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Abstract

The objective of this thesis is the inference method for some periodic integer-valued

time series models, namely, the periodic self exciting threshold integer valued autoregres-

sive PSETINAR(2; 1) model, the periodic negative binomial self-exciting threshold integer-

valued autoregressive PNBSETINAR(2; 1) model, which are more dynamic and well-suited

to capture a wide range of empirical characteristics seen in count time series, such as hid-

den periodicity in autocovariance structures and structural regime changes, and the peri-

odic negative binomial integer-valued generalized autoregressive conditional heteroskedastic

PNBINGARCH(1; 1) model. For each of the proposed models, we enhance the study of some

probabilistic and statistical properties and the development of di�erent estimation methods.

In addition, the simulation studies are considered to illustrate some theoretical properties

with applications on real datasets.

Keywords and phrases: Integer-valued time series models; Periodic SETINAR model;

periodic NBSETINAR model; periodic negative binomial INGARCH(1; 1) model; integer-

valued process; periodic stationarity in mean and variance.
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R�esum�e

L'objectif de cette th�ese est la m�ethode d'inf�erence pour certains mod�eles de s�eries tem-

porelles �a valeurs enti�eres p�eriodiques, �a savoir, le mod�ele auto-excitant autor�egressive �a seuil

�a valeurs enti�eres p�eriodique PSETINAR(2; 1), et le mod�ele binomial negatif auto-excitant

autor�egressive �a seuil �a valeurs enti�eres p�eriodique PNBSETINAR(2; 1), qui sont plus 
ex-

ibles et aptes �a capturer plusieurs caract�eristiques empiriques des s�eries chronologiques de

comptages, en particulier la p�eriodicit�e cach�ee dans les structures d'autocovariance et les

changements de r�egime structurels, ainsi que le mod�ele binomial negatif h�et�erosc�edastique

conditionnel autor�egressif g�en�eralis�e �a valeur enti�ere periodique PNBINGARCH(1; 1). Pour

chacun des mod�eles propos�es, nous avons am�elior�e l'�etude de certaines propri�et�es proba-

bilistes et statistiques, et le d�eveloppement de di��erentes m�ethodes d'estimation. En outre,

les �etudes de simulation sont consid�er�ees pour illustrer certaines propri�et�es th�eoriques avec

des applications sur des donn�ees r�eelles.

Mots-cl�es et phrases: Mod�ele SETINAR p�eriodique; mod�ele NBSETINAR p�eriodique;

mod�ele binomial n�egatif INGARCH(1; 1) p�eriodique; processus �a valeur enti�ere; stationnarit�e

p�eriodique en moyenne et en variance.
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Chapter 1

General Introduction

1.1 Introduction

Over the last three decades, the integer-valued time series model has attracted much atten-

tion and interest, with a considerable number of studies appearing in the literature. Indeed,

the class of integer-valued autoregressive INAR models, based on the binomial thinning op-

erator, introduced by McKenzie (1985), and by Al-Osh and Alzaid (1987), was widely used

in many applications, such as statistical quality control (Wei� 2007) and assurance (Zhu and

Joe 2006). In addition, several models have been proposed to describe certain phenomena

often observed in integer-valued time series, for example, excess of zeros, changes in volatil-

ity over time, multimodality, low counts, overdispersion, and so on, which are encountered

in several areas such as epidemiology (e.g., number of infected individuals), economic (e.g.,

discrete transaction price movements on �nancial markets), environmental (e.g., number of

forest �res in a certain country), criminology (e.g., counts of a certain type of crimes), and

many others. Among the models that are proposed in order to capture the above phenom-

ena, we quote the integer-valued INAR (1) processes with zero-in
ated Poisson innovations

introduced by Jazi et al. (2012), the integer-valued generalized autoregressive conditional

heteroskedastic GARCH, and the integer-valued autoregressive conditional heteroskedas-

tic ARCH models were proposed by Ferland et al. (2006), and Zhu et al. (2010) who

1



CHAPTER 1. GENERAL INTRODUCTION 2

extended the class of integer-valued ARCH model to the mixture integer-valued ARCH

model, noted in short by MINARCH, which has advantages over the extended one due

to its ability to handle multimodality and non-stationary components. However, it seems

that the proposed classes of models, which are suitable for integer-valued time series with

time-invariant parameters, cannot correctly report and describe the periodicity characteris-

tic of counting time series. Therefore, many researchers have suggested other extensions of

these models that take into account the periodicity feature. As my thesis deals with this

topic, it seems useful to mention, among many other achievements, and without pretending

to be exhaustive, the work of Monteiro et al. (2010) on the periodic autoregressive model

with integer values of order PINAR(1), driven by a periodic sequence of independent Pois-

son distributed random variables, Morin~a et al. (2011) present a model based on two-order

integer-valued autoregressive time series to analyze the number of hospital emergency ser-

vice arrivals, and most recently, Bentarzi and Bentarzi (2017a) gave some probabilistic and

statistical properties of a periodic integer-valued diagonal bilinear model, even more for the

periodic integer-valued GARCH(1; 1) model by Bentarzi and Bentarzi (2017b), and Ouzzani

and Bentarzi (2019) studied the mixture periodic integer-valued autoregressive conditionally

heteroskedastic models, also some particular models of the class of periodic integer-valued

autoregressive moving average, PINARMA(p; q) models were duly addressed by Bentarzi

and Aries (2020a), and many other works.

In fact, this improvement seen in the literature by many researchers, cited above, can be

seen as motivation and aspiration to propose, in this thesis, some integer-valued time se-

ries models, more 
exible to capture and describe the periodicity feature. Although the

self-exciting threshold integer-valued autoregressive model, with time-invariant coe�cients,

presented by Thyregod et al. (1999) and Monteiro et al. (2012), has the ability to deal with

time series of counts exhibiting piecewise-type patterns, even so, it remains unable to handle

the periodicity hidden in the autocovariance function. That is a good enough reason to give

a more general model with a periodic coe�cient to model the phenomenon at hand, see

Manaa and Bentarzi (2021a). Another achievement on the periodic negative binomial self-

exciting threshold integer valued autoregressive model, with the negative binomial thinning

operator, see Manaa and Bentarzi (2021b), which extended, in the time-invariant model, the

work of Yang et al. (2018b). In addition, we have developed the negative binomial integer-
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valued GARCH (1; 1) model, de�ned by Zhu (2011), in the more general framework with

periodic coe�cients, as an extension of the periodic integer valued GARCH(1; 1) model,

introduced by Bentarzi and Bentarzi (2017b), which is more appropriate and has more 
ex-

ibility to model such periodically correlated processes. This manuscript consists mainly of

working on "Inference method for some periodic integer-valued time series models", and it

is thematically, according to the results mentioned previously, divided into Three Chapters:

1.2 Presentation and contributions of the thesis

Chapter 2 : Periodic SETINAR Model

In this Chapter, we introduce a periodic self-exciting threshold integer-valued autoregressive

PSETINAR model without knowing the threshold parameters. In the �rst place, we pro-

vide the de�nitions, basic notations and main assumptions concerning the proposed model.

Thereafter, we establish the �rst and the second moment periodically stationary conditions,

under these conditions, the closed forms of these moments are derived. Besides, the existence

of high moment and the strict periodic stationarity, are studied. The autocovariance struc-

ture is also acquired. Then, we apply the conditional least squares (CLS) and the conditional

maximum likelihood (CML) methods to estimate the underling parameters. Furthermore,

the unknown threshold parameters are estimated by using the periodic adaptation of Nested

Sub-Sample Search (NeSS) algorithm. Finally, the performance of the proposed estimation

methods is shown via a simulation study, and an application on real data set was provided.

Chapter 3 : Periodic Negative Binomial SETINAR Model

The aim of this Chapter is to present the periodic negative binomial self exciting integer

valued autoregressive PNBSETINAR model. Beforehand, we provide the basic notations,

de�nitions and main assumptions concerning the desired model. Then, we established the

�rst and the second moment periodically stationary conditions, while establishing, under

these conditions, their closed forms. In addition, the existence of high moment and the

strict periodic stationarity, are studied, and the autocovariance structure is also acquired.

After that, the unknown periodic parameters of our models are estimated via the conditional
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least squares (CLS) and the conditional maximum likelihood (CML) estimation methods.

Furthermore, the unknown periodic threshold parameters are estimated by using the peri-

odic adaptation of (NeSS) algorithm. Finally, the performance of the proposed estimation

methods is shown via a simulation study and an application on real data set was provided.

Chapter 4 : Periodic Negative Binomial INGARCH(1; 1) Model

This Chapter aims at presenting the periodic negative binomial integer-valued generalized

autoregressive conditional heteroskedastic model, noted in short by PNBINGARCH (1; 1).

Initially, we provide the basic notations and de�nitions concerning the proposed model. Af-

ter that, we study the periodically stationary problem of the proposed model. The necessary

and su�cient conditions for the periodically stationary in mean and in variance are estab-

lished. Furthermore, the closed-form expressions for both the mean and the variance are,

under these conditions, obtained. Then, the existence of higher moments and their calcula-

tions are considered. Moreover, the study of the autocovariance structure of the underlying

periodic model while providing the explicit expression of the autocorrelation function. The

unknown periodic parameters are estimated via the Yule-Walker (YW ), the conditional least

squares (CLS), and the conditional maximum likelihood (CML) methods. Furthermore, a

simulation study and an application on real data set are provided.

Chapter 5 : Conclusion and Perspectives

This chapter highlights the key results from each chapter while also setting them in the

perspective of future research.

The following research articles are used in part to support this thesis

Chapter 2 : Manaa, A., and Bentarzi, M. (2021a). On a periodic SETINAR model.

Communications in Statistics-Simulation and Computation, 1-25. (Published).

Chapter 3 : Manaa, A., and Bentarzi, M. (2021b). On a periodic negative binomial SETI-

NAR model. Communications in Statistics-Simulation and Computation, 1-27. (Published).

Chapter 4 : Manaa, A., and Bentarzi, M. (2021c) On periodic negative binomial IN-

GARCH(1,1) model. Communications in Statistics-Simulation and Computation.



Chapter 2

Periodic SETINAR Model

2.1 Introduction

It is well known, nowadays, that the analysis of the discrete-time series has received grow-

ing attention in linear and non-linear non-negative integer-valued time series models (see,

Al-Osh and Alzaid 1987, Alzaid and Al-Osh 1990, Du and Li 1991, Silva and Oliveira 2000,

Zhu et al. 2010, Zhu 2011, and many others). Moreover, it seems that the class of nonlinear

models which is the most theoretically studied and practically employed, in the analysis

of the discrete-time series, is the class of threshold autoregressive. Thyregod et al. (1999)

introduced, in the analysis of integer time series, a class of self-exciting threshold INAR

model to analyze tipping bucket rainfall measurements and to capture the high threshold

exceedances appearing in clusters, and the so-called piece-wise phenomenon. As well as,

Monteiro et al. (2012) presented a particular class of self-exciting threshold integer valued

autoregressive SETINAR (2; 1) model, driven by independent Poisson distributed random

variables. And recently, the negative binomial self-exciting threshold integer-valued autore-

gressive model, based on the negative binomial thinning operator, was introduced by Yang

et al. (2018b). It is recognized that many economic, �nancial and environmental integer-

valued time series, which have encountered in practice, reveal the periodicity feature in their

autocovariance structures (e.g., number of Campylobacteriosis infections time series studied

5



CHAPTER 2. PERIODIC SETINAR MODEL 6

by Ferland et al. 2006, number of hospital emergency service arrivals, studied by Morin~a et

al. 2011 and the daytime road accidents in Schiphol area, in the Netherlands for the year

2001, studied by Pedeli and Karlis 2011). However, from the works done in the literature,

it seems that the study of periodic integer-valued time series models has not received much

attention. Indeed, as far as we know, Monteiro et al. (2010) and Morin~a et al. (2011) were

the �rst who worked on the modeling of the periodically correlated integer-valued process,

in the Gladyshev's sense (1961), to capture and describe the periodicity feature exhibited by

the autocovariance structure and which cannot be accounted by the classical time-invariant

parameters time series models. Furthermore, the research has made progress on the peri-

odically correlated integer-valued models see as examples, Bentarzi and Bentarzi (2017a),

(2017b), Ouzzani and Bentarzi (2019), Sadoun and Bentarzi (2019) and among others. The

main concern behind this chapter is to study the class of periodic integer-valued threshold

autoregressive PSETINAR (2; 1) model, which was presented by Pereira et al. (2015), in

the special case where the periodic threshold parameters are unknown.

The rest of this chapter is organized as follows. In Section 2.2, we provide the basic nota-

tions, de�nitions and main assumptions concerning the periodic SETINAR (2; 1) model. In

Section 2.3, we discuss its basic probabilistic and statistical properties. Indeed, the �rst and

second moment periodically stationary conditions are established. The closed-forms of these

moments are, under these conditions, derived. Besides, the existence of high moment and the

strict periodic stationarity, are studied. The autocovariance structure is also acquired. The

Conditional Least Squares (CLS) and Conditional Maximum Likelihood (CML) parameter

estimations problem are considered in Section 2.4. Furthermore, the threshold parameters

are estimated by using the periodic adaptation Nested Sub-Sample Search (NeSS) algo-

rithm. In Section 2.5, the performance of the proposed estimation methods is shown via a

simulation study and an application on real data set was provided.

2.2 Notations, de�nitions and main assumptions

Recall that the self-exciting threshold integer-valued autoregressive SETINAR (2; 1) model

of order one with two regimes, takes the form :

yt = (�1 � yt�1) I(1)t�1 (c) + (�2 � yt�1) I
(2)
t�1 (c) + "t; t 2 Z. (2.2.1)
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The integer-valued stochastic process fyt; t 2 Zg is said to follow a periodic self-exciting

threshold integer-valued autoregressive model of order one with two regimes and period S

(S � 2), if it is a solution of the following non-linear di�erence stochastic equation :

yt = (�1;t � yt�1) I(1)t�1 (ct) + (�2;t � yt�1) I
(2)
t�1 (ct) + "t; t 2 Z, (2.2.2)

with I
(1)
t�1 (ct) is a sequence of Bernoulli random variables de�ned by :

I
(1)
t�1 (ct) =

�
1 if yt�1 � ct
0 if yt�1 > ct;

and I
(2)
t�1 (ct) = 1� I

(1)
t�1 (ct) ; (2.2.3)

where the periodic threshold parameters ct are assumed to be unknown. The underlying

non-negative integer-valued process fyt; t 2 Zg, is a periodically correlated, in the sense

of Gladyshev (1961), with a period S (S � 2), and the innovation process f"t; t 2 Zg is

a sequence of independent non-negative integer-valued random variables with Poisson dis-

tribution P (�";t). The symbol " � " stands, as usual, for the thinning Steutel-van Harn

(1979) operator, which is de�ned, for the non-negative integer-valued stochastic process yt�1

and any counting periodic sequences of independent non-negative integer-valued random

variables
n
Z
(i)
j;t ; t 2 Z; j 2 N

o
, as follows :

�i;t � yt�1 =
� Pyt�1

j=1 Z
(i)
j;t if yt�1 > 0;

0 if yt�1 = 0;

with Z
(i)
j;t , while i = 1; 2; and for a �xed t and j, is a sequence of independent and identically

distributed Bernoulli random variables independent of yt�1, such that P
�
Z
(i)
j;t = 1

�
= 1 �

P
�
Z
(i)
j;t = 0

�
= �i;t 2 [0; 1], for i = 1; 2, t 2 Z, and all the unknown parameters �1;t,

�2;t, �";t, and ct are periodic in time with period S, i.e., �1;t+kS = �1;t, �2;t+kS = �2;t and

�";t+kS = �";t: The innovation process f"t; t 2 Zg is assumed to be independent of yt�1 and

�t � yt�1: One can rewrite the periodic self exciting threshold integer valued autoregressive

model given by (2.2.2) in the equivalent form :

yt = �t � yt�1 + "t; t 2 Z, (2.2.4)

with �t = �1;tI
(1)
t�1 (ct) + �2;tI

(2)
t�1 (ct). Throughout the chapter, we will omit (ct) in I

(k)
t�1 (ct) ;

k = 1; 2; to make the notation easy without ambiguity. It is worth noting that the peri-

odic self-exciting threshold integer-valued autoregressive PSETINARS (2; 1) model given

by (2.2.2) or equivalently by (2.2.4), was presented, for the �rst time, by Pereira et al.
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(2015). These authors attempted to study the probabilistic and the statistical properties

of the scalar model (2.2.2), written in its form (2.2.4), by studying the multivariate model

arising from the seasonal decomposition approach (one can see Pagano 1978 and Tiao and

Grupe 1980).

2.3 Basic properties of the PSETINAR model

In this paragraph, we provide the conditions on the parameters of the underlying integer-

valued process to be periodically stationary in the �rst and the second order. Furthermore,

under these conditions, the closed-forms of the periodic mean and the periodic variance are

acquired. Moreover, the existence of the unconditional m-th moment and the strict peri-

odic stationarity of the process fyt; t 2 Zg are established. In addition, the autocovariance

structure is also obtained.

2.3.1 Periodic stationarity in the two �rst moments

The results given in the following propositions establish the necessary and su�cient condi-

tions, for the process fyt; t 2 Zg satisfying (2.2.2) to be periodically stationary with respect

to the �rst two order moments. The closed-forms of these moments are then, under these

conditions, obtained.

Proposition 2.3.1 The process fyt; t 2 Zg, satisfying (2.2.2), is periodically stationary in

the �rst order if and only if, the periodic parameters �1;t and �2;t satisfy the periodically

stationary conditions
QS

i=1 �1;i < 1 and
QS

i=1 �2;i < 1; respectively, then, the unconditional

periodic mean is, under these conditions, given by

�y;s = E (ys+�S) =
�
1�

QS
i=1 �2;i

��1PS
j=1

�Qj�1
i=1 �2;s�i+1

�
�1;s�j+1;

or equivalently,

�y;s = E (ys+�S) =
�
1�

QS
i=1 �1;i

��1PS
j=1

�Qj�1
i=1 �1;s�i+1

�
�2;s�j+1;

where, �1;s = (�1;s � �2;s)�
(1;1)
y;s�1+�";s, �2;s = (�2;s � �1;s)�

(2;1)
y;s�1+�";s, p1;s = P (ys�1+�S � cs),

p2;s = 1� p1;s and �
(i;m)
y;s = E

�
I
(i)
s;�yms+�S

�
, for i = 1; 2 and m 2 N:
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In the time-invariant SETINAR model, i.e., S = 1, the results in Proposition 2.3.1 can be

represented by the following corollary.

Corollary 2.3.1 The process fyt; t 2 Zg, satisfying the SETINAR (2; 1; 1), given in (2.2.1),

is stationary in the �rst moment if and only if �1 < 1 and �2 < 1 then,

�y = E (yt) = (1� �2)
�1 ((�1 � �2)�

(1;1)
y + �");

or equivalently,

�y = E (yt) = (1� �1)
�1 ((�2 � �1)�

(2;1)
y + �"):

Proof of Proposition 2.3.1. In the �rst place, the mean of the process fyt; t 2 Zg,

de�ned in (2.2.2) denoted by �y;t = E (yt), is calculated as follows

E (yt) = E
�
(�1;t � yt�1) I(1)t�1

�
+ E

�
(�2;t � yt�1) I(2)t�1

�
+ E ("t) ;

= �1;tE
�
yt�1I

(1)
t�1

�
+ �2;tE

�
yt�1

�
1� I

(1)
t�1

��
+ �";t;

�y;t = �2;t�y;t�1 + (�1;t � �2;t)�
(1;1)
y;s�1 + �";t;

then, we have

�y;t = �2;t�y;t�1 + �1;t; (2.3.1)

with, �1;t = (�1;t � �2;t)�
(1;1)
y;t�1 + �";t, by iterating the �rst-order di�erence equation (2.3.1),

m times, while letting t = s+ �S, s = 1; :::; S, � 2 Z and putting, in the expression, m = S

then, taking account of the periodicity of the parameters, we obtain, under the conditionQS
i=1 �2;i < 1, the closed-form of the mean which is given as it is reported in Proposition

2.3.1. It can be also obtained the stationarity condition in the �rst order :
QS

i=1 �1;i < 1,

while replacing I
(1)
t�1 by 1� I

(2)
t�1.

The following proposition establishes the necessary and su�cient conditions for the model

(2.2.2) to be periodically stationary in the second order.

Proposition 2.3.2 The process fyt; t 2 Zg, satisfying (2.2.2), is periodically stationary in

the second order if and only if the periodic parameters �1;t and �2;t satisfy the periodically

stationary conditions
QS

i=1 �1;i < 1 and
QS

i=1 �2;i < 1; respectively, then, the periodic vari-

ance is, under these conditions, given by

�2y;s = V ar (ys+�S) =
�
1�

QS
i=1 �

2
2;s�i+1

��1PS
j=1

�Qj�1
i=1 �

2
2;s�i+1

�
�1;s�j+1;
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or equivalently,

�2y;s = V ar (ys+�S) =
�
1�

QS
i=1 �

2
1;s�i+1

��1PS
j=1

�Qj�1
i=1 �

2
1;s�i+1

�
�2;s�j+1;

with,

�1;s = �
2;(1)
y;s�1

�
�21;s � �22;s

�
+ (�1;s (1� �1;s)� �2;s (1� �2;s))�

(1;1)
y;s�1 + �2;s (1� �2;s)�y;s�1 +

2�2;s (�2;s � �1;s) (�y;s�1 � �
(1;1)
y;s�1)�

(1;1)
y;s�1 + �";s;

�2;s = �
2;(2)
y;s�1

�
�22;s � �21;s

�
+ (�2;s (1� �2;s)� �1;s (1� �1;s))�

(2;1)
y;s�1 + �1;s (1� �1;s)�y;s�1 +

2�1;s (�1;s � �2;s)
�
�y;s�1 � �

(2;1)
y;s�1

�
�
(2;1)
y;s�1 + �";s;

where,

p1;s = P (ys�1+�S � cs) , p2;s = 1� p1;s, �
(i;m)
y;s = E

�
I(i)s;�y

m
s+�S

�
and �2;(i)y;s = V ar

�
I(i)s;�ys+�S

�
:

(2.3.2)

In the time-invariant SETINAR model, i.e., S = 1, the results of Proposition 2.3.2 can be

represented by the following corollary.

Corollary 2.3.2 The process fyt; t 2 Zg, satisfying the SETINAR (2; 1), given in (2.2.1),

is stationary in the variance if and only if �1 < 1 and �2 < 1 then,

�2y = V ar (yt) =
�
1� �22

��1
�1; or equivalently, �

2
y = V ar (yt) =

�
1� �21

��1
�2;

where,

�1 = �2;(1)y

�
�21 � �22

�
+ (�1 (1� �1)� �2 (1� �2))�

(1;1)
y + �2 (1� �2)�y +

2�2 (�2 � �1)
�
�y � �(1;1)y

�
�(1;1)y + �";

�2 = �2;(2)y

�
�22 � �21

�
+ (�2 (1� �2)� �1 (1� �1))�

(2;1)
y + �1 (1� �1)�y +

2�1 (�1 � �2)
�
�y � �(2;1)y

�
�(2;1)y + �":

Proof of Proposition 2.3.2. The variance of yt is obtained as follows :

�2y;t = V ar (yt) = V ar
�
(�1;t � yt�1) I(1)t�1

�
+ V ar

�
(�2;t � yt�1) I(2)t�1

�
+

2Cov
�
(�1;t � yt�1) I(1)t�1; (�2;t � yt�1) I

(2)
t�1

�
+ �";t: (2.3.3)

The �rst term, on the right hand side, can be easily calculated as follows :

V ar
�
(�1;t � yt�1) I(1)t�1

�
= �21;tV ar

�
I
(1)
t�1yt�1

�
+ �1;t (1� �1;t)E

�
I
(1)
t�1yt�1

�
;
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then taking account of (2.3.2), we obtain :

V ar
�
�1;t � yt�1I(1)t�1

�
= �21;t�

2;(1)
y;t�1 + �1;t (1� �1;t)�

(1;1)
y;t�1: (2.3.4)

The second term in (2.3.3), can be easily calculated as follows :

V ar
�
(�2;t � yt�1) I(2)t�1

�
= V ar

�
(�2;t � yt�1)

�
1� I

(1)
t�1

��
;

= V ar (�2;t � yt�1) + V ar
�
(�2;t � yt�1) I(1)t�1

�
� 2Cov

�
(�2;t � yt�1) ; (�2;t � yt�1) I(1)t�1

�
;

replacing �1;t, in (2.3.4), by �2;t, one can easily, obtain the term V ar
�
(�2;t � yt�1) I(1)t�1

�
, in-

deed, we have :

V ar
�
(�2;t � yt�1) I(1)t�1

�
= �22;t�

2;(1)
y;t�1 + �2;t (1� �2;t)�

(1;1)
y;t�1; (2.3.5)

The variance V ar (�2;t � yt�1) and the covariance Cov
�
�2;t � yt�1; (�2;t � yt�1) I(1)t�1

�
, are given

as follows :

V ar (�2;t � yt�1) = �22;t�
2
y;t�1 + �2;t (1� �2;t)�y;t�1; (2.3.6)

Cov
�
(�2;t � yt�1) ; (�2;t � yt�1) I(1)t�1

�
= E

�
(�2;t � yt�1)2 I(1)t�1

�
� E ((�2;t � yt�1))E

�
(�2;t � yt�1) I(1)t�1

�
;

= V ar
�
(�2;t � yt�1) I(1)t�1

�
+ �22;tE

�
yt�1I

(1)
t�1

��
E
�
yt�1I

(1)
t�1

�
� E (yt�1)

�
;

= V ar
�
(�2;t � yt�1) I(1)t�1

�
� �22;t�

(1;1)
y;t�1

�
�y;t�1 � �

(1;1)
y;t�1

�
; (2.3.7)

where, V ar
�
(�2;t � yt�1) I(1)t�1

�
is given in (2.3.5). Similarly, by taking account of (2.3.2) and

from (2.3.5), (2.3.6) and (2.3.7), we have :

V ar
�
(�2;t � yt�1) I(2)t�1

�
= �22;t�

2
y;t�1 + �2;t (1� �2;t)�y;t�1 � V ar

�
(�2;t � yt�1) I(1)t�1

�
+2�22;t�

(1;1)
y;t�1

�
�y;t�1 � �

(1;1)
y;t�1

�
: (2.3.8)

The last term of (2.3.3) can be calculated as follows :

Cov
�
(�1;t � yt�1) I(1)t�1; (�2;t � yt�1) I

(2)
t�1

�
= ��1;t�2;tE

�
yt�1I

(1)
t�1

��
E (yt�1)� E

�
yt�1I

(1)
t�1

��
;

= ��1;t�2;t�(1;1)y;t�1

�
�y;t�1 � �

(1;1)
y;t�1

�
: (2.3.9)
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The unconditional variance �2y;t, can be written, while using (2.3.4); (2.3.8) and (2.3.9), in

the following �rst order di�erence equation :

�2y;t = �22;t �
2
y;t�1 +�1;t; (2.3.10)

where,

�1;t =
�
�21;t � �22;t

�
�
2;(1)
y;t�1 + (�1;t (1� �1;t)� �2;t (1� �2;t))�

(1;1)
y;t�1 + �2;t (1� �2;t)�y;t�1+

2�2;t (�2;t � �1;t)
�
�y;t�1 � �

(1;1)
y;t�1

�
�
(1;1)
y;t�1 + �";t;

by iterating the equation (2.3.10) m times, we obtain

�2y;t =
�Qm

i=1 �
2
2;t�i+1

�
�2y;t�m +

Pm
j=1

�Qj�1
i=1 �

2
2;t�i+1

�
�1;t�j+1:

Letting t = s+�S, s = 1; 2; :::; S, � 2 Z and putting m = S, we obtain, while taking account

of the periodicity of the parameters :

�2y;s =
�QS

i=1 �
2
2;s�i+1

�
�2y;s +

PS
j=1

�Qj�1
i=1 �

2
2;s�i+1

�
�1;s�j+1;

then, the unconditional variance, for a �xed s, is given, under the periodically stationary

condition, namely,
QS

i=1 �
2
2;i < 1, by the following expression :

�2y;s =
�
1�

QS
i=1 �

2
2;s�i+1

��1PS
j=1

�Qj�1
i=1 �

2
2;s�i+1

�
�1;s�j+1:

It can be also obtained the stationarity condition in the second moment :
QS

i=1 �1;i < 1;

while replacing I
(1)
t�1 by 1 � I

(2)
t�1: The unconditional periodic mean and variance and the

periodic probabilities �
(1;1)
y;t�1, �

2;(1)
y;t�1, p1;t and p2;t, respectively, to be estimated empirically.

