6 — As on R and passing to the limit in this
wmequality as s — 00, one finds

A=A;, ae. inf.

The uniqueness of the limit implies then that the whole subsequence Ay™ H.-converges
to As, for every d > 0.
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The following results state some a priori estimates that we will need in the
following :

Proposition 76 Let u® and uj the solutions of (4.2) and (4.13) respectively. Then,
there exists ¢ > 0 independent of € and § such that

D) IP-5,) = P [y < e (67 + 1077 Py, ) — i)l ).

it) ||e(u3)

7% &€ £ £ %
L2(T.)nxn S c (]. + ) |<f ,Pg(u(ﬂns) — u§>| ) , (420)

| 711) [|Afe(uf) — A%e(uf) [[r2(ayun < c (5§ + (/5 Pelug), ) — u%)\f) :

Proof. Observe that the variational formulations of problems (4.2) and (4.13) are
vwe B, [ Aelw)ew)ds = (F,P.u,) (4.21)

and

Yw € Hy ()", / Ace(us).e(w)dr + 3§ | A%e(us).e(w)dr = (f*, w)

T:

respectively. Then, for every w € HJ ()", one has

/ At (e(us) — e(u®)).e(w)dx + 5/T: Afe(ug).e(w)dr = —(f, P.(w),, ) — w).

In particular, for w = uj — P.u®, this gives

/ Af(e(us) — e(u®)).(e(uj) — e(P.u®))dx + 0 ; Ate(uz).(e(us) — e(P.u’))dx =
—(f Pe((u — Pew’)yg, ) — uz — Pous).
Using the fact that P.u®|, = u®, one deduces
A (e(uj) — e(u®)).(e(us) —e(u))dx +0 | Ae(uj).e(us)dr =

Qe T
_5 / Aoe(ul) e(Pot)dz — (f°, P.(u5) o, — 15).
This gives, in view of the fact that A° € M,(«, 3,),
(u))[Pdx + ad [, le(us)Pdx <

(4.22)
§5|fTsA56(u5) e(Peuf)dx| + [(f*, Pa(uf, ) — ug)l-

Using the Young’s inequality, one obtains

] Afe(uy).e(Puf)dx| < ﬁ/ le(uj)||e( Pou®)|dx
T 1

< (; | u5|dx+—/| (Pouf)dx
a
< e u5|dx+—/| (Pouf)|*dx.

T
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But, taking w = P.uf in (4.21), one finds

/ le( Pou®)|dx < ¢,
0

with ¢; > 0 independent of € and . Then,
|/ Afe(uf).e(Pou)dz| < g/ le(u$)|2dz + ¢z,
T, 2 Jr.

where ¢, > 0 independent of ¢ and §. This, together with (4.22), gives

@ le(u5) — e(u))[*dw + %6 ; le(ug) *de < e5(0 + [(f%, P.(ujy,, ) — u5)l). (4.23)

with ¢; > 0 independent of ¢ and 6. From this, (4.20)ii) follows immediately.

Moreover, since ug ——u® € H}(Q.)", Definition 67 shows that

le(le(ufy,, — u))lloo < Clle(us — )

0,9 -

Hence, by virtue of the Korn inequality, (4.23) gives also (4.20)i).
On the other hand, since A5 = A® a.e. in ), and A5 = §A° a.e. in T;, one has

/ |ASe(uf) — A%e(uf)|?dr < / | Afe(uf) — Afe(uf)Pdz + 62 / | A (uS)2d
Q

€ €

< 0 [ lelws) - elw) P + 578 | fe(wi) P,
T:

Qe
which, together with (4.20)i) and (4.20)ii), gives (4.20)iii). m
Proposition 77 Let u® the solution of (4.4). Then,

L
i) supllu — || g3y < €07,
u€Us
(4.24)
1
i) supllv — A% (u®)||p2(qynxn < €67
vEVs

Proof. Let be us in Us. This means that there exists As € W; such that us is
the solution of (4.14). But the fact that A, is in Wy implies that there exists a
subsequence {e,,} of ¢ such that A5 H.-converges to As. Hence, the solution uj of

