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Abstract

The allocation of tasks with constraints on when, where, and in which order they need to
be handled, by embodied agents, is an important research issue. Practical applications, to
name but a few, include: warehouse automation, goods (or persons) pickup and delivery,
surveillance at regular intervals at an enemy border, exploration in hostile environments
(e.g., Mars planet exploration mission with NASA’s geologist rovers) and urban search and
rescue (e.g., in the aftermath of an earthquake). In this thesis, we approach the problem of
allocating tasks to multiple physical agents – such as robots – mainly with metaheuristics.
Specifically, we address contexts where tasks have temporal and workload constraints,
while the (embodied) agents have capacity constraints and need to travel to execute the
tasks. Furthermore, we assume the number of tasks is relatively large compared to the
number of agents. The disproportion between agents and tasks, in addition to the problem
constraints, preclude the allocation of all tasks. Consequently, we want to find the alloca-
tion that maximizes the number of tasks that the agents could handle by deadlines. Our
task allocation problem is relevant to many applications that seek to automate missions
by teams of robots, or to coordinate teams of humans (such as ambulances, firefighters
and police during a natural disaster response). The main contribution of this research
work is the development of an easy to implement metaheuristic, an iterated local search,
which proved, experimentally, to be effective and efficient in allocating tasks to multiple
agents. Our iterated local search is suitable for time-critical situation; it generally returns
solutions of better quality than the baseline’s and promptly, even when we interrupt
the search at different cutoff times. Other contributions are the formulation of a new
practical optimization problem, the study of the problem’s complexity and how it relates
to multi-robot task allocation, as well as, routing and scheduling literatures. Besides,
we investigate the approach of task allocation through combinatorial auctions using a
metaheuristic for auction clearing. We study or improve some greedy (fast) heuristics
which are handy when the computation resource is limited or when prompter response
times are required. We suggest to embed the proposed heuristics into sophisticated
approaches – such as metaheuristics or hyper-heuristics – to achieve better results. Finally,
we propose an approach tailored to evaluate and tune iterated local search that is biased
toward improving the guidance of search.

Keywords: multi-robot task allocation, iterated local search, routing and scheduling, heuris-
tics, metaheuristics.
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Introduction

Perhaps throughout all history until the 20th century, humans never thought or dreamed
to be served or helped, except by animals or fellow humans. By the invention of computer
machines and programs, last century, and particularly by the birth of Artificial Intelligence
(AI), around 1950, scientists anticipated machines that smartly assist humans, substitute
them, invade their daily life and even takeover over it (just to mention the extreme Science
Fiction vision). Thus, in a few decades, AI brought many dreams to reality: a driver-less car
that can safely drive in a crowded military base, an automatic translator that is practical,
geologist rovers that operate semi-autonomously millions of kilometers away (NASA Mars
mission) [1], a robot that rivalizes with a chess or ping pong champion, or merely a vacuum
robot that cleans dust at home while you are busy away.

AI naturally evolved to distributed AI, to deal with complex problems where intel-
ligence is split among many autonomous machines that cooperate or compete with each
others. Distributed AI brought revolutionary applications along with challenging research
issues that are often multi-disciplinary. Task allocation to multiple autonomous robots is
one major challenge for distributed IA. The problem is concerned with which robot should
execute which task when there are a multitude of tasks, robots and constraints such time,
utility or capacity. It underlies many practical applications in robotic systems, such as
exploration and surveillance missions using drones or emergency response coordination of
robots or human rescuers [2, 3, 4].

In this thesis, we study task allocation to multiple physical agents, also known as
multi-robot task allocation problem. In particular, we are interested in problems where the
tasks have spatial, temporal and workload constraints, while the robots have a work capacity
constraint and their number is limited, relatively to the number of tasks, to an extent that
may preclude the allocation of all tasks— in conjunction with the other problem constraints.
Given the inherent complexity of the multi-robot task allocation problem, we investigate
heuristic solutions, particularly, metaheuristics, so that to return suboptimal, yet good
quality solutions in a timely manner. Our main contribution is the proposition of an
“iterated local search” that has a trade-off between solution quality and response time such
that to be relevant in real-time applications, as emergency response (the application that
initially motivated this work). Furthermore, we proposed a tuning approach for iterated
local search that focuses on the search guidance modules. To offer prompt solutions to
resource constrained contexts and a building block to meta-heuristics, we studied basic
heuristics on the problem, through replicating, improving or proposing a new heuristic.
Last but not least: (i) we showed why combinatorial auctions are not convenient for our
problem; (ii) we studied the complexity of the proposed problem and (iii) we related the
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problem to the relevant literature.
Our thesis dissertation is organized in the following chapters:

• Chapter 1, the first part of our background study, overviews the topics: combinatorial
optimization, problem computational complexity, algorithm complexity and exact vs.
non exact algorithms, particularly metaheuristics, that copes with complex problems.

• Chapter 2, the second part of the background study, broadly presents the problem
that concerns our thesis, namely task allocation to multiple physical agents and the
major approaches to the problem.

• Chapter 3 formally states the thesis problem, a multi-robot task allocation problem,
illustrates it, studies the complexity and relates the problem to the relevant literature.

• Chapter 4 presents a market-based approach we investigated to solve our multi-robot
task allocation problem. Namely, we describe a combinatorial auctions formulation
of the task allocation problem, then we propose and evaluate some metaheuristic, a
stochastic local search, to clear the auction (so that to allocate the tasks).

• Chapter 5 proposes a set of basic heuristics, which are greedy in nature, to approach
the problem when the computation resource is limited or a prompt response time is
required. Otherwise, these same heuristics can be embedded in advanced approaches,
such as metaheuristics or hyper-heuristics, when more resources or response time can
be afforded to obtain better solutions.

• Chapter 6 proposes an approach to tune and evaluate the metaheuristic iterated local
search. We illustrate the approach on some iterated local search that we adapt the
implementation to our problem. Through an experimental approach, we show how to
check if the search guidance modules need tuning, so to improve the metaheuristic.

• Chapter 7 presents our main contribution: an improved iterated local search, that
experimentally proved to be effective and efficient to allocate tasks with spatial, tem-
poral and workload constraints, to multiple physical agents with limited work capac-
ities.

• A conclusion of the thesis that summarizes the work we have conducted and sets some
research directions that should be interesting to pursue in the future.
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Chapter 1

Combinatorial Optimization and
Metaheuristics

Perfection has been attained not when
nothing remains to be added, but when
nothing remains to be taken away.

Antoine de Saint-Exupéry,
Pilot & Writer

We provide basic knowledge on combinatorial optimization and metaheuristics. As
many combinatorial optimization problems are difficult to solve, they are often approached
with sub-optimal algorithms, such as heuristics or metaheuristics. Some multi-robot task
allocation problems, as ours (Chapter 3), can be modelled as combinatorial optimization
problems. Unfortunately, they are often hard to solve (cf., Chapter 2). The chapter is
organized as follows. In Section 1.1, we give philosophical and historical perspectives on
optimization. In Section 1.2, we formally define, illustrate and discuss possible variants
of the optimization problem. In Section 1.3, we formally talk about combinatorial opti-
mization where we present some well-known problems. In Section 1.4 and 1.5, respectively,
we discuss the computational complexity of Algorithms and that of problems. Section 1.6
compares exact Algorithms with approximate or heuristic Algorithms. A brief overview of
major established metaheuristics is given in Section 1.7. We briefly talk about the design
and the evaluation of metaheuristics in Section 1.8 and we conclude in Section 1.9.

1.1 Philosophy and History of Optimization

Optimization is ubiquitous in nature and in everyday humans life. Men ever travel along
the most convenient path, whether it be the shortest, the safest, the one with the highest
availability of water or temporary shelter. Similarly, birds migrate through flyways that
combine safety, food sources and a short distance. To optimize means to find, or select
among given possibilities, the best one (“optimal”) with regard to some criteria, such as ef-
ficiency, economy or appearance. The human being, by the endowed faculty of the intellect,
has (more or less) explicitly optimized, since the dawn of times: which land should I farm
or live in? which woman should I marry? which animal should I hunt or raise? which one
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is the most suitable to ride and which one is the best to carry my goods?1 Early historical
accounts of optimization are about the isoperimetric problems. A clever Phoenician queen
by the name of Dido 2 is the first recorded to have practically solved the basic isoperimetric
problem around 900 B.C.

Dido’s problem Dido’s solution on the Byrsa map

Figure 1.1: Queen Dido instructing her servants on how to lay out the rope made of a
bull’s strips (left side) to acquire the maximum of land (right side)
.

Dido fled her home city, Tyre, to escape from Pygmalion, her tyrant brother, after he
murdered her rich uncle (and husband), Acerbas, and plotted to defraud her of the money.
Once she landed in a gulf in North Africa (in today’s Tunisia), Dido might have convinced
the Berbers’ chief, Hiarbas, to grant her as much land as she could enclose within the hide
of a bull. She cut the hide into thin strips, joined them into a rope that she laid out in a
semi-circle, using the sea coast as the complementary boundary (Figure 1.1). Thus, Dido
acquired the widest area of land possible – on which she built Carthage – while satisfying
the perimeter constraint. Interestingly, she perhaps implicitly suggested that among all
shapes with equal perimeters, the circle is the one with the largest area.

A similar problem is reported some three or four hundred years later. Horatius
Cocles, after saving his country, was granted, by Romans, as much land as he could plough
round in a day. Cocles’ problem, even in its simple version 3 is more complex than Dido’s
since the circle’s radius must be estimated upfront such that its area could be enclosed
by a deadline. In about 300 B.C., Euclid somehow proved that the circle has an area a
larger than the area of a square or a rectangle’s with the same perimeter. Zenodorus (200–
140 B.C) and Ptolemy (90–168 A.D) wrote a treatise on isoperimetric figures. Later on
(8th–13th century), Al-Kindi, Al-Hasan Ibn Al-Haytham and Abu Ja’far al-Khazin wrote
commentaries or extended the work of the Greeks on perimetric problems such as Ptolemy’s.

During the enlightenment era, the mathematical study of some optimization problems
began to take off with the advent of calculus. Scientists like Newton, Leibniz and Bernoulli
brothers, developed systematic ways to find an optimized path or shape of curve among

1Contrary to animals, humans often optimize deliberately, such as when selecting the cloths to wear
(according to the occasion or the weather). Non deliberate optimization happens in the internal organs, as
the control of the amount of enzymes to secrete to digest food.

2The basic isoperimetric problem was named after her as, Dido’s problem
3Horatius might have considered that land vary in value and di�culty to plough.
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some class of curves [5]. Issac Newton (1642–1729) studied the shape of the projectile that
would have the least air resistance—so it can be exploited to throw missiles the farthest
distance. In 1773, Lagrange formulated the problem of the shape of the strongest column
(civil engineering). A related problem, which is the shape that gives the greatest torsional
rigidity, was solved by George Pólya in 1948. The problem of how to lay down a railway
with minimum cost between two cities emerged and was somehow solved, which enabled
an efficient railway network that was behind the rapid growth of the US industry.

Some scholars, fascinated by nature, were convinced that this optimizes. George
Pólya (1887–1985), conjunctured that the sphere is the 3-D shape with least heat loss; he
gaves it as an explanation of why a cat curls into a ball during a cold winter’s night. The
most notable example of optimization in nature is the honeycombs of bees. Many writers,
since the antiquity speculated, on why honeycombs are optimally built. When Thomas
Hales proved, in 2001, that regular hexagons provides a least perimeter way to partition the
plane into unit areas, it was the longest standing open problem in Mathematics. Another
example is the least-time principal of Pierre de Fermat (1601–1665) that asserts that the
actual path between two points taken by a beam of light is the one that can be traveled in
the least time. In 1710, in his philosophical work Théodicé, Leibniz claims that the universe
is the best possible. Such a philosophical claim had a great influence on the development
of the principal of least-action, which is about the nature of motion and which was useful
to modern Physics topics, such as general relativity theory and Quantum field theory.

Nowadays, optimization is prevalent in engineering, leveraged by technological ad-
vances and a competitive international market that values continuous innovation (such as
engineering smart-phones with longer battery autonomy). Currently, optimization prob-
lems in industry range from trivial, such as the design of a smart phone with the most
appealing look, to complex, such as the design of an airplane that is fast and fuel savvy.

1.2 The Optimization Problem

Formally, an optimization problem instance is a pair (S, f), where S is the set of possible
solutions (possibly infinite but countable), ‘ or the search space, and f : S æ R is a function
that associates a cost to each solution. The goal is then to find a solution sú œ S such that:

f(sú) Æ f(s), ’s œ S (1.1)

That search space’s element with the best cost is called an optimum 4. Since sú minimizes
f , we can specifically designate sú as a minimum. The function f is often referred to as
the objective function 5. From now on, we adopt the following common abbreviation of
Eq. 1.1:

f(sú) = arg min
sœS

f(s), (1.2)

4If many, they are called optima, or specifically global optima, contrary to local optima which are the
best only in some search space regions

5In the case of a minimization problem – as above – the function f is called the cost or the energy
function. In the case of a maximization, f is called a reward or utility function.
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where “arg min” is an operator that finds an element of S which minimizes f 6. It is
customary (and correct) to formulate any optimization problem as a minimization. Given
an objective function to maximize, say g (i.e., find sú œ S, such that g(sú) Ø g(s), ’s œ S),
we may put f = ≠g and easily find an optimal solution (a maximum) by minimizing f .

Optimization problems can be categorized according to their characteristics. When
the objective function is subject to constraints, it is a constrained optimization. If there is
one objective function, we speak about a mono-objective optimization; otherwise, we are
dealing with a multi-objective optimization. In the latter, we rather look for a solution that
is not dominated at least on one objective (pareto-optimal). If the objective function and
the problem constraints are linear (and continue), we usually do linear programming (e.g.,
the simplex method developed in 1947 by George B. Dantzig) to exactly solve the problem.

Unfortunately, many objective functions are not linear; thus they should be ap-
proached by not exact techniques, such as those based on mathematical concepts (e.g.
the gradient descent) under some assumptions [6]. Namely, if the problem’s objective func-
tion f and the variables x are continue, if we can calculate f ’s first derivate (f Õ) and if f is
unimodal (convex), we optimize f , when unidimensional, by solving the equation f Õ(x) = 0.
Independently of the number of modes of f , we can use the gradient descent method (in
case of a minimization). However, it is not globally optimal when f is multi-modal (i.e.,
many modes and minima), for the search can easily get stuck at one local optimum. An-
other gradient descent’s drawback is that the search may easily stagnate at a saddle point 7

during the descent or even at a local maximum, since the objective function derivate there
is null [6]. Furthermore, gradient descent efficiency depends on carefully setting the de-
scent coefficient parameter – and the optimal solution is usually found within a certain
range of precision. Gradient descent with restarts may instead be used to overcome the
local optimality issue. Still, we need to tune carefully – parameter and run the algorithm
long enough to increase the chance of finding a global optimum [6]. If we can compute
the second derivative, the Newton method is preferred since it can avoid saddle points
and it converges, relatively, prompter. Still, the Newton method does local optimization.
Nonetheless, again we can overcome a local optimum by repeatedly restarting the search.
In many cases, the objective function’s derivatives are unknown. Consequently, we resort
to other sort of optimization methods, such as heuristics, that are tailored to the problem
at hand, or metaheuristics, that can fit to any optimization problem.

1.3 Combinatorial Optimization

A combinatorial optimization (CO) problem is characterized by a finite and countable set
of solutions, S, which is usually a subset of all combinations or permutations of the solution
components. Specifically, it is the problem constraints that reduces S, as in the following
illustration. A foreign tourist wants to visit some cities of Algeria. He landed in Algiers
and has to return there to fly back home. Since the tourist wants to spend as much time
as possible visiting, rather than hitting the road; he needs to know the shortest tour that

6The function f may admit many optima; which one is obtained is a matter of indi�erence. By assuming
that the set S is closed and not empty, we know that at least one minimum exists

7a saddle point is an optimum at which the first derivative of f is null (f Õ(x) = 0)
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passes by all the cities exactly once, starting from and finishing at Algiers 8. The problem
can be formulated with a non oriented graph G = (V, E), with V = {v1, . . . , vn} a set of n

(n Ø 3) nodes (the cities), and E = {ei,j |i ”= j and there is a path linking node i to j} the
set of edges (direct paths between the cities). Let an arc ei,j corresponds to the shortest
highway path between city i and j. The distances between nodes are given by the symmetric
matrix:

D = [di,j ]n◊n,

Where di,j is the distance between nodes vi and vj and di,j = dj,i for each
i œ {1, . . . , n} and j œ {1, . . . , n} 9. There are n! possible tours, with differ-
ent length, that pass exactly once by each city. The solution set S is thus the
permutations (i.e., combinations without repetition) of the n cities where we add
the first element to each permutation. For instance, if V = {v1, v2, v3} then S =
{Èv1, v2, v3, v1Í, Èv1, v3, v2, v1Í, Èv2, v3, v1, v2Í, Èv2, v1, v3, v2Í, Èv3, v1, v2, v3Í, Èv3, v2, v1, v3Í},
though some solutions are equivalent (e.g., Èv3, v2, v1, v3Í and Èv2, v1, v3, v2ÍGenerally,
a tour (candidate solution) is noted as x = Èvx1 , vx2 , . . . , vxn , vx1Í, where vxi œ V and
{vx1 , vx2 , . . . , vxn} = {v1, v2, . . . , vn}. That is, in tour x, our tourist visits city vx1 first,
then vx2 and so on until vxn , then he returns to vx1 . The cost of a tour x œ S, f(x), is
x’s length (Eq. 1.3), the goal is to find an shortest tour xú (Eq. 1.4) and the problem is
known as the (symmetric) traveling salesman problem (TSP) [7].

f(x) =
n≠1ÿ

i=1
dxi,xi+1 + dxn,x1 (1.3)

xú = arg min
xœS

f(x) (1.4)

To solve a CO problem instance, we may need to construct the solutions (e.g., tours for
TSP) from their components (e.g., cities) by satisfying the problem constraints (e.g., to
visit all the cities exactly once and in a tour). We should be able to measure the cost
(e.g., tour distance) or value of a solution. A problem instance difficulty is affected by the
problem size, such the number of cities in TSP, and by the instantiations of variables, such
as the the number of links between the cities.

1.3.1 Some Well-known Combinatorial Optimization Problems

The following CO problems are practical to solve or to use as a testbed to evaluate or
compare optimization techniques.

Maximum Satisfiability

We are given a set U = {u1, u2, . . . , um} of boolean variables and a set C = {c1, c2, . . . , cn}
of clauses. Let the function „ : U æ {0, 1} be a truth assignment for U . We say that
u œ U is true under „, if „(u) = 1; otherwise (if „(u) = 0), we say that u is false under
„. If u œ U is a variable, u and ū are literals over U : the literal u is true if and only if
ū is false. A clause c œ C is the disjunction of some subset of literals over U . Therefore

8He may might rent a car and would like to save on gas as well.
9We set di,j = Œ when no direct path links vi to vj , to exclude non-existent paths from the solution.
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c is satisfied by a truth assignment „, if and only if, at least one of c’s members is true
under „. For instance, let U = {u1, u2, u3} and C = {u1 ‚ ū2, ū3}. The first clause is
true if and only if u1 is true or u2 is false. The problem (noted MAX-SAT) aim to find a
truth assignment, „, that minimizes the number of unsatisfied clauses. The assignment „

such that „(u1) = „(u2) = 1, „(u3) = 0 is optimal since it satisfies all C’s clauses (in the
example). There are 2|U | possible truth assignments. Similarly to the TSP, the MAX-SAT
is NP-hard and used as a testbed for optimization techniques.

Quadratic Assignment

The problem is about efficiently assigning n facilities to n locations. Two matrices are
given, A and B, where avw is the distance between locations v and w, and bvw is the flow
or weight between facilities v and w. The goal is to find an optimal assignment, which is a
permutation s = {s1, s2, . . . , sn} that minimizes the cost function:

f(s) =
nÿ

v=1

nÿ

w=1
bvwasvswcvw,

where sv denotes facility v’s assigned location, bvwasvsw represents the cost of simultane-
ously assigning facility v to location sv and facility w to location sw and cvw the distance
cost. The problem is fundamental in transportation and facilities location, such as plan-
ning the placement of related factories, where the flow is the supplies amount to transport
between the factories. The cost function encourages factories with high flows to be placed
close together. The quadratic assignment, TSP and the timetabling are the hardest and
most studied problems in operation research and optimization [8].

Timetabling

The timetabling problem, generally, aims to schedule some activities for some persons within
a limited number of facilities (e.g., rooms) and during some time-slots (e.g., business hours).
The university-course timetabling is a recurrent variant that features the sets of classrooms,
time-slots, attending students, faculties and classroom requirements (e.g., video-projector,
minimum attendance capacity) that are associated to the lessons. Feasible solutions are the
assignments lesson/classroom/time-slot that satisfy the (hard) constraints: (i) no student
should have overlapping courses, (ii) no faculty should have overlapping sessions and (iii) no
lesson should be held in a classroom that cannot hold the students expected to attend. The
objective is to further best satisfies some soft constraints (preferences), such as to minimize
the occurrence of the events: (i) some student has only one hour of class in a day; (ii) a
student has more than two hours of class in a row and (iii) a student has class in the last
time-slot of a day.

1.4 On the Complexity of Algorithms

We inherently make algorithms efficient, particularly so when they may encounter difficult
problem instances and/or limited computation power. The algorithm’s efficiency is mea-
sured in terms of computer resources the algorithm consumes: computation time, memory
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and/or network bandwidth. The computation time (or computational complexity) is of-
ten the only considered 10. It varies in practice depending on the computer platform on
which it is coded and ran 11. Thus we often estimate the computation time in a uniform
way (theoretically) by counting the number of basic operations necessary on some abstract
machine 12.

Optimization problems usually require efficient algorithms. An algorithm that often
takes a very long time to solve a problem’s instance is useless to the user. An algorithm
is deemed efficient for a CO problem, if it solves all the problem’s instances within a
reasonable computation time. The research and engineering community agreed upon that
a computation time is reasonable if it grows as a polynom of the algorithm’s input data size
(variable). In the symmetric TSP (Section 1.3), for example, we can encode the number
of cities with an integer and the distances (between cities) with a map of integers (that
associates a distance to each pair of cities). Then, the size of a TSP instance is the sum of
the amount of data in the map, which grows quadratically in the number of cities—thus,
it is polynomial. The number of cities can be taken as a representative measure of the size
of a problem instance; indeed, it is so in practice.

The computational complexity is often computed in the worst-case; when the input
data make the algorithm consumes computation power the the most The worst-case com-
plexity gives some guarantee on the maximum time the user has to wait before getting a
response. It maybe then more practical to know than the best-case or the average-case
complexities [9].

1.5 On the Complexity of Problems

So far, there is no efficient algorithm for a good number of CO problems (e.g., TSP,
university-course timetabling and the quadratic assignment problem). They can be in-
formally characterized as hard. Formally, we categorize computational problems according
to their difficulty by analyzing the computational complexity.

Figure 1.2: Euler diagram for P, NP, NP-complete, and NP-hard sets of problems.
10Storage capacity is growing large enough compared to computer programs needs, while the computation

power is not catching up.
11In a broad sense, a computer platform is defined by the hardware performance (such as the CPU speed,

the capacity of cache memory and temporary memory, the buses speed), the hardware architecture (number
of CPU, structure of buses, temporary memory, etc)

12e.g. the Turing machine. We rather measure an empirical computational complexity when the algorithm
is coded and ran on some actual machine.
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1.5.1 Class P

It gathers problems with a known polynomial-time algorithm. A problem admits a
polynomial-time algorithm if in the worst-case the computation time is O(nk), that is,
upper bounded by some function of the form cnk,w here n is the problem’s input size, k is
some finite integer constant as well as c. Class P’s problem are easy to solve (tractable),
such as searching a value in an array, sorting an a integers array or finding the shortest
path between two nodes in a acyclic graph (If the plane is Euclidean, we get a P CO).

1.5.2 Class NP

Includes problems that, if we are given a “certificate” that a solution is correct 13, we can
check the correctness in a polynomial time. For instance, the Hamiltonian-cycle problem
is in NP. It aims to find a simple cycle that contains every vertex of a directed graph
G = (V, E) (V is the set of vertices and E is the set of edges). A certificate, for this
problem, would be a sequence Èv1, v2, . . . , vnÍ of n vertices (n = |V |) [10], which we can
check the correctness in O(n) time—which is, polynomial or more specifically linear, given
that we have to check (vi, vi+1) œ E for i = 1, 2, . . . , n ≠ 1 plus (vn, v1) œ E.

Still, we may not know an algorithm that can find the correct solution at first (for an
NP problem). By convention, we say that a NP problem can be solved by a Nondetermin-
istic machine in a Polynomial time (thus the acronym NP). Such a machine can be thought
of as, fictitiously, capable of guessing a solution (to a yes-no question, for instance, in a
decision problem). The time to guess a solution and prove its correctness is polynomial.
We know at least that P ™ NP .

1.5.3 Class NP-complete

An NP problem is NP-complete, if it is at least as hard as any other problem in the
NP class (Figure 1.2). An NP-complete problem is hard to solve or intractable. Most
theoretical computing scientists think that NP-complete problems are intractable, for many
such problems have been studied without finding a polynomial-time solution to any.

1.5.4 Class NP-hard

An NP-hard problem is at least as hard as any problem in NP (Figure 1.2), but it is not in
NP. So, we cannot even check a given solution’s optimality in a polynomial time.