2.3.2 Existence of higher moments

The next proposition ensures the existence of the unconditional m-th moment of fyt; t 2 Zg

and gives their general formula.

Proposition 2.3.3 The unconditional m-th moment E (ymt ) of the periodically correlated

process fyt; t 2 Zg, de�ned by (2.2.2), exists, if the unconditional m-th moment E (ym0 )

exists. The general formula for E (ymt ) is given by :

E (ymt ) = E

 
mP
j=0

�
m

j

�
(�t � yt�1)

j "m�jt

!
=

mP
j=0

�
m

j

�
E
�
(�t � yt�1)

j
�
E
�
"m�jt

�
: (2.3.11)
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Proof of Proposition 2.3.3. It is well known that the m th moment E ("mt ) (Poisson

process) is given, and to show E (ymt ) is �nite, we use the proof by induction. First of all,

we start by m = 1; so we have :

E (yt) �  tE (yt�1) + �";t �  t
�
 t�1E (yt�2) + �";t�1

�
+ �";t;

�
�Qt

i=1  t�i+1
�
E (y0) +

Pt�1
j=0

�Qj
i=1  t�i+1

�
�";t�j <1;

(2.3.12)

with,  t = max (�1;t; �2;t) ; we also have for m = 2 :

E(y2t ) �  2tE
�
y2t�1

�
+  t (1�  t)E (yt�1) + 2 tE (yt�1)E ("t) + E ("2t ) ;

and,

E(y2t ) �  2t
�
 2t�1E

�
y2t�2

�
+  t�1

�
1�  t�1

�
E (yt�2) + 2 t�1E (yt�2)E ("t�1) + E

�
"2t�1

��
+

 t (1�  t)E (yt�1) + 2 tE (yt�1)E ("t) + E ("2t ) ;
...

�
�Qt

i=1  
2
t�i
�
E (y20) +

Pt
j=1

�Qj�1
i=1  

2
t�i+1

�
 t�j+1

�
1�  t�j+1 + 2E ("t�j+1)

�
E (yt�j+1)+Pt

j=1

�Qj�1
i=1  

2
t�i+1

�
E
�
"2t�j+1

�
;

we can write the last one in this form

E(y2t ) �
�Qt�1

i=0  
2
t�i
�
E
�
y20
�
+�t;

where,

�t =
Pt

j=1

�Qj�1
i=1  

2
t�i+1

�
 t�j+1

�
1�  t�j+1 + 2E ("t�j+1)

�
E (yt�j+1)

+
Pt

j=1

�Qj�1
i=1  

2
t�i+1

�
E
�
"2t�j+1

�
<1;

since, E (yt) is �nite by using (2.3.12) and the assumption the unconditional m-th moment

E
�
"m1;t
�
and E

�
"m2;t
�
exist and are �nite. Thus, the second moment E(y2t ) exists. After that,

we assume that E
�
ym�1t

�
<1 for m� 1; and we show that for m. It's easy to see :

E (ymt ) �
�Qt

i=1  
m
t�i+1

�
E (ym0 ) + �0

t (2.3.13)

where �0
t denote the combination of �nite k-th moment of process yt and l th moment of

process "t where k 2 f1; 2; ::;m� 1g and l 2 f1; 2; ::;mg (i.e. induction hypothesis and the

assumption). From (2.3.13), one can check that E (ymt ) <1; m � 1:

2.3.3 Strict periodic stationarity

The following proposition establishes a su�cient condition for the existence of the strict

periodic stationarity property of the process fyt; t 2 Zg de�ned in (2.2.4).
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Proposition 2.3.4 For a �xed value of s = 1; :::S; and � 2 Z; the process fys+�S; � 2 Zg is

an irreducible, aperiodic, and positive recurrent (and hence ergodic) Markov chain. There-

fore, there exists strict periodic stationarity for the model (2.2.4).

Proof of Proposition 2.3.4. It is easy to see that the process fys+�S; � 2 Zg, in � for a

�xed value of s = 1; :::; S, is a periodic Markov chain on N0 and its transition probabilities

is given by :

P (ys+�S = xs+�Sj ys�1+�S = xs�1+�S)

=
m�P
l=0

2P
k=1

C
xs�1+�S
l I

(k)
s�1;��

l
k;s (1� �k;s)

xs�1+�S�l exp(��";s)
�xs+�S�l";s

(xs+�S � l)!
;

= p
�
xs�1+�S; xs+�S; �1;sI

(1)
s�1;� + �2;sI

(2)
s�1;� ; �";s

�
;

where, m� = min (xs�1+�S; xs+�S) and,

p (xs�1+�S; xs+�S; �k;s; �";s) =

m�P
l=0

C
xs�1+�S
l I

(k)
s�1;��

l
k;s (1� �k;s)

xs�1+�S�l exp(��";s)
�xs+�S�l";s

(xs+�S � l)!
> 0; k = 1; 2:

Since P (yt = xtj yt�1 = xt�1) > 0 it follows that fyt; t 2 Zg is an irreducible, aperiodic

chain. Furthermore, to show that our process yt is positive recurrent, it is su�cient to prove

that
P+1

t=1 P (yt = 0j y1 = 0) = +1; By iterating (2.2.4) t times, we have

yt = �t � �t�1 � � � � � �1 � y0 +
Pt�1

i=1 �t�1 � �t�2 � ::: � �i�1 � "t�i + "t;

=
Pt�1

i=1 �t�1 � �t�2 � ::: � �i�1 � "t�i + "t; (since y0 = 0),

which permit us to write

P (yt= 0j y1= 0) = P
�Pt�1

i=1 �t�1 � �t�2 � ::: � �i�1 � "t�i + "t = 0
�� y0= 0� ;

= P
�
"t= 0; �t�1 � "t�1= 0; :::;�t�1 � �t�2 � ::: � �1 � "1 = 0

�� y0= 0� ;
=
P2

i2=1

P2
i3=1

:::
P2

it=1
P
�
�2= �i2;2; �3= �i3;3; ::; �t�1= �it�1;t�1

�� y0= 0�
� P

�
"t= 0; �it�1;t�1 � "t�1= 0; :::;�it�1;t�1 � �it�2;t�2 � ::: � �i2;2 � "1= 0

�� y0= 0� ;
it is equal to,

P (yt= 0j y1= 0) =
P2

i2=1

P2
i3=1

:::
P2

it=1
P
�
�2= �i2;2; �3= �i3;3; ::; �t�1= �it�1;t�1

�� y0= 0��
exp

�
��";s

�
1 + �it�1;t�1 + �it�1;t�1�it�2;t�2 + � � �+ �it�1;t�1�it�2;t�2 � � ��i2;2

�	
:

(2.3.14)
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From the expression (2.3.14) it is easy to see that each factor is strictly monotonically

decreasing with respect to �ij ;j with 1 � j � t: Therefore, by scaling (2.3.14) t times, and

we take t = s + �S, with , s = 1; :::; S and � 2 Z; and while s being �xed in f1; : : : ; Sg we
get :

P (ys+�S = 0j y1 = 0) �  (�max; s+ �S) ;

where �max = max1�s�S f�1;s; �2;sg and the function  (�; t) = exp f��";s (1� �t) = (1� �)g :

Since  (�max; s+ �S)9 0 when � !1; it follows easily that
P+1

�=0 P (ys+�S = 0j y1 = 0) =

+1 for a �xed value of s = 1; :::; S; by using the comparison criterion for series convergence.

This proves that fys+�S; � 2 Zg is a positive recurrent Markov chain and hence ergodic.

Remark 2.3.1 The result given in Proposition 2.3.4 reduces, in the time invariant case, to

Proposition 2:1; presented by Monteiro et al. (2012) :

2.3.4 Autocovariance structure

The autocovariance structure of the process fyt; t 2 Zg is de�ned by the proposition be-

low, when we replace I
(2)
t�1 by 1 � I

(1)
t�1, it is easy to obtain also the equivalent form while

replacing I
(1)
t�1 by 1� I

(2)
t�1, as in Section 2.3. First we give the following notations: 


(t) (h) =

Cov (yt; yt�h) = E
��
yt � �y;t

� �
yt�h � �y;t�h

��
, 


(t)
k (h) = Cov

�
I
(k)
t yt; yt�h

�
, for k = 1; 2.

Proposition 2.3.5 The autocovariance structure of the periodically correlated integer-valued

processes fyt; t 2 Zg, satisfying the model (2.2.2), is given as follows :


(s) (h) =

8<:
�
1�

QS
i=1 �

2
2;s�i+1

��1PS
j=1

�Qj�1
i=1 �

2
2;s�i+1

�
�1;s�j+1: h = 0;

�2;s

(s�1) (h� 1) + (�1;s � �2;s) 


(s�1)
1 (h� 1) ; h � 1;

where, �1;s, s = 1; 2; :::; S, are given in Proposition 2.3.2.

In the time invariant coe�cient (classical) model case, de�ned in (2.2.1), the result of this

proposition can be represented by the following corollary.

Corollary 2.3.3 The autocovariance structure of integer-valued processes fyt; t 2 Zg, sat-
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isfying the model (2.2.1), is given as follows :


 (h) =

(
(1� �22)

�1
�1 h = 0;

�2
 (h� 1) + (�1 � �2) 
1 (h� 1) ; h � 1;

where, �1 is given in Corollary 2.3.2.

Proof of Proposition 2.3.5. For h = 0 the autocovariance of Cov (yt; yt) = V ar (yt) =

�2y;t: Then, for h = 1 the autocovariance 

(t) (1), can be calculated as follows :


(t) (1) = Cov (yt; yt�1) = Cov
�
(�1;t � yt�1) I(1)t�1 + (�2;t � yt�1) I

(2)
t�1 + "t; yt�1

�
;

= Cov
�
(�1;t � yt�1) I(1)t�1; yt�1

�
+ Cov

�
(�2;t � yt�1) I(2)t�1; yt�1

�
;

where,

Cov
�
(�1;t � yt�1) I(1)t�1; yt�1

�
= �1;tCov

�
yt�1I

(1)
t�1; yt�1

�
= �1;t


(t�1)
1 (0) ;

and

Cov
�
(�2;t � yt�1) I(2)t�1; yt�1

�
= E

�
(�2;t � yt�1) I(2)t�1yt�1

�
� E

�
(�2;t � yt�1) I(2)t�1

�
E (yt�1) ;

= �2;t

�
E
�
y2t�1

�
1� I

(1)
t�1

��
� E

�
yt�1

�
1� I

(1)
t�1

��
E (yt�1)

�
;

= �2;t

(t�1) (0)� �2;t


(t�1)
1 (0) :

Accordingly,


(t) (1) = �2;t

(t�1) (0) + (�1;t � �2;t) 


(t�1)
1 (0) :

More generally, calculate now the autocovariance 
(t) (h) ; for h � 1 :


(t) (h) = Cov (yt; yt�h) = Cov
�
(�1;t � yt�1) I(1)t�1 + (�2;t � yt�1) I

(2)
t�1 + "t; yt�h

�
;

= Cov
�
(�1;t � yt�1) I(1)t�1; yt�1

�
+ Cov

�
(�2;t � yt�1) I(2)t�1; yt�h

�
;

where,

Cov
�
(�1;t � yt�1) I(1)t�1; yt�h

�
= E

�
(�1;t � yt�1) I(1)t�1yt�h

�
� E

�
(�1;t � yt�1) I(1)t�1

�
E (yt�h) ;

= �1;tCov
�
yt�1I

(1)
t�1; yt�h

�
= �1;t


(t�1)
1 (h� 1) ;

and

Cov
�
(�2;t � yt�1) I(2)t�1; yt�h

�
= E

�
(�2;t � yt�1) I(2)t�1yt�h

�
� E

�
(�2;t � yt�1) I(2)t�1

�
E (yt�h) ;

= �2;t

�
E
�
yt�1yt�h

�
1� I

(1)
t�1

��
� E

�
yt�1

�
1� I

(1)
t�1

��
E (yt�h)

�
;

= �2;t

(t�1) (h� 1)� �2;t


(t�1)
1 (h� 1) :

Therefore,


(t) (h) = �2;t

(t�1) (h� 1)+(�1;t � �2;t) 


(t�1)
1 (h� 1) :
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2.4 Parameters estimation

In this Section, we estimate the parameters of the PSETINARS (2; 1) model, assuming

that we have the observations fyt; t 2 Zg satisfying (2.2.2). Let �s = (�1;s; �2;s; �3;s)
0 = (�1;s;

�2;s; �";s)
0, for a �xed s = 1; :::; S, be the vector of unknown parameters to be estimated via

two methods, namely, the Conditional Least Squares (CLS) and the Conditional Maximum

Likelihood (CML), also, we propose the periodic adaptation Nested Sub-Sample Search

(NeSS) algorithm to estimate the periodic threshold parameters ct: Initially and without

loss of generality, these parameters ct are considered to be known until Section 2.4.3 where

we will discuss how to estimate them in the unknown case.

2.4.1 Conditional least square estimators

Recall that the CLS-estimations b�s;CLS = �b�1;s; b�2;s; b�";s�0 of �s are obtained by minimizing
the following sum of squared deviations about the conditional expectation :

Q(�t;Y ) =
Pn

t=2 (yt � g (�t; yt�1))
2 ;

where,

g (�t; yt�1) = E (ytj yt�1) = �1;tyt�1I
(1)
t�1 + �2;tyt�1I

(2)
t�1 + �";t: (2.4.1)

Suppose that the size of observed time series n is a multiple of S (i.e. n = NS), and while

replacing t by s + �S, with , s = 1; :::; S and � 2 Z; one can rewrite the last expression in
the form

Q(�s;Y ) =
PS

s=1

PN�1
�=0

�
ys+�S �

P2
k=1 �k;sys�1+�SI

(k)
s�1;� � �";s

�2
;

=
PS

s=1

PN�1
�=0 (ys+�S � g (�s; ys�1+�S))

2 =
PS

s=1

PN�1
�=0 Us+�S (�s) ;

where,

I
(1)
s�1;� =

�
1 if ys�1+�S � cs;
0 if ys�1+�S > cs;

and I
(2)
s�1;� = 1� I

(1)
s�1;� ;

and, Us+�S (�s) = (ys+�S � g (�s; ys�1+�S))
2 :
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The CLS-vector estimator b�s;CLS can be obtained by solving the system below :

@Q

@�k;s
=

N�1P
�=0

h�
ys�1+�Sys+�S � y2s�1+�S�k;s � �";sys�1+�S

�
I
(k)
s�1;�

i
= 0; k = 1; 2;

@Q

@�";s
=

N�1P
�=0

h
ys+�S � �1;sys�1+�SI

(1)
s�1;� � �2;sys�1+�SI

(2)
s�1;� � �";s

i
= 0;

(2.4.2)

the solution of this system (2.4.2) is given by

�̂s;CLS = A
�1
s bs; s = 1; :::; S;

with

As =

0B@
PN�1

�=0 y
2
s�1+�SI

(1)
s�1;� 0

PN�1
�=0 ys�1+�SI

(1)
s�1;�

0
PN�1

�=0 y
2
s�1+�SI

(2)
s�1;�

PN�1
�=0 ys�1+�SI

(2)
s�1;�PN�1

�=0 ys�1+�SI
(1)
s�1;�

PN�1
�=0 ys�1+�SI

(2)
s�1;� N

1CA ;

and

bs =
� PN�1

�=0 ys�1+�Sys+�SI
(1)
s�1;�

PN�1
�=0 ys�1+�Sys+�SI

(2)
s�1;�

PN�1
�=0 ys+�S

�0
:

The next result gives the asymptotic property for our CLS-vector estimator.

Theorem 2.4.1 The CLS-vector estimators b�s;CLS are strongly consistent and asymptoti-
cally normally distributed i.e.,

p
N
�b�s;CLS � �s

�
L N

�
0;��1s 
s�

�1
s

�
;

where �s and 
s, for s = 1; :::; S, are square matrices of order 3 with elements

(�s)i;j = E
�
@

@�i;s
g (�s; ys�1+�S)

@

@�j;s
g (�s; ys�1+�S)

�
;

and

(
s)i;j = E
�
Us+�S (�s)

@

@�i;s
g (�s; ys�1+�S)

@

@�j;s
g (�s; ys�1+�S)

�
;

respectively.

Proof of Theorem 2.4.1. It is easy check that the function g, given in (2.4.1), @g=@�i;s;

@2g=@�i;s@�j;s, and @
3g=@�i;s@�j;s@�k;s; for i; j; k 2 f1; 2; 3g ; s = 1; :::; S; satisfy all the reg-

ularity conditions proposed by Klimko and Nelson (1978). Consequently, by the theorem

3:1 in Klimko and Nelson (1978), we conclude that the CLS-vector estimators b�s;CLS are
strongly consistent. Then we have to prove the three conditions (A), (B) and (C) hold

(A) : E (ytj yt�1; yt�2; :::; y0) = E (ytj yt�1) ; t � 1 a.e.
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(B) : E
�
Us+�S (�s)

���@g(�s;ys�1+�S)@�i;s

@g(�s;ys�1+�S)
@�j;s

���� <1; i; j = 1; 2; 3; where Us+�S (�s) = (ys+�S

� g (�s; ys�1+�S))
2:

(C) : �s is non singular.

Condition (A) is satis�ed since ys+�S is a �rst-order Markov chain while s being �xed in

f1; : : : ; Sg. In order to prove condition (B) we check that the components of the matrix 
s
are all �nite.

(
s)1;1 = E

 
U2s+�S (�s)

�
@

@�1;s
g (�s; ys�1+�S)

�2!
= E

�
y2s�1+�SI

(1)
s�1;�U

2
s+�S (�s)

�
;

= E
�
y2s�1+�SI

(1)
s�1;�E

�
U2s+�S (�s)

�� ys�1+�S�� ;
= �1;s (1� �1;s)E

�
y3s�1+�SI

(1)
s�1;�

�
+ �";sE

�
y2s�1+�SI

(1)
s�1;�

�
;

= �1;s (1� �1;s)�
(1;3)
y;s�1 + �";s�

(1;2)
y;s�1 <1:

Similarly, we have

(
s)2;2 = E

 
U2s+�S (�s)

�
@

@�2;s
g (�s; ys�1+�S)

�2!
= �2;s (1� �2;s)�

(2;3)
y;s�1 + �";s�

(2;2)
y;s�1 <1:

(
s)3;3 = E

 
U2s+�S (�s)

�
@

@�";s
g (�s; ys�1+�S)

�2!
= E

�
E
�
U2s+�S (�s)

�� ys�1+�S�� ;
= �1;s (1� �1;s)E

�
ys�1+�SI

(1)
s�1;�

�
+ �2;s (1� �2;s)E

�
ys�1+�SI

(2)
s�1;�

�
+ �";s;

= �1;s (1� �1;s)�
(1;1)
y;s�1 + �2;s (1� �2;s)�

(2;1)
y;s�1 + �";s <1:

(
s)1;3 = (
s)3;1 = E
�
U2s+�S (�s)

@

@�1;s
g (�s; ys�1+�S)

@

@�";s
g (�s; ys�1+�S)

�
;

= E
�
ys�1+�SI

(1)
s�1;� (cs)E

�
U2s+�S (�s)

�� ys�1+�S�� ;
= �1;s (1� �1;s)�

(1;2)
y;s�1 + �";s�

(1;1)
y;s�1 <1:

Similarly, we have

(
s)2;3 = (
s)3;2 = E
�
U2s+�S (�s)

@

@�2;s
g (�s; ys�1+�S)

@

@�";s
g (�s; ys�1+�S)

�
;

= �2;s (1� �2;s)�
(2;2)
y;s�1 + �";s�

(2;1)
y;s�1 <1:

(
s)1;2 = (
s)2;1 = E
�
U2s+�S (�s)

@
@�1;s

g (�s; ys�1+�S)
@

@�2;s
g (�s; ys�1+�S)

�
= 0:

Therefore, the condition (B) is also satis�ed, then, the elements of the matrix �s are given
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by :

(�s)1;1 = E

 �
@

@�1;s
g (�s; ys�1+�S)

�2!
= E

�
y2s�1+�SI

(1)
s�1;�

�
= �

(1;2)
y;s�1;

(�s)2;2 = E

 �
@

@�2;s
g (�s; ys�1+�S)

�2!
= E

�
y2s�1+�SI

(2)
s�1;�

�
= �

(2;2)
y;s�1:

(�s)3;3 = E

 �
@

@�";s
g (�s; ys�1+�S)

�2!
= 1:

(�s)1;3 = (�s)3;1 = E
�

@

@�1;s
g (�s; ys�1+�S)

@

@�";s
g (�s; ys�1+�S)

�
= E

�
ys�1+�SI

(1)
s;�

�
= �

(1;1)
y;s�1:

(�s)2;3 = (�s)3;2 = E
�

@

@�2;s
g (�s; ys�1+�S)

@

@�";s
g (�s; ys�1+�S)

�
= E

�
ys�1+�SI

(2)
s�1;�

�
= �

(2;1)
y;s�1:

(�s)1;2 = (�s)2;1 = E
�

@

@�1;s
g (�s; ys�1+�S)

@

@�2;s
g (�s; ys�1+�S)

�
= 0;

when the calculation of matrix's (�s) determinant, we get

det (�s) = �
(2;2)
y;s�1

�
�
(1;2)
y;s�1 �

�
�
(1;1)
y;s�1

�2�
� �

(1;2)
y;s�1

�
�
(2;1)
y;s�1

�2
> 0:

Which lead us to conclude that the matrix �s is invertible. Thus, the condition (C) is also

satis�ed. Finally, by Theorem 3:2 of Klimko and Nelson (1978), the CLS-vector estimatorsb�s;CLS are asymptotically normally distributed.
2.4.2 Conditional maximum likelihood estimators

The CML-vector estimators b�s;CML of the vector parameters
b�s are given by maximizing the

conditional likelihood function, which is given for a size n = NS, while taking t = s + �S,

s = 1; :::; S and � 2 Z, by :

L (�s;Y ) =
QS

s=1

QN�1
�=0 p

�
xs�1+�S; xs+�S; �1;sI

(1)
s�1;� + �2;sI

(2)
s�1;� ; �";s

�
;

or equivalently which maximizes the log conditional likelihood function L (�s;Y ), of these

n = NS observations

L (�s;Y ) =
PS

s=1

PN�1
�=0 log p

�
xs�1+�S; xs+�S; �1;sI

(1)
s�1;� + �2;sI

(2)
s�1;� ; �";s

�
:
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The partial derivatives of L (�s) with respect to �1;s; �2;s and �";s, s = 1; :::; S, are given for

k = 1; 2, respectively, by8>>><>>>:
1

�k;s(1��k;s)

N�1P
�=0

I
(k)
s�1;�

�
(xs+�S � �k;sxs�1+�S)� �";s

p (xs�1+�S; xs+�S � 1; �k;s; �";s)
p (xs�1+�S; xs+�S; �k;s; �";s)

�
= 0;

N�1P
�=0

2P
i=1

p (xs�1+�S; xs+�S � 1; �i;s; �";s)
p (xs�1+�S; xs+�S; �i;s; �";s)

I
(i)
s�1;� �N = 0:

(2.4.3)

This system can not be explicitly solved, therefore numerical methods of nonlinear optimiza-

tion have been used. The next results give the consistency and the asymptotic property for

our CML-vector estimator.

Theorem 2.4.2 Let fys+�S; � 2 Zg be the process de�ned by (2.2.2), satisfying the condi-

tions (C1)-(C6), while s being �xed in f1; :::; Sg, of the Lemma 22:3 in Franke and Seligmann

(1993). Then, there exists a consistent solution b�s;CML of (2.4.3) which is a local maximum

of L (�s;Y ) with probability going to 1. Moreover, any other consistent solution of (2.4.3)

coincides with b�s;CML with probability going to 1.

