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Abstract

The objective of this thesis is the inference method for some periodic integer-valued
time series models, namely, the periodic self exciting threshold integer valued autoregres-
sive PSETINAR(2; 1) model, the periodic negative binomial self-exciting threshold integer-
valued autoregressive PNBSETINAR(2; 1) model, which are more dynamic and well-suited
to capture a wide range of empirical characteristics seen in count time series, such as hid-
den periodicity in autocovariance structures and structural regime changes, and the peri-
odic negative binomial integer-valued generalized autoregressive conditional heteroskedastic
PNBINGARCH(1, 1) model. For each of the proposed models, we enhance the study of some
probabilistic and statistical properties and the development of different estimation methods.
In addition, the simulation studies are considered to illustrate some theoretical properties

with applications on real datasets.

Keywords and phrases: Integer-valued time series models; Periodic SETINAR model;
periodic NBSETINAR model; periodic negative binomial INGARCH(1, 1) model; integer-

valued process; periodic stationarity in mean and variance.



Résumeé

L’objectif de cette these est la méthode d’inférence pour certains modeles de séries tem-
porelles a valeurs entieres périodiques, a savoir, le modele auto-excitant autorégressive a seuil
a valeurs entieres périodique PSETINAR(2;1), et le modele binomial negatif auto-excitant
autorégressive a seuil a valeurs entiéres périodique PNBSETINAR(2;1), qui sont plus flex-
ibles et aptes a capturer plusieurs caractéristiques empiriques des séries chronologiques de
comptages, en particulier la périodicité cachée dans les structures d’autocovariance et les
changements de régime structurels, ainsi que le modele binomial negatif hétéroscédastique
conditionnel autorégressif généralisé a valeur entiere periodique PNBINGARCH(1, 1). Pour
chacun des modeles proposés, nous avons amélioré ’étude de certaines propriétés proba-
bilistes et statistiques, et le développement de différentes méthodes d’estimation. En outre,
les études de simulation sont considérées pour illustrer certaines propriétés théoriques avec

des applications sur des données réelles.

Mots-clés et phrases: Modele SETINAR périodique; modele NBSETINAR, périodique;
modele binomial négatif INGARCH(1, 1) périodique; processus a valeur entiere; stationnarité

périodique en moyenne et en variance.
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Chapter 1

General Introduction

1.1 Introduction

Over the last three decades, the integer-valued time series model has attracted much atten-
tion and interest, with a considerable number of studies appearing in the literature. Indeed,
the class of integer-valued autoregressive I N AR models, based on the binomial thinning op-
erator, introduced by McKenzie (1985), and by Al-Osh and Alzaid (1987), was widely used
in many applications, such as statistical quality control (Weifl 2007) and assurance (Zhu and
Joe 2006). In addition, several models have been proposed to describe certain phenomena
often observed in integer-valued time series, for example, excess of zeros, changes in volatil-
ity over time, multimodality, low counts, overdispersion, and so on, which are encountered
in several areas such as epidemiology (e.g., number of infected individuals), economic (e.g.,
discrete transaction price movements on financial markets), environmental (e.g., number of
forest fires in a certain country), criminology (e.g., counts of a certain type of crimes), and
many others. Among the models that are proposed in order to capture the above phenom-
ena, we quote the integer-valued IN AR (1) processes with zero-inflated Poisson innovations
introduced by Jazi et al. (2012), the integer-valued generalized autoregressive conditional
heteroskedastic GARC H, and the integer-valued autoregressive conditional heteroskedas-

tic ARC'H models were proposed by Ferland et al. (2006), and Zhu et al. (2010) who
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extended the class of integer-valued ARCH model to the mixture integer-valued ARCH
model, noted in short by MINARCH, which has advantages over the extended one due
to its ability to handle multimodality and non-stationary components. However, it seems
that the proposed classes of models, which are suitable for integer-valued time series with
time-invariant parameters, cannot correctly report and describe the periodicity characteris-
tic of counting time series. Therefore, many researchers have suggested other extensions of
these models that take into account the periodicity feature. As my thesis deals with this
topic, it seems useful to mention, among many other achievements, and without pretending
to be exhaustive, the work of Monteiro et al. (2010) on the periodic autoregressive model
with integer values of order PIN AR(1), driven by a periodic sequence of independent Pois-
son distributed random variables, Morina et al. (2011) present a model based on two-order
integer-valued autoregressive time series to analyze the number of hospital emergency ser-
vice arrivals, and most recently, Bentarzi and Bentarzi (2017a) gave some probabilistic and
statistical properties of a periodic integer-valued diagonal bilinear model, even more for the
periodic integer-valued GARC H(1, 1) model by Bentarzi and Bentarzi (2017b), and Ouzzani
and Bentarzi (2019) studied the mixture periodic integer-valued autoregressive conditionally
heteroskedastic models, also some particular models of the class of periodic integer-valued
autoregressive moving average, PIN ARM A(p, q¢) models were duly addressed by Bentarzi
and Aries (2020a), and many other works.

In fact, this improvement seen in the literature by many researchers, cited above, can be
seen as motivation and aspiration to propose, in this thesis, some integer-valued time se-
ries models, more flexible to capture and describe the periodicity feature. Although the
self-exciting threshold integer-valued autoregressive model, with time-invariant coefficients,
presented by Thyregod et al. (1999) and Monteiro et al. (2012), has the ability to deal with
time series of counts exhibiting piecewise-type patterns, even so, it remains unable to handle
the periodicity hidden in the autocovariance function. That is a good enough reason to give
a more general model with a periodic coefficient to model the phenomenon at hand, see
Manaa and Bentarzi (2021a). Another achievement on the periodic negative binomial self-
exciting threshold integer valued autoregressive model, with the negative binomial thinning
operator, see Manaa and Bentarzi (20210), which extended, in the time-invariant model, the

work of Yang et al. (2018b). In addition, we have developed the negative binomial integer-
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valued GARCH (1,1) model, defined by Zhu (2011), in the more general framework with
periodic coefficients, as an extension of the periodic integer valued GARCH(1;1) model,
introduced by Bentarzi and Bentarzi (2017b), which is more appropriate and has more flex-
ibility to model such periodically correlated processes. This manuscript consists mainly of
working on “Inference method for some periodic integer-valued time series models”, and it

is thematically, according to the results mentioned previously, divided into Three Chapters:

1.2 Presentation and contributions of the thesis

Chapter 2 : Periodic SETINAR Model

In this Chapter, we introduce a periodic self-exciting threshold integer-valued autoregressive
PSETIN AR model without knowing the threshold parameters. In the first place, we pro-
vide the definitions, basic notations and main assumptions concerning the proposed model.
Thereafter, we establish the first and the second moment periodically stationary conditions,
under these conditions, the closed forms of these moments are derived. Besides, the existence
of high moment and the strict periodic stationarity, are studied. The autocovariance struc-
ture is also acquired. Then, we apply the conditional least squares (C'LS) and the conditional
maximum likelihood (C'M L) methods to estimate the underling parameters. Furthermore,
the unknown threshold parameters are estimated by using the periodic adaptation of Nested
Sub-Sample Search (NeSS) algorithm. Finally, the performance of the proposed estimation

methods is shown via a simulation study, and an application on real data set was provided.

Chapter 3 : Periodic Negative Binomial SETINAR Model

The aim of this Chapter is to present the periodic negative binomial self exciting integer
valued autoregressive PN BSETIN AR model. Beforehand, we provide the basic notations,
definitions and main assumptions concerning the desired model. Then, we established the
first and the second moment periodically stationary conditions, while establishing, under
these conditions, their closed forms. In addition, the existence of high moment and the
strict periodic stationarity, are studied, and the autocovariance structure is also acquired.

After that, the unknown periodic parameters of our models are estimated via the conditional
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least squares (C'LS) and the conditional maximum likelihood (C'M L) estimation methods.
Furthermore, the unknown periodic threshold parameters are estimated by using the peri-
odic adaptation of (NeSS) algorithm. Finally, the performance of the proposed estimation

methods is shown via a simulation study and an application on real data set was provided.

Chapter 4 : Periodic Negative Binomial INGARCH (1,1) Model

This Chapter aims at presenting the periodic negative binomial integer-valued generalized
autoregressive conditional heteroskedastic model, noted in short by PNBINGARCH (1,1).
Initially, we provide the basic notations and definitions concerning the proposed model. Af-
ter that, we study the periodically stationary problem of the proposed model. The necessary
and sufficient conditions for the periodically stationary in mean and in variance are estab-
lished. Furthermore, the closed-form expressions for both the mean and the variance are,
under these conditions, obtained. Then, the existence of higher moments and their calcula-
tions are considered. Moreover, the study of the autocovariance structure of the underlying
periodic model while providing the explicit expression of the autocorrelation function. The
unknown periodic parameters are estimated via the Yule-Walker (Y'WV), the conditional least
squares (C'LS), and the conditional maximum likelihood (C'M L) methods. Furthermore, a

simulation study and an application on real data set are provided.

Chapter 5 : Conclusion and Perspectives

This chapter highlights the key results from each chapter while also setting them in the

perspective of future research.
The following research articles are used in part to support this thesis
Chapter 2 : Manaa, A., and Bentarzi, M. (2021a). On a periodic SETINAR model.

Communications in Statistics-Simulation and Computation, 1-25. (Published).

Chapter 3 : Manaa, A., and Bentarzi, M. (2021). On a periodic negative binomial SETI-

NAR model. Communications in Statistics-Simulation and Computation, 1-27. (Published).

Chapter 4 : Manaa, A., and Bentarzi, M. (2021¢) On periodic negative binomial IN-

GARCH(1,1) model. Communications in Statistics-Simulation and Computation.



Chapter 2

Periodic SETINAR Model

2.1 Introduction

It is well known, nowadays, that the analysis of the discrete-time series has received grow-
ing attention in linear and non-linear non-negative integer-valued time series models (see,
Al-Osh and Alzaid 1987, Alzaid and Al-Osh 1990, Du and Li 1991, Silva and Oliveira 2000,
Zhu et al. 2010, Zhu 2011, and many others). Moreover, it seems that the class of nonlinear
models which is the most theoretically studied and practically employed, in the analysis
of the discrete-time series, is the class of threshold autoregressive. Thyregod et al. (1999)
introduced, in the analysis of integer time series, a class of self-exciting threshold INAR
model to analyze tipping bucket rainfall measurements and to capture the high threshold
exceedances appearing in clusters, and the so-called piece-wise phenomenon. As well as,
Monteiro et al. (2012) presented a particular class of self-exciting threshold integer valued
autoregressive SETIN AR (2;1) model, driven by independent Poisson distributed random
variables. And recently, the negative binomial self-exciting threshold integer-valued autore-
gressive model, based on the negative binomial thinning operator, was introduced by Yang
et al. (2018b). It is recognized that many economic, financial and environmental integer-
valued time series, which have encountered in practice, reveal the periodicity feature in their

autocovariance structures (e.g., number of Campylobacteriosis infections time series studied



CHAPTER 2. PERIODIC SETINAR MODEL 6

by Ferland et al. 2006, number of hospital emergency service arrivals, studied by Morina et
al. 2011 and the daytime road accidents in Schiphol area, in the Netherlands for the year
2001, studied by Pedeli and Karlis 2011). However, from the works done in the literature,
it seems that the study of periodic integer-valued time series models has not received much
attention. Indeed, as far as we know, Monteiro et al. (2010) and Morina et al. (2011) were
the first who worked on the modeling of the periodically correlated integer-valued process,
in the Gladyshev’s sense (1961), to capture and describe the periodicity feature exhibited by
the autocovariance structure and which cannot be accounted by the classical time-invariant
parameters time series models. Furthermore, the research has made progress on the peri-
odically correlated integer-valued models see as examples, Bentarzi and Bentarzi (2017a),
(2017D), Ouzzani and Bentarzi (2019), Sadoun and Bentarzi (2019) and among others. The
main concern behind this chapter is to study the class of periodic integer-valued threshold
autoregressive PSETINAR (2;1) model, which was presented by Pereira et al. (2015), in

the special case where the periodic threshold parameters are unknown.

The rest of this chapter is organized as follows. In Section 2.2, we provide the basic nota-
tions, definitions and main assumptions concerning the periodic SETIN AR (2;1) model. In
Section 2.3, we discuss its basic probabilistic and statistical properties. Indeed, the first and
second moment periodically stationary conditions are established. The closed-forms of these
moments are, under these conditions, derived. Besides, the existence of high moment and the
strict periodic stationarity, are studied. The autocovariance structure is also acquired. The
Conditional Least Squares (C'LS) and Conditional Maximum Likelihood (C'M L) parameter
estimations problem are considered in Section 2.4. Furthermore, the threshold parameters
are estimated by using the periodic adaptation Nested Sub-Sample Search (NeSS) algo-
rithm. In Section 2.5, the performance of the proposed estimation methods is shown via a

simulation study and an application on real data set was provided.

2.2 Notations, definitions and main assumptions

Recall that the self-exciting threshold integer-valued autoregressive SETIN AR (2;1) model

of order one with two regimes, takes the form :

Y = (Oél @) ytfl) It(i)l (C) -+ (Oég @) yt71> 11:(3)1 (C) -+ Et, te Z.. (221)
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The integer-valued stochastic process {y;; t € Z} is said to follow a periodic self-exciting
threshold integer-valued autoregressive model of order one with two regimes and period S

(S > 2), if it is a solution of the following non-linear difference stochastic equation :
v = (a1 0 v1) I (@) + (a2g0mi-1) [P () + &1, tEZ, (2.2.2)

with It(i)l (¢;) is a sequence of Bernoulli random variables defined by :

1 1 if 1 <e¢c 2 1
1% () = { 0 if zi: Sl and [P (e) = 1= 1 (), (2.2.3)

where the periodic threshold parameters ¢; are assumed to be unknown. The underlying
non-negative integer-valued process {y;; t € Z}, is a periodically correlated, in the sense
of Gladyshev (1961), with a period S (S > 2), and the innovation process {g;; t € Z} is
a sequence of independent non-negative integer-valued random variables with Poisson dis-
tribution P (A\.;). The symbol ” o ” stands, as usual, for the thinning Steutel-van Harn
(1979) operator, which is defined, for the non-negative integer-valued stochastic process ;1

and any counting periodic sequences of independent non-negative integer-valued random

variables {Z (@)

i1 b€ Z,j € N}, as follows :

Qi O Yy = Z?f:ll Zy(zt) if y1 >0,
| 0 if y1=0,

with Z%

> while 2 = 1,2, and for a fixed ¢ and j, is a sequence of independent and identically

distributed Bernoulli random variables independent of y; 1, such that P (Z ](12 = 1) =1-

P (Zj(zt) = O) = ;¢ € [0,1], for i = 1,2, t € Z, and all the unknown parameters o,
ag¢, Aoy, and ¢ are periodic in time with period S, i.e., oy 15 = a1, Qo4ks = o and
Act+ks = Aer. The innovation process {e;; t € Z} is assumed to be independent of y;_; and
®; 0 yr—1. One can rewrite the periodic self exciting threshold integer valued autoregressive
model given by (2.2.2) in the equivalent form :

Y= ¢, 0yp1+e, tEZ, (2.2.4)
with ¢, = Ofl,tjt(i)1 (cr) + a27t](3)1 (¢;). Throughout the chapter, we will omit (¢;) in It@l (cr),
k = 1,2, to make the notation easy without ambiguity. It is worth noting that the peri-
odic self-exciting threshold integer-valued autoregressive PSETIN ARg (2;1) model given

by (2.2.2) or equivalently by (2.2.4), was presented, for the first time, by Pereira et al.
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(2015). These authors attempted to study the probabilistic and the statistical properties
of the scalar model (2.2.2), written in its form (2.2.4), by studying the multivariate model
arising from the seasonal decomposition approach (one can see Pagano 1978 and Tiao and

Grupe 1980).

2.3 Basic properties of the PSETINAR model

In this paragraph, we provide the conditions on the parameters of the underlying integer-
valued process to be periodically stationary in the first and the second order. Furthermore,
under these conditions, the closed-forms of the periodic mean and the periodic variance are
acquired. Moreover, the existence of the unconditional m-th moment and the strict peri-
odic stationarity of the process {y;, t € Z} are established. In addition, the autocovariance

structure is also obtained.

2.3.1 Periodic stationarity in the two first moments

The results given in the following propositions establish the necessary and sufficient condi-
tions, for the process {y; t € Z} satisfying (2.2.2) to be periodically stationary with respect
to the first two order moments. The closed-forms of these moments are then, under these

conditions, obtained.
Proposition 2.3.1 The process {y;, t € Z}, satisfying (2.2.2), is periodically stationary in
the first order if and only if, the periodic parameters oy, and os, satisfy the periodically
stationary conditions Hle ay; <1 and Hil ag; < 1, respectively, then, the unconditional
periodic mean s, under these conditions, given by
S 1 s j—1

Hy s = E (yS+TS) = <1 - Hizl a?,i) Zj:l (Hizl Of2,s—i+1> q)l,s—j—i—lv

or equivalently,

-1 .
S S —
e =B (Woers) = (1= Ty ons) 305 (T2 ansis) @aajon,

(171 (271

where; (I)l,s - (al,s - 04275) My7s_)1+>\a,sy (I)Q,s - (a2,s - al,s) My,s_)l_’_/\e,s; P1s = P (ys—1+TS S Cs);

pas =1 —p1s and /Lg(/l;ism) =k (fs(flyﬁﬂ), fori=1,2 and m € N.
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In the time-invariant SETIN AR model, i.e., S = 1, the results in Proposition 2.3.1 can be

represented by the following corollary.

Corollary 2.3.1 The process {y;, t € Z}, satisfying the SETIN AR (2;1,1), given in (2.2.1),
18 stationary in the first moment if and only if a1 < 1 and as < 1 then,

ty, =B (y) = (1 - a2)_1 (a1 — ) Ngl’l) + o),

or equivalently,
— — -1 (271)
py =B () =1 =) ((aa =)y + Ac).

Proof of Proposition 2.3.1. In the first place, the mean of the process {y;, t € Z},
defined in (2.2.2) denoted by u, , = I (), is calculated as follows

E(y) =E ((al,t °Yi_1) It(ﬂ) + K ((042,15 ° Y1) Iﬁ)l) +E (&),
= al,tE (%—1@@1) + Oéz,tE <yt—1 (1 - It(i)1>> + >\a,t;
My = Q2tlly ;1 + (al,t - a?,t) H&;l_)l + )\a,ta

then, we have

Pyt = Q2tfby g + Pug, (2.3.1)

(1

Y,

with, @1, = (1 — o) ’1_)1 + A1, by iterating the first-order difference equation (2.3.1),
m times, while letting t = s+ 75, s =1,..., 5, 7 € Z and putting, in the expression, m = .S
then, taking account of the periodicity of the parameters, we obtain, under the condition
Hle ag; < 1, the closed-form of the mean which is given as it is reported in Proposition

2.3.1. It can be also obtained the stationarity condition in the first order : Hle oy < 1,

while replacing [ﬁ)l by 1— It(z)l' [

The following proposition establishes the necessary and sufficient conditions for the model

(2.2.2) to be periodically stationary in the second order.

Proposition 2.3.2 The process {y:, t € Z}, satisfying (2.2.2), is periodically stationary in

the second order if and only if the periodic parameters an, and asy satisfy the periodically
stationary conditions HiS:1 ar; < 1 and HiS:1 ag; < 1, respectively, then, the periodic vari-

ance 18, under these conditions, given by

—1
2 _ _ S 2 S j—1 2
Oys = Var (Ysirs) = (1 - Hi:1 0‘2,377;+1> Zj:l (H¢:1 042,57141) O1,5—j+1,
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or equivalently,

—1
032/,5 = Var (yS+TS) = <1 - H =1 als z+1> Z] 1 <HJ 1 al ,S— H—l) @25 J+1

with,
o (a2, — 03 ) + (01 (1 — an) — an (1= a2.)) 22y + 0 (1 — ) pry g 4 +
2a2 s (s —ans) (fy 1 Mélsl)l)ﬂélél_)1 + Acsss
o (a3, — 02 ) + (0 (1= an,) — an (1= a1)) a4 o (1= ) pry o g +
2015 (16 — Qo) (fy 51 — M;,Q_)1> Mg(fsl 1T Acsss

where,

f7)'yS+TS) :

(2.3.2)

Prs = P (Ys—14rs < C5) ,D2s =1 —pis, pgsm) =K (IS( lySJﬂS) and aj:gi) =Var (I§

In the time-invariant SETIN AR model, i.e., S = 1, the results of Proposition 2.3.2 can be

represented by the following corollary.
Corollary 2.3.2 The process {y;, t € Z}, satisfying the SETIN AR (2;1), given in (2.2.1),
1s stationary in the variance if and only if oy <1 and as < 1 then,

oy =Var(y) = (1-a3) " Oy, or equivalently, o = Var (y) = (1 - af) " ©x,

where,
0, — 2(1 (a2 —a2) + (a1 (1 —ay) —ay (1 —aQ))uél’l)%—az(l — ag) 1, +
2003 (g — 1) (1, — (1 ) ) y1 RS
0, = 2(2( Oé)—|- as ( 1—OZ2)_al(l_al))”g(/Zl)"{'al(l_al)luy—{_

201 (ay — 2) (1, — /Lf 1)) /Lz(f’l) + ..
Proof of Proposition 2.3.2. The variance of y; is obtained as follows :

Uz,t = Var (yt) = Var ((Oél,t © ytfl) Iﬁ)l) + Var ((Oéz,t © yt—l) Iﬁ)l) +

200 ((au 0y 1) IV (g 0 o) It(i)l) + e (2.3.3)

The first term, on the right hand side, can be easily calculated as follows :

Var ((al,t °Yi1) It(i)l) = a%,tva"’ (It(gyt—l) +oq (1 —ay)E (It(i)lytfl) )
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then taking account of (2.3.2), we obtain :
Var <a1t o Ys_ 1It( )1) =aj tayil)l +ars (1 —agy) ,ul(/ltl)l (2.3.4)

The second term in (2.3.3), can be easily calculated as follows :
Var ((azt oY1) It(2)1) =Var ((Odgt oY1) (1 - ](1) ))
= Var (aze o yp-1) + Var ((04216 0 Yi-1) It( 1) —2Cov ((0% 0 ¥i-1); (2,0 © Ye-1) It(i)1> )
replacing a4, in (2.3.4), by s, one can easily, obtain the term Var ((ag’t oY1) It(ﬂ), in-
deed, we have :
Var ((042,15 oY1) Iﬁ)l) = a;taf]ﬁ”l + gy (1 — agy) M;(jt’lf)p (2.3.5)
The variance Var (ae, o y;—1) and the covariance Cov (Oéz,t oY—1; (ot O Y1) Iﬁ)l) , are given

as follows :
Var (agioyi1) = 0437t032,,t,1 +oag (1 —age) fiy 1, (2.3.6)
Cov (a0 yr) : (02 o) 1) = B (a2 0 90)* 1))
~E((02,0y1)) B (<agt o) 1),

= Var ((Oéz,t Y1) I( )> + a3 tE ( Yi— 1191) (E (yt—ljt(i)1> —E (%-1)) g

—Var (a2 0y 1) 1) = 03 il (g = 1) (2.3.7)
where, Var ((Oég’t oY1) It(i)1> is given in (2.3.5). Similarly, by taking account of (2.3.2) and
from (2.3.5), (2.3.6) and (2.3.7), we have :

Var ((0‘2,1: 0 Yi1) It(3)1> = ag,to-;t—l + gy (1 — agy) Py -1 — Var ((042,1: Y1) ]1€(P1>

1,1 1,1
—l—QOé%,t,u;,t_)l (:uy,t 1 ,Ug(/t )1> (2.3.8)
The last term of (2.3.3) can be calculated as follows :
Cov ((Oél,t 0 Ys-1) It(i)l; (240 Yi1) Iﬂ) = —agagll <yt—1ft(i)1> (E (Ye1) — B (yt_lfg)) ’

= —Qq0n tﬂ:(yt )1 <Nyt 1 ,u&,;l_)1> (2.3.9)
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The unconditional variance o2 ,, can be written, while using (2.3.4), (2.3.8) and (2.3.9), in

Yt

the following first order difference equation :

agz/,t = O‘%,t ‘732/,1:71 + O1, (2.3.10)

where,
O1: = (ai, —a3,) 012,’,1%17)1 + (a1 (1 —a1y) — ags (1 — azy)) M(y%t’lﬂ + g (1 — o) fhy 1+
2062,1& (OéQ,t - Oél,t) My t—1 ,U/Z(jtl)l) Mgzljl + )\g,ta
by iterating the equation (2.3.10) m times, we obtain
2 _ m 2 Q) .
Oyt = (Hi:l az,t—z‘+1) Tyt—m T ZJ 1 Hl 1O‘2t i+1 Lt—j+1-

Lettingt = s+795, s =1,2,..., 5, 7 € Z and putting m = S, we obtain, while taking account

of the periodicity of the parameters :

2 S 2
Oys = (Hi:l a2,57i+1) Oy.s + Z] 1 <H] 1 a2s 'L+1> @1,8*j+17
then, the unconditional variance, for a fixed s, is given, under the periodically stationary

condition, namely, Hle a%ji < 1, by the following expression :

Uy, (1 - Hz 1 a%s 7,+1> Z] 1 (Hz 1 Oé2 s— 'L+1> @1,8—j+1'
It can be also obtained the stationarity condition in the second moment : Hle oy < 1,
while replacing ]t(i)l by 1 — It(f)l. The unconditional periodic mean and variance and the

periodic probabilities %(11721_)1’ aj:fﬁ_)l, p1+ and py, respectively, to be estimated empirically. =

2.3.2 Existence of higher moments

The next proposition ensures the existence of the unconditional m-th moment of {y;, ¢t € Z}

and gives their general formula.