1.5.5 Why we Study Complexity

The computational complexity informs the user on how to approach the problem. If some
problem is proved to be in class P, the user already has an efficient algorithm for all
its instances and may find a better one (for the problem is easy). If we find out that
some problem is NP-complete, we have some evidence that it is intractable 14. Then,
we should better look for an approximate algorithm or a heuristic, unless we anticipate

13For a CO problem, a correct solution means an optimal one.
14Though all NP-complete problems seem to be intractable (so far), we cannot rule out that some NP-

complete problem is tractable, as long as the question does NP = P is open.
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problem instances with small size or a manageable difficulty. If we rather look for an exact
algorithm; chances are we won’t find it or find one with a not practical computation time.

1.5.6 Complexity Proof

To prove that a problem is in P, it suffices to find an algorithm with a computation time
that grows as a polynome of the input size. Generally, if we can reduce a problem A to
another B in a polynomial time, we conclude that A is as hard as B. Then, to prove that
a CO problem is NP-complete, it suffices to reduce it to some problem that is known to be
NP-complete —for that purpose, many problems are proven NP-complete.

1.5.7 Decision vs. Optimization problems

The theory of computational complexity is developed for decision problems that aim to
answer a “yes’ or “no” question, but its findings can be extended to CO, for any CO problem
is related to some decision problem [8]. Let �o be a CO problem and �d be a decision
problem. �o is at least as hard as �d, if by solving �o we can solve �d. Let fid be an
instance of the decision TSP: given the cities and the distance between each pair; is there
a tour that visits the cities once with a length that is less than some value l? Let fio be
the TSP instance that corresponds to fid. If xú

i is the length of the shortest tour œ fio (fio’s
solution cost) then either xú

i < l or xú
i Ø l. Either way, we can answer the question of fid (

“yes” and “no”, respectively). Consequently, the TSP is at least as hard as the corresponding
decision TSP.

1.6 Exact vs Approximate Algorithms vs Heuristics vs
Metaheristics vs Local Search

Algorithms can be broadly categorized into either exact, approximate or heuristic. An
exact algorithm guaranties to find an optimal solution. It is preferable if we can afford
(or accept) its response time such as for class P problems. Otherwise, we look for an
approximate algorithm or a heuristic. An approximate algorithm guaranties a bound near
optimality, whereas a heuristic doesn’t; nonetheless, it maybe easier to find. A heuristic 15

follows common sense rules that are peculiar to the problem at hand. Though it is a
quick alternative, designing a “good” heuristic requires a good understanding for a new
problem features. Metaheuristics 16 were introduced to enhance heuristics, by building on
top of them, to offer a re-usable approach and reduce the development effort relatively
to approximate algorithms. They are problem-independent high-level search strategies
with modules to instantiate and tune for the problem at hand. Typically, a metaheuristic
repeatedly interleaves two processes: (i) an incremental construction of a solution and (ii)
a solution modification. It does not guaranty solution optimality.

Local search 17 finds solutions that are optimal only in some region of the search
space (local optima). A solution neighbourhood needs to be defined: given a solution s œ S,

15The term “heuristic” has a Greek root that means: I find or I discover.
16The term, coined by Fred Glover in 1986, means “beyond I discover”.
17Some authors abuse the use of the term when they refer, by it, to a metaheuristic that run a local

search many times or to the heuristic that us embedded in a metaheuristic.
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how to move to a "relatively" close-by solution sÕ œ N(s), where N(s) (N(s) µ S) is s’s
neighbourhood 18. A solution s̃ is a local optimum when no neighbour solution has a lower
cost: f(s̃) Æ f(s), ’s œ N(s̃). Technically speaking, a local search is an iterative procedure
that searches, with some strategy, within the current solution’s (si) neighbourhood N(si)
(i Ø 1), starting from a given solution s0. When it finds a solution s œ N(si) for which
f(s) < f(si), the procedure re-iterates with si+1 = s. Otherwise, the search stops to returns
si; the best-found locally solution (i.e., a local optimum). Again, a local search returns a
solution that is the best in a small region of the cost function’s landscape. In contrast, a
metaheuristic, though not guaranteed to find a global optimum, explores many local regions.
Consequently, it is very likely to find many solutions that are better then a solution obtained
from a single run of the local search (which is embedded in the metaheuristic). A well-
designed metaheuristic theoretically converges to a global optimum, when given infinite
time and assuming that the cost function landscape is bounded [6].

A frequently used local search strategy is best-improvement. It enumerates all the
solutions in the current neighbourhood to move to the one with the least cost (in a mini-
mization problem) if this cost is lower than the current solution’s cost. A local search with
first-improvement policy moves to the first neighbour solution which cost is lower than
the current solution’s. To do so, it either deterministically enumerates the whole solution
neighbourhood or just randomly sample from it, until an improvement is found or the whole
neighbourhood is covered. The second alternative is appealing when the neighbourhood is
very large. The initial solution s0, that is seeded to a local search or a metaheuristic, can
be generated randomly or by some heuristic if we prefer to start the search from a solution
with quality. Random sampling of the initial or the neighbour solution makes the search
stochastic. Then, many runs output different solutions with different costs 19.

1.7 Overview of Some Well Established Metaheuristics

Metaheuristics come in many flavours, often inspired by nature, such as by the foraging
behaviours of ants, bees and bats. We briefly present some popular metaheuristics and give
major applications thereof. Further metaheuristics and details can be found here [11].

1.7.1 Multi Restart Local Search

Local search (LS) returns an unsatisfactory solution, as it gets quickly trapped in a high-
cost local minimum 20 We simply alleviate this drawback by restarting the search many
times, through feeding arbitrary initial solutions. The search becomes a sequence of inde-
pendent random samplings in Sú, where Sú is the set of local optima of S (Sú µ S). Such a
metaheuristic is known as random restart or multi-restart local search. The rational here is
that if (i) the fraction of satisfactory local optima is sufficiently large and if (ii) these local
optima are uniformly distributed on the search space, then by repeating the local search

18The definition of a neighbourhood is problem-dependent task left to the designer, which the local search
performance depends, to a good extent, upon (with regard to solution optimality and cost

19Stochasticity, while useful, happens to be bothersome at the performance evaluation since we have to
do many run replications and a statistical significance study which is not accurate

20We adopt the expression “low-cost” – vs. “high-cost” – to refer to local minimum which cost is su�-
ciently close to a global optimum cost (satisfactory).
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procedure a sufficiently large number of times, the probability of hitting a satisfactory local
optimum is then quite high. Unfortunately, often in practice neither of these assumptions
is justified. Furthermore, as the problem instance’s size increases, multi-restart local search
gets lower and lower probability of finding satisfactory local optima [12]. Nonetheless, its
triviality makes it a good performance yardstick (baseline) that any well-designed experi-
mental analysis should at least include [8]. When confronted with a new problem, random
restart enables a quick preliminary evaluation.

1.7.2 Iterated Local Search

Iterated local search (ILS) escapes local optima by resuming the search from a solution that
is constructed from a partial alteration of the current local optimum. ILS should ideally
always jump far enough from the current local optimum’s region 21; otherwise, the search
remains trapped in the current local optimum. To be effective, ILS needs, as well, to not
move too far away from the current local optimum region; otherwise the search may poorly
explore – consequentely poorly exploit – the cost function landscape 22. The hypothesis
underlaying ILS is that low-cost local minima are clustered [8]. When so, appropriately
adjusting the strength of the perturbation should enable the metaheuristic to effectively
find the low-cost local minima. That depends also on how we perturb the current local
optimum. To name but a few, ILS has been successful on the team orienteering problem,
the quadratic assignment problem and the job shop scheduling problem [12].

1.7.3 Simulated Annealing

Simulated annealing (SA) is inspired by the annealing process of crystals. Based on statis-
tical mechanics, a crystal is heated then cooled slowly, to obtain a perfect one [13]. SA for
CO is a sort of random walk through the solutions space S. At each iteration, SA proba-
bilistically selects a solution sÕ which is a neighbour to the current one, s (i.e., sÕ œ N(s)).
The probability to select sÕ depends on sÕ’ cost, f(sÕ), on the current solution’s cost f(s),
and on a temperature T (a parameter) that changes over time

Ps,sÕ(T ) =

Y
_]

_[

1 if f(sÕ) < f(s),

exp
f(s)≠f(sÕ)

T otherwise,
(1.5)

When sÕ is accepted, the search carries on from s. Otherwise, another solution sÕÕ œ N(s) is
sampled and so on. In the standard SA’s implementation, temperature T is initialized with
some high value then it is slowly decreased along the search according to a given schedule.
Consequently, at the beginning, the probability of accepting non-improving solutions is
high; then it decreases (Eq. 1.5). Likewise, SA gradually shifts the search’s tendency from
exploration to exploitation. By doing so, SA quickly escapes from the basin of attraction
of high-cost local minima which it likely encounters in early stages [8].

21A local optimum region, or the basin of attraction of the local optimum [12], is a part of the cost
function landscape where a gradient descent from any point leads to the local optimum.

22We exploit a local optimum, when we look for a better optimum in “relatively” nearby neighborhoods,
whereas we explore the cost function landscape, when we move the search to unvisited neighborhoods.
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1.7.4 Tabu Search

Tabu Search (TS), introduced by Fred Glover, is nowadays among the most cited meta-
heuristics [8]. Basically, TS adopts a tabu list to escape from known local minima. When
a local minimum is encountered, TS allows non improving local moves (small solution
modifications) in the LS. However, the tabu list prevents the reversal of previous moves
and thus avoids cycling through seen solutions [14]. Such list is a first-in first-out queue
that contains a number of previously visited solutions. The search starts from an initial
solution s0. At each iteration i, the tabu list, TLi, holds the l solutions visited lastly
(si, si≠1, . . . , si≠l+1), where l is the list length. The next solution si+1 is set such that
si+1 /œ TLi and f(si+1) Æ f(sÕ), ’sÕ œ N(si) \ TLi. As TS walks through the space of solu-
tions, it keeps in a short memory some recently visited solutions (tagged as tabu), so that
they won’t be selected again for a while. TS is applied with success on TSP. It is improved
with a longer term memory of frequency to reinforce attractive solution components in [14].

1.7.5 Evolutionary Computation

Evolutionary computation (EC) is a collection of metaheuristics that borrow heavily from
population biology, genetics and evolution. Famous EC includes the genetic algorithm,
evolution strategy and evolutionary programming. The former is mainly applied in CO.
Previously seen metaheuristics are trajectory based: they maintain a single solution. In
contrast, EC is population based: it maintains a set of candidate solutions (a population)
along the search. A candidate solution (or an individual) is described by a chromosome
which genes holds the solution components. The basic EC algorithm constructs an initial
population, then iterates through three procedures. The first one assesses the fitness 23 of
every individual of the population so the second one can breed a new population (children).
The third procedure joins the parents and the children, in some fashion, to form the next-
generation population and so and so forth [6]. The breeding step selects parents from the
population, then tweak them to make children, usually through mutation or recombination.
The join step, usually, either completely replaces the parents with their children, or keeps
fit parents along with their children. Before mating, the parents maybe refined through a
LS, to pass to future generations an improved genetic material (as in memetic algorithms).

1.7.6 Ant Colony Optimization

Ant colony optimization (ACO) is a metaheuristic that is inspired by the foraging behaviour
in ants colonies [15]. Scientists found out that ants efficiently find the shortest path between
the colony nest and the discovered food source, through laying out pheromone 24 along the
paths that leads to the food, which is exploited as a positive feedback and reinforced by other
ants, during the many trips required to find and transport food [15]. The ACO metaheuristic
uses artificial ants which cooperatively and stochastically construct a solution. Specifically,
artificial ants iteratively add solution components to a population The ACO may exploit
heuristic information about the problem when available. The artificial pheromone trails

23An individual’s fitness is its value. By improving an individual’s fitness we solve a maximization
problem. In a minimization problem, the fitness maybe set as inversely proportional to the cost.

24a chemical substance deposited and sensed by many ant species to communicate, as their other sensory
faculties are either weak or absent
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in ACO to reflects the search experience acquired by the artificial ants [15]. The ACO
performance of can be improved with a local search to refine a solution found by an artificial
ant, before the update of the pheromone trail. ACO is a very successful metaheuristic
on academic and real world problems. It has the advantage of being inherently ready
for dynamic problems, for the artificial ants model can adapt to the problem changes at
runtime.

1.8 Design and Evaluation of Metaheuristics

Contrary to common practice, metaheuristics are usually designed and evaluated mainly
through experiments. The engineering process may go through several rounds of design,
implementation, tuning and evaluation.

1.8.1 On the Evaluation of Metaheuristics

In departure from usual algorithms, metaheuristics are experimentally evaluated, because
of a lack of theoretical tools and the limit of their utility,.In academia, standard benchmarks
are used, which are synthetic and/or made from real data. When no benchmark is available,
the practitioner should elaborate adequate test instances. In industry, metaheuristics are
experimentally evaluated on problem instances encountered in reality. If the metaheuristic
at hand is stochastic in nature 25, many run replications need to be carried out, on
every problem instance, to assess the performance. Afterward, a statistical study should
be conducted to draw sound conclusions. The results can be compared against optimal
solutions, when available; otherwise they are compared against best-known solutions—
when affordabl, exact methods, such mixed integer programming, maybe used to find the
optimal solutions. Either way, one may need to experimentally compare the candidate
metaheuristic against the state-of-art approaches, with regard to the solution quality –
since suboptimal results are expected – and to the computation time. The experimental
comparison should be aware of the heterogeneity of the computer platforms, on which the
competing metaheuristics have been ran. The evaluation is further complicated when we are
rigorous on how the competing metaheuristics have been tuned: as we discuss it later, while
a metaheuristic’s performance is sensitive to its free parameters setting, parameters tuning
may have not been performed to the same extent on the metaheuristics under comparison.

1.8.2 On the Design of Metaheuristics

A Metaheuristic design is well based on experiments [16, 17]. Hooker advocates experi-
mental analysis of the role of each component [16]. He suggests to single out a component
to compare two, otherwise identical, implementations of the same metaheuristic. This
paradigm, known as fractional design, should inform the designer about the performance
impact of the metaheuritic components (e.g, the LS of ACO). Based on this approach, Xu
et al. analyzed the effectiveness of each components of a TS [17] .

25In fact, the bulk of metaheuristics are stochastic, that is why they are sometimes referred to as stochastic
local search. A stochastic metaheuristic’s performance is a random variable.
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1.8.3 On the Tuning of Metaheuristics

Metaheuristics come with some free parameters that need to be set before they becomes
functional. A metaheuristic’s performance depends to a good extent upon parameter tun-
ing. For high quality results, a considerable effort and technique is needed The metaheuristic
design can be also seen as a component tuning: among some possible instantiations of the
modules, which combination yields the best performance? [8].

The tunning phase is often done by hand in a trial-and-error fashion, guided by some
rules of thumb [12]. However, this practice shows limits and drawbacks in industry and
research. For large-scale industrial applications, tuning metaheuristics so is time consuming,
labor intensive and requires a skilful person [8]. In academic research, metaheuristics are
often tuned by researchers who are not equally acquainted with the metaheuristics under
analysis or, though acting with the best faith, researchers maybe more keen on tuning their
metaheuristic, then on checking whether others’ have been well tuned [8]. Consequently,
it is likely that the experimental comparisons reported in academic research papers have
conclusions undermined by how the tuning was carried out. Surprisingly, few researchers
seem to be aware of such limits, and often their papers do not even elaborate on how the
tuning was performed [8].

Another approach of tuning is to use a gradient descent (or a local search) in the
space of free parameters values [18]. Though suboptimal, such an approach is systematic
and can find good parameters settings. More elaborated systematic tuning approaches
have been attempted, such as with an iterated local search [19]. However, another tuning
problem with the metaheuristic used as tool —nonetheless, some quick by-hand tuning
should yield acceptable results. A more recent and advanced systematic tuning method
is based on machine learning. In that direction, online tuning adjust the free parameters
values during the search. Tuning during runtime is often based on reinforcement learning.
It is relevant when we do not know the distribution of the problem instances which the
metaheuristic will encounter. Otherwise, an automated off-line tuning can be conducted
based on racing algorithms, along with a statistical analysis to speed up the process [20].
For more insights, the reader is directed to Birattari’s book [8], which is based on his PhD
thesis, on automated metaheuristic tuning based on machine learning.

1.9 Conclusion

This background study was about combinatorial optimization and metaheuristics. We gave
the historical and philosophical perspectives, we gave definition of optimization and com-
binatorial optimization and illustrated with some practical problems. We talked about the
study of the computational complexity of problems and algorithms and showed the utility
thereof for CO. We briefly described the kinds of optimization algorithms according to their
principle and accuracy in finding a global optimum. We emphasized that metaheuristics,
while not exact, are: re-usable (contrary to heuristics), can achieve high performance on
complex CO problems (often the state-of-the-art one’s) and are promptly available (com-
pared to approximate algorithms). We gave an overview of recurrent metaheuristics and the
applications where they proved successful. We concluded by talking on how metaheuristics
are designed, tunned and evaluated.
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Chapter 2

Task Allocation to Multiple
Physical Agents

As a second part of the thesis’ background study, we review the literature on task allocation
to multiple physical agents. In Section 2.1, we gently introduce the problem through an
illustration, a short definition and a listing of major applications. In Section 2.2, we talk
about task allocation to robots. In Section 2.3, we expend on some major applications,
in particular, emergency response, which initially motivated this research. Section 2.4
briefly review the analysis and classification of multi-robot task allocation problems. In
particular, we present a new taxonomy by Nunes et al. [21], to which we contributed.
Section 2.5 summarizes the main approaches to allocate tasks to physical agents. In Section
2.6, we discuss some routing and scheduling problems that are related to multi-robot task
allocation. Section 2.7 expands on multi-robot task allocation to teams of robots

2.1 Introduction

2.1.1 Illustrative Example

Think of a shipping company that sells an item every hour. Instead of a human, a robot
at the warehouse could receive the purchase order, fetch the item, pack it and prepare the
package for a pick-up by a transporter. What happens when the company sells 20 items
every hour? What about 20 items every minute? What about 20 items a second? Amazon,
a large online shopping company, sold 5.5 million items on “Black Friday” 1, in 2014. With
64 items ordered per second that day, a single robot would be hard-pressed to keep up
with the orders. An alternative substitute for the robot, on such a busy day, would be a
large team of robots that cooperate effectively in handling the orders. Specifically, each
shipping robot would have to plan an efficient route through the warehouse to fetch items
without colliding with the other robots, without taking items that another robot is handling,
eventually, while considering (in its route plan) requested items that are out-of-stock, but
will be restored soon [21].

1a busy shopping day that is popular in North America.
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2.1.2 Definition

Task allocation to multiple physical agents addresses the question of which agent should
execute which tasks, so that some total cost is minimized and/or some total reward is
maximized [22]. In the shipping problem above, the total reward maybe the time saved by
the robots (the agents), compared to humans, to handle the purchase orders in a business
day. The total cost maybe the sum of work durations, total travel distance in the warehouse
or the global battery power consumption that is necessary for the robots to handle the
ordered items. Typically, the physical agents are embodied autonomous entities which are
spatially dispersed, may relocate or travel to task locations. They maybe: human teams,
wireless sensors, transport vehicles, unmanned air vehicles, unmanned ground vehicles, etc..
Splitting tasks among a group of physical agents is required when a single agent cannot
perform all the tasks alone. Otherwise, we may do so for a synergy benefit, such as to
speedup task execution (as in [23]), to deliver a better execution quality (as in [24]) or to
avoid a single point of failure (as in [25]).

2.2 Multi-Robot Task Allocation

Multi-robot task allocation (MRTA) is an important class of task allocation to multiple
physical agents problems. It involves autonomous robots, such as rovers or unmanned air
vehicles. The MRTA issue is at the core of multi-robot systems research. It started in
earnst in the 90’s, when researchers started pulling together teams of robots to accomplish
mission that consists of multiple tasks. MRTA research has been growing in academia
and industry along with the proliferation of autonomous robots use in civil and military
domains. While studied mainly in AI, MRTA has theoretical grounding in areas as diverse
as Mathematics, Operations Research, Computer Science and Robotics. Research topics
related to MRTA include: the assignment problem, combinatorial optimization, scheduling
and routing, distributed computing and distributed AI.

When we allocate tasks to autonomous robots, the objective is typically to minimize
the travelled distance—since, usually, the robots’ battery power is limited—or to minimize
the mission’s time, such as in time-critical missions. The allocation problem is basically
constrained spatially and temporally. That is, the robots have to travel to the task’s
location and the task may only be available during a certain, potentially short, period of
time. Advanced applications have further constraints on tasks, such as execution precedence
or synchronization [21]. For instance, let us have tasks x, y and z. A precedence constraint
maybe “x should always be executed before y”, while a synchronization constraint maybe
“y and z have to be executed simultaneously”. The robots are generally constrained by
their capabilities and resource availability to handle the tasks, such as the amount of work
per time unit and battery power.

The research works nowadays consider different spatial and temporal constraints (on
tasks and agents), advanced task utilities/costs, dynamic and fault-tolerant allocation,
probabilistic and stochastic models to handle uncertainty. The approaches are as diverse
as market-based planning, Markov decision processes, decentralized scheduling algorithms
and distributed constraint optimization. Since task allocation to multiple physical agents
is mainly studied under MRTA designation, we refer to it so from now on. Again, MRTA
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involves, besides autonomous robots, human-operated vehicles, humans, etc.

2.3 Some Interesting Applications

Task allocation to multiple physical agents has many applications. Notable applications
include robotic missions, such as mapping, exploration and surveillance in hostile environ-
ments (e.g., NASA’s rovers sent to the planet Mars), multiple vehicles routing and schedul-
ing (e.g., the delivery of goods [26]) and tourist trip planning [27]. The urban search and
rescue [2] is another notable and emerging application.

2.3.1 Mapping, Surveillance and Exploration

Mapping, surveillance and exploration through autonomous multi-robot systems are par-
ticularly relevant when the environment is hostile to humans, such as an enemy border
territory, a radiated zone or a deep sea. Such robotic missions underlay task allocation
and task execution, usually, by unmanned ground or aerial vehicles. In the Centibots
project, for instance, a hundred robots system was developed to map and explore indoor
areas, in a dynamic and reliable fashion. The system’s architecture anticipates dynamic
teaming to perform tasks that robots cannot perform individually, such as tracking targets
[25]. In the military domain, unmanned aerial vehicles (UAV) may have to be assigned
to disparate zones in a war area, to efficiently inspect locations where possibly explosive
devices are hidden [28]. In a civil context, UAVs may have to be effectively allocated to
riots that arose during a sport event or a public demonstration, so to adequately direct
the police forces. Task allocation to UAV should further satisfy constraints on energy con-
sumption, communication ranges and some tasks synchronization, such as 3D monitoring
of a forest fire [29]. In NASA’s Mars exploration mission, twin geologist rovers, “Spirit”
and “Opportunity”, were sent to study the land and look for water on the unknown planet.
The robots have to challenge an unknown environment, mostly autonomously, with limited
energy power [1].

2.3.2 Emergency Response: Disaster Mitigation

Emergency response deals with important social issues that involve urgent and large scale
handling, such as natural disaster mitigation [2], riots monitoring or law enforcement at a
city scale [4]. Disaster mitigation is particularly getting more attention the last two decades,
during which the world witnessed an increasing number of devastating and deadly disasters.
Just to name but a few, we cite Fukushima earthquake and nuclear leak (2011), Gulf of
Mexico oil spill (2010), the tsunami that hit South East Asia (2004) and the earthquake
and flood that hit Algiers (2003 and 2001, respectively). Disaster mitigation requires the
coordination of rescue operations, such as in the aftermath of an earthquake (the typical
example). These include extinguishing fires, digging out victims under rubble, evacuating
injured civilians to hospitals and clearing blocked roads [2]. The rescuers (e.g., firefight-
ers, ambulances and police forces) may have a limited availability—as when the number of
rescuers is small relatively to the number of emergencies—and their skills are complemen-
tary. For instance, paramedics can give first aids to casualties only after the firefighters put
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out a fire, evacuate an injured or dig out a civilian under rubble. Often, a large number
of rescue tasks show up after an important natural disaster. Consequently, rescuers need
to be effectively assigned to rescue tasks. Besides heterogeneous capabilities, the rescuers
may as have different performance capacities. For instance, some firefighters squad maybe
more efficient than another to put out a fire (say because of better skills, more crew or the
possession of better tools [3]). The emergencies may have different priorities (e.g., digging
out an injured civilian is more important then putting out a fire in an empty building),
maybe constrained by time (e.g., a building resists fire only f or a limited period) and have
some difficulty (e.g., a fire requires a certain amount of work depending on the building’s
material, the volume and the period it has been burning).

Emergency response is a challenging application for MRTA: (i) the tasks have to be
promptly allocated and possibly re-allocated; (ii) the number of agents is often very limited
relatively to the number of tasks; (iii) the tasks may change or disappear; similarly, the
agents may become unavailable or new ones may arrive and (iv) the communication may
become limited as when the disaster impairs the radio infrastructure. Emergency response
may include exploration, as searching for victims or after a natural disaster. When it so at
a large scale (as a city), we usually referred to it as Urban Search and Rescue [2].

2.3.3 Emergency Response: City Law Enforcement

To enforce law in a city, police forces are allocated to routine patrolling and, meanwhile, they
are re-allocated to respond – often in teams – to eventual incidents [4]. Each incident (task)
has an importance that ranges from low (e.g., a noise complaint) to high (e.g., a murder) and
a workload that indicates the amount of work necessary for clearing the incident. Multiple
police officers may work together, by sharing the task’s workload, especially on important
tasks to improve the response quality, such as to dissolve a fight before it degenerates
into physical or property damages and to arrive to the crime scene before the perpetrators
escape. Thus, tasks in the city law enforcement problem are modelled with soft deadlines,
so to allow late tasks handling. Yet, late handling is discouraged by decreasing the task
utility over time.