Theorem 2.4.3 The CLS-vector estimators b�s;CML are, under the assumption of the theo-

rem 2.4.2 and while s being �xed in f1; :::; Sg, asymptotically normally distributed, i.e.
p
N
�b�s;CML � �s

�
L N

�
0; Is (�s)

�1� ;
where Is (�s), for s = 1; :::; S, is the �sher information matrix, with elements :

Is (�s)k;l = �E
�

@2

@�k;s@�l;s
L (�s)

�
; for k; l = 1; 2; 3;
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with, for k = l;

Is (�s)k;k = E

"
@2L (�s)
@�2k;s

#
; for k = 1; 2, s = 1; :::; S,

= N

�2k;s(1��k;s)
2

+1P
xs

+1P
xs�1

P (ys�1 = xs�1) I
(k)
s�1;�

��
(2�k;s � 1)xs � �2k;sxs�1

�
p (xs�1; xs; �k;s; �";s)

+�";sp (xs�1; xs � 1; �k;s; �";s) + �2";sp (xs�1; xs � 2; �k;s; �";s)� �2";s
p(xs�1;xs�1;�k;s;�";s)

2

p(xs�1;xs;�k;s;�";s)

�
,

Is (�s)k;k = E

"
@2L (�s)
@�2";s

#
; for k = 3, s = 1; :::; S,

= N
+1P
xs

+1P
xs�1

P (ys�1 = xs�1)

�
2P
i=1

I
(i)
s�1;�p (xs�1; xs � 2; �i;s; �";s)� I

(i)
s�1;�

p(xs�1;xs�1;�i;s;�";s)2
p(xs�1;xs;�i;s;�";s)

�
,

Is (�s)1;2 = Is (�s)2;1 = E
�
@2L (�s)
@�1;s@�2;s

�
= 0;

and, for k 6= j;

Is (�s)k;l = Is (�s)j;k = E
�
@2L (�s)
@�k;s@�";s

�
; for l = 3, and k = 1; 2;

= � N

�k;s(1��k;s)

+1P
xs

+1P
xs�1

P (ys�1 = xs�1) I
(k)
s�1;�

�
p (xs�1; xs � 1; �k;s; �";s)� �";s

p(xs�1;xs�1;�k;s;�";s)
2

p(xs�1;xs;�k;s;�";s)

+�";sp (xs�1; xs � 2; �k;s; �";s)g :

Proof of Theorem 2.4.2 and 2.4.3. The proof follows easily as a generalization for

the periodic case of SETINAR (2; 1) given by Monteiro et al. (2012). Since, each regime

of PSETINAR (2; 1) falls, when s being �xed in f1; : : : ; Sg, into the INAR structure

considered by Franke and Seligmann (1993), so the both Theorems are special cases of

Theorems 2:1 and 2:2 of Billingsley (1961). Then, we have only to check that the conditions

(C1)-(C6), given in Franke and Seligmann (1993), hold, which imply the conditions of those

general. These authors showed that for the Poisson distribution, as the distribution of

innovations, the following set of conditions hold.

(C1) : The set
n
x;P ("s+�S = x) = f (x; �";s) = exp (��";s)

�x";s
x!

> 0
o
doesn't depend on �";s:

(C2) : E
�
"3s+�S

�
= �3";s + 2�

2
";s + �";s <1:

(C3) : P ("s+�S = k) is three times continuously di�erentiable on �";s:

(C4) : For any �0";s 2 B (B is an open subset of R), there exists a neighborhood V of �0";s

such that

1:
X1

x=0
sup
�";s2V

f (x; �";s) <1: 2:
X1

x=0
sup
�";s2V

@f (x; �";s)

@�(k)";s
<1; for k = 1; :::; r:
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3:
X1

x=0
sup
�";s2V

@2f (x; �";s)

@�(k)";s@�
(l)
";s

<1; for k; l = 1; :::; r:

(C5) : For any �0";s 2 B; there exists a neighborhood V of �0";s and increasing sequences,

 1 (n) = const:n;  11 (n) = const:n2 and  111 (n) = const:n3; n � 0 such that for all �";s 2 V

and all x � n with non vanishing f (x; �";s)���@f (x; �";s)/ @�(k)";s ��� =  1 (n) f (x; �";s) ;
���@2f (x; �";s)/ @2�(k)";s ��� =  11 (n) f (x; �";s) ;���@3f (x; �";s)/ @3�(k)";s ��� =  111 (n) f (x; �";s) ;

and with respect to the periodic stationary distribution of the process yt

E
�
 31 (ys)

�
<1; E (ys 11 (ys+1)) <1; E ( 1 (ys) 11 (ys+1)) <1; E ( 111 (ys)) <1:

(C6) : The Fisher information matrix Is (�s) is non singular, which guarantees that the

parameters of PSETINAR (2; 1) process are not redundant. We show that, the determinant

of Is (�s) matrix is given by :

det (Is (�s)) =
2P

k=1

P (I
(3�k)
s�1;0 = 1)P (I

(k)
s�1;0 = 1)E

 �
@p(ys;ys+1;�k;s;�";s)

@�k;s

�2����� I(k)s�1;0 = 1

!
det (As;3�k) ;

we can write the last expression as

det (Is (�s)) = (1� ps) ps
P2

k=1 E

 �
@p(ys;ys+1;�k;s;�";s)

@�k;s

�2����� I(k)s�1;0 = 1

!
det (As;3�k) ;

with

(As;k)1;1 = E

 �
@p(ys;ys+1;�k;s;�";s)

@�k;s

�2����� I(k)s�1;0 = 1

!
:

(As;k)1;2 = E
�

@p(ys;ys+1;�k;s;�";s)
@�k;s

@p(ys;ys+1;�k;s;�";s)
@�";s

���� I(k)s�1;0 = 1

�
= (As;1)2;1 :

(As;k)2;2 = E

 �
@p(ys;ys+1;�k;s;�";s)

@�";s

�2����� I(k)s�1;0 = 1

!
; for k = 1; 2:

When s being �xed in f1; : : : ; Sg ; we can see that the matrix As;k, k = 1; 2 has the same

structure as the Fisher information matrix analyzed by Franke and Seligmann (1993), so the

same arguments can be used to prove that As;k has positive determinant. The matrix As;k,

k = 1; 2 is e.g., satis�ed if the matrix with entries
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P
mk;s

=

0BBBBBB@
E

 �
@p(ys;ys+1;�k;s;�";s)

@�k;s

�2����� ys= ms;k

!
E

0@ @p(ys;ys+1;�k;s;�";s)
@�k;s

�
@p(ys;ys+1;�k;s;�";s)

@�";s

������ ys= ms;k

1A
E

0@ @p(ys;ys+1;�k;s;�";s)
@�k;s

�
@p(ys;ys+1;�k;s;�";s)

@�";s

������ ys= ms;k

1AE �@p(ys;ys+1;�k;s;�";s)
@�";s

�2����� ys= ms;k

!
1CCCCCCA ;

is non singular for set of ms;k; ms;1 � cs and ms;2 > cs; with positive measure under the

periodic stationary distribution. They also proved that

p (m;n; �k;s; �";s) = �k;sp (m� 1; n� 1; �k;s; �";s) + (1� �k;s) p (m� 1; n; �k;s; �";s) ;

@p (m;n; �k;s; �";s)

@�k;s
=

m

1� �k;s
[p (m� 1; n� 1; �k;s; �";s)� p (m;n; �k;s; �";s)] ;

@p (m;n; �k;s; �";s)

@�";s
= (

n

�";s
� 1)p (m;n; �k;s; �";s)� (

m�k;s
�";s

)p (m� 1; n� 1; �k;s; �";s) ;

by using these expressions and the lemma 22:3(b) in Franke and Seligmann (1993), we get

�";s(1��k;s)
2

m2
k

det
P
mk;s

= V ar [(D (ms;k; ys+1; �k;s)� 1) (ys+1 � �";s �ms;k�k;s)D (ms;k; ys+1; �k;s)]�

�Cov
�
(D (ms;k; ys+1; �k;s)� 1)2 ; (ys+1 � �";s �ms;k�k;s)D (ms;k; ys+1; �k;s)

2� ;
(2.4.4)

with

D (m;n; �k;s) = p (m� 1; n� 1; �k;s; �";s)/ p (m;n; �k;s; �";s) :

As a result, the expression (2.4.4) is positive for a set of mk; m1 � cs and m2 > cs; with

positive measure under the periodic stationary distribution. Therefore (C6) is satis�ed for

the Poisson innovation law. In term of derivatives of log-likelihood, each regime of the

PSETINARS (2; 1) model falls (when the period s being �xed) into INAR considered by

Franke and Seligmann (1993). and in accordance with these authors, the conditions (C1)-

(C6) imply the conditions (A) and (B) theorems 2:1 and 2:2 in Billingsley (1961) (these two

conditions are also given in Monteiro et al. (2012)) and the results of Theorems 2.4.2 and

2.4.3 are also valid for the PSETINARS (2; 1) model.

2.4.3 Estimation of the periodic threshold parameter ct

In this paragraph, we discuss how to estimate the periodic threshold parameters ct using

the periodic adaptation (NeSS) algorithm proposed by Li and Tong (2016) : Using standard
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least squares, we get the sum of squared errors function as follows :

SN (cs) =
N�1P
�=0

 
ys+�S �

P2
k=1

PN�1
�1=0

(ys+�1S��";s)ys�1+�1SI
(k)
s�1;�1PN�1

�1=0
y2s+�1S

I
(k)
s�1;�1

ys�1+�SI
(k)
s�1;� � �";s

!2
,

with I
(k)
s;� , k = 1; 2 are de�ned in (2.2.3) ; from which cs s = 1; :::; S; can be estimated asbcs = argmincs2[cs;cs] SN (cs) : Following Li and Tong (2016), let JN (cs) = SN�SN (cs) ; where

SN =
N�1P
�=0

 
ys+�S �

PN�1
�1=0

(ys+�1S��";s)ys�1+�1SPN�1
�2=0

y2s+�2S

ys�1+�S � �";s

!2
:

Then, the periodic threshold cs can be estimated by maximizing the function JN (cs), i.e.,bcs = argmaxcs2[cs;cs] JN (cs) ; where cs and cs can be selected as the minimum and maximum
values of the samples, respectively, and �";s can take any positive integer value.

2.5 Simulation results and application on real data

In this Section, the purpose is to illustrate the theoretical results given in Section 2.4 and to

assess the Conditional Least-Squares (CLS) and Conditional Maximum Likelihood (CML)

estimations on two time series, of small, moderate and relatively large sample sizes and also

an application on real dataset.

2.5.1 Simulation results

In order to show some empirical estimates properties, we have generated 1000 indepen-

dent series from PSETINAR4 (2; 1) model, with a periodic Poisson innovation distribution,

P (�s), s = 1; :::; 4. The threshold parameters cs are assumed to be known for Model 1, and

unknown for Model 2. The true parameter values of these models are given below :

Model 1 : � = (�1; : : : ; �4)
0 = ((0:1; 0:7; 3) ; (0:2; 0:65; 4) ; (0:6; 0:1; 5) ; (0:5; 0:8; 2))0 ,

C = (c1; : : : ; c4) = (6; 9; 13; 11) ; "t  P (�";s) ; s = 1; :::; 4; with C is known,

Model 2 : � = (�1; : : : ; �4)
0 = ((0:8; 0:4; 3) ; (0:15; 0:65; 6) ; (0:2; 0:7; 5) ; (0:5; 0:8; 4))0 ;

C = (c1; : : : ; c4) = (10; 8; 15; 9) ; "t  P (�";s) ; s = 1; :::; 4; with C is unknown.

For each of the above models, the periodic threshold values, cs, s = 1; :::; 4; were chosen

such that the observations in each regime of each period are at least 20% of the sub-series
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size. As mentioned in Li and Tong (2016), when the proportion of observations in sub-series,

i.e., fys+�S; � 2 Zg while s being �xed in f1; :::; 4g, of one regime to the whole is less than

5%, the estimated result may not be reliable. The simulation was repeated 1000 times, the

mean estimates and their root mean square error RMSE are displayed in Tables 2.1, 2.2

and 2.3. Table 2.1 reports the means, median and root mean square errors (RMSE) of the

CLS-vector estimators b�s;CLS and CML-vector estimators b�s;CML, across 1000 replications,

for the �rst model when cs; s = 1; :::; 4 are known. While Table 2.2 reports the performance

of the last series with the periodic threshold parameters are considered to be unknown where

these threshold parameters are estimated �rstly by using the periodic adaptation (NeSS)

algorithm, the results are reported in Table 2.3.

From Table 2.1, one can easily observe that the adopted estimation method performs better

as n increases, i.e., the convergence of all the estimated parameters is guaranteed, which is

visible through the box plots in Figure 2.1, namely that they become narrower as the sample

size n increases, in the same time, the root mean square error decreasing, see Figure 2.2,

which imply that our estimators (CLS- vector estimators b�s;CLS, and CML-vector estimators

b�s;CML) are empirically consistent for all the parameters. Moreover, we can notice that the

parameters �i;s, s = 1; :::; 4, i = 1; 2, are regularly overestimated, whereas the parameters

�";s, s = 1; :::; 4, are underestimated. Generally, this behavior of the estimates, in terms

of the propensity to underestimate or overestimate the parameters, is encountered even in

the classical time-invariant model (see, Monteiro et al. 2012). Furthermore, it can also be

seen that the CML-vector estimators b�s;CML have a small root mean square error RMSE

compared to one of the CLS-vector estimators b�s;CLS, thus implying that the CML-vector

estimators b�s;CML are much advantage than the CLS-vector estimators
b�s;CLS, this empirical

superiority is noticeable in Figures 2.1 and 2.2.

Moreover, we get the same conclusions from Table 2.2 and Figures 2.3 and 2.4, that the

consistency property of the CLS-vector estimators and CML-vector estimators still met,

even if the threshold parameters cs, s = 1; :::; 4, are unknown, this encourages us to use

con�dently the PSETINAR4 (2; 1) model, when the periodic threshold parameters cs are

unknown, without worrying about to bring a wrong results. The advantage of this scenario
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is that the estimation behavior, concerning the propensity to underestimate or overestimate

the parameters, has disappeared.

Furthermore, from Table 2.3, which reports the means, medians, the percentage, and the

root mean square error (RMSE) of the periodic threshold estimations bcs, s = 1; :::; 4, we

can �nd that all the estimation results perform better as n increases, thus implying that the

periodic adaptation Nested Sub-Sample Search (NeSS) algorithm is empirically consistent.

Also, we observe that the median of 1000 repetitions, for the periodic threshold estimationsbcs, s = 1; :::; 4, estimated is generally better than the mean.
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Figure 2.1. Box-plots of the CLS and CML estimation parameters for Model 1.
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Figure 2.2. RMSE graphics for the parameters of Model 1 for the di�erent methods.
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Figure 2.3. Box-plots of the CLS and CML estimation parameters for Model 2.

0 500 1000 1500 2000
Sample size

0

0.1

0.2

R
M

S
E

(
1,

1) CLS
CML

0 500 1000 1500 2000
Sample size

0

0.05

0.1

R
M

S
E

(
2,

1)

CLS
CML

0 500 1000 1500 2000
Sample size

0

0.5

1

1.5

R
M

S
E

(
,1

) CLS
CML

0 500 1000 1500 2000
Sample size

0

0.1

0.2

0.3

R
M

S
E

(
1,

2) CLS
CML

0 500 1000 1500 2000
Sample size

0

0.1

0.2

R
M

S
E

(
2,

2)

CLS
CML

0 500 1000 1500 2000
Sample size

0

1

2

R
M

S
E

(
,2

)

CLS
CML

0 500 1000 1500 2000
Sample size

0

0.1

0.2

R
M

S
E

(
1,

3) CLS
CML

0 500 1000 1500 2000
Sample size

0

0.1

0.2

R
M

S
E

(
2,

3) CLS
CML

0 500 1000 1500 2000
Sample size

0

0.5

1

1.5

R
M

S
E

(
,3

)

CLS
CML

0 500 1000 1500 2000
Sample size

0

0.1

0.2

R
M

S
E

(
1,

4)

CLS
CML

0 500 1000 1500 2000
Sample size

0

0.05

0.1

R
M

S
E

(
2,

4) CLS
CML

0 500 1000 1500 2000
Sample size

0

0.5

1

1.5

R
M

S
E

(
,4

) CLS
CML

Figure 2.4. RMSE graphics for the parameters of Model 2 for the di�erent methods.
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Table 2.3. Simulation results of the threshold parameters for Model 2.

c1 c2 c3 c4
T:V 10 8 15 9
Size bc1 percent med bc2 percent med bc3 percent med bc4 percent med
200 10:1660

(0:8489)
0:7700 10 8:1280

(0:7433)
0:8580 8 14:4940

(2:0484)
0:4050 15 8:9870

(1:0845)
0:6830 9

300 10:0930
(0:5489)

0:8810 10 8:0140
(0:1950)

0:9650 8 14:9470
(1:0536)

0:5910 15 9:0600
(1:0005)

0:7510 9

500 10:0180
(0:2001)

0:9660 10 8:0070
(0:1141)

0:9930 8 15:0220
(0:5022)

0:8110 15 9:0120
(0:5369)

0:8840 9

700 10:0160
(0:1484)

0:9810 10 8:0020
(0:0447)

0:9980 8 15:0040
(0:3348)

0:9020 15 9:0110
(0:3148)

0:9500 9

1000 10:0060
(0:0775)

0:9940 10 8:0000
(0)

1:0000 8 14:9960
(0:1950)

0:9620 15 9:0050
(0:2122)

0:9790 9

1500 10:0010
(0:0316)

0:9990 10 8:0000
(0)

1:0000 8 14:9970
(0:0949)

0:9910 15 9:0000
(0)

1:0000 9

2000 10:0000
(0)

1:0000 10 8:0000
(0)

1:0000 8 15:0010
(0:0316)

0:9990 15 9:0010
(0:0316)

0:9990 9

2.5.2 Real data study

In this paragraph, we consider the dataset of size 365 observations, recorded from births in

the Quebec-Canada, for the year 1986. The studied series was, from 01 January 1977 to

31 December 1990, presented by Solanki (2016), who suggested for it the ARIMA model.

The data set was collected from www.datamarket.com, which is now acquired by www.qlik.

com. The visualization of the considered time series is shown in Figure 2.5, while Table 2.4

summarizes some descriptive statistics.
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Figure 2.5. Trajectory of the births in Quebec time series.

A look at Table 2.4 explains the reason why we choose the PSETINAR7 (2; 1) model.

Indeed, the fact that the series appears to be overdispersed, indicating that, marginally,

Poisson distribution might not be appropriate, but our periodic nonlinear model seems to

be adequate for modeling this overdispersed data set.

Table 2.4. Some descriptive statistics for the births in Quebec time series.

Sample size Minimum Maximum Median Mean Variance Skewness Kurtosis
365 141 316 241 231:8740 1624:0830 �0:2918 2:1038

www.datamarket.com
www.qlik.com
www.qlik.com
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Basically, the type of periodic model may contribute to describing the overdispersion feature

of a periodic integer valued time series. This feature was observed in Bentarzi and Aries

(2020a) where the authors demonstrated, see Corollary 3:3:1 and Remark 3:3:1 on page 9,

that their proposed periodic INARMA(1; 1) model is appropriate for modeling an overdis-

persed data set even with a Poisson innovation distribution. Thereafter, by analyzing the

empirical autocorrelation function (ACF ) and the empirical partial autocorrelation function

(PACF ) in Figure 2.6, the time series presents periodicity of season S = 7, due to the e�ect

of the day. Hence, we are interested in �tting a periodic self-exciting threshold integer-valued

autoregressive time series model for this data set.
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Figure 2.6. Autocorrelations of the births in Quebec time series.

Table 2.5 gives the estimation results of our PSETINAR7 (2; 1) model. However, the esti-

mated threshold parameters (cs; s = 1; :::; 7) in each period, by using the periodic adaptation

(NeSS) algorithm, are given by C = (c1; :::; c7) = (257; 255; 252; 197; 185; 190; 262):

Table 2.5. Estimation results of the PSETINAR7 (2; 1; 1) :

s 1 2 3 4 5 6 7
�1;s 0:0889 0:3222 0:1961 0:2116 0:0000 0:0041 0:0000
�2;s 0:1517 0:3886 0:2526 0:1584 0:0478 0:0000 0:1256
�";s 223:0117 165:8242 199:5347 141:4789 173:9122 241:3493 248:7854

Figure 2.7 shows empirically that the residuals of our estimated model do not indicate any

statistical signi�cant autocorrelation. So, the adequacy of the model is not statistically

rejected. Moreover, one can easily observe that the periodic feature of the residual auto-

correlation for the �tted model PSETINAR7 (2; 1) has been completely disappeared thus

the periodic feature has been taken into account by this model. Figure 2.8, exhibits the

adjusted trajectory of the births in the Quebec-Canada dataset, such as the series values

are shown in blue, while the red line denotes the adjusted series. The �tted values of the
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PSETINAR7 (2; 1) model seem to be suitable for the real dataset values.
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Figure 2.7. Autocorrelations of the residual time series.
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Figure 2.8. An adjusted trajectory proposed to the births in Quebec dataset.



Chapter 3

Periodic Negative Binomial

SETINAR Model

3.1 Introduction

In certain situations, it becomes necessary to deal with non-negative integer-valued time

series, which take account of the positivity and the discreteness nature of their generator

processes, in many practical areas such as medical �eld (e.g., the time series consisting on

the number of cases of campylobacterosis infections studied by Ferland et al. 2006, Bentarzi

and Bentarzi 2017a and Ouzzani and Bentarzi 2019), sociological �eld (e.g., number of

short-term unemployed people in Penamacor County Portugal, studied by Monteiro et al.

2010) and more others. Modeling non-negative integer-valued time series is di�cult with

the mathematical tools meant for real-valued time series issues, which is not re
ective of the

discrete nature of the series under study, many researchers have found it helpful to suggest

more of time series models. Indeed, considerable attention has been given over the last two

decades to modeling and studying the probabilistic and statistical properties in either case,

linear or nonlinear non-negative integer-valued time series models, we refer some of their

works (see, Al-Osh and Alzaid 1987, Alzaid and Al-Osh 1990, Du and Li 1991, Silva and

Oliveira 2000 and many others). Moreover, it seems that the class of nonlinear models,

which is the most theoretically studied and practically employed in the analysis of real-

34
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time series, is the class of threshold autoregressive (TAR) models, which was introduced,

for the �rst time in the time series literature, by the pioneer Tong (1978) and explored by

Tong and Lim (1980), to modeling the high threshold exceedances appearing in clusters, and

the so-called piece-wise phenomenon. Furthermore, Lewis and Ray (2002) have introduced

and studied the periodic threshold autoregression model as an extension of the threshold

autoregressive (TAR) model, to capture and describe the periodicity feature exhibited by the

autocovariance structure and which cannot be accounted for by the classical time-invariant

parameters time series models. However, for dealing with time series of counts exhibiting

a piece-wise type of patterns, Thyregod et al. (1999) introduced a class of self-exciting

threshold INAR model to analyze tipping bucket rainfall measurements, as well as, Monteiro

et al. (2012) presented a particular class of self-exciting threshold INAR model driven by

independent Poisson distributed random variables.

It is well-known that the Poisson distribution is not always suitable for modeling and study-

ing time series of counts, as was pointed out by Risti�c et al. (2009). This is due to the equality

property of the mean and the variance of a Poisson distribution which is not always veri�ed

in the real world. Indeed, many time series encountered in a variety of �elds show an overdis-

persion feature. Consequently, Yang et al. (2018b) introduced a new integer-valued thresh-

old autoregressive process based on a negative binomial thinning operator NBSETINAR.

Thereafter, this model is rede�ned by Wang et al. (2019) to give some useful extensions of

the original model by removing the assumption of negative-binomial innovations to make

the model more 
exible. Moreover, many economic, �nancial and environmental integer-

valued time series, which have encountered in practice, reveal the periodicity feature in their

autocovariance structures. It is recognized that this periodic feature cannot be adequately

accounted for and described by time-invariant parameter integer-valued time series models.

Despite of the various advantages and interesting properties satis�ed by the NBSETINAR

model such as the positivity and the discreteness nature of the realizations, the high threshold

exceedances appearing in clusters, and the so-called piece-wise phenomenon, this model still

unable to capture the periodicity feature. These facts which concern both the non-periodic

NBSETINAR models and the periodicity feature, gave a good reason and motivation to

extend this class of time-invariant models to the periodic negative binomial self-exciting

threshold integer-valued autoregressive PNBSETINAR models, with time-periodic coe�-
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cients. To our knowledge, Monteiro et al. (2010) and Morin~a et al. (2011) were the pioneers

on the modeling of the periodically correlated, in the sense of Gladyshev (1961), integer-

valued process and over time, the topic has made progress, see for example, Bentarzi and

Bentarzi (2017a, 2017b), Sadoun and Bentarzi (2019) and many others.

In the next section, we provide the basic notations, de�nitions and main assumptions con-

cerning the class of PNBSETINARmodels. In Section 3.3, we discuss its basic probabilistic

and statistical properties. Indeed, the �rst and the second moment periodically stationary

conditions are established, while establishing, under these conditions, their-closed forms. In

addition, the existence of high moment and the strict periodic stationarity, are studied. The

autocovariance structure is also acquired. The unknown periodic parameters of our models

are estimated, while using both the Conditional Least Squares (CLS) and the Conditional

Maximum Likelihood (CML) estimation methods, in Section 3.4. The unknown periodic

threshold parameter is estimated by using a periodic adaptation Nested Sub-Sample Search

(NeSS) algorithm. In Section 3.5, a simulation study was used to illustrate the performance

of the suggested estimate methods, and an application on a real data set was presented.

3.2 Notations, de�nitions and main assumptions

Recall that the integer-valued process fyt; t 2 Zg is said to satisfy a negative binomial self-

exciting threshold integer-valued autoregressive model, if it is given by:

yt = (�1 � yt�1 + "1;t) I
(1)
t�1 (c) + (�2 � yt�1 + "2;t) I

(2)
t�1 (c) ; t 2 Z: (3.2.1)

A stochastic process fyt; t 2 Zg is said to follow a periodic negative binomial self-exciting

threshold integer-valued autoregressive model, of order one with two regimes and period S

(S � 2), if it is a solution of the following non-linear di�erence stochastic equation :

yt = (�1;t � yt�1 + "1;t) I
(1)
t�1 (ct) + (�2;t � yt�1 + "2;t) I

(2)
t�1 (ct) ; t 2 Z; (3.2.2)

with I
(1)
t�1 (ct) is a sequence of independent Bernoulli random variables de�ned by :

I
(1)
t�1 (ct) =

�
1 if yt�1 � ct;
0 if yt�1 > ct;

and I
(2)
t�1 (ct) = 1� I

(1)
t�1 (ct) ; (3.2.3)

where the threshold parameters ct are assumed to be unknown. The underlying non-negative

integer-valued process fyt; t 2 Zg is a periodically correlated, in the Gladyshev's sense
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(1961), with period S (S � 2) and the innovation process f"i;t; t 2 Zg, i = 1; 2, is a periodic

sequence of independent and identically non-negative integer-valued random variables, with

a negative binomial distribution NB (rt; �i;t /(1 + �i;t)), where for a �xed t and i (i = 1; 2),

the probability mass function is given below :

P ("i;t = n) =
� (n+ rt)

� (rt) � (n+ 1)

�ni;t

(1 + �i;t)
rt+n

; n 2 N:

The symbol \�" stands for the negative binomial thinning operator (Ristic et al. 2009) which

is de�ned, for the non-negative integer-valued stochastic process yt�1, by :

�i;t � yt�1 =
� Pyt�1

j=1 Z
(i)
j;t ; if yt�1 > 0;

0; if yt�1 = 0;

such that Z
(i)
j;t ; i = 1; 2; is a sequence of independent and identically distributed geomet-

ric random variables G (�i;t /(1 + �i;t)), with �i;t 2 [0; 1[, t 2 Z and i = 1; 2, where the

probability mass function is given, for a �xed t and i (i = 1; 2), by:

P
�
Z
(i)
j;t = k

�
= �ki;t

.
(1 + �i;t)

k+1 ; k 2 N:

Moreover, all the parameters �1;t, �2;t, rt and ct are periodic, in time, with a period S

where, S is the smallest positive integer such that �1;t+kS = �1;t, �2;t+kS = �2;t; rt+kS = rt

and ct+kS = ct. After that, for a �xed t and i (i = 1; 2), the innovation process f"i;t; t 2 Zg

is assumed to be independent of the counting series f�i;t�l � yt�l, l � 1g and fyt�l, l � 1g

also, the processes "1;t and "2;t are assumed to be mutually independent. Assuming that

the process fyt; t 2 Zg is periodically stationary with S-periodic geometric G (�t /(1 + �t))

distribution, then for the law of the innovation process "i;t, i = 1; 2 , to be well de�ned, the

parameter �i;t , for a �xed t and i = 1; 2, must take its values, as it has been rigorously

shown, in the time-invariant case, by Ristic et al. (2009), in the interval [0; �t /(1 + �t) ]

and it is, more precisely, distributed as a mixture of two random variables with geometric

G (�t /(1 + �t)) and geometric G (�i;t /(1 + �i;t)) distributions. Besides, one can rewrite the

periodic negative binomial self-exciting integer-valued threshold autoregressive model, with

a period S (S � 2) given in (3.2.2) in the equivalent form
yt = 't � yt�1 + "t; t 2 Z; (3.2.4)

where, 't = �1;tI
(1)
t�1 (ct) + �2;tI

(2)
t�1 (ct) and "t = "1;tI

(1)
t�1 (ct) + "2;tI

(2)
t�1 (ct). Throughout the

chapter, we will omit (ct) in I
(k)
t�1 (ct), k = 1; 2, to make the notation easy without ambiguity.
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3.3 Basic properties of the PNBSETINAR model

In this paragraph, we provide the conditions on parameters of the underlying integer-valued

process to be periodically stationary in the �rst and the second order. Furthermore, un-

der these conditions, the closed forms of the periodic mean and the periodic variance are

acquired. Moreover, the existence of the unconditional m-th moment and the strict peri-

odic stationarity of the process fyt; t 2 Zg are established. In addition, the autocovariance

structure is also obtained.