Proposition 2.3.3 The unconditional m-th moment B (y;*) of the periodically correlated
process {y;, t € Z}, defined by (2.2.2), exists, if the unconditional m-th moment E (y§)
exists. The general formula for B (y}") is given by :

E(y;“):E(i (") @oueayer ) £ (M)p(@onr)EE). @aw

Jj=0
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Proof of Proposition 2.3.3. It is well known that the m th moment E (£}*) (Poisson
process) is given, and to show E (y") is finite, we use the proof by induction. First of all,

we start by m = 1, so we have :

E(y) < B (ye1) + Acp < 0y (U, 1B (ye—2) + Acm1) + Ay
< (H§:1 wt—i-{-l) E (yo) + Zz;}) (Hg:1 wt—i+1) Act—j < 00,

with, ¢, = max (a1, as:), we also have for m = 2 :

E(yf) < @D?E (yt2—1) + 9, (1 =) B (ys-1) + 20,B (y;1) B (e¢) + E (5?) )

(2.3.12)

and,

E(yf) < 1/’? (wfflE (?/15272) + 1y (1 - wt—l) ) (yt—2) +2¢, 4K (yt—2) E (5t—1> +E (5371)) +
Ve (1 =) B (y—1) + 20, B (1) B (e) + E (51‘,2) )

< (HZ—l ¢f—z) (yo) + Z] 1 (H -1 Y- z+1> ,lvz)t—jJrl (1 - ¢t7j+1 + 2E (5t—j+1)) E(yi—jr1) +
Z] 1 (H] 1 U z+1> E (Et—j+1) ’
we can write the last one in this form
E(y;) < (ITisovi-) B (v5) + A,

where,

A=Y, (THS vt ZH) Yropor (1= Yrjor + 2B (61-541)) B (vij1)

+ Z] 1 (H -1 Vi z+1> E (5?—j+1) < 00,
since, E () is finite by using (2.3.12) and the assumption the unconditional m-th moment
E (e’f}t) and E (sg}t) exist and are finite. Thus, the second moment E(y?) exists. After that,
we assume that (y{”_l) < oo for m — 1, and we show that for m. It’s easy to see :
E(y") < (HZ=1 w?im) E(yg') + A (2.3.13)

where A} denote the combination of finite k-th moment of process y; and [ th moment of
process ¢; where k € {1,2,..,m — 1} and [ € {1,2,..,m} (i.e. induction hypothesis and the

assumption). From (2.3.13), one can check that E (y") < oo, m > 1. n

2.3.3 Strict periodic stationarity

The following proposition establishes a sufficient condition for the existence of the strict

periodic stationarity property of the process {y;, t € Z} defined in (2.2.4).
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Proposition 2.3.4 For a fized value of s = 1,...S, and T € Z, the process {ysyrs,T € Z} is
an irreducible, aperiodic, and positive recurrent (and hence ergodic) Markov chain. There-

fore, there ezists strict periodic stationarity for the model (2.2.4).

Proof of Proposition 2.3.4. It is easy to see that the process {ysirs; 7 € Z}, in 7 for a

fixed value of s = 1,..., 5, is a periodic Markov chain on Ny and its transition probabilities

is given by :
P (ys-l—TS - xs+7'S| Ys—1478 = xs—l—f—TS)
m 2 Ts—1475 7(k) 1 x —1 )‘?;757[
= Z Z C'l T Isfl,fak,s (1 - Oék,s) s exp(_)\&s) : 1
1=0 k=1 (Tsars —1)!

_ 1) (2)
=P (xs—1+7'57 Ls418,5 al,s]stT + 042,5137177—7 Aa,s )

where, m* = min (z5_11,5, Ts1r5) and,

p (xs—l-f—TS? Ls471S, Uk s,y Ae,s) =
m* i .’Es+7—57l
ST OPrS IR al (1 — o) exp(—An ) > 0, k=1,2.
1=0 T (Tgrrs — 1)!
Since P (y; = x¢|yi—1 = x4—1) > 0 it follows that {y; t € Z} is an irreducible, aperiodic
chain. Furthermore, to show that our process y; is positive recurrent, it is sufficient to prove
that >, P (y; = 0] y1 = 0) = +o0, By iterating (2.2.4) ¢ times, we have
-1
Y = ¢ 0¢,_10---0¢0yp+ 22:1 P10y 50...00;_1 0+ &,
= Zf;i Gp_10¢,_50...00, 10¢&_;+ ¢, (since yo =0),
which permit us to write
P(y=0l1=0) = P (3121610 b2 0.0 ¢y 01—+ = 0] yo=10) ,
=P (e=0,¢,_1061=0,...0,_1 04, y0...0 ¢ 01 = 0| yo=0) ,
2 2 2
= Zi2:1 Zi?,:l Zitzl P (¢2: X925 3= iz 355 Oy 1= ait_l,t—l‘ Yo= 0)
x P (5t: 0,00, 1 1—106-1=0,...,00, | 4-10 Q4 54 20...0Q,20E1= O‘ Yo= O) ,
it is equal to,
2 2 2
P (yt: 0| = O) = Zi2:1 21'3:1 Zit:1 P (Cbzz Qg2 3= Qiz3, .-y Gp_ 1= O‘ita,t—l} Yo= 0) X
exp {_)\a,s (1 + QG 1+ QG 10 o QG 10, s 'Oéi2,2)} .

(2.3.14)
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From the expression (2.3.14) it is easy to see that each factor is strictly monotonically
decreasing with respect to oy, ; with 1 < j < t. Therefore, by scaling (2.3.14) ¢ times, and
we take t = s+ 75, with , s = 1,...,5 and 7 € Z, and while s being fixed in {1,...,5} we
get :

P (yssrs = 0y = 0) 2 ¢ (Qmax, s + 75) .

where aupay = maxi<s<s {15, 2o s} and the function ¢ (o, t) = exp{—-A.s (1 —a') /(1 — a)}.
Since ¥ (amax, s + 75) = 0 when 7 — 00, it follows easily that 2‘8 P(ysyrs =0y =0) =
~+oo for a fixed value of s =1, ..., .S, by using the comparison criterion for series convergence.

This proves that {ys.,s; T € Z} is a positive recurrent Markov chain and hence ergodic. m

Remark 2.3.1 The result given in Proposition 2.3.4 reduces, in the time invariant case, to

Proposition 2.1, presented by Monteiro et al. (2012).

2.3.4 Autocovariance structure

The autocovariance structure of the process {y;, t € Z} is defined by the proposition be-

low, when we replace Iﬁ)l by 1 — [t(i)l, it is easy to obtain also the equivalent form while

7 o

replacing It(i)l by 1 — 1,7}, as in Section 2.3. First we give the following notations: v (h) =

Cov (ye; Yen) =B [ (e — ty1) We—n — ty0n)] fy,(f) (h) = Cov (It(k)yt; yt,h), for k =1,2.

Proposition 2.3.5 The autocovariance structure of the periodically correlated integer-valued

processes {y:, t € Z}, satisfying the model (2.2.2), is given as follows :

—1
S S i—1
) (h) = <1 — Il Oé%,sfﬂ»l) Zj:l (H?:l ag,sfz#l) O1,5—j+1- h =0,
027 (h = 1) + (a1, — o) 3 (= 1), h>1,

where, ©1,, s =1,2,..., 5, are given in Proposition 2.5.2.

In the time invariant coefficient (classical) model case, defined in (2.2.1), the result of this

proposition can be represented by the following corollary.

Corollary 2.3.3 The autocovariance structure of integer-valued processes {y;, t € Z}, sat-



CHAPTER 2. PERIODIC SETINAR MODEL 16

isfying the model (2.2.1), is given as follows :
{ (1-a2)" e h=0,
ayy (h—1) + (a1 — aa) vy (R = 1), h =1,

where, O1 is given in Corollary 2.3.2.

v (h) =

Proof of Proposition 2.3.5. For h = 0 the autocovariance of Cov (ys;y) = Var (y) =
Uit. Then, for h = 1 the autocovariance ¥® (1), can be calculated as follows :
7 (1) = Cov (ys;y4-1) = Cov ((al,t oy—1) IV + (o 0 yor) Iy + 2 yt—l) ;
= Cov ((Oél,t ° Yp_1) 115(1)1; yt—1) + Cov ((Oéz,t °Yi_1) Iﬁ)l; yt71> ;
where,
Cov <(a1,t 0 Y1) It(i)l; ytfl) = ay,Cov (yt,lft(i)l; yt,l) = au’ygt*l) (0),
and

Cov ((042,t oyi1) I ym) =L ((042,16 °© ¥—1) It(z)lytfl) —E ((Oéz,t 1) 153)1) B (4i-1) ,

= ena (502 (1)) -5 s (110 B0,

= a7 (0) — gt (0).

Accordingly,
10 (1) = 42,747 (0) + (0 = 020) 21 (0).
More generally, calculate now the autocovariance v® (h), for h > 1 :
7 (h) = Cov (y1, y1—n) = Cov <(al,t 0 Y1) I, + (og 0 ys1) I + &5 yt—h> ;
= Cov ((Oéu Y1) ft(i)l; yt—l) + Cov ((O@,t 0 Yi-1) ft(i)ﬁ yt_h) ;
where,
Cov ((al,t 0 Y1) [t(i)l; yt—h) =E <(041,t 0 Y1) It(i)lytfh) —E ((al,t 0 Y1) It(i)1> E (y-n) .
= a1,Cov <yt71[t(i)l; yt—h) = Oél,t’Ygtil) (h=1),
and

Cov <(042,t o yt—l) 115(3)13 yt—h) =E <(a2,t o ?Jt—l) It(z)ﬂ/t—h —-E <(062,t S yt_l) [,53)1) E (yt—h) )

= Qo4 (E (yt—lyt—h (1 — It(ﬂ)) —E (yt—l (1 — ]t(i)l > E (,%—h)) ,
=y /) (h—1) —agnt ™" (h—1).

Therefore,

YO (h) = ag Y (h — 1)+ (a1 — azy) 7&#1) (h—1). u
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2.4 Parameters estimation

In this Section, we estimate the parameters of the PSETINARg (2;1) model, assuming
that we have the observations {y;; t € Z} satisfying (2.2.2). Let 0, = (01.5,02.,03.5) = (1,
Q2 Aes)', for a fixed s = 1,...,.S, be the vector of unknown parameters to be estimated via
two methods, namely, the Conditional Least Squares (C'LS) and the Conditional Maximum
Likelihood (CM L), also, we propose the periodic adaptation Nested Sub-Sample Search
(NeSS) algorithm to estimate the periodic threshold parameters ¢;. Initially and without
loss of generality, these parameters ¢; are considered to be known until Section 2.4.3 where

we will discuss how to estimate them in the unknown case.

2.4.1 Conditional least square estimators

o~

~ !/
Recall that the C'LS-estimations 0 o;¢ = (&178, Q. )\575> of §, are obtained by minimizing

the following sum of squared deviations about the conditional expectation :

QUO:Y) =1 (v — g (0,,1:-1))°,

where,
g (Qta yt—l) =k (yt| yt—l) = Oél,tyt—llt(i)l + Oé2,tyt—1]t(i)1 + /\s,t- (2-4-1)

Suppose that the size of observed time series n is a multiple of S (i.e. n = NS), and while
replacing t by s + 7.5, with , s = 1,..., 5 and 7 € Z, one can rewrite the last expression in

the form

2
Q(stZ) = Zf:l ZJTV:_O1 (yS—i-TS - Zi:l O‘k,syS—l—&-TSIs(li)l,f - )‘€,S> )
= Zf:l Zi\/:—ol (yS+TS -3 (Qsa ys,1+7-s))2 = Zf:l 271_\7:701 Usirs (Qs) )

where,

L if gy 14,9 < @) (1)
= . — % and [ =1-1 ,
{ 0 if Ys—147r5 > Cs, s—1,17 s—1,17

andv Us+7'5' (Qs) = (ys+TS —g <Q37 ys—1+TS))2 .



CHAPTER 2. PERIODIC SETINAR MODEL 18

The C'LS-vector estimator E&C g can be obtained by solving the system below :

0Q k
80% ) = 72) |:(ysfl+7'5'ys+‘rs - y§71+7504k,s - )\s,sy571+75) [5(_)177] = 07 k= 17 2;
il s . ) (2.4.2)
O\ = |:ys+TS - Oél,sysfl+TSI 1,7 — a2 sYs— 1+TSI 1,7 — )\s,s:| = O;
€,8 7=0

the solution of this system (2.4.2) is given by
0,005 = AL'b,, s=1,..5,

with
N N—
Z‘r 01 yz 1+7'S'Is( )17 0 ZT 0 Ys— 1+TSI( )
N—-1 N—-1
AS - 0 ZT 0 yg 1+7'S'Is( )17' ZT 0 Ys— 1+7'5[( ) )
N—-1 N—-1
ZT 0 ys ]-+TSIS( )17' 2720 y5*1+TS[5(—) 77' N
and

/
N-1 N— N
hs = ( ZT 0 Ys— 1+TSZ/S+TS[§ )17— 27201 ysf1+fsys+751( ) 1,7 Z‘r:[]l YstrS ) X

The next result gives the asymptotic property for our C'LS-vector estimator.

Theorem 2.4.1 The C'LS-vector estimators /Q\&CLS are strongly consistent and asymptoti-
cally normally distributed i.e.,

W(@scw ) LN (0, 570,57)
where %5 and Qg, for s =1,..., S, are square matrices of order 3 with elements

0 0
(Es)i,j =E {80_wg (05, Ys—1475) 8‘9—”9 (0, ys—1+75)] )

and

0 0
(QS)M =E {UHTS (¢,) ae_i’sg (05, Ys—1475) ae—j’sg (0, 3/51+7-S)} )

respectively.

Proof of Theorem 2.4.1. It is easy check that the function g, given in (2.4.1), dg/00; s,
0%g/00, s00; s, and 93g/06; ;00; 00y s, for 4,7,k € {1,2,3}, s = 1,..., S, satisfy all the reg-
ularity conditions proposed by Klimko and Nelson (1978). Consequently, by the theorem
3.1 in Klimko and Nelson (1978), we conclude that the C'LS-vector estimators @SCLS are
strongly consistent. Then we have to prove the three conditions (A), (B) and (C') hold

(A) - B (el ye1, Y2, - %0) = B (ye] yr-1), t > 1 ace.
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09(0,,Ys—1475) 09(0,,Yys—1475)
(992‘75 89]‘,5

(B). B (Usirs (6.)

) < 00,i,j = 1,2,3, where Upurs (6,) = (ssrs

- g(0,, ysfl+TS))2-

(C'). X4 is non singular.

Condition (A) is satisfied since ys, g is a first-order Markov chain while s being fixed in
{1,...,S5}. In order to prove condition (B) we check that the components of the matrix €2

are all finite.

a 2
(QS)I,I =B <U3+7‘S (9 ) (aa—lsg (Qs7y51+7'5)) ) B (ys 1+TSIS 1TUS+TS (0 )) )

1
:E(ys 1+TS‘[() E(US+TS —S ‘ys_l_i'_»rs)),
= a1 (1 —ais)E (?/s 1+rs](1)17) + A (ys 1+7’SI( ) )
= al,s (1 aq 5) lug(Js 1 + )\E S:uy152)1 < Q.

Similarly, we have

8 2
(98)272 =E <U5+7'S (0 ) (80@ g (Qs7ys—1+7'5')) > = Qs (1 — Q9 s) p“g(/s 1 + >\a s,uy252)1 < 0.

(95)373 =Lk <Us+TS (‘9 ) (%‘esg (Qs7ys—1+7'5)) > =E (E (Us+TS }ys 1+7'S))

=01 (1 - Oél,s) E (y571+78[§1_)177—) + a2 g (1 - OéZ,s) E (ysflJrTSIS(z)l,T) + )\6,87

=015 (1 - al,s) /,Ll(jéli)l + a2 s (1 - a?,s) M;%;ljl + /\s,s < 0.

0 0
(Qs>1,3 - (Q ) =L (U +7S (6 ) aal (Q.y yS—H—TS) @)\—g (Qs7yS—I+T5)> ;
=B (gorarsh - (€ B (U245 (0)]0emrins) )

—0413(1—&15)/@5 1+)\55My131)1 < 00.

Similarly, we have
0 0
(Qs)g,g - (Qs) =E U3+7—S <Q3> s (Qsa y871+7'S> -~ 9 (Qsa yS*l+TS> )
1oJe" Qg g a)\e,s
25 (1 — 0‘28),“3(/5 1 +)\€5/‘Lys)
(QS)LQ = (Q ) =E (U8+TS (0 ) %g (qu yS—l-‘rTS) %g (qu y8—1+7'5)> =0.

Therefore, the condition (B) is also satisfied, then, the elements of the matrix X, are given

1 < 0.
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by :
2
1,2
= <( —s?yS—H—TS)) ) E (ys 1+7’SI( ) > - ILL:E/,SJI7
2
2,2
=K <( —s’ys 1+TS>> ) =K (ys 1+TSI( ) ) = IUZ(/,S—)l'
2
=E s—1+1 = 1.
<( )\ g —s7y 1+ S)) >
0 9 (1) (1,1)
s)13 = s)31 = YUsyYs—1+7S) 37 9 YUs) Ys—1+7S = s—147Sds,m | = by s—1-
(Xs)y 3 = (5) Eaalgwy AL, )| =E(y I 1

0
(28)2,3 = (28)3,2 =E ( g (Qs7 ys—l-l—TS) Wg (st ?/s—l-I—TS)) =K (ys—l—l—TS]sEi)l,r) = Iu?(fél—)l

80&278 €,8

(E1a = (2, =B

when the calculation of matrix’s (X5) determinant, we get

2,2 1,2 1,1 2 1,2 2,1
det (2 ) :u’;s )1 (:ug(/,s—)l - (:u’;s )l> ) :ug(/s )1 (/Ll(/s )1> > 0.

Which lead us to conclude that the matrix ¥, is invertible. Thus, the condition (C') is also

0
(Q57 Ys— 1+TS) v (Qs; Z/51+TS)> = 07
23

8041 )8

satisfied. Finally, by Theorem 3.2 of Klimko and Nelson (1978), the C'LS-vector estimators

o~

0, c1s are asymptotically normally distributed. [ ]

2.4.2 Conditional maximum likelihood estimators

The C'M L-vector estimators E&C a1 of the vector parameters ES are given by maximizing the
conditional likelihood function, which is given for a size n = NS, while taking t = s + 7.9,

s=1,...,5and 7 € Z, by :

L ( ) Hs 1 HT o P (xs 1478, Ls4+75, A1 5151)1 T + Qo 515(2)1 T )\a s) )

or equivalently which maximizes the log conditional likelihood function £ (6,;Y), of these

n = NS observations

( ) Zs 1 ZT =0 logp (375 14785 Ls4785, A1 815 )1 T + 052,815(3)1777 )‘E,S) :
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The partial derivatives of £ (6,) with respect to ay s, e and .5, s = 1,...,5, are given for
k = 1,2, respectively, by

1 = [(k) A p (xsflJrTSa Ts4r8 — 17 Ok s, )\s,s) .
Z s—1,7 ($S+TS - O‘k,s~£s—1+7’$) — Neys = 0,
p ($571+T57 Ts418, Ok, s, )\a,s)

Z D (:UsflJrTS; Ts4r8 — 17 Qi s, )\5,5)

(@)
T - N =0,
7=0:=1 P ('rs—l-i-TS? Ts4r8, Ui s, 5,5)

S

(2.4.3)
This system can not be explicitly solved, therefore numerical methods of nonlinear optimiza-
tion have been used. The next results give the consistency and the asymptotic property for

our C'M L-vector estimator.

Theorem 2.4.2 Let {ysi,5, T € Z} be the process defined by (2.2.2), satisfying the condi-
tions (C1)-(Cs), while s being fized in {1, ..., S}, of the Lemma 22.3 in Franke and Seligmann
(1993). Then, there exists a consistent solution /Q\&CML of (2.4.3) which is a local mazimum
of L(0,;Y) with probability going to 1. Moreover, any other consistent solution of (2.4.3)

coincides with E&CML with probability going to 1.