2.3.4 People and Goods Pickup and Delivery

Picking up or dropping people off during a car tour is a sort of task allocation to multiple
physical agents. Imagine, for instance, a radio taxi company with many taxis that are
called continually by clients who want to be picked up at a certain location and dropped
off at another. For an economic reason and for a better client satisfaction, the company
has to efficiently allocate the taxis to the riders. Such a problem can be formulated as task
allocation to multiple physical agents which are the taxis and the tasks are people pick up
and drop off. The constraints concern time, vehicle routing and vehicle capacity (e.g., to
drop off a client at an appointment on time; available routes, to save fuel or travel distance
and the cab cannot carry more than four riders simultaneously). As to the objective, it
maybe to service as many clients as possible (to increase benefit and availability to clients).
The problem can rather be inherently modelled as an online task allocation, since the client
requests come on the go.
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Similarly, the goods pickup and delivery problem [30] implies task allocation to mul-
tiple physical agents. A typical example is mail pickup and delivery by a postal service
company. The physical agents are human-operated vehicles, such as trucks of a mail service
company. Interestingly, the advent of autonomous cars, such as the Google car equipped
with AI or Amazon’s parcel delivery autonomous drone 2, would enable in the future an au-
tomated transportation and task allocation. The pickup and delivery of mails (or parcels)
have spatial, temporal as well as a load capacity constraints. Goods or people pickup
and delivery problems have rather been notoriously studied as a routing and scheduling
problems [31].

2.4 Classification and Analysis of MRTA problems

The multitude MRTA applications gave birth to multiple problems that differs on the
assumptions made on the agents, the tasks and the allocation. Consequently, many ap-
proaches were devised to specifically address the assumptions peculiar to the problem at
hand and cope with its difficulty. Analyzing and classifying MRTA problems, then identi-
fying (or proposing) appropriate approaches is a research necessity, even more since MRTA
problems are studied separately in different fields (such as, Robotics, Operation Research
and Combinatorial Optimization). Knowing a MRTA problem’s class enables to relate the
problem to possibly well-studied problems. Consequently, the researcher may rapidly find
the relevant state-of-the-art, be advised in the design of a new solution and be able to do
a sound evaluation against the available competitors and benchmarks.

2.4.1 Gerkey et al.’s Taxonomy

Early works in MRTA were conducted in an ad hoc manner and validated empirically only.
Motivated by the lack of a theoretical framework, Gerkey et al. attempted to formally
analyze and classify existing MRTA problems [32]. Then, they proposed optimal algorithms,
approximations or suggestions for the synthesis of new approaches which are grounded
on theories in Operation Research and Combinatorial Optimization. Indeed, in the first
attempt to analyze and classify MRTA problems [32], Gerkey et al. show how many MRTA
problems are viewed as instances of well-studied optimization problems.

Gerkey et al.’s broadly categorize MRTA problems according to three axes that are
concerned with major characteristics of the problem (respectively, the robots’, the tasks’
and the allocation time horizon’s characteristics): (i) how many tasks can a robot perform
simultaneously, (ii) does a task requires (or permits) multiple robots working simultaneously
and (iii) can all the tasks be allocated upfront or as they appear. Specifically, an MRTA
problem is classified as follow:

1. Single-task robots (ST) vs. multi-task robots (MT): ST robots can do at most one
task at a time, while MT robots can work on multiple tasks simultaneously.

2. Single-robot tasks (SR) vs. multi-robot tasks (MR): SR tasks require exactly one
robot in order to be completed, while multiple robots are needed to complete an MR
task.

2https://www.amazon.com/Amazon-Prime-Air/b?ie=UTF8&node=8037720011
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3. Instantaneous (IA) vs. time-extended (TA) assignments: In IA, tasks are allocated
as they arrive, while in TA, tasks are scheduled over a planning time horizon.

For example, task allocation in Ramchurn et al.’s work [23] differs from Nair et al.’s
work [33], with respect to the second axis of the taxonomy. In the former, many agents can
simultaneously work (as a team) on a same task (i.e., MR tasks), whereas in the latter, the
agents perform each task individually (i.e., SR tasks). In [23], the presence of a number of
tasks that is large relatively to the number of agents, in addition to tough task deadlines
require that the robots work simultaneously on some tasks, so that: (i) to not miss urgent
tasks and, assuming synergy in team work, (ii) to handle more tasks. In contrast, [33]
assumes a simple MRTA problem where tasks maybe all allocated without team work. In
both [23] and [33], the agents cannot perform more than one task simultaneously (i.e., ST
robots). In [23], the authors assumes that the tasks are known upfront (i.e., TA allocation),
whereas in [3], they consider a dynamic environment where some tasks cannot be known
ahead since they appear during the allocation while others may disappear. If so, a TA
allocation model should involve a re-allocation policy.

Gerkey et al.’s taxonomy is limited for assuming that tasks are independent and the
sole concern for settings where the robots cooperation is intentional. Specifically, with
regard to the first limitation, as pointed out by the same authors [32] and by [22], the
taxonomy does not distinguish nor deal with problems where tasks have utilities that are
interrelated (a limitation addressed later by another taxonomy [22]). Another limitation is
to not care whether tasks have temporal or precedence constraints or not (addressed later
by Nunes et al.’s taxonomy [21]).

2.4.2 Korsah et al.’s Taxonomy

Korsah et al. propose a taxonomy that adds levels under Gerkey et al.’s, to better specify
some MRTA problems and to assess their difficulty. The taxonomy “provides a useful way
of categorizing task allocation problems in a manner that is strongly related to problem
difficulty” [22]. It is based on the following considerations: (i) does a task’s utility solely
depends on which agent is assigned to it, on the other task assignments of that same
agent or on the task assignments of the other agents, as well; (ii) is the task simple,
thus ready for allocation, or compounded such that to require decomposition (or multiple
decomposition) and the allocation of sub-tasks. Based on tasks utilities interrelation, the
taxonomy identifies four MRTA categories:

1. No Dependency (ND): where the effective utility of an agent for a task does not
depend on any other task or agent in the system.

2. In-Schedule Dependency (ID): where the effective utility of an agent for a task depends
on what other tasks that agent is performing (i.e., on the agent’s schedule).

3. Cross-Schedule Dependencies (XD): where the effective utility of an agent for a task
depends not only on its own schedule, but also on the schedule of other agents.

4. Complex Dependencies (CD): where the effective utility of an agent for a task depends
on the schedule of other agents in the system in a manner that is determined by the
particular decomposition of tasks that is chosen.
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The taxonomy further sub-categorizes MRTA according to four types of tasks, de-
pending on the task decomposability. Allocating decomposable tasks involve a task decom-
position step before allocation.

1. Elemental task: an atomic task (a single action) that cannot be decomposed and can
be performed by a single agent (i.e., SR task).

2. Simple task: either an elemental task or a task that maybe decomposed by one agent
before being executed by that same agent (i.e., SR task).

3. Compounded task: task that can be decomposed into multiple tasks and executed by
many agents, provided that there is one way of decomposition (i.e., MR task).

4. Complex task: a compound task that can be decomposed in several ways, at least one
of them is feasible for allocation and where the subtasks can be allocated to multiple
agents (i.e., MR task).

Korsah et al.’s taxonomy is particularly concerned with allocation problems where
tasks are inter-related, because of dependent agent-task utilities or because of a composi-
tion relation among the tasks. As such, the authors narrow down Gerkey et al.’s MRTA
classification. They provide examples, mathematical models and solution approaches for
each MRTA class [22].

2.4.3 Nunes et al.’s Taxonomy

Nunes et al. recently (2017) extended Gerkey et al.’s MRTA taxonomy with a fourth classi-
fication axis that is concerned with time-extended MRTA problems only [21]. Specifically,
the authors distinguish between allocation models where tasks have temporal constraints
of the sort time windows (TW) and allocation models where tasks have precedence or syn-
chronization constraints (SP). A time window constraint normally gives a time interval that
restricts when a task can be executed. Usually, it specifies the task’s earliest start time
and latest finish time that are allowable —sometimes, a TW further constrains the task’s
latest start time and the earliest finish time, or just the latest finish time (i.e., a deadline).
Precedence and synchronization constraints impose some complete, or partial, ordering of
tasks executions —e.g., task x should be done before, after, or at the same time as task
y. Nunes et al.’s taxonomy further narrows the classification down, by subcategorizing a
MRTA problem according to [21]:

1. Hard vs. soft temporal constraints. Hard temporal constraints cannot be violated
(e.g., surveillance in an enemy border or routing perishable goods), while soft temporal
constraints allow violation with penalty (e.g., a robot vacuum cleaner that dusts the
house before the householders return from work).

2. Deterministic vs. stochastic models of task arrival, task reward, robot travel time, etc.
In deterministic models, the output is completely predictable by the initial conditions,
while stochastic models assume some uncertainty on the allocation. The uncertainty
is addressed with probability distributions, such as, the distribution of task arrival
and the distribution of robot travel times.
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Nunes et al.’s discuss some temporal models, in addition to time windows, that
are useful to represent time constraints, such as simple temporal networks. Furthermore,
the authors identify and illustrate common mono-objective optimizations in the MRTA
literature, such as: minimize the sum of the robots path costs or the robot path cost with
the maximal cost, maximize the profit, minimize the number of robots to use. The new
taxonomy is more comprehensive as it takes into account some common execution dynamics.
The paper [21] also discusses the algorithms, approximations and heuristics proposed to the
problems in each MRTA class, by splitting them into centralized and decentralized. The
work draws parallels between MRTA with temporal and ordering constraints and related
problems, such as the assignment problem, VRPTW, Job Shop Scheduling and TOPTW.
Throughout the paper, the authors discussed models and solutions coming from these areas.

2.5 Approaches to multi-robot task allocation problem

Approaches to MRTA can be categorized according to various criteria. With respect to
decision making, we distinguish centralized approaches [34, 23, 33] from decentralized
approaches [3, 35, 24, 36, 37]. Centralized approaches assume a (single) central decision
maker responsible for assigning tasks to agents. In decentralized approaches, however,
decision making is either performed through a decentralized algorithm, which execution
is shared among the agents, such as decentralized constraint optimization [3, 35, 24, 38],
or the agents independently decide which tasks to take. In the later case, task allocation
emerges from simple and independent robots’ behaviors, which are inspired by nature (eg.,
ant colonies, bee swarms, flocks of birds, etc) [37]. For instance, Krieger et al. demonstrated
how a group of robots forages for some objects based on the division of labor in ant colonies
[36]. Usually in a decentralized setting, agents have a limited awareness of the peer agents
and/or of the tasks around. When approached with decentralized constraint optimization,
task allocation to multiple robots problem is formulated as a constrained optimization
problem, whereby tasks are allocated through a distributed algorithm ran by multiple
robots [24, 38, 3]. Possibly, decentralized constraint optimization includes search pruning
and/or communication reduction techniques for scalability [24, 38].

Decentralized task allocation is relevant in dynamic environments where it facilitates
fault tolerance and adaptiveness to change (in tasks or agents). It is further relevant
when the communication is constrained, in bandwidth and message size, or unreliable.
In contrast, centralized task allocation assumes that the communication infrastructure is
available and reliable. While it has single point of failure drawback, nonetheless, centralized
task allocation is more effective when the environment is fully observable and static [3, 33].

Approaches to MRTA can further be described as cooperative when the agents ex-
plicitly collaborate to perform the tasks [24, 39, 40]. When the agents are self-interested,
but might implicitly cooperate when they try to maximize their individual utility, then we
talk about competitive task allocation [41]. A cooperative approach to task allocation can
be centralized or decentralized; while a competitive approach is inherently decentralized.
Further classification and discussion of MRTA solutions are given in [21]. Advanced MRTA
problems consider execution failure or other contingencies such as the departure and/or the
arrival of robots/tasks. Then, the MRTA problem is formulated such that to allow task
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re-allocation and it is approached with strategies that are robust to change [42, 38].

2.6 Routing and Scheduling Problems

Other formulations related to task allocation to multiple physical agents are for problems
concerned with the routing or scheduling of vehicles or persons, such as the vehicle rout-
ing problem with time windows (VRPTW) [26], the team orienteering problem with time
windows (TOPTW) [43], and the multiple repairman problem with time windows [44]. In
VRPTW, a set of nodes, with a certain load capacity demand, has to be visited by a number
of vehicles, possibly with a total load capacity constraint. The vehicles need to start and
finish at a depot node within a given time window [26]. The number of vehicles needs to
be minimized. The VRPTW underlies multiple applications in transportation, such as the
pick up and delivery of goods to clients by a shipping company. Similarly, the TOPTW [43]
is concerned with visiting multiple nodes within given time windows. However, the nodes
have to be selected, since they have different rewards and the vehicles may not be able to
visit them all. Indeed, the objective is to construct non overlapping tours for the vehicles,
such that to maximize the total collected reward. Contrary to VRPTW, the nodes do not
require a load ability and the number of vehicles is usually fixed.

By driving a parallel with MRTA, VRPTW and VRPTW like problems take into
account the temporal and spatial constraints on the agents and the load and delivery tasks;
nonetheless, they differ in some ways. VRPTW is concerned with both the agent routing
and tasks scheduling; which is not always the case in MRTA. The assumption of a load
capacity on the agents is specific to some MRTA problems where there are objects to
transport. The consideration of rewards upon task completion, as in TOPTW, is present
in MRTA [24, 4]. However, in MRTA the number of agents is usually limited and may
decrease due to robot’s failure (e.g., because of a software bug, a mechanical issue or
battery power exhaustion). Reward maximization in TOPTW is relevant to MRTA where
tasks have utilities (or priorities) and the problem is over-constrained (i.e., it may not be
possible to allocate all the tasks). Both VRPTW and TOPTW ignore task exploration and
communication issues that are inherent to MRTA [21].

In workforce routing and scheduling problems, such as the multiple repairman prob-
lem [44], a company’s crew needs to be routed to multiple sites and scheduled therein
to perform some work. For instance, technicians of a Telecoms company who has differ-
ent skills, tools, and spare parts, need to be assigned to daily maintenance requests, in
a way that minimizes the clients waiting time [45]. Another example is the assignment
of caregivers to provide health-care services to patients at home (e.g. the elderly or the
disabled) [46]. Similarly to MRTA, home health-care may require staff with different qual-
ifications (e.g., nurse, therapist, physician, social worker or food courier) and skills (e.g.,
spoken languages). Moreover, some health-care tasks require more than a single caregiver
(e.g. lifting a disabled person) or have precedence constraints (e.g., a drug must be ad-
ministered a certain time before serving a meal). Approaches to routing and scheduling
problems are usually of an approximate or heuristic nature and they are usually computed
off-line [31]. The interested reader is directed to the recent survey by Nunes et al. [21] for
more optimization problems that bears similarity with MRTA.
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2.7 Task Allocation through Coalition Formation

A task is allocated to an agents group, or a coalition, when it cannot be executed by a single
agent, or when it is possible and more convenient that many agents work simultaneously
on the task [47]. For example, consider again the case of the online shopping company
when it operates with robots (Section 2.1.1). When a heavy item is ordered, two or more
robots are required to transport the item in the warehouse, from the shelves, to the packing
and picking up place and to load it into the carrier vehicle. Similarly, if we assume that
some robots are idle (available), we should assign multiple robots to handle a new order if
we aim to improve the item’s delivery time. Furthermore, allocating coalitions of agents
to tasks is particularly useful when there is a synergy in the team work that increases
the system utility. Consider, for instance, an emergency response to many fires in a city.
The firefighters if they work in coalitions may extinguish the same number of fires, but
earlier then if they have worked individually (on each fire spot). Extinguishing fires rapidly
not only mitigates the material damage, but it may also increase the number of handled
rescue tasks, particularly in case the number of the tasks is larger then the number of the
rescuers [23, 3].

Usually agents coalitions have different values (utilities). A coalition value is an
estimation of the utility that is actually gained by forming the coalition. In online shopping,
for instance, the coalition value of some buyers maybe the total discount earned when they
buy a large quantity of some product, altogether. In our illustrative example, a coalition’s
value can be some number that is inversely proportional to the total time necessary for the
coalition’s robots to transport and pack the ordered item. The coalition formation problem
requires first to compute the values of possible coalitions, before to search for the best
coalition(s) to form. Let A = {a1 . . . an} be the set of agents, then CA the set of coalitions
that the agents may form gathers all subsets of A:

CA = {{a1} . . . {an}, {a1, a2}, {a1, a3} . . . {an≠1, an}, . . . {a1 . . . an}}

Let u : CA æ R be the coalition value function which assigns a value to each coalition
possible. When the coalition work is synergistic (i.e., the coalitions have an upper additive
value) [23], we would have coalitions values of the kind u({a1, a2}) Ø u({a1}) + u({a2}),
where a1, a2 œ A. Finding the best coalitions to form consists in splitting CA into disjoint
subsets (coalitions), such that the total sum of the coalitions values is maximized. The
problem known as the coalition structure generation [47] and is NP-complete, since it
includes the Set Partitioning Problem [48]. Approaches to the coalition structure gener-
ation problem range from dynamic programming, to integer programming and stochastic
search. However, they are either not optimal or the problem becomes intractable when the
instance’s size is large. Rahwan et al. proposed a branch-and-bound based solution that is
anytime and can return the coalition structure within a bound from the optimal [48].

Working in a coalition may require some coordination, among the robots, such as
synchronizing item loading, controlling the speed and the direction of the robot during the
transportation. Such issues are beyond the task allocation problem. In what follows, we
present major MRTA through coalition formation.
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2.7.1 Coalition Formation with Spatial and Temporal Constraints

Ramchurn et al. studied task allocation to multiple agents through coalition formation
when: team work is synergistic, tasks have deadlines and workloads, while the agents have
work capacities and need to travel to tasks [23, 3]. The problem, Coalition Formation with
Spatial and Temporal Constraints, falls within the MRTA category ST-MR-TA:TW/Ha,
according to our taxonomy [21]. Nonetheless, the problem further assumes that multiple
groups of robots may work on a same task, one after the other. The problem is motivated
by emergency response application, where a prompt allocation is required and where the
number tasks is very important compared to the number of agents, to an extent which
does not enable to handle all the tasks. Consequently, the coalition formation goal is to
maximize the number of tasks that can be completed by their deadlines. Ramchurn et
al. demonstrated that the problem is NP-hard; they have experimentally shown that an
exact solution they devised, a mixed integer program, though optimal is not practical to
solve even problem instances with small sizes (more than two hours of computation were
necessary to solve problem instances with no more than two agents and seven tasks). Thus,
the authors heuristically approached the coalition structure generation problem [23].

Ramchurn et al.’s tackled the coalition formation problem with a heuristic that can
return suboptimal but prompt solutions. The greedy heuristic does a one step look ahead
search to improve the allocation decision at each iteration. Specifically, it calculates the
smallest coalition size necessary to complete each pending task; based on which it computes
the best coalition (i.e., the one with the highest coalition value) to complete the task.
Finally, the task that can be completed the earliest is allocated, if it enables more task
reachability in the next allocation step [23].

The heuristic is experimentally evaluated on a synthetic problem instances that are
sampled with uniform distributions. The proposed heuristic, earliest completion first with
one step lookahead, allocates tasks more than the baseline when the number of agents is
small or moderate. Though comparable to the baseline, when further agents are available,
Ramchurn et al.’s heuristic turns out to reduce the agents’ total travel time [23]. Although
the authors claim that their heuristic is anytime and performs fairly well, it is worth to
mention that: (i) only a partial solution is obtained if we interrupt the search at some
iteration before the heuristic finishes, since it allocates one task per iteration; (ii) the
baseline is a basic heuristic, for it simply allocates the best coalition with the minimum
necessary size to complete the task with the most urgent deadline.

2.7.2 Decentralized Coalition Formation with Spatial and Temporal
Constraints in Dynamic Environments

The coalition formation with spatial and temporal constraints problem [23] (discussed
above) is formulated as a decentralized constraint optimization problem and extended to
dynamic environments, where the tasks and the agents may change during the allocation
[3]. The authors adopt an approach to coalition formation which decisions are local, to:
(i) overcome the single point of failure issue; (ii) reduce the communication overhead; (iii)
enable scalability and adaptation to changes inherent in dynamic environments. Further-
more, such distributed local decisions reduce the problem complexity. In practice, such an
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approach is inherently suitable for the author’s motivating application, a RoboCup Rescue
scenario where the computation and communication resources are limited and unreliable
and where the tasks may change or new tasks may appear.

The authors’ solution, a decentralized constraint optimization algorithm [3] could
allocate more tasks than the decentralized game theory based approach of Chapman et al.
[41], while being less efficient than the centralized coalition formation heuristic [23]. When
there is disruption in the environment—such as the appearance or disappearance of tasks
and the arrival or the departure of agents during task execution— the authors’ solution
shows robustness compared to the baseline: it cuts down the number of exchanged messages
and their total average size, while reducing the computation cost.

2.7.3 Dynamic Coalition Formation with Spatial and Temporal Con-
straints and Decaying Rewards

Amador et al. studied multi-agent task allocation, possibly through coalition formation, for
the Law Enforcement Problem (LEP) [4] (Section 2.3.3). Similarly to previous problems
([23, 3]), LEP assumes workload and time constraints on tasks. However, the deadlines
are soft to allow tasks to finish late, but with a decayed utility. The problem is ST-MR-
TA:TW/So according to Nunes et al. taxonomy [21]. The tasks have different priorities;
a low priority task can be interrupted in case a more important task appears. If so, in
dynamic environments, a penalty is inflicted. The coalitions values depend solely on the
number of the agents that form the coalition.

The authors tackle the coalition formation problem with a heuristic that is at worst
polynomial and pseudo-polynomial time 3 in centralized and distributed settings, respec-
tively. In particular, Amador et al.’s solution features a Pareto optimality that maximizes
the allocation utility, while it balances the workload among the agents. In fact, since the
tasks are in practice assigned to police officers, the allocation approach is concerned with
fairness by finding assignments that would not lead to some officers envying others [4].

2.7.4 Coalition Formation with Physical Interference and Soft Deadlines

Guerrero et al. studied coalition formation in time sensitive scenarios, where the physical
interference among the robots affects the coalition value [49]. Similarly to Ramchurn et
al.’s work [23, 3], they consider tasks that are spatially dispersed, have workloads and
deadlines, while the robots, as well as the coalition they may form, have different work
capacities. However, task completion is rewarded according to some decaying function
which the upper bound (i.e., the maximum reward) is obtained along the time interval that
does not exceed the task’s deadline (i.e., the tasks have soft deadlines, as opposed to hard
deadlines in [23, 3]). The coalition value, which is ideally additive; is estimated based on the
robots individual work capacities and a deviation that results from physical interference.

The coalition formation problem goal is to maximize the total reward collected from
performing the tasks. To do so, the robots have to be teamed in coalitions that can complete
tasks ideally by their deadlines, or as soon as possible afterwards. Guerrero et al. solve

3a numeric algorithm runs in pseudo-polynomial time if its running time is a polynomial in the numeric
value of the input, but not necessarily in its length
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their coalition structure generation problem by estimating the task’s execution time based
on a model of interference. The interference, which is physical, results from many robots
accessing the same point simultaneously. In the application scenario [49], interference occurs
when many robots simultaneously unload the transported objects at the common delivery
point. Specifically, the considered application is about foraging tasks: a group of robots,
which are randomly dispersed, have to transport some objects, which are dispersed on some
bounded area, to a common delivery point. A robot task consists in loading, transporting
and unloading an object.

The tasks are allocated with double round auctions. The interference prediction is
performed both online and off-line, based on the support vector regression model. It is
used to estimate the coalition value (the group work capacity) and consequently the task
execution duration. Knowing the task’s deadline, the task’s duration estimation enables to
form a coalition with an adequate size such that to collect the best possible reward. The
problem falls within the category ST-MR-TA:TW/So, according to Nunes et al. MRTA
taxonomy [21].

2.8 Conclusion

This chapter concludes the background study of our thesis. We have defined and illus-
trated the MRTA problem. We have shown some major application examples. Then, we
presented existing taxonomies that distinguishes between the allocation assumptions and
requirements, particularly Nunes et al.’s to which we have contributed [21]. Afterwards,
we have presented some problems that bears similarity with multi-robot task allocation,
then we gave an overview of the approaches that deals with the different MRTA problems
in the literature. In particular, we elaborated on MRTA problems and approaches which
are based on coalition formation. Based on this background study, we can now: (i) state
the multi-robot task allocation problem we are interested in and show its utility; (ii) study
the problem complexity, its category and its relation to the MRTA literature; (iii) Finally,
propose and justify an approach which we can adequately deal with our problem.

29



Chapter 3

Multi-robot Task Allocation with
Spatial Temporal and Capacity
Constraints Problem

The formulation of the problem is often
more essential than its solution, which may
be merely a matter of mathematical or
experimental skill

Albert Einstein

This chapter states the multi-robot task allocation problem that interests us. Besides,
it studies the computational complexity, relates the problem to the literature and justify
anytime non-exact approaches. In Section 3.1, we give a real life application that motivated
this research. In Section 3.2, we formally state our problem while we illustrate through an
emergency response scenario in the aftermath of an earthquake (the motivating application).
In Section 3.3, we study the problem’s complexity to see how to appropriately approach it.
Finally, in Section 3.4 and 3.5, respectively, we relate our problem to routing, scheduling
and MRTA literatures. Section 3.7 concludes the chapter.