3.3.1 Periodic stationarity in the two �rst moments

The results given in the following proposition establish the necessary and su�cient condi-

tions, for the process fyt; t 2 Zg satisfying (3.2.2) to be periodically stationary with respect

to the �rst two moments. The closed-forms of these moments are then, under these condi-

tions, obtained.

Proposition 3.3.1 The process fyt; t 2 Zg, satisfying the model (3.2.2), is periodically sta-

tionary in the �rst moment if and only if, the periodic parameters �1;t and �2;t satisfy the

periodically stationary conditions
QS

i=1 �1;i < 1 and
QS

i=1 �2;i < 1, respectively, then the

unconditional periodic mean is, under these conditions, given by

�y;s = E (ys+�S) =
�
1�

QS
i=1 �2;i

��1PS
j=1

�Qj�1
i=1 �2;s�i+1

�
�s�j+1;

where, �s = (�1;s � �2;s)
�
�
(1;1)
y;s�1 + p1;srs

�
+ �2;srs; with p1;s = P (ys�1+�S � cs), p2;s = 1 �

p1;s, �
(i;m)
y;s = E

�
I
(i)
�;syms+�S

�
, i = 1; 2:

The results of Proposition 3.3.1 can be represented, in the time invariant coe�cients case

(classical) model, de�ned in (3.2.1), by the following corollary.

Corollary 3.3.1 The process fyt; t 2 Zg, satisfying (3.2.1), is stationary in the �rst mo-

ment if and only if �1 < 1 and �2 < 1, then, we have

�y = E (yt) = (1� �2)
�1 �(�1 � �2)

�
�(1;1)y + p1r

�
+ �2r

�
:

where, p1 = P (yt � c), p2 = 1� p1, �
(i;m)
y = E

�
I
(i)
t ymt

�
, i = 1; 2:
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Proof of Proposition 3.3.1. In the �rst place, the mean of the process fyt; t 2 Zg,

de�ned in (3.2.2) denoted by �y;t = E (yt), can be calculated as follows :

E (yt) = E
�
(�1;t � yt�1 + "1;t) I

(1)
t�1 + (�2;t � yt�1 + "2;t) I

(2)
t�1

�
;

= E
�
(�1;t � yt�1 + "1;t) I

(1)
t�1 + (�2;t � yt�1 + "2;t)

�
1� I

(1)
t�1

��
;

= �2;t�y;t�1 + (�1;t � �2;t)
�
�
(1;1)
y;t�1 + p1;trt

�
+ �2;trt:

Then, we have

�y;t = �2;t�y;t�1 + �t; with �t = (�1;t � �2;t)
�
�
(1;1)
y;t�1 + p1;trt

�
+ �2;trt; (3.3.1)

by iterating the �rst-order di�erence equation (3.3.1), m times, while letting t = s + �S,

s = 1; :::; S, � 2 Z and putting, in the expression, m = S then, taking account of the

periodicity of the parameters, we obtain, under the condition
QS

i=1 �2;i < 1, the closed-form

of the mean is given as it is reported in Proposition 3.3.1.

Remark 3.3.1 It can also obtained the second condition of stationarity in the �rst momentQS
i=1 �1;i < 1, while replacing I

(1)
t�1 by 1� I

(2)
t�1:

The following proposition establishes the necessary and su�cient conditions for the model

(3.2.2) to be periodically stationary in the second moment.

Proposition 3.3.2 The process fyt; t 2 Zg, satisfying the model (3.2.2), is periodically sta-

tionary in the variance if and only if the periodic parameters �1;t and �2;t satisfy the period-

ically stationary conditions
QS

i=1 �1;i < 1 and
QS

i=1 �2;i < 1, respectively, then the periodic

variance is, under these conditions, given by

�2y;s = V ar (ys+�S) =
�
1�

QS
i=1 �

2
2;i

��1PS
j=1

�Qj�1
i=1 �

2
2;s�i+1

�
�s�j+1;

where,

�s =
�
�21;s � �22;s

�
�
2;(1)
y;s�1 + 2�2;s

�
�y;s � �2;s

�
�y;s�1 + rs

��
�
(1;1)
y;s�1 + 2p2;s�1;srs�y;s + �y;s

+ (�1;s + �2;s)�y;s + �2;s
�
2
�
�y;s�1 + rs

�
�2;s � 2

�
�y;s + p2;s�1;srs

��
�y;s�1 � �1;s�y;s�1

+
��
�22;s � �21;s

�
p1;s � 2�1;s�2;s

�
p2;sr

2
s � �1;s�2;srs;

with p1;s = P (ys�1+�S � cs), p2;s = 1� p1;s, �(i;m)y;s = E
�
I
(i)
�;syms+�S

�
; �

2;(i)
y;s = V ar

�
I
(i)
�;sys+�S

�
;

i = 1; 2:

The results of Proposition 3.3.2 reduces, in the time invariant coe�cients case (classical)

model presented in (3.2.1), to the following corollary.
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Corollary 3.3.2 The process fyt; t 2 Zg, satisfying (3.2.1), is stationary in the variance if

and only if �1 < 1 and �2 < 1 then,

�2y = V ar (yt) = (1� �22)
�1
�;

where, � = (�21 � �22)�
2;(1)
y +

�
1 + �2 + 2p2�1r + 2�2

��
�y + r

�
�2 �

�
�y + p2�1r

���
�y +

2�2
�
�y � �2

�
�y + r

��
�
(1;1)
y � �1�2r:

Proof of Proposition 3.3.2. At �rst, it is easy to see that V ar (�k;t � yt�1j yt�1) =

�k;t (1 + �k;t) yt�1 and V ar ("k;t) = �k;t (1 + �k;t) rt, for k = 1; 2:Now, the variance V ar (yt) =

�2y;t is obtained as follows :

�2y;t = V ar
�
(�1;t � yt�1 + "1;t) I

(1)
t�1

�
+ V ar

�
(�2;t � yt�1 + "2;t)

�
1� I

(1)
t�1

��
+2Cov

�
(�1;t � yt�1 + "1;t) I

(1)
t�1; (�2;t � yt�1 + "2;t)

�
1� I

(1)
t�1

��
:

(3.3.2)

The �rst term, on the right hand side, can be easily calculated as follows :

V ar
�
(�1;t � yt�1 + "1;t) I

(1)
t�1

�
= V ar

�
�1;t (yt�1 + rt) I

(1)
t�1

�
+ E

�
�1;t (1 + �1;t) (yt�1 + rt) I

(1)
t�1

�
;

= �21;tV ar
�
yt�1I

(1)
t�1

�
+ �21;tV ar

�
I
(1)
t�1rt

�
+ 2�21;tCov

�
(�1;t � yt�1) I(1)t�1; rtI

(1)
t�1

�
+

�1;t (1 + �1;t)E
�
(yt�1 + rt) I

(1)
t�1

�
;

then taking account the notation given in Proposition 3.3.2, we obtain :

V ar
�
(�1;t � yt�1 + "1;t) I

(1)
t�1

�
= �21;t �

2;(1)
y;t�1 + �21;t r

2
t p1;tp2;t + 2�

2
1;t rt p2;t �

(1;1)
y;t�1+

�1;t (1 + �1;t)
�
�
(1;1)
y;t�1 + rtp1;t

�
:

(3.3.3)

The second term in (3.3.2), can be easily calculated as follows :

V ar
�
(�2;t � yt�1 + "2;t)

�
1� I

(1)
t�1

��
= V ar

�
(�2;t � yt�1 + "2;t) I

(1)
t�1

�
+V ar (�2;t � yt�1 + "2;t)� 2Cov

�
(�2;t � yt�1 + "2;t) ; (�2;t � yt�1 + "2;t) I

(1)
t�1

�
:

(3.3.4)

The term V ar
�
(�2;t � yt�1 + "2;t) I

(1)
t�1

�
can be obtained, where we replace �1;t in (3.3.3) by

�2;t, indeed, we have :

V ar
�
(�2;t � yt�1 + "2;t) I

(1)
t�1

�
= �22;t �

2;(1)
y;t�1 + p1;tp2;t�

2
2;t r

2
t + 2p2;t�

2
2;trt �

(1;1)
y;t�1+

�2;t (1 + �2;t)
�
�
(1;1)
y;t�1 + p2;trt

�
:

(3.3.5)

The variance V ar (�2;t � yt�1 + "2;t) and Cov
�
(�2;t � yt�1 + "2;t) ; (�2;t � yt�1 + "2;t) I

(1)
t�1

�
, are

given as follows :

V ar (�2;t � yt�1 + "2;t) = �22;t�
2
y;t�1 + �2;t (1 + �2;t)�y;t�1 + �2;t (1 + �2;t) rt;
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Cov
�
(�2;t � yt�1 + "2;t) ; (�2;t � yt�1 + "2;t) I

(1)
t�1

�
= E

�
(�2;t � yt�1 + "2;t)

2 I
(1)
t�1

�
�

E (�2;t � yt�1 + "2;t)E
�
(�2;t � yt�1 + "2;t) I

(1)
t�1

�
;

= V ar
�
(�2;t � yt�1 + "2;t) I

(1)
t�1

�
+ �2;t

�
E
�
yt�1I

(1)
t�1

�
+ p1;trt

�
��

�2;t

�
E
�
yt�1I

(1)
t�1

�
� E (yt�1)

�
� p2;t�2;trt

�
;

= V ar
�
(�2;t � yt�1 + "2;t) I

(1)
t�1

�
� �22;t

�
�
(1;1)
y;t�1 + p1;trt

��
�y;t�1 � �

(1;1)
y;t�1 + p2;trt

�
; (3.3.6)

where, V ar
�
(�2;t � yt�1 + "2;t) I

(1)
t�1

�
is given in (3.3.5). Similarly, by taking account the

notation given in Proposition 3.3.2 and from (3.3.5)-(3.3.6), we have :

V ar
�
(�2;t � yt�1 + "2;t)

�
1� I

(1)
t�1

��
= �22;t�

2
y;t�1 � p2;t�

2
2;trt

�
p1;trt + 2 �

(1;1)
y;t�1

�
� �22;t�

2;(1)
y;t�1 + �2;t (1 + �2;t)

�
�y;t�1 + rt

�
� �2;t (1 + �2;t)

�
�
(1;1)
y;t�1 + p1;trt

�
+ 2�22;t

�
�
(1;1)
y;t�1 + p1;trt

���
�y;t�1 � �

(1;1)
y;t�1

�
+ p2;trt

�
:

(3.3.7)

The last term of (3.3.2) can be calculated as follows :

Cov
�
(�1;t � yt�1 + "1;t) I

(1)
t�1; (�2;t � yt�1 + "2;t)

�
1� I

(1)
t�1

��
= �

�
�1;tE

�
yt�1I

(1)
t�1

�
+ p1;trt�1;t

��
�2;t

�
E (yt�1)� E

�
yt�1I

(1)
t�1

��
+ p2;trt�2;t

�
;

= ��1;t�2;t
�
�
(1;1)
y;t�1 + p1;trt

���
�y;t�1 � �

(1;1)
y;t�1

�
+ p2;trt

�
:

(3.3.8)

The unconditional variance �2y;t, can be written, while using (3.3.3)-(3.3.8), in the following

�rst order di�erence equation :

�2y;t = �22;t �
2
y;t�1 +�t; (3.3.9)

where,

�t =
�
�21;t � �22;t

�
�
2;(1)
y;t�1 + 2�2;t

�
�y;t � �2;t

�
�y;t�1 + rt

��
�
(1;1)
y;t�1 + �y;t � �1;t�2;trt +

2�2;t
��
�y;t�1 + rt

�
�2;t �

�
�y;t + p2;t�1;trt

�
� �1;t

�
�y;t�1 +��

�22;t � �21;t
�
p1;t � 2�1;t�2;t

�
p2;tr

2
t + ((�1;t + �2;t) + 2p2;t�1;trt)�y;t;

by iterating the equation (3.3.9) m times, letting t = s+ �S, s = 1; :::; S, � 2 Z and putting

m = S, while taking account of the periodicity of the parameters, we obtain :

�2y;s =
�QS

i=1 �
2
2;i

�
�2y;s +

PS
j=1

�Qj�1
i=1 �

2
2;s�i+1

�
�s�j+1;

then, the unconditional variance, for a �xed s, is given, under the periodically stationary

condition, namely,
QS

i=1 �
2
2;i < 1, (hence

QS
i=1 �2;i < 1) by the following expression :

�2y;s =
�
1�

QS
i=1 �

2
2;i

��1PS
j=1

�Qj�1
i=1 �

2
2;s�i+1

�
�s�j+1:
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Remark 3.3.2 It can also obtained, in Proposition 3.3.2, the second condition of stationar-

ity in the second order, i.e.,
QS

i=1 �1;i < 1, while replacing I
(1)
t�1 by 1�I

(2)
t�1. The unconditional

periodic mean and variance and the periodic probabilities �
(1;1)
y;t�1, �

2;(1)
y;t�1, p1;t and p2;t, respec-

tively, to be estimated empirically.

3.3.2 Existence of higher moments

The next proposition ensures the existence of the unconditional m-th moment of fyt; t 2 Zg

and gives their general formula.

Proposition 3.3.3 The unconditional m-th moment E (ymt ) of the periodically correlated

process fyt; t 2 Zg, de�ned by (3.2.2), exists, if the unconditional m-th moment E (ym0 )

exists. The general formula for E (ymt ) is given by :

E (ymt ) =
P2

k=1

Pm
j=0

�
m
j

�
E
�
(�k;t � yt�1)j I(k)t�1

�
E
�
"m�jk;t I

(k)
t�1

�
:

Proof of Proposition 3.3.3. It is well known that the m-th moment of "m1;t and "
m
2;t

(Negative binomial processes) are given, and to ensure the existence of E (ymt ), we use the

proof by induction. First of all, we start by m = 1, so we have

E (yt) �  tE (yt�1) + E ("�;t) �  t
�
 t�1E (yt�2) + E ("�;t�1)

�
+ E ("�;t) ;

...

�
�Qt

i=1  t�i+1
�
E (y0) +

Pt�1
j=0

�Qj
i=0  t�i

�
E ("�;t�j) <1;

(3.3.10)

with,  t = max (�1;t; �2;t) ; and E ("�;t) =  trt. Similarly, we have, for m = 2;

E(y2t ) �  2tE
�
y2t�1

�
+
�
 t +  2t

�
E (yt�1) + 2 tE (yt�1)E ("�;t) + E

�
"2�;t
�
;

�  2t
�
 2t�1E

�
y2t�2

�
+
�
 t�1 +  2t�1

�
E (yt�2) + 2 t�1E (yt�2)E ("�;t�1) + E

�
"2�;t�1

��
+

+  t (1 +  t)E (yt�1) + 2 tE (yt�1)E ("�;t) + E
�
"2�;t
�
;

...

�
�Qt

i=1  
2
t�i
�
E (y20) +

Pt
j=1

�Qj�1
i=1  

2
t�i+1

�
 t�j+1

�
1 +  t�j+1 + 2E ("�;t�j+1)

�
E (yt�j+1)

+
Pt

j=1

�Qj�1
i=1  

2
t�i+1

�
E
�
"2�;t�j+1

�
;

with, E
�
"2�;t
�
=  t (1 +  t +  trt) rt: The last inequality can be written in the form :

E(y2t ) �
�Qt

i=1  
2
t�i
�
E (y20) + �t; where,

�t =
Pt

j=1

�Qj�1
i=1  

2
t�i+1

� �
 t�j+1

�
1 +  t�j+1 + 2E ("�;t�j+1)

�
E (yt�j+1) + E

�
"2�;t�j+1

��
<1;
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since, E (yt) is �nite by using (3.3.10) and our assumption that the unconditional m th mo-

ments E
�
"m1;t
�
and E

�
"m2;t
�
exist and are �nite. Thus, the second moment E(y2t ) exists. After

that, we assume E
�
ym�1t

�
<1 exists for m� 1; and we show that for m. It's easy to see

E (ymt ) �
�Qt

i=1  
m
t�i+1

�
E (ym0 ) + �0

t; (3.3.11)

where, �0
t denote the combination of �nite k-th moment of process yt and l th moment of

process "t, with k 2 f1; 2; ::;m� 1g and l 2 f1; 2; ::;mg (i.e., induction hypothesis and the

assumption). From (3.3.11), one can check that E (ymt ) <1, m � 1.

3.3.3 Strict periodic stationarity

The following proposition establishes the existence of the periodic strict stationarity property

of the process fyt; t 2 Zg de�ned in (3.2.4).

Proposition 3.3.4 For a �xed value of s = 1; :::S; the process fys+�S; � 2 Zg is an irre-

ducible, aperiodic, and positive recurrent (and hence ergodic) Markov chain. Therefore, there

exists a strict periodic stationarity for the process fys+�S; � 2 Zg de�ned in (3.2.4).

Proof of Proposition 3.3.4. We can see that the process fys+�S; � 2 Zg, for a �xed s in

f1; :::; Sg, is a periodic Markov chain on N0 where its transition probabilities are given by

P (yt = yj yt�1 = x) =
� (y + x+ rt)

� (x+ rt) � (y + 1)

 
�y1;tI

(1)
t�1

(1 + �1;t)
rt+y+x

+
�y2;tI

(2)
t�1

(1 + �2;t)
rt+y+x

!
;

since P (yt = yj yt�1 = x) > 0 it follows that fyt; t 2 Zg is an irreducible, aperiodic chain.

Furthermore, to show that our process fyt; t 2 Zg is positive recurrent, it is su�cient to

prove that
P+1

t=1 P (yt = 0j y0 = 0) = +1; By iterating (??) t times, while putting y0 = 0,

we have yt =
Pt�1

j=0

�Qj
i=1 't�i+1

�
� "t�j; t 2 Z; t 2 Z. Consequently, we can write :

P (yt = 0j y0 = 0) = P
�Pt�1

i=1 't � 't�1 � ::: � 'i � "i + "t = 0
�� y0 = 0� ;

=
2P

i2=1

2P
i3=1

:::
2P

it=1

P ('2 = �i2;2; '3 = �i3;3; ::; 't = �it;tj y0 = 0)
�

1

1 + �it;t

�rt
��

1 + �it;t
1 + �it;t + �it;t�it�1;t�1

�rt�1
:::

�
1 + �it;t + :::+ �it;t�it�1;t�1:::�i2;2

1 + �it;t + :::+ �it;t�it�1;t�1:::�i2;2�i1;1

�r1
:

(3.3.12)

From the expression (3.3.12) it is easy to see that each factor is strictly monotonically

decreasing with respect to �ij ;j with 1 � j � t. Letting t = s + �S, s = 1; :::; S, � 2 Z and
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taking account of the periodicity of the parameters �1;t, �2;t and rt, we obtain

P (ys+�S = 0j y0 = 0) �  (�max; s+ �S) where ; �max = max1�s�S f�1;s; �2;sg ;

and  (�; t) =

�
1

1 + �

�rt � 1

1 + �+ �2

�rt�1
:::

�
1

1 + �+ :::+ �t

�r1
:

Since P (yt = 0j y1 = 0) > 0, then by the use, for a �xed s, of the comparison criterion for

series convergence, one can see easily that
PS

s=1

P+1
�=0 P (ys+�S = 0j y0 = 0) = +1. This

proves that the process, in � , fys+�S; � 2 Zg is a positive recurrent Markov chain and hence

ergodic which ensures the existence of a strict periodic stationarity.

Remark 3.3.3 The results given in Proposition 3.3.4 reduce, in the time-invariant NB-

SETINAR model, to the proposition 2:1 presented by Yang et al (2018b).

3.3.4 Autocovariance structure

The following proposition establishes the autocovariance structure of the process fyt; t 2 Zg,

given by 
(t) (h) = Cov (yt; yt�h) = E
��
yt � �y;t

� �
yt�h � �y;t�h

��
, �rst we give these nota-

tions : 

(t)
1 (h) = Cov

�
I
(1)
t yt; yt�h

�
and 


(t)
2 (h) = Cov

�
I
(2)
t yt; yt�h

�
.

Proposition 3.3.5 The autocovariance structure of the periodically correlated integer-valued

process fyt; t 2 Zg, satisfying the model (3.2.2) is given as follows :


(s) (h) =

8>>><>>>:
�
1�

QS
i=1 �

2
2;s�i+1

��1PS
j=1

�Qj�1
i=1 �

2
2;s�i+1

�
�s�j+1: h = 0;

�2;s

(s�1) (h� 1) + (�1;s � �2;s)

�


(s�1)
1 (h� 1)+

rs

�
E
�
I
(1)
�;s�1ys�h+�S

�
� p1;s�y;s�h

��
; h � 1:

where, �s, s = 1; :::; S, are given in Proposition 3.3.2.

The results of Proposition 3.3.5 can be represented, in the time-invariant model, de�ned in

(3.2.1), by the following corollary.

Corollary 3.3.3 The autocovariance structure of integer-valued process fyt; t 2 Zg, satis-

fying the model (3.2.1), is given as follows :


 (h)=

(
(1� �22)

�1
�

�2
 (h� 1) + (�1 � �2)
�

1 (h� 1) + r

�
E
�
yt�hI

(1)
t�1

�
� p1�y;t�h

��
;

h = 0;
h � 1:

where, � is given in Corollary 3.3.2.
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Proof of Proposition 3.3.5. For h = 0 the autocovariance Cov (yt; yt) = V ar (yt) = �2y;t:

Then, for h = 1 the autocovariance 
(t) (1), can be calculated as follows :


(t) (1) = Cov (yt; yt�1) = Cov
�
(�1;t � yt�1 + "1;t) I

(1)
t�1 + (�2;t � yt�1 + "2;t) I

(2)
t�1; yt�1

�
;

= Cov
�
(�1;t � yt�1 + "1;t) I

(1)
t�1; yt�1

�
+ Cov

�
(�2;t � yt�1 + "2;t)

�
1� I

(1)
t�1

�
; yt�1

�
;

hence, we have


(t) (1) = Cov
�
(�1;t � yt�1 + "1;t) I

(1)
t�1; yt�1

�
+ Cov ((�2;t � yt�1 + "2;t) ; yt�1)�

Cov
�
(�2;t � yt�1 + "2;t) I

(1)
t�1; yt�1

�
;

= Cov
�
(�1;t � yt�1) I(1)t�1; yt�1

�
+ Cov

�
"1;tI

(1)
t�1; yt�1

�
+ Cov (�2;t � yt�1; yt�1)�

Cov
�
(�2;t � yt�1) I(1)t�1; yt�1

�
� Cov

�
"2;tI

(1)
t�1; yt�1

�
;

one can easily verify that :

Cov
�
(�1;t � yt�1) I(1)t�1; yt�1

�
= �1;tCov

�
yt�1I

(1)
t�1; yt�1

�
= �1;t


(t�1)
1 (0) ;

Cov
�
"1;tI

(1)
t�1; yt�1

�
= E

�
"1;tyt�1I

(1)
t�1

�
� E

�
"1;tI

(1)
t�1

�
E (yt�1) = �1;trt

�
�
(1;1)
y;t�1 � p1;t�y;t�1

�
;

Cov (�2;t � yt�1; yt�1) = �2;tCov (yt�1; yt�1) = �2;t

(t�1) (0) ;

Cov
�
(�2;t � yt�1) I(1)t�1; yt�1

�
= �2;tCov

�
yt�1I

(1)
t�1; yt�1

�
= �2;t


(t�1)
1 (0) ;

Cov
�
"2;tI

(1)
t�1; yt�1

�
= E

�
"2;tyt�1I

(1)
t�1

�
� E

�
"2;tI

(1)
t�1

�
E (yt�1) = �2;trt

�
�
(1;1)
y;t�1 � p1;t�y;t�1

�
:

Accordingly, we have


(t) (1) = �2;t

(t�1) (0) + (�1;t � �2;t)

�


(t�1)
1 (0) +

�
�
(1;1)
y;t�1 � p1;t�y;t�1

�
rt

�
:

More generally, calculate now the autocovariance 
(t) (h) ; for h � 1 :


(t) (h) = Cov (yt; yt�h) = Cov
�
(�1;t � yt�1 + "1;t) I

(1)
t�1 + (�2;t � yt�1 + "2;t) I

(2)
t�1; yt�h

�
;

= Cov
�
(�1;t � yt�1 + "1;t) I

(1)
t�1; yt�h

�
+ Cov

�
(�2;t � yt�1 + "2;t)

�
1� I

(1)
t�1

�
; yt�h

�
;

= Cov
�
(�1;t � yt�1) I(1)t�1; yt�h

�
+ Cov

�
"1;tI

(1)
t�1; yt�h

�
+ Cov (�2;t � yt�1; yt�h)+

Cov
�
(�2;t � yt�1) I(1)t�1; yt�h

�
+ Cov

�
"2;tI

(1)
t�1; yt�h

�
;

where, the four terms of the last expression can be calculated as follows :

Cov
�
(�1;t � yt�1) I(1)t�1; yt�h

�
= �1;t

�
E
�
yt�1yt�hI

(1)
t�1

�
� E

�
yt�1I

(1)
t�1

�
E (yt�h)

�
;

= �1;tCov
�
yt�1I

(1)
t�1; yt�h

�
= �1;t


(t�1)
1 (h� 1) ;

Cov
�
(�1;t � yt�1) I(1)t�1; yt�h

�
= �1;t

�
E
�
yt�1yt�hI

(1)
t�1

�
� E

�
yt�1I

(1)
t�1

�
E (yt�h)

�
;

= �1;tCov
�
yt�1I

(1)
t�1; yt�h

�
= �1;t


(t�1)
1 (h� 1) ;

Cov
�
"1;tI

(1)
t�1; yt�h

�
= E

�
"1;tyt�hI

(1)
t�1

�
� E

�
"1;tI

(1)
t�1

�
E (yt�h) = �1;trt

�
E
�
yt�hI

(1)
t�1

�
� p1;t�y;t�h

�
;
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Cov (�2;t � yt�1; yt�h) = �2;tCov (yt�1; yt�h) = �2;t

(t�1) (h� 1) ;

Cov
�
(�2;t � yt�1) I(1)t�1; yt�h

�
= E

�
(�2;t � yt�1) yt�hI(1)t�1

�
� E

�
(�2;t � yt�1) I(1)t�1

�
E (yt�h) ;

= �2;tCov
�
yt�1I

(1)
t�1; yt�h

�
= �2;t


(t�1)
1 (h� 1) :

Therefore, for any h � 1, we have :


(t) (h) = �2;t

(t�1) (h� 1)+(�1;t � �2;t)

�


(t�1)
1 (h� 1) +

�
E
�
I
(1)
t�1yt�h

�
� p1;t�y;t�h

�
rt

�
:

3.4 Parameter estimation

In this Section, we estimate the parameters of the periodic negative binomial self-exciting

threshold integer-valued autoregressive process PNBSETINARS (2; 1) model satisfying

(3.2.2). Let �s = (�1;s; �2;s; �3;s)
0 = (�1;s; �2;s; rs)

0, for a �xed s = 1; :::; S, be the vector

of unknown parameters to be estimated, while opting for the conditional least squares and

the conditional maximum likelihood estimation methods. In addition, the periodic adapta-

tion nested sub-sample search algorithm to estimate the periodic threshold parameters ct:

Initially and without loss of generality, these parameters ct are considered to be known until

Section 3.4.3 where we discuss how to estimate them in the unknown case.