Theorem 2.4.3 The CLS-vector estimators /Q\S,CML are, under the assumption of the theo-

rem 2.4.2 and while s being fixved in {1,..., S}, asymptotically normally distributed, i.e.
\/N </Q\S,CML - Qs) «é-) N (07 IS (Qs)_l) )

where I (0,), for s =1,..., S, is the fisher information matriz, with elements :
92

I (8,)),, = —E {W

L@S)] forkl—1,2.3
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with, for k =1,
2L (0
I,(0,)., =B 8;5 :) Cfork=1,2s=1,..85,
ks
+00 +00 (k) )
= (1 N )2 Z Z P(ys 1= Ts— 1) [8_177_ {((20{]975 — 1) Ts — Ckkﬁl'sfl)p(xsfl?xsvak,s,)\s,s)
akv ks Ts Ts—1

—1 5717 S7A 38 2
+/\5,sp ('Z‘S—la Ts — ]-7 A s, )\6,8) + )\igp (J"S—la Ts — 2, AL sy >\5,s) - /\g7sp(;(sx:_f Za ::: )\:S)) } ’
0*L (0,)

ox2,

3B ; () pls—1,0s—1,ai5,0e,5)>
=N Z Z P(ysfl = xsfl) Z Tp (:L'S 1, s — 2,051‘,3,)\5’5) -1 _ s—1y7e ;O 55, 8 ’

(0, =E ] , fork=3,s=1,..,85,

s=17 p(xS—lvxaai,sﬂ\s,s)
Ts Ts—1 =1

L) = 1000, ~ 3 [ 25 } ~0,

Oay 50y
and, for k # j,
I;(8,),, = I (6,) —EM forl =3, and k =1,2
S\Zs/kl — TS \Zs/jk T 5’0%33)\55 ’ - - 4
+00 +00 2
_ (k) i . p(xs—lrrs*lyak,s,)\s,s)
= (1 o, g) mz Iszl P (ys 1= Tg— 1) 13717-,- {p (xs—l, Tg 1, Ak s, )‘e,s) )\e,s p(xs—hwsuk,s,)\s,s)

+>\5,sp (xsfla Ts — 27 O sy )‘E,s)} .

Proof of Theorem 2.4.2 and 2.4.3. The proof follows easily as a generalization for
the periodic case of SETINAR (2;1) given by Monteiro et al. (2012). Since, each regime
of PSETINAR(2;1) falls, when s being fixed in {1,...,5}, into the INAR structure
considered by Franke and Seligmann (1993), so the both Theorems are special cases of
Theorems 2.1 and 2.2 of Billingsley (1961). Then, we have only to check that the conditions
(C1)-(C6), given in Franke and Seligmann (1993), hold, which imply the conditions of those

general. These authors showed that for the Poisson distribution, as the distribution of

innovations, the following set of conditions hold.

(C1). The set {x; P(esirs =) = f(x,Aes) = exp (—Ac5) % > 0} doesn’t depend on A, ;.
(C2). B (2, 5) = A2, +2X2, + A, < o0.

(C3). P (gs4rs = k) is three times continuously differentiable on A. ;.

(C4). For any X, , € B (B is an open subset of R), there exists a neighborhood V" of .

such that

1. Z sup f(z,\e5) < 00. 2. Z M<oo, fork=1,...,r

2=0 ). seV r= OA ev AP
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[ (2 Ae) B
5 Zx 0)\ GVW < o9, for k,l—l,...,r

(C5). For any ., € B, there exists a neighborhood V" of A, and increasing sequences,
¥y (n) = const.n, ¥y (n) = const.n? and 11, (n) = const.n® n > 0 such that for all \. ; € V
and all z < n with non vanishing f (z, \. ;)

= ¢1 (TL) / (LE, /\878) ) a2f (m’ )\575)/ 82)“2]2 = ,lvbll (n) f (I, >‘6,S) )

|01 (@, AL = 60y (0) (2, 1),

and with respect to the periodic stationary distribution of the process y;

E (wi’ (ys)) <00, B(ys11 (Ys+1)) < 00, By (Ys) V11 (Yss1)) < 00, B(thyq; (ys)) < oo

(C6). The Fisher information matrix I (6,) is non singular, which guarantees that the

0f (2, 0.)/ A

parameters of PSETIN AR (2;1) process are not redundant. We show that, the determinant

of I (0,) matrix is given by :

det (1.(8,)) = 3 PSS nmﬂﬂo—nm<(%@%ﬁ?mmv2

we can write the last expression as

2
det (Is <Q8)> = (1 — ps) Ds ZzZl E ( (8p(y37ysg;;ik,s,)\s,s)>

2
9] syYs+1,X ,S,As,s
g = B ()|, 1)

D (Ys Ys+1,0h,s:0e5 ) OD(YssYs+1,0h, 50 e,
<A57k)12 _ E< p(ys ys;—;kiks Es) p(ys ysgisiks 55)

2
Op(Ys Ys+1,0k,s5Me,s
(Ask)y = E(( ( v ))

When s being fixed in {1,...,S}, we can see that the matrix A, kK = 1,2 has the same

"= 1) det (Ay31)

with

k
]gf)l,o = 1) = (As,l)g,l .

1Y, = 1) , for k=1,2.

structure as the Fisher information matrix analyzed by Franke and Seligmann (1993), so the
same arguments can be used to prove that A, has positive determinant. The matrix Ay,

k =1,21is e.g., satisfied if the matrix with entries
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2 ap(ysvys-l-lvak,sv)\s,s)
E Op (s Ys+1,0k,5:0e 5 ) _ E dauy, s X _
Oay. s Ys= Mgk ' Y= Mg ;

ap(y57ys+1,ak,s)\s,s)
Bp(ys 7ys+17ak,s,/\e,s)
Ys= ms,k)

Oe,s
. da X Op(YsYs+1,0%k,5:Ae.5 ) ?
k, _ ES) ) ,89\e,8
E y Ys= ms,k E Oe.s
is non singular for set of myy, ms1 < ¢s and myo > ¢, with positive measure under the

3p(ysvys+1704k,s,>\s,s)
O)e,s

periodic stationary distribution. They also proved that

pm,n,aps, Aes) = apsp(m—1,n—1 a5 As)+ (1 —aps)p(m—1,n, aps Acs)

0 s Aes
D (m;g;zl:, £, ) _ : _ﬂ;k,s [p (m—1,n-1, Qs )\573) —p(m,n, s, )\575)] ,
Op (M, n, g s, Ae s n may s
(10 Qs Aes) (T e Aes) — (P (m— 1, — 1 s )
O\ s Aes Ae.s

by using these expressions and the lemma 22.3(b) in Franke and Seligmann (1993), we get

2
Aeys(1—ap s
% det Z - VCLT [(D (ms,lm Ys+1, ak,s) - 1) (ys—l—l - )\s,s - ms,kak,s) D (ms,k; Ys+1, ak,s)] -

mig,S

—Cov [(D (ms,kv Ys+1, ak,s) - 1)2 ; (ys—l—l - )\a,s - ms,kak},s) D (ms,ka Ys+1, ak,5)2] )

(2.4.4)

with
D (m,n,as) =pm—1,n—1, 0k Aes)/ P (MmN, Qps, Acs) -

As a result, the expression (2.4.4) is positive for a set of my, m; < ¢s and ms > ¢,, with
positive measure under the periodic stationary distribution. Therefore (Cs) is satisfied for
the Poisson innovation law. In term of derivatives of log-likelihood, each regime of the
PSETINARs (2;1) model falls (when the period s being fixed) into /N AR considered by
Franke and Seligmann (1993). and in accordance with these authors, the conditions (Ch)-
(Cs) imply the conditions (A) and (B) theorems 2.1 and 2.2 in Billingsley (1961) (these two
conditions are also given in Monteiro et al. (2012)) and the results of Theorems 2.4.2 and

2.4.3 are also valid for the PSETIN ARg (2;1) model. [

2.4.3 Estimation of the periodic threshold parameter c;

In this paragraph, we discuss how to estimate the periodic threshold parameters c¢; using

the periodic adaptation (NeSS) algorithm proposed by Li and Tong (2016) . Using standard
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least squares, we get the sum of squared errors function as follows :

2
_ N-1 k
S . N1 2 ZTI:O(ys+7—15‘_)\e,s)ys—1+7151£_)177-1 [(k) )\
N (Cs) - Z Ys+r8 — Zk:l N-T ) Ys—1478 s—1,7 = \&s P
=0 Z‘rlzo ys-&-nS[s—l,Tl

with Igi), k = 1,2 are defined in (2.2.3), from which ¢; s = 1,...,.S, can be estimated as

¢y = argmin ¢fc_z,] Sn (¢s) . Following Li and Tong (2016), let Jy (cs) = Sy — S (cs) , where

2
N-1 ZN:1 Ys+1 S_>\ s )Ys— 718
SN = Z (ys+TS - 7170( S 65) AL Ys—1478 — )\6,5 .

N-1
D rymo ¥
=0 T9=0 ys+725

Then, the periodic threshold ¢, can be estimated by maximizing the function Jy (cy), i.e.,

C, = arg maxc, el z,] Jn (Cs) , where ¢, and ¢, can be selected as the minimum and maximum

values of the samples, respectively, and . ; can take any positive integer value.

2.5 Simulation results and application on real data

In this Section, the purpose is to illustrate the theoretical results given in Section 2.4 and to
assess the Conditional Least-Squares (C'LS) and Conditional Maximum Likelihood (CM L)
estimations on two time series, of small, moderate and relatively large sample sizes and also

an application on real dataset.

2.5.1 Simulation results

In order to show some empirical estimates properties, we have generated 1000 indepen-
dent series from PSETIN AR, (2;1) model, with a periodic Poisson innovation distribution,
P (Xs), s =1,...,4. The threshold parameters ¢, are assumed to be known for Model 1, and
unknown for Model 2. The true parameter values of these models are given below :
Model 1:6 = (8;;...;8,) = ((0.1,0.7,3);(0.2,0.65,4) ; (0.6,0.1,5) ; (0.5,0.8,2))’,
C=(c1,...,c4) =(6,9,13,11), &, ~» P (A.5), s =1,....4, with C is known,
Model 2: 0 = (0;;...;0,) = ((0.8,0.4,3);(0.15,0.65,6) ; (0.2,0.7,5) ; (0.5,0.8,4))’,

I
I

(c1,...,¢1) =(10,8,15,9), et ~» P (A5), s=1,...,4, with C is unknown.
For each of the above models, the periodic threshold values, ¢,, s = 1,...,4, were chosen

such that the observations in each regime of each period are at least 20% of the sub-series



CHAPTER 2. PERIODIC SETINAR MODEL 26

size. As mentioned in Li and Tong (2016), when the proportion of observations in sub-series,
i.e., {ysirs; 7 € Z} while s being fixed in {1, ...,4}, of one regime to the whole is less than
5%, the estimated result may not be reliable. The simulation was repeated 1000 times, the
mean estimates and their root mean square error RMSE are displayed in Tables 2.1, 2.2

and 2.3. Table 2.1 reports the means, median and root mean square errors (RMSE) of the

C'LS-vector estimators E&C s and C'M L-vector estimators Es,c s across 1000 replications,
for the first model when ¢, s =1, ...,4 are known. While Table 2.2 reports the performance
of the last series with the periodic threshold parameters are considered to be unknown where
these threshold parameters are estimated firstly by using the periodic adaptation (NeSS)
algorithm, the results are reported in Table 2.3.

From Table 2.1, one can easily observe that the adopted estimation method performs better
as n increases, i.e., the convergence of all the estimated parameters is guaranteed, which is
visible through the box plots in Figure 2.1, namely that they become narrower as the sample

size n increases, in the same time, the root mean square error decreasing, see Figure 2.2,

which imply that our estimators (C'LS- vector estimators E&C g» and C'M L-vector estimators

E&CML) are empirically consistent for all the parameters. Moreover, we can notice that the
parameters a; s, s = 1,...,4, ¢ = 1,2, are regularly overestimated, whereas the parameters
Aes; 8 = 1,...,4, are underestimated. Generally, this behavior of the estimates, in terms

of the propensity to underestimate or overestimate the parameters, is encountered even in

the classical time-invariant model (see, Monteiro et al. 2012). Furthermore, it can also be

seen that the C'M L-vector estimators /Q\s,o a1 have a small root mean square error RMSE
compared to one of the C'LS-vector estimators ES’CLS, thus implying that the C'M L-vector

estimators /és,C a1 are much advantage than the C'LS-vector estimators E&C g, this empirical
superiority is noticeable in Figures 2.1 and 2.2.

Moreover, we get the same conclusions from Table 2.2 and Figures 2.3 and 2.4, that the
consistency property of the C'LS-vector estimators and CM L-vector estimators still met,
even if the threshold parameters c¢,, s = 1,...,4, are unknown, this encourages us to use
confidently the PSETIN AR4(2;1) model, when the periodic threshold parameters ¢, are

unknown, without worrying about to bring a wrong results. The advantage of this scenario
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is that the estimation behavior, concerning the propensity to underestimate or overestimate

the parameters, has disappeared.

Furthermore, from Table 2.3, which reports the means, medians, the percentage, and the
root mean square error (RMSE) of the periodic threshold estimations ¢, s = 1,...,4, we
can find that all the estimation results perform better as n increases, thus implying that the
periodic adaptation Nested Sub-Sample Search (NeSS) algorithm is empirically consistent.
Also, we observe that the median of 1000 repetitions, for the periodic threshold estimations

Cs, s =1,...,4, estimated is generally better than the mean.

Q1,1 Q1,2 a1,3 a1

4
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Figure 2.1. Boz-plots of the CLS and CML estimation parameters for Model 1.
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Figure 2.2. RMSE graphics for the parameters of Model 1 for the different methods.
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Figure 2.3. Bozx-plots of the CLS and CML estimation parameters for Model 2.
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Figure 2.4. RMSE graphics for the parameters of Model 2 for the different methods.
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Table 2.3. Simulation results of the threshold parameters for Model 2.
c1 Ca C3 C4
TV 10 8 15 9

Size  ¢1  percent med ¢y percent med — ¢3  percent med ¢y percent med
200 10.1660 0.7700 10 &.1280 0.8580 8 14.4940 0.4050 15 &8.9870 0.6830 9

(0.8489) (0.7433) (2.0484) (1.0845)
300 10.0930 0.8810 10 8&.0140 0.9650 8 14.9470 0.5910 15 9.0600 0.7510 9
(0.5489) (0.1950) (1.0536) (1.0005)
500 10.0180 0.9660 10 8.0070 0.9930 & 15.0220 0.8110 15 9.0120 0.8840 9
(0.2001) (0.1141) (0.5022) (0.5369)
700 10.0160 0.9810 10 8.0020 0.9980 &8 15.0040 0.9020 15 9.0110 0.9500 9
(0.1484) (0.0447) (0.3348) (0.3148)
1000 10.0060 0.9940 10 &.0000 1.0000 8 14.9960 0.9620 15 9.0050 0.9790 9
(0.0775) (0) (0.1950) (0.2122)
1500 10.0010 0.9990 10 &.0000 1.0000 8 14.9970 0.9910 15 9.0000 1.0000 9
(0.0316) (0) (0.0949) (0)
2000 10.0000 1.0000 10 8.0000 1.0000 &8 15.0010 0.9990 15 9.0010 0.9990 9
(0) (0) (0.0316) (0.0316)

2.5.2 Real data study

In this paragraph, we consider the dataset of size 365 observations, recorded from births in
the Quebec-Canada, for the year 1986. The studied series was, from 01 January 1977 to
31 December 1990, presented by Solanki (2016), who suggested for it the ARIM A model.
The data set was collected from www.datamarket . com, which is now acquired by www.qlik.
com. The visualization of the considered time series is shown in Figure 2.5, while Table 2.4

summarizes some descriptive statistics.

T T T T 1
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°

1 1 1 1 1 1 1
50 100 150 200 250 300 350

Figure 2.5. Trajectory of the births in Quebec time series.

A look at Table 2.4 explains the reason why we choose the PSETINAR;(2;1) model.
Indeed, the fact that the series appears to be overdispersed, indicating that, marginally,
Poisson distribution might not be appropriate, but our periodic nonlinear model seems to
be adequate for modeling this overdispersed data set.

Table 2.4. Some descriptive statistics for the births in Quebec time series.

Sample size Minimum Maximum Median Mean  Variance Skewness Kurtosis
365 141 316 241 231.8740 1624.0830 —0.2918  2.1038



www.datamarket.com
www.qlik.com
www.qlik.com
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Basically, the type of periodic model may contribute to describing the overdispersion feature
of a periodic integer valued time series. This feature was observed in Bentarzi and Aries
(2020a) where the authors demonstrated, see Corollary 3.3.1 and Remark 3.3.1 on page 9,
that their proposed periodic INARM A(1, 1) model is appropriate for modeling an overdis-
persed data set even with a Poisson innovation distribution. Thereafter, by analyzing the
empirical autocorrelation function (ACF') and the empirical partial autocorrelation function
(PACF) in Figure 2.6, the time series presents periodicity of season S = 7, due to the effect
of the day. Hence, we are interested in fitting a periodic self-exciting threshold integer-valued

autoregressive time series model for this data set.

SampleAutocorreation Function

I . PP . T - 1 AP . 1 T 1
LJ Ad A ®

3
|
20 3 EY E3 a0 a5 50

Figure 2.6. Autocorrelations of the births in Quebec time series.

Table 2.5 gives the estimation results of our PSETIN AR (2;1) model. However, the esti-
mated threshold parameters (¢, s = 1, ..., 7) in each period, by using the periodic adaptation

(NeSS) algorithm, are given by C = (cy, ..., ¢7) = (257, 255,252,197, 185, 190, 262):
Table 2.5. Estimation results of the PSETIN AR7(2;1,1).
S 1 2 3 4 ) 6 7
o 0.0889 0.3222 0.1961 0.2116 0.0000 0.0041 0.0000

Qg 0.1517 0.3886 0.2526 0.1584 0.0478 0.0000 0.1256
Aes  223.0117  165.8242  199.5347  141.4789  173.9122  241.3493  248.7854

Figure 2.7 shows empirically that the residuals of our estimated model do not indicate any
statistical significant autocorrelation. So, the adequacy of the model is not statistically
rejected. Moreover, one can easily observe that the periodic feature of the residual auto-
correlation for the fitted model PSETINAR; (2;1) has been completely disappeared thus
the periodic feature has been taken into account by this model. Figure 2.8, exhibits the
adjusted trajectory of the births in the Quebec-Canada dataset, such as the series values

are shown in blue, while the red line denotes the adjusted series. The fitted values of the
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PSETINAR; (2;1) model seem to be suitable for the real dataset values.

33
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Figure 2.7. Autocorrelations of the residual time series.
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Flgure 2.8. An adjusted trajectory proposed to the births in Quebec dataset.



Chapter 3

Periodic Negative Binomial
SETINAR Model

3.1 Introduction

In certain situations, it becomes necessary to deal with non-negative integer-valued time
series, which take account of the positivity and the discreteness nature of their generator
processes, in many practical areas such as medical field (e.g., the time series consisting on
the number of cases of campylobacterosis infections studied by Ferland et al. 2006, Bentarzi
and Bentarzi 2017a and Ouzzani and Bentarzi 2019), sociological field (e.g., number of
short-term unemployed people in Penamacor County Portugal, studied by Monteiro et al.
2010) and more others. Modeling non-negative integer-valued time series is difficult with
the mathematical tools meant for real-valued time series issues, which is not reflective of the
discrete nature of the series under study, many researchers have found it helpful to suggest
more of time series models. Indeed, considerable attention has been given over the last two
decades to modeling and studying the probabilistic and statistical properties in either case,
linear or nonlinear non-negative integer-valued time series models, we refer some of their
works (see, Al-Osh and Alzaid 1987, Alzaid and Al-Osh 1990, Du and Li 1991, Silva and
Oliveira 2000 and many others). Moreover, it seems that the class of nonlinear models,

which is the most theoretically studied and practically employed in the analysis of real-

34
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time series, is the class of threshold autoregressive (T"TAR) models, which was introduced,
for the first time in the time series literature, by the pioneer Tong (1978) and explored by
Tong and Lim (1980), to modeling the high threshold exceedances appearing in clusters, and
the so-called piece-wise phenomenon. Furthermore, Lewis and Ray (2002) have introduced
and studied the periodic threshold autoregression model as an extension of the threshold
autoregressive (T'AR) model, to capture and describe the periodicity feature exhibited by the
autocovariance structure and which cannot be accounted for by the classical time-invariant
parameters time series models. However, for dealing with time series of counts exhibiting
a piece-wise type of patterns, Thyregod et al. (1999) introduced a class of self-exciting
threshold I N AR model to analyze tipping bucket rainfall measurements, as well as, Monteiro
et al. (2012) presented a particular class of self-exciting threshold /N AR model driven by

independent Poisson distributed random variables.

It is well-known that the Poisson distribution is not always suitable for modeling and study-
ing time series of counts, as was pointed out by Risti¢ et al. (2009). This is due to the equality
property of the mean and the variance of a Poisson distribution which is not always verified
in the real world. Indeed, many time series encountered in a variety of fields show an overdis-
persion feature. Consequently, Yang et al. (2018b) introduced a new integer-valued thresh-
old autoregressive process based on a negative binomial thinning operator NBSETIN AR.
Thereafter, this model is redefined by Wang et al. (2019) to give some useful extensions of
the original model by removing the assumption of negative-binomial innovations to make
the model more flexible. Moreover, many economic, financial and environmental integer-
valued time series, which have encountered in practice, reveal the periodicity feature in their
autocovariance structures. It is recognized that this periodic feature cannot be adequately
accounted for and described by time-invariant parameter integer-valued time series models.
Despite of the various advantages and interesting properties satisfied by the NBSETINAR
model such as the positivity and the discreteness nature of the realizations, the high threshold
exceedances appearing in clusters, and the so-called piece-wise phenomenon, this model still
unable to capture the periodicity feature. These facts which concern both the non-periodic
NBSETINAR models and the periodicity feature, gave a good reason and motivation to
extend this class of time-invariant models to the periodic negative binomial self-exciting

threshold integer-valued autoregressive PN BSETIN AR models, with time-periodic coeffi-
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cients. To our knowledge, Monteiro et al. (2010) and Morina et al. (2011) were the pioneers
on the modeling of the periodically correlated, in the sense of Gladyshev (1961), integer-
valued process and over time, the topic has made progress, see for example, Bentarzi and

Bentarzi (2017a, 2017b), Sadoun and Bentarzi (2019) and many others.

In the next section, we provide the basic notations, definitions and main assumptions con-
cerning the class of PN BSETIN AR models. In Section 3.3, we discuss its basic probabilistic
and statistical properties. Indeed, the first and the second moment periodically stationary
conditions are established, while establishing, under these conditions, their-closed forms. In
addition, the existence of high moment and the strict periodic stationarity, are studied. The
autocovariance structure is also acquired. The unknown periodic parameters of our models
are estimated, while using both the Conditional Least Squares (C'LS) and the Conditional
Maximum Likelihood (CM L) estimation methods, in Section 3.4. The unknown periodic
threshold parameter is estimated by using a periodic adaptation Nested Sub-Sample Search
(NeSS) algorithm. In Section 3.5, a simulation study was used to illustrate the performance

of the suggested estimate methods, and an application on a real data set was presented.