3.1 Motivating application

Before stating our MRTA problem, we detail the application that motivates us and through
which we illustrate the problem. We are interested in the emergency response that takes
place in the aftermath of a serious earthquake when it hits an urban area, say a city like
Algiers (Algeria). In a typical scenario, buildings collapse and block the roads with debris
which may, as well kill, or injure civilians and ignite fires. The fire-fighters extinguish
fires as soon as possible to save lives, to facilitate the evacuation of trapped civilians, to
limit material damages and to stop the fire from spreading to neighbour buildings. The
ambulances evacuate injured civilians to hospitals, eventually promptly so to save their
lives or limit health decay. The police clear the roads, from debris, to fluidize the traffic of
fire-fighters, paramedics and civilians vehicles.

The coordination of the rescuers is necessary to respond effectively to the disaster. It
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can intuitively be seen as task allocation to multiple physical agents. When the earthquake
is severe, the number of rescue tasks is likely large relatively to the number of rescuers. That
is, the numbers of: collapsed buildings, civilians injured, blocked road and fires should be
beyond the capacity of the police, fire-fighters and paramedics. Since an emergency rescue
task has a deadline or increases in intensity, tasks would fail if not handled on time. Thus,
the rescuers should be allocated such that to handle a maximum of tasks, for instance, by
prioritizing the urgent ones or by searching for the most effective rescue schedule. Rescue
tasks may have a precedence or simultaneity constraint, such as to dig out a trapped civilian
before providing first aid.

3.2 The Problem Statement

We state our multi-robot task allocation problem while we use emergency response as the
running example. We assume a set of embodied agents that can travel to execute a set
of tasks. The agents can be robots, terrestrial vehicles, aerial vehicles (drones) or a team
of humans that need to be coordinated systematicallyto effectively execute the tasks. The
tasks have some workload and time requirements, while they share the same importance. A
task is worth to be handled if it can be completed by its required time (i.e., a hard deadline).
The agents have a limited work capacity. The agents and the tasks are geographically
dispersed. Tasks don’t relocate, while agents do. We assume an environment static and
observable. That is, the agents and the tasks are known upfront and do not change during
the allocation time. We assume that an agent does at most one task a time, a task requires
only one agent and tasks are assigned over extended time horizons. For simplicity, we
assume one single type of task that requires a single type of agent (or one capability) and
tasks which are independent.

According to Nunes et al. taxonomy [21] (cf., Section 2.4.3), the MRTA problem we
have informally defined, above, falls within the “ST-SR-TA/TW:Ha deterministic” category.
In what follows, we formally state and illustrate the problem.

3.2.1 Basic Definitions

Let A = {a1, . . . , an} be the set of agents. Each agent a œ A has an initial location l0a œ LA

at time t = 0, where LA is the set of the agents’ initial locations on the Euclidean plane. In
our example, the agents maybe the firefighters, which are initially located at their station
or somewhere in the city by the time fires unveil. Let K = {k1, . . . , km} be the set of
tasks. A task k œ K has a fixed location lk œ LK , a deadline dk beyond which k is lost
if not handled, and a workload wk that is an estimate of the amount of work necessary to
complete handling k. For instance, a fire extinguishing task is located at a building on fire.
The buildings’ material and area, the weather condition and the fire duration (so far) can
be used to estimate: how long the building would withstand the collapse (i.e., the deadline)
and the amount of work to put out the fire (i.e., the workload).

Each agent a has a capacity pa equals to the number of work units that a can perform
in one time unit. For instance, a firefighters brigade capacity can be the fire’s area it
can extinguish in one minute. Difference in capacity stems from skill, experience or the
possessed tools. A firefighters brigade maybe more efficient then another when it posses

31



a bigger water tank with many hoses or high pressure. We consider a discrete time, we
assume that the agents’ travel and task execution times are measurable (e.g., in seconds or
minutes) and a reference time t = 0. We define fl : (LA fi LK) ◊ LK æ [0 . . . Œ], the agent
travel time function. For simplicity, we assume that paths are free of blockages and traffic
jams, the agents have the same constant velocity and ever take the shortest path between
two consecutive tasks. So fl(.) is linearly proportional to the travel distance.

3.2.2 Problem Constraints

The tasks have to be allocated without violating any spatial, temporal or capacity con-
straint. The spatial constraint restricts where a task can be handled and incurs a travel
cost to the agents. The temporal constraint restricts the time by which a task can be
reached and completed, while the capacity constraint restricts the number and the dura-
tion of visits to tasks. An assignment of a task to an agent is said “feasible” if it respects
the spatial, temporal and capacity constraints. Formally, the assignment of agent a to task
k at time t is feasible, if and only if the following spatio-temporal and capacity constraint
holds true:

t + fl(lta, lk) + Áwk/paË Æ dk (3.1)

where lta is the location of agent a at time t (the assignment’s time reference). That is,
at any moment an agent should only attempt a task it can reach and finish by its deadline,
given the agent’s current position, capacity and the task’s workload. Furthermore, the
agent’s assignment periods cannot overlap, nor can a task be executed by more then a
single agent. So the assignments should be mutually exclusive with regard to tasks, even
for the same agent since we assume that task execution is no pre-emptive.

3.2.3 Search Space

The search space, S, is the set of all feasible assignments. Let ·aæk
t1,t2 be agent a’s assignment

to task k during the period [t1, t2] (we abuse the notation to mean: {t1, t1 + 1, ..., t2})

S = {·aæk
t1,t2 | t1 = t + fl(lta, lk), t2 = t1 + Áwk/paË,

t2 Æ dk}aœA,kœK,tœ{0,...,dk}

(3.2)

That is, for each agent and task pair, (a, k), we generate all the feasible assignments over
the time window [0, dk] (i.e., when task k maybe allocated). Since an agent a travels to
task k, the arrival time t1 depends on a’s current location (at time t, which corresponds to
zero in a’s first assignment or the time by which a finishes the previous assignment). The
time t2 (by which a completes k) should meet k’s deadline, for the assignment ·aæk

t1,t2 to be
feasible (Eq. 3.1). A candidate solution, denoted by �, is a subset of S such that:

� =
Ó

·aæk
tÕ,tÕÕ œ S | ’·a1æk1

t1,t2 , ·a2æk2
tÕ
1,tÕ

2
œ � : k1 ”= k2,

a1 = a2 ∆ [t1, t2] fl [tÕ
1, tÕ

2] = ÿ
Ô

.
(3.3)
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If the first condition holds and a1 ”= a2, Eq. 3.3 implies that any task is at most assigned
to one agent. It implies when a1 = a2 that an agent is assigned to only one task at any
moment. The second condition, with an abuse of “fl” notation, ensures that an agent’s
assignment periods do not overlap, for the spatial constraint and the single-task robot
allocation model adopted. The search space � = fi �.

3.2.4 Objective Function

The goal of our multi-robot task allocation problem is to maximize the number of tasks
which can be completed by their deadlines. This is expressed as follows:

argmax�œ�
ÿ

kœK

”(k, �), (3.4)

where � is a candidate solution constructed as defined in Eq. 3.3 and ”(.) is the task success
function for a given solution, defined as follows:

”(k, �) =

Y
_]

_[

1 if ÷a œ A, t, tÕ : ·aæk
t,tÕ œ �

0 otherwise
(3.5)

The function ”(.) returns 1 only if task k can be completed in the schedule defined by the
assignments in �. This function can be seen as the task’s completion reward function, the
reward is unitary and common, thus the tasks have the same importance.

To the best of our knowledge, the problem we have just defined has not been “specifi-
cally” addressed. In what follows, we refer to it as multi-robot task allocation problem with
spatial, temporal and capacity constraints (MRTA-STC). It is worth to mention that while
we use the term robot, we do not exclude other type of agents, such as humans rescuers in
emergency response or a fleet of aerial vehicles in a surveillance mission.

3.3 Complexity Analysis

We show that our problem MRTA-STC falls within the class of NP-hard problems. In
doing so, we justify an approximate algorithm or a heuristic solution. Let us consider the
following problem. Given n nodes on the Euclidean plane, where each node i œ {1 . . . n}
is assigned a score ‡(i) Ø 0 with ‡(1) = ‡(n) = 0, find a route of maximal score through
the nodes that starts at node 1 and ends at n, and which duration is no longer than a
given tmax. This problem, known as the Orienteering Problem (OP), has been shown to be
NP-hard. Consequently, so is the special case of OP with unit scores [50]. Then, we can
conclude that MRTA-STC is NP-hard, if we reduce it to the special case of OP.

Theorem 1. MRTA-STC is NP-hard.

Proof. Consider the following single-agent version of MRTA-STC. The tasks correspond
to the subset of nodes {i|i ”= 1, i ”= n}, node 1 corresponds to the agent’s initial location
and node n corresponds to a given node on the Euclidean plane. The score of nodes
{i|i ”= 1, i ”= n} is of a unitary value (‡(i) = 1, ’i ”= 1, i ”= n) and, therefore, it corresponds
to the reward of task completion (cf., Section 3.2.4). There is a null score on the initial and
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terminal nodes (‡(1) = ‡(n) = 0), because we do not assume tasks at these two locations.
The travel time between any nodes i and j, noted here tij , is constant (cf., Section 3.2.1).
The workload and deadline settings are, respectively, wk = 0 and dk = max{tmax ≠ tkn, 0}
for every task k, where tkn is the travel duration from node k to n. That is, workloads are
set such that the agent earns the score as soon as it reaches the task, like in OP; whereas,
deadlines are set such that the agent can reach the terminal node from any “visited” task,
by the time budget tmax. For instance, suppose that agent a can reach task x, from its
current location, by time 10, txn = 5 and tmax = 14. If a goes to x, then a reaches n by
15 which is beyond tmax. Yet setting dx = 9 (earlier then the time by which a can reaches
x) prevents a from visiting x. It is clear that any feasible solution to the special case
MRTA-STC is also feasible to the corresponding unitary-scores OP. Therefore, if we have
a polynomial algorithm that solves the former, then we could find a route of maximum
score that starts at node 1 and ends at node n by tmax, thus, solving the unitary-score OP
in a polynomial time. However, since OP is NP-hard, MRTA-STC is at least as di�cult;
since even its simple version – with a single agent and zero workload tasks – is so.

3.4 MRTA-STC is related to the TOPTW

We show here that our MRTA problem bears similarity with the Team Orienteering Problem
with Time windows (TOPTW) [43], a generalization of the OP (Section 3.3). In TOPTW,
a set of m locations is given: each location i = 1 . . . m is assigned a score ‡(i), a service
duration Ti and a time window [oi, ci] during which the service can start. The starting
point (location 1) and the ending point (location n) of every tour are fixed. The time tij to
travel from location i to j is known for all locations. Like for OP, not all locations can be
visited but only those that are part of the tours that end by time tmax. A time window may
impose a waiting time on the visit, as they may make it unfeasible (i.e., when the arrival
time to the node is after the window closing time ci). The location score can be earned at
most once. The goal of TOPTW is to find a set of n tours, one per agent, that maximizes
the total score and satisfies the time budget and the visits’ time window constraints. We
show how MRTA-STC is similar to the TOPTW and how it differs.

MRTA-STC has the same objective function as the unitary-score TOPTW and the
same node score function (i.e., a node score is of a unitary value and earned at most
once). Contrary to the TOPTW’s time windows, which constrain the visit’s starting time,
MRTA-STC’s time windows (of the form [0, di]) constrain the time by which a visit i must
be finished (i.e., a deadline). In MRTA-STC the initial node differs among agents and the
final node may be any task node. There is no time budget in MRTA-STC, yet any tour could
be no longer than dmax = maxkœK dk, which is the deadline of the task which completion
can be the latest possible (i.e., tmax = dmax). Finally, task i’s service time depends on
the capacity of the serving agent a (Ti = Áwi/paË), unlike TOPTW where Ti is constant.
Therefore, we should get new test instances for MRTA-STC problem. Nonetheless, we can
generate these based on established TOPTW benchmarks.
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3.5 How MRTA-STC relates to the MRTA literature

Perhaps the MRTA problem that bears most similarity with ours is Ramchurn et al.’s
problem CFSTP [23]. Both MRTA-STC and CFSTP deal with MRTA when the tasks have
spacial, temporal and workload constraints, while the robots have capacity constraints.
Furthermore, both assume hard deadlines on the tasks, a number of tasks that is large
compared to the number of the agents available and a deadline and workload setting that
preclude the allocation of all tasks. Thus the aim to complete as many tasks as possible.

However MRTA-STC assumes single-robot tasks (i.e., agents do not work simultane-
ously on a single task). Nonetheless, assuming that the agents, instead of the coalitions,
have different capacities implies that the agents have different utilities for a same task. That
reduces the problem’s complexity without reducing its utility. Contrary to CFSTP [23], we
do not allow a task to be processed many times (i.e., by different agents at separate inter-
vals), since we think that such a pre-emption is useless and adds an unwanted difficulty.
We do not assume heterogeneous nor decaying rewards as in [4, 49], nor the possibility of
splitting a task as in [49]. We do not assume interdependencies among the tasks or resource
requirements for the agents as in [24]. Nonetheless, by considering the two latter assump-
tions, our problem becomes more realistic and utile for the motivating application—which
should be the concern of a future research.

3.6 MRTA-STC Applications

MRTA-STC can mainly be applied to large scale emergency response coordination, such
as extinguishing fires and rescuing civilians, in the aftermath of a serious earthquake at a
city level. Our formulation can capture the problem of good or persons pickup and delivery
with hard time constraints (such as mails service or radio taxis), if we substitute the work
capacity with space or weight capacity on the vehicles. Besides, our problem is relevant
to other domains such as resource allocation in Internet of Things, since it is a large scale
system with tasks that are geo-localized, may require resources (e.g., computation power)
not available locally and may change location—we may easily extend our multi-agent task
allocation model to account for the last assumption.

3.7 Conclusion

In this chapter, we formally stated a utile MRTA problem (MRTA-STC), which we il-
lustrated through an application scenario and we gave some other practical applications
thereof. Moreover, we studied the problem’s complexity and its relation to MRTA and
the routing and scheduling literatures. We conclude that MRTA-STC is a novel problem,
it is NP-hard CO and it bears similarity with the TOPTW and CFSTP problems. Con-
sequently, we suggest to tackle MRTA-STC with some metaheuristic, similarly to most
approaches dealing effectively with the TOPTW problem. Furthermore, though not opti-
mal, metaheuristics provide an anytime response promptly and can improve the solution if
given more time, which is relevant to resource scarce and time-critical applications such as
the ours a. We also suggest to base our experimental comparison on TOPTW approaches
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and benchmarks, particularly since our application domain may require to trade-off solu-
tion quality to promptly allocate the tasks. The following chapters present our attempts
to effectively tackle MRTA-STC problem and the experimental results.
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Chapter 4

Combinatorial Auctions with
Stochastic Search Approach to
MRTA-STC

In this chapter, we present a first attempt to address the MRTA-STC problem (Chapter 3).
We formulate our task allocation problem as a combinatorial auction problem, where the
bidders are the agents and the bids are sequences of tasks that the agents commit to do.
In Section 4.1, we introduce combinatorial auctions as an artifact to sell goods in bundles
in a market, but also for other purposes such as resource and task allocation. In Section
4.2, we briefly review the literature of combinatorial auctions, with an emphasis on their
application to task allocation to multiple robots. Then we present our approach to the
problem, MRTA-STC, using combinatorial auctions. We first show, in Section 4.3, how to
generate bids for tasks. Then, in Section 4.3.3, we show how we clear the auction using
a fast stochastic search, inspired by the work of Boughaci et al. [51]. Finally, in Section
4.4, we present some experimental results, a discussion and conclusion on the utility of
approaching MRTA-STC with combinatorial auctions where the auction clearing is made
with a metaheuristic.

4.1 Combinatorial Auctions

Combinatorial Auction (CA) is a market mechanism to sell goods when the buyers value
items grouped altogether. Contrary to single item auctions, in CA the buyers place bids
on bundles of discrete items (or packages). This sort of auctions is relevant when some of
the items (for sell) present complementarity or substitutability, for the buyers. An example
of complementarity is when an airline company requires two adjacent gates, at a specific
time, at some airport; therefore, it is not willing to give any value for obtaining one gate
only. An example of substitutability, is when a buyer bids on a single copy of a book
for some price, while he/she bids for many copies with a lower unit price. Furthermore,
CA maybe more convenient for the sellers, since selling items in bundles is prompter than
running multiple single item auctions. This is the case in estate sales, for instance, where
a substantial portion of the material that belongs to a deceased (or moving) person must
be disposed quickly.
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The combinatorial auction problem can be stated as follows. Let G = {g1, . . . , gm}
be the set of goods (items) to sell. Assume we have a group of n buyers that can issue
n bids on the items, one bid per buyer. The set of bids is then B = {b1, . . . , bn}, where
bi is the bid issued by buyer i. A bid bi is composed of: (i) a bundle that gather some
of the goods for sell (i.e., bi ™ G) and (ii) an offer oi that is the price buyer i is willing
to pay for the bundle (oi Ø 0). The goal is to find a set of bids, W ™ B, which bids are
mutually exclusive (i.e., they do not share any item), such that to maximize the seller’s
revenue. Formally speaking, let An◊m be a two dimensions matrix that represents the bids.
An element aij = 1 iff item j is part of bid i; otherwise, aij = 0. Let Xn be the auction
outcome matrix. That is, xi = 1 iff bid i wins the auction, xi = 0 otherwise. Clearing the
auction is referred to as Winner Determination Problem (WDP). It can be stated using the
following integer program [51]:

Maximize
qn

i=1 oixi

Such that :
qn

i=1 aijxj Æ 1 j œ {1 . . . m}, xi œ {0, 1}
(4.1)

Because bundles often overlap, clearing the auction (i.e., solving the WDP) is an
optimization problem that requires searching many possibilities. The WDP is intractable
when the problem instances have a large size, since it has been proved that the problem
is NP-complete [52]. A number of complete algorithms—which guarantee optimality of
solution—have been proposed for WDP, including: dynamic programming [53], algorithms
that consider problems with special structures 1 and AI-style search techniques, such as
deep first search [54]. The latter uses clever structuring of the search space, preprocessing,
heuristic ordering methods and pruning techniques (Branch-and-Bound), that allow the
search to find optimal allocations rather effectively. Furthermore, Fujishima et al. algorithm
for CA [54] exhibits reasonable anytime performance: it provides good allocations prior to
finding the optimal ones.

When the problem instances are large/difficult, or when the solutions are needed
quickly, existing algorithms for CA are likely to prove inadequate. In many, if not most,
resource-allocation or E-commerce problems that are most readily modeled as CAs, it seems
apparent that real-time response to very large problems will be expected [52]. Complete
algorithms necessarily spend considerable time “proving” that the solution they produce is
optimal, at the expense of providing high-quality (though perhaps suboptimal) solutions
quickly. Furthermore, as problem instances become larger, complete algorithms will, in
most cases, become infeasible. While certain domains may require optimal solutions (e.g.,
for legal reasons), it is expected that typical applications of CAs will be ideally suited for
techniques that produce high-quality, approximate solutions quickly (or within a suitable
time frame) [52].

Drawing an analogy to scheduling research, for example, large scheduling problems
– such as ours – are invariably solved heuristically. Incomplete solutions to CA include:
metaheuristics [52, 55], which resemble multi-restart local search, hybrid metaheuristics,

1Such as when bids have a limitation on size or a restriction on the structure, since doing so allows one
to obtain polynomial time algorithms.
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such as [56] which combines Branch-and-Bound search with simulated annealing. While
such methods do not guaranty the optimality of the solution, they empirically proved to be
able to promptly find high quality, sometimes optimal, solutions on difficult WDP instances
[52, 51].

4.2 MRTA-STC through Combinatorial Auctions

Approaching MRTA problems through CA has been considered in early works on urban
search-and-rescue [33, 57]. Nair et al. addressed the task allocation problem in RoboCup
Rescue [2], where tasks arrive dynamically and can change in intensity during the allocation
[33]. In the considered scenario—disaster mitigation in the aftermath of an earthquake in
a city—, the fire station, the ambulance center and the police office take on the role of the
auctioneer, whereas the fire brigades, the ambulances and the police forces take on the role
of bidders. The authors clear the auction with a centralized depth-first branch-and-bound
search [9] that branches on bidders. Nonetheless, the search is sub-optimal, since it restricts
the number of bids that are generated. Suarez et al. uses the MAGNET framework for CA
[58] to allocate tasks in RoboCup Rescue Simulator. To deal with the dynamic environment,
the authors implemented a task re-scheduling algorithm [57], which re-allocates a task if it
fails as when the path get blocked.

Knowing that MRTA-STC problem is NP-Hard (cf., Section 3.3), we may need to
trade off solution optimality with solution cost (i.e. to get prompt response times). Similarly
to [33, 57], we approach MRTA-STC problem with CA. We propose and study an incomplete
algorithm that combines problem-dependent search pruning (as [33, 57]) and stochastic
search moves, to rapidly explore the solution space [59]. To do that, we address both the
Bid Generation Problem (BGP) and the WDP. The former is concerned with generating
feasible bids on tasks for each agent, as we explain in the following section.

In the aftermath of a disaster, a set of rescuers (field agents) rover in the disaster
area to search for rescue tasks. The rescue coordinator (central agent) is informed about
the positions of the rescuers and the discovered tasks: their location, workload estimation
and deadline estimation. Then, this latter issues a call for proposal to the rescuers, to split
the pending tasks among them. An agent bid contain an ordered sequence of tasks, which
he can do, and an offer that includes the cost and the value of performing that sequence of
tasks.

Formally, we define an agent a’s bid, noted ba, as follows:

ba = [Èka1, ka2, . . . , kahaÍ ; oa] (4.2)

Where kai is the ith task that agent a commits to do if its bid wins, oa is the bid’s
offer (Eq. 4.3) and ha is the length of the bid (i.e., the number of tasks to do, ha Æ m). In
accordance with our objective function, we define the bid value as the number of tasks the
agent commit to do (Eq. 4.4), while we define the bid cost as the total travel distance that
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would be necessary to visit the bid’s tasks (Eq. 4.5),

oa = (valuea, costa) (4.3)

valuea = | Èka1, ka2, . . . , kahaÍ | (4.4)

costa =
ha≠1ÿ

j=0
distj+1

j , (4.5)

where distj+1
j stands for the travel distance—or the travel time, since we assume a velocity

that is constant and common among the agents—between two sequential tasks, kaj and
ka(j+1), of bid ba. We put dist1

0 as the distance between l0a (the initial location of agent
a) and ka1 (the location of the first task that agent a offers to do). We define the best
bid of agent a, bú

a, as the one with the highest bid value among the other possible bids.
Specifically, it is the one with the longest sequence of tasks (Eq. 4.6), Ba are agent’s a

possible bids.

bú
a = argmaxbœBa

length(b) (4.6)

As pointed out earlier, it is likely that the bids submitted by the many agents, are in conflict
(not mutually exclusive with regard to tasks). Even more, since supposedly each agent tries
to maximize the number of tasks it can take. Therefore, submitting the best bids is not
practical, for when each agent submits its best bid, clearing the auction, even optimally,
doesn’t necessarily yield the globally best allocation. Instead, an agent should submit all
its feasible bids. However, doing so causes an important communication overhead, which
is not affordable or not desirable in a disaster scenario. Alternatively, we delegate to the
central agent the problem of bid generation. To avoid combinatorial explosion, we bound
the bid length by some empirical value hmax, such that ’a œ A : ha Æ hmax. Furthermore,
we set a distance horizon, distH, and a time horizon timeH to dismiss tasks far away and
tasks with very late deadlines during the BGP.

To find a task allocation, we clear the auction by selecting a set of bids that cover the
maximum number of tasks (maximum total value), while having the smallest total travel
distance possible (lowest total cost) when there are many bids with equivalent values. The
task allocation is operated by the central agent as follows:

1. gather informations about pending rescue tasks;

2. generate feasible bids for each available field agent from the set of pending tasks.

3. find the winning bids and allocate the agents to the tasks;

4. Re-iterate (go to (1)), whenever there are tasks left—either not considered tasks (in
the last iteration) or tasks that showed up— and agents available.

4.3 Bid Generation Problem

Given n bidders (agents) and m items (tasks), the BGP search space is O(nmm). Difficult
MRTA-STC problem instances have a large number of tasks, compared to the number of
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agents. Consequently, the number of bids grows exponentially in the number of tasks. It
is then not practical to exhaustively generate the bids. To reduce their number, we bound
the bid length with a limit hmax. Then, in the worst-case we would have a O(nmhmax)
BGP. In practice, the search space is further down sized by the problem constraints. The
limit hmax is a free parameter in the BGP algorithm which setting is left to the user. For
instance, where tasks may appear or change during the allocation, small values for hmax

(say hmax Æ 10) are suitable, because tasks that are scheduled for late execution are likely
to be re-allocated and BGP would be solved prompter. By centralizing the BGP solving,
we reduce the communication overhead – in the worst-case – from O(nmm) to O(nm), since
at each allocation round, an agent exchanges two messages only (the list of discovered tasks
and the sequence of allocated tasks) with the central agent.

4.3.1 Generate Feasible Allocations

Algorithm 1: Find an agent’s task assignments that are feasible at some moment
Input: a, t, Kt

pending, timeH, distH
Output: F a

t

1 F a
t Ω ÿ

2 forall k œ Kt
pending s.t distance(lta, lk) Æ distH and dk ≠ t Æ timeH do

3 ts Ω t + fl(lta, lk)
4 te Ω ts + Áwk/paË
5 if te Æ dk then F a

t Ω F a
t fi {·aæk

ts,te
}

An agent’s bid is composed of a sequence of feasible task assignments. To generate
a single bid for an agent a, we repeatedly look for the task allocations that are feasible at
many times (t). Let F a

t be the set of alternative feasible allocations for agent a at point
of time t. The set Kt

pending contains tasks that are not yet allocated at time t. Again,
·aæk

t,tÕ denotes that agent a works on task k during the time frame [t, tÕ]. We generate
the set F a

t as follow (Algorithm 1). When we run through the set of unallocated tasks
(line 2) while not considering far away tasks (beyond distH), nor tasks with late deadlines
(beyond t + timeH). The free parameters, distH and timeH, reduce the number of the
alternative allocations at any moment; consequently, they help later, along with hmax, to
further reduce the number of bids to generate. A task assignment’s start time (line 3) is
calculated based on the agent’s location at the current time (t). The assignment’s finish
time (line 4) is calculated based on the assignment’s start time, the task’s workload and the
agent’s capacity—since time is discrete, we do an integer division to compute the allocation
period (Áwk/paË). The assignment is generated if, and only if, it can be fulfilled by the
task’s deadline (line 6).