—div (A§me(uz™)) = fo in Q,
(4.25)
us™ =0 on 00
satisfies as ¢,,, — 0

i) us™ — ug  weakly in Hy ()",
(4.26)
i) A5me(us™) — Ase(us) weakly in L2(Q)™<.
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FEstimation (4.24)i) : By Lemma 73, (4.26)i) implies that, for every fixed 6 > 0,
P.,. (ugmham) — us weakly in Hy(Q)". (4.27)
Hence, by virtue of (4.12), one has

lim ( fe,., Pe,, (uz™ ) —ug) = 0. (4.28)

em—0 | em

From this and (4.20)i), it comes

iy <0’ (4.29)

E{};TI}LOHPSWL (U(Sm‘ggm) - PE’nzu "
But, (4.27) and (4.3)i) imply

P, (i, )~ P

Em

(ufm) — us —u®  weakly in Hy (Q)".

This gives, by using the weak lower semi-continuity of the Hj-norm,

lus =@ llmyen < Yimy P, (w57, ) = Pt g

where u° is the solution of (4.4). Hence, (4.29) gives

|lus — u0||Hé(Q)n <cd”.

[N

This is still valid for every u; € Us, which implies (4.24)i).
Estimation (4.24)i) : From (4.20)iii) and (4.28), it comes

‘l
8lﬂz7l>1()||A§me(u?’l) — A*me(um) || gagaynxn < €6°.

But (4.3)ii) and (4.26)ii) imply, as &, — 0, that

e —

(Asre(usm) — Ame(usm)) — (Ase(us) — A% (u®))  weakly in L*(€2)"".

In view of the weak lower semi-continuity of the L?-norm, these two last relations
give
1
H(Age(u(;) — Aoe(uo))HLz(Q)an S C62 ,

for every us € Us. Hence,

1
sup [|(Ase(5) — A%(u))l|oyen < 8
us €Us

which, together with Lemma 8, gives the claimed result. m
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4.4 Main results

We give here our main results.

Theorem 78 Let A; € W;. Then, the solution us of (4.14) satisfies as § — 0
i) us — u® strongly in H(Q)",
(4.30)
i) Ase(us) — A% (u®) strongly in L*(2)"<",
where u® is the solution of (4.4). Moreover, one has the following convergence :

Vp e [l,00], A;— A% (4.31)

strongly in LP(Q) and weakly x in L>®(Q).

Theorem 79 Let f¢, [ be in H' ()" satisfying (4.12). Suppose that

Ve >0, (f5,u)=0, Yove Hj(Q)" v=0onQ.. (4.32)
Then, as 6 — 0
i) us — u® strongly in H'(Q.)",
- (4.33)
i) ASe(us) — Afe(uf) strongly in L?(Q)™*",
where u® and u§ are the solutions of (4.2) and (4.13) respectively.
Theorem 80 Let f¢, f € H Q)" satisfying (4.12) and (4.32). Then,
as (€,0) — (0,0)
i) u§ — u’ weakly in Hy ()",
(4.34)

i1) Ase(us) — Ae(u’) weakly in L*(2)"*",
where u® and u§ are the solutions of (4.4) and (4.13) respectively.

To prove these results we use similar arguments as that used in [10]. Before giving
these proofs, we recall the following lemma :

Lemma 81 (/10]) Let {¢y,} be a sequence of L*()). Suppose that there exists
¥, ¢ € L*(Q) such that

Yy — O strongly in L? (),

VmeN, [, <¢ ae in.
Then,

VYm — U strongly in L*().
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Proof of Theorem 78. Observe first that (4.30) follows immediately from Propo-
sition 77.
On the other hand, taking in (4.2) and (4.13), f¢ = f = —div(A(pAzx)) with
¢ € D(2) and A € RY*™, then (4.4) reeds
—div (A% (u®)) = —div(A(pAz)) in Q,
u’ =0 on 09.
This implies, in view of the fact that A? € M.(&, 8,9Q), that
u’ = pAx.
This, together with (4.30), gives
us — oAz strongly in Hy(Q)",
Ase(us) — A (@pAz)  strongly in L*(2)™*".
Taking now ¢ € D(£2) such that ¢ =1 on w and where w CC {2, one obtains
us — A strongly in H'(w)",
(4.35)
Ase(us) — AN strongly in L*(w)™*".
On the other hand, one has almost everywhere in w,

|A5A — A0A| |A5A — Age(U5)| + |A56(u,5) — A0A|

<
S ﬁ‘/\ — G(U§)| + |A56(u5) — AOA’
Then, using (4.35), one gets

AsA — A°A strongly in L*(w)™ ",

for every w CC (2.
Since |A;,, A| < B|A], this gives by Lemma 81 written for ¢, = A;, A (with 6, — 0),

AsA — A°A strongly in L*(Q)™".