3.2 Notations, definitions and main assumptions

Recall that the integer-valued process {y;; t € Z} is said to satisfy a negative binomial self-
exciting threshold integer-valued autoregressive model, if it is given by:

Yr = (1 % Y1 +e1y) I (€) 4 (o % yoy + €a¢) 12 (c), teZ (3.2.1)
A stochastic process {y;; t € Z} is said to follow a periodic negative binomial self-exciting
threshold integer-valued autoregressive model, of order one with two regimes and period S

(S > 2), if it is a solution of the following non-linear difference stochastic equation :
v = (e g1 +e) I (0) + (o ¥ yer +220) I (@), tEZ, (3.2.2)

with It(i)l (¢;) is a sequence of independent Bernoulli random variables defined by :

1 1 if w1 <gc, 2 1
112 () = { 0 if y: > ci, and 1% () = 11— 1Y (er), (3.2.3)

where the threshold parameters ¢; are assumed to be unknown. The underlying non-negative

integer-valued process {y;; t € Z} is a periodically correlated, in the Gladyshev’s sense
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(1961), with period S (S > 2) and the innovation process {e;; t € Z}, i = 1,2, is a periodic
sequence of independent and identically non-negative integer-valued random variables, with
a negative binomial distribution N'B (14, ;s /(1 + cy4)), where for a fixed ¢t and i (i = 1,2),
the probability mass function is given below :

F (n + Tt) Oézt

P(eiy = = ’
G =) = F ) T s D) (1 )™

n € N.

The symbol “«” stands for the negative binomial thinning operator (Ristic et al. 2009) which

is defined, for the non-negative integer-valued stochastic process y; 1, by :

a't*yt L= Z?t:_ll Z](7t)7 ifyt—l >Oa
" - Oa if Yi—1 = 07

such that Z @)

i1, & = 1,2, 1s a sequence of independent and identically distributed geomet-

ric random variables G (¢ /(1 4+ cut)), with a;; € [0,1], ¢ € Z and i = 1,2, where the
probability mass function is given, for a fixed ¢ and i (i = 1,2), by:
P (Z](fg - k:) = of, /(1 ), keN.

Moreover, all the parameters a;+, gy, 1 and ¢, are periodic, in time, with a period S
where, S is the smallest positive integer such that oy 11 = @14, Qg 1rs = Qoy, Tivrs = Tt
and cips = ¢;. After that, for a fixed ¢ and i (i = 1,2), the innovation process {€;;; t € Z}
is assumed to be independent of the counting series {a;;; %y, [ > 1} and {y;—, | > 1}
also, the processes €1, and ey, are assumed to be mutually independent. Assuming that
the process {y;; t € Z} is periodically stationary with S-periodic geometric G (A\: /(1 + A¢))
distribution, then for the law of the innovation process €;+, i = 1,2, to be well defined, the
parameter a;, , for a fixed ¢t and ¢ = 1,2, must take its values, as it has been rigorously
shown, in the time-invariant case, by Ristic et al. (2009), in the interval [0, A; /(1 + ;)]
and it is, more precisely, distributed as a mixture of two random variables with geometric
G (M /(14 A\)) and geometric G (¢ /(1 + ;) ) distributions. Besides, one can rewrite the
periodic negative binomial self-exciting integer-valued threshold autoregressive model, with
a period S (S > 2) given in (3.2.2) in the equivalent form

Y = Q%Y1 + €1, tEZL, (3.2.4)
where, ¢, = al,t]t(i)l (ct) + 042715[8)1 (¢;) and g = 51,t]t(i)1 (c) + 62,t](3)1 (¢t). Throughout the

chapter, we will omit (¢;) in It(f)l (¢), k = 1,2, to make the notation easy without ambiguity.
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3.3 Basic properties of the PNBSETINAR model

In this paragraph, we provide the conditions on parameters of the underlying integer-valued
process to be periodically stationary in the first and the second order. Furthermore, un-
der these conditions, the closed forms of the periodic mean and the periodic variance are
acquired. Moreover, the existence of the unconditional m-th moment and the strict peri-
odic stationarity of the process {y;; t € Z} are established. In addition, the autocovariance

structure is also obtained.

3.3.1 Periodic stationarity in the two first moments

The results given in the following proposition establish the necessary and sufficient condi-
tions, for the process {y;; t € Z} satisfying (3.2.2) to be periodically stationary with respect
to the first two moments. The closed-forms of these moments are then, under these condi-

tions, obtained.

Proposition 3.3.1 The process {y;; t € 7}, satisfying the model (3.2.2), is periodically sta-

tionary in the first moment if and only if, the periodic parameters o, and oy satisfy the
periodically stationary conditions Hle a; < 1 and Hiszl ag; < 1, respectively, then the
unconditional periodic mean is, under these conditions, given by

My s = B (Ysirs) = (1 - Hle 042,i>_1 Z}il (Hf;ll 042,sfi+1) Py jr1,

where, q)s = (aLS - Oé278) (:U’g(j,;l—)l _'_pl,srs) + Qg T, with P1s = P(y371+75 < Cs); D2,s = 1—

pro iE =B (Kyes). i= 1.2
The results of Proposition 3.3.1 can be represented, in the time invariant coefficients case
(classical) model, defined in (3.2.1), by the following corollary.

Corollary 3.3.1 The process {ys; t € Z}, satisfying (3.2.1), is stationary in the first mo-

ment if and only if oy <1 and as < 1, then, we have
ty, =E(y) =(1- ag) ! (1 — ) (,uél’l) + pir) + aor) .

where, py = P (yt < C)7 p2=1—p1, ILLZ(JZ’m) =E (It(l)y;n)f 1=1,2.
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Proof of Proposition 3.3.1. In the first place, the mean of the process {y;, t € Z},
defined in (3.2.2) denoted by p,, = E (), can be calculated as follows :

E(y)=E ((Oél,t * Y1+ E1,4) ]t(i)l + (v * Y1 + €2,) [ﬁ)l) )
=E <(061,t * i1+ E1t) It(i)l + (Qp * Y1 + €2) (1 - [t(i)1)> )
= Qahyy 1 + (a1 — azy) <ll;(,%£1_)1 + th?”t) + o1y
Then, we have

lj“y,t = a27t,uy7t_1 + (I)t, Wlth (I)t = (Oél,t — Oég,t) <,U/?(j£1,)1 +p17t7“t> + a2’trt, (331)

by iterating the first-order difference equation (3.3.1), m times, while letting ¢t = s + 7.5,
s = 1,...8, 7 € Z and putting, in the expression, m = S then, taking account of the
periodicity of the parameters, we obtain, under the condition Hle ag; < 1, the closed-form
of the mean is given as it is reported in Proposition 3.3.1. ]
Remark 3.3.1 It can also obtained the second condition of stationarity in the first moment
Hle a1,; < 1, while replacing [t(i)l by 1 — I}E)l.

The following proposition establishes the necessary and sufficient conditions for the model
(3.2.2) to be periodically stationary in the second moment.

Proposition 3.3.2 The process {y;; t € Z}, satisfying the model (3.2.2), is periodically sta-
tionary in the variance if and only if the periodic parameters oy, and ooy satisfy the period-
ically stationary conditions Hle ar; <1 and Hle ag; < 1, respectively, then the periodic

variance 18, under these conditions, given by

—1
S
Uz,s = Var (y8+75> = (1 - Hi:l Od%ﬂ) Z] 1 (Hz 1 CY2s H—l) @S*jJrl?
where,

(O./ 1,5 O[% s) ii )1 + 20 )8 (luy s T Q25 (Hy,sfl + TS)) lug(/%jsl—)l + 229275051,57“5#%5 + Hy s

+ (1 4 Qs) s+ Qo5 (2 (11 +75) Q2 — 2 (g o + P2.51,575) ) fhys1 — OLsfly o1
+ ((05273 - al,s) b1s — 2()41,8&2,8) p2,sr§ — O s sTs,
with p1s = P (Ys—1475 < Cs), P2s = 1 —pug, Mz(/lsm) =E ([&gyst) = Var (IT sys+TS>
i=1,2.

The results of Proposition 3.3.2 reduces, in the time invariant coefficients case (classical)

model presented in (3.2.1), to the following corollary.
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Corollary 3.3.2 The process {y;, t € Z}, satisfying (3.2.1), is stationary in the variance if
and only if a1 <1 and as < 1 then,
02 =Var(y) =(1- a%)_l O,
where, © = (a? — a3) 03’(1) + (14 az + 2pooyr + 2000 ((uy +7)an — (,uy + poci7))) fhy +
209 (uy — Qi (,uy + 7‘)) ,ul(,l’l) — Q10T
Proof of Proposition 3.3.2. At first, it is easy to see that Var (ops * yi—1|ye—1) =
ape (1 + agy) yem1 and Var (egy) = oy (1 4+ agy) 1y, for k = 1, 2. Now, the variance Var (y;) =

o2, is obtained as follows :

a;t =Var ((oq,t * Y1+ E14) It(ﬂ) + Var ((ag,t * Yp_1 + Eat) (1 — Iﬁ)l)> (33.2)
+2C0ov ((au kY1 + E14) ft(i)l; (Qrop * Y1 + €24) (1 - L:<P1>> : -
The first term, on the right hand side, can be easily calculated as follows :
Var ((O‘Lt * Y1+ E11) It(ﬂ) =Var (Oﬂ,t (ye—1 +1¢) ft(ﬂ) +E (alvt (1+ ant) (Y1 + 1) [t(ﬂ) ,
=i, Var (yt,llt(i)l +ai,Var (It(i)lrt) + 207 ,Cov ((061,15 w 1) I rtft(i)1> +
s (T+ arg) B (g1 +71) ft(i) ,

then taking account the notation given in Proposition 3.3.2, we obtain :

Var (et +e0) 1) = 03, 0582 + 03,12 pupag + 203, e po i1+ -
aps (14 o) (uiﬁilfl + TtPl,t) .

The second term in (3.3.2), can be easily calculated as follows :

Var ((Oégi * Y1+ E2,4) (1 - Iz@l)) = Var (<a27t * Y1+ E24) Iﬁ)l) (3.3.4)
FVar (o * Yoot + e2,) — 2Cov ((042,t * Y1+ Ea.) 5 (g * o1 + Eap) [t(i)l) . 3.

The term Var ((ag,t * Yp_1 + E24) [t(i)l> can be obtained, where we replace a;; in (3.3.3) by

agy, indeed, we have :

Var ((O@,t *Yp_1 + o) It(ﬂ) = a%yt aigl,)l —l—pl,tpg,toz;t r2 + 2p2,t043,t7°t ,ug(jt’l,)l-l-

(3.3.5)
gy (1 + agy) <N3(,1t1_)1 + p2,t7“t> :

The variance Var (ags * yi—1 + €2) and Cov ((Oéz,t kY1 + €24); (Qop * Y1 + €21) [91), are

given as follows :

Var (ags * g1 + €24) = 05,00, 1 + oy (L4 aoy) pr,, 1 + o (14 azy) 14,
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Cov ((az t ¥ Y1+ €24) 5 (g * Y1 +€2y) It(ﬂ) =FE <(a27t * Y1+ 52775)2 It(i)1> —
E (st * yi1 + e24) E ((a2,t * Y1+ E) Iﬁ)l) ;
=Var ((Oézt * UYp_1 —|—€2t)[( )) +agy (E (yt 1[,5( )1) +p17trt> X
<042,t (E yt—llt(—)l) —E (?Jt—1)) —P2,t042,t7”t> )

= Var ((%,t * Y1+ E2¢) It(i)1> — a3, (Hz(jil—)l +p1¢rt) (luy,t 1 M;i Y +p2,t7“t> , (3.3.6)
where, Var ((042715 * Y1 + E€2.t) It(ﬂ) is given in (3.3.5). Similarly, by taking account the
notation given in Proposition 3.3.2 and from (3.3.5)-(3.3.6), we have :

Var ((OéQ,t * Y1+ 52,t) (1 - [t(i)1>> = a%,tgz,t—l - P2,t04%,t7"t (pl,ﬂ’t +2 u;{{i)l)
— O[%tgf/’él)l —+ 04277& (]_ + OZQ,t) (My,tfl + Tt) — O{Q,t (]_ + 0427,5) <[1,;%£1_)1 + thTt) (337)
+ za%,t (Ng(,t )1 +P1,t7“t> ((:uy,t—l - Mg(jt’lﬂ) + p2,t7”t) .

The last term of (3.3.2) can be calculated as follows :

Cov ((al,t * Y1+ E1,) ft(i)l; (cop * Y1 + €24) (1 — ft(i)l )
= - (al,tE yt71[t(i)1> +p1,t7”t041,t) (Oéz,t (E (y4—1) — E yt71[t(i)1>) +p2,t7’t062,t) . (3.3.8)
= —Qy Qo Mg(jél_)l + puﬁ) ((My,tq - M;1t1_)1> + p2,t7"t> .

The unconditional variance o2 ,, can be written, while using (3.3.3)-(3.3.8), in the following

Yt

first order difference equation :

Uz,t = O‘%,t Uz,t—l + 6y, (3.3.9)
where,

O, = (Ozit — aZt) y,E )1 + 2094 (,u% Qo ¢ (uy -1 T rt)) /,Léltl)l T+ gy — Qe Q T

200 ((fty 41 +71) Qg — (fyy + P2p0rgry) — any) fiy, o +
((Oéz,t - 041,75) Pii — 2041,t042,t) p2,t7"t + ((Oél,t + 042,1:) + 2p2,t041,t7“t) oy 15
by iterating the equation (3.3.9) m times, letting t = s +75, s = 1,...,.5, 7 € Z and putting

m = S, while taking account of the periodicity of the parameters, we obtain :

2 _ S ,
Jy,s - (Hz 1% z) ys + Z] 1 (Hz 1 a2s z+1> @S—J-I—lv

then, the unconditional variance, for a fixed s, is given, under the periodically stationary

condition, namely, []5_, a3, < 1, (hence [, 2 < 1) by the following expression :

2 _ S 2
Oys = (1 ol B O‘2,z> Zy 1 (Hz 1 0525 H—l) Os—jt1. .
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Remark 3.3.2 [t can also obtained, in Proposition 3.3.2, the second condition of stationar-
ity in the second order, i.e., H;il ay,; < 1, while replacing It(i)l by 1 _It(z)l' The unconditional
pertodic mean and variance and the periodic probabilities N&iljp 012/”5/17)1, pit and pay, TESpec-

tively, to be estimated empirically.

3.3.2 Existence of higher moments

The next proposition ensures the existence of the unconditional m-th moment of {y;, ¢t € Z}

and gives their general formula.
Proposition 3.3.3 The unconditional m-th moment B (y;*) of the periodically correlated

process {y;, t € Z}, defined by (3.2.2), exists, if the unconditional m-th moment E (y{)

exists. The general formula for B (y}") is given by :

m m  (m i r(k m—j 7(k
E(y") = Zi:l ijo (]>E ((ak,t * Y1) It(_)l) E <€k7t ][t(_)) .

Proof of Proposition 3.3.3. It is well known that the m-th moment of 7", and ey,

(Negative binomial processes) are given, and to ensure the existence of E (y/"), we use the

proof by induction. First of all, we start by m = 1, so we have

E (y:) < OB (yeo1) + B () <O (1B (y—2) + B(e21)) + B (ey),
: (3.3.10)
< (H§:1 7v/Jt—iJrl) E (yo) + Z;E < Z:o wtﬂ') E(e.i—j) < oo,

with, ¢, = max (a1, asy) , and E (e.;) = 1,7, Similarly, we have, for m = 2,

E(yf) < VﬁE (?Jt2—1) + (% + Qﬁ) B (yi-1) +20,B (y:1) B (5~,t) +E (5-2,t) )
< ¢§ (@Z)?flE (?%272) + (1/%—1 + ¢§f1) E (?Jt—2) + 2¢, 4B (?Jt—2> K (5~,t—1) +E (5-2,#1)) +
+ 1, (L 4+ ) B (ye—1) + 20, B (y,-1) E (5~,t) +E (52,15) )

< (T w2 ) B2 + iy (TH2 00 g (14 g + 2B (50 500)) B (1)
+ 22:1 (Hi: ¢?—z‘+1) E (ggt—j-i-l) ;
with, E (5%) =, (1 4+ ¢, + ¥,r;) r;. The last inequality can be written in the form :
B(y?) < (szl ;) B (y3) + Ay, where,

Ay = 22:1 (Hi;l ?fiJrl) (¢t—j+1 (1 + ;41 +2E (5-,t—j+1)) B (yi—jr1) + B (5-2,t7j+1)) < o0,
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since, [ (y;) is finite by using (3.3.10) and our assumption that the unconditional m th mo-
ments B (e7",) and E (£3",) exist and are finite. Thus, the second moment E(y7) exists. After

that, we assume E (y,@"’l) < o0 exists for m — 1, and we show that for m. It’s easy to see
E (y") < (ITiey 1) B (w57 + A (3.3.11)

where, A} denote the combination of finite k-th moment of process y; and | th moment of

process ¢, with k € {1,2,..,m —1} and [ € {1,2,..,m} (i.e., induction hypothesis and the

assumption). From (3.3.11), one can check that E (y}"*) < oo, m > 1. n

3.3.3 Strict periodic stationarity

The following proposition establishes the existence of the periodic strict stationarity property

of the process {y;; t € Z} defined in (3.2.4).

Proposition 3.3.4 For a fized value of s = 1,...S, the process {ysi,s; T € Z} is an irre-
ducible, aperiodic, and positive recurrent (and hence ergodic) Markov chain. Therefore, there

exists a strict periodic stationarity for the process {ysirs; T € Z} defined in (3.2.4).

Proof of Proposition 3.3.4. We can see that the process {y;,.s; 7 € Z}, for a fixed s in
{1, ..., S}, is a periodic Markov chain on Ny where its transition probabilities are given by

1 2
I'(y+x+r) a/le,t]t(—)l ag,tjt(—)l
F (iU + ?"t) F (y + 1) (]_ + O[Lt)?”t-i-y-i-l‘ (1 + 0427t)rt+y+x ’

Py =yly1 =) =

since P (y; = y|yi—1 = x) > 0 it follows that {y;; t € Z} is an irreducible, aperiodic chain.

Furthermore, to show that our process {y;; t € Z} is positive recurrent, it is sufficient to
prove that % P (y, = 0| yo = 0) = 400, By iterating (??) ¢ times, while putting yo = 0,

we have y; = Z?;E <HZ:1 gptﬂ-ﬂ) * &4, t € Z, t € Z. Consequently, we can write :

Py =0lyo=0)=P (302} 1 * ooy * ¥ @y % i+ 5= 0] 5o = 0)
2 2 2 1 Tt
= P = ¥, 2, = (j3.3y .+, = Oy, =0 D I— X
i;lzgzzl 1'21 (92 = Q2,05 = Qing, 01 = it o ) (1—1—04“7,5) (3.3.12)

Tt—1 T1
< 1+ Qg t ) ( 1+ Qg t + ...+ Qg 1Oy g 1 —1---Cliy 2
L+ vipp + Qi e,y 1 Lt oo+ o 4 Qg 100 Qi 200, 1

From the expression (3.3.12) it is easy to see that each factor is strictly monotonically

decreasing with respect to a;, ; with 1 < j <t. Lettingt =s+75,s=1,..,5, 7 € Z and
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taking account of the periodicity of the parameters o, as; and 7, we obtain

P (y8+TS = Ol Yo = 0) > ¢ (amaxa s+ TS) where y Omax = MaXj1<s<s {al,sa aQ,s} )

d ,l/}( t) 1 Tt 1 Tt—1 1 T1
an [0 = .
’ 1+« 1+ a+ o? l+a+..+ao

Since P (y; = 0|y; = 0) > 0, then by the use, for a fixed s, of the comparison criterion for

series convergence, one can see easily that Zle 120 P(ysirs = 0]yo = 0) = +00. This
proves that the process, in 7, {ys1,5; 7 € Z} is a positive recurrent Markov chain and hence

ergodic which ensures the existence of a strict periodic stationarity. [ ]

Remark 3.3.3 The results given in Proposition 3.3.4 reduce, in the time-invariant NB-

SETINAR model, to the proposition 2.1 presented by Yang et al (2018D).

3.3.4 Autocovariance structure

The following proposition establishes the autocovariance structure of the process {y;, t € Z},

given by v (h) = Cov (y; y—n) = E [ (v — :“y,t) (ye—n — pyyt,h)}, first we give these nota-
tions : Pygt) (h) = Cov (It(l)yt; yt_h> and ’yg) (h) = Cov (It(z)yt; yt_h>.

Proposition 3.3.5 The autocovariance structure of the periodically correlated integer-valued

process {y;, t € L}, satisfying the model (8.2.2) is given as follows :
-1
S s i—1

<1 b Oé%,sfzﬂrl) Zj:l (H?:1 043,54+1) Os—jr1- h =0,

Y (h) = any ™V (h = 1) + (ans — an) <7§‘H) (h—1)+
Ts (E <Iq(—,1s)71ys—h+'r$> - pl,s,u%s—h)) ) h>1.

where, O, s =1,...,.5, are given in Proposition 3.3.2.
The results of Proposition 3.3.5 can be represented, in the time-invariant model, defined in
(3.2.1), by the following corollary.

Corollary 3.3.3 The autocovariance structure of integer-valued process {y;, t € 7}, satis-
fying the model (3.2.1), is given as follows :

. (1-a2)" 0 o,
T a1+ (= ao) (30 = 1 4 (B (af) — puicn)) s B2 1

where, © is given in Corollary 3.3.2.
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Proof of Proposition 3.3.5. For i = 0 the autocovariance Cov (yi; ) = Var (y) = o2,
Then, for h = 1 the autocovariance v (1), can be calculated as follows :
W (1) = Cov (ys; yr—1) = Cov ((al,t s g1+ 1) I+ (o %yt + €0,4) TN yt—l) :
= Cov ((al,t kY1 + E14) It(i)l; yt—l) + Cov ((om % Yp_1 + o) (1 — It(ﬂ) ;yt_1> ,
hence, we have
7® (1) = Cov <(a1 ¢k Y1+ E1t) Iﬁ)l; yt_1> + Cov (g * Y1 + €24) ;Y1) —
Cov ((Oézt * Y1+ €2t) [t(l)l; yt71> ;
(

=Cov ( Ot % Yp— 1) t— 1,yt 1) + Cov (51,t1§1)1;yt—1> + Cov (az,t * yt—l;yt—l) -
Cov ((ozz,t sy) I yt_1> — Cov (82,t1ﬁ)1; yt_1> ,

one can easily verify that :

Cov (al,t * Yp—1) It(i)l; yt—l) = ay,Cov (yt—lft(i)l; yt—1> = Qq wﬁt 2 0),

Cov 81,t[t(915 yt—l) = <51,tyt71[t(i)1> —E (51,tfﬁ)1> E(yi-1) = a1 <ﬂg(/{t’1—)1 - pl,tﬂy,tq) )
Cov (agy * Y13 Y1) = az,Cov (y—1; Y1) = azg ¥ "1 (0),
Cov (Oéz,t * yt—1) ft(ﬂ; yt_1) = OéQ,tCOU (%—1]&)1; yt—l) = Q2 wgt 2 (O) ,

Cov €2,tft(i)1; yt—1> = (82,tyt—1fﬁ)1> —E (52,tlt(i)1> E (y—1) = agury </ﬁ?(jt’lf)1 - pl,tﬂy,t—1> :

Accordingly, we have
7O (1) = 05,7 (0) + (s — aza) (W (0) + (i = Prassyma ) )
More generally, calculate now the autocovariance v® (h), for h > 1 :

7 (h) = Cov (y1, y1—1) = Cov ((al,t * Y1+ 1) It(i)l + (o * Ye1 + €2t ]t(z)l; yt—h) )
=Cov (a1 *y—1 +€1t) It(i)l; yt,h> + Cov ((ag,t * Y1 + E24) (1 — It(i)l) ;yt,h) ,
= Cov ( (a1 * Y1) It(i)l; Yi—n ) + Cov El,t]t(i)l; Yip ) + Cov (gt * Y13 Yr—pn) +
Cov ( (g * Y1) It(i)ﬁ Yi—p ) + Cov 52,15[75(91; Ye—h |
where, the four terms of the last expression can be calculated as follows :
Cov ((al,t *Yp1) L@ﬁ ?Jt—h) = Qg (E (yt—lyt—h]t(ﬂ) —E (?Jt 1]t(1)1) B (yt—h)> J
= Oé1,tCOU (ytfljt(i)l; yt—h) =0 t”Ygt Y (h - 1) )
Cov ((041,1: * Yp1) It(i)l; yt—h) = Qg (E <yt—1yt—hjt(i)1> —-E <?Jt 1]15( )1> K (%—h)) )
= ay,Cov yt_Jt(Pl; yt—h> = wﬁt 2 (h—1),
Cov (Elyt[t(i)ﬁ ytfh) =E <€1,tyt,h[t(i)1> —-E (&,Jfﬂ) B (yi—n) = o1 emy (E (ytfhfﬁﬁ) - Pl,tﬂy,t—h) )
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Cov (ags * Yi_1;Yin) = 2. Cov (Ys_1;Yen) = gy (h — 1),
Cov ((0‘2,t * ?/t—l) [t(i)l; yt—h) = ((042715 * yt—l) yt—hft(i)1> —-E ((Oéz,t * yt-l) It(i)1> E (yt-h) )
= ay:Cov (yt—ljt(i)l; yt—h) = Oé2,t7§t_1) (h—1).