3.4.1 Conditional least square estimators

Recall that the CLS-estimations b�s;CLS = (b�1;s; b�2;s; brs)0 of �s are given by minimizing the
following sum of squared deviations about the conditional expectation :

Q(�t;Y ) =
Pn

t=2 (yt � g (�t; yt�1))
2 ; (3.4.1)

where g (�t; yt�1) = E (ytj yt�1) =
P2

k=1 �k;t (yt�1 + rt) I
(k)
t�1:

Letting, for simplicity of notation, the size n of the observed time series be a multiple of S,

(i.e., n = NS, N 2 N�) and replacing t by s + �S, with s = 1; :::; S and � 2 Z, one can

rewrite the last expression in the form :

Q(�s;Y ) =
PS

s=1

PN�1
�=0 (ys+�S � g (�s; ys�1+�S))

2 =
PS

s=1

PN�1
�=0 Us+�S (�s) ;

=
PS

s=1

PN�1
�=0

�
ys+�S �

P2
k=1 �k;s (ys�1+�S + rs) I

(k)
�;s�1

�2
:

For the purposes that the estimation value of rs is, in each period, a positive integer, we use

the Min-Min algorithm, applied in Yang et al (2018b) : Hence, our contribution is limited to



CHAPTER 3. PERIODIC NEGATIVE BINOMIAL SETINAR MODEL 47

providing an adaptation of their algorithm to our periodic case. The schema is as follows,

for a �xed value s = 1; :::; S; and for given values of �1;s and �2;s in [0; 1], we calculate rs

which is the solution of the following normal equation :

@Q

@rs
=
PN�1

�=0

P2
k=1 �k;s (ys+�S � �k;s (ys�1+�S + rs)) I

(k)
�;s�1 = 0: (3.4.2)

Then, we update the values of �1;s and �2;s by replacing rs obtained previously in the

following equations, for k = 1; 2 :

@Q

@�k;s
=
PN�1

�=0

h�
ys+�S (ys�1+�S + rs)� �k;s (ys�1+�S + rs)

2� I(k)�;s�1

i
= 0: (3.4.3)

Then the estimated parameters is given by iterating these two equations until the convergence

is achieved (the details of this algorithm are given in Section 3.4.4).

In order to study the asymptotic property of our obtained CLS-estimators, we make the

following technical assumptions.

Assumption 3.4.1 . The stochastic process fyt; t 2 Zg satisfying the model (3.2.2), with

the true vector parameters �0;s 2 D � N�; s = 1; :::; S, where D = [0; 1]� [0; 1] is a compact

subset of R2:

Assumption 3.4.2 The model (3.2.2) is identi�able, i.e., p�s 6= p�0;s, if �s 6= �0;s; while s

being �xed in f1; : : : ; Sg.

The following proposition establishes, under the above assumptions, the consistency property

of the CLS-vector estimators b�s;CLS and thereafter its asymptotic distribution.
Proposition 3.4.1 The CLS-vector estimators are, under the assumptions 3.4.1 and 3.4.2,

strongly consistent, i.e., b�s;CLS  �0;s; a.s. s = 1; :::; S:

Proof of Proposition 3.4.1. The proof of this proposition is very similar to the elegant

demonstration of theorem 3:1: in Yang et al (2018b). Consider hs+�S (�s) = �Us+�S (�s), the

proof will be undertaken in three steps.

Step 1: We are going to prove, while s being �xed in f1; : : : ; Sg, that E (Us+�S (�s)) is

continuous in �s; so that for E (hs+�S (�s)). Since rs is discrete, we just need to prove the

next property. For any �s 2 D; let V� (�s) = B (�s; �) be an open ball centered at �s with

radius �, then : E
�
sup�0s2V�(�s) jUs+�S (�s)� Us+�S (�

0
s)j
�
! 0; as � ! 0: To prove the last
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expression, we can observe that,

jUs+�S (�s)� Us+�S (�
0
s)j =

�
ys+�S �

P2
k=1 �k;s (ys�1+�S + rs) I

(k)
�;s�1

�2
��

ys+�S �
P2

k=1 �
0
k;s (ys�1+�S + rs) I

(k)
�;s�1

�2
;

=

����2ys+�S � 2P
k=1

�
�k;s + �0k;s

�
(ys�1+�S + rs) I

(k)
�;s�1

���� ���� 2P
k=1

�
�0k;s � �k;s

�
(ys�1+�S + rs) I

(k)
�;s�1

���� ;
� � (ys�1+�S + rs) j2ys+�S + 2 (ys�1+�S + rs)j � 2�

�
ys+�S (ys�1+�S + rs) + (ys�1+�S + rs)

2� :
After that, we can see

E

 
sup

�0s2V�(�s)
jUs+�S (�s)� Us+�S (�

0
s)j
!
� 2�E

�
ys+�S (ys�1+�S + rs) + (ys�1+�S + rs)

2� !
�!0

0:

Step 2:We prove now that E�s;0
�
hs+�S (�s)� hs+�S

�
�s;0
��
< 0; which is equivalent to prove

E�s;0
�
Us+�S (�s)� Us+�S

�
�s;0
��
> 0, for any �s 6= �s;0 with �s;0 is the true value of �s, then

E�s;0 (Us+�S (�s)) = E�s;0
�
(ys+�S � g (�s; ys�1+�S))

2� ;
= E�s;0

h�
ys+�S � g

�
�s;0; ys�1+�S

��2
+ 2

�
ys+�S � g

�
�s;0; ys�1+�S

��
��

g
�
�s;0; ys�1+�S

�
� g (�s; ys�1+�S)

�
+
�
g
�
�s;0; ys�1+�S

�
� g (�s; ys�1+�S)

�2i
;

= E�s;0
�
Us+�S

�
�s;0
��
+ I + II;

(3.4.4)

where, I and II are given, respectively, by

I = 2E�s;0
��
ys+�S � g

�
�s;0; ys�1+�S

�� �
g
�
�s;0; ys�1+�S

�
� g (�s; ys�1+�S)

��
;

= 0;
(3.4.5)

II = E�s;0
h�
g
�
�s;0; ys�1+�S

�
� g (�s; ys�1+�S)

�2i
> 0: (By Assumption 3.4.2). (3.4.6)

Therefore, by (3.4.4)-(3.4.6); we get E�s;0
�
Us+�S (�s)� Us+�S

�
�s;0
��
> 0:

Step 3: Now, we can prove the consistency for b�s;CLS; while s being �xed in f1; : : : ; Sg :
Consider an arbitrary open neighborhood V�s;0 of �s;0; then for any �s 2 V c

�s;0
\ D; we have

E (hs+�S (�s)) < E
�
hs+�S

�
�s;0
��
; since V c

�s;0
\D is compact and E (hs+�S (�s)) is continuous in

�s; we have ks = E
�
hs+�S

�
�s;0
��
�sup�s2V c�s;0\D E (hs+�S (�s)) > 0: And for any �s 2 V

c
�s;0
\D;

there exists ��s > 0 such that E
�
supe�s2V��s (�s) hs+�S

�e�s�� < E (hs+�S (�s)) + ks
6
: Also, by

the compactness of V c
�s;0
\ D; there exists a �nite open cover

n
V��s;j

�
�s;j
�
; j = 1; :::;m

o
of

V c
�s;0
\ D. For any �s 2 D; n� 0; and j = 1; : : : ;m: Suppose that the size of observed time
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series n is a multiple of S (i.e., n = NS), we have

sup�s2V��s;j (�s;j)

SP
s=1

N�1P
�=0

hs+�S(�s)

NS
�

SP
s=1

N�1P
�=0

sup�s2V��s;j (�s;j)
hs+�S(�s)

NS
+ ks

6
;

� E
�
sup�s2V��s;j (�s;j)

hs+�S (�s)

�
+ ks

3
� E

�
hs+�S

�
�s;j
��
+ ks

2
;

� sup�s2V c�s;0\D E (hs+�S (�s)) +
ks
2
� E

�
hs+�S

�
�s;0
��
� 2ks

3
;

and

sup�s2V�s;0

SP
s=1

N�1P
�=0

hs+�S(�s)

NS
�

SP
s=1

N�1P
�=0

hs+�S(�s;0)
NS

�
SP
s=1

N�1P
�=0

hs+�S(�s;0)
NS

� ks
6
;

� E
�
hs+�S

�
�s;0
��
� ks

3
:

Therefore, for any (small) neighborhood V�s;0 of �s;0, for N is much greater and while s being

�xed, we have almost surely

sup�s2V��s;j

PS
s=1

PN�1
�=0

hs+�S(�s)

NS
� sup�s2V�s;0

PS
s=1

PN�1
�=0

hs+�S(�s)

NS
;

which implies b�s;CLS 2 V�s;0 .
As we mentioned previously the value of rs is, in each period, a positive integer, thus the

consistency of brs;CLS is that brs;CLS = rs: The e�ciency of the other estimated parameters

with rs being estimated together is asymptotically the same when rs is known. Therefore,

our interest is about the other parameters �
(0)
1;s and �

(0)
2;s. Let �s;0 =

�
�
(0)
1;s; �

(0)
2;s

�0
be the

true vector values of the vector parameters �s = (�1;s; �2;s)
0, s = 1; :::; S. The following

proposition establishes the asymptotic distribution of the CLS vector estimators b�s;CLS, of
this vector parameters.

Proposition 3.4.2 The CLS-vector estimator b�s;CLS = (b�1;s; b�2;s)0 is, under the assump-
tions 3.4.1�3.4.2, asymptotically normally distributed,

p
N
�b�s;CLS ��s;0� L N (0;��1s 
s�

�1
s ) ; s = 1; :::; S; where,

�s and 
s are diagonal square matrices of order two, with elements given respectively by

(�s)i;i = E
�

@

@�i;s
g (�s; ys�1+�S)

@

@�i;s
g (�s; ys�1+�S)

�
;

and

(
s)i;i = E
�
Us+�S (�s)

@

@�i;s
g (�s; ys�1+�S)

@

@�i;s
g (�s; ys�1+�S)

�
; i = 1; 2:
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Proof of Proposition 3.4.2. To prove the asymptotic normality, we have to check that

the following regularity conditions, in Klimko and Nelson (1978) ; hold

(A) : E (ytj yt�1; yt�2; :::; y0) = E (ytj yt�1) ; t � 1 a.e.

(B) : E
�
Us+�S (�s)

@

@�i;s
g (�s; ys�1+�S)

@

@�j;s
g (�s; ys�1+�S)

�
<1; (i; j = 1; 2) with, Us+�S (�s)

= (ys+�S � g (�s; ys�1+�S))
2:

(C) : �s is non singular.

Condition (A) is satis�ed since the process, in � , ys+�S is a �rst-order Markov chain while s

being �xed in f1; : : : ; Sg. In order to prove condition (B), we check that the elements (
s)i;i
for i = 1; 2 are all �nite

(
s)i;i = E
�
Us+�S (�s)

�
@

@�i;s
g (�s; ys�1+�S)

�2�
;

= E
h
I
(i)
�;s�1 (ys�1+�S + rs)

2
�P2

k=1 �k;s (1 + �k;s) I
(k)
�;s�1 (ys�1+�S + rs)

�i
;

= �i;s (1 + �i;s)
�
�
(i;3)
y;s�1 + 3rs�

(i;2)
y;s�1 + 3r

2
s�

(i;1)
y;s�1 + r3s

�
<1; i = 1; 2:

On the other hand,

(
s)1;2 = (
s)2;1 = E
�
Us+�S (�s)

@

@�1;s
g (�s; ys�1+�S)

@

@�2;s
g (�s; ys�1+�S)

�
;

= E
h
Us+�S (�s) I

(1)
�;s�1I

(2)
�;s�1 (ys�1+�S + rs)

2
i
= 0:

Therefore, condition (B) is also satis�ed. Finally, the matrix �s is given, for a �xed s, by

(�s)i;i = E

"�
@

@�i;s
g (�s; ys�1+�S)

�2#
= pi;s

�
�
2;(i)
y;s�1 +

�
�
(i;1)
y;s�1 + rs

�2�
; i = 1; 2;

note that the determinant of the matrix �s is det (�s) =
Q2

k=1 pk;s(�
2;(k)
y;s�1+(�

(k;1)
y;s�1+rs)

2) > 0,

which lead us to conclude that �s is invertible. Thus, condition (C) is also satis�ed. Finally,

by Theorem 3:2 of Klimko and Nelson (1978), the CLS-estimators b�s;CLS are asymptotically
normal.

3.4.2 Conditional maximum likelihood estimators

Denote by Y = (y1; y2; :::; yn) a realization of a �nite size n of a periodically correlated process

fyt; t 2 Zg satisfying the PNBSETINARS (2; 1) model given by (3.2.2). The CML-vector

estimators b�s;CML = (b�1;s; b�2;s; brs)0 of the vector parameters �s is given by maximizing the
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conditional likelihood function, which is given for a size n = NS, while taking t = s + tS,

s = 1; :::; S and � 2 Z, by :

L (�s;Y ) =
QS

s=1

QN�1
�=0 P (ys+�S = xs+�Sj ys�1+�S = xs�1+�S) ;

or equivalently which maximizes the log conditional likelihood function L (�s;Y ) ; of these

n = NS observations L (�s;Y ) =
PS

s=1

PN�1
�=0 qs+�S (�s), with

qs+�S (�s) = logP (ys+�S = xs+�Sj ys�1+�S = xs�1+�S) and,

P (ys+�S = yj ys�1+�S = x) =
� (y + x+ rs)

� (x+ rs) � (y + 1)

 
�y1;sI

(1)
�;s�1

(1 + �1;s)
rt+y+x

+
�y2;sI

(2)
�;s�1

(1 + �2;s)
rt+y+x

!
:

The estimations of �1;s; �2;s and rs, s = 1; :::; S, are obtained by the use of the same algorithm

"Min-Min", indeed, we use the following normal equations :

@L (�s)
@rs

=
N�1P
�=0

0BBBB@
xs+�S�1P
j=0

1

xs�1+�S + rs + j
�

2P
k=1

log (1 + �k;s)�
xs+�S
k;s I

(k)
�;s�1

(1 + �k;s)
xs+�S+xs�1+�S+rs

2P
k=1

�
xs+�S
k;s I

(k)
�;s�1

(1 + �k;s)
xs+�S+xs�1+�S+rs

1CCCCA = 0: (3.4.7)

@L (�s)
@�i;s

=
N�1P
�=0

�
xs+�S�1
i;s (xs+�S � �i;s (xs�1+�S + rs)) I

(i)
�;s�1�

2P
k=1

�
xs+�S
k;s I

(k)
�;s�1

.
(1 + �k;s)

xs+�S+xs�1+�S+rs

�
(1 + �i;s)

xs+�S+xs�1+�S+rs+1
;

= 0; i = 1; 2: (3.4.8)

The details of this algorithm are in Section 3.4.4. The next results give the consistency and

the asymptotic distribution of our CML-vector estimators b�s;CML.

Proposition 3.4.3 The CML-vector estimators b�s;CML of the vector parameters �s are,

under the assumptions 3.4.1�3.4.2, strongly consistent, i.e.,b�s;CML  �s;0 a.s.

Proof of Proposition 3.4.3. We can see that this result generalizes the theorem 3:3

given by Yang et al (2018b), and it is easy also to see that our process fXs+�S; � 2 Zg is in

� ; while s being �xed in f1; : : : ; Sg. Then, the proof of Proposition 3.4.3 is similar to the

theorem 3:3 in Yang et al (2018b). First, we have, while s being �xed, qs+�S (�s) =Ws+�S +

I
(1)
�;s�1q1;s+�S (�s) + I

(2)
�;s�1q2;s+�S (�s) ; where Ws+�S = log

�
� (xs+�S + xs�1+�S + rs)

� (xs�1+�S + rs) � (xs+�S + 1)

�
;

and qk;s+�S (�s) = ys+�S log(�k;s) � (ys+�S + ys�1+�S + rs) log(�k;s + 1); k = 1; 2: The proof
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is also achieved in three steps.

Step 1. While s being �xed in f1; : : : ; Sg ; we show that E (qs+�S (�s)) is continuous in

�s. Since rs is discrete, we need only to prove the following property. For any �s 2 D; let

V� (�s) = B (�s; �) be an open ball centered at �s with radius �, then

E
�
sup�0s2V�(�s) jqs+�S (�s)� qs+�S (�

0
s)j
�
! 0; as � ! 0:

Since

jqs+�S (�s)� qs+�S (�
0
s)j =

���I(1)�;s�1 (q1;s+�S (�s)� q1;s+�S (�
0
s))� I

(2)
�;s�1 (q2;s+�S (�s)� q2;s+�S (�

0
s))
��� ;

�
P2

k=1 j(qk;s+�S (�s)� qk;s+�S (�
0
s))j ;

�
2P

k=1

��ys+�S �log(�k;s)� log(�0k;s)�� (ys+�S + ys�1+�S + rs)
�
log(�k;s + 1)� log(�0k;s + 1)

��� ;
�
P2

k=1

���ys+�S ��k;s � �0k;s
��
�
(k)
s;1 � (ys+�S + ys�1+�S + rs)

�
�k;s � �0k;s

��
�
(k)
s;2

��� ;
� 2��s (2ys+�S + ys�1+�S + rs) ; with �s = max

n
1
.
�
(1)
s;1 ; 1

.
�
(1)
s;2 ; 1

.
�
(2)
s;1 ; 1

.
�
(2)
s;2

o
;

�
(k)
s;1 =

�k;s � �0k;s
log(�k;s)� log(�0k;s)

; and �
(k)
s;2 =

�k;s � �0k;s
log(�k;s + 1)� log(�0k;s + 1)

; k = 1; 2: So, we obtain

E
�
sup�0s2V�(�s) jqs+�S (�s)� qs+�S (�

0
s)j
�
� 2��sE [2ys+�S + ys�1+�S + rs]! 0; as � ! 0:

Step 2. We prove that E�s;0
�
qs+�S (�s)� qs+�S

�
�s;0
��
< 0; for any �s 6= �s;0 where, �s;0 is

the true value of �s. By using Jensen inequality, we have :

E�s;0
�
qs+�S (�s)� qs+�S

�
�s;0
��
= E�s;0

h
E�s;0

�
log

P�s (ys+�S jys�1+�S)
P�s;0 (ys+�S jys�1+�S)

���Fs�1+�S�i ;
� E�s;0

h
logE�s;0

�
P�s (ys+�S jys�1+�S)
P�s;0 (ys+�S jys�1+�S)

���Fs�1+�S�i = E�s;0 [log (1)] = 0:
Step 3. Now, we are ready to prove the consistency for b�s;CLS; while s being �xed in
f1; : : : ; Sg and with hs+�S (�s) = qs+�S (�s) : Therefore, we will have the same procedure as

step 3 in Proposition 3.4.1. This achieves the proof. Removing rs from �s again, and consider

a central limit theorem for the conditional maximum likelihood estimator. Note that with a

known of rs, qs+�S (�s) is di�erentiable with respect to �s = (�1;s; �2;s)
0. Let

Gs = E�s;0

��
@

@�s
qs+�S

�
�s;0

��� @

@�s
qs+�S

�
�s;0

��0�
;

where, �
@

@�s
qs+�S

�
�s;0

��0
=

�
@

@�1;s
q1;s+�S

�
�s;0

�
I
(1)
�;s�1

@

@�2;s
q2;s+�S

�
�s;0

�
I
(2)
�;s�1

�
:
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The following proposition establishes the asymptotic distributional property of our CML-

vector estimators b�s;CML = (b�1;s; b�2;s)0, of the vector parameters �s, when rs is known.
Proposition 3.4.4 The CML-vector estimators b�s;CML = (b�1;s; b�2;s)0 are, under the as-
sumptions 3.4.1�3.4.2, asymptotically normally distributed, i.e.,

p
N
�b�s;CML ��s;0

� L N (0;G�1
s ) , s = 1; :::; S:

Furthermore, the matrix Gs; for s = 1; : : : ; S; can be estimated consistently by :

bGs =
1

N

N�1P
�=0

�
@

@�s
qs+�S

�b�s;CML

��� @

@�s
qs+�S

�b�s;CML

��0
:

Proof of Proposition 3.4.4. By Taylor's expansion, for j = 1; 2; there exists �s;j between

�s;0 and b�s such that
1p
N

PN�1
�=0

@

@�s;j
qs+�S

�b�s;CML

�
= 1p

N

PN�1
�=0

@

@�s;j
qs+�S

�
�s;0

�
+ 1

N

XN�1

�=0

@2

@�s;j@�
0
s

qs+�S
�
�s;0

�p
N
�b�s;CML ��s;0

�
= 0:

The proposition follows if it can be proved that

1p
N

PN�1
�=0 @qs+�S

�
�s;0

��
@�s

L N (0;Gs) ; (3.4.9)

and

1
N

PN�1
�=0 @

2qs+�S (�
�
s)
�
@�s@�

0
s
P �Gs; (3.4.10)

for all ��s between �s;0 and b�s;CML; we now begin to prove (3.4.9)

E�s;0

��
@

@�k;s
qs+�S

�
�s;0

���
= E

�
E
�

@

@�k;s
qs+�S

�
�s;0

�����Fs�1+�S�� ;
= E

�
I
(k)
�;s�1E

�
ys+�S
�k;s

� ys+�S + ys�1+�S + rs
1 + �k;s

����Fs�1+�S�� = E (0) = 0; for k = 1; 2:
Then, we have E�s;0

h�
@
@�s

qs+�S
�
�s;0

��i
= 0; which implies that

n
@
@�s

qs+�S
�
�s;0

�o
is a

martingale di�erence. Similarly, we have

E�s;0

"�
@

@�s
qs+�S

�
�s;0

��2#
= E

"
I
(k)
�;s�1E

 �
ys+�S
�k;s

� ys+�S + ys�1+�S + rs
1 + �k;s

�2�����Fs�1+�S
!#

;

we get when developing

= E

"
I
(k)
�;s�1E

  
y2s+�S
�2k;s

� 2
y2s+�S + ys+�S (ys�1+�S + rs)

�k;s (1 + �k;s)
+
(ys+�S + ys�1+�S + rs)

2

(1 + �k;s)
2

!�����Fs�1+�S
!#

;
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= E
�
I
(k)
�;s�1

�
�2k;s(ys�1+�S+rs)

2+�k;s(1+�k;s)(ys�1+�S+rs)
�2k;s

�

2
�k;s(1+�k;s)(ys�1+�S+rs)2+�k;s(1+�k;s)(ys�1+�S+rs)

�k;s(1+�k;s)
+
(1+�k;s)

2
(ys�1+�S+rs)

2+�k;s(1+�k;s)(ys�1+�S+rs)

(1+�k;s)
2

��
;

= E
h
I
(k)
�;s�1

�
�k;s
1+�k;s

+
1+�k;s
�k;s

� 2
�
(ys�1+�S + rs)

i
;

=
�

�k;s
1+�k;s

+
1+�k;s
�k;s

� 2
�
E
�
I
(k)
�;s�1 (ys�1+�S + rs)

�
> 0; for k = 1; 2:

Also, It is easier to see that:

E�s;0
��
@qs+�S

�
�s;0

��
@�s;i

� �
@qs+�S

�
�s;0

��
@�j;s

��
= 0; for i; j = 1; 2; and j 6= i:

Consequently, we have

V ar�s;0

h
@
@�s

qs+�S
�
�s;0

�i
= E�s;0

��
@
@�s

qs+�S
�
�s;0

���
@
@�s

qs+�S
�
�s;0

��0�
= Gs;

where Gs is regular matrix. Since
�
@qs+�S

�
�s;0

�
=@�s

	
is a martingale di�erence, by the

Cram�er-Wold device and the central limit theorem in Theorem 18:3 of Billingsley (1999) we

have the weak convergence,

1p
N

PN�1
�=0 @qs+�S

�
�s;0

��
@�s

L N (0;Gs) ;

Now, we prove (3.4.10) : under the direct calculation, we get:

E�s;0

" 
@2

@�2k;s
qs+�S

�
�s;0

�!#
= E

"
I
(k)
�;s�1E

 
�ys+�S
�2k;s

+
ys+�S + ys�1+�S + rs

(1 + �k;s)
2

�����Fs�1+�S
!#

;

= �
�

�k;s
1 + �k;s

+
1 + �k;s
�k;s

� 2
�
E
�
I
(k)
�;s�1 (ys�1+�S + rs)

�
; for k = 1; 2;

and

E�s;0
�
@2qs+�S

�
�s;0

��
@�k;s@�l;s

�
= 0; l; k = 1; 2 and l 6= k:

Then, we have:

E�s;0
�
@2qs+�S

�
�s;0

��
@�s@�

0
s

�
= �Gs:

Similarly, we have

E�s
h�

@3

@�3k;s
qs+�S

�
�s;0

��i
= E

�
I
(k)
�;s�1E

�
�2ys+�S

�3k;s
+ 2(ys+�S+ys�1+�S+rs)

(1+�k;s)
3

����Fs�1+�S�� ;
=

�
1

�2k;s
� 1

(1+�k;s)
2

�
E
�
I
(k)
�;s�1 (ys�1+�S + rs)

�
<1; k = 1; 2;

and E�s
h�

@3

@�j;s@�k;s@�l;s
qs+�S

�
�s;0

��i
= 0; for j; k; l 2 f1; 2g and the product jkl 6= 1; 8:
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Consider V�s;0 a neighborhood of �s;0; then we have for j; k; l 2 f1; 2g:

E�s

�
sup�s2V�s;0

���� @3

@�j;s@�k;s@�l;s
qs+�S

�
�s;0

������ <1: (3.4.11)

By (3.4.11) and the strong law of numbers, we get

lim
N!1

sup�s2V�s;0





 1N PN�1
�=0

@3

@�j;s@�k;s@�l;s
qs+�S

�
�s;0

�



 <1: (3.4.12)

Now, we are ready to prove (3.4.10). Recall that ��s lies between �s;0 and �s;CML. Consider

the Taylor's expansion of the second-order derivatives of qs+�S at �s;0, we have

1

N

N�1P
�=0

@2

@�k;s@�l;s
qs+�S (�

�
s) =

1

N

N�1P
�=0

"
@2

@�k;s@�l;s
qs+�S

�
�s;0

�
+
@3qs+�S (e�s) ���s ��s;0�

@�j;s@�k;s@�l;s
;

#
for some e�s between �s;0 and ��s, the last expression and (3.4.10), (??), the strong law of
large numbers and the almost sure convergence of e�s to �s;0 imply
lim
N!1

1

N

PN�1
�=0

@2

@�k;s@�l;s
qs+�S (�

�
s) =

1

N

PN�1
�=0

@2

@�k;s@�l;s
qs+�S

�
�s;0

�
= � (Gs)k;l ; a.s.