By virtue of the symmetry properties of A5 and A°, this convergence is still valid
for every matrix A € R™*". Thus

As — AV strongly in L*(Q)™*".

From this convergence and the fact that ||A;]|1=(q) < /5, one obtains convergence
(4.31). =

84



4.4. Main results

Proof of Theorem 79. From hypothesis (4.32), Proposition 76 and the fact that
Po(u5, ) — u5 = 0in €., it follows

‘l
||ufs|95 — || < ||P6(U§|QE) - Pﬁug"Hé(Q)" <ed’,

= 3
| Ase(us) — A%e(u®) ||p2@ymxn < cd”.
Passing to the limit as § — 0, one obtains (4.33). m

Proof of Theorem 80. i) Under hypothesis (4.32), Proposition 76 gives

e P (10,) = Petll g o = 0

and the fact that A° Z< A9 implies
Pt —u’ =0 weakly in Hy(Q).

Hence, by passing to the weak limit in HJ () as (g,8) — (0,0) in the following
equality
Pe(ug, ) — ul = (P (g, ) — Pou®) + (Peu® — u?),

one deduces
Pe(ug, ) = u® weakly in Hy(Q)™. (4.36)

On the other hand, using (4.32) and Proposition 76, one gets
1
||P5(u§|95) - P€u€||H(}(Q)n <cd?,

le(ui)l L2 gymn < c.

This implies
1
||U§||H3(Qa)n < ||Ps(ufsﬂ )||H3(Q)n <’ + ||P8U5||H5(Q)n;
[o%

||€(U/§)||L2(Ta)n><n S C.

Since P.u® is bounded independently of ¢ in Hj ()", one deduces that u5 is bounded
independently of € and § in H}(Q2)". This, together with (4.36) and Proposition 73,
gives (4.34)i).

ii) Using Proposition 76, the fact that A® e 40 and

——

Aje(uz) — Ae(u’) = (Aje(u) — A%e(uf)) + (A%e(u7) — Ae(u”)),

one obtains the convergence (4.34)ii). m
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Conclusion

Les résultats présentés dans cette thése contribuent au développement des tech-
niques de I’homogénéisation pour I’élasticité dans les milieux composites et perforés
et peuvent s’appliquer a plusieurs situations. Dans cette section, aprés quelques
commentaires sur les résultats obtenus, nous donnons quelques perspectives d’ap-
plications

Commentaires

a) Dans le chapitre 2, nous avons rappelé la propriété de compacité de la HP-
a (2
c? o’
nance était déduite de la démonstration de cette propriété [24]. Mais, dans les autres

convergence (théoréme 19) avec AY appartenant a M, Q), cette apparte-

. . ’ ’ 2 . . Y . a
chapitres nous 'avions énoncé avec plus de précision, a savoir, A° € M, [ —, 3,9 ).
3 ? [ 02 ? )

Cette information supplémentaire sur la constante de bornitude s’obtient exacte-
ment comme dans le cas scalaire symétrique sans trous (voir proposition (13.6) de
[12]).

b) Les résultats du chapitre 2 sont assez généraux car nous n’avons pas supposé une
bonne séparation d’échelles et nous avons considéré comme cellules de références
des ouverts connexes de R" qui possédent la propriété du pavage. Ce qui permet
d’envisager une classe de trous plus large que celle qu’on peut obtenir par les pavés.
Par exemple, les trous suivants :

sont, périodiques pour la cellule suivante (ce qui n’est pas possible par les pavés) :



Conclusion

c¢) Le résultat d’homogénéisation dans les domaines perforés avec double périodicité
donné par la proposition 37 (Chapitre 2) est équivalent au résultat suivant (dont la
présentation est plus classique) : Pour tout f € L?(Q2)", la solution du systéme

—div (Ae(u)) = f dans (),
(A%e(u))y =0 sur 0T,
u® =0 sur 09,

satisfait les convergences

——

P.(u®)—u®  faiblement dans Hj ()",
Afe (uf)—A%(u?) faiblement dans L?(02)"*",

ott u’ est I'unique solution du systéme

—div (A%(u%)) = (\Y|*1>‘Y1| + |Y1HZ*|) f dans Q,

[Y]Z]
u® =0 sur 0.