Therefore, for any h > 1, we have :

YO (h) = a2, (= 1) = as) (W (= 1)+ (B (g0 ) = prastye ) 70) - m

3.4 Parameter estimation

In this Section, we estimate the parameters of the periodic negative binomial self-exciting
threshold integer-valued autoregressive process PNBSETINARg (2;1) model satisfying
(3.2.2). Let 0, = (01.5,025,035) = (1.4, Q0,75), for a fixed s = 1,...,.S, be the vector
of unknown parameters to be estimated, while opting for the conditional least squares and
the conditional maximum likelihood estimation methods. In addition, the periodic adapta-
tion nested sub-sample search algorithm to estimate the periodic threshold parameters c;.
Initially and without loss of generality, these parameters c¢; are considered to be known until

Section 3.4.3 where we discuss how to estimate them in the unknown case.

3.4.1 Conditional least square estimators

Recall that the C'LS-estimations E&CLS = (Q1.5,0n,4,7s) of O, are given by minimizing the
following sum of squared deviations about the conditional expectation :

QUEsY) = Y1y (v — 9 (05 91-1))", (3.4.1)
where g (0;9:-1) = B (ye yi-1) = Zizl et (Y1 +71) ft(ﬁ)l
Letting, for simplicity of notation, the size n of the observed time series be a multiple of .S,
(i.,e., n = NS, N € N*) and replacing ¢ by s + 7.5, with s = 1,...,.S and 7 € Z, one can
rewrite the last expression in the form :

QUO:Y) = 320, 32000 Usrs = 9 (04 Ysm1479))" = 30021 200y Usars (6,)
= 25:1 Zivziol (ys+TS - Zi:l s (Ys—1475 +7s) 15?3_1)2 .

For the purposes that the estimation value of r; is, in each period, a positive integer, we use

the Min-Min algorithm, applied in Yang et al (2018b) . Hence, our contribution is limited to
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providing an adaptation of their algorithm to our periodic case. The schema is as follows,
for a fixed value s = 1,...,.5, and for given values of ;s and as, in [0, 1], we calculate 7,

which is the solution of the following normal equation :

Q) - k
or. - Zﬂj-vzol Zi:l ks (Ystrs — Qs (Ys—1475 + 7)) Ii,s)—l =0. (3.4.2)

Then, we update the values of a;, and ass by replacing ry obtained previously in the

following equations, for k = 1,2 :

0Q _

aOék,s

z:-l,-\[:_o1 |:(ys+7'.5' (y571+TS + Ts) — Qs (y371+75 + TS)Q) [7(—565)_1] = 0. (343)

Then the estimated parameters is given by iterating these two equations until the convergence

is achieved (the details of this algorithm are given in Section 3.4.4).

In order to study the asymptotic property of our obtained CLS-estimators, we make the

following technical assumptions.

Assumption 3.4.1 . The stochastic process {y;, t € Z} satisfying the model (3.2.2), with
the true vector parameters 0, , € D x N*, s =1,...,.S, where D = [0, 1] x [0,1] is a compact
subset of R2.

Assumption 3.4.2 The model (3.2.2) is identifiable, i.e., pp, 7# Ppo

70,57

Zf Qs 7é QO,S? 'U)hlle S
being fized in {1,...,5}.
The following proposition establishes, under the above assumptions, the consistency property

of the C'LS-vector estimators @870 s and thereafter its asymptotic distribution.

Proposition 3.4.1 The C'LS-vector estimators are, under the assumptions 3.4.1 and 3.4.2,

~

strongly consistent, i.e., 0,016~ 0y, a.s.s=1,...5.

Proof of Proposition 3.4.1. The proof of this proposition is very similar to the elegant
demonstration of theorem 3.1. in Yang et al (2018b). Consider hyy,s (0,) = —Usirs (6,), the
proof will be undertaken in three steps.

Step 1. We are going to prove, while s being fixed in {1,...,S}, that E(Us,s(6,)) is
continuous in 6, so that for E (hsi,s (6,)). Since 7, is discrete, we just need to prove the

next property. For any 0, € D, let V, (6,) = B (6,,n) be an open ball centered at #, with

radius 7, then : E (supgfsevq(gs) \Usirs (05) — Usirs (Q;)\) — 0, as 7 — 0. To prove the last
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expression, we can observe that,

2
’US+TS (Qs) - Us+7’5 (Q;)' = <ys+‘rS - Zi=1 A s (y571+75 + Ts) [»512_1) -
2

k
(?/s+rs — Y s (Ys—1478 +75) IT(,S)—1> )

2
> (042,3 - O‘k,s) (Ys—1475 +75) [1(-1,65)71

Y

2
= ‘2ys+75 - z (ak,s + a;g75) (ysflJr'rS + 705) [7(-1;65)71
k=1

S n (ys—1+TS + Ts) |2ys+7'5 + 2 (ys—l-‘,-TS + 7“s)| S 27] (ys—H'S (ys—1+TS + Ts) + (ys—1+TS + ’rs)z) .

After that, we can see

E ( sup  |Usyrs (0,) — Usirs (Q;)!) < 20E (Ystrs (Ysmirs + 75) + (Ysm140s +75)°) — 0.
0.V (8s) 7—0
Step 2. We prove now that Eg_, (Potrs (0,) = hoyrs (0,0)) < 0, which is equivalent to prove
EQ&O (Us+75 (0,) — Usirs (Q&O)) > 0, for any 6, # 0,0 with 0, is the true value of 6, then

EQS,O (Ustrs (05)) = EQ&O [(y5+75 —g(0,, ys—1+rs))2} )

= ]EQS,O [(yS+TS - g (Qs,(]? ys—1+75))2 +2 (ys—l-TS - g (Q&Oa ys—1+TS)) X

(3.4.4)
(g (Qs,o,ys—pﬂs) ) (Qs,ys—l—&—TS)) + (9 (Qs,O?ys—l—i-TS) -9 (Qs7ys—1+7—5))2i| )
=By, , (Usirs (050)) + 1+ 11,
where, I and I are given, respectively, by
I'=2E,g [(Ystrs — 9 (050, Ys—14+5)) (9 (Os0: Ys—1475) — 9 (04, Ys—1475))] , (3.4.5)

=0,

IT=E,, [(g (050, Ys—1475) — g (b, ys_H_Tg))Q] > 0. (By Assumption 3.4.2).  (3.4.6)
Therefore, by (3.4.4)-(3.4.6), we get Eg_, (Usirs (0,) = Usirs (850)) > 0.

Step 3. Now, we can prove the consistency for ?Q\S’CLS, while s being fixed in {1,...,5}.
Consider an arbitrary open neighborhood Vp_ of 0, ,, then for any 0, € Vj , N D, we have
E (hsirs(0,)) <E (hswg (Qs,o)) , since VQCs,o ND is compact and E (hs, 5 (0,)) is continuous in

8., we have ky, = E (hyirs (650)) —SUPg cv; oD E (hsirs (0,)) > 0. And for any 0, € VQZ0 ND,

there exists 7y > 0 such that E <sup§ eV, (0,) Prstrs <Qs>> < B (hoyrs (6,)) + . Also, by

the compactness of Vy’ ,N D, there exists a finite open cover {V (Qs’j) ci=1,.., m} of

Mo,

Vy ,N D. For any 0, € D, n > 0, and j = 1,...,m. Suppose that the size of observed time
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series n is a multiple of S (i.e., n = N.S), we have

Z Z s+7’S ES: ]Vz_:l hs+7’S(9 ) + k‘s
Sup@ eV”G ( ) SupQSE‘/an j (Qs,j) NS

s=1 1= s=1 =0

=" (Supesevnesj(es,j) svrs (Qs>> g Bl @)+
k

<supy vy B (hairs (0,)) + 5 B (hairs (00)) — %,

and

S 1
s+T 9 s+T 9, ;
SUPy vy, , ZZ Barrsil) >ZZ *S( )ZZ Rorsifoo) _ ke

50 g=1 7= s=1 7= s=1 7=0
Z E (hs+TS (Qs,o)) - k_gs
Therefore, for any (small) neighborhood Vo, , of 0, for N is much greater and while s being

fixed, we have almost surely

N-1 hHTS(& ) N— 1 hoyrs(6.)
SUPg eV, Sl oy s <supy oy, . S Sy Rl

which implies 0, o5 € Vg, |

As we mentioned previously the value of 7, is, in each period, a positive integer, thus the
consistency of 7'y crs is that 7'y crs = rs. The efficiency of the other estimated parameters

with r; being estimated together is asymptotically the same when r, is known. Therefore,

our interest is about the other parameters ozg?z and ozg?g. Let o, = (a§ z,aéog) be the

true vector values of the vector parameters o, = (04175,04275)’, s = 1,..., 5. The following

proposition establishes the asymptotic distribution of the C'LS vector estimators & -1, of

this vector parameters.
Proposition 3.4.2 The CLS-vector estimator &, opg = (G5, 02,5) is, under the assump-
tions 3.4.1—53.4.2, asymptotically normally distributed,

\/N( Q, crs — 80) gﬁN(O,FS*lQSF;l), s=1,...,5, where,

'y and Qs are diagonal square matrices of order two, with elements given respectively by

)

0
g (Qs7y8—1+7's) EY g (QsayS—l—l-TS)} )

)

<nm—E[

8@1',5

and

0 0
(), = B |Uesrs (0) 520 B mrirs) 5

1,5

(Qs7ys—1+7's):| , 1=1,2.
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Proof of Proposition 3.4.2. To prove the asymptotic normality, we have to check that

the following regularity conditions, in Klimko and Nelson (1978), hold
(A) - B (el ye1,Yt-2, %) = B (ye] yr-1), t > 1 ace.

0 . .
g (st ysflJrTS) a—g (Q57 ysl+7'5)) < 00, (Zaj = 17 2) Wltha Us+TS (Qs>

j7s

(B).E (U (0,) 50—

= (Ystrs — g (0, ys—1+TS))2-

(C). T'y is non singular.

Condition (A) is satisfied since the process, in 7, ys.,5 is a first-order Markov chain while s
being fixed in {1,...,S}. In order to prove condition (B), we check that the elements (), ;

for i = 1,2 are all finite

2
(€)= B |Uerrs (0) (520 Oses)) |

=B 10y Worars +1)° (S0 s (L 0 2 (s 1)) ]

= s (14 ) (Mﬁil + 37}#&31 + 3703#5,;121 + 7’2) < oo, 1=1,2.

On the other hand,

0 0
(Qs)l,z = (Qs)g,l =E |Usirs (Qs) ﬂg (Qs, y571+75) W

9 g <Q57y51+7-s):| s
=B |:Us+7'5 (9,) Ii,ls)fllfgq (Ys—14rs + 7‘3)2} =0.

Therefore, condition (B) is also satisfied. Finally, the matrix Iy is given, for a fixed s, by

9 2 2,(i il 20
(8@. 9 (Qs’ys_l"”'s)) ] = Dis |:in<(921 + </J’LE/,7521 + TS> y 1= 1a 2a

note that the determinant of the matrix Ty is det (I') = [[;_, pk,s(ajﬁ’i’l + (ué’fs’l_)l +714)%) > 0,

(FS)i,i =E

which lead us to conclude that Iy is invertible. Thus, condition (C) is also satisfied. Finally,

by Theorem 3.2 of Klimko and Nelson (1978), the C'LS-estimators Es,c g are asymptotically

normal. ]

3.4.2 Conditional maximum likelihood estimators

Denote by Y = (y1, ¥, ..., yn) a realization of a finite size n of a periodically correlated process

{ys, t € Z} satistying the PNBSETIN ARg (2;1) model given by (3.2.2). The C'M L-vector

. = ~ ~ ~\/ . . c e
estimators 0, oy, = (Q1s, Ao, 7s) of the vector parameters 0 is given by maximizing the
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conditional likelihood function, which is given for a size n = NS, while taking ¢t = s + .9,

s=1,..,5and 7 € Z, by :
L (Q&X) = Hsszl Hf—vzi()l P (ys+TS = x8+75’ Ys—1475 = :US*]_J,»TS) 5
or equivalently which maximizes the log conditional likelihood function £ (6,;Y), of these

n = NS observations £ (0,;Y) = 37, SN goyrs (8,), with

4s+15 (Qs) - 10g P (ys+7'S - xs+7'S| Ys—1478 = xs—1+7—S) and,

I'(y+a+r) Qaj, s]ilg 1 n Qo slﬂ('Qs) 1
C@4+r)l(y+1) \(1+a)" ™ (1+ay)" "

P (ys+75 = y| Ys—1475 = I) =

The estimations of a5, g s and 15, s = 1, ..., S, are obtained by the use of the same algorithm

”Min-Min”, indeed, we use the following normal equations :

g(l + aks) al's+TSI(k)

7,5—1

/\'_‘

ac (0 ) N—-1 xS+TS_1 1 1 + ay, )xa+rs+ms 1+7S5+7"s
b YN DY - — —@ =0. (34.7)
T's =0 =0 Ts—147r8 T Ts+ ) 22: Osz“ I
=1 (1 + ak75)ms+75+xs 1+7S+Ts
oL (95) = azq'iserTs_l ('Ts+TS — Qs (‘T371+TS + Ts)) 17(-271

0 _ - Z 2 )

Oélvs 7=0 (Z Oé£5+TS[(k) 1/ (1 + aks>ms+'rs+$sl+'rs+TS) (1 + OéiS)IS+TS+1.571+TS+TS+1
k=1 ’ ’

— 0, i=12 (3.4.8)

The details of this algorithm are in Section 3.4.4. The next results give the consistency and

the asymptotic distribution of our C'M L-vector estimators E&C ML

Proposition 3.4.3 The CM L-vector estimators ES’CML of the vector parameters 0, are,

under the assumptions 3.4.1—3.4.2, strongly consistent, i.e.,

-~

QS,CML ~ Qs,o a.s.

Proof of Proposition 3.4.3. We can see that this result generalizes the theorem 3.3
given by Yang et al (2018b), and it is easy also to see that our process { X, ,s,7 € Z} is in
7, while s being fixed in {1,...,S5}. Then, the proof of Proposition 3.4.3 is similar to the
theorem 3.3 in Yang et al (20180). First, we have, while s being fixed, ¢s1,5 (8,) = Wsirs +

I (:Es+TS + 51478 + rs) )
Ts—14r8 T 7"5) I (xs+TS + 1)

and Qk,s—‘r’rS (Qs) = Ys+1S log(ak,s) - (ys—i—TS + Ys—1478 + Ts) log(a/k,s + 1)7 k= ]-7 2. The pl"OOf

17(-1271(11,8—&-75 (Qs) + ]7(-2271Q2,5+TS (Qs) ) where WS+7—S - log
3 ) F (
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is also achieved in three steps.
Step 1. While s being fixed in {1,...,5}, we show that E(¢s1,s (6,)) is continuous in
0,. Since ry is discrete, we need only to prove the following property. For any 0, € D, let

V, (8,) = B (8,,n) be an open ball centered at §, with radius 7, then

B (supgev, o, 9517 (0.) = oies (0)]) = 0, as n— 0.

Since

@etrs (6,) = o (0] = |13 (@1tms (8.) = s (60)) = L2 (ga.vrs () = @aoirs (6))]
< %:izl |(Qk,s+75 (Qs) — Gk,s+78 (Q;>)| )

< kz |ys+TS (log(akﬁ) - log(oz%’s)) - (ys+TS + Ys—1478 T+ TS) (log(ak,s + 1) - log(oz?w + 1))} )
=1
k k
S 22:1 Ys+r8 (ak,s - 042;,5)/52,1) - (yS+TS + Ys—1+478 + Ts) (ak,s - O‘;g,s)/ 5;2)’ ’
< 208, (2Ysyrs + Ys—1475 +75), With £, = max {1 /581) . /52?2) 1 /’fg?l) 1 /52?2) } ,

/
(k) _ Xhys — Vs qe® —
3t log(ag.s) — log(ozkys)’ and £

ak,s - a;q;75
log(a,s + 1) —log(ay, , + 1)

, k=1,2. So, we obtain

E (SUPQ’SE\/"(QS) qs+rS (Qs) — 45418 (le)|> S 27755]]3 [2y5+7'5 + Ys—1+18 + Ts] - 07 asn — 0.
Step 2. We prove that Ey_, [QS—H'S (0,) — Gssrs (Q&O)} < 0, for any 0, # 0, , where, 0, is

the true value of f,. By using Jensen inequality, we have :

P, S+T s—14T1
By, , [ds+rs (0,) — Gsirs (0s0)] = Bo, , [EQS,O <10g ngsw rslys—14rs)

7s,O(y5+TS|y871+TS) FS_1+TS>:| )
< E [10 E ( Py (Ystrs|Ys—1475) F >] _ g [10 (1)] 0
>~ Qs,o g Qs,o PQS,O(?/S-&-TS|?JS—1+TS) s—1478 = Qs,o g = 0.

Step 3. Now, we are ready to prove the consistency for ES,CLS, while s being fixed in

{1,...,5} and with hsi,s5(0,) = ¢sirs (0) . Therefore, we will have the same procedure as
step 3 in Proposition 3.4.1. This achieves the proof. Removing r from 6, again, and consider
a central limit theorem for the conditional maximum likelihood estimator. Note that with a
known of 7, gs1r5 (0,) is differentiable with respect to a, = (a4, a5)'. Let

0 0 '
Gs = Egs,o [(EQS-H'S (QS,O)) (@qurTS (QS,U)> :| )

S S

where,

O s = [ s (@) 1Y s (@) 12, ). w
Do s+75 \&5.0 3041,3 ,s+75 \Es,0) fr,5—1 3@275 ,s+75 \Es,0) 41,51 .

—S
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The following proposition establishes the asymptotic distributional property of our C'M L-

. ~ ~ ~ ! .
vector estimators O, oy = (al,s, aQ,s) , of the vector parameters o, when 7, is known.

Proposition 3.4.4 The CM L-vector estimators &, ¢y, = (G, 02,5) are, under the as-

sumptions 3.4.1—3.4.2, asymptotically normally distributed, 1.e.,

\/N(QS’CML a,,) W./\/'(O G Y),s=1,..,5

Furthermore, the matriz Gg, for s =1,...,5, can be estimated consistently by :

1 N— 0 R 0 ~ /
s = N 2:: ( _SQS-H'S (—s CML)> <@Qs+r$’ (QS,CML)) :

Proof of Proposition 3.4.4. By Taylor’s expansion, for j = 1,2, there exists a, ; between

/\

a,, and & such that

0 . 0
fZT 0 Ha QS+7'S (_S,CML) \ﬁZT 0 8 q5+75 (_s 0)

TN ZT 0 aa a /qs+7'5 (—s 0) \/N (QS,CML - Q&o) =0.
The proposition follows if it can be proved that

\ﬁz aQS+TS( sO)/aa W N(O G ) (349)

and

LSV 320005 (@) D0, ¥ —G, (3.4.10)

for all af between a, ;, and @, o), we now begin to prove (3.4.9)

0 0
B | (tenrs (20) ) | = BB ( tenrs )| Fisirs )|

) |:L£ks) 1E (yS+TS . Ystr8 + Ys—1478 T Ts fs—1+TS):| —E (O) =0, for k = 1,2.
Q. s 1+ Ak s

Then, we have Egs,o [(a%qsﬂg (Qs,0)>] = 0, which implies that {a%qsﬂg (Qs,o)} is a

fsl+’rs>] P
st—l—i—’rS)] 5

martingale difference. Similarly, we have

8 2 yS T yS T —I—yS— T +TS 2
Egs,o [<8a QsirS (_50)> E (( +78  Ys+rs 1478

Iy
(07X 1+ Ak s
we get when developing

T,5—1

=k

=E

](k) E y§+rs . 2y3+75 + Ystrs (ysflJrTS + TS) (yS+TS + Ys—1475 + 7"5)2
T g s (14 aps) (14 ape)’
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o ]E ](k) a%ys(ys_l_,_Terrs)erak,s(1+ak75)(ys_1+75+rs)
T,5—1 oZ | -

2 Ak s (1+ak:,s)(ysfl+TS+’rS)2+ak,s (1+ak,s)(ysfl+7's+’rs) + (1+ak:,s)2(y371+75+7‘3)2+ak,s (1+ak,s)(y571+75+rs)
@k,s(1+ak,s) <1+Oék,s)2 ’

=E [Ij’ij ) (% + ke 2) (Ys—147s + rs)} :

_ ( ks Itk 2) E <[£’“S) (- +7’s)> >0, for k=1,2.

1+O‘k,s QL. s

Also, It is easier to see that:

EQ%O [(aQSJrTS (Qs,O)/aas,i) (aQS+TS (Qs,O)/aaLS)] = Oa fOI' Z?] = 1727 and ] 7é 7’

Consequently, we have

Vara, (s tiees (@0)] = Ba | (50005 (@00)) (800005 (@) | =

where G, is regular matrix. Since {9gsirs (@) /O, } is a martingale difference, by the

Cramér-Wold device and the central limit theorem in Theorem 18.3 of Billingsley (1999) we

have the weak convergence,

\/—Z aC]S-i-TS( so)/aa WN(OG)

Now, we prove (3.4.10) . under the direct calculation, we get:

% (k) Ys+r8 YsirS + Ys—1475 T 75
Ea a2 dstrs \ Qs =B [7' s§— B - + fsfl TS )
s 0 (aais + ( ,O)) s—1 ais (1 4 Oék,s)2 +
O s 1+ Ak s
and

w0 [0%@etrs (Qyp) [/ OarDaus] =0, 1,k =1,2 and | # k.