4.3.2 Generate Bids

We generate the set of bids for every agent (Algorithm 2, which we refer to as BGP pruning
or BGP-P). Our approach to the BGP prunes the search. BGP-P recursively builds the set
of bids, Ba, for every given agent a based on some bid root r, (initially empty). Algorithm 2
runs recursively until: the bid maximum length is reached (line 2), no task is left unallocated
or no further task assignment is feasible for the agent (line 5). At each call, Algorithm 2
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Algorithm 2: Generate an agent’s feasible bids (BGP-P)
Input: a, t, Kt

pending, r, timeH, distH, hmax

Output: Ba, agent a’s set of feasible bids
1 if r = ÿ then Ba Ω ÿ
2 if length(r) + 1 = hmax then return

3 F a
t Ω alternative feasible agent a’s assignments (Algorithm 1 with input:
a, t, Kt

pending, timeH, distH)
55 if F a

t = ÿ or Kt
pending = ÿ then return

6 forall ·aæk
tÕ,tÕÕ œ F a

t do

7 ba Ω r fi {·aæk
tÕ,tÕÕ } /* a new bid that stems from the current bid root

*/
8 Compute the value and cost of bid ba (Eq. 4.5, 4.4)
9 Ba Ω Ba fi {ba}

10 KtÕÕ
pending Ω Kt

pending \ {k}
11 Call Algorithm 2 with (t, r) = (tÕÕ, ba) /* The bid ba becomes the bid root */

finds the alternative feasible assignments for the agent (a) at the current allocation reference
time t (line 3). Based on these, we generate a number of new bids (ba) that have bid r

as a root (line 6,7). Each time, we compute the new bid cost and value, we add the
bid to the agent bids list, Ba and we update the set of pending tasks (lines 8,9 and 10).
Effectively, each newly generated bid becomes a bid root for many coming bids and the
added assignment’s end time becomes the current allocation reference time in the next call
of Algorithm 2 (line 11).

4.3.3 Clear the auction and get the task allocation

To approach our WDP, thus to find some solution to MRTA-STC, we replicate Boughaci
et al.’s stochastic search for WDP [51]. Indeed, contrary to the authors’ claim, the meta-
heuristic does not do a local search, as we show later. Interestingly though, the results
that the authors report [51] show overall a performance, with regard to solution quality,
that is better than the competitors’ [52]. Furthermore, although the metaheuristic does not
find the best-known solutions on the WDP benchmarks, it is worth to consider that it is
prompt and simple to implement. We detail the implementation of the metaheuristic [51]
for our problem, WDP-SS (Algorithm 3). We refer to it as WDP-SS (Winner Determination
Problem with Stochastic Search).

The stochastic search starts from an arbitrary solution (Algorithm 3). Namely, for
each agent, we generate the feasible bids (line 3), we randomly rank them (line 4), then
we select the highest ranked bid (line 5) to include in the set of winning bids (line 6). The
initial solution is cleaned from conflicts arbitrarily: given any two bids in conflict, we keep
the one with the highest rank, until there is not conflict (line 7). Two bids are in conflict
if they share the same agent or (at least) a same task—given that we adopt an ST-SR
task allocation model. Then, we iterate many times to improve the current solution; either
through finding and inserting the currently best bid (line 12) or by doing a random walk [60]
(line 11), to escape a possible local area, and thus, to explore other neighborhoods which
may contain a better solution. Either way, we update the set of winning bids and the set of
remaining bids (lines 16,17, respectively). To decide on how frequently we should explore,
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Algorithm 3: Clear the combinatorial auction with a Stochastic Search (WDP-
SS)

Input: K, A, timeH, distH, hmax, wp, maxIter
Output: W , the set of winner bids.

1 W Ω ÿ
2 forall a œ A do

3 Ba Ω agent a’s feasible bids (Algorithm 2, with Kt
pending = K, t = 0, r = ÿ)

4 RKa Ω a mapping of random keys to bids œ Ba

5 bú
a Ω argmaxbœBa

RKa,b /* an arbitrary bid among agent a’s bids */
6 W Ω W fi {bú

a}
7 Clear conflicts in W such that to keep the bids with the highest RK values
8 B Ω

t
aœA Ba /* define WDP search space */

9 for i Ω 1 to maxIter do

10 r Ω a random real number œ [0, 1]
11 if r < wp then

12 bs Ω random bid œ B /* random walk move */
13 else

14 bs Ω argmaxbœW {number of tasks in b} /* best improvement move */
15 if ÷b œ W s.t agent(bs) = agent(b) then

16 W Ω W \ {b} /* remove a bid previously selected for bs’s agent */
17 B Ω B fi {b}
18 W Ω W fi {bs}
19 B Ω B \ {bs}
20 forall b œ W s.t conflict(b, bs) do

21 W Ω W \ {b} // clear bids in conflicts with the current selection
22 B Ω B fi {b}

we use a random walk probability, wp, which is a free parameter that we empirically set,
such that to have an appropriate frequency of random walks. When we select a new bid, we
remove any previously selected bid by the same agent (line 13–15). Then, we clear (from
the current solution) all the bids that are in conflict with the selected bid (lines 18–20).

The metaheuristic (Algorithm 3) is supposed to be a SLS where the LS is of the type
“best-improvement first” [51]. However, as we noticed (later) during the empirical tests
[59]: selecting the currently (not yet inserted) best bid, then clearing the bids conflicting
with the selection (lines 12, 13-15, Algorithm 3), often do not result in a solution quality
improvement—assuredly, the bids conflicting with the best selection are often not the least
best bids in the current solution, and the best bid is likely to be in conflict with many.
Nonetheless, as such, the computing overhead of the not random selection step – including
the conflict clearing step – is reduced from O(n3mhmax) (case of best-improvement LS [51])
to O(nmhmax)(case of best bid insertion, Algorithm 3).

4.4 Experimental Evaluation

We experimentally evaluate our market-based approach to MRTA-STC. We implemented
the algorithms, we generated the test data and we set the algorithms free parameters. We
did many experiments, each replicated several times to obtain an average performance.
The problem instances generated differ in: (i) the number and positions of agents and tasks
and (ii) the demands of the tasks (workload and deadline). The free parameters to set
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are: the random walk probability and the number of iterations for the WDP-SS; the time
and distance horizons and the bid maximum length for BGP-P. We opt for an average case
study, by making no particular assumption on the problem structure. To do so, we choose
uniform distribution to sample the agents’ and tasks’ locations, workloads and deadlines

4.4.1 Experimental Setup

We generate many problem instances with different structures. We consider an x ◊ x

(square) grid maps, on which tasks and agents are scattered uniformly at random, specifi-
cally la ≥ (U(0, x ≠ 1), U(0, x ≠ 1)) and lk ≥ (U(0, x ≠ 1), U(0, x ≠ 1))). We set the travel
velocity at a constant and unitary value for all the agents (velocity = 1). Similarly, we set
the agent (work) capacity at a unitary value for all agents (pa = 1, ’a œ A). To gener-
ate tasks workloads and deadlines values, we use uniform distributions over large intervals
(to simulate wide ranging scenarios), respectively, as dk ≥ U(5, 600) and wk ≥ U(10, 50).
The test instances are organized in problem structures coded as “UNI-n-m-x”, where “UNI”
refers to sampling with uniform distributions, n is the number of agents, m is the number of
tasks and x is the map dimension. Each problem structure regroups 100 instances, labeled
“inyy” (where yy is the instance number), obtained by sampling, as we explained above.
The test instances are grouped in two sets: testset1 and testset2, which are respectively
available online here: http://tinyurl.com/tastp12 and http://tinyurl.com/tastp13.
We run the experiments on a Dell Inspiron laptop with 1.6 GHz Intel Centrino CPU, 1 GHz
RAM and 2 MBytes cache memory. The machine runs under Linux Ubuntu 10.04 operating
system. We coded the algorithms in Java and run them under Java Virtual Machine.

We tune our algorithms on the instances to test with. We set the free parameters
based on trial-and-error and some common sense. Specifically, we set hmax ¥ Ám/nË, to
balance the number of allocated tasks among the agents while reducing the BGP search
space. Indeed, we obtained the best solution qualities when hmax is set likewise. We found
the best setting for the time horizon as: timeH = dmax. We tested WDP-SS with many
wp œ (0, 0.33], since intuitively the random walk should be occasional at most. The best
setting we found is wp = 0.25. We set nrbIter = 3000, to not exceed a real time response
(less than one minute).

4.4.2 Results and Discussion

Problem distH set at the maximum value distH set at the mean value
T ime Quality T ravel T ime Quality T ravel

UNI-3-5-20 11.92 4.41 73.3 12.48 4.51 74.69
UNI-3-8-50 794.94 4.81 286.59 771.4 4.88 301.49
UNI-3-12-100 1436.42 4.71 511.21 1480.93 4.88 534.6
UNI-4-9-50 7170.1 4.92 274.34 6687.43 4.66 249.38
UNI-5-12-100 13445.62 4.83 419.74 24471.39 4.78 414.89

Table 4.1: The average performance of BGP-P and WDP-SS (combined) with di�erent
configurations of distance horizons on MRTA-STC instances of testset1

In a preliminary evaluation, we only tested our CA algorithms on five arbitrary
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problem instances pertaining to five different problem structures ( testset1 2). Table 4.1
summarizes our results [59]. The first column from the left lists the problem structures,
the following columns report the average performances measured over 100 run replications.
Respectively, they report the computation time (in milliseconds), the solution quality (the
number of allocated tasks) and the totally traveled distance. The first set of performance
results (columns two to four, Table 4.1) is obtained by running WDP-SS when the distance
horizon is set at the maximum value (distH = 2x) —i.e., an agent can see and bid on
all known tasks in the disaster map. The second set of performance results (columns
five to seven, Table 4.1) is obtained by running WDP-SS when the distance horizon is
set at a mean value, which is the average distance between the tasks locations (distH =
qm≠1

i=0 (
qm

j=i+1 dist(ki, kj))/(m ≠ i)). Table 4.1 clearly shows that BGP-P combined with
WDP-SS can not significantly improve solution quality by tweaking the distance horizon.
The number of allocated tasks is always around 5, which is the best-found setting for hmax.
Furthermore, we could not improve solution quality even beyond 10s of runtime (Table
4.1). When checking many solutions, we noticed almost a single winner bid. We think that
is likely linked to the absence of a local search.

Problem inst. distH set at the maximum value distH set at the mean value
#bids T ime Qual. Qualmax T ravel #bids T ime Qual. Qualmax T ravel

UNI-3-9-50 2408 294 7.44 9.0 294 238 16 9.0 9.0 227
UNI-3-12-50 4316 1190 5.05 7.0 236 2577 524 4.12 8.0 255
UNI-4-12-50 3677 860 3.73 7.0 174 535 67 3.81 7.0 190
UNI-4-16-50 12263 12524 4.12 8.0 237 4807 1475 4.60 9.0 250
UNI-5-15-50 21209 56675 4.6 6.0 228 4653 1419 5.5 8.0 219

Table 4.2: The average performance of BGP-P and WDP-SS, when configured with
di�erent distance horizons, on MRTA-STC instances of testset2

To further evaluate our CA approach, we further test on testset2 and we tune WDP-
SS over all wp values. We want to check an hypothesis: WDP-SS doesn’t do a LS and is
thus similar to a mere random search. Testset2 problem instances are similarly generated
totestset1’s, except that grid map is 50◊50, we vary m œ {3◊n, 4◊n} for n œ {3, 4} and we
set m = 15 for n = 5. We repeat the two experiments done on testset1. We keep the time
horizon, timeH, set at the maximum (timeH = dmax) and the other BGP-P parameters
set as: hmax = 4, velocity = pa = 1. For WDP-SS, we set maxIter = 105 and we tune
wp on each problem instance. The results are reported in Table 4.2. Respectively from
left to the right, Table 4.2 contains the problem structure, the number of bids considered,
the average computational time, the average solution quality, the best solution quality
(obtained after run replication) and the average total travel distance. We can see (Table
4.2) that WDP-SS and BGP-P with a mean distance horizon, compared when BGP-P is set
with maximum distance horizon, fairly improve solution quality and solution computation
cost. Furthermore, more tasks could be allocated if we replicate WDP-SS several times.
Nonetheless, WDP-SS is either way like a random search (Figure 4.1). Effectively, we tuned
WDP-SS over the whole range of wp (i.e., [0.0, 1.0]), using 0.05 increments. We noticed
that generally WDP-SS is a little sensitive to the random walk probability (the solution

2available online at http://tinyurl.com/tastp12-test
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Figure 4.1: A WDP-SS tuning plot sample. (Top) solution quality evolution. (Bottom)
computational cost vs. random walk probability. (instance UNI-3-18-50/in00, parameters
setting (maxIter = 5000) and (bidMaxLen = 9, distH = mean, timeH = dmax)

quality tends to be the same). Even worse, sometimes WDP-SS tends to improve the
solution quality as it shifts to a random search –i.e., as wp increases – (see the median
and best plots, Figure 4.1) . Moreover, WDP-SS computational time is a little sensitive to
wp change. Its tendency—a slight increases and decreases as wp increases—suggests that
WDP-SS is as a random search (Figure 4.1). We did not do further experiments with a
large number of tasks, since even with a few number of tasks, the results seem to have a
low quality and a high cost.
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4.5 Conclusion

This brief chapter summarizes our first attempt to approach MRTA-STC, using Combina-
torial Auctions and metaheuristics. Specifically, we addressed the bid generation problem,
using parameter-based search pruning, while we addressed the winner determination prob-
lem with a restart search that is adjusted by a random walk probability, to control the
search tendency between exploitation and exploration. We obtained results that are unsat-
isfactory, nonetheless, the preliminary work we conducted was useful to get familiar with
the problem and see in practice the important computational overhead (even on problem
instances with an average size and using a incomplete search). Not the least, we discov-
ered a shortcoming in published approach when we implemented it on our problem. We
conclude that combinatorial auctions are not convenient for MRTA-STC (at least as we
designed them), not so with regard to solution quality nor response time— not surprising,
if we see the little works based on CA for MRTA. Consequently, the following chapters will
investigate approaching MRTA-STC with other techniques (heuristics and metaheuristics).
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Chapter 5

Basic Heuristics for MRTA-STC

Pour faire vite, il faut aller doucement.

Maurice Audin,

We describe, analyze and experimentally evaluate some basic heuristics to tackle
MRTA-STC problem’s complexity when the computation resource is limited or a prompt
response is needed. Specifically, we study and build upon some routing and scheduling
heuristics that are prompt, easy-to-implement and tuning free. We improve an existing
heuristic and we propose a new one. We analyze theoretically the computational complex-
ity of the presented heuristics, before empirically comparing them. In so doing, we offer
solutions to MRTA-STC for devices with a limited computation power. Furthermore, we
lay the ground for metaheuristics or hyper-heuristics, by offering the heuristics to embed
within.

Section 5.1, 5.2 and 5.3 present three greedy heuristics: “earliest deadline first”, “near-
est task first”, and “earliest completion first with one step look-ahead search”. In Section
5.6, we present an optimized implementation of a classical insertion-based heuristic, the
parallel insertion heuristic, to quickly construct a solution. In Section 5.7, we propose an-
other parallel insertion heuristic, to improve solution quality, travel cost and response time.
In Section 5.8, we empirically compare the proposed heuristics, on a synthetic testset with
respect to response time, solution quality and travel cost.

5.1 Earliest Deadline First Heuristic

The Earliest Deadline First (EDF) heuristic, which is greedy, prioritizes urgent tasks.
Specifically, it secures the allocation of tasks with urgent deadlines, while it “hopes” that
enough time and agents would be available to allocate the remaining tasks. The heuristic
is based on a scheduling rule of thumb that suggests to prioritize the most constrained.

We implement EDF heuristic as follows (Algorithm 4). We maintain in a vector, tfree,
the times by which the agents become available. We iterates until no pending task can be
allocated. At each iteration, we select the most urgent task, kú, then we search for the
closest agent aú that is capable of completing the task (line 5–6). That is, the heuristic is
time greedy when selecting the task, whereas, it is distance greedy when selecting the agent.
We discard the current task if we cannot find an agent capable of finishing the task by its
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deadline (line 7–8). Otherwise, we compute the task’s assignment start and completion
times, ts and tc respectively (line 10–12), add the assignment to the solution (line 13) and
update the set of pending tasks and the time by which the assigned agent becomes available
again (line 14,15).

Algorithm 4: Earliest Deadline First (EDF) heuristic
Input: K, A
Output: �ú

1 �ú Ω ÿ
2 Kpending Ω K /* pending tasks */
3 tfree Ω È0, . . . , 0Í /* agents availability times */
4 while Kpending ”= ÿ do

5 kú Ω argminkœKpending
dk /* earliest deadline task */

6 aú Ω argminaœA {fl(lta, lkú) | t = tfree
a , t + fl(lta, lkú) + Áwkú/paË Æ dkú}

/* nearest capable agent */
7 if aú = null then

8 Kpending Ω Kpending \ {kú} /* discard the task */
9 else

10 t Ω tfree
aú

11 ts Ω t + fl(ltaú , lkú)
12 tc Ω ts + Áwkú/paúË
13 �ú Ω �ú fi { ·aúækú

ts,tc } /* allocate the task */
14 Kpending Ω Kpending \ {kú}
15 tfree

aú Ω tc /* update the agent’s availability time */

Complexity Analysis. The EDF heuristic is �(m(m + n)). Assuming the number of agents
is limited (such as in search-and-rescue scenarios), the computational complexity of EDF
heuristic can be reduced to �(m2) (i.e., EDF is polynomial in the number of tasks).

5.2 Nearest Task First Heuristic

The Nearest Task First (NTF) heuristic, which is greedy too, prioritizes the task that
requires travel the least (Algorithm 5). Specifically, it allocates to a capable agent that
becomes available the soonest, the task which is the nearest. The heuristic selects tasks in
a distance greedy fashion and agents in a time greedy manner. It iterates over the set of
pending tasks, until they are all assigned or no agent can take more tasks (Algorithm 5).
Each time, we select the agent that becomes ready the soonest (line 6), to assign it to
the closest feasible task (line 8)—we arbitrarily pick up one agent if it happens that many
become available simultaneously. If an agent can take no more task, it is removed from the
set of potential agents to not be considered again (line 9,10). Prioritizing a task that has
a nearby capable agent may reduce – at least in the short run – the agents’s travel times;
consequently, that increases their working times. Intuitively, selecting the earliest available
agent balances the number of allocated tasks among the agents, while it helps to quickly
(�(n)) find an allocation.
Complexity Analysis. Similarly to EDF heuristic, NTF heuristic is �(m2) (i.e., its runtime
is quadratic in the number of tasks). However, the hidden factors suggest that NTF heuristic
maybe, in practice, slower than EDF heuristic.
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Algorithm 5: Nearest Task First (NTF) heuristic
Input: K, A
Output: �ú

1 �ú Ω ÿ
2 Kpending Ω K
3 Apot Ω A /* potential agents */
4 tfree Ω È0, . . . , 0Í
5 while Kpending ”= ÿ and Apot ”= ÿ do

6 aú Ω argminaœApot
{tfree

a } /* earliest ready agent */
7 t Ω tfree

aú

8 kú Ω argminkœKpending
{fl(ltaú , lk) | t + fl(ltaú , lk) + Áwk/paúË Æ dk} /* aú’s

nearest feasible task */
9 if kú = NIL then

10 Apot Ω Apot \ {aú} /* discard the agent */
11 else

12 ts Ω t + fl(ltaú , lkú)
13 tc Ω ts + Áwkú/paúË
14 �ú Ω �ú fi { ·aúækú

ts,tc } /* allocate the task */
15 tfree

aú Ω tc

16 Kpending Ω Kpending \ {kú}

5.3 One Step Look-ahead Search

One Step Look-Ahead (LA1) search allocates tasks, step by step, based upon the near
future consequences. At each step, LA1 selects the task assignment that allows a maximum
number of tasks to be feasible in the next allocation step [23]. It is a tree search with
pruning: an agent is selected based on the earliest completion first rule, whereas a task
is selected based on maximum tasks reachability (Algorithm 6). First, we simulate the
allocation of every pending task to its fittest agent (lines 5–14). To do so, we look for the
agent aÕ that can complete the current task k the soonest (line 6). Then, we count how
many tasks remain feasible if aÕ is allocated to k (line 10–13), which we refer to as k’s
degree of task accessibility, noted degreek (line 14). A task kÕ is accessible if it is feasible:
to the current agent aÕ, after honoring its assignment, or to any other agent (the first and
second condition of line 13). The best task kú has the highest value of degree of task
accessibility (line 15). We restrict the look-ahead to one step, since looking further ahead
significantly increases the computation overhead. LA1 increases the number of allocated
tasks in the short-run, while it somewhat enables the agents to travel less; thus, to work
more. Consequently, LA1 should increase the number of allocated tasks.

Complexity Analysis. LA1 is �(nm2). Knowing that n Æ m in MRTA-STC, a rough upper
bound to LA1 is �(m3). Since often m o n; LA1 might be �(m2), similarly to EDF and
NTF heuristics. In practice the hidden factor may make the difference.

5.4 Insertion Based Heuristics

Insertion-based heuristics are classical approaches to routing and scheduling problems [26]
which now come often embedded in advanced heuristics, such as metaheuristics [61, 62, 31].
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Algorithm 6: One step Look-Ahead Search (LA1)
Input: K, A
Output: �ú

1 �ú Ω ÿ
2 Kpending Ω K

3 tfree Ω È0 . . . 0Í
4 repeat

5 forall k œ Kpending do /* find k’s fittest agent */
6 aÕ Ω argminaœA {tÕ = t + fl(lta, lk) + Áwk/paË | t = tfree

a , tÕ Æ dk}
7 if aÕ = null then

8 Kpending Ω Kpending \ {k}
9 else /* one step look-ahead */

10 count Ω 0
11 Computes ts

k and tc
k

12 forall kÕ œ Kpending \ {k} do /* count tasks accessible after k */
13 if (tc

k + fl(lk, lkÕ) + ÁwkÕ/paÕË Æ dkÕ) or

(÷a œ A \ {aÕ} : tfree
a + fl(lt

free
a

a , lkÕ) + ÁwkÕ/paË Æ dkÕ) then

count Ω count + 1
14 degreek Ω count

15 kú Ω argminkœKpending
degreek

16 aú Ω fittest agent for kú /* line 6’s formula where k = kú, aÕ = aú */
17 Compute ts

kú and tc
kú

18 �ú Ω �ú fi { ·aúækú
ts
kú ,tc

kú
} tfree

aú Ω tc
kú

19 Kpending Ω Kpending \ {kú}
20 until Kpending = ÿ

Basically, an insertion-based heuristic constructs routes – or tours – by inserting visits to
nodes, one by one, based on some cost, such as the distance or the delay added to the tour.
These route constructing heuristics differ on the number of routes considered during the
insertion and the cost calculation used to select the visit to insert. We study some insertion-
based heuristics on MRTA-STC: we show how we implement them for our problem and how
we improved some of them. On one hand, we compare insertion-based heuristics so we can
select which to embed in an advanced approach. On the other hand, we provide them for
time-critical and computation power limited MRTA-STC settings. To so, we first state the
assumptions and introduce the concepts needed.

5.4.1 Basic Definitions

Adopting the routing and scheduling terminology, we designate an agent’s single assignment
by a visit and an agent’s sequence of assignments by a route (or tour). Let routea be agent
a’s route, v a visit to some task’s node by some agent, and, specifically, vk,a agent a’s visit to
task k. Then, let vú

k,a be the best visit that agent a can currently make to task k. The best
visit to task k, among all the agents’ visits, is noted vú

k. During a route construction, a task’s
visit maybe inserted at many places. Let vk,a,j designates the jth visit in routea that can
be made to task k (by agent a). Let {vk,a,j}jœroutea be the set of all visits that agent a can
(currently) make to task k (i.e., all task k’s visits that can be inserted in routea).Inserting
a visit v in a route requires to move forward (delay) the visits that follow. Let shiftv be
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that delay. Since the tasks have deadlines, before delaying a visit, we make sure that the
visits that follow the visit to insert remain feasible. Let maxshiftj be that affordable delay
for visit j. Let v be a potential visit to insert and j (j > v) a visit that follows v on the
same route. Visit v can be inserted if and only if shiftv Æ maxshiftj , ’j > v. We denote
by v + 1 a visit that just follows v (on the same route).

5.5 Sequential Insertion Heuristic

The Sequential Insertion Heuristic (SIH) constructs routes one by one, by inserting task
visits. The SIH’s implementation we propose for our problem is a special case of Solomon’s
first insertion heuristic for VRPTW [26], where the insertion’s delay is the visit’s selection
criterion. Our implementation is identical to the first heuristic that Labadi et al.’s embed in
a metaheuristic for TOPTW [62], except that we use Vansteenwegen et al’s. visit selection
criterion, to speed up the search [61].

