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Introduction

The theory of derivatives of non-integer order goes back to the genesis of dif-
ferential calculus, the philosopher and creator of modern calculus G.W.Leibniz
gave some remarks in his list to L’Hospital [41], dated 30 September 1695,
on the meaning and possibility of fractional derivative of order 1/2.

For three centuries the theory of fractional derivatives developed mainly
as a pure theoretical field of mathematics useful only for mathematicians.
However a rigorous investigation was first carried out by Liouville in a series
of papers from 1832-1837, where he defined the first outcast of an opera-
tor of fractional integration. Later investigations and further developments
by among others Riemann led to the construction of the integral-based
Riemann-Liouville fractional integral operator, which has been a valuable
cornerstone in fractional calculus ever since. Prior to Liouville and Rie-
mann, Euler took the first step in the study of fractional integration when
he studied the simple case of fractional integrals of monomials of arbitrary
real order in the heuristic fashion of the time; it has been said to have lead
him to construct the gamma function for fractional powers of the factorial.
Abel, Letnikov, Wayl, Hadamard, Grnwald and many other, well-known in
this domain of the past and present. An early attempt by Liouville was
later purified by the Swedish mathematician Holmgren, who in 1865 made
important contributions to the growing study of fractional calculus. But it

was Riemann who reconstructed it to fit Abel’s integral equation, and thus



made it vastly more useful.

In the last few decades many authors pointed out that derivatives and inte-
grals of non-integer order are very suitable for the description of properties of
various real materials, e.g. polymers. It has been shown that new fractional-
order models are more adequate than previously used integer-order models.
Fundamental physical consideration in favour of the use of models based on
derivatives of non-integer order.

In recent years a considerable interest has been shown in the so-called frac-
tional calculus, which allows us to consider integration and differentiation
of any order, not necessarily integer. To a large extent this is due to the ap-
plications of the fractional calculus to problems in different areas of physics
and engineering. The fractional calculus can be considered an old and yet
novel topic, it has undergone a rapid development. One of the emerging
branches of this study is the theory of fractional evolution equations, i.e.
evolution equations where the integer derivative with respect to time is re-
placed by a derivative of fractional order. The increasing interest in this
class of equations is motivated both by their application to problems from
viscoelasticity, heat conduction in materials with memory, electrodynamics
with memory, and also because they can be employed to approach nonlinear
conservation laws.

Today there exist many different forms of fractional integral operators, rang-
ing from divided-difference types to infinite-sum types, but the Riemann-

Liouville operator is still the most frequently used when fractional integra-
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tion is performed.
Fractional derivatives provide an excellent instrument for the description of
memory and hereditary properties of various materials and processes. This
is the main advantage of fractional derivatives in comparison with classical
integer-order models, in which such effects are in fact neglected. The ad-
vantages of fractional derivatives become apparent in modeling mechanical
and electrical properties of real materials, see [7, 47, 54].

This thesis is concerned to the study of abstract fractional differential
equations. Our work is organized as follows.
In chapter 1, we state the basic notations, definitions and properties con-
cerning functional analysis and fractional calculus which are used through-
out the thesis to obtain our results.

In chapter 2, we study the linear fractional evolution equation

d®u(t)
dt>

+ (A= B(t))u(t) = f(t), t>t

in a Banach space X, where 0 < a < 1, u is an X-valued function on
RT™ = [0,00) and f is a given abstract function on R™ with values in X.
We assume that —A is a linear closed operator defined on a dense set S in
X into X, {B(t) : t € R} is a family of linear bounded operators defined
on X into X . It is assumed that —A generates an analytic semigroup Q(t)
such that |Q(¢)]] < M for all t € RT,Q(t)h € S, [|AQ(t)h| < AE||A|| for
every h € X and all t € (0,00). We prove the existence of optimal mild

solutions for the considered equation, we use the Gelfand-Shilov principle to
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prove existence, and then the Bochner almost periodicity condition to show
that solutions are weakly almost periodic. As an application, we study a
fractional partial differential equation of parabolic type, see [22].

In chapter 3, we are concerned with the semilinear fractional differential

equation
d®u(t)
dte

in Banach spaceX,where 0 < a < 1,f > 0, we assume that —A is the in-

+ Au(t) = f(tut), t >t

finitesimal generator of an analytic c¢p—semigroup Q(t) satisfying the expo-
nential stability, f is uniformly almost periodic function defined on R* x X|,
into X satisfies the hypothesis

F: There are numbers L > 0 and 0 < n < 1 such that

|f(t1,ua) = f(t2,ug)| < L([tr — tof "+ [ur — uslg)

for all (1, u2), (t2,u2) in R x X,, where X is a real or complex Banach space
with norm |.|, A? is the fractional power and X, is the Banach space D(A?)
endowed with the norm |u|, = |A%/|. We use the theory of fractional calcu-
lus to establish the existence and uniqueness of almost periodic solutions of
a class of semilinear fractional differential equations, then as continuation
of [22], we prove under suitable conditions that their optimal mild solutions
are also weakly almost periodic, see [23].

In chapter 4, We consider the nonlinear fractional integrodifferential equa-

tion
d®u(t)
dte

+ Au(t) = f(tu(®) + [ alt = $)g(s. u(s))ds,
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u(to) = Uy,

in Banach space X, where 0 < a < 1,t > %y, let J denote the closure of
the interval [tg,T'), to < T < oo and let —A be the infinitesimal generator
of an analytic semigroup Q(t),t > 0, the function a is real-valued and
locally integrable on [0, 00),and the nonlinear maps f and g are defined on
[0,00) x X into X. Our basic tools are the use of Gelfand-Shilov principle
and fractional powers of operators to establish the existence and uniqueness
of local mild then local classical solutions of a class of nonlinear fractional
integrodifferential equations, as an application, we study nonlinear integro-

partial differential equation of fractional order, see [24].
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Chapter 1

Preliminaries

1.1 Almost periodic functions

The theory of almost periodic functions with values in a Banach space was
developed by Bohr, Bochner, Neumann and others, the existence of almost
periodic solutions of abstract differential equations has been considered in
several works; see for example [1, 2, 62, 63, 64, 65, 66]. From their results,
we will mention.

1.1.1 Bochner’s Characterization of Almost Periodicity

Let Cy(R, X ) denote the usual Banach space of bounded continuous
functions from R into X under the supremum norm |.|«. Given a function
f:R— X and w € R, we define the w— translate of f as f,(t) = f(t+w),
t € R. We will denote by H(f) = {f. : w € R} the set of all translates of f.
Definition 1.1
A function f € Cy(R, X) is said to be almost periodic if and only if H(f) is
relatively compact in Cy(R, X). We note that almost periodic functions can
as well be characterized in terms of relatively dense sets in R of 7— almost
periods.
Definition 1.2

A function f: R — X is called almost periodic if
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(i) f is continuous, and
(ii) for each € > 0 there exists [(¢) > 0 , such that every interval I of length
[(€) contains a number 7 such that |f(t+7)— f(t)| <eforallt € R.

Let X be a uniformly convex Banach space equipped with a norm |.| and
X* its topological dual space. It is well known, see [48, 65], that f is almost
periodic if and only if for every sequence of real numbers (s/) there exists
a subsequence (s,) such that (f(¢ + s,)) is uniformly convergent in