Then, we have:

[0 q5+75( 80)/804 ool } = —-QG,.

Similarly, we have

Egs [(832 qs+7S (Qs,O))] =& []ﬁ?glE (_2yof3+fs + 2(ys+rs+ys,1+;’_s+rs)

k,s (1—‘,—0[;675)

fs—1+75):| )

k
~ (- ) B s ) < o k=12

and Eq [(3—3q3+75 (Q&O))] =0, for j, k,l € {1,2} and the product jkl # 1,8.

Oaj sO0ay, sOay o
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Consider Vq_, a neighborhood of e, o, then we have for j, &, € {1,2}:

o?
e, {SupaseVaSvO Oaj s0ay, sOay s (o) || < 00 (34.11)
By (3.4.11) and the strong law of numbers, we get
lim sup = S o q (o 0)|| < o (3.4.12)
N—oo QSEVQS,O N 7=0 aaj,saak7saal,s s+75 \&5,0 . B

Now, we are ready to prove (3.4.10). Recall that o lies between a, ; and ., ;7. Consider

the Taylor’s expansion of the second-order derivatives of qs1,5 at a3, we have

1 *
N =0 80%75804173 Qstrs (QS) - N TZ:O qs+75 (QS,O) -+

Y

N-1 82 1 N=1 [ 82 03QS+TS (és) (Q: - QS,O)

Oay, ;0 Oaj sOay 0y

for some a, between o, , and a, the last expression and (3.4.10), (??), the strong law of

large numbers and the almost sure convergence of a, to a , imply

o2 1 vy O

N
| -— ~ ~ (sir == -0 a_ o  UYs+T1 - - GS 5 e u
NL)HiO N ZTZO aak,saahsq +78 (gs) N 27'70 aak7saal75q +75 (gs,[}) ( )k:,l a.S

3.4.3 Estimation of the periodic threshold parameter c;

In order to estimate the unknown periodic threshold parameters ¢, s = 1,...,.5, one can
adapt, to our periodic case, one of the many existing methods, in the time-invariant case,
including the single grid search algorithm (Tsay 1989 and Yu 2012), the doubly-NeSS (D-
NeSS) algorithm (Li et al. 2018), the NeSS algorithm (Li and Tong 2016) and so on.

Considering the factors of speed and calculation burden, we adapted, in our case, the NeSS
algorithm proposed by Li and Tong (2016) to estimate the periodic threshold parameters.

Indeed, adopting standard least squares criterion, we obtain the following sum of squared

eIrors :

SN (CS) = Z Ys+r8 — Z (ys—l—l-TS + Ts)

N-—-1 2 (k T,5—1
=0 k=1 ZTI:O(ysfquTlS"F'"s) 15-1)75,1

2
— ZN—l k
N-1 < 2 71=0 ys+‘r15'<y571+71$+7’s)17(-1)75,1 ](k) )
)

which leads to the estimation ¢, = argmin. e z,)Sn (¢s), s = 1,...,5. Following Li and

Tong (2016), let be Jy (¢s) = Sn — S (¢s), where,

N—-1
N1 27—1:0 ySJrTlS(ySﬁ*TlelJrTS)
Ys+r8 —

Sy = —
N Z Z.,]_vl:lo (ys+71$71+"'s)2

7=0

2
(str‘rSfl + Ts)) .
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Then, the threshold parameter c,, for s = 1, ..., 5, can be estimated by maximizing Jy (c;),
i.e., C; = argmax, c[c z,] Jn (¢s) where ¢, and G,, s = 1,...,.S, can be selected as the minimum
and maximum values of the samples, respectively. The application scenarios of the D-NeS.S
algorithm (Li et al. 2018) to our periodic case, are similar to those applied in Yang et al.
(2018a) when s being fixed in {1,...,S}. In fact, we use the notation Jy (cs,7s) instead
of Jy (¢s) and we seek to find ¢, (r5) that maximizes Jy (cs,75) for any value of ry. After
that, we search for the final ¢, for different values of r,. The essential question facing us
is : "how to handle the unknown quantity r,, s = 1,...,5,”. As argued in Li and Tong
(2016), under some regularity conditions, Jy (¢5)/ N, s = 1,...,5, is unimodal over [c,, Cs]
with probability tending to one as N — oo, which greatly helps us to find ¢,. Then, we
have found out, similarly to Yang et al. (2018a) and Yang et al. (2018b), for different values
of 7 and different sizes N, that the shape of Jy (¢s,75)/ N, s = 1,...,.S, is unimodal and
the maximum does not depend on the value of 7y, which means we can choose any positive

integer value for r, without worrying about getting a wrong result of ¢;, s =1, ..., S.

3.4.4 The ”Min-Min” algorithm

In what follows, we discuss how to apply the Min-Min algorithm in details (as in Yang et
al (2018b) while providing some comments and minor changes to adapt it to our periodic
case). First of all, we assume that the sample (y1, 2, ..., Yn) is available and we suppose that
the threshold parameters ¢, s = 1,..., S, are known. The iterative Min-Min algorithm for

o~ . . . . /
searching the C'LS-vector estimators §, -, ¢ is given as follows. Let 6\ = (agf)s, agf)s,rgz)>

denote the value in the ¢ th iteration and then by solving the equations (3.4.2) and (3.4.3)
we obtain the updated parameters in (i + 1) th iteration by the following formulas, for
s=1,...8 k=12,

Do (s (0821040212 )) = (v (20 1012 )°)

Fﬁ+1) N 2
s - Z 17 @) (1 i) (2
=0 (ag,ll‘g‘,z—l+ag,?§‘[7(',g—l>

(3.4.13)

Z, N-1 o “IN-1 .
a;;rl) = (Z (y871+7'5 + TglJrl)) [7('];)—1> Z Ys+18 (y571+7'5' + TglJrl)) [7{{68)—17 (3414)

7=0 7=0

Summarizing the Min-Min algorithm in the following steps:
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1. Choose the starting point a,(fz, for k=1,2,s=1,....5, and set i = 0.

2. Determine whether cs are known, if unknown, estimate them by (NeSS) algorithm.

3. Calculate 7 H), s=1,..,5, by (3.4.13), and set r{ = [?’éiﬂ) + 0.5] , where [a] is the
integer part of a.

4. Calculate a,(ijl), k=1,2,s=1,..,5, by (3.4.14).

5. Set i =141 and go to step 3 until the convergence is achieved.

Now, we give the CM L-algorithm for searching the C'M L-estimators Es,c wr- 1t is clear that

the analytical estimates cannot be obtained by solving the system of equations (3.4.7) and
(3.4.8). Thus, to solve this system numerical procedures must be employed, such as Newton-
Raphson method, Secant Method, False Position Method or Regula Falsi Method (see, Press

et al 2007, Chapter 9). Taking into account the factors of speed and calculation burden, we

choose the one-step False Position Method (Press et al. 2007). Let ?S) = < (0 04(2)3 7‘(’)>

and 0\ = (agl)s, agl, rs ) denote an upper bound and a lower bound of ,, respectively. Let

a £(Qs)7 (k = 172) and gs (al,s>a2,sars) = a

Ak s T's

£@®,),s=1,.,5,

fk,s (04175, g s, Ts) =

then, the roots of the equations (3.4.7) and (3.4.8) can be obtained via the following iterative

formulas :
; . () ()
B 7 (aﬁi,agi,r@), (3.4.15)
, L g ) D@
o = all - s (aﬁ,l,a;l,d“)), (3.4.16)
1,s

hence, we have for s =1, ..., 5,

. ONING T
oy =al - =g QSfis(aﬁé,aé;,ry+”), (3.4.17)

where,

Tl (oofhr) . (ol o).

vfl S fl § al ,8) gla T§Z+l) - fl,s Qg?sa aél giJrl) ’
vfg(’s - f2’5 Oég l’ ag l? rgi""l) - f27s Oégi)m OZ;?‘; g’H—l)

Summarizing the Min-Min algorithm for C'M L-estimators /és,C a1 in the following steps:
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1. Choose the starting point oz,(g, for k=1,2,s=1,...,5and set i = 0.
2. Determine whether cs, s = 1,...,.S, are known, if unknown, estimate them by (NeSS)

algorithm.

3. Choose a upper bound ng) a lower bound f?) ,s=1,...,5, such that
gr (a8, ,70) g, (o), 1) <.
4. Calculate “(Hl), s=1,..,5, by (3.4.15) , and set i = [?{SHI) + 0.5} ,

5. For k=1,2,s=1,...,.5, choose a upper bound Eg’)s and a lower bound g,(j;, such that

NIRRT P AR )
N IR PR

. Calculate a ZH L k=1,2,s=1,...,5, by (3.4.16) and (3.4.17).

i =

Set i =1+ 1 and go to step 3 until the convergence is achieved.

3.5 Simulation results and application on real data

In this Section, we illustrate our obtained results and we assess the C'LS and the CML
estimations on two time series, for small, moderate, and relatively large sample sizes and

also an application on real data set.

3.5.1 Simulation results

In order to show some empirical estimates properties, we have generated 1000 independent
series from PNBSETIN AR, (2;1) model, where the innovation process {e;; t € Z} is gen-
erated from a negative binomial distribution with parameters rs and ags /(1 + ags), ie.,
Eksirs ~ NB(rs,aps /(14 aps)) for B = 1,2. For Model 1, the periodic threshold pa-
rameters c,, for s = 1, ..., 4, are assumed to be known and unknown for Model 2. The true

parameter values of these models are given below :

Model 1:60 = (8;;...;68,) = ((0.35,0.25,6); (0.5,0.1,9); (0.7,0.2,4) ; (0.6,0.4, 7)),

C = (01,62,03, cq) = (10,4,9,7), with C is known,

;...:0,)" =((0.2,0.7,10);(0.8,0.5,8) ; (0.5,0.9,4) ; (0.6,0.15, 7)),
) =

(6,9,15,13), with C' is unknown.

Model 2 : 6

o |
I

C1,C2,C3,C4
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For each of the above models, the threshold values, ¢, for s =1, ..., 4, were chosen such that
the observations in each regime of each period are at least 20% of the sub-series size. As
mentioned in Li and Tong (2016), when the proportion of observations in sub-series, i.e.,
{Ysirs; T € Z} while s being fixed in {1, ...,4}, of one regime to the whole is less than 5%,
the estimated result may not be reliable. For each data-generating process, we consider 1000
replications, the mean estimates and their root mean square error (RMSFE) are displayed

in Tables 3.1 to 3.3. Tables 3.1 reports the means, median and RMSFE of the C'LS-vector

estimators /Q\&CLS and C'M L-vector estimators /Q\S,CML, across the 1000 replications, for the

first model with a known ¢y, for s = 1,...,4. While Table 3.2 reports the performance of the
last generated time series when the periodic threshold parameters are considered unknown,
where their estimates, obtained by the use of the adapted NeSS algorithm, are reported in

Table 3.3. The simulation programs are written in Matlab 8.5 environment.

From Table 3.1, one can easily observe that the adopted estimation method performs better
as n increases. Indeed, the convergence of all the parameter estimators is guaranteed and
the root mean square error decreasing, as the sample size n increases (see, Figure 3.1),

which imply that our estimators (C'LS-vector estimators /és,C g and C'M L-vector estimators

~

0,cnp) are empirically consistent for all the parameters. It can also be seen that the

median estimates generally, for the periodic integer valued r,, for s = 1, ..., 4, better than the

mean. Furthermore, we notice that the C'M L-vector estimators Es,c i have a small RMSE

compared to the one of C'LS-vector estimators /Q\S,CLS' Thus, the C'M L-vector estimators

~

0,.crr, are much advantage than the C'LS-vector estimators /Q\&CLS, where this empirical

superiority is clearly visible in Figure 3.1.

Moreover, we get the same conclusions from Table 3.2, that the consistency property of
the C'LS-estimators and C'M L-estimators still met, even if the threshold parameters ¢;, for
s = 1,...,4, are unknown, this encourages to use confidently the PNBSETINAR4(2;1)
model, when the threshold parameters ¢, are unknown, without worrying about to bring a

wrong results.

Furthermore, from Table 3.3, which reports the means, medians, the percentage and the

RMSE of the periodic threshold estimations ¢, for s = 1,...,4, we can find that all the
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estimation results perform better as n increases, thus implying that the adapted NeSS algo-
rithm is empirically consistent. In addition, we observe that the median of 1000 repetitions,

for the periodic threshold estimations ¢,, for s = 1,...,4, estimates much better than the

mearn.
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3.5.2 Real data study

In this paragraph, we consider the data set of size 365 observations, recorded for the daytime
road accidents in the Schiphol area, in the Netherlands for the year 2001. This time series
was presented by Pedeli and Karlis (2011) who suggested for it, with the other time series
(nighttime road accidents), the bivariate Poisson /N AR (1) model and the INAR (1) model
with bivariate negative binomial (BV N B) innovations. The visualization of the considered

time series is shown in Figure 3.3, while Table 3.4 summarizes some descriptive statistics.

I I I L I I
s 100 150 200 250 300 350

Figure 3.3. Trajectory of the daytime road accidents time series.

Table 3.4. Descriptive statistics for the daytime road accidents time series.

Sample size Minimum Maximum Median Mean Variance Skewness Kurtosis

365 0 25 6 7.2767  20.9370 1.0005 4.0530

A look at Table 3.4 explains the reason why we choose the PN BSETIN AR; (2;1,1) model.
Indeed, despite the fact that the series seems to be over-dispersed, which indicates that,

marginally, a Poisson distribution might not be appropriate.

Sample Autocorrelation Function
T

T
1 L 1 1 1 L 1 1 1
s 10

15 20 > F) = ) 5 0

Figure 3.4. Autocorrelations of the road accidents time series.

Furthermore, by analyzing the empirical autocorrelation function (AC'F') and the empirical
partial autocorrelation function (PACF') in Figure 3.4, the time series presents periodicity
of season S = 7. Following this example, we discuss in more detail the empirical method
of determining the period S, which is much easier and faster compared to the identification

problem existing in the literature. Basically, it is about comparing the observations on
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different days and seeing if there is a certain aspect that repeats in each period, using the
empirical autocorrelation function (AC'F') and the empirical partial autocorrelation function
(PACF). Indeed, Figure 3.4 reveals very marked peaks at delays (S = 7,14, ...) because of
the daily data effect. Hence, the periodicity is of season S = 7. Thereafter, we are interested
in fitting a periodic negative binomial self-exciting threshold integer-valued autoregressive

time series model for this data set.

Table 3.5. Fitting results of different models.

para. CML RMS
SETINAR(2;1) a1 0.0903 5.2903
1% 0.0800
A 6.6727
c 8
NBSETINAR(2;1) o1 0.4776 5.2785
o2 0.3464
r 10
c 8
PNBSETINAR; (2;1) s 1 2 3 4 5 6 7 4.6466

ars  0.3195 0.3856 0.6891 0.6383 0.4364 0.6062 0.8833
ags  0.2589 0.2862 0.3685 0.3265 0.2577 0.2581 0.5793
Ts 18 16 10 6 4 S 7

Table 3.5 gives the fitting results of the SETINAR model (Monteiro et al. 2012), the
NBSETINAR (Yang et al. 2018b) and our PNBSETINAR model, and compare the
fitting results via the root mean squares (RMS) criterion. The estimated threshold pa-
rameters c,, for s = 1,...,7, by using the adapted NeSS algorithm, is given by C =
(c1,...,c7) = (11,8,6,15,8,10,3). As can be seen from Table 3.5 that our proposed model
exhibits an improvement comparing to the SETIN AR model (Monteiro et al. 2012) and to
the NBSETIN AR model (Yang et al. 2018b), which is confirmed empirically by the RM S
selection criterion, where the PN BSETIN AR model has the smallest RM S value.

SanpleAuooreaion
PR o
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|
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Figure 3.5. ACF and PACF of residual time series.
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Moreover, Figure 3.5 shows empirically that the most of the autocorrelations, for the pro-
posed model, are inside significance bounds (except for lags 1 and 2, which are slightly signif-
icant). To reinforce the non-significance of the residuals correlations, we use the Ljung-Box

test, where the obtained value (24.4738) is less than the critical value x§ o5 49 for significance

level 0.05 and 20 degree of freedom (31.4104), so we accept the independence of residuals.
Therefore, the proposed model provides an adequate fit to the data in terms of no correla-
tion within the residuals. Figure 3.6, indicates the adjusted trajectory of the Daytime road
accidents data set, such as the series values are shown in blue, while the red line denotes the
adjusted series. The fitted values of the PNBSETIN AR; (2;1) model seem to be suitable

for the real data set values.

Daytime road acsdants
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Figure 3.6. An adjusted trajectory proposed to the daytime road accidents data set.



Chapter 4

Periodic Negative Binomial
INGARCH(1,1) Model

4.1 Introduction

Different models have been proposed in order to take into account the different features
encountered in such integer valued time series, as an example, excess of zeros, volatility
changes in time, asymmetric distributions, low counts, overdispersion, etc. (see, Kedem
and Fokianos 2005, Costa et al. 2016, Ouzzani and Bentarzi 2019, among others). As in-
dicated in Zhu (2011) and Ahmad and Francq (2016), these models can be classified into
two classes: models of thinning operators, commonly called integer valued autoregressive
moving average (I NARM A) models, and regression models which deal with a modification
of the autoregressive moving average (ARM A) approach, they referred as the integer-valued
generalized autoregressive conditional heteroskedastic (/INGARCH ) models (Ferland et al.
2006, Zhu 2011, Fokianos 2012, Weify 2018, and many others). Regarding the integer time
series of overdispersion, many researchers have turned to overdispersed Poisson and binomial
regression models. In addition, a model that has been used for overdispersion count time se-
ries is the integer-valued generalized autoregressive conditional heteroskedastic INGARC H

with Poisson distribution introduced by Ferland et al. (2006) and Fokianos et al. (2009),

67
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its properties were then studied by Weif§ (2009, 2010), Zhu et al. (2015, 2016), Li et al.
(2016) and among others. As it is known, the Poisson distribution is not always suitable for
modeling and studying the integer time series, as was pointed out by Risti¢ et al. (2009).
This is due to the equality of the mean and the variance which is not always verified in
the real-world data set. In fact, many researchers have found it useful to propose other
models that address the problem of overdispersion with another distribution and specially
the negative binomial distribution. Indeed, Zhu (2011, 2012b), introduced a negative bino-
mial INGARCH model to deal with the phenomena of overdispersion and subsequently, its
zero-inflated version to treat the zero inflation situation. Furthermore, the generalized Pois-
son INGARCH model was presented and studied by Zhu (2012a), which can explain the
overdispersion and underdispersion characteristics. Recently, Mao et al. (2020) proposed a
more general mixture I NGARC H model, which includes negative binomial and generalized
Poisson mixture INGARC H models that can deal with multi-modality feature either in the

marginal or the conditional distribution.

However, despite the fact that much nonnegative integer-valued time series encountered in
several fields as the epidemiology, economic, environmental, criminology, and others reveal
the periodicity feature in their autocovariance structures. Regardless of the various advan-
tages and interesting properties satisfied by these models and more precisely by the negative
binomial INGARCH model such as the positivity and the discreteness nature of the re-
alizations, the volatility changes in time, this model still unable to capture the periodicity
feature, a feature that cannot be adequately accounted and described by time invariant pa-
rameter integer-valued time series models. This fact gave us a good reason and motivation
to extend this class of time-invariant models to the periodic negative binomial INGARC H
model with time-periodic coefficients, an extension of the periodic INGARCH model, in-
troduced by Bentarzi and Bentarzi (20170). To our knowledge, Monteiro et al. (2010) and
Morina et al. (2011) were the pioneers on the modeling of the periodically correlated, in
the sense of Gladyshev (1961), integer-valued process and over time, the topic has made
great progress, see, for example, Sadoun and Bentarzi (2019), Bentarzi and Sadoun (2020),

Bentarzi and Aries (2020a, 20200), Manaa and Bentarzi (2021a, 2021b) and many others.

In Section 4.2, we provide the basic notations and definitions concerning a periodic negative
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binomial integer-valued generalized autoregressive conditional heteroskedastic model, noted
in short by PNBINGARCH (1,1). The periodically stationary problem of the proposed
model is investigated in Section 4.3. For the periodic stationarity in mean and variance,
the necessary and sufficient conditions are specified. Furthermore, the closed-form expres-
sions for both the mean and variance are, under these conditions, obtained. In Section 4.4,
the existence of higher moments and their calculations are considered. The autocovariance
structure of the underlying periodic model is studied in Section 4.5, and even the autocor-
relation function is explicitly expressed. The Yule-Walker, Conditional Least Squares, and
Conditional Maximum Likelihood methods are all explained clearly in Section 4.6. Finally,

Section 4.7 includes a simulation study as well as an application using real data set.

4.2 Notations, definitions and main assumptions

Recall that an integer-valued stochastic process {y;; t € Z} is said to satisfy a Negative Bi-
nomial Integer-Valued Generalized Autoregressive Conditional Heteroskedastic model, with
orders p and ¢, noted NBINGARCH (p,q), if it is given by :

Yo |[Fior ~ NB(r,pi),
(I=p)/pe =N =00+ Z?:l QGY—i + Z?Zl 5j)\t—j-

A periodically correlated integer-valued process, in the Gladyshev’s sense (1961), {y;; ¢t € Z}

(4.2.1)

is said to satisfy a periodic negative binomial integer-valued generalized autoregressive
conditional heteroskedastic model, with period S and orders p and ¢, noted in short by

PNBINGARCH;s (p,q), if it has the form :

Yt |ft71 ~NB (Tmpt) )
(1 - pt)/pt =N = Qo+ Zle O tYt—i + ijl Bj,t/\t—j-

where F;_; denotes, as usually, the o-field generated by {y;_1,y:_2,...} and r; is a positive

(4.2.2)

number. The parameters «;,;, © = 0,1,...,p, and §;,, j = 1,...,q, are periodic in ¢, with
period S, i.e., @ rvs = Qiyg, 5j7t+v5 = Bj,t and 1y ks = 14, t, k € Z. To avoid the possibility
of zero or negative conditional variances, the following conditions for a;;’s must be imposed
ags >0, 5 >0, 0=1,..,pand 8;, >0, j =1,...,q, t € Z. Particularly, we have, for
p = q = 1, the periodic model, PNBINGARCHs (1,1), which is the object in this chapter
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Yt |«7:t—1 ~NB (Ttvpt) )

4.2.3
(L —pe)/pr =M = o + @11 + Byt ( )

where, the parameters o, ¢ = 0, 1, 3, and 7, are periodic in ¢, with period S, i.e., o115 =
g, © = 0,1, B, g = B; and 1y = 14, t,k € Z. Moreover, these parameters are such that
oo > 0,09 >0,and B, >0,t € Z. Lettingt =s+75,s=1,..,5 and 7 € Z, the last
model can be rewritten in the equivalent form

Ys+rS |‘/Ts—1+’rS ~NB (T87p5+TS) )
(1 - ps+TS)/ps+TS = )\S+7’S = 05 + a1 sYs—1478 + ﬁs/\571+75-

The last model extends the following time-invariant NBINGARCH (1,1) studied by Zhu
(2011) to the time periodic case :

Yt ‘f‘tfl ~NB (Tapt> >
(1 =p)/pe = M = o+ a1 + B
If ry =...=rg =1, then the Negative Binomial distribution becomes the geometric distri-

bution and the PN BINGARC H model can be, in this case, called the periodic geometric
INGARCH model.