Algorithm 7: Sequential Insertion Heuristic (SIH)
Input: K, A
Output: �ú

1 �ú Ω ÿ
2 Kpending Ω K
3 forall a œ A do /* fill routes one by one */
4 repeat

5 foreach k œ Kpending do /* find a’s best visit to k */
6 vú

k,a Ω argminvœ{vk,a,j}jœroutea
{shiftv | shiftv Æ maxshiftv+1}

7 vú
a Ω argminvœ{vú

k,a}kœKpending
{shiftv} /* the best visit in a’s route */

8 if vú
a ”= null then

9 insert vú
a into �ú

10 Kpending Ω Kpending \ {vú
a’s task}

11 until vú
a = null or Kpending = ÿ /* the agent can visit no more task */

12 if Kpending = ÿ then return

SIH heuristic arbitrarily selects an agent to fill its route, repeatedly until all the tasks
are visited or all the routes are full (Algorithm 7). A visit to a task is considered for
insertion, if it is feasible and minimizes the delay introduced to the route, once inserted,
without making infeasible any visit that follows (line 6)—we detail in Chapter 7 how to
technically do that. To find the best visit to insert in the current agent’s route (line 7), we
first look for the best visit that the agent can make to every pending task (line 5,6). That
is, we search in the agent’s route when the current task can be visited while causing the
least delay to the visits that follow (line 5).

Complexity Analysis. SIH is �(nm). When the agents are as many as the tasks (n ¥ m),
it is quadratic (�(m2)). In MRTA-STC, where n n m, SIH should be �(m).

5.6 Fast Parallel Insertion Heuristic

Instead of considering the routes separately, Parallel Insertion Heuristic (PIH) looks for the
best visit over all. The routes are thus built concurrently. For brevity without compromising
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Algorithm 8: Fast Parallel Insertion Heuristic (faPIH)
Input: K, A
Output: �ú

1 �ú Ω ÿ
2 Kpending Ω K
3 Vbest Ω ÿ
4 forall k œ Kpending do /* initialize the tasks’ best visits */
5 forall a œ A do

6 vú
k,a Ω argminvœ{vk,a,j}jœroutea

{shiftv | shiftv Æ maxshiftv+1}
7 vú

k Ω argminvœ{vú
k,a}aœA

shiftv

8 Vbest Ω Vbest
t

{vú
k}

9 while Kpending ”= ÿ do /* build routes concurrently */
10 vú Ω argminvœVbest

shiftv

11 insert vú into �ú

12 updatedRoute Ω vú’s route
13 Kpending Ω Kpending \ {vú’s task}
14 forall v œ Vbest do /* update the tasks’ best visits */
15 if v’s route = updatedRoute then

16 re-compute the best visit to v’s task /* idem to lines 5-8 */

completeness, we expand on PIH later on (Chapter 7). Here, we rather show how we
speed up PIH’s implementation with fast Parallel Insertion Heuristic (faPIH) (Algorithm 8).
Similarly to SIH, (fa)PIH (i.e., PIH and faPIH) insert task visits at different route positions,
however, (fa)PIH construct the routes simultaneously (line 5–7). Moreover, faPIH ensures
the visit to insert and those that follow (on the same route) are feasible (line 6). The visit
with the lowest route shift is selected. Instead of re-computing the best visit in every route
(as PIH), faPIH maintains a memory with the best visits to the pending tasks (line 4–8,
14–16). Likewise, we accelerate the selection of the visit to insert at each iteration (line
10). When a route is modified (i.e., after a visit insertion), it may no longer hold the best
visits to some pending tasks. So, we update the best visit to a pending task if that best
visit’s route has been altered (line 15–16).

Complexity Analysis. In theory, faPIH is as slow as PIH (�(m3)), slower than SIH, but
in practice faPIH should generally be faster than PIH; for it is very unlikely that all the
pending tasks would need an update of their best visits at every iteration.

5.7 Parallel Insertion Heuristic with Task Selection

By minimizing a visit’s insertion delay, PIH heuristic saves the agents’ travel time and
increases their work time. We propose a variant of PIH, noted xPIH, that uses the EDF
heuristic to secure the allocation of urgent tasks, while it keeps the advantages of PIH—
i.e., delay minimization and route load balancing through concurrent routes construction
(Algorithm 9). Specifically, xPIH prioritizes the earliest deadline task (line 2) and the visit
thereof that minimizes the insertion delay in all the routes (line 5). Thus, we decrease the
search cost from PIH, for each task is considered for allocation only once. By incorporating
EDF, we think we may increase the task allocation rate. Since the most constrained tasks’
– with regard to deadline – feasibility is likely to drop quickly along the allocation process,
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Algorithm 9: Task Selection Parallel Insertion Heuristic (xPIH)
Input: K, A
Output: �ú

1 �ú Ω ÿ
2 Kpending Ω K sorted in a non-decreasing order of tasks’ deadlines
3 forall k œ Kpending do /* allocate the earliest deadline task first */
4 forall a œ A do /* find the task’s low-cost visits in the routes */
5 vú

k,a Ω argminvœ{vk,a,j}jœroutea
{shiftv | shiftv Æ maxshiftv+1}

6 vú
k Ω argminvœ{vú

k,a}aœA
shiftv /* the task’s best visit */

7 if vú
k ”= null then insert vú

k into �ú

making so such tasks harder and harder to visit and delaying the routes much more.

Complexity Analysis. xPIH is at worst �(m2). So it is theoretically slower than SIH, but
faster than faPIH and PIH. We think that, in practice, on the average, xPIH scales even
better because of a shorter runtime T (n, m) = �(m2 ≠ mn).

5.8 Empirical Evaluation

5.8.1 Experimental Setup

To evaluate the heuristics we proposed for MRTA-STC, we coded them in Java and we
sampled some test instances as follows. We randomly scatter the agents and the tasks on a
120 ◊ 120 grid map with the uniform distribution (i.e., l0a, lk ≥ (U(0, 120), U(0, 120))). We
calculate the distances that the agents travel with the “Manhattan distance” formula. We
set the agents’ velocity at a constant unitary value; therefore, the time an agent takes to
travel between two tasks is equivalent to the distance between them. We draw the agents’
work capacities at random such that they range from one to three times the unitary capacity
value (i.e., pa ≥ U(1.0, 3.0)). To get tasks’ workloads’ and deadlines’ values, we uniformly
sample over large intervals (to simulate widely different scenarios) as: dk ≥ U(30, 600) and
wk ≥ U(10, 60).

We fix the number of tasks at 150 and we vary the number of agents from 3 to 30,
by increments of 3. For each problem size, we run the heuristics on 100 different instances
sampled with the same configuration (as shown above). The testset gathers ten problems
with different size that sum up to 1000 instances 1. We run the experiments on an Intel(R)
Core(TM) i7 CPU, clocked at 2.20 GHz, with 8 Giga of RAM, under Linux.

5.8.2 Results

We report the means of solution qualities and travel costs per problem set (Figures 5.1
and 5.2) and we plot the 95% confidence interval as an error bar for each problem set
(100 instances). In Table 5.1 and Figure 5.3, we report the mean (empirical) computation
times. The heuristics (fa)PIH constantly perform better than NTF and LA1 heuristics
(Figure 5.1), namely, (fa)PIH allocate more tasks while they generate routes that require

1available online at: http://tinyurl.com/ts1tastp0
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Figure 5.1: Basic heuristics performance results on MRTA-STC
(part 1)

less travel time to visit the tasks. We confirm that faPIH is faster then PIH, it is noticeably
faster than LA1 and a little slower than NTF (Table 5.1).

The heuristic faPIH is comparable to EDF with regard to solution quality and faPIH
performance gap tends to shrink as more agents become available. Surprisingly, EDF
quickly tends to allocate almost all the tasks, as more agents are available 2. Moreover,
EDF is remarkably faster than faPIH (Table 5.1). Nonetheless, faPIH better allocates tasks
on difficult problem (fewer agents), it improves PIH’s response time up to 94% and it saves
the travel distance cost compared to EDF (Figure 5.1b). SIH generally allocates tasks more
than faPIH does, particularly when there is a moderate number of agents (Figure 5.1a).
xPIH is almost identical to EDF with regard to solution quality and response time—it
slightly better allocates tasks when there are few agents. As the number of agents increases
(above nine), xPIH allocates more tasks and reduces the travel cost compared to SIH. xPIH
is clearly faster than faPIH and SIH (Figure 5.3). The results are statistically significant
for the error bars generally do not overlap. We conclude that SIH offers the best solution

2That made us suspect the convenience, per chance, of some of the testset instances for EDF
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Figure 5.2: Basic heuristics performance results on MRTA-STC (part 2)

Table 5.1: The Basic Heuristics computation time (ms) - part 1
n 3 6 9 12 15 18 21 24 27 30
EDF 0.2 0.1 0.1 0.1 0.2 0.1 0.2 0.2 0.1 0.2
NTF 2.1 1.2 1.1 1.1 1.3 1.2 1.3 1.4 1.3 1.3
LA1 21.6 37.3 51.3 60.3 71.0 79.5 92.2 89.8 94.7 98.1
PIH 8.3 18.9 29.1 35.9 41.2 44.3 48.3 51.6 54.9 58.2
faPIH 3.2 3.6 3.7 3.5 3.5 3.3 3.3 3.3 3.2 3.1

quality within few seconds when the number of agents is low. As more agents become
available, xPIH achieves the best solution quality with a travel cost and response time that
are competitive compared to other heuristics. Yet, faPIH and SIH performances are more
stable. Consequently, we think that faPIH or SIH maybe the suitable heuristic to embed in
a multi-restart type metaheuristic. The remaining heuristics maybe used in some advanced
heuristic that combines them, somehow, to achieve a better performance. In computation
power restricted settings, NTF is suitable for problem instances with a few to a moderate
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Figure 5.3: Basic heuristics computation time on MRTA-STC (part 2)

number of agents (with some trade-off of solution quality). Whereas EDF is suitable for a
large number of agents.

5.9 Conclusion

We have proposed fast and easy-to-implement approaches to our multi-robot task allocation
problem, which improve solution qualities and response times compared to the market-
based approach (Chapter 4). These are heuristics that insert visits to tasks, route by
route or simultaneously, at the end or anywhere in the route, by minimization the travel
distance, the completion time, the insertion delay, or by maximizing tasks reachability or
prioritizing urgent tasks. We have showed how to implement the heuristics, we analyzed
their computational complexities and we experimentally compared them on some more
elaborated MRTA-STC instances. We found that the insertion-based heuristics perform
generally better. We show how to improve the response time of the parallel insertion
heuristic and how to improve the solution quality of the earliest deadline first heuristic.
The next chapters build upon the heuristics studied here to yield higher solution quality,
while keeping the response time acceptable.
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Chapter 6

On the Tuning and Evaluation of
Iterated Local Search

Iterated local search (ILS) is a metaheuristic that proved to be effective on many intractable
combinatorial optimization problems. As most metaheuristics, ILS is likely to require a
good deal of tuning before it can achieve satisfactory results. Generally, tuning approaches
do not consider the specificities of the metaheuristic under development. We want to tune
ILS based on its main feature: “search guidance”. To do so, given the local search procedure
(or the embedded heuristic), we suggest to tune ILS while comparing against two baselines:
multi-restart local search (MRLS), where there is no “search guidance”, and randomized
iterated local search (rILS), where the search guidance is random to some extent. By
so doing, we can tell if the perturbation and/or the acceptance criterion (ILS guidance
modules) should be tweaked further. In Section 6.1, we briefly review metaheuristic tuning
and evaluation. In Section 6.2, we give ILS’s general scheme and how ILS works. In
Section 6.3, we review a competitive ILS for TOPTW and show how we adapt it to MRTA-
STC problem. In Section 6.4, we show how to derive two basic metaheuristics, given the
embedded heuristic, so to quickly evaluate ILS, eventually, to tell if there is room for tuning
the search guidance, specifically. In Section 6.5, we experimentally demonstrate that the
studied ILS lacks tuning, since it failed to outperform the trivial baselines.

6.1 Introduction

Metaheuristics are high level heuristics that proved to be effective to tackle many hard
combinatorial optimization problems. Results in the literature indicate that metaheuristics
are among the state-of-the-art to approach problems for which we do not know efficient
algorithms [31, 63]. Again, metaheuristics are appealing because they are algorithmic
templates that can be easily applied to practically any optimization problem. To become
functional, a metaheuristic needs configuration: some modules require instantiation and
some parameters – numerical or qualitative – need to be set. A quick-and-dirty configuration
(or tuning) may outcome fairly good results. Nevertheless, an extra tuning is necessary for
the metaheuristic to become competitive or the state-of-the-art. Unfortunately, tuning
is not straightforward because of the lack of theoretical analysis tools [60]. So typically,
metaheuristics are rather analyzed and tunned experimentally on established benchmarks.
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The tuning is intertwined with the design and implementation. Tuning aims to im-
prove the metaheuristic’s modules individually and/or in combination, while fine-tuning
seeks to further improve it but to a less extent, by looking for the search configuration
parameters (free parameters) values that yield the best (or satisfactory) results 1. For in-
stance, let us assume a metaheuristic M with three modules: m1, m2 and m3, a baseline
heuristic B (or the set of optimal solutions O, when available) and a performance metric
c. Let mij designates an instance j of module mi œ M(i = 1 . . . 3). Let mú

i be module
mi’s best instance—indeed, it is rather the module’s best-found instantiation, since we may
not be able to find the best one nor to prove it so otherwise. If mi is the LS in a SA, for
example, we can have mú

i by looking for many mi and comparing SA’s performance with
B’s (or with O). The combination {mú

1, mú
2, mú

3}, a metaheuristic M ’s instance that is
obtained through tuning the modules individually, may not be the best. Consequently, we
need to consider tuning a metaheuristic’s module in conjunction with the others, as well.
Indeed, the modules are inter-dependent and there interaction may not be well understood.
There is anecdotal evidence that about 10% of the total time dedicated to design and test
a new metaheuristic (or a heuristic) is spent in development (including tuning), while the
remaining 90% is spent in fine-tuning [18]. Nonetheless, we think tuning a metaheuris-
tic is as important as fine-tuning, maybe even more; since, intuitively, the latter cannot
compensate for underachieving modules and/or a bad combination thereof. Usually, meta-
heuristics are tuned by hand in a trial-and-error fashion, guided by some rules of thumb
[8]. The tuning can be specific to the metaheuristic at hand or based on problem-specific
knowledge. If the metaheuristic is modular—usually, it is the case such as SA and TS—, it
is tuned component per component, then by considering the components all together [12].
Some authors adopt a descriptive analysis based on fractional design [16]. For example, Xu
and Kelly attempt to identify the relative contribution of five components in TS [17]: they
disable each component, one at a time, execute the resulting algorithm on seven instances
and compare the results to draw conclusions on the effectiveness of each component. The
designer may instead selects a module instance that experimentally proved to be successful
or that is supported by a theoretical proof. For instance, Hajek gives a parametric cooling
temperature schedule that guarantees the convergence of SA to a global optimum, under
some condition on the parameter [65]. Additionally, Boese et al. experimentally show that
periodic (or warming) temperature schedules, in SA, can lead to a better performance in
time-bounded applications [66].

Iterated Local Search (ILS) is a metaheuristic which analysis and tuning are not
straightforward. In essence, ILS is a repetitive LS run, where a run’s output is partially
used as an input in the next run, in a way that increases the likelihood of improving
the currently best-found solution. ILS performance depends on the choices made on its
four components: the initial solution, the LS (or the embedded heuristic), the acceptance
criterion and the perturbation procedure. We refer to the last two by the “search guidance”
modules. ILS performance depends also on the components combination. Lourenço et al.
suggest an individual tuning of ILS’s modules, before performing a global tuning. The

1It is usual in the literature to rather refer with “tuning” to “fine-tuning”. Here, we instead adopt
Birattari’s terminology to distinguish between improving the metaheuristic’s modules vs. improving the
free parameters setting [64]
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latter process can be approximated by successively tuning each component, while letting
the remaining components fixed, until no improvement can be found on any component [12].
However, this approach is time consuming: many components’ combinations are likely to
be tested plus fine-tuning each combination.

In what follows, we study an ILS on MRTA-STC problem, so to build on top of
it based on tuning the search guidance. To do so, we check how well ILS is tuned. Our
hypothesis is that we can achieve fair results if we restrict the tuning to the “search guidance”
modules. This is motivated by the fact that: a good heuristic to embed is often available,
the initial solution has generally little impact—particularly when the search time is long—
and the search guidance modules are the main ILS’s feature. The contributions of this
chapter are: (1) two trivial metaheuristic baselines for ILS that are easy to derive, given
the LS and a little information about the problem, consequently (2) a global tuning of
ILS directed toward the search guidance modules, (3) a case-study implementation of the
baselines on our problem and the ILS evaluation. The first baseline we suggest, though
not novel, a few literature works consider to evaluate against it and give details on of its
implementation. The second baseline is new and specific to ILS.

6.2 Iterated Local Search

Let S be the search space and Sú the space of local optima. Local search (LS) maps a
solution from S to Sú. ILS, however, maps multiple solutions from Sú to Sú, by repeatedly
doing a LS that is seeded with the current local optimum. Likewise, ILS escapes local optima
and attempts to find better ones, or a global optimum. It explores Sú more efficiently than a
multi-restart local search (MRLS), which repeatedly maps solutions from S to Sú, without
exploiting the search history. Contrary to MRLS, which is a “random walk” in the space of
local optima (Sú), we see ILS as a “guided walk” in Sú.

Algorithm 10: Iterated local search architecture
Input: problem, search configuration parameters, initial solutions0,

termination condition
Output: sú

1 s Ω LocalSearch(s0)
2 sú Ω s
3 repeat

4 sÕ Ω Perturbation(s)
5 súÕ Ω LocalSearch(sÕ)
6 s Ω AcceptanceCriterion(s, súÕ)
7 if f(súÕ) > f(s) then sú Ω súÕ

8 until termination condition

The search starts from an initial solution s0 which is generally empty, random or the
output of some fast greedy heuristic (Algorithm 10). Then, it iterates until a given termi-
nation condition is met. At each iteration, ILS tries to improve the best-so-far solution sú

by modifying the current solution s and applying a LS. The modification (or perturbation)
procedure changes s to some extent, depending on a perturbation strength which is either
given by the user (i.e., a free parameter) or coded by the designer. The perturbation’s
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outcome, sÕ, is a partial solution—i.e., we can add solution elements to sÕ. By applying a
LS on sÕ, we obtain a new local optimum súÕ that maybe better then the current or the
best-so-far solution (line 6,7, Algorithm 10, where f : S æ R is the solution quality func-
tion, to maximize). However, when a new solution, súÕ, is less valuable then the current
one, s, the acceptance criterion module decides whether to carry on the search from s or
súÕ. The perturbation and the acceptance criterion modules altogether define the search
trajectory of ILS. Applying weak perturbations along with only accepting better solutions
encourages the search intensification. Inversely, if we perturb the solutions significantly
and accept them easily, we then encourage search diversification. Some balance between
the two search tendencies is recommended or the best ratio maybe found experimentally.

6.3 Iterated Local Search for MRTA-STC

Vansteenwegen et al.’s ILS is a fast, simple and competitive approach to TOPTW. It
has a small score gap (1.8% on average) compared to the best-known, on a large set of
benchmarks [61]. A recent comparison of the state-of-the-art approaches to the TOPTW—
which takes into account the heterogeneity of the computational platforms— reports higher
solution qualities (then ILS’s) obtained by ACO, SA and hybrid local search [63]. Yet,
Vansteenwegen et al.’s ILS – noted ILS from now on – keeps relatively a small percentage
of score deviation from the best-known, while it globally shows the promptest response.
Therefore, we opted for ILS as a basis to propose and evaluate a better approach to MRTA-
STC. To do so, we first study the ILS on MRTA-STC through an evaluation against trivial
metaheuristics. Before doing so, we briefly present the design choices made in ILS for
TOPTW and project them on our problem.

The LocalSearch procedure in ILS (Algorithm 10) is rather instantiated with an
insertion-based heuristic, namely PIH (Chapter 5). We recall that PIH considers all the
tasks, the tours and tour positions when constructing the routes. It prioritize a visit v based
its profit, �v, and the delay, shiftv, it adds to the tour [61]. ILS computes the desirability
of inserting visit v as:

�2
v

shiftv
(6.1)

Thus, the embedded heuristic gives importance to profit gain more then to delay minimiza-
tion when considering the visit to insert. In MRTA-STC, the tasks have the same priority,
similarly to the special case TOPTW (Chapter 3), then we substitute Formula 6.1 with:

1
shiftv

(6.2)

Likewise, we only minimize the delay added to the tour, to eventually enable further visits
to be inserted so on and so forth. We compute shiftv similarly to ILS for TOPTW, except
that there is no waiting time at a task’s location, the deadline restricts the time by which
a task should be finished—instead of the time by which the task can be started—and the
service time depends on the capacity of the serving agent (c.f., see Chapter 3). The initial
solution is empty (Algorithm 10). The termination condition holds after the given number,
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maxTrials, of trials have been done without improving the solution. The perturbation
phase has a variable perturbation strength r and a variable perturbation start x. The
user should configure maxPerturbationCoef , “maximum perturbation strength coefficient”
parameter to bound the perturbation’s strength. The perturbation removes a sequence
of r visits from each tour, starting at different positions xtour, at each iteration. The
perturbation strength r is gradually incremented along; it is re-initialized with the unitary
value when a new best-so-far solution is found, or when some threshold, which is partially
determined by maxPerturbationCoef , is reached [61].

While ILS is among the state-of-the-art approaches to TOPTW, we cannot conclude
how efficient is its search guidance, unless we measure it. We suggested to do so, on
MRTA-STC, through two baselines which are easy to implement and tune.

6.4 Trivial Baselines for Iterated local search

The strength of ILS lies in a biased sampling from the set of local optima [12]. Given the
LS procedure, the sampling efficiency depends on the instantiations of the perturbation and
the acceptance criterion modules, combined. Interestingly, even with a quick instantiation
of the search guidance modules, ILS performs better than many LS which are randomly
seeded [12]. Consequently, a fairly tuned ILS should perform, at least, better than: a multi-
restart local search and an ILS implementation with an arbitrary search guidance. Given
the embedded heuristic (or a LS procedure), comparing ILS against the two suggested
trivial baselines helps, in particular, to evaluate ILS’s search guidance.

6.4.1 Multi-restart Local Search

Algorithm 11: Multi-restart local search (MRLS)
Input: K, nbrRestarts, nbrRandomSolutionElementRatio.
Output: solution sú

1 sú Ω ÿ
2 nbrRandomSteps Ω nbrRandomSolutionElementRatio ◊ f(LocalSearch(ÿ))
3 repeat

4 Kpending Ω K
5 s0 Ω ÿ
6 repeat /* seed the LS randomly */
7 v Ω a random visit to an arbitrary task k œ Kpending

8 insert v into s0
9 Kpending Ω Kpending \ {v’s task}

10 until nbrRandomSteps
11 s ΩLocalSearch(s0)
12 if f(s) > f(sú) then sú Ω s

13 until nbrRestarts

The simplest way to improve a LS outcome’s quality is to repeat the LS many times
with different seeds. Typically, the seeds (initial solutions) are arbitrary; which makes the
search a sequence of independent random samplings in Sú. Thus it is referred to as: “random
restart” search or Multi Restart Local Search (MRLS). The rational of MRLS is that if (i)
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the fraction of satisfactory local optima2 is sufficiently large and if (ii) these local optima are
uniformly distributed in the search space, by repeating the LS procedure a sufficiently large
number of times, the probability of hitting a satisfactory local optimum is then quite high
[12]. However, neither of these assumptions is justified in many applications. Furthermore,
as the problem instance size increases, MRLS has a lower and lower probability of finding
satisfactory local optima. YEt, its triviality makes it a good performance yardstick that
any well-designed experimental analysis should include [64].

We instantiate MRLS for MRTA-STC by Algorithm 11. We keep the ILS’s Lo-
calSearch. We get the initial solution, s0, by inserting some solution elements ran-
domly. Specifically, we insert a number of visits which the tour, the task and the
insertion position are selected arbitrarily (line 7). The number of random insertions,
nbrRandomSteps, is s0’s size. Intuitively, it should be small to give room for enough
subsequent heuristic – rational – insertions and somehow ensure to get fairly good so-
lutions. We set nbrRandomSteps’s value, at runtime, based on the free parameter
nbrRandomSolutionElementRatio which tells the ratio of random visits to the total num-
ber of visits in an ordinary LS solution (line 2, Algorithm 11). We empirically found that
the best value for nbrRandomSolutionElementRatio should be very small, in our case
study. In each of the nbrRestarts iterations, MRLS initializes the LS with some arbitrary
partial solution s0 (line 6–10), does a LS and eventually updates the best-found solution
sú (line 11–12). The random sampling of s0 allows the LS to hit different local optima.
Ideally, nbrRestart should be set such that to hit as much different sú as the time budget
allows.