3.4.3 Estimation of the periodic threshold parameter ct

In order to estimate the unknown periodic threshold parameters cs, s = 1; :::; S, one can

adapt, to our periodic case, one of the many existing methods, in the time-invariant case,

including the single grid search algorithm (Tsay 1989 and Yu 2012), the doubly-NeSS (D-

NeSS) algorithm (Li et al. 2018), the NeSS algorithm (Li and Tong 2016) and so on.

Considering the factors of speed and calculation burden, we adapted, in our case, the NeSS

algorithm proposed by Li and Tong (2016) to estimate the periodic threshold parameters.

Indeed, adopting standard least squares criterion, we obtain the following sum of squared

errors :

SN (cs) =
N�1P
�=0

 
ys+�S �

2P
k=1

PN�1
�1=0

ys+�1S(ys�1+�1S+rs)I
(k)
�1;s�1PN�1

�1=0
(ys�1+�1S+rs)

2
I
(k)
�1;s�1

(ys�1+�S + rs) I
(k)
�;s�1

!2
,

which leads to the estimation bcs = argmincs2[cs;cs] SN (cs), s = 1; :::; S. Following Li and

Tong (2016), let be JN (cs) = SN � SN (cs), where,

SN =
N�1P
�=0

 
ys+�S �

PN�1
�1=0

ys+�1S(ys+�1S�1+rs)PN�1
�1=0

(ys+�1S�1+rs)
2 (ys+�S�1 + rs)

!2
:
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Then, the threshold parameter cs, for s = 1; :::; S, can be estimated by maximizing JN (cs),

i.e., bcs = argmaxcs2[cs;cs] JN (cs) where cs and cs, s = 1; :::; S, can be selected as the minimum
and maximum values of the samples, respectively. The application scenarios of the D-NeSS

algorithm (Li et al. 2018) to our periodic case, are similar to those applied in Yang et al.

(2018a) when s being �xed in f1; :::; Sg. In fact, we use the notation JN (cs; rs) instead

of JN (cs) and we seek to �nd bcs (rs) that maximizes JN (cs; rs) for any value of rs. After
that, we search for the �nal bcs for di�erent values of rs. The essential question facing us
is : "how to handle the unknown quantity rs, s = 1; :::; S,". As argued in Li and Tong

(2016), under some regularity conditions, JN (cs)/N , s = 1; :::; S, is unimodal over [cs; cs]

with probability tending to one as N ! 1, which greatly helps us to �nd bcs. Then, we
have found out, similarly to Yang et al. (2018a) and Yang et al. (2018b), for di�erent values

of rs and di�erent sizes N , that the shape of JN (cs; rs)/N , s = 1; :::; S, is unimodal and

the maximum does not depend on the value of rs, which means we can choose any positive

integer value for rs without worrying about getting a wrong result of bcs, s = 1; :::; S.
3.4.4 The "Min-Min" algorithm

In what follows, we discuss how to apply the Min-Min algorithm in details (as in Yang et

al (2018b) while providing some comments and minor changes to adapt it to our periodic

case). First of all, we assume that the sample (y1; y2; :::; yn) is available and we suppose that

the threshold parameters cs; s = 1; :::; S; are known. The iterative Min-Min algorithm for

searching the CLS-vector estimators b�s;CLS is given as follows. Let �(i)s =
�
�
(i)
1;s; �

(i)
2;s; r

(i)
s

�0
denote the value in the i th iteration and then by solving the equations (3.4.2) and (3.4.3)

we obtain the updated parameters in (i+ 1) th iteration by the following formulas, for

s = 1; :::; S, k = 1; 2;

er(i+1)s =

PN�1
�=0

�
ys+�S

�
�
(i)
1;sI

(1)
�;s�1+�

(i)
2;sI

(2)
�;s�1

��
�
�
ys�1+�S

�
�
(i)
1;sI

(1)
�;s�1+�

(i)
2;sI

(2)
�;s�1

�2�PN�1
�=0

�
�
(i)
1;sI

(1)
�;s�1+�

(i)
2;sI

(2)
�;s�1

�2 (3.4.13)

�
(i+1)
k;s =

�
N�1P
�=0

�
ys�1+�S + r(i+1)s

�2
I
(k)
�;s�1

��1 N�1P
�=0

ys+�S
�
ys�1+�S + r(i+1)s

�
I
(k)
�;s�1; (3.4.14)

Summarizing the Min-Min algorithm in the following steps:
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1. Choose the starting point �
(0)
k;s; for k = 1; 2; s = 1; :::; S; and set i = 0:

2. Determine whether cs are known, if unknown, estimate them by (NeSS) algorithm.

3. Calculate er(i+1)s ; s = 1; :::; S; by (3.4.13) ; and set r
(i+1)
s =

her(i+1)s + 0:5
i
; where [a] is the

integer part of a.

4. Calculate �
(i+1)
k;s ; k = 1; 2; s = 1; :::; S; by (3.4.14) :

5. Set i = i+ 1 and go to step 3 until the convergence is achieved.

Now, we give the CML-algorithm for searching the CML-estimators b�s;CML: It is clear that

the analytical estimates cannot be obtained by solving the system of equations (3.4.7) and

(3.4.8). Thus, to solve this system numerical procedures must be employed, such as Newton-

Raphson method, Secant Method, False Position Method or Regula Falsi Method (see, Press

et al 2007, Chapter 9). Taking into account the factors of speed and calculation burden, we

choose the one-step False Position Method (Press et al. 2007). Let �
(i)

s =
�
�
(i)
1;s; �

(i)
2;s; r

(i)
s

�0
and �(i)s =

�
�
(i)
1;s; �

(i)
2;s; r

(i)
s

�0
denote an upper bound and a lower bound of �s, respectively. Let

fk;s (�1;s; �2;s; rs) =
@

@�k;s
L (�s) ; (k = 1; 2) and gs (�1;s; �2;s; rs) =

@

@rs
L (�s) ; s = 1; :::; S;

then, the roots of the equations (3.4.7) and (3.4.8) can be obtained via the following iterative

formulas :

er(i+1)s = r(i)s � r
(i)
s �r(i)s
rg(i)s

gs

�
�
(i)
1;s; �

(i)
2;s; r

(i)
s

�
; (3.4.15)

�
(i+1)
1;s = �

(i)
1;s �

�
(i)
1;s��

(i)
1;s

rf (i)1;s
f1;s

�
�
(i)
1;s; �

(i)
2;s; r

(i+1)
s

�
; (3.4.16)

hence, we have for s = 1; :::; S;

�
(i+1)
2;s = �

(i)
2;s �

�
(i)
2;s��

(i)
2;s

rf (i)2;s
f2;s

�
�
(i)
1;s; �

(i)
2;s; r

(i+1)
s

�
; (3.4.17)

where,

rg(i)s = gs

�
�
(i)
1;s; �

(i)
2;s; r

(i)
s

�
� gs

�
�
(i)
1;s; �

(i)
2;s; r

(i)
s

�
;

rf (i)1;s = f1;s

�
�
(i)
1;s; �

(i)
2;s; r

(i+1)
s

�
� f1;s

�
�
(i)
1;s; �

(i)
2;s; r

(i+1)
s

�
;

rf (i)2;s = f2;s

�
�
(i)
1;s; �

(i)
2;s; r

(i+1)
s

�
� f2;s

�
�
(i)
1;s; �

(i)
2;s; r

(i+1)
s

�
:

Summarizing the Min-Min algorithm for CML-estimators b�s;CML in the following steps:
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1. Choose the starting point �
(0)
k;s; for k = 1; 2; s = 1; :::; S;and set i = 0:

2. Determine whether cs, s = 1; :::; S, are known, if unknown, estimate them by (NeSS)

algorithm.

3. Choose a upper bound r(i)s a lower bound r
(i)
s ,s = 1; :::; S; such that

gs

�
�
(i)
1;s; �

(i)
2;s; r

(i)
s

�
gs

�
�
(i)
1;s; �

(i)
2;s; r

(i)
s

�
� 0:

4. Calculate er(i+1)s ; s = 1; :::; S; by (3.4.15) ; and set r
(i+1)
s =

her(i+1)s + 0:5
i
;

5. For k = 1; 2; s = 1; :::; S; choose a upper bound �
(i)
k;s and a lower bound �

(i)
k;s; such that

f1;s

�
�
(i)
1;s; �

(i)
2;s; r

(i+1)
s

�
f1;s

�
�
(i)
1;s; �

(i)
2;s; r

(i+1)
s

�
� 0;

f2;s

�
�
(i)
1;s; �

(i)
2;s; r

(i+1)
s

�
f2;s

�
�
(i)
1;s; �

(i)
2;s; r

(i+1)
s

�
� 0:

6. Calculate �
(i+1)
k;s ; k = 1; 2; s = 1; :::; S; by (3.4.16) and (3.4.17) :

7. Set i = i+ 1 and go to step 3 until the convergence is achieved.

3.5 Simulation results and application on real data

In this Section, we illustrate our obtained results and we assess the CLS and the CML

estimations on two time series, for small, moderate, and relatively large sample sizes and

also an application on real data set.

3.5.1 Simulation results

In order to show some empirical estimates properties, we have generated 1000 independent

series from PNBSETINAR4 (2; 1) model, where the innovation process f"t; t 2 Zg is gen-

erated from a negative binomial distribution with parameters rs and �k;s /(1 + �k;s) , i.e.,

"k;s+�S  NB (rs; �k;s /(1 + �k;s)) for k = 1; 2. For Model 1, the periodic threshold pa-

rameters cs, for s = 1; :::; 4, are assumed to be known and unknown for Model 2. The true

parameter values of these models are given below :

Model 1 : � = (�1; : : : ; �4)
0 = ((0:35; 0:25; 6) ; (0:5; 0:1; 9) ; (0:7; 0:2; 4) ; (0:6; 0:4; 7))0 ;

C = (c1; c2; c3; c4) = (10; 4; 9; 7) ; with C is known,

Model 2 : � = (�1; : : : ; �4)
0 = ((0:2; 0:7; 10) ; (0:8; 0:5; 8) ; (0:5; 0:9; 4) ; (0:6; 0:15; 7))0 ;

C = (c1; c2; c3; c4) = (6; 9; 15; 13) ; with C is unknown.
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For each of the above models, the threshold values, cs for s = 1; :::; 4; were chosen such that

the observations in each regime of each period are at least 20% of the sub-series size. As

mentioned in Li and Tong (2016), when the proportion of observations in sub-series, i.e.,

fys+�S; � 2 Zg while s being �xed in f1; :::; 4g, of one regime to the whole is less than 5%,

the estimated result may not be reliable. For each data-generating process, we consider 1000

replications, the mean estimates and their root mean square error (RMSE) are displayed

in Tables 3.1 to 3.3. Tables 3.1 reports the means, median and RMSE of the CLS-vector

estimators b�s;CLS and CML-vector estimators b�s;CML, across the 1000 replications, for the

�rst model with a known cs, for s = 1; :::; 4. While Table 3.2 reports the performance of the

last generated time series when the periodic threshold parameters are considered unknown,

where their estimates, obtained by the use of the adapted NeSS algorithm, are reported in

Table 3.3. The simulation programs are written in Matlab 8:5 environment.

From Table 3.1, one can easily observe that the adopted estimation method performs better

as n increases. Indeed, the convergence of all the parameter estimators is guaranteed and

the root mean square error decreasing, as the sample size n increases (see, Figure 3.1),

which imply that our estimators (CLS-vector estimators b�s;CLS and CML-vector estimators

b�s;CML) are empirically consistent for all the parameters. It can also be seen that the

median estimates generally, for the periodic integer valued rs, for s = 1; :::; 4, better than the

mean. Furthermore, we notice that the CML-vector estimators b�s;CML have a small RMSE

compared to the one of CLS-vector estimators b�s;CLS. Thus, the CML-vector estimators

b�s;CML are much advantage than the CLS-vector estimators
b�s;CLS, where this empirical

superiority is clearly visible in Figure 3.1.

Moreover, we get the same conclusions from Table 3.2, that the consistency property of

the CLS-estimators and CML-estimators still met, even if the threshold parameters bcs, for
s = 1; :::; 4, are unknown, this encourages to use con�dently the PNBSETINAR4 (2; 1)

model, when the threshold parameters cs are unknown, without worrying about to bring a

wrong results.

Furthermore, from Table 3.3; which reports the means, medians, the percentage and the

RMSE of the periodic threshold estimations bcs, for s = 1; :::; 4, we can �nd that all the
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estimation results perform better as n increases, thus implying that the adapted NeSS algo-

rithm is empirically consistent. In addition, we observe that the median of 1000 repetitions,

for the periodic threshold estimations bcs, for s = 1; :::; 4, estimates much better than the

mean.
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Figure 3.1. RMSE graphics for the parameters of Model 1 for di�erent methods.
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Figure 3.2. RMSE graphics for the parameters of Model 2 for di�erent methods.
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3.5.2 Real data study

In this paragraph, we consider the data set of size 365 observations, recorded for the daytime

road accidents in the Schiphol area, in the Netherlands for the year 2001. This time series

was presented by Pedeli and Karlis (2011) who suggested for it, with the other time series

(nighttime road accidents), the bivariate Poisson INAR (1) model and the INAR (1) model

with bivariate negative binomial (BV NB) innovations. The visualization of the considered

time series is shown in Figure 3.3, while Table 3.4 summarizes some descriptive statistics.

0 50 100 150 200 250 300 350
0
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10
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25

Figure 3.3. Trajectory of the daytime road accidents time series.

Table 3.4. Descriptive statistics for the daytime road accidents time series.

Sample size Minimum Maximum Median Mean Variance Skewness Kurtosis
365 0 25 6 7:2767 20:9370 1:0005 4:0530

A look at Table 3.4 explains the reason why we choose the PNBSETINAR7 (2; 1; 1) model.

Indeed, despite the fact that the series seems to be over-dispersed, which indicates that,

marginally, a Poisson distribution might not be appropriate.
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Figure 3.4. Autocorrelations of the road accidents time series.

Furthermore, by analyzing the empirical autocorrelation function (ACF ) and the empirical

partial autocorrelation function (PACF ) in Figure 3.4, the time series presents periodicity

of season S = 7. Following this example, we discuss in more detail the empirical method

of determining the period S, which is much easier and faster compared to the identi�cation

problem existing in the literature. Basically, it is about comparing the observations on
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di�erent days and seeing if there is a certain aspect that repeats in each period, using the

empirical autocorrelation function (ACF ) and the empirical partial autocorrelation function

(PACF ). Indeed, Figure 3.4 reveals very marked peaks at delays (S = 7; 14; :::) because of

the daily data e�ect. Hence, the periodicity is of season S = 7. Thereafter, we are interested

in �tting a periodic negative binomial self-exciting threshold integer-valued autoregressive

time series model for this data set.

Table 3.5. Fitting results of di�erent models.

para: CML RMS

SETINAR (2; 1) �1 0:0903 5:2903
�2 0:0800
� 6:6727
c 8

NBSETINAR (2; 1) �1 0:4776 5:2785
�2 0:3464
r 10
c 8

PNBSETINAR7 (2; 1) s 1 2 3 4 5 6 7 4:6466
�1;s 0:3195 0:3856 0:6891 0:6383 0:4364 0:6062 0:8833
�2;s 0:2589 0:2862 0:3685 0:3265 0:2577 0:2581 0:5793
rs 18 16 10 6 4 5 7

Table 3.5 gives the �tting results of the SETINAR model (Monteiro et al. 2012), the

NBSETINAR (Yang et al. 2018b) and our PNBSETINAR model, and compare the

�tting results via the root mean squares (RMS) criterion. The estimated threshold pa-

rameters cs, for s = 1; :::; 7, by using the adapted NeSS algorithm, is given by C =

(c1; : : : ; c7) = (11; 8; 6; 15; 8; 10; 3). As can be seen from Table 3.5 that our proposed model

exhibits an improvement comparing to the SETINAR model (Monteiro et al. 2012) and to

the NBSETINAR model (Yang et al. 2018b), which is con�rmed empirically by the RMS

selection criterion, where the PNBSETINAR model has the smallest RMS value.
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Figure 3.5. ACF and PACF of residual time series.
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Moreover, Figure 3.5 shows empirically that the most of the autocorrelations, for the pro-

posed model, are inside signi�cance bounds (except for lags 1 and 2, which are slightly signif-

icant). To reinforce the non-signi�cance of the residuals correlations, we use the Ljung-Box

test, where the obtained value (24:4738) is less than the critical value �20:05;20 for signi�cance

level 0:05 and 20 degree of freedom (31:4104), so we accept the independence of residuals.

Therefore, the proposed model provides an adequate �t to the data in terms of no correla-

tion within the residuals. Figure 3.6, indicates the adjusted trajectory of the Daytime road

accidents data set, such as the series values are shown in blue, while the red line denotes the

adjusted series. The �tted values of the PNBSETINAR7 (2; 1) model seem to be suitable

for the real data set values.
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Figure 3.6. An adjusted trajectory proposed to the daytime road accidents data set.



Chapter 4

Periodic Negative Binomial

INGARCH(1,1) Model

4.1 Introduction

Di�erent models have been proposed in order to take into account the di�erent features

encountered in such integer valued time series, as an example, excess of zeros, volatility

changes in time, asymmetric distributions, low counts, overdispersion, etc. (see, Kedem

and Fokianos 2005, Costa et al. 2016, Ouzzani and Bentarzi 2019, among others). As in-

dicated in Zhu (2011) and Ahmad and Francq (2016), these models can be classi�ed into

two classes: models of thinning operators, commonly called integer valued autoregressive

moving average (INARMA) models, and regression models which deal with a modi�cation

of the autoregressive moving average (ARMA) approach, they referred as the integer-valued

generalized autoregressive conditional heteroskedastic (INGARCH) models (Ferland et al.

2006, Zhu 2011, Fokianos 2012, Wei� 2018, and many others). Regarding the integer time

series of overdispersion, many researchers have turned to overdispersed Poisson and binomial

regression models. In addition, a model that has been used for overdispersion count time se-

ries is the integer-valued generalized autoregressive conditional heteroskedastic INGARCH

with Poisson distribution introduced by Ferland et al. (2006) and Fokianos et al. (2009),

67
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its properties were then studied by Wei� (2009, 2010), Zhu et al. (2015, 2016), Li et al.

(2016) and among others. As it is known, the Poisson distribution is not always suitable for

modeling and studying the integer time series, as was pointed out by Risti�c et al. (2009).

This is due to the equality of the mean and the variance which is not always veri�ed in

the real-world data set. In fact, many researchers have found it useful to propose other

models that address the problem of overdispersion with another distribution and specially

the negative binomial distribution. Indeed, Zhu (2011, 2012b), introduced a negative bino-

mial INGARCH model to deal with the phenomena of overdispersion and subsequently, its

zero-in
ated version to treat the zero in
ation situation. Furthermore, the generalized Pois-

son INGARCH model was presented and studied by Zhu (2012a), which can explain the

overdispersion and underdispersion characteristics. Recently, Mao et al. (2020) proposed a

more general mixture INGARCH model, which includes negative binomial and generalized

Poisson mixture INGARCH models that can deal with multi-modality feature either in the

marginal or the conditional distribution.

However, despite the fact that much nonnegative integer-valued time series encountered in

several �elds as the epidemiology, economic, environmental, criminology, and others reveal

the periodicity feature in their autocovariance structures. Regardless of the various advan-

tages and interesting properties satis�ed by these models and more precisely by the negative

binomial INGARCH model such as the positivity and the discreteness nature of the re-

alizations, the volatility changes in time, this model still unable to capture the periodicity

feature, a feature that cannot be adequately accounted and described by time invariant pa-

rameter integer-valued time series models. This fact gave us a good reason and motivation

to extend this class of time-invariant models to the periodic negative binomial INGARCH

model with time-periodic coe�cients, an extension of the periodic INGARCH model, in-

troduced by Bentarzi and Bentarzi (2017b). To our knowledge, Monteiro et al. (2010) and

Morin~a et al. (2011) were the pioneers on the modeling of the periodically correlated, in

the sense of Gladyshev (1961), integer-valued process and over time, the topic has made

great progress, see, for example, Sadoun and Bentarzi (2019), Bentarzi and Sadoun (2020),

Bentarzi and Aries (2020a, 2020b), Manaa and Bentarzi (2021a, 2021b) and many others.

In Section 4.2, we provide the basic notations and de�nitions concerning a periodic negative
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binomial integer-valued generalized autoregressive conditional heteroskedastic model, noted

in short by PNBINGARCH (1; 1). The periodically stationary problem of the proposed

model is investigated in Section 4.3. For the periodic stationarity in mean and variance,

the necessary and su�cient conditions are speci�ed. Furthermore, the closed-form expres-

sions for both the mean and variance are, under these conditions, obtained. In Section 4.4,

the existence of higher moments and their calculations are considered. The autocovariance

structure of the underlying periodic model is studied in Section 4.5, and even the autocor-

relation function is explicitly expressed. The Yule-Walker, Conditional Least Squares, and

Conditional Maximum Likelihood methods are all explained clearly in Section 4.6. Finally,

Section 4.7 includes a simulation study as well as an application using real data set.

4.2 Notations, de�nitions and main assumptions

Recall that an integer-valued stochastic process fyt; t 2 Zg is said to satisfy a Negative Bi-

nomial Integer-Valued Generalized Autoregressive Conditional Heteroskedastic model, with

orders p and q, noted NBINGARCH(p; q), if it is given by :

yt jFt�1 � NB (r; pt) ;
(1� pt)/ pt = �t = �0 +

Pp
i=1 �iyt�i +

Pq
j=1 �j�t�j:

(4:2:1)

A periodically correlated integer-valued process, in the Gladyshev's sense (1961), fyt; t 2 Zg

is said to satisfy a periodic negative binomial integer-valued generalized autoregressive

conditional heteroskedastic model, with period S and orders p and q, noted in short by

PNBINGARCHS (p; q), if it has the form :

yt jFt�1 � NB (rt; pt) ;
(1� pt)/ pt = �t = �0;t +

Pp
i=1 �i;tyt�i +

Pq
j=1 �j;t�t�j:

(4:2:2)

where Ft�1 denotes, as usually, the �-�eld generated by fyt�1; yt�2; : : :g and rt is a positive

number. The parameters �i;t, i = 0; 1; :::; p, and �j;t, j = 1; :::; q, are periodic in t, with

period S , i.e., �i;t+vS = �i;t; �j;t+vS = �j;t and rt+kS = rt; t; k 2 Z. To avoid the possibility

of zero or negative conditional variances, the following conditions for �i;t's must be imposed

: �0;t > 0, �i;t � 0, i = 1; :::; p and �j;t � 0, j = 1; :::; q; t 2 Z. Particularly, we have, for

p = q = 1, the periodic model, PNBINGARCHS (1; 1), which is the object in this chapter
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:

yt jFt�1 � NB (rt; pt) ;
(1� pt)/ pt = �t = �0;t + �1;tyt�1 + �t�t�1;

(4:2:3)

where, the parameters �i;t, i = 0; 1, �t and rt are periodic in t, with period S , i.e., �i;t+kS =

�i;t; i = 0; 1, �t+kS = �t and rt+kS = rt; t; k 2 Z. Moreover, these parameters are such that

: �0;t > 0, �1;t � 0, and �t � 0, t 2 Z. Letting t = s + �S, s = 1; :::; S and � 2 Z, the last

model can be rewritten in the equivalent form

ys+�S jFs�1+�S � NB (rs; ps+�S) ;
(1� ps+�S)/ ps+�S = �s+�S = �0;s + �1;sys�1+�S + �s�s�1+�S:

The last model extends the following time-invariant NBINGARCH (1; 1) studied by Zhu

(2011) to the time periodic case :

yt jFt�1 � NB (r; pt) ,
(1� pt)/ pt = �t = �0 + �1yt�1 + ��t�1:

(4:2:4)

If r1 = : : : = rS = 1, then the Negative Binomial distribution becomes the geometric distri-

bution and the PNBINGARCH model can be, in this case, called the periodic geometric

INGARCH model.

4.3 Stationarity conditions

In this paragraph, we provide the conditions on parameters of the underlying integer-valued

process to be periodically stationary in the �rst and second orders. Furthermore, under

these conditions, the closed forms of the periodic mean and periodic variance are acquired.

4.3.1 Periodic stationarity in the �rst order

The results in the following proposition establish the necessary and su�cient condition, for

the process fyt; t 2 Zg satisfying (4:2:3) to be periodically stationary with respect to the

�rst moment. The closed-forms of the periodic mean is then, under this condition, obtained.