(4.2.4)

4.3 Stationarity conditions

In this paragraph, we provide the conditions on parameters of the underlying integer-valued
process to be periodically stationary in the first and second orders. Furthermore, under

these conditions, the closed forms of the periodic mean and periodic variance are acquired.

4.3.1 Periodic stationarity in the first order

The results in the following proposition establish the necessary and sufficient condition, for
the process {y; t € Z} satisfying (4.2.3) to be periodically stationary with respect to the
first moment. The closed-forms of the periodic mean is then, under this condition, obtained.
Proposition 4.3.1 The periodically correlated integer-valued process {y;; t € Z}, satisfying
the periodic negative binomial INGARCH (1,1) model (4.2.3), is periodically stationary in

the mean, if and only if, HiS:1 (riciaa; + B;) < 1. Furthermore, the closed-form of the mean
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tys =B (ys) =B (\s), s=1,..., S, of such process is, under this condition, given by :

~1
s S i—1
My s =Ts <1 - H,-Zl (Tz‘—lal,i + @)) Zj:l (ngl (Ts—z'Oé1,s—z'+1 + 5S_i+1)) o, s—j+1,
with the convention [[_, ;s =1 if j < 1.
In the following, we will consider some special cases of Proposition 4.3.1. Suppose that the

process {y;; t € Z} following a PNBINARCH (1) model, (i.e., ¢ = 0), then the following

corollary gives the periodic stationarity in mean.

Corollary 4.3.1 The periodically correlated integer-valued process {y;; t € Z}, satisfying
the periodic negative binomial INARCH (1) model, is periodically stationary in the mean,
if and only if, Hle ri101; < 1. Furthermore, the closed-form of the mean E(ys) = p,

s=1,...,5, of such process is, under this condition, given by :
S 1 s j—1
My s =Ts (1 ol ) 7"1'71041,@') Zj:l (Hi:l Tsfial,sfm) Q0,5—j+1-

In the time invariant coefficients case (classical) model (4.2.4), i.e. S = 1, the results of

Proposition 4.3.1 can be presented by the following corollary.

Corollary 4.3.2 The integer-valued process {y;; t € Z}, satisfying the classical NBINGARCH (1,1)
model (4.2.4), is stationary in the first moment if and only if, raq + B < 1. Furthermore,
the closed-forms of the mean p, = B (y;) of such process is, under this condition given by :
p, =11 —(ra; +8) " ao.
Proof of Proposition 4.3.1. The unconditional mean of the process {y;; ¢t € Z}, is noted
by 1, = B (y;) = rd& (\;) where,
e = E(A) =E(aos + anwi1 + Bidio1) = aoe + (re-1ons + B) B (A1),

= ¢1,tﬂ,\,t71 + oy, where ?/)u =Tri101; + Br

By iteration m times the last equation, we obtain

i1
Mg = (H;L wl,t—z‘-ﬁ-l) Hxt—m T 2311 (ngl wl,t—i—&—l) QO t—j+15
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replacing m by t, while letting ¢ = s + 7.5, and by taking into account the periodicity of
parameters, we obtain

s+18 s—1+78
Hxsr = < H1 wlys—i—&-l) Hyo T Z (H ¢15 z+1> QQ,s—j+1,
1=

=1

s+785 TS 7—1 s j—1+78
= < H1 ¢1,s—z‘+1) Hyo T (H 1/)15 H—l) Qos—jr1+ Y ( 11 wl,s—z‘—f—l) Q0,5—j+1,
i

j=1 i=1

_ <f{1 ¢1,¢>T (Zﬁ Uy, z+1) fly 0 +TZ <H %ﬁu)k i <]H1¢1s Z+1> Qo s—j1+

7=1 \i=1

S T s —
+ (g¢1@) 2:) (H (. z+1) Q,5—j+1,

1 - (Hf:l ¢1,z> S5 [i=1 5 T s
Hxsr = S Z (H wl,si+1) 0,s—j+1 + (H wu) {(H ¢1,si+1> Py0
1— (Hi:l ¢1,i> j=1 \i=1 =1 =1

i—1
5 (TE2 i) @041

letting ¢ — oo, (hence 7 — o0), then py ., s = 1,..,5, converges, as 7 — oo, to

(1 - (H;‘g:l ¢1,i>>1 Zj 1 (H =1 ¥Y1,5— z+1) Qo,s—j+1, if and only if Hf:1 ,lvbl,i <1l u

4.3.2 Periodic stationarity in the second order

The following proposition establishes a necessary and sufficient condition for the periodic
integer-valued process {y;; t € Z} satisfying (4.4.4) to be stationary with respect to the sec-

ond order moment. The closed form of this moment is then, under this condition, obtained.

Proposition 4.3.2 The periodically correlated integer-valued process {y;; t € Z} satisfying
the periodic PNBINGARCH (1,1) model (4.4.4) is periodically stationary in the second

order if and only if, Hle (ri_la%i + (ric10q,; + 61)2) < 1. Furthermore, the closed-form of
the variance Var (ys) = ﬁ) (0), s = 1,...,8, of such process and the variance Var (\s) =

75\) (0) are, under this condition, given by :

-1 . 1
s S S—

P)/Z(l) (0) = luy,s + (7"5 + r?) <1 - <Hi:1 ¢2,i>> Zj:o1 ( g:l w2,87i+1> Fl,s—j+1 + T_:UZ,S’
(s) . S 1 51 j

T (0) =(1- H¢:1 wQ,i ijo i=1 ¢2,5—i+1 F1787j+1a

1
where 1y, = (re—10d, + (Fe_1o, —|—ﬁs)2), Fis = of, (/L%s_l + T—1u§,51> and 1, , =
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Tsihy s U8 given in Proposition 4.3.1, with the convention ngl x, =117 <1

In what follows, we consider some special cases of Proposition 4.3.2. Suppose that the
process {y;; t € Z} following a PNBINARCH (1) model, (i.e., ¢ = 0), then the corollary

below gives the periodic stationarity in second order.

Corollary 4.3.3 The periodically correlated integer-valued process {ys; t € Z}, satisfying
the periodic PN BINARCH (1) model, is periodically stationary in the second order, if and

only if, T2, (re—i +712_;) ai; < 1. Furthermore, the closed-form of the variance ~$) (0) =

Var (ys), s = 1,..., S, of such process and the variance y(j) (0) = Var (As) are, under this

condition, given by :

() (. 2 s 151 L
Yy (0) = Hy s T (rs+75) (1— Hi:l 0 ijo i=1 Os—i+1 | F1s—j+1 + T_“y,s’

’Y(AS) (0) = (1 - (Hfﬂ 5i)>_1 Zf;)l ( 521 6sfi+1) Fis—j+1,

1
— 2 2 — 2 2 o . . .
where § = (rt,l + 7”#1) aj s Fis=aj, <uy’s_1 + T—l,uyﬁ,l and fi, o = Tsjty 5 1S given in
s—

Corollary 4.3.1, with the convention ngl ;=117 <1.

In the time invariant coefficients case (classical) model (4.2.4), i.e. S = 1, the results of
Proposition 4.3.2 can be presented by the following corollary.

Corollary 4.3.4 The integer-valued process {y;; t € Z}, satisfying the classical NBINGARCH (1,1)
model (4.2.4), is stationary in the second order, if and only if, (rof + (ra; +ﬁ)2) < 1.
Furthermore, the closed-form of the Var (y;) = 7, (0) of such process and the variance

Var (\;) = 7, (0) are, under this condition, given by

7, (0) = o2 (“73 + My) (1— (ra + (ras + 8)%)) ",

B ,u_f, 1— (ray + B)° +ra?
0= (r ”y) L= (rof + (rox + 5)7)

Proof of Proposition 4.3.2. The unconditional second order moment of the process
{ys; t € Z} is given by, E (y7?) = (r; + 13 E (\) + rE (\¢) . Or equivalently,

YO (0) = (re+73) AW )+ 1T+ EN)E (M), (4.3.1)
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with E ()\;) is calculated previously. Hence, we need to calculate vgf) (0) which is given by

7(; (0) = 1, t%t Y (0>+Ttait (L+EM\-1)) B (A1), with ¢y, = (re-108, 4 (re—1ony + 8%

By iteration m times, we obtain

W (0) = ([T Yarin) 1™ ) + Sy (TH Wnmin ) Fragion,

where [ 1, = rt_lozit (1 + u)\7t_1) [y t—1, replacing m by ¢, while letting ¢ = s + 7.5, and by

taking into account the periodicity of parameters, we obtain

s+18S s+718 s—1+7S
75; ) (0) = <H - ¢25 z+1> %\ ( ) + Z W (H =1 ¥2,5— 1+1> Fis—j+1,
s+78 (0) S [/j—1 s J—147S
H Vo s—it1 (0) + 21 Hl%,s—iﬂ Frejai+ 2 H1 Vo s—iv1 | F1s—j+1s
j= = =

j=1
S T /s © 1/ 8 ks ri-1
- (H w) (H Yo ) IYORSS (H w) 5 (H w) S—

i=1
T -1
(1_[1 wQ,i) ; <H 1/}25 z+1> FI,S—j+17

1 (I %z)T s s\ )
- g > (H Vo s 1+1) Fis—j+1+ (H ¢2z) [(H Voo z+1) (0)+
1- (Hizl Vg, ) 771 =1

S

)
> (H Vs m) Fie i

Jj=1

Y

where 1y, = (r_102, + (rious + 8,)?), Fis = rem102, (14 fiy 1) fys_1- From the last

expression, we see that 7(S+TS) (0)

’YE\S) (0) = (1 - (Hfﬂ ¢2,z’>>_1 Z;q;ol ( Ll ¢2,s4+1> Fis—j+1,

if and only if Hle 1y ; < 1. The variance of y; is then given by

convergence, as T — 00, to

-1 . 1
s S S—
’Yz(/ ) (0) = (rs+r2) (1 - <H¢=1 w2,i>) ijol ( =1 wQ,s—i+1) Fis—jt1 4 fhy s + T_Mi,s- u

4.4 Existence of higher moments and their calculations

This Section is devoted to obtaining the existence condition of the m-th order moment E (y;"*)
and its explicit formula, in terms of the model’s parameters. Following that, the skewness

and kurtosis coefficients are calculated using the particular cases E (y}), E (v7) and E (7).
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4.4.1 Calculation of higher moments of the process )\;

In this Section, we obtain the existence condition of the m-th order moment E (\}"). Let the
m-column vector AI™ = (A7, X"\

Proposition 4.4.1 The unconditional m-th moment B (\;") exists and is finite if and only
if -

[ s < 1, (4.4.1)
with gy = v (v —1) ... (x =i+ 1) and P,,; = 377", ( )allﬁzn T (rig 4§ — 1)y - The un-
conditional m-th moment B (\[") is, under this condition, given by :

B (7) - (1 9) " S5, ¥al 0
where, \I’ H S z+1 and %t) = (ag’ft,&gft’l, ...,040715), and where the m X m matrix

O™ s=1,..,8, is given by :

Uy iy o o8 ol
0 Py O o b el Y
om0 0 - o : , (4.4.2)
A ey, oy )
0 0 0wy 6
0 0 0 0 Uy

with ¢{7) = (Mol Wi+ Y b K0 . where,

Jj=it+1l k=j—i
ICZ(TJHI? - (?)( )&Ot 0‘11:515 J{ji'k} (ree1+ 1= — k) -

In the time invariant coefficients case (classical) model (4.2.4), i.e. S = 1, the results of this

proposition can be presented by the following corollary.

Corollary 4.4.1 The unconditional m-th moment B (\;") exists and is finite if and only if

U, < 1. (4.4.3)
with v = x(x —1) .. (x—i+1) and ¢,, = Sty (Mt ™" (r+i— 1) - The uncondi-
tional m-th moment B (\[") is, under this condition, given by :

5 (4) = (1-6) "ol
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where, g((]m) = (o, o, ...,ozg)/ and,
szm qufl,m e e gb?,m ¢l,m
0 wm—l ¢m—2,m—1 e ¢2,m—1 ¢1,m—1
: : s Oq3 ¢13
0 e 0 G129
0 0 . 0 0 by

thh ¢z,m:( ) 0 Z@Z) + Z Z ’Cjk+].j i) wh€T€7

j=it1 k=j—i
(m) _(m m i i—
K= (1) C)ag " ad 7 {7 r+ 1= (= k)
Proof of Proposition 4.4.1. The conditional expectation E (\"| F;_3) is given by

E (N Fi2) = Z;no ( )%t Z; =0 ( )O‘uﬁt ]Ai:]iE (95—1‘ ft—2) ;
1
1+ X\

It is well known that the j-th moment of a negative binomial variable with mean p;, =

is given, while employing the second-kind Stirling number formula, by :

E(yﬂ"ft—l): 1{} rt k))‘f7
with 24y = 2 (r — 1) ... (v — k + 1), then, we have :

—_

PG

m—1 . m 1
B (A Fiez) = agly + m Al + Z ( )agnt Zwit)\f:—l + Z Zlk (T)( )040t al tﬁ
1= 1=1J= =
{i} (Tt—l —k + 1) )\ (lj k) 3

—_
—_

which can be written in the form
m m m m—1 m—i i m,t) \i
B (N Fi-2) :Oéﬂ,t_‘_wm,t)‘t—l—i_zl':l ( )0‘0t wzt)‘t 1+Zz 123 12 z(jk At ]1€a

where ICZ(Tkt) and v, , are given by, ICEJ/,c = (T)( )ont al tﬁt ]{jfk} (re1+1—(5— k))(j_k),
Z ( )al B (re g — 1);), respectively. The last two sums in the precedent ex-

pression can be rearranged as follows
m—1 m—1 mt 71— m—1 m 1
S () aeNio + Tk Eio TS KN = T e A
where, ngT) = (Mg iy + > i St i ij] .- Hence, we have

m—1 .
B Fie) = 0y + YN + 1 SN,
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Replacing i par m, m—1, m—2,..., 3, 2, 1, we obtain the following matrix difference equation
JEEPRE

(m) _

— !/ _ !/
where the m-column vectors ()\;”, A L. /\t) and ag,” = (ozg?t, Qo Lo Oéo,t) and where

the m x m-matrix @Em) is given by (4.4.2) . Iterating the last equation n times, we obtain
(m) (= (m) (m)
E <At ‘ft—2—n) — (H @t z+1> At (n+1) + Z <H @t 7,+1> —Ot -3

Letting n = kS — 2, then we have, while taking account of the matrix @tm and the column

(m)

vector ayg
(m) kS—1 A kS—2
E (At ‘E—kS) = ( H @t z+1> —(kS-1) + ;} (H @t z+1) —Ot 7
]:

which can be written in the form

!
m k—2 S m S 1 m m
[ (AE )‘ -7:t—kS> =) - (Hifl ®z£—i)+l> > i1 ( ey H—l) —(()t)(zs+j T (Hz L6y H—l)
1 ~(m) (m) S—1 (m)
(=5 (Hf 0) 0l s pyen + (TE5 01700 ) A )

Replacing ¢t by s + 75 and taking account of the periodicity, we obtain

l
m k—2 S m S m m
E (A" A s ): . (Hﬂeé_zﬂ) S (T e ) af? o+
(Telmh) 1{2 (T2 07 ) ol o+ (I 87 ) A5
=1 T s— z+1 s—i+1 ) =0,s—j5+1 s—it+1l | =s—((k—7)S-1)| *

Since the matrices @g”jf 41, ¢ = 1,2,...,8 are upper-triangular with eigenvalues ,, . .1,

k—1
) .. . S
Vi1 seitts s Vos it1s Y1641, then a sufficient condition for the matrix (| [, @SZ?H)

to converge, as k — 0o, to the null matrix is that

S . m .
[T, Vg <1, with ¢, , = Z] 0 ( )al e (Tt—l +J - 1)(j) .

Under this condition, we have, the closed-form of the vector

E (&m) = lim [ ( )’ Fi—(k—r) ) = Zio (Hf:1 @gH)l ZJS 1 ( i @gmwl) —E)Wsl) G4+1

k—o0

-1
= (] - \11;5)) Zf:()l \I[;Z)Q(()ZL)_“ With7 \II H s H—l

Corollary 4.4.2 Under the condition (4.4.1) with m = 4, the fourth unconditional moment,

,ug\4t =E ()\4), exists and its closed-form for the unconditional first four moments, are, under

this condition, given by

-1
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-1
5 (40) = (1 ¥9) " S5 Wil
where, af) = (ad,, 08, a2, a00), \Ilgi) — T2l ™., and the periodic 4 x 4 matriz O,

)

fors=1,....4, is given by

@Z)475 agl,Q) 0421,3) Oé‘(gl,4)
o _ | 0 Vsl Q23 2
’ 0 0 G4 |7
1/)2,8 Qs
0 0 0 ¢,

where,

Q10475 = 67“5—10‘%,363 +4 (7”5_1 (Ts—l + 2) Bs + 2T§—165) O'/L;’,s + (TS—lal,S + 68)4 +
(rs—l (Ts—l + 3) (3Ts—1 + 2) + 3T§—1> O'/ll,&
gy = 3re103 B+ (2rec1 (1 + 1) +12)) o+ (recrons + 8,)°,

2
Yoo =Ts10] o+ (Ts10s 4+ 05)7, Y1 s =re100,5 + B,

and,

agl72) _ 4040,563 + 204?,5 (ro—1+ 1) (Bre—1 (151 +2) a1s + 2 (rs1 (rsm1 +2) g 5 + 3r5-15,))

+ 6T8—1a1,8/65 ((al,s + 20‘078) 65 + 2 (1 + 7hs—l) CVO,SOQ,S) )

ol = 6a%,sﬁg +12rs 04 jon 58, + 125 1a0,508 B, + 6751 (14 7521) af o , + 4rs107 B,
+ 12@0?504?’87“5_1 (rec14+1)+Treq(re_1+1) 0/11,3’

alV = re1aq (af , + 67103 ,) +dags (re10d  + af  (r10n s+ 5y)) -

al? =3 (0,682 + 15107 (1L +751) Qo5 + By) + 2rs 100,501,505 + 751 (1 + 1) af )

P — reo10  + 30, (7’5,104%78 +agy (re1ans + 8,))

o = o107 + 200, (Ts101,s + O,) -

4.4.2 Calculation of higher moments of the process y;

Let be the vectors column of dimension m, H?(ﬁ) = (]E (y7"), B (y{”_l) s B (yt))/ and Agm) =

(A AP\ and the matrix Q™) of dimension m x m is given as follows :

Wt Wyt Wa ¢ Wit
(m—1) (m=-1)  (m-1)
m—1,t 2.t 1,
om = -, (4.4.4)
0 0 w(;t) wﬁ?
0 0 0 W)
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where, wkt ={"}(r+k— 1)y with 24 =z (z — 1) ... (z — i+ 1) . Using these notations
and definitions, we can state the following lemma establishes an expression of the uncondi-

tional vector moments HZ(I"Z) as a function of the unconditional vector moments [E (M”) .

Lemma 4.4.1 The unconditional m-th moments of the process {y;; t € Z}, uz(]?;) =E (yg"ﬂs)

are, under the condition (4.4.1), given as a function of the unconditional m-th moments

,ugzr;) =E (\I'..5), by the vector form below

§m = QUM < A(m)) ‘

_y7S
Proof. The proof is straightforward.

In the time invariant coefficients case (classical) model (4.2.4), i.e. S = 1, the results of

Lemma 4.4.1 can be presented by the following corollary.
Corollary 4.4.3 The unconditional m-th moments of the process {y;; t € Z}, satisfy the
model (4.2.4), py = E(y™) are, under the condition (4.4.3), given as a function of the

unconditional m-th moments ug\ =E (\{"), by the vector form below

(m) _ (m) ( Aim)) _

with,
Wm,m Wm—1,m T Wam Wim
0 Wm—1,m—1 = W2am-1 Wim-1
Qim) —
)
0 cee 0 W22 W12
0 0 cee 0 W11

where, wym = {7} (r+k— D)y with xgy =z (x—1)..(x—i+1).
Proof. The proof is straightforward.
Corollary 4.4.4 The unconditional m-th moments of the periodically correlated process,

uéﬂz) = E (y;") are, under the condition (4.4.1), given by :

M(m) = ng) (I - Wg?) Zz 1 \I’snz)_o s) i+l

—y,s
where, \I/ HJ ! @ngH, with @( Ziv1 and QM) are given by (4.4.2) and (4.4.4) respec-

tively.
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Proof. The proof is straightforward.

Corollary 4.4.5 The first four unconditional moments of the periodically correlated process

are, under the condition (4.4.1) with m = 4, given by :
9\t 4
Hg(fs) = le) (I - \I/i%) Z ‘1’(33_82 i1

where, \I/ HJ ! @(4 iv1 and the matriz QY is given by

(rs +3)gy 6(rs+2) 7(rs+ 1) 7s

O — 0 (rs+2)3y 3(rs+1)n s
: 0 0 (re+ 1) 7|

0 0 0 Ts

and the matriz @( )z+1 is given by (4.4.2).

Proof. The proof is straightforward.

4.4.3 Skewness and kurtosis coefficients

For the need of the first fourth moments in the calculation of the skewness and the kurtosis
coefficients, we present the following Corollary in which the matrix @g4), for a fixed s, is
given explicitly.

Corollary 4.4.6 The skewness and the kurtosis coefficients of the process {ys; t € Z}, are,
under the condition (4.4.1), given, for s =1,2,...,S, by :

Kurg = 12O/ (1) = (58 = g, 1) + 602 u® — 3ut ) ) (u® — 4i2,)",

=

and
Ske= 1@/ (5)"” = (12 — 3, 12+ 248 ,) ) (nZ — 12,)",
4 3 (2

where, fys, [ys, fys, and fi, o are given, in terms of the parameters, by Corollary 4.4.5.

4.5 Autocovariance structure

The following proposition establishes the autocovariance structure of the process {y;; t € Z}.