En effet, pour obtenir cette équivalence il suffit d’aprés la théoréme 10 de montrer
que
|z
A YV
On rappelle que dans la construction de €2, on a enlevé les trous qui touchent le
bord de Q. Soient donc C¢(0€2) 'union de toutes les cellules qui touchent 0 et N¢
leur nombre et soit aussi T (0€2) 'ensemble des trous de R™ défini par

dans L™ () faible *. (C.1)

TE(99) = TX(9Q) U S.(69),
avec

T;(@Q) = ke%” {E {T* -+ k‘lbl} tq £ {T* + k‘lbl} g_ Qete {T* + klbl} N 7§ Q)} ,
SE(GQ) = kre%"g {6 {SE + klbl} tq £ {SE + klbl} SZ Qete {Sg + klbl} N 7& @} .

38



Notons xy.,y, (resp. Xy, » Xz XTE(E,Q)OQ) la fonction caractéristique de Y*\Y; (resp.
Vi, 2%, 15 (092)NQY) dans Y (resp. Y, Z, §2) et prolongeons X,..,, et X, (resp. x,.)
par Y-périodicité (resp. Z-périodicité) a R™. Alors,

X x X
Xo. (@) = Xy, (2) + X0 (D)X (5_68) + Xezg ooy (€); - P-p. dans Q. (C.2)

€
D’une part, on a

D) Xy, (8) = St dans L°(R™) faible %,

(C.3)

i) X, (50) = % dans L*(R") faible *,

ol I'on a appliqué le lemme 25 respectivement
/ pour la fonction Y-périodique h.(y) = Xy oy, (y),
v/ pour la fonction Z-périodique hs, () = x,. (2).

De plus, on a

1
My (Xyl(y)xz*(%o = m/yxyl(y)xz*(%) dy
1 Y
LA

ce qui, grace a (C.3)ii), implique

Yil|Z*
MY (Xyl (y)Xz*((%)> — %%

En appliquant le lemme 25 pour la fonction Y-périodique h.(y) = x,, (¥)x,. (&), il

en découle :
x x Y1 |Z*]
-

Xy, (E)Xz* (8_55) |Y| |Z|

D’autre part, on a pour tout p > 1

p
/ (X(Tbs(an)rm)) dr = / X(Tlf(an)msz) dx
Q Q

= |T5(09) N Q|
< |C(09)]

= |eY|N*(09)
= £"|Y|N(09).

dans L*(R") faible *. (C.4)

Puisque |0€2| = 0, on en déduit grace au lemme 35

Xz @mnay — 0 dans LP(Q) fort. (C.5)

Ainsi, de (C.2), (C.3)i), (C.4) et (C.5) on obtient (C.1).
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Conclusion

d) Dans le théoréme 65 (chapitre 3) qui donne une estimation ponctuelle de la
difference de deux H?-limites nous avons supposé que

X5 — x5 — 0 fortement dans L'(w).
Si nous remplagons cette hypothése par
X; — x5 — X" fortement dans L' (w),

alors nous aurons

|A° - B°| < (B+8)X" p.p. dans w.

!
6—6, h +
fa%e%
Pour le montrer il suffit de suivre la méme démarche que dans la démonstration
du théoréme 65, en remplacant le résultat obtenu dans la troisiéme étape de la
démonstration par

limsup|J®| < /wXOAOA.A.d$+b/wXOBOA.Ada:

e—0

< (5+ﬂ')/1/)XOA.A.dx.

Ceci est une conséquence de I'hypothése de régularité (3.59), le théoréme 59 de type
div-rot et évidement de la nouvelle hypothése.