6.4.2 Randomized Iterated Local Search

Algorithm 12: Randomized iterated local search (rILS)
Input: A, K, maxIter, P
Output: sú

1 s Ω LocalSearch(ÿ)
2 sú Ω s
3 iter Ω 1
4 repeat

5 sÕ Ω Perturbation(s)
6 súÕ Ω LocalSearch(sÕ)
7 s Ω súÕ

with probability P
8 s Ω s with probability 1 ≠ P
9 if f(súÕ) > f(s) then sú Ω súÕ

10 iter Ω iter + 1
11 until iter = maxIter or all k œ K are visited

Contrary to MRLS, ILS is guided by the perturbation and acceptance criterion modules,
that enables it to do better then a mere random restart of LS. It is therefore important
to tune these modules before comparing ILS against any elaborated approach. Given the
ILS’s embedded heuristic, the termination condition and the initial solution, we derive a

2Local optima are satisfactory if their qualities are su�ciently close to a global optimum’s quality, or
they are rather so as being estimated by the practitioner on the target application.
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randomized Iterated Local Search (rILS), where we only modify the perturbation and the
acceptance criterion. If rILS performs better then ILS, we can conclude a shortcoming in
ILS search guidance and suggest a tuning therein. The acceptance criterion is controlled
by the probability P (Algorithm 12) We keep ILS’s “random walk” acceptance criterion
[61], by setting P = 1.0 (lines 7–8). As such, we ever carry on the search from the current
solution, independently of the solution’s quality. Hence, we encourage a exploration the
most, similarly to MRLS, and do not exploit the search history at all. Alternatively, one
can set the acceptance probability as P = 0.5 to accept or reject a solution uniformly at
random, if we don’t know whether more exploration or exploitation is better. Having an
idea about the solution landscape—the case of some well-studied problems, as the TSP—,
we may set the acceptance probability such that to disadvantage rILS and get an even
lower performance bound for ILS. For instance, when the solution landscape features a few
regions with high quality local optima, by setting P such as to encourage exploration (i.e.,
P œ (0.5, 1.0]), rILS is more likely to perform shorter then any tuned ILS.

Algorithm 13: Perturbation step of the randomized iterated local search
Input: s, Kpending

Output: sÕ

1 atl Ω meantourœs {length(tour)}
2 r Ω a random number œ [1, atl]
3 sÕ Ω s
4 forall tour œ sÕ

do

5 if tour ”= ÿ then

6 x Ω a random number œ [0, length(tour) ≠ 1]
7 Remove r sequential visits from tour starting from x
8 Kpending Ω Kpending fi { the r removed visits’ tasks}

We perturb the current solution s by removing an arbitrary number r of sequential
visits from each tour (line 7, Algorithm 13). The position x where we start the removal is
arbitrary too (line 6). As the tours have different lengths, we set the maximum number of
visits to remove (from s) equal to the average tour length, atl (line 1). If the perturbation
is longer than the tour, we remove all the visits. The removed visits’ tasks are re-inserted
into the set of unallocated tasks Kpending, so that they can be re-considered for allocation
again. The rILS’s perturbation phase is diverse as the perturbation strength and start
are set randomly. Likewise, we enable search intensification and diversification, but in an
arbitrary manner. Introducing randomness in the perturbation is also a trick to avoid re-
cycling; a common issue in trajectory-based deterministic searches (as ILS). Thus, rILS is
another good baseline, possibly better then MRLS, to quickly measure the effectiveness of
“search guidance” in ILS.

6.5 Empirical Evaluation

6.5.1 Test Instances

We generate two groups of problem instances. In group 1, the instances admit solutions
which tours have a small to a moderate length. In group 2, the instances admit solutions
which tours are relatively long. The number of tasks is 100 over all, while the number of
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agents varies as: 2, 3, 5 and 7. The map is a 100 ◊ 100 grid. The agents’ and task locations
are drawn uniformly at random. The travel velocity is commonly set at a unitary value.
An agent a’s work capacity pa œ {1, 2}, it is set such that about one third of the agents
would be twice more efficient then the rest. The tasks’ workloads are set at 20. A task k’s
deadline, dk, is normally drawn from [dlow

k , dhigh] for 25%, 50%, 75% or 100% of the tasks.
The remaining tasks take dhigh, the slackest deadline. The tightest deadline a task k may
take, dlow

k , is set such that k could be feasible to any agent that attempts it at the beginning
of its tour. The value dhigh is set such that if given: dhigh is the tasks’ deadline, 10 agents,
a travel distance between any pair of tasks that is equal to one fourth of the longest travel
distance (25 units); then the agents could visit all the tasks. We experimentally found that
setting dhigh likewise enables long tours (group 2’s instances), whereas we enable relatively
short tours (group 1’s instances) if we set dhigh at half of that setting, .

By combining the number of agents available with the percentage of normally sampled
deadlines, we get 16 different problem configurations per group. We sample three instances
per problem configuration to get 96 MRTA-STC instances 3. A problem instance’s name
is coded as “rgpan” followed by the instance number, when the instance pertains to group
g (g œ {1, 2}), has a ratio p/4 (p œ {1 . . . 4}) of tasks with normally sampled deadlines (as
shown above) and n agents available. For example, the problem instance named r23a501,
is in group 2, has 3/4 tasks with normally distributed deadlines, 5 agents available and it
is the first sampled with that configuration.

6.5.2 Expirement Setup

We implemented ILS, MRLS and rILS in Java. We ran the metaheuristics on an Intel
i7 CPU clocked at 2.20 GHz with 8 Giga of short-term memory, under Linux operating
system. We fine-tuned ILS by looking for the best search configuration parameters’ values
on a per problem group basis. We tested many values combinations, until we could not
fairly improve the solution quality, without significantly increasing the computation time
(which did not go beyond 15 seconds). The best configuration we have found (for ILS)
is: maxTrials= 600, maxPerturbationCoef= 1/2 for group 1’s instances, maxTrials= 600,
maxPerturbationCoef= 2/5 for group 2’s instances. We fine-tuned MRLS in a similar
way. We did not need to fine-tune rILS. We made sure for the trivial baselines that the
runtime does not exceed ILS’s runtime. We ran ILS once, we ran MRLS and rILS 11 times
each on every problem instance. Then, we computed the median, best and worst score
gaps (in percentage) between ILS and the baselines (Equation 6.3). We also measure the
computation time gaps (in seconds) between ILS and the trivial baselines in the median,
best and worst runs of these latter (Equation 6.4).

Score Gap = baseline score ≠ ILS score
max(baseline score, ILS score) ◊ 100% (6.3)

Time Gap = baseline cutoff-time ≠ ILS runtime (6.4)

Again, score is the number of allocated tasks (i.e., the solution quality). We redefine the

“score gap” here as the percentage of deviation of one approach’s score from the others’,
3The test instances are available on the Web at http://tinyurl.com/taptc15in
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such that positive values account for a shortcoming in ILS (Equation 6.3). We interrupt
the baselines’ run as soon as they hit their best solutions, let cutoff-time be that time.
The computation “time gap” is the difference between the baseline’s cutoff-time and ILS’s
runtime (6.4). Thus, negative values of the time gap indicate how longer, then the baseline,
ILS was ran, eventually to catch up with (Equation 6.4).

We report the results of the experiments averaged per problem (Tables 6.1,6.2). ILS’s
score is comparable to MRLS’s, even-though ILS is ran longer (Table 6.1). Specifically, ILS
barely improves MRLS’s median score on average (up to 2.59%) and only on less than
half of the problems. ILS performs worse then the second baseline rILS. Specifically, in
the median run, rILS achieves scores that are higher then ILS’s (up to 4.15%) on most
problems, within faster response times (Table 6.2). Interestingly, even if we consider the
worst run, rILS does on average better than ILS on group 1’s problems. In the median run,
rILS outperforms or ties with ILS on 14 and 12 (out of the 16) problems of group 1 and 2,
respectively. At the best run, rILS hits solutions with quality that is higher then ILS’s on
30 (out the 32 problems, up to 5.05%), within a shorter response time. We further checked
rILS is of a superior to ILS, by running rILS 100 times and plotting the distribution of the
score. Typically, rILS always achieves a better score then ILS’s: the score distribution is
generally similar to that we have found on pb7 instance (Figure 6.1).

The superior performance of rILS can only be the result of the perturbation, since
we kept the remaining ILS modules. Specifically, rILS’s perturbation maybe diverse to an
extent that enabled the search to better explore the solution space. Otherwise, the com-
parability of ILS performance with MRLS’ and its under-performance compared to rILS,
is a hint that ILS may have been trapped in search cycles (likely, for ILS is deterministic)
and/or that it has a poor “search intensification” (a behavior absent in MRLS). Further-
more, the under-performance of ILS maybe linked to the way the search intensification
and diversification are balanced. In Contrast, we think the stochasticity injected in rILS’s

Table 6.1: ILS vs MRLS—ILS is comparable to the baseline

Input
Score Gap (%) Time Gap (s)

median best worst median best worst

pb1 -1.30 -1.30 -1.30 -1.1 -1.1 -1.1
pb2 +1.36 +1.36 +1.36 -0.9 -0.9 -0.9
pb3 0.00 0.00 0.00 -0.8 -0.8 -0.8
pb4 +2.03 +3.50 +2.03 -0.7 -0.6 -0.7
pb5 +1.22 +1.22 +1.22 -1.2 -1.3 -1.4
pb6 +0.97 +0.97 +0.97 -1.6 -1.5 -1.6
pb7 0.00 0.00 0.00 -1.5 -1.5 -1.5
pb8 +2.59 +2.59 +2.59 -1.3 -1.3 -1.3
pb9 0.00 0.00 -1.91 -0.7 -1.5 -2.9
pb10 -0.57 -0.57 -0.57 -2.8 -2.9 -3.6
pb11 -1.19 -1.19 -1.99 -3.0 -3.0 -2.2
pb12 +0.94 +0.94 0.00 -2.2 -2.1 -2.2
pb13 -2.22 -1.30 -3.13 -2.0 -2.9 -4.7
pb14 -2.31 -1.90 -3.26 -3.8 -1.1 -2.9
pb15 -2.77 -1.80 -3.60 -3.8 -2.4 -4.0
pb16 -2.49 -0.93 -3.58 -4.4 -2.4 -4.9
Avg. -0.25 +0.11 -0.74 -2.1 -1.8 -2.5

Input
Score Gap (%) Time Gap (s)

median best worst median best worst

pb17 +0.66 +0.66 0.00 -2.1 -1.8 -1.9
pb18 +0.94 +1.63 0.00 -1.9 -1.8 -2.5
pb19 0.00 +0.98 0.00 -2.1 -2.1 -2.2
pb20 +2.92 +2.92 +2.92 -1.4 -1.5 -1.4
pb21 -1.58 -0.47 -2.05 -2.3 -2.1 -2.7
pb22 0.00 +0.96 -0.65 -2.2 -2.3 -3.1
pb23 -1.03 +0.68 -1.72 -3.2 -2.5 -3.3
pb24 -1.99 -0.60 -2.58 -3.6 -3.2 -3.8
pb25 0.00 +0.62 -1.04 +0.1 +2.5 -2.0
pb26 0.00 +1.08 -0.76 -2.2 +1.0 -2.1
pb27 -2.03 -0.48 -2.39 -2.3 -1.1 -2.9
pb28 -1.70 -0.79 -1.70 -2.9 -2.2 -3.0
pb29 0.00 0.00 0.00 0.0 0.0 0.0
pb30 0.00 0.00 0.00 0.0 0.0 0.0
pb31 0.00 0.00 -0.30 +0.5 +0.8 0.0
pb32 -0.31 +0.72 -1.04 +0.4 +1.4 +0.7
Avg. -0.27 +0.53 -0.75 -1.7 -1.0 -2.0
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Table 6.2: ILS vs rILS—ILS did worse than the baseline

Input
Score Gap (%) Time Gap (s)

median best worst median best worst

pb1 0.00 0.00 0.00 -1.1 -1.1 -1.1
pb2 +1.36 +2.69 0.00 -0.9 -0.9 -0.9
pb3 +1.41 +1.41 0.00 -0.7 -0.7 -0.8
pb4 +3.50 +4.93 +3.50 -0.7 -0.7 -0.7
pb5 +4.15 +4.15 +3.00 -1.6 -1.6 -1.5
pb6 +4.06 +4.06 +1.92 -1.5 -1.4 -1.4
pb7 +3.15 +4.95 +0.97 -1.4 -0.9 -1.5
pb8 +3.66 +5.05 +2.59 -1.0 -1.1 -1.1
pb9 +1.88 +2.61 +0.76 -2.6 -2.4 -3.0
pb10 +1.32 +1.88 0.00 -3.1 -3.0 -3.5
pb11 +1.37 +3.27 -0.60 -2.7 -1.9 -2.8
pb12 +1.63 +3.20 +1.63 -2.3 -2.0 -2.4
pb13 +0.39 +1.29 -0.91 -4.4 -4.2 -5.1
pb14 -0.95 +0.81 -2.31 -4.0 -4.2 -4.6
pb15 -0.41 +0.96 -2.77 -3.5 -3.3 -4.4
pb16 +1.08 +2.13 -0.47 -3.9 -4.4 -5.0
Avg. +1.84 +2.89 +0.49 -2.4 -2.2 -2.7

Input
Score Gap (%) Time Gap (s)

median best worst median best worst

pb17 +0.66 +1.53 -0.67 -2.2 -1.6 -2.3
pb18 +3.20 +3.20 0.00 -2.3 -2.0 -2.5
pb19 0.00 +0.98 -1.49 -1.5 -1.6 -1.8
pb20 +4.03 +4.86 +2.06 -1.3 -1.2 -1.4
pb21 0.00 +1.09 -0.95 -2.7 -1.7 -2.6
pb22 +0.96 +1.59 -1.13 -2.6 -1.1 -3.2
pb23 -1.03 -1.03 -2.74 -2.5 -2.7 -3.5
pb24 -0.60 -0.60 -2.58 -2.9 -3.8 -3.9
pb25 +0.62 +1.64 0.00 -1.5 -0.6 -1.5
pb26 +0.33 +1.71 0.00 -1.5 -0.5 -1.8
pb27 -0.48 +1.18 -2.39 -2.9 -3.0 -3.8
pb28 -1.31 0.00 -1.70 -3.5 -1.5 -3.6
pb29 0.00 0.00 0.00 0.0 0.0 0.0
pb30 0.00 0.00 0.00 0.0 0.0 0.0
pb31 0.00 0.00 -0.30 +1.0 +0.4 0.0
pb32 +1.43 +2.43 -0.62 -1.5 -1.0 -1.4
Avg. +0.52 +1.24 -0.83 -1.9 -1.5 -2.2

Figure 6.1: Score probability distribution (100 independent runs) typical to Table 6.2
problem instances where rILS’s median score is higher than ILS’s score.

perturbation made the search diverse and, thus, more likely to visit different local optima
or take a different trajectory when a solution is revisited (i.e., the search is made robust
to cycling). When supposed to be a guided random-walk in the space of local optima,
we rather found ILS similar or worse than random-walks (MRLS and rILS). Consequently,
ILS’s guidance components need to be tuned to some minimum level.

6.6 Conclusion

In this chapter, we showed how to experimentally evaluate ILS so to tell if and where it
needs tuning. Our contribution was, first, to show how to derive two trivial baselines:
multi-restart local search (MRLS) and randomized ILS (rILS), from the same ILS we want
to evaluate. Second, we implemented and evaluated an ILS, that is originally competitive
on the TOPTW, on a similar NP-hard combinatorial optimization problem (our MRTA
problem). The two proposed metaheuristic baselines are relevant to evaluate ILS’s search
guidance components, namely the perturbation and the acceptance criterion together. The
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evaluation we suggest is easy to carry out, because there are little implementation and
configuration effort. Furthermore, it proved to be utile as to check if ILS is minimally
tuned. Consequently, the designer is spared the free parameter tuning burden, when at the
first place, it is ILS’s search guidance components that need tuning. We will build upon
ILS based on our findings here to better approach our problem, MRTA-STC, in the next
chapter.
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Chapter 7

Enhanced Iterated Local Search
for MRTA-STC

It’s easy to implement such
quick-and-dirty SLS algorithms, but not
the state-of-the-art ones

Mauro Birattari

In this last chapter, we approach MRTA-STC with a metaheuristic of the type iterated
local search (ILS). We propose an enhanced ILS, which we build on top of Vansteenwegen
et al.’s ILS [61], after we have adapted the implementation to our problem, guided by
the preliminary experimental study [67] (Chapter 6). Enhanced ILS empirically proves to
be better than the baseline ILS [61], on MRTA-STC, with regard to solution quality and
response time. Furthermore, enhanced ILS is competitive, with the baseline ILS, when the
search is stopped at different time points. Moreover, enhanced ILS, which is of a stochastic
nature, is robust to run replication and only requires a little tuning effort to outperform
the baseline ILS. The chapter is organized as follows. In Section 7.1, we introduce our last
approach to the problem. In Section 7.2, we detail the construction module of our ILS. In
Section 7.3, we present the new perturbation module. In Section 7.4, we give enhanced ILS’s
algorithm, discuss how it works and why we think it is an improvement over the baseline
ILS. In Section 7.5, we experimentally evaluate the proposed metaheuristic against the
baseline ILS.

7.1 Introduction

While greedy and insertion-based heuristics (Chapter 5) perform better than the market-
based approach (Chapter 5); the former (heuristics that construct tours) cannot escape
local optima. Metaheuristics, such as iterated local search (Chapter 6), come to find better
solutions, by embedding a local search (or a heuristic), restarting the search and using other
search tricks. To better tackle MRTA-STC difficulty (particularly when a time critical
response is required), we propose an anytime approach that quickly returns a suboptimal
solution, yet it can find a better solution if ran longer. Namely, we devise an enhanced ILS
[68] that builds upon ILS [61], based on the preliminary study we did on ILS (the baseline)
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when adapted for our problem [67] (Chapter 6). The metaheuristic runs repeatedly in two
phases: a construction, that generates local optima, and a perturbation, that tries to escape
them to hopefully find a global optimum or at least a local optimum of a better quality.
Adopting the routing and scheduling terminology, we recall that we designate an agent’s
task assignment by a visit and an agent’s set of task assignments by a tour.

7.2 Construction Step: an Insertion-based Heuristic

This phase builds a candidate solution, from some partial solution, by a heuristic that
inserts visits into all tours simultaneously. Let si, fi and Ti respectively denote the start
time, the finish time, and the service time of visit i. We denote – with some abuse of
notation – by fl(h, i), the travel time between locations h and i and by fl(≠1, h) the travel
time between the agent initial location and lh, the location of some visit that is the first in
the tour. The insertion of visit i between h and j delays visit j and the visits that follow
j, in the tour, by shifti:

shifti = fl(h, i) + Ti + fl(i, j) ≠ fl(h, j). (7.1)

Given that the tasks have deadlines, before delaying a visit, we ensure that it remains
feasible after the visit under consideration is inserted. For that, we compute maxshiftj , the
maximum delay that is allowed on visit j,

maxshiftj= max

Y
_]
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0,

Y
_]

_[

dj ≠ (sj + Tj) if j is the last

min {dj ≠ (sj + Tj), maxshiftj+1} otherwise

Z
_̂

_\

Z
_̂

_\
(7.2)

where dj is the deadline of visit j – with some abuse of notation – and maxshiftj+1 is the
maximum affordable delay on the visit that follows j. A visit can be delayed as late as its
task’s deadline permits, when it is the last in the tour. Otherwise, the visit can be delayed
no later then its task’s deadline and the maximum shift of the visit that follows (Eq. 7.2).

The insertion of visit i between h and j is feasible if, and only if, i is feasible (Eq. 3.1,
Chapter 3) and the resulting delay to j, consequently, the delays to the visits that follow
j, do not exceed the maximum allowable delay:

shifti Æ maxshiftj (7.3)

A visit maybe feasible for insertion in many tour positions. The desirability of inserting
visit i, noted as ”i, is inversely proportional to the delay that results from the insertion
(Eq. 7.4). Let I denote the set of alternative visit insertions that are possible for the
currently unallocated tasks (Kpending). Then, let Ik denote the set of feasible visits to some
task k œ Kpending. Finally, Iú denotes the set of the most desirable insertions to pending
tasks (Iú ™ I); which is obtained by calculating iú

k, the visit to task k that is the most
desirable with regard to all the tours (Eq. 7.5), for every pending task k. The visit to select
for insertion, noted iú, has the lowest delay among the most desirable visits to the currently
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pending tasks (Eq. 7.6).

”i = 1/shifti (7.4)

iú
k = argmax

iœIk

”i (7.5)

iú = argmax
iœIú

”i (7.6)

After inserting a visit, we update the maximum shift for all the visits in the concerned tour.
As to the visits that come after the insertion, we further update their start times and finish
times, by adding the insertion delay (Eq. 7.7,7.8).

sj = sj + shifti (7.7)

fj = fj + shifti (7.8)

Algorithm 14: Construction step in enhanced ILS
Input: partial solution S, set of tasks Kpending

Output: new solution SÕ

1 SÕ Ω S
2 while Kpending ”= ÿ do

3 forall k œ Kpending do

4 Compute all possible visits to task k (Eq. 3.1, 7.3)
5 Find the best visit to task k (Eq. 7.5)
6 Find the best visit to insert, iú (Eq. 7.6)
7 if iú = null then return SÕ

8 else Insert iú into SÕ and
9 update Kpending

10 Compute the start time siú and the finish time fiú

11 forall the visits j after iú
do

12 Update sj , fj and maxshiftj (Eq. 7.7, 7.8, 7.2)
13 Compute maxshiftiú

14 forall the visits h before iú
do

15 Update maxshifth

The construction step starts from a given solution and iterates until all tasks are
visited, or no further insertion is possible (Algorithm 14). Each time, it adds, to the
current solution, the best visit among the possible visits to the currently pending tasks.
Then, this phase updates the set of pending tasks and the tour where the visit insertion
took place, by re-computing the visits’ start times, the visits’ finish times, and the visits’
maximum shifts. The maximum shifts are updated in the inverse order of visits (Eq. 7.2).

7.3 Perturbation Step: an alteration of the current solution

The perturbation phase modifies the current solution so that the construction phase can
find another solution. The perturbation strength and the perturbation start define the
modification to make. The adjustment of these perturbation parameters affects the search
tendency (exploration or exploitation). To perturb the solution, we remove from each tour
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r sequential visits, in a circular way, starting from some visit at index x. Namely, we remove
visits from index x to x + r ≠ 1. When we reach the end of the tour, we continue from the
beginning (i.e., from index 0 to y = (x + r) % tl ≠ 1, where % is the remainder of division
operator and tl is the length of the tour). The perturbation strength is then nr. Removing
visits requires a backward shift, backshiftx,r, of the visits that follow the removal, unless
the visits are removed from the end of the tour (7.9).

backshiftx,r =

Y
______]

______[

0 if x + r = tl
yq

i=0
[fl(i ≠ 1, i) + Ti] + fl(y, y + 1) ≠ fl(≠1, y + 1) if x + r > tl

x+r≠1q
i=x

[Ti + fl(i, i + 1)] + fl(x ≠ 1, x) ≠ fl(x ≠ 1, x + r) otherwise

(7.9)

When visits are removed from the beginning or the middle of the tour, the visits that
follow are shifted toward the beginning. The start and finish times of the shifted visits are
updated as follows (where i œ {x + r . . . tl ≠ 1} when x + r < tl and i œ {y + 1 . . . x ≠ 1}
when x + r > tl),

si = si ≠ backshiftx,r (7.10)

fi = fi ≠ backshiftx,r (7.11)

The removal of visits requires to update the maximum shifts of the visits that remain.
When visits are removed from the middle of the tour (i.e., when x + r < tl), the maximum
shifts of the visits i that follow the removal (i œ {x + r, . . . , tl ≠ 1}) are computed as follow:

maxshifti = maxshifti + backshiftx,r (7.12)

Our perturbation phase removes from every tour a number of visits that is propor-

Algorithm 15: Perturbation step in enhanced ILS
Input: current solution S, free parameter perturbationStrengthCoef
Output: partial solution SÕ

1 r Ω (score(S) ◊ perturbationStrengthCoef)/n
2 SÕ Ω S
3 forall tour œ SÕ

do

4 x Ω random number œ [0, length(tour))
5 Remove the r first visits starting at index x in tour
6 Update Kpending

7 Compute backshiftx,r in tour (Eq. 7.9)
8 forall the visits j Ø x + r do

9 Update sj , fj and maxshiftj (Eq. 7.10–7.12)
10 forall the visits i < x do

11 Update maxshifti (Eq. 7.2)
12

tional to the number of inserted tasks (score(S)), the perturbation strength coefficient
(perturbationStrengthCoef) and the number of agents (n) (Algorithm 15). Likewise, the
perturbation strength is somehow evenly divided among the tours, it adapts to the search
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progression and to the problem instance’s difficulty (number of agents, task/agent locations,
deadlines/capacities setting). Namely, as the number of visits increases or decreases, the
perturbation strength changes accordingly. Each time and for each tour, the perturbation
starts from an arbitrary index (x) (Algorithm 15). By doing so, the perturbation is very
likely to output a different solution SÕ, if it happens to have again solution S as an input.
Consequently, our ILS should avoid cycles and explore the search space better then ILS [61].

7.4 The metaheuristic: Enhanced Iterated Local Search (en-
hILS)

Algorithm 16: Enhanced iterated local search (enhanced ILS)
Input: maxIter, perturbationStrengthCoef
Output: best-found solution Sú

1 SÕ Ω ÿ
2 Sú Ω SÕ

3 iter Ω 1
4 while iter Æ maxIter do

5 S ΩConstruction(SÕ) (Algorithm 14)
6 if score(S) > score(Sú) then Sú Ω S
7 SÕ ΩPerturbation(S) (Algorithm 15)

Enhanced ILS (Algorithm 16) is configured with two parameters: (1) the maximum
number of iterations to do (maxIter) which, contrary to maxTrials of ILS [61], enables
the control of the runtime; (2) a coefficient that controls the perturbation strength at the
tour level (perturbationStrengthCoef). Enhanced ILS iterates until all tasks are visited or
the maximum number of iterations is reached. Each time, it constructs a new solution, S,
from a partial solution, SÕ (initially empty), that is based on the current solution, S. The
best solution found, Sú, is updated with the new solution S if necessary. Then, S is altered
so that the next iteration may escape the local optimum towards a possibly better one.