Proposition 4.5.1 The autocovariance structure of the periodically correlated integer-valued

processes {y;; t € Z} and {N; t € Z} satisfying the model (4.2.3) are, under the condition
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(4.4.1) with m = 2, given as follows :

-1 . 1
s S S—
72) 0) = (Ts + 7“?) (1 - <Hi:1 ¢2,i)) Zj:(}l ( 1:1 ¢2,57i+1> Fis—je =+ T—Mz,s T+ My o0

(s) (h) B (hH1¢ ) [<¢ . /Bs—h+l> re_ni1vy M (0) I Ts—ht1Bs—ht1 < vsoh | )}
Ty - , 1s—i+1 Ls—h+1 ~ 47, — Trr L Uyen ) |

’Y(AS) 0) = (1 - (Hf:l wz,z‘)>_1 Zf;ol <H§:1 w2,37i+1) Fis—j+1,
W) = ([T Yrsinn) 57 00),

. 1
with ¢2,s = (7”5_104%’8 + (rs—lal,s + 65) ) ¢1 s — Ts—101 5+ﬂs7 F1 s T al s <:uys 1+ Iu’ys 1)

S

ProdiespPeopionition 4.5 1. if j The. variances 7( (0) and ~%” (0) were established in

Proposition 4.3.2. The autocovariance yz(f) (1), can be calculated as follows :

AW (1) = Cov (ys; your) = 1:C00 (Ag; You1) = Ts01.675 2 (0) + rore18,75 7 (0)

Ts 1 (s—1) Tsﬁ 1
e (st B - —5) 2 0 EN
_ (rs—100,5 + B;) i Ts_lﬂs) o (0) = Trr A Fst + o1
Ts 1 (s—1) Tsﬁ 1
= - - 0) — s
re 1 wl,s 1 + T5168> Yy ( ) 1 i Te 1 T’sflljjy’571 + :uy,s—l )
Ts (s—1) 7"553 1 (s—1) 1 2
= 0) — 0) — .
Fe 1 1/J1,s’yy ( ) 1 + Fe 1 (Ts—l Yy ( ) Fe_q #’y,s—l + ILLy757].

More generally, let us calculate the autocovariance 7( ) (h), h > 2,

A (R) = Cov (ys; ys—n) = 1:Cov (Ag; Ysun) = 1sC00 (1 sYs—1 + BsAee1) s Ysn) ,

(rs—l)\s—l; ysflf(hfl)) ’
AT (h=1), h>2.

= ryon SCO’U (ys_l' ysqf(h*l))
Ts
= " (ry 105+ B,)7S )(h— )

Ts—1

Iterating the last equation m times and replacing m by h — 1 then using (4.1), we obtain

(s—h

h—1 ) 2
_ Bs— Ts—h+17 (0) | re—nt1Bs— Hys—
72(45) ( ) - (1_[1 wl,s—i—i-l) (<w1,s—h+1 - 1+T:jlll> h+;s_yh -+ ﬁ:ns_hh-kl ( ;Js_hh + My,s—h)) .
1=

The autocovariance 7&8) (h), h > 1, is given as follows :

Y (h) = Cov (Ag; Ae—p) = Cov ((ar.s¥s—1 + Bre—1) i Asn)
= (re—1a1,5 + B3,) Cov (/\3—1; )\3—1—(h—1)) (re—1a1,s + B) 7 (o (h—1).

Iterating the equation m times and replacing m by h, we obtain
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W () = (T i) 1 (0). .

Corollary 4.5.1 The autocorrelation function of the periodically correlated integer-valued
processes {ys; t € Z} and {\; t € Z} satisfying the model (4.2.3) are, under the condition
(4.4.1) with m = 2, given as follows :

k
8+ 18) = (T t0) (T trsmisn) |57 0/ 28 © (0

2
Ts—v s—v s—v T Tsvllys—y
1185 p11 (1_ Fy, Fy, )) ,v=12..S and k € N,

roev (14 750) 5™ (0)

k
pg\S) (V+k5) = (Hf:l wl,i) (H'lilzl wl,s—i—i—l \/ o) /7 7 727 75 and k € Na

4.6 Parameters estimation

In the present section, we address the parameter estimation for our model, given in (4.2.3),
while considering three methods, Yule-Walker (Y'W), Conditional Least Squares (C'LS), and
Conditional Maximum Likelihood (C'ML).

4.6.1 Yule-Walker estimation

In this paragraph, we give the Yule-Walker (Y W) estimations for the vector of parameters
which will be used as the starting values for the conditional maximum likelihood (CML)

estimation. Indeed, the Yule-Walker estimation proceeds in steps 1 to 3 outlined below:

Step 1 : Estimation of ¢, , = re_101s + [, by using, @1,3 = rs,ﬁ;s) (2)/7"3%8_1) (1).

~ L. I~
Step 2 : Estimation of aos by using, dos = —f, s — ——q oy s 1-
Ts ’ Ts—1 ' ’

Step 3 : Estimation of o and B,, for s =1,...,S, respectively, by

-~ ~ :uys 1 A(s 1) ~(s)
. ’"“”Ls(“wl( re1 +1> <>>+<1+’"51m ) (14rs-1) (rsBy, 35 ™0 (0)=r-178 (1))

, and BS =

« = .
1,8 7"8(’)/@(/5 1)(0)+ﬁy75_1(ﬁy75_1+7“s—1)) S( 1(; 1)( )+My,s—l(uy,s—1+rs—l)>
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4.6.2 Conditional least squares estimation

This paragraph focuses on the estimation, adopting the conditional least squares estimation
method, of the underlying parameters of the model (4.2.3) which can be written in the
form of a PARM Ag (1,1) model v, = raoy + aiye—1 + ¢ + bigp—1, with a; = m/JLt/ Ti1,
by = —rB,/r_1 where, &, verifies E (g,) = 0, Var (g) = v (0) and Cov (e;;e,-1) = O,
Vh > 1. The conditional least squares (C'LS) procedure is as follows:

(1). Let 25175 = Ysirs — % Zivfl Ysirs, S = 1,..., 5, fit the data by using a higher-order

PAR (p*) model, then obtain the conditional least squares (C'LS) estimators for the periodic

* —~
autoregressive coefficients @;; and define €5y ;5 = Tgyrg — D oy Qi sTs_itrs.

o~ ~ /
ii). The CLS-estimations 6 = (Qos, 15, 8,) of 8, are obtained by minimizing
s,CLS ) ) s s

Zsszl 27]—\7:701 (ys+TS - (7“8040,3 + AsYs—1+478 + bs/E\s—l-i—TS))Q 5

where, BS = —rs,lgs / rs and Q5 = (as —/l;s> / rs. In the simulation study, we choose

* = [\/N }, where [z] is the integer part of .

4.6.3 Conditional maximum likelihood estimation

Let the column vector of parameters 6 = (g{], aof, 6’), where the S-column vectors are o, =
4 / ! ! I . . . .

(01,02, -, a0,5), @) = (11, 01,...,a1,5) and 3 = (84, By, ..., Bg) . For a simplicity in

manipulation, we consider an observed time series of size n = NS, Y, = (y1,Y2, ---»Yn) . The

conditional log-likelihood function is then given by

L <Q| gt) = log (L <Q| Qt)) = rtXn:llog (pe) + ;n:lyt log (1 — p¢) + 108;}2[1 (yt;:r_t;l)a

= > ylog (M) = X0 (e +ye) log (1 + Ay) +1log I}, (yt:ffl)7

=2 i1 (yrlog (\) — (re +ye) log (1 + A) +370%, (i + 7 — 1) — log (wi!)) -
Lett =s4+75,s=1,..,5 and 7 = 0,1,..., N — 1, then the conditional log-likelihood

function can be written in the form :

£ <Q| Qs+75> - Z‘Jr\/:—ol Zf:l [Ystrslog (Asirs) = (rs + Yssrs) log (1 + Asirs) — 10g (ysirs!) +

S iy — 1) (4.6.1)
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84

Analytical estimates of this log-likelihood function cannot be found, therefore numerical

optimization methods must be employed. In order to obtain the asymptotic standard errors

of the C'M L, we need at first calculate the partial derivatives £ <Q| Yoo s) with respect to

0;, 7 =1,2,3, which has the form :

2

As—&—’rS 1+ >\S+TS

oL o Nl Ys+7S Ts + YstrS aAS-‘rTS
90,

aToj B 7=0
with

a)\er‘rS/ aa[),s = 17 8)\5+TS/ aCkl,s = Ys—1+75, and a)\s+7'5'/ aﬁt = )\871+TS7

The second partial derivatives are

a2£ _ Nil <y3+75 . rs + ys+'rS) 82)\s+7—5 N <ys+TS i rs + Ys+18 ) a>\s+7$ 8)\S+TS
aei,saej,s =0 )\SJrTS 1+ )\S+TS a(91‘,5586]',3 )\§+TS (1 + )\er‘rS)Q aei,s aej,s ’
_ Nzél (ys+TS . rs + Ys+r8 ) a>\s+TS a)\s—l—rs
S0 \N s (14 Agyrs)?/) 00is 00,7
By taking the expectation on both sides of the last equation, we get
? =l 1 Astrs OAsir
o (A g, - Potrs Ohsirs,
801’,568]',3 7=0 )\S—"-TS 1+ /\s+TS aei,s aej,s
and
oL oL -1 Ys+r8 s + Ys+r8 ? a>\s+75 a)\S+TS
E({ ——=—|F_1]| = E — _
(aei,s 00, Fi 1) =0 ( ()‘s-i-TS I+ Asirs o 20,5 00;
o N=L E (yS+TS - rs)\s+7'5)2 JT a)\s+7'$' a)\er‘rS
- 2 9 t—1 )
7=0 )\S-"-TS (1 + )\SJrTS) aeivs 89]
Nt ( 1 1 ) 8)\erTS a)\s+TS
= TS Z — .
7=0 )\s—i-'rS I+ )\S+TS 09i,s 89]

Then, the model satisfies the information matrix equality:

0L oL oL
_El ——= | F .| = E -
(aei,saej,s i 1) (aei,s 90,

)

Asymptotic standard errors of C M L can be computed from the following matrix (Ferland

et al. 2006):

1 ~ —~ ~ -1
— (D, vS. vD, )
N( N N N
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where,

/\

1 = <0|ys+ S) oL <0|ys+ S)
SN = ; Rl o0’ ’

and

1 N-10°L <Q| sts)
N = 0000

Ds,N - -

In the case where the parameter r,, s = 1,..., S, is unknown, their estimation is simple which

can take two steps :

Step 1 : Calculate g5, 01, E and vy, s = 1,...,.S that mazximize the conditional log-

likelihood function (4.6.1).

CR

Step 2 : The estimate Ts is determined by 7s = [rs 4+ 0.5], s = 1,...,S, where [a] is the

integer part of a.

4.7 Simulation results and application on real data

In this Section, we illustrate our obtained results and we assess the Yule-Walker, Conditional
Least Squares, and Conditional Maximum Likelihood estimations on time series, for small,

moderate, and relatively large sample sizes and also an application on real data set.

4.7.1 Simulation results

In order to show some empirical estimate properties, we have generated 1000 independent
series from PNBINGARCH,(1,1) model. The true values of each model considered are
selected so as to verify the second order periodical stationary condition given in Proposition
4.3.2. Indeed, it equals to 0.0157 for the first model, 0.4460 for the second one, and 0.1715
for the last one, where the parameters r,, s = 1, ..., 4, are assumed to be known for the first
and the second models, and unknown for the last one. The estimations of these parameters
can be done by selecting those which maximize the log conditional likelihood function. For
each data-generating process, we consider 1000 replications, the mean estimated and their

root mean square error (RMSE) are reported in Tables 4.1 to 4.3. The true parameter
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values of these models are given below :

Model 1:0 = (0;;...;0,) = ((4,0.2,0.25);(1,0.1,0.15); (2,0.25,0.2) ; (3,0.15,0.1))",
with r = (rq,...,r4) = (4,1,2,3).

Model 2: 0 = (6;;...;60,)" = ((2,0.1,0.3);(1,0.35,0.1); (3,0.1,0.5) ; (4,0.15,0.4))’,
with r = (ry,...,74) = (2,3,4,5).

Model 3: 6 = (0;;...;8,) = ((3.5,0.1,0.15) ; (1,0.45,0.1) ; (2.5,0.6,0.25) ; (2,0.25,0.1))’.

with r = (rq,...,r4) = (2,1,2,3).
From Table 4.1, we observe that the adopted estimation methods perform better as n in-
creases. Indeed, the convergence of all the parameter estimators is guaranteed and the root

mean square error decreasing, as the sample size n increases, see, Figure 4.1, which imply
that our estimators, Y IW-vector estimators E&YW, C'LS-vector estimators E&C g and C'M L-
vector estimators /Q\&CML, are empirically consistent for all the parameters. Furthermore,
we notice that the C'M L-vector estimators ES’CML have a small RMSE compared to one
of the C'LS-vector estimators /Q\&C g, and YW -vector estimators ES’YW. Thus, the CML-
vector estimators /és,c a1 are much advantageous than the Y WW-vector estimators és,yw and
C'LS-vector estimators ES,C g, where this empirical superiority is clearly visible in Figure
4.1. Furthermore, the same conclusions can be obtained from Table 4.2 and Figure 4.2, that

the consistency property of the Y W-vector estimators Es,YW? C LS-vector estimators and

C'M L-vector estimators still met. From Table 4.3, one can easily observe that the condition
maximum likelihood method performs better as n increases. Indeed, the convergence of all

the parameter estimations is guaranteed and the root mean square error decreasing, as the

sample size n increases, which imply that our estimators (C' M L-vector estimators /és,C A1) are

empirically consistent for all the parameters. It can also be seen that the median estimates

generally, for the periodic integer valued r,, s = 1, ..., 4, better than the mean.
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Figure 4.1. RMSE graphics for the parameters of Model 1 for the different methods.
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Figure 4.2. RMSE graphics for the parameters of Model 2 for the different methods.
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Table 4.3. Sample mean and root mean square error RMSE (in bracket) for Model 3.
TV 3.5 0.1 0.15 2 1 0.45 0.1 1
SiZ@ a071 3171 61 ?1 median a072 3172 62 ?2 median
500 3.3854 0.0945 0.1671 2.0989 2 0.8321 0.4455 0.1135 1.0384 1
(0.9416)  (0.0430)  (0.1549)  (0.3409) (0.4026)  (0.1055)  (0.0502)  (0.1708)
700 3.4609 0.0999 0.1518 2.0539 2 0.8965 0.4536 0.1113 1.0254 1
(0.7829)  (0.0357) (0.1290)  (0.2695) (0.3601)  (0.0955) (0.0429)  (0.1366)
1000 3.4921 0.0965 0.1523 2.0548 2 0.9020 0.4523 0.1102 1.0186 1
(0.6866)  (0.0209) (0.1110)  (0.2308) (0.3107)  (0.0763) (0.0351)  (0.1096)
1500 3.4718 0.0982 0.1510 2.0334 2 0.9085 0.4485 0.1103 1.0122 1
(0.5527)  (0.0248)  (0.0879)  (0.1786) (0.2799)  (0.0614)  (0.0296)  (0.0897)
2000 3.4643 0.0992 0.1537 2.0265 2 0.9510 0.4506 0.1106 1.0100 1
(0.4809)  (0.0221) (0.0784)  (0.1507) (0.2602)  (0.0545) (0.0264) (0.0791)
3000 3.4934 0.0993 0.1520 2.0117 2 0.9974 0.4992 0.1103 1.0053 1
(0.3952)  (0.0175) (0.0625)  (0.1202) (0.2418)  (0.0456)  (0.0225)  (0.0654)
TV 2.5 0.6 0.25 2 2 0.25 0.1 3
Size  Qogs Q13 B3 T3 median Qo4 Q14 By T4 median
500 2.3470 0.5827 0.2728 2.0982 2 1.9092 0.2424 0.1095 3.1484 3
(0.9039)  (0.1436) (0.1632)  (0.3288) (0.6265)  (0.0533) (0.0921) (0.5231)
700 2.3958 0.5937 0.2654 2.0649 2 1.9590 0.2436 0.1040 3.1144 3
(0.7320)  (0.1188) (0.1319)  (0.2722) (0.5286)  (0.0463) (0.0726)  (0.4212)
1000 2.4655 0.5963 0.2561 2.0353 2 1.9516 0.2462 0.1040 3.0789 3
(0.6067)  (0.0096)  (0.1044)  (0.2060) (0.4478)  (0.0383)  (0.0665) (0.3423)
1500 2.5038 0.5955 0.2505 2.0243 2 1.9992 0.2475 0.1027 3.0324 3
(0.4938)  (0.0824) (0.0814)  (0.1760) (0.3739)  (0.0201)  (0.0521)  (0.2531)
2000 2.4844 0.5965 0.2522 2.0220 2 1.9769 0.2477 0.1008 3.0401 3
(0.4219)  (0.0688)  (0.0712)  (0.1522) (0.3188)  (0.0262) (0.0446)  (0.2180)
3000 2.4818 0.5982 0.2510 2.0160 2 1.9855 0.2493 0.1017 3.0209 3
(0.3370)  (0.0576)  (0.0578)  (0.1166) (0.2555)  (0.0221) (0.0365) (0.1845)

4.7.2 Real data study

In this paragraph, we consider the data set of size 140 observations, recorded for the number

of infections by Campylobacteriosis in Quebec-Canada, collected every 28 days, starting from

January 1990 to October 2000. This time series was presented by Ferland et al. (2006), who

proposed the INGARCH model. The visualization of the considered time series is shown

in Figure 4.3, while Table 4.4 summarizes some descriptive statistics.

60

50

40

30

20

10

20

40

60

80

100

120

Figure 4.3. Trajectory of the Campylobacteriosis time series.
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Table 4.4. Descriptive statistics for the Campylobacteriosis time series.

Skewness
2.4981

Kurtosis
13.2290

Variance
55.5237

Mean
10.6929

Minimum Maximum Median

95 10

Sample size
140 1

A look at Table 4.4, the Campylobacteriosis time series is over dispersed, therefore, our

proposed model appears to be appropriate to fit the underlying time series.
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Figure 4.4. ACF and PACF of the Campylobacteriosis time series.

Furthermore, by analyzing the empirical autocorrelation function (AC'F') and the empirical
partial autocorrelation function (PACF) in Figure 4.4, the time series presents periodicity
of season S = 13, due to the nature of data which is collected every 28 days, that makes
13 seasons per year. Table 4.5 gives the estimation results, where the estimated parameters

(rs, s =1,...,13) of each period, by maximizing the conditional Log-likelihood function :

Table 4.5. Estimation results using the PN BINGARCH;3(1,1).
s 1 2 3 4 5 6 7 8 9 10 11 12 13

aps 0152 .0358 .0125 .0120 .0297 .1596 .0604 .0144 .0340 .0834 .1015 .0565 .0115
ays 0026 .0625 .0005 .0203 .0030 .0156 .0083 .0011 .2046 .0157 .0007 .0061 .0001
By 7968 .0057 .4222 .8257 .3808 .3345 .9874 .5591 .3908 .0128 .4990 .5833 .6227
rs 47 13 27 24 41 29 21 42 6 46 34 42

We can see that the PN BINGARC H,3 (1,1) model fits adequately the data series, which is
confirmed by the empirical residual autocorrelation function. Indeed, Figure 4.5 shows that
the residuals of our model do not indicate any statistical significant autocorrelation. So, the
adequacy of the model is not statistically rejected. Moreover, one can easily observe that the

periodic behavior of the residual autocorrelation for the fitted model PN BINGARCH,3(1,1)
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has been completely disappeared thus the periodic feature has been taken into account by

this model.
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Figure 4.5. Autocorrelation of the residual time series.

The proposed model PN BINGARC Hy3 (1,1) shows an improvement, in terms of residuals,
comparing to the INGARCH (1,13) model (Ferland et al. 2006), the NBINGARCH (1,1)
model (Zhu 2011) and also the PINGARCH3(1,1) model (Bentarzi and Bentarzi 2017b).
This fact is clearly visible through Table 4.6 which illustrates the computed Sum of Squared
Errors (SSE) for the four models.

Table 4.6. Computed SSE for each model.

Model  INGARCH (1,13) NBINGARCH (1,1) PINGARCH,;(1,1) PNBINGARCH;(1,1)
SSE 4373 4238 2882 2411

Furthermore, Figure 4.6 exhibits the adjusted series for the proposed model and also for the
NBINGARCH (1,1) model (Zhu 2011), such as the series values are shown in blue, while
the red line denotes the adjusted series. The fitted values of the PNBINGARCH,3(1,1)

model seem to be suitable for the real data set values. It should be noted that the size of our

time series is minimal to estimate such a number (52) of parameters, therefore the selected
model can be optionally improved to a larger size.
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ao

Figure 4.6. An adjusted trajectory proposed to the Campylobacteriosis time series.



Chapter 5

Conclusion and perspectives

The scope of this thesis was to present three integer-valued time series models with periodic
coefficients that play a key role in the description of many stylized facts encountered in several
count fields. In the second chapter, we have studied the probabilistic and statistical proper-
ties of the periodic self exciting threshold integer valued autoregressive PSETINAR (2;1)
model of order one with two regimes, based on the binomial thinning operator, driven by a
periodic sequence of independent Poisson distributed random variables. In addition, in order
to determine the unknown threshold parameters, we have adapted the Nested Sub-Sample
Search (NeS\S) algorithm, which is very useful in practice to estimate the underlying parame-
ters of the concerned model. Moreover, we have successfully applied the PSETINAR; (2;1)
model to fit the number of births in Quebec-Canada, for the year 1986. In the third chapter,
we have established also the probabilistic and statistical properties of the periodic negative
binomial self exciting threshold integer valued autoregressive PN BSETIN AR (2;1) model
of order one with two regimes, based on the negative binomial thinning operator, which
makes the proposed model more flexible to describe, more than the piece-wise phenomenon
and the overdispersion of discrete-valued time series, the periodicity exhibited by the auto-
covariance structure. Furthermore, we have explored the PNBSETIN AR (2;1) model on
real dataset, the number of daytime road accidents in the Schiphol area, and a comparison
with existing models, shows the adequacy of the proposed model to capture the periodicity

hidden in the autocovariance structure. The fourth chapter was devoted to the presenta-
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tion and study the probabilistic and statistical properties of the periodic negative binomial
INGARCH (1,1) model which makes it possible to deal with overdispersion and potential
extreme observations on the one hand, and the periodicity feature on the other hand, simul-
taneously. Last but not least, we applied the model to a real dataset, namely, Number of
cases of campylobacterosis infections from January 1990 to the end of October 2000, and a
comparison with existing works, considering the same dataset, showed an improvement of
the proposed model. The research that was undertaken in this thesis highlighted a number
of topics on which further research could be helpful. Based on the work presented in this
thesis, it would be fruitful to give some perspectives and possible generalizations for future

research.

. In Chapter 2 , the high moments of the model were not calculated explicitly in terms
of parameters, which would give a better impression to find applicable techniques in
this case. Also, the proposed class of model can be extended to a more general one,
PSETINARMA (k;p1, ..., Pk, 1, ---, Q) With an arbitrary orders of autoregressive and

moving average as well as the number of thresholds.

7. In Chapter 3 , we can hold the same views as we did in Chapter 2 . Besides, one can
also define another class of models with periodic coefficients for the negative binomial
integer-valued autoregressive in an arbitrary order p, or more generally, the periodic

negative binomial integer-valued autoregressive moving average IN ARM A(p, q).

4i. In Chapter 4 , it will be wise of us to try and find, in our future consideration, more
positive ways to achieve more results from our work. Indeed, by taking into consider-
ation its probabilistic and statistical features, the suggested model may be extended
into the periodic negative binomial INGARCH (p,q) model with arbitrary orders.
Furthermore, we may suggest the periodic negative binomial /N ARC H (p) model as a

particular case of this class.
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