Proposition 4.3.1 The periodically correlated integer-valued process fyt; t 2 Zg, satisfying

the periodic negative binomial INGARCH (1; 1) model (4:2:3), is periodically stationary in

the mean, if and only if,
QS

i=1 (ri�1�1;i + �i) < 1: Furthermore, the closed-form of the mean
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�y;s = E (ys) = rsE (�s), s = 1; :::; S, of such process is, under this condition, given by :

�y;s = rs

�
1�

QS
i=1 (ri�1�1;i + �i)

��1PS
j=1

�Qj�1
i=1

�
rs�i�1;s�i+1 + �s�i+1

��
�0;s�j+1;

with the convention
Qj

i=1 xi = 1 if j < 1:

In the following, we will consider some special cases of Proposition 4.3.1. Suppose that the

process fyt; t 2 Zg following a PNBINARCH(1) model, (i.e., q = 0), then the following

corollary gives the periodic stationarity in mean.

Corollary 4.3.1 The periodically correlated integer-valued process fyt; t 2 Zg, satisfying

the periodic negative binomial INARCH (1) model, is periodically stationary in the mean,

if and only if,
QS

i=1 ri�1�1;i < 1: Furthermore, the closed-form of the mean E (ys) = �y;s,

s = 1; :::; S, of such process is, under this condition, given by :

�y;s = rs

�
1�

QS
i=1 ri�1�1;i

��1PS
j=1

�Qj�1
i=1 rs�i�1;s�i+1

�
�0;s�j+1:

In the time invariant coe�cients case (classical) model (4:2:4), i.e. S = 1, the results of

Proposition 4.3.1 can be presented by the following corollary.

Corollary 4.3.2 The integer-valued process fyt; t 2 Zg, satisfying the classical NBINGARCH (1; 1)

model (4:2:4), is stationary in the �rst moment if and only if, r�1 + � < 1: Furthermore,

the closed-forms of the mean �y = E (yt) of such process is, under this condition given by :

�y = r (1� (r�1 + �))�1 �0:

Proof of Proposition 4.3.1. The unconditional mean of the process fyt; t 2 Zg, is noted

by �y;t = E (yt) = rtE (�t) where,

��;t = E (�t) = E (�0;t + �1;tyt�1 + �t�t�1) = �0;t + (rt�1�1;s + �t)E (�t�1) ;

=  1;t��;t�1 + �0;t, where  1;t = rt�1�1;t + �t:

By iteration m times the last equation, we obtain

��;t =
�Qm

i=1  1;t�i+1
�
��;t�m +

Pm
j=1

�Qj�1
i=1  1;t�i+1

�
�0;t�j+1;
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replacing m by t, while letting t = s + �S, and by taking into account the periodicity of

parameters, we obtain

��;s;� =

�
s+�SQ
i=1

 1;s�i+1

�
�y;0 +

s�1+�SP
j=1

�
j�1Q
i=1

 1;s�i+1

�
�0;s�j+1;

=

�
s+�SQ
i=1

 1;s�i+1

�
�y;0 +

�SP
j=1

�
j�1Q
i=1

 1;s�i+1

�
�0;s�j+1 +

sP
j=1

�
j�1+�SQ
i=1

 1;s�i+1

�
�0;s�j+1;

=

�
SQ
i=1

 1;i

�� � sQ
i=1

 1;s�i+1

�
�y;0 +

��1P
k=0

�
SQ
i=1

 1;i

�k SP
j=1

�
j�1Q
i=1

 1;s�i+1

�
�0;s�j+1+

+

�
SQ
i=1

 1;i

�� sP
j=1

�
j�1Q
i=1

 1;s�i+1

�
�0;s�j+1;

��;s;� =
1�

�QS
i=1  1;i

��
1�

�QS
i=1  1;i

� SP
j=1

�
j�1Q
i=1

 1;s�i+1

�
�0;s�j+1 +

�
SQ
i=1

 1;i

�� �� sQ
i=1

 1;s�i+1

�
�y;0+Ps

j=1

�Qj�1
i=1  1;s�i+1

�
�0;s�j+1

i
;

letting t ! 1, (hence � ! 1), then ��;s;� , s = 1; :::; S, converges, as � ! 1, to�
1�

�QS
i=1  1;i

���1PS
j=1

�Qj�1
i=1  1;s�i+1

�
�0;s�j+1, if and only if

QS
i=1  1;i < 1.

4.3.2 Periodic stationarity in the second order

The following proposition establishes a necessary and su�cient condition for the periodic

integer-valued process fyt; t 2 Zg satisfying (4.4.4) to be stationary with respect to the sec-

ond order moment. The closed form of this moment is then, under this condition, obtained.

Proposition 4.3.2 The periodically correlated integer-valued process fyt; t 2 Zg satisfying

the periodic PNBINGARCH (1; 1) model (4.4.4) is periodically stationary in the second

order if and only if,
QS

i=1

�
ri�1�

2
1;i + (ri�1�1;i + �i)

2� < 1: Furthermore, the closed-form of

the variance V ar (ys) = 

(s)
y (0), s = 1; :::; S, of such process and the variance V ar (�s) =



(s)
� (0) are, under this condition, given by :



(s)
y (0) = �y;s + (rs + r2s)

�
1�

�QS
i=1  2;i

���1PS�1
j=0

�Qj
i=1  2;s�i+1

�
z1;s�j+1 +

1

rs
�2y;s;



(s)
� (0) =

�
1�

�QS
i=1  2;i

���1PS�1
j=0

�Qj
i=1  2;s�i+1

�
z1;s�j+1;

where  2;s =
�
rs�1�

2
1;s + (rs�1�1;s + �s)

2�, z1;s = �21;s

�
�y;s�1 +

1

rs�1
�2y;s�1

�
and �y;s =
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rs��;s is given in Proposition 4.3.1, with the convention
Qj

i=1 xi = 1 if j < 1:

In what follows, we consider some special cases of Proposition 4.3.2. Suppose that the

process fyt; t 2 Zg following a PNBINARCH(1) model, (i.e., q = 0), then the corollary

below gives the periodic stationarity in second order.

Corollary 4.3.3 The periodically correlated integer-valued process fyt; t 2 Zg, satisfying

the periodic PNBINARCH (1) model, is periodically stationary in the second order, if and

only if,
QS

i=1

�
rs�i + r2s�i

�
�21;i < 1: Furthermore, the closed-form of the variance 


(s)
y (0) =

V ar (ys), s = 1; :::; S, of such process and the variance 

(s)
� (0) = V ar (�s) are, under this

condition, given by :



(s)
y (0) = �y;s + (rs + r2s)

�
1�

�QS
i=1 �i

���1PS�1
j=0

�Qj
i=1 �s�i+1

�
z1;s�j+1 +

1

rs
�2y;s;



(s)
� (0) =

�
1�

�QS
i=1 �i

���1PS�1
j=0

�Qj
i=1 �s�i+1

�
z1;s�j+1;

where �s =
�
rt�1 + r2t�1

�
�21;s, z1;s = �21;s

�
�y;s�1 +

1

rs�1
�2y;s�1

�
and �y;s = rs��;s is given in

Corollary 4.3.1, with the convention
Qj

i=1 xi = 1 if j < 1:

In the time invariant coe�cients case (classical) model (4:2:4), i.e. S = 1, the results of

Proposition 4.3.2 can be presented by the following corollary.

Corollary 4.3.4 The integer-valued process fyt; t 2 Zg, satisfying the classical NBINGARCH (1; 1)

model (4:2:4), is stationary in the second order, if and only if,
�
r�21 + (r�1 + �)2

�
< 1:

Furthermore, the closed-form of the V ar (yt) = 
y (0) of such process and the variance

V ar (�t) = 
� (0) are, under this condition, given by


� (0) = �21

�
�2y
r
+ �y

��
1�

�
r�21 + (r�1 + �)2

���1
;


y (0) =

�
�2y
r
+ �y

�
1� (r�1 + �)2 + r�21
1�

�
r�21 + (r�1 + �)2

� :
Proof of Proposition 4.3.2. The unconditional second order moment of the process

fyt; t 2 Zg is given by, E (y2t ) = (rt + r2t )E
�
�2t
�
+ rtE (�t) : Or equivalently,


(t)y (0) =
�
rt + r2t

�


(t)
� (0) + rt (1 + E (�t))E (�t) ; (4:3:1)
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with E (�t) is calculated previously. Hence, we need to calculate 
(t)� (0) which is given by



(t)
� (0) =  2;t


(t�1)
� (0)+rt�

2
1;t (1 + E (�t�1))E (�t�1) , with  2;t =

�
rt�1�

2
1;t + (rt�1�1;t + �t)

2� :
By iteration m times, we obtain



(t)
� (0) =

�Qm
i=1  2;t�i+1

�


(t�m)
� (0) +

Pm
j=1

�Qj�1
i=1  2;t�i+1

�
z1;t�j+1;

where z1;t = rt�1�
2
1;t

�
1 + ��;t�1

�
��;t�1; replacing m by t, while letting t = s + �S, and by

taking into account the periodicity of parameters, we obtain



(s+�S)
y (0) =

�Qs+�S
i=1  2;s�i+1

�


(0)
� (0) +

Ps�1+�S
j=1

�Qj�1
i=1  2;s�i+1

�
z1;s�j+1;

=

�
s+�SQ
i=1

 2;s�i+1

�


(0)
� (0) +

�SP
j=1

�
j�1Q
i=1

 2;s�i+1

�
z1;s�j+1 +

sP
j=1

�
j�1+�SQ
i=1

 2;s�i+1

�
z1;s�j+1;

=

�
SQ
i=1

 2;i

�� � sQ
i=1

 2;s�i+1

�


(0)
� (0) +

��1P
k=0

�
SQ
i=1

 2;i

�k SP
j=1

�
j�1Q
i=1

 2;s�i+1

�
z1;s�j+1+�

SQ
i=1

 2;i

�� sP
j=1

�
j�1Q
i=1

 2;s�i+1

�
z1;s�j+1;

=
1�

�QS
i=1  2;i

��
1�

�QS
i=1  2;i

� SP
j=1

�
j�1Q
i=1

 2;s�i+1

�
z1;s�j+1 +

�
SQ
i=1

 2;i

�� �� sQ
i=1

 2;s�i+1

�


(0)
� (0)+

sP
j=1

�
j�1Q
i=1

 2;s�i+1

�
z1;s�j+1

#
;

where  2;t =
�
rt�1�

2
1;t + (rt�1�1;t + �t)

2�, z1;s = rs�1�
2
1;s

�
1 + ��;s�1

�
��;s�1: From the last

expression, we see that 

(s+�S)
� (0) convergence, as � !1, to



(s)
� (0) =

�
1�

�QS
i=1  2;i

���1PS�1
j=0

�Qj
i=1  2;s�i+1

�
z1;s�j+1;

if and only if
QS

i=1  2;i < 1. The variance of yt is then given by



(s)
y (0) = (rs + r2s)

�
1�

�QS
i=1  2;i

���1PS�1
j=0

�Qj
i=1  2;s�i+1

�
z1;s�j+1 + �y;s +

1

rs
�2y;s:

4.4 Existence of higher moments and their calculations

This Section is devoted to obtaining the existence condition of them-th order moment E (ymt )

and its explicit formula, in terms of the model's parameters. Following that, the skewness

and kurtosis coe�cients are calculated using the particular cases E (y4t ) ; E (y3t ) and E (y2t ).
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4.4.1 Calculation of higher moments of the process �t

In this Section, we obtain the existence condition of the m-th order moment E (�mt ). Let the

m-column vector �
(m)
t =

�
�mt ; �

m�1
t ; :::; �t

�0
:

Proposition 4.4.1 The unconditional m-th moment E (�mt ) exists and is �nite if and only

if : QS
i=1  m;i < 1; (4.4.1)

with x(i) = x (x� 1) ::: (x� i+ 1) and  m;i =
Pm

j=0

�
m
j

�
�j1;i�

m�j
i (ri�1 + j � 1)(j) : The un-

conditional m-th moment E (�mt ) is, under this condition, given by :

E
�
�
(m)
t

�
=
�
I �	(m)s;S

��1PS
i=1	

(m)
s;i �

(m)
0;s�i+1;

where, 	
(m)
s;j =

Qj�1
i=1 �

(m)
s�i+1 and �

(m)
0;t =

�
�m0;t; �

m�1
0;t ; :::; �0;t

�0
and where the m � m matrix

�
(m)
s , s = 1; :::; S, is given by :

�
(m)
t =

0BBBBBBBB@

 m;t �
(m)
m�1;t � � � � � � �

(m)
2;t �

(m)
1;t

0  m�1;t �
(m�1)
m�2;t � � � �

(m�1)
2;t �

(m�1)
1;t

0 0
. . .

. . .
...

...
...

...
. . .  3;t �

(3)
2;t �

(3)
1;t

0 0 � � � 0  2;t �
(2)
1;t

0 0 � � � 0 0  1;t

1CCCCCCCCA
; (4.4.2)

with �
(m)
i;t =

�
m
i

�
�m�i0;t  i;t +

mP
j=i+1

j�1P
k=j�i

K(m;t)j;k+1;j�i; where,

K(m;t)i;j;k =
�
m
i

��
i
j

�
�m�i0;t �

j
1;t�

i�j
t

�
j

j�k
	
(rt�1 + 1� (j � k))(j�k) :

In the time invariant coe�cients case (classical) model (4:2:4), i.e. S = 1, the results of this

proposition can be presented by the following corollary.

Corollary 4.4.1 The unconditional m-th moment E (�mt ) exists and is �nite if and only if
:

 m < 1: (4.4.3)

with x(i) = x (x� 1) ::: (x� i+ 1) and  m =
Pm

i=0

�
m
i

�
�i1�

m�i (r + i� 1)(i) : The uncondi-

tional m-th moment E (�mt ) is, under this condition, given by :

E
�
�
(m)
t

�
=
�
I ��(m)

��1
�
(m)
0 ;
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where, �
(m)
0 =

�
�m0 ; �

m�1
0 ; :::; �0

�0
and,

�(m) =

0BBBBBBB@

 m �m�1;m � � � � � � �2;m �1;m
0  m�1 �m�2;m�1 � � � �2;m�1 �1;m�1

0 0
. . . . . .

...
...

...
...

. . .  3 �2;3 �1;3
0 0 � � � 0  2 �1;2
0 0 � � � 0 0  1

1CCCCCCCA
;

with �i;m =
�
m
i

�
�m�i0  i +

mP
j=i+1

j�1P
k=j�i

K(m)j;k+1;j�i; where,

K(m)i;j;k =
�
m
i

��
i
j

�
�m�i0 �j1�

i�j� j
j�k
	
(r + 1� (j � k))(j�k) :

Proof of Proposition 4.4.1. The conditional expectation E (�mt j Ft�2) is given by

E (�mt j Ft�2) =
Pm

i=0

�
m
i

�
�m�i0;t

Pi
j=0

�
i
j

�
�j1;t�

i�j
t �i�jt�1E

�
yjt�1

��Ft�2� ;
It is well known that the j-th moment of a negative binomial variable with mean pt =

1

1 + �t

is given, while employing the second-kind Stirling number formula, by :

E
�
yjt
��Ft�1� =Pj

k=1

�
j
k

	
(rt � k + 1)(k) �

k
t ;

with x(k) = x (x� 1) ::: (x� k + 1), then, we have :

E (�mt j Ft�2) = �m0;t +  m;t�
m
t�1 +

m�1P
i=1

�
m
i

�
�m�i0;t  i;t�

i
t�1 +

mP
i=1

iP
j=1

j�1P
k=1

�
m
i

��
i
j

�
�m�i0;t �

j
1;t�

i�j
t�

j
k

	
(rt�1 � k + 1)(k) �

i�(j�k)
t�1 ;

which can be written in the form

E (�mt j Ft�2) = �m0;t +  m;t�
m
t�1 +

Pm�1
i=1

�
m
i

�
�m�i0;t  i;t�

i
t�1 +

Pm
i=1

Pi
j=1

Pj�1
k=1K

(m;t)
i;j;k �

i�k
t�1;

whereK(m;t)i;j;k and  i;t are given by, K
(m;t)
i;j;k =

�
m
i

��
i
j

�
�m�i0;t �

j
1;t�

i�j
t

�
j

j�k
	
(rt�1 + 1� (j � k))(j�k),

 i;t =
iP

j=0

�
i
j

�
�j1;t�

i�j
t (rt�1 + j � 1)(j), respectively. The last two sums in the precedent ex-

pression can be rearranged as followsPm�1
i=1

�
m
i

�
�m�i0;t  i;t�

i
t�1 +

Pm
i=1

Pi
j=1

Pj�1
k=1K

(m;t)
i;j;k �

i�k
t =

Pm�1
i=1 �

(m)
i;t �

i
t�1;

where, �
(m)
i;t =

�
m
i

�
�m�i0;t  i;t +

Pm
j=i+1

Pj�1
k=j�iK

(m;t)
j;k+1;j�i: Hence, we have

E (�mt j Ft�2) = �m0;t +  m;t�
m
t�1 +

m�1P
i=1

�
(m)
i;t �

i
t�1;
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Replacing i par m, m�1, m�2,..., 3, 2, 1, we obtain the following matrix di�erence equation

E
�
�
(m)
t

���Ft�2� = �(m)t �
(m)
t�1 + �

(m)
0;t ;

where the m-column vectors
�
�mt ; �

m�1
t ; :::; �t

�0
and �

(m)
0;t =

�
�m0;t; �

m�1
0;t ; :::; �0;t

�0
and where

the m�m-matrix �
(m)
t is given by (4.4.2) : Iterating the last equation n times, we obtain

E
�
�
(m)
t

���Ft�2�n� = �n+1Q
i=1

�
(m)
t�i+1

�
�
(m)
t�(n+1) +

nP
j=0

�
jQ
i=1

�
(m)
t�i+1

�
�
(m)
0;t�j:

Letting n = kS � 2, then we have, while taking account of the matrix �(m)t and the column

vector �
(m)
0;t

E
�
�
(m)
t

���Ft�kS� = �kS�1Q
i=1

�
(m)
t�i+1

�
�
(m)
t�(kS�1) +

kS�2P
j=0

�
jQ
i=1

�
(m)
t�i+1

�
�
(m)
0;t�j;

which can be written in the form

E
�
�
(m)
t

���Ft�kS� =Pk�2
l=0

�QS
i=1�

(m)
t�i+1

�lPS
j=1

�Qj�1
i=1 �

(m)
t�i+1

�
�
(m)
0;t�(lS+j)+1 +

�QS
i=1�

(m)
t�i+1

�k�1�PS�1
j=1

�Qj�1
i=1 �

(m)
t�i+1

�
�
(m)
0;t�(lS+j)+1 +

�QS�1
i=1 �

(m)
t�i+1

�
�
(m)
t�(kS�1)

�
:

Replacing t by s+ �S and taking account of the periodicity, we obtain

E
�
�
(m)
t

���Ft�(k��)S� =Pk�2
l=0

�QS
i=1�

(m)
s�i+1

�lPS
j=1

�Qj�1
i=1 �

(m)
s�i+1

�
�
(m)
0;s�j+1+�QS

i=1�
(m)
s�i+1

�k�1 hPS�1
j=1

�Qj�1
i=1 �

(m)
s�i+1

�
�
(m)
0;s�j+1 +

�QS�1
i=1 �

(m)
s�i+1

�
�
(m)
s�((k��)S�1)

i
:

Since the matrices �
(m)
s�i+1, i = 1; 2; :::; S are upper-triangular with eigenvalues  m;s�i+1;

 m�1;s�i+1; :::;  2;s�i+1;  1;s�i+1, then a su�cient condition for the matrix
�QS

i=1�
(m)
s�i+1

�k�1
to converge, as k !1; to the null matrix is thatQS

i=1  m;t < 1; with  m;t =
Pm

j=0

�
m
j

�
�j1;t�

m�j
t (rt�1 + j � 1)(j) :

Under this condition, we have, the closed-form of the vector

E
�
�
(m)
t

�
= lim

k!1
E
�
�
(m)
t

���Ft�(k��)S� =P1
l=0

�QS
i=1�

(m)
s�i+1

�lPS
j=1

�Qj�1
i=1 �

(m)
s�i+1

�
�
(m)
0;s�j+1;

=
�
I �	(m)s;S

��1PS�1
i=0 	

(m)
s;i �

(m)
0;s�i; with, 	

(m)
s;j =

Qj�1
i=1 �

(m)
s�i+1:

Corollary 4.4.2 Under the condition (4.4.1) with m = 4, the fourth unconditional moment,

�
(4)
�;t = E

�
�4t
�
, exists and its closed-form for the unconditional �rst four moments, are, under

this condition, given by
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E
�
�
(4)
t

�
=
�
I �	(4)s;S

��1PS�1
i=0 	

(4)
s;i�

(4)
0;s�i;

where, �
(4)
0;t =

�
�40;t; �

3
0;t; �

2
0;t; �0;t

�0
; 	

(4)
s;i =

Qj�1
i=1 �

(4)
s�i+1 and the periodic 4 � 4 matrix �

(4)
s ,

for s = 1; :::; 4, is given by

�
(4)
s =

0BBB@
 4;s �

(1;2)
s �

(1;3)
s �

(1;4)
s

0  3;s �
(2;3)
s �

(2;4)
s

0 0  2;s �
(3;4)
s

0 0 0  1;s

1CCCA ;

where,

 4;s = 6rs�1�
2
1;s�

2
s + 4

�
rs�1 (rs�1 + 2) �s + 2r

2
s�1�s

�
�31;s + (rs�1�1;s + �s)

4 +�
rs�1 (rs�1 + 3) (3rs�1 + 2) + 3r

3
s�1
�
�41;s;

 3;s = 3rs�1�
2
1;s�s +

�
2rs�1 (rs�1 + 1) + r2s�1

�
�31;s + (rs�1�1;s + �s)

3 ;

 2;s = rs�1�
2
1;s + (rs�1�1;s + �s)

2 ,  1;s = rs�1�1;s + �s,

and,

�
(1;2)
s = 4�0;s�

3
s + 2�

3
1;s (rs�1 + 1) (3rs�1 (rs�1 + 2)�1;s + 2 (rs�1 (rs�1 + 2)�0;s + 3rs�1�s))

+ 6rs�1�1;s�s ((�1;s + 2�0;s) �s + 2 (1 + rs�1)�0;s�1;s) ;

�
(1;3)
s = 6�20;s�

2
s + 12rs�1�

2
0;s�1;s�s + 12rs�1�0;s�

2
1;s�s + 6rs�1 (1 + rs�1)�

2
0;s�

2
1;s + 4rs�1�

3
1;s�s

+ 12�0;s�
3
1;srs�1 (rs�1 + 1) + 7rs�1 (rs�1 + 1)�

4
1;s;

�
(1;4)
s = rs�1�

2
1;s

�
�21;s + 6rs�1�

2
0;s

�
+ 4�0;s

�
rs�1�

3
1;s + �20;s (rs�1�1;s + �s)

�
:

�
(2;3)
s = 3

�
�0;s�

2
s + rs�1�

2
1;s ((1 + rs�1)�0;s + �s) + 2rs�1�0;s�1;s�s + rs�1 (rs�1 + 1)�

3
1;s

�
;

�
(2;4)
s = rs�1�

3
1;s + 3�0;s

�
rs�1�

2
1;s + �0;t (rs�1�1;s + �s)

�
;

�
(3;4)
s = rs�1�

2
1;s + 2�0;t (rs�1�1;s + �s) :

4.4.2 Calculation of higher moments of the process yt

Let be the vectors column of dimension m; �(m)
y;t
=
�
E (ymt ) ;E

�
ym�1t

�
; :::;E (yt)

�0
and �

(m)
t =

(�mt ; �
m�1
t ;.::; �t)

0 and the matrix 
(m) of dimension m�m is given as follows :



(m)
t =

0BBBBBB@
!
(m)
m;t !

(m)
m�1;t � � � !

(m)
2;t !

(m)
1;t

0 !
(m�1)
m�1;t � � � !

(m�1)
2;t !

(m�1)
1;t

...
. . . . . .

...
...

0 � � � 0 !
(2)
2;t !

(2)
1;t

0 0 � � � 0 !
(1)
1;t

1CCCCCCA ; (4.4.4)
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where, !
(m)
k;t =

�
m
k

	
(rt + k � 1)(k) with x(i) = x (x� 1) ::: (x� i+ 1) : Using these notations

and de�nitions, we can state the following lemma establishes an expression of the uncondi-

tional vector moments �(m)
y;t

as a function of the unconditional vector moments E
�
�
(m)
t

�
:

Lemma 4.4.1 The unconditionalm-th moments of the process fyt; t 2 Zg, �(m)y;s = E
�
yms+�S

�
are, under the condition (4.4.1), given as a function of the unconditional m-th moments

�
(m)
�;s = E

�
�ms+�S

�
, by the vector form below

�(m)
y;s
= 
(m)s E

�
�(m)s

�
:

Proof. The proof is straightforward.

In the time invariant coe�cients case (classical) model (4:2:4), i.e. S = 1, the results of

Lemma 4.4.1 can be presented by the following corollary.

Corollary 4.4.3 The unconditional m-th moments of the process fyt; t 2 Zg, satisfy the

model (4:2:4) ; �
(m)
y = E (ymt ) are, under the condition (4.4.3), given as a function of the

unconditional m-th moments �
(m)
� = E (�mt ), by the vector form below

�(m)
y
= 
(m)E

�
�
(m)
t

�
:

with,


(m) =

0BBBBB@
!m;m !m�1;m � � � !2;m !1;m
0 !m�1;m�1 � � � !2;m�1 !1;m�1
...

. . . . . .
...

...
0 � � � 0 !2;2 !1;2
0 0 � � � 0 !1;1

1CCCCCA ;

where, !k;m =
�
m
k

	
(r + k � 1)(k) with x(i) = x (x� 1) ::: (x� i+ 1) :

Proof. The proof is straightforward.

Corollary 4.4.4 The unconditional m-th moments of the periodically correlated process,

�
(m)
y;t = E (ymt ) are, under the condition (4.4.1), given by :

�(m)
y;s
= 
(m)s

�
I �	(m)s;S

��1PS
i=1	

(m)
s;i �

(m)
0;s�i+1:

where, 	
(m)
s;j =

Qj�1
i=1 �

(m)
s�i+1, with �

(m)
s�i+1 and 


(m) are given by (4.4.2) and (4.4.4) respec-

tively.
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Proof. The proof is straightforward.

Corollary 4.4.5 The �rst four unconditional moments of the periodically correlated process

are, under the condition (4.4.1) with m = 4, given by :

�(4)
y;s
= 
(4)s

�
I �	(4)s;S

��1PS
i=1	

(4)
s;i�

(4)
0;s�i+1:

where, 	
(4)
s;j =

Qj�1
i=1 �

(4)
s�i+1 and the matrix 


(4)
s is given by


(4)s =

0BB@
(rs + 3)(4) 6 (rs + 2)(3) 7 (rs + 1)(2) rs

0 (rs + 2)(3) 3 (rs + 1)(2) rs
0 0 (rs + 1)(2) rs
0 0 0 rs

1CCA ;

and the matrix �
(4)
s�i+1 is given by (4.4.2).