If we find better solutions, that could only be a consequence of a better exploita-
tion and/or exploration of the search space. Since we kept ILS’s construction heuristic
(exploitation component) and the same acceptance criterion, it would clear that it is the
perturbation procedure of enhanced ILS that would made the difference. We think that
the diversity we added to the perturbation phase should make enhanced ILS avoid cycles
during the search (likely to happen in deterministic ILS). Furthermore, by relying on small
or moderate perturbations, we should avoid searches like random restarts (MRLS), while
progressively doing the exploration. Finally, the randomly sampling the neighbor solutions
should improve the search exploitation.

7.5 Experimental evaluation

We experimentally evaluate enhanced ILS on synthetic MRTA-STC instances. We gener-
ated the problem instances based on TOPTW instances; specifically, according to bench-
marks that are based on Solomon’s VRPTW instance (Chapter 6). Optimal solutions to
the MRTA-STC instances are not available. An alternative way to evaluate our approach is
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to compare it with the state-of-the-art TOPTW’s approaches. Unfortunately, such a com-
parison is not straightforward: we need to correctly code each competitor’s metaheuristic,
fairly tune them, and conduct experiments with multiple run replications on a large set (96
instances) 1. Instead, we select, as a baseline, TOPTW’s approach that we find appropriate
to MRTA-STC, yet which is competitive.

The comparison of the state-of-the-art approaches to TOPTW was conducted by Hu
et al. [63] and recently by Gunawan et al. [69]. The authors adapted the computation
times of the competitors methods according to their CPU speeds. The comparisons was
carried out on two TOPTW benchmarks with up to four tours. We only consider the
benchmark that is based on Solomon’s instances, as is our testset. We compare the perfor-
mance averaged per group of instances similarly to [63, 69]. The iterative three-component
heuristic [63] tends to get the lowest score gap to the best-known solutions; however it
has a high computation time. The hybridization of Simulated Annealing with ILS [69]
is comparable to the iterative three-component heuristic, but only for long computation
times. ILS [61] is appropriate for real time, since it can in the order of seconds return
solutions with a low score gap to the best-known—the average score gap was only 1.76%
and 2.34%, respectively, for the second group and the first of Solomon’s instances 2, while
the average response time is tens to hundreds times faster than the ant colony system [70]
and the iterative three-component heuristic. The hybrid metaheuristic of Labadi et al. [71]
is a few times slower than ILS, but has a slightly better average score gap (about 1.2%
better on average in each instances group [63]). The metaheuristics of Labadi et al. [71]
and Vansteenwegen et al. [61] are suitable baselines for time critical applications, since both
have prompt response times and low score gaps compared to the best-known. Nonetheless,
ILS [61], has the best response time. Thus, we select it as the baseline (as implemented in
[67]) in the evaluation of enhanced ILS.

7.5.1 Experimental Instances and Setup

We keep the testset described in Chapter 6. We coded enhanced ILS and the baseline ILS
in Java. We ran the experiments on a laptop equipped with an Intel(R) Core(TM) i7 CPU
clocked at 2.20 GHz, 8 GB of volatile memory and running under Linux Ubuntu 14.04. We
replicated enhanced ILS run on a problem instance 10 times.

7.5.2 Parameter Tuning

We manually tuned the algorithms in a trial-and-error fashion. We stopped the
tuning when the quality of the solution did no longer improve without significantly
increasing the computation cost. We found the best parameters setting for ILS
(maxTrials, maxPerturbationStrengthCoef) to be (600, 1/2) and (600, 2/5), respectively,
for group 1’s and group 2’s instances. Based on the run replication with the median score, we
found the best parameters setting for enhanced ILS (maxIter, perturbationStrengthCoef)

1Replicating others’ work is error-prone. Often, the algorithms are not described clearly enough to
be replicated, or their tuning cannot be reproduced. For instance, some authors tune their algorithms
manually without detailing how well the tuning was performed; other authors diverge in the experience and
e�ort put into tuning.

2Gunawan et al. [69], though more recently, report ILS score gaps that are even lower than Hu et al.
[63]
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to be (3000, 1/3) and (5000, 1/8), respectively, for group 1’s and group 2’s instances. We
found marginal improvements beyond 15 seconds of execution.

7.5.3 Results

Table 7.1 summarizes the results of the experimental comparison of enhanced ILS and ILS.
The score gap is reported in percentage (%) and the computation time gap in milliseconds
(ms), per problem (Eq. 7.13).

ScoreGap = (scoreenhILS ≠ scoreILS) ÷ scoreILS ◊ 100%

T imeGap =

Y
_]

_[

timeILS ≠ timeenhILS if ScoreGap = 0

(runtimerunner-up ≠ timewinner) otherwise,

(7.13)

In Eq. 7.13, scoreenhILS and scoreILS are the solution qualities of the proposed and
the baseline metaheuristics, respectively. The computation time that is actually necessary
to hit the final solution is noted timeILS and timeenhILS . As to runtimerunner-up, it is the
runtime of the metaheuristic that underperformed, while timewinner is the computation time
that was actually necessary to the metaheuristic that performed the best (on the problem at
hand) to find its solution. Then the time gap, T imeGap, measures how much extra time the
runner-up approach was given to catch up the other approach, if any (Eq. 7.13). In so doing,
we can, on one hand, check if the runner-up metaheuristic was given a fair computation
time. On the other hand, we can measure how prompt the winner approach hit its final
solution, relatively to the runner-up. In Table 7.1, column one lists the problems, columns
two to four report the score gaps respectively obtained from the median, best and worst run
replications of enhanced ILS. Columns five through seven, respectively, report the time gap
for enhanced ILS run replications with the median, best and worst score gaps. Each line
reports the average result over the instances of the corresponding problem configuration
(Table 7.1). Score gaps are positive when our approach performs better than the baseline.
When the time gaps are positive, as well, our approach managed to find solutions of better
quality earlier (Eq. 7.13).

Compared to ILS, enhanced ILS generally finds solutions of better quality, within
shorter times (Table 7.1). Even in the worst run replication, enhanced ILS is generally
better (it is at least as effective as ILS on 13 out of the 16 problems, in each group). In
the median case, enhanced ILS is on average 2.24% and up to 7.21% more effective, in
allocating tasks. When we consider all the run replications, enhanced ILS almost always
improves the solution quality (it did not only on two problems in group 2). The total
average score gap is slightly improved in the best run replication compared to the median
run. Nonetheless, the score gap is further improved on half of the problems, in both groups
(Table 7.1). Enhanced ILS tends to have a response time that is shorter than ILS (Table
7.1). In the median run replication, ILS is given, on average, one second and up to 5.5
seconds to catch up with enhanced ILS.

Undoubtedly, enhanced ILS did better (than baseline ILS) thanks to the perturba-
tion procedure. It turns out that adapting the perturbation strength (to the incumbent

75



Table 7.1: Performance of enhanced ILS vs. baseline ILS, averaged per problem.

Problem Score gap (%) Time gap (ms)
median best worst median best worst

r11a2 0.0 0.0 0.0 9 15 15
r12a2 1.38 2.76 0.0 1558 1464 4
r13a2 1.43 1.43 1.43 1174 1366 1364
r14a2 5.18 5.18 3.63 1080 1141 1202
r11a3 3.1 3.1 3.1 2760 2783 2717
r12a3 4.23 4.23 3.26 2480 2418 2497
r13a3 5.21 6.51 1.95 1418 1607 2368
r14a3 3.8 3.8 1.52 2133 2122 2083
r11a5 2.68 3.25 1.34 4688 3532 4917
r12a5 0.0 1.9 -0.76 -313 3883 5389
r13a5 2.56 2.56 0.0 3358 4143 259
r14a5 3.31 4.02 1.65 2097 2968 3969
r11a7 1.3 1.3 -0.52 3443 3878 11234
r12a7 0.0 0.95 -0.41 -207 5221 8287
r13a7 0.97 1.94 0.55 4973 3401 2927
r14a7 2.64 2.64 1.09 5547 7041 6591
average 2.36 2.85 1.11 2262 2936 2378
minimum 0.0 0.0 0.0 -313 15 4
maximum 5.21 6.51 3.63 5547 7041 6591

Problem Score gap (%) Time gap (ms)
median best worst median best worst

r21a2 1.56 1.56 -0.67 1303 1901 3815
r22a2 4.02 4.73 1.65 1290 1539 2508
r23a2 1.74 1.74 0.99 1428 1315 2232
r24a2 7.21 7.21 5.11 1143 1024 1330
r21a3 1.11 1.58 0.0 -215 1678 125
r22a3 2.59 3.73 0.97 14 -657 1892
r23a3 1.72 2.4 0.69 2183 1751 2890
r24a3 0.8 1.99 -1.19 2526 3236 2893
r21a5 2.4 2.4 1.67 -102 -699 1294
r22a5 2.84 3.6 2.18 879 -975 552
r23a5 3.11 4.3 2.39 1930 2118 2996
r24a5 2.23 3.15 0.52 1544 1437 2972
r21a7 0.0 0.0 0.0 15 15 15
r22a7 0.0 0.0 0.0 17 10 18
r23a7 0.0 0.0 -0.3 -12 -476 2417
r24a7 2.49 3.12 2.08 487 1013 1577
average 2.11 2.59 1.01 902 889 1569
minimum 0.0 0.0 -0.67 -215 -975 15
maximum 7.21 7.21 5.11 2526 3236 2996
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(a) enhILS (b) ILS

Figure 7.1: EnhILS vs. ILS solution map on a MRTA-STC problem instance with five
agents, 100 tasks and slack deadlines.

solution and to the problem instance), parameterizing the perturbation and injecting some
randomness into the perturbation (the case of enhanced ILS), is better than doing cyclic
incremental deterministic perturbations which are upper bounded by a free parameter (the
case of baseline ILS). We think that our perturbation procedure made the search unlikely to
recycle. Interestingly, enhanced ILS’s perturbation proves particularly helpful on MRTA-
STC problem instances with (relatively) short tours (group 1). Indeed, enhanced ILS
achieves at least 2.5% score improvement in nine group 1’s problems, compared to five
group 2’s problems (Table 7.1).

Table 7.2 details the median performance results of enhanced ILS. The columns from
left to right, respectively, lists the problem instances names, the solution quality (score), the
score gap (enhanced ILS vs. ILS), enhanced ILS’s computation time and runtime. Strictly
positive score gap values, which account for the superiority of our metaheuristic, are noted
in bold. Enhanced ILS finds solutions of better quality than ILS’s (about) 68% of the time
(on 65 out of the 96 instances). Enhanced ILS fell shorter than the baseline only on three
instances: r12a500, r12a702 and r13a700 (Table 7.2). The score improvement is up to about
10%. On average, enhanced ILS performs slightly better on instances with tight deadlines
(group 1). Both ILS find the optimal solution of at least 10 group 2’s problem instances
(when 100 tasks are allocated, Table 7.2). Therefore, we cannot draw a conclusion on such
(seemingly) easier to solve problem instances. Enhanced ILS is ran, on average, less than
five seconds and no more than 15 seconds. The response time is less then that (Table 7.2).

Figure 7.1 illustrate the performance of enhanced ILS vs. ILS through a sample of
solutions maps. These depicts two solutions obtained by running enhanced ILS and ILS
on an MRTA-STC problem instance with 100 tasks, five agents and slack task deadlines.
Unallocated tasks are marked in red (Figure 7.1). We can see that enhILS completed five
more tasks than ILS— enhILS’s agent number 0 failed to complete two more tasks than
ILS’s agent 0 did, while agents number 1, 2, 3 and 4, respectively, complete two, three, two
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Table 7.2: Detailed performance of enhanced ILS (median run) versus ILS.

Instance Score Gap (%) Time (ms)

Comput. Run

r11a200 23.0 0.0 42 1732
r11a201 23.0 0.0 13 1581
r11a202 23.0 0.0 2 1832
r11a300 31.0 3.33 119 2481
r11a301 38.0 2.7 185 4243
r11a302 31.0 3.33 4 2594
r11a500 52.0 1.96 1210 5962
r11a501 52.0 1.96 701 6297
r11a502 57.0 3.64 1200 9261
r11a700 78.0 2.63 8069 13987
r11a701 79.0 1.28 3952 14358
r11a702 76.0 0.0 643 10956
r12a200 22.0 4.76 10 1114
r12a201 21.0 0.0 525 1077
r12a202 23.0 0.0 9 1954
r12a300 30.0 3.45 22 2129
r12a301 36.0 2.86 16 3790
r12a302 30.0 7.14 1513 2177
r12a500 50.0 -1.96 532 5683
r12a501 52.0 1.96 764 5244
r12a502 56.0 1.82 3270 8873
r12a700 73.0 2.82 4845 9382
r12a701 76.0 0.0 1090 9440
r12a702 73.0 -1.35 2809 9412
r13a200 22.0 0.0 2 934
r13a201 22.0 4.76 7 1063
r13a202 20.0 0.0 261 851
r13a300 31.0 3.33 76 1815
r13a301 35.0 6.06 240 2836
r13a302 31.0 6.9 430 1871
r13a500 50.0 4.17 464 4621
r13a501 52.0 4.0 1397 5472
r13a502 54.0 1.89 1056 5433
r13a700 73.0 -1.35 1759 8799
r13a701 75.0 2.74 7782 8854
r13a702 71.0 1.43 6043 8527
r14a200 21.0 10.53 397 864
r14a201 20.0 0.0 4 755
r14a202 20.0 5.26 10 1064
r14a300 25.0 8.7 32 1998
r14a301 31.0 3.33 73 3036
r14a302 26.0 0.0 22 1928
r14a500 42.0 2.44 85 3879
r14a501 43.0 2.38 2069 5034
r14a502 46.0 4.55 698 5761
r14a700 67.0 3.08 829 8711
r14a701 64.0 1.59 3477 9961
r14a702 67.0 3.08 5681 9556
average 2.52 1342 4983
maximum 10.53 8069 14358
minimum -1.96 2 755

Instance Score Gap (%) Time (ms)

Comput. Run

r21a200 46.0 0.0 2764 5019
r21a201 46.0 2.22 9 4117
r21a202 45.0 2.27 927 3854
r21a300 59.0 0.0 170 7068
r21a301 72.0 1.41 1762 7638
r21a302 61.0 1.67 103 6865
r21a500 97.0 2.11 918 7448
r21a501 97.0 4.3 1993 8056
r21a502 100.0 1.01 214 441
r21a700 100.0 0.0 14 15
r21a701 100.0 0.0 15 22
r21a702 100.0 0.0 15 17
r22a200 44.0 7.32 615 3172
r22a201 43.0 0.0 2026 3298
r22a202 45.0 4.65 119 3392
r22a300 60.0 5.26 281 5428
r22a301 71.0 2.9 1558 6769
r22a302 59.0 0.0 551 5695
r22a500 93.0 4.49 596 6889
r22a501 94.0 3.3 634 7439
r22a502 96.0 1.05 1801 7904
r22a700 100.0 0.0 15 16
r22a701 100.0 0.0 40 20
r22a702 100.0 0.0 15 17
r23a200 41.0 0.0 1614 2767
r23a201 41.0 2.5 642 2774
r23a202 41.0 2.5 770 2738
r23a300 55.0 1.85 1708 3859
r23a301 67.0 1.52 2417 5254
r23a302 56.0 1.82 1019 3862
r23a500 81.0 3.85 3570 6004
r23a501 89.0 4.71 1082 6227
r23a502 89.0 1.14 2973 5886
r23a700 100.0 0.0 23 24
r23a701 100.0 0.0 1757 61
r23a702 100.0 0.0 15 17
r24a200 36.0 9.09 149 1702
r24a201 35.0 2.94 123 1609
r24a202 36.0 9.09 233 1754
r24a300 46.0 0.0 2111 3036
r24a301 56.0 0.0 3255 3982
r24a302 50.0 2.04 7 3309
r24a500 76.0 0.0 1453 6973
r24a501 77.0 4.05 1478 6595
r24a502 81.0 2.53 1317 6322
r24a700 99.0 2.06 234 8220
r24a701 98.0 3.16 631 7608
r24a702 99.0 2.06 2151 8337
average 2.1 998 4157
maximum 9.09 3570 8337
minimum 0.0 7 15

78



-4

-2

 0

 2

 4

 6

 8

 10

 0  100  200  300  400  500

S
c
o

re
 g

a
p

 (
%

)

Computation time (ms)

(a) enhILS superior all over the runtime

-8

-6

-4

-2

 0

 2

 4

 6

 8

 0  200  400  600  800  1000  1200

S
c
o

re
 g

a
p

 (
%

)

Computation time (ms)

(b) enhILS superior over most of the runtime

-6

-4

-2

 0

 2

 4

 6

 0  100  200  300  400  500  600

S
c
o

re
 g

a
p

 (
%

)

Computation time (ms)

(c) enhILS similar, better along the runtime

-6

-4

-2

 0

 2

 4

 6

 8

 0  100  200  300  400  500

S
c

o
re

 g
a

p
 (

%
)

Computation time (ms)

(d) enhILS inferior, competitive along the runtime

Figure 7.2: Patterns of score gap evolution over time (enhanced ILS vs. ILS)

and zero more tasks—. Furthermore, enhanced ILS’s tours tend to have the allocated tasks
clustered (see tours 0, 1 and 2, Figure 7.1(a)), while ILS’s tours tend to have longer travel
distances, agent routes that intersect and less tasks allocated, relatively to enhILS’s tours
(e.g., compare tour 2 and tour 3 of enhanced ILS with their peers in ILS, Figure 7.1). We
think enhILS explored the solution space better than ILS, so to be able to, not only allocate
more tasks, but also (sometimes) find solutions that are better visually coherent (Figure
7.1).

To further evaluate our approach, we plot the score gap evolution over time. For that,
we consider enhanced ILS’s median run and ILS (single) run on the 96 problem instances.
Figure 7.2 shows four representative patterns of score gap evolution over time—we omit
a fifth pattern, with 26% of occurrences, since therein the score gap is null and does not
evolve over time. Enhanced ILS is “often” superior to ILS all over the runtime (Figure
7.2-(a)). Specifically, in 56.3% of the instances, not only does enhanced ILS return a better
solution, but it can also do that any time. Sometimes (11.5% cases), enhanced ILS achieves
a score that is better than ILS’s by the end of the runtime, while being, generally, superior
during the runtime (Figure 7.2-(b)). Enhanced ILS performs equally to ILS by the end of
the run in 29% cases (Figure 7.2-(c)). Interestingly, when enhanced ILS underachieves by
the end (3% of the cases), it is still competitive with ILS along the runtime (Figure 7.2-(d)).
We can fairly conclude that enhanced ILS is very likely to achieve a solution quality that
is better than ILS’s, even when one interrupts the run at different cutoff times.

We do a statistical study on the performance of our approach. We consider 30 ob-
servations per problem configuration, which we obtain by replicating enhanced ILS run on
each problem configuration’s instances. Then, we compute the probability that enhanced
ILS improves, not improve, or deteriorates, respectively, the solution quality achieved by
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Figure 7.3: Probability that enhanced ILS improves ILS’s solution quality.

ILS (Figure 7.3). Enhanced ILS is at least 50% likely to improve ILS’s solution in most
problem instances for each group. Enhanced ILS is overall 95% likely to perform at least
as well as the baseline. Practically, enhanced ILS never scores below ILS, particularly for
group 2’s instances (Figure 7.3). The probability that enhanced ILS deteriorates the solu-
tion quality (achieved by ILS) is low or null, on the majority of the problems (Figures 7.3).
Although our metaheuristic sometimes performs similarly to, or worse than, the baseline;
it is interesting that it can find a better solution – almost all of the time – when we can
afford many run replications—in contrast, replicating the baseline run does not help to
improve the solution quality. On average, enhanced ILS is 66% likely to improve ILS’s
solution quality and only 6% of chance to deteriorate it on group 1’s instances. On group
2’s instances, enhanced ILS is 57% likely to improve solution quality and only 4% likely
to deteriorate it. We conclude that, though stochastic, enhanced ILS is practically better
than ILS (with regard to solution quality) when it is ran once. Enhanced ILS is further
better if we do multiple runs.

7.5.4 Sensitivity to Parameters Setting

A metaheuristic’s performance partly depends on how its free parameters are set. To
evaluate the impact of the free parameters setting on our approach’s performance, we
measure the sensitivity of the score gap (enhanced ILS vs. ILS) to the free parameters
setting (Figure 7.4). The free parameters settings that we consider to configure enhanced
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ILS (noted as config, Figure 7.4) are given by Table 7.3. We configure ILS by hand the
best we could (Section 7.5.2). Enhanced ILS generally performs better than ILS (with
regard to solution quality), independently of how its free parameters are set. Specifically,
enhanced ILS performs worse than ILS only on four problems and with a few free parameters
settings in each group (Figure 7.4). On average, the parameters tuning results in a score
gain of 2.23%, only. Therefore, enhanced ILS’s performance is barely affected by the free
parameters setting. That is, our approach’s performance is, generally, superior to the
baseline’s best independently of parameters tuning.
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Figure 7.4: Enhanced ILS vs. tuned ILS (Section 7.5.2) score gap sensitivity to the free
parameters setting (config), when we consider enhanced ILS median score

Table 7.3: Some free parameters settings we have tried during enhanced ILS tuning

Config.
group1’s instances group2’s instances

maxIter maxPerturbation maxIter maxPerturbation
StrengthCoef StrengthCoef

0 6000 0.1 1000 0.5
1 5000 0.125 3000 0.125
2 4000 0.2 2000 0.25
3 3000 0.25 1500 0.4
4 3000 0.33 4500 0.1
5 2100 0.4 1700 0.33
6 1500 0.5 4000 0.125
7 - - 5000 0.125
8 - - 4000 0.2

7.6 Conclusion

In this chapter, we showed how a simple metaheuristic, iterated local search, can be applied
to our MRTA problem, to effectively tackle its complexity in real time. We showed how the
approach works in detail, so it can easily be reproduced. We discussed how our ILS relates
and differs from a competitive ILS for TOPTW problem, while we showed where we think
the improvement comes from. We experimentally evaluated our approach on synthetic test
instances, which we have generated. We found that enhanced ILS, our approach, produces
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solutions to MRTA-STC that have a better quality then the baseline’s, while showing a
prompter response time. Our approach is barely sensitive to parameters tuning. It is fairly
robust to run replication as well. The approach we have proposed still performs well when
it is interrupted at different cutoff times. Future work directions should investigate the use
of a sophisticated acceptance criterion, multiple construction heuristics and/or an adaptive
parameter selection (for tuning). We think we should as well gather realistic test data, or at
least evaluate the proposed ILS on other elaborated benchmarks. Though our ILS did not
require much tuning to outperform the baseline ILS, we think that tuning enhanced ILS
manually is burdensome when one wants to get the best results. Probably, enhanced ILS
will require another tuning if the problem instances it encounters in reality have different
probability distributions and value intervals (for the task deadlines, workloads and agent
capacities) then those we used here. Therefore, an interesting future work would be to
incorporate online parameter tuning, to adapt to the problem instance, at hand, on the
fly and to spare the user the tedious effort of a manual tuning. In fact, online parameter
tuning (such as that which is based on adaptive operator selection [72]) has already shown
some success with ILS [72]. Last but not least, we think that tuning ILS’s modules online
may generate a further enhanced ILS, particularly if we use machine learning – such as
Thierens’s adaptive pursuit algorithm [72] – to systematically, and at runtime, find the
metaheuristic’s best modules configuration.
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Conclusion

We have introduced a new multi-robot task allocation problem, MRTA-STC, which is
relevant for many applications, such as emergency response, goods pickup and delivery,
time-critical multi-robot missions in hostile environments and resource allocation such as
in Internet of Things. We formulated MRTA-STC as a combinatorial optimization problem
which aim is to maximize the number of allocated tasks, under spatio-temporal and capacity
constraints on the agents and the tasks.

We formally defined the problem, proved it NP-hard and showed that it is a vari-
ant of a well-studied routing and scheduling problem (TOPTW). To tame the problem
complexity, particularly in computation restricted and time-critical contexts, we proposed
three approaches: (i) a combinatorial auction with suboptimal auction clearing that uses a
metaheuristic with random walks [59], (ii) fast and easy-to-implement heuristics which are
greedy or insertion-based [73] and (iii) a metaheuristic, enhanced ILS, that is anytime, built
upon a stat-of-the-art ILS and has a competitive solution quality while showing a suitable
trade-off between solution quality and response time [68]. We experimentally evaluated en-
hanced ILS (our main approach) against the baseline ILS, on synthetic test instance (which
we have generated based on the main benchmark of the related problem). Enhanced ILS
performs better then the baseline with regard to solution quality, while showing a prompter
response time. Furthermore, we found that enhanced ILS superior performance (relatively
to the baseline) is little sensitive to the (free) parameters tuning and it is practically robust
to run replication. Finally, enhanced ILS is more utile than the baseline, if we happen
to need to interrupt the search at some cutoff time. Another contribution is on how to
tune ILS search guidance based on an evaluation against two trivial metaheuristics which
we showed how to derive [73]. Having not got time to finish a research work on coalition
formation in MRTA, using an insertion-based heuristic and an ILS; we rather contributed
to the topic within a survey on MRTA, specifically on coalition-based MRTA ([21], Chapter
2).

In the future, we may extend the problem and the metaheuristic to allocate tasks
dynamically. It would be interesting to generalize the problem by prioritizing tasks and
decaying their utilities over time. We can improve enhanced ILS with an automated pa-
rameters tuning (e.g., with machine learning). As we may automatically configure the
metaheuristic, such that to search for the best combination of modules at runtime. Finally,
our approaches could further be evaluated on data collected from real scenarios, or on other
benchmarks (to elaborate).
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