Perspectives

1) Je voudrais utiliser les estimations montrées dans le chapitre 3 pour étudier ’ho-
mogénéisation périodique, en milieux composites et perforés, du systéme de 1’élasti-
cité linéarisée dont le tenseur A® est donné par

avec A(x,y) est Y-périodique en y (comme pour le cas scalaire elliptique sans trous
traité dans [24]).

2) Je voudrais étudier I'homogénéisation et les correcteurs pour le systéme de 1’élas-
ticité linéarisée dynamique dans les milieux perforés par des trous e-admissibles.

3) Je voudrais aborder le probléme de donner une estimations de type Meyers pour
I’élasticité linéarisée avec des conditions mixte déplacement-traction. Une chose qui
n’est pas facile a faire car les techniques standards utilisées pour le cas des équations
elliptiques du deuxiéme ordre ne s’adaptent pas pour I'élasticité. Ceci permettrait
de traiter I’homogénéisation du systéme de 1’élasticité linéarisée dans des domaines
perforés par les trous non répartis périodiquement définis dans [§8], ¢’est a dire des
sphéres identiques de taille € centrées sur un réseau non périodique. Ceci permet-
trait a son tour d’autre applications du théoréme 29 donné dans le chapitre 2 pour
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traiter 'homogénéisation dans certains cas de domaines perforés a plusieurs échelles
de trous avec au moins une échelles non périodique. Par exemple, on pourrait envi-
sager le cas des domaines perforés avec deux échelles microscopiques, la plus grande
échelle est périodique et la petite est faite par les trous définies dans [8§].

4) Enfin, comme la H?-convergence traite les systémes de D'élasticité dans les do-
maines perforés par des trous e-admissibles on est conduit a s’intéresser a cette
admissibilité. La e-admissibilité est lice a I'existence d’opérateurs de prolongement
uniformément bornés. Alors, ¢a serait intéressant de répondre & une question si-
milaire & celle posé et traitée initialement par P. Donato et A. Damlamian dans
[18] pour les équations elliptiques du deuxiéme ordre, a savoir (dans notre cas),
quelles sont les trous qui sont admissibles pour ’homogénéisation périodique avec
une condition de traction? ceci dans le but de donner une présentation générale
de I’homogénéisation du systéeme de 1’élasticité linéarisée de traction dans des do-
maines perforés, ou la forme du trou de référence varie avec la taille de la période,
en considérant les deux cas de l'existence et de la non existence des opérateurs de
prolongement bornés uniformément par rapport au parameétre d’homogénéisation.
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Annexe : Invariance de 'indice de
opérateur de Lamé —div e(-)

Dans cette partie nous démontrons la proposition suivante, qui est une applica-
tion des résultats montrés par G. Geymonat dans [28].

Proposition 82 Soient 1 < p < oo et  un domain borné de R" de classe C2.
Alors, Uopérateur de Lamé E- = dive(-) défini de W, (Q)"NW2P(Q)" dans LP(Q)"

admet un indice x(E) et cet indice est indépendant de p.

Rappelons d’abord quelques définitions et le résultat donnés par G. Geymonat
dans [28|. Posons pour tout p € N*, i k € {1,...,n} et ¥ € C"

9P = 90,

P — [P P
DP = Dpi..Dbr,

Kk _ ok
Dl‘z‘  xko

7

et soient Q un ouvert borné de R" de classe C? et A un (n x n)-opérateur différentiel.
Supposons qu’il existe sq,...8y,t1, ..., t, € Z tel que

(AU)Z = ZZ’]’U]'

Lij(z,D)= > BD",, dansQ, VYi=1,..,n. (A1)

pl<si+t;
avec lj; = 0 si s; +1; < 0. Posons maintenant
I°(z,D) = ( 3 Bijpr) ,
Ip|=s:+t; \<i<n
LO(x,9) = det I°(z,9), pour tout 9 € C".
Définition 83 On dit que A est elliptique si
L%(z,€) # 0, V¢ € R"™\{0}, Vz € Q.