Proof. The proof is straightforward.

4.4.3 Skewness and kurtosis coe�cients

For the need of the �rst fourth moments in the calculation of the skewness and the kurtosis

coe�cients, we present the following Corollary in which the matrix �
(4)
s , for a �xed s, is

given explicitly.

Corollary 4.4.6 The skewness and the kurtosis coe�cients of the process fyt; t 2 Zg, are,

under the condition (4.4.1), given, for s = 1; 2; :::; S, by :

Kurs = ��(4)y;s

� �
��(2)y;s

�2
=
�
�(4)y;s � 4�y;s�(3)y;s + 6�2y;s�(2)y;s � 3�4y;s

�� �
�(2)y;s � �2y;s

�2
;

and

Sks = ��(3)y;s

� �
��(2)y;s

�3=2
=
�
�(3)y;s � 3�y;s�(2)y;s + 2�3y;s

�� �
�(2)y;s � �2y;s

�3=2
;

where, �
(4)
y;s; �

(3)
y;s; �

(2)
y;s; and �y;s are given, in terms of the parameters, by Corollary 4.4.5.

4.5 Autocovariance structure

The following proposition establishes the autocovariance structure of the process fyt; t 2 Zg.

Proposition 4.5.1 The autocovariance structure of the periodically correlated integer-valued

processes fyt; t 2 Zg and f�t; t 2 Zg satisfying the model (4:2:3) are, under the condition
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(4.4.1) with m = 2, given as follows :


(s)y (0) =
�
rs + r2s

� �
1�

�QS
i=1  2;i

���1PS�1
j=0

�Qj
i=1  2;s�i+1

�
z1;s�j+1 +

1

rs
�2y;s + �y;s;


(s)y (h) =

�
h�1Q
i=1

 1;s�i+1

�h�
 1;s�h+1 �

�s�h+1
1+rs�h

�
rs�h+1


(s�h)
y (0)

rs�h
+

rs�h+1�s�h+1
1+rs�h

�
�2y;s�h
rs�h

+ �y;s�h

�i
;



(s)
� (0) =

�
1�

�QS
i=1  2;i

���1PS�1
j=0

�Qj
i=1  2;s�i+1

�
z1;s�j+1;



(s)
� (h) =

�Qh
i=1  1;s�i+1

�


(s�h)
� (0) ;

with  2;s =
�
rs�1�

2
1;s + (rs�1�1;s + �s)

2�,  1;s = rs�1�1;s+�s; z1;s = �21;s

�
�y;s�1 +

1

rs�1
�2y;s�1

�
and the convention

Qj
i=1 xi = 1 if j < 1:Proof of Proposition 4.5.1. The variances 


(s)
� (0) and 


(s)
y (0) were established in

Proposition 4.3.2. The autocovariance 

(s)
y (1), can be calculated as follows :



(s)
y (1) = Cov (ys; ys�1) = rsCov (�s; ys�1) = rs�1;s


(s�1)
y (0) + rsrs�1�s


(s�1)
� (0) ;

=
rs
rs�1

�
(rs�1�1;s + �s)�

1

1 + rs�1
�s

�


(s�1)
y (0)� rs�s

1 + rs�1

�
1

rs�1
�2y;s�1 + �y;s�1

�
;

=
rs
rs�1

�
 1;s �

1

1 + rs�1
�s

�


(s�1)
y (0)� rs�s

1 + rs�1

�
1

rs�1
�2y;s�1 + �y;s�1

�
;

=
rs
rs�1

 1;s

(s�1)
y (0)� rs�s

1 + rs�1

�
1

rs�1


(s�1)
y (0)�

�
1

rs�1
�2y;s�1 + �y;s�1

��
.

More generally, let us calculate the autocovariance 

(s)
y (h), h � 2;



(s)
y (h) = Cov (ys; ys�h) = rsCov (�s; ys�h) = rsCov ((�1;sys�1 + �s�s�1) ; ys�h) ;

= rs�1;sCov
�
ys�1; ys�1�(h�1)

�
+

rs
rs�1

�sCov
�
rs�1�s�1; ys�1�(h�1)

�
;

=
rs
rs�1

(rs�1�1;s + �s) 

(s�1)
y (h� 1) = rs

rs�1
 1;s


(s�1)
y (h� 1) ; h � 2:

Iterating the last equation m times and replacing m by h� 1 then using (4:1), we obtain


(s)y (h) =

�
h�1Q
i=1

 1;s�i+1

���
 1;s�h+1 �

�s�h+1
1+rs�h

�
rs�h+1


(s�h)
y (0)

rs�h
+

rs�h+1�s�h+1
1+rs�h

�
�2y;s�h
rs�h

+ �y;s�h

��
:

The autocovariance 

(s)
� (h) ; h � 1, is given as follows :



(s)
� (h) = Cov (�s;�s�h) = Cov ((�1;sys�1 + �s�s�1) ;�s�h) ;

= (rs�1�1;s + �s)Cov
�
�s�1;�s�1�(h�1)

�
= (rs�1�1;s + �s) 


(s�1)
� (h� 1) :

Iterating the equation m times and replacing m by h, we obtain
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(s)
� (h) =

�Qh
i=1  1;s�i+1

�


(s�h)
� (0) :

Corollary 4.5.1 The autocorrelation function of the periodically correlated integer-valued

processes fyt; t 2 Zg and f�t; t 2 Zg satisfying the model (4:2:3) are, under the condition

(4.4.1) with m = 2, given as follows :

�
(s)
y (� + kS) =

�QS
i=1  1;i

�k �Q�
i=1  1;s�i+1

�r


(s��)
y (0)

.


(s)
y (0)

�
rs��+1
rs��

 1;s��+1�

rs��+1�s��+1
rs�� (1 + rs��)

 
1�

�2y;s�� + rs���y;s��



(s��)
y (0)

!!
; � = 1; 2; :::; S and k 2 N;

�
(s)
� (� + kS) =

�QS
i=1  1;i

�k �Q�
i=1  1;s�i+1

�r


(s��)
� (0)

.


(s)
� (0); � = 1; 2; :::; S and k 2 N;

4.6 Parameters estimation

In the present section, we address the parameter estimation for our model, given in (4:2:3),

while considering three methods, Yule-Walker (YW ), Conditional Least Squares (CLS), and

Conditional Maximum Likelihood (CML).

4.6.1 Yule-Walker estimation

In this paragraph, we give the Yule-Walker (YW ) estimations for the vector of parameters

which will be used as the starting values for the conditional maximum likelihood (CML)

estimation. Indeed, the Yule-Walker estimation proceeds in steps 1 to 3 outlined below:

Step 1 : Estimation of  1;s = rs�1�1;s + �s by using, b 1;s = rs�1b
(s)y (2)
.
rsb
(s�1)y (1) :

Step 2 : Estimation of �0;s by using, b�0;s = 1

rs
b�y;s � 1

rs�1
b 1;sb�y;s�1:

Step 3 : Estimation of �1;s and �s, for s = 1; :::; S, respectively, by

b�1;s = rsb 1;s
 b�y;s�1

 b�y;s�1
rs�1

+1

!
�b
(s�1)y (0)

!
+(1+rs�1)b
(s)y (1)

rs
�b
(s�1)y (0)+b�y;s�1(b�y;s�1+rs�1)� , and b�s = (1+rs�1)

�
rsb 1;sb
(s�1)y (0)�rs�1b
(s)y (1)

�
rs
�b
(s�1)y (0)+b�y;s�1(b�y;s�1+rs�1)� :
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4.6.2 Conditional least squares estimation

This paragraph focuses on the estimation, adopting the conditional least squares estimation

method, of the underlying parameters of the model (4:2:3) which can be written in the

form of a PARMAS (1; 1) model yt = rt�0;t + atyt�1 + "t + bt"t�1; with at = rt 1;t
�
rt�1;

bt = �rt�t/ rt�1 where, "t veri�es E ("t) = 0; V ar ("t) = 

(t)
y (0) and Cov ("t; "t�h) = 0;

8h � 1: The conditional least squares (CLS) procedure is as follows:

(i). Let xs+�S = ys+�S � 1
N

PN�1
�=0 ys+�S, s = 1; :::; S; �t the data by using a higher-order

PAR (p�) model, then obtain the conditional least squares (CLS) estimators for the periodic

autoregressive coe�cients bai;t and de�ne b"s+�S = xs+�S �
Pp�

i=1 bai;sxs�i+�S:
(ii). The CLS-estimations b�s;CLS = �b�0;s; b�1;s; b�s�0 of �s are obtained by minimizingPS

s=1

PN�1
�=0 (ys+�S � (rs�0;s + asys�1+�S + bsb"s�1+�S))2 ;

where, b�s = �rs�1bbs. rs and b�1;s = �bas �bbs�. rs: In the simulation study, we choose
p� =

hp
N
i
, where [x] is the integer part of x.

4.6.3 Conditional maximum likelihood estimation

Let the column vector of parameters � =
�
�00; �

0
1; �

0�, where the S-column vectors are �00 =
(�0;1; �0;2; :::; �0;S)

0, �01 = (�1;1; �1;2; :::; �1;S)
0 and �0 = (�1; �2; :::; �S)

0 : For a simplicity in

manipulation, we consider an observed time series of size n = NS; y
t
= (y1; y2; :::; yn) : The

conditional log-likelihood function is then given by

L
�
�j y

t

�
= log

�
L
�
�j y

t

��
= r

nP
t=1

log (pt) +
nP
t=1

yt log (1� pt) + log
nQ
t=1

�
yt+rt�1
rt�1

�
;

=
Pn

t=1 yt log (�t)�
Pn

t=1 (rt + yt) log (1 + �t) + log
Qn

t=1

�
yt+rt�1
rt�1

�
;

=
Pn

t=1 (yt log (�t)� (rt + yt) log (1 + �t) +
Pyt

i=1 (i+ rt � 1)� log (yt!)) :

Let t = s + �S , s = 1; :::; S and � = 0; 1; :::; N � 1, then the conditional log-likelihood
function can be written in the form :

L
�
�j y

s+�S

�
=

PN�1
�=0

PS
s=1 [ys+�S log (�s+�S)� (rs + ys+�S) log (1 + �s+�S)� log (ys+�S!) +Pys+�S

i=1 (i+ rs � 1)
�

(4.6.1)
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Analytical estimates of this log-likelihood function cannot be found, therefore numerical

optimization methods must be employed. In order to obtain the asymptotic standard errors

of the CML, we need at �rst calculate the partial derivatives L
�
�j y

s+�S

�
with respect to

�j; j = 1; 2; 3, which has the form :

@L
@�j

=
N�1P
�=0

�
ys+�S
�s+�S

� rs + ys+�S
1 + �s+�S

�
@�s+�S
@�j

with

@�s+�S/ @�0;s = 1; @�s+�S/ @�1;s = ys�1+�S; and @�s+�S/ @�t = �s�1+�S;

The second partial derivatives are

@2L
@�i;s@�j;s

=
N�1P
�=0

�
ys+�S
�s+�S

� rs + ys+�S
1 + �s+�S

�
@2�s+�S
@�i;s@�j;s

�
�
ys+�S

�2s+�S
� rs + ys+�S

(1 + �s+�S)
2

�
@�s+�S
@�i;s

@�s+�S
@�j;s

;

= �
N�1P
�=0

�
ys+�S

�2s+�S
� rs + ys+�S

(1 + �s+�S)
2

�
@�s+�S
@�i;s

@�s+�S
@�j;s

;

By taking the expectation on both sides of the last equation, we get

E
�

@2L
@�i;s@�j;s

����Ft�1� = �rs N�1P
�=0

�
1

�s+�S
� 1

1 + �s+�S

�
@�s+�S
@�i;s

@�s+�S
@�j;s

;

and

E
�
@L
@�i;s

@L
@�j;s

����Ft�1� = N�1P
�=0

E

 �
ys+�S
�s+�S

� rs + ys+�S
1 + �s+�S

�2�����Ft�1
!
@�s+�S
@�i;s

@�s+�S
@�j

;

=
N�1P
�=0

E

  
(ys+�S � rs�s+�S)

2

�2s+�S (1 + �s+�S)
2

!�����Ft�1
!
@�s+�S
@�i;s

@�s+�S
@�j

;

= rs
N�1P
�=0

�
1

�s+�S
� 1

1 + �s+�S

�
@�s+�S
@�i;s

@�s+�S
@�j

:

Then, the model satis�es the information matrix equality:

�E
�

@2L
@�i;s@�j;s

����Ft�1� = E� @L
@�i;s

@L
@�j;s

����Ft�1� :
Asymptotic standard errors of CML can be computed from the following matrix (Ferland

et al. 2006):

1

N

� bDs;N
bSs;N bDs;N

��1
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where,

bSs;N = 1

N

N�1P
�=0

@L
�
�j y

s+�S

�
@�

@L
�
�j y

s+�S

�
@�0

;

and

bDs;N = �
1

N

N�1P
�=0

@2L
�
�j y

s+�S

�
@�@�0

:

In the case where the parameter rs; s = 1; :::; S; is unknown, their estimation is simple which

can take two steps :

Step 1 : Calculate b�0;s; b�1;s; b�s; and ers; s = 1; :::; S that maximize the conditional log-

likelihood function (4.6.1) :

Step 2 : The estimate brs is determined by brs = [ers + 0:5] ; s = 1; :::; S; where [a] is the

integer part of a.

4.7 Simulation results and application on real data

In this Section, we illustrate our obtained results and we assess the Yule-Walker, Conditional

Least Squares, and Conditional Maximum Likelihood estimations on time series, for small,

moderate, and relatively large sample sizes and also an application on real data set.

4.7.1 Simulation results

In order to show some empirical estimate properties, we have generated 1000 independent

series from PNBINGARCH4 (1; 1) model. The true values of each model considered are

selected so as to verify the second order periodical stationary condition given in Proposition

4.3.2. Indeed, it equals to 0:0157 for the �rst model, 0:4460 for the second one, and 0:1715

for the last one, where the parameters rs, s = 1; :::; 4; are assumed to be known for the �rst

and the second models, and unknown for the last one. The estimations of these parameters

can be done by selecting those which maximize the log conditional likelihood function. For

each data-generating process, we consider 1000 replications, the mean estimated and their

root mean square error (RMSE) are reported in Tables 4.1 to 4.3. The true parameter
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values of these models are given below :

Model 1 : � = (�1; : : : ; �4)
0 = ((4; 0:2; 0:25) ; (1; 0:1; 0:15) ; (2; 0:25; 0:2) ; (3; 0:15; 0:1))0 ;

with r = (r1; : : : ; r4) = (4; 1; 2; 3) :

Model 2 : � = (�1; : : : ; �4)
0 = ((2; 0:1; 0:3) ; (1; 0:35; 0:1) ; (3; 0:1; 0:5) ; (4; 0:15; 0:4))0 ;

with r = (r1; : : : ; r4) = (2; 3; 4; 5) :

Model 3 : � = (�1; : : : ; �4)
0 = ((3:5; 0:1; 0:15) ; (1; 0:45; 0:1) ; (2:5; 0:6; 0:25) ; (2; 0:25; 0:1))0 :

with r = (r1; : : : ; r4) = (2; 1; 2; 3) :

From Table 4.1, we observe that the adopted estimation methods perform better as n in-

creases. Indeed, the convergence of all the parameter estimators is guaranteed and the root

mean square error decreasing, as the sample size n increases, see, Figure 4.1, which imply

that our estimators, YW -vector estimators b�s;Y W , CLS-vector estimators b�s;CLS and CML-

vector estimators b�s;CML, are empirically consistent for all the parameters. Furthermore,

we notice that the CML-vector estimators b�s;CML have a small RMSE compared to one

of the CLS-vector estimators b�s;CLS, and YW -vector estimators b�s;Y W . Thus, the CML-

vector estimators b�s;CML are much advantageous than the YW -vector estimators
b�s;Y W and

CLS-vector estimators b�s;CLS, where this empirical superiority is clearly visible in Figure
4.1. Furthermore, the same conclusions can be obtained from Table 4.2 and Figure 4.2, that

the consistency property of the YW -vector estimators b�s;Y W , CLS-vector estimators and
CML-vector estimators still met. From Table 4.3, one can easily observe that the condition

maximum likelihood method performs better as n increases. Indeed, the convergence of all

the parameter estimations is guaranteed and the root mean square error decreasing, as the

sample size n increases, which imply that our estimators (CML-vector estimators b�s;CML) are

empirically consistent for all the parameters. It can also be seen that the median estimates

generally, for the periodic integer valued rs, s = 1; :::; 4, better than the mean.
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Figure 4.1. RMSE graphics for the parameters of Model 1 for the di�erent methods.
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Figure 4.2. RMSE graphics for the parameters of Model 2 for the di�erent methods.
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Table 4.3. Sample mean and root mean square error RMSE (in bracket) for Model 3.

T:V 3:5 0:1 0:15 2 1 0:45 0:1 1

Size b�0;1 b�1;1 b�1 br1 median b�0;2 b�1;2 b�2 br2 median
500 3:3854

(0:9416)
0:0945
(0:0430)

0:1671
(0:1549)

2:0989
(0:3409)

2 0:8321
(0:4026)

0:4455
(0:1055)

0:1135
(0:0502)

1:0384
(0:1708)

1

700 3:4609
(0:7829)

0:0999
(0:0357)

0:1518
(0:1290)

2:0539
(0:2695)

2 0:8965
(0:3601)

0:4536
(0:0955)

0:1113
(0:0429)

1:0254
(0:1366)

1

1000 3:4921
(0:6866)

0:0965
(0:0299)

0:1523
(0:1110)

2:0548
(0:2308)

2 0:9020
(0:3107)

0:4523
(0:0763)

0:1102
(0:0351)

1:0186
(0:1096)

1

1500 3:4718
(0:5527)

0:0982
(0:0248)

0:1510
(0:0879)

2:0334
(0:1786)

2 0:9085
(0:2799)

0:4485
(0:0614)

0:1103
(0:0296)

1:0122
(0:0897)

1

2000 3:4643
(0:4809)

0:0992
(0:0221)

0:1537
(0:0784)

2:0265
(0:1507)

2 0:9510
(0:2602)

0:4506
(0:0545)

0:1106
(0:0264)

1:0100
(0:0791)

1

3000 3:4934
(0:3952)

0:0993
(0:0175)

0:1520
(0:0625)

2:0117
(0:1202)

2 0:9974
(0:2418)

0:4992
(0:0456)

0:1103
(0:0225)

1:0053
(0:0654)

1

T:V 2:5 0:6 0:25 2 2 0:25 0:1 3

Size b�0;3 b�1;3 b�3 br3 median b�0;4 b�1;4 b�4 br4 median
500 2:3470

(0:9039)
0:5827
(0:1436)

0:2728
(0:1632)

2:0982
(0:3288)

2 1:9092
(0:6265)

0:2424
(0:0533)

0:1095
(0:0921)

3:1484
(0:5231)

3

700 2:3958
(0:7320)

0:5937
(0:1188)

0:2654
(0:1319)

2:0649
(0:2722)

2 1:9590
(0:5286)

0:2436
(0:0463)

0:1040
(0:0726)

3:1144
(0:4212)

3

1000 2:4655
(0:6067)

0:5963
(0:0996)

0:2561
(0:1044)

2:0353
(0:2060)

2 1:9516
(0:4478)

0:2462
(0:0383)

0:1040
(0:0665)

3:0789
(0:3423)

3

1500 2:5038
(0:4938)

0:5955
(0:0824)

0:2505
(0:0814)

2:0243
(0:1760)

2 1:9992
(0:3739)

0:2475
(0:0291)

0:1027
(0:0521)

3:0324
(0:2531)

3

2000 2:4844
(0:4219)

0:5965
(0:0688)

0:2522
(0:0712)

2:0220
(0:1522)

2 1:9769
(0:3188)

0:2477
(0:0262)

0:1008
(0:0446)

3:0401
(0:2180)

3

3000 2:4818
(0:3370)

0:5982
(0:0576)

0:2510
(0:0578)

2:0160
(0:1166)

2 1:9855
(0:2555)

0:2493
(0:0221)

0:1017
(0:0365)

3:0209
(0:1845)

3

4.7.2 Real data study

In this paragraph, we consider the data set of size 140 observations, recorded for the number

of infections by Campylobacteriosis in Quebec-Canada, collected every 28 days, starting from

January 1990 to October 2000. This time series was presented by Ferland et al. (2006), who

proposed the INGARCH model. The visualization of the considered time series is shown

in Figure 4.3, while Table 4.4 summarizes some descriptive statistics.
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Figure 4.3. Trajectory of the Campylobacteriosis time series.
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Table 4.4. Descriptive statistics for the Campylobacteriosis time series.

Sample size Minimum Maximum Median Mean Variance Skewness Kurtosis
140 1 55 10 10:6929 55:5237 2:4981 13:2290

A look at Table 4.4, the Campylobacteriosis time series is over dispersed, therefore, our

proposed model appears to be appropriate to �t the underlying time series.
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Figure 4.4. ACF and PACF of the Campylobacteriosis time series.

Furthermore, by analyzing the empirical autocorrelation function (ACF ) and the empirical

partial autocorrelation function (PACF ) in Figure 4.4, the time series presents periodicity

of season S = 13, due to the nature of data which is collected every 28 days, that makes

13 seasons per year. Table 4.5 gives the estimation results, where the estimated parameters

(rs; s = 1; :::; 13) of each period, by maximizing the conditional Log-likelihood function :

Table 4.5. Estimation results using the PNBINGARCH13(1; 1).

s 1 2 3 4 5 6 7 8 9 10 11 12 13
�0;s :0152 :0358 :0125 :0120 :0297 :1596 :0604 :0144 :0340 :0834 :1015 :0565 :0115
�1;s :0026 :0625 :0005 :0203 :0030 :0156 :0083 :0011 :2046 :0157 :0007 :0061 :0001
�s :7968 :0057 :4222 :8257 :3808 :3345 :9874 :5591 :3908 :0128 :4990 :5833 :6227
rs 47 13 27 24 41 29 21 42 6 40 46 34 42

We can see that the PNBINGARCH13 (1; 1) model �ts adequately the data series, which is

con�rmed by the empirical residual autocorrelation function. Indeed, Figure 4.5 shows that

the residuals of our model do not indicate any statistical signi�cant autocorrelation. So, the

adequacy of the model is not statistically rejected. Moreover, one can easily observe that the

periodic behavior of the residual autocorrelation for the �tted model PNBINGARCH13 (1; 1)
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has been completely disappeared thus the periodic feature has been taken into account by

this model.
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Figure 4.5. Autocorrelation of the residual time series.

The proposed model PNBINGARCH13 (1; 1) shows an improvement, in terms of residuals,

comparing to the INGARCH (1; 13) model (Ferland et al. 2006), the NBINGARCH (1; 1)

model (Zhu 2011) and also the PINGARCH13 (1; 1) model (Bentarzi and Bentarzi 2017b).

This fact is clearly visible through Table 4.6 which illustrates the computed Sum of Squared

Errors (SSE) for the four models.

Table 4.6. Computed SSE for each model.

Model INGARCH (1; 13) NBINGARCH (1; 1) PINGARCH13 (1; 1) PNBINGARCH13 (1; 1)
SSE 4373 4238 2882 2411

Furthermore, Figure 4.6 exhibits the adjusted series for the proposed model and also for the

NBINGARCH (1; 1) model (Zhu 2011), such as the series values are shown in blue, while

the red line denotes the adjusted series. The �tted values of the PNBINGARCH13 (1; 1)

model seem to be suitable for the real data set values. It should be noted that the size of our

time series is minimal to estimate such a number (52) of parameters, therefore the selected

model can be optionally improved to a larger size.
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Figure 4.6. An adjusted trajectory proposed to the Campylobacteriosis time series.



Chapter 5

Conclusion and perspectives

The scope of this thesis was to present three integer-valued time series models with periodic

coe�cients that play a key role in the description of many stylized facts encountered in several

count �elds. In the second chapter, we have studied the probabilistic and statistical proper-

ties of the periodic self exciting threshold integer valued autoregressive PSETINAR (2; 1)

model of order one with two regimes, based on the binomial thinning operator, driven by a

periodic sequence of independent Poisson distributed random variables. In addition, in order

to determine the unknown threshold parameters, we have adapted the Nested Sub-Sample

Search (NeSS) algorithm, which is very useful in practice to estimate the underlying parame-

ters of the concerned model. Moreover, we have successfully applied the PSETINAR7 (2; 1)

model to �t the number of births in Quebec-Canada, for the year 1986. In the third chapter,

we have established also the probabilistic and statistical properties of the periodic negative

binomial self exciting threshold integer valued autoregressive PNBSETINAR (2; 1) model

of order one with two regimes, based on the negative binomial thinning operator, which

makes the proposed model more 
exible to describe, more than the piece-wise phenomenon

and the overdispersion of discrete-valued time series, the periodicity exhibited by the auto-

covariance structure. Furthermore, we have explored the PNBSETINAR7 (2; 1) model on

real dataset, the number of daytime road accidents in the Schiphol area, and a comparison

with existing models, shows the adequacy of the proposed model to capture the periodicity

hidden in the autocovariance structure. The fourth chapter was devoted to the presenta-
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tion and study the probabilistic and statistical properties of the periodic negative binomial

INGARCH (1; 1) model which makes it possible to deal with overdispersion and potential

extreme observations on the one hand, and the periodicity feature on the other hand, simul-

taneously. Last but not least, we applied the model to a real dataset, namely, Number of

cases of campylobacterosis infections from January 1990 to the end of October 2000, and a

comparison with existing works, considering the same dataset, showed an improvement of

the proposed model. The research that was undertaken in this thesis highlighted a number

of topics on which further research could be helpful. Based on the work presented in this

thesis, it would be fruitful to give some perspectives and possible generalizations for future

research.

i: In Chapter 2 , the high moments of the model were not calculated explicitly in terms

of parameters, which would give a better impression to �nd applicable techniques in

this case. Also, the proposed class of model can be extended to a more general one,

PSETINARMA (k; p1; :::; pk; q1; :::; qk) with an arbitrary orders of autoregressive and

moving average as well as the number of thresholds.

ii: In Chapter 3 , we can hold the same views as we did in Chapter 2 . Besides, one can

also de�ne another class of models with periodic coe�cients for the negative binomial

integer-valued autoregressive in an arbitrary order p, or more generally, the periodic

negative binomial integer-valued autoregressive moving average INARMA(p; q).

iii: In Chapter 4 , it will be wise of us to try and �nd, in our future consideration, more

positive ways to achieve more results from our work. Indeed, by taking into consider-

ation its probabilistic and statistical features, the suggested model may be extended

into the periodic negative binomial INGARCH(p; q) model with arbitrary orders.

Furthermore, we may suggest the periodic negative binomial INARCH(p) model as a

particular case of this class.
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