Définition 84 Supposons que

> (sitty)=2r (A.2)

1<i,j<n
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avec r > 0. Alors, on dit que A est proprement elliptique si, pour tout deur vecteurs
&, n€R™\ {0} linéairement indépendants, le polynéme P en T défini par

P(r) = L?j (z, &+ 7n) (A.3)
a exactement v racines 4 parties imaginaires strictement positives.

Remarque 85 Les définitions précédentes sont plus restrictives que celles données
par G. Geymonat dans [28].

Définition 86 Soit ¢ un opérateur linéaire d’un espace vectoriel E vers un autre F
et soit Cokery l'espace quotient F//Imy. Alors, sidim Keryp < oo et dim Cokerp =
codpImp < oo, on définit lindice de © par

x(p) = dim Keryp — codpImep.

Théoréme 87 Soient 1 < p < 0o et Q un domain borné de R"™ de classe C?. Si
A Wol’p(Q)” NW2P(Q)" — LP(Q)™ est elliptique et proprement elliptique. Alors,
Uindice x(A) existe et il est indépendant de p.

Remarque 88 Ce théoréme est un cas particulier du théoréeme 3.5 donné par G.
Geymonat dans [28].

Démonstration de la proposition 82. On a pour tout ¢t =1,....,n

(Eu); = (—dive(u));

1 1
= —§Aul~ - §dév(DIiu)

1
— —§(D§1ui + ..+ D2 w;+ Dy Dyyug + ... + Dy, Dy uy).

Donc, (Eu); = l;j(x, D)u; avec
1

ce qui implique que E peut s’écrire sous la forme (A.1) avec ¢; +s; = 2 (donc (A.2)
est vérifie avec r = n). Alors, pour tout ¥ € C", on a

W2 4+92 90y ... 010,
1 o) I+ 92 ... P21y,
lo(x,ﬁ) _ 5 2v1 | | 2 2
Unt L R I | Y

Ainsi, si L%(x,9) = det[%(z,99) = 0, il existe § € C"\ {0} tel que
[°(z,9)0 = Og». Par conséquent,

01|19|2 + 191 Z 19j0j = 0, Vi € {]_7 ...,n},

1<j<n
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2

30 € €\ {0}, 029 + ( > ﬁjej) =0. (A.4)
1<j<n

Par ailleurs, si on suppose qu'il existe &, n € R" \ {0} linéairement indépendants

tels que le polynéme P donné par (A.3) admet une racine réel g, alors en vertu de

(A.4), il existe @ € C"\ {0} tel que

2
|W%+vﬂ”+(§2%@+&ﬂ& = 0.

1<j<n

Puisque p est un nombre réel et ¢ £ 0, il en découle

§+on=0,

ce qui contredit le fait que les vecteurs £ et 1 sont linéairement indépendants. Ainsi
P n’admet pas de racines réels, ce qui implique :

(i) E est elliptique, puisque 7 = 0 n’est pas une racine de P,

(ii) E est proprement elliptique car P € Ry,[X] , donc P admet exactement n
racines a parties imaginaires strictement positives.

Ce qui, grace au théoréme 87, achéve la démonstration. m

Corollaire 89 Soient Q un domaine borné de R"™ de classe C?. Alors, l'opérateur
de Lamé B est un isomorphisme de W2P(Q)» 0 Wy P(Q)" dans LP(Q)" pour tout
p € 2,00,

Démonstration. Pour qu’il n’y ait pas de confusion, notons dans cette démons-
tration Popérateur E : WyP(Q)" N W2#(Q)" — LP(Q)" par E,. Du théoréme 82, il
vient

X(E,) = x(Ey), Vp € [2,00[. (A.5)

Comme le systéme
—dive(u) =0 dans Q,

(A.6)
u € Hy(52).
admet une unique solution, alors x(Es) = 0, ce qui avec (A.5) donne
X(E,) =0, Vpe 2,400
Alinsi,
dim KerE, = cod ImE,. (A.7)

Par ailleurs, si u € KerlE,, alors
—div e(u) =0, dans (,
u € Wy?(Q).

Or, pour tout p € [2,00[, on a WyP(Q) € W,?(Q), donc u satisfait (A.6), d’ou
u = 0. On en déduit KerE, = {0}, d’ot, grace a (A.7), le résultat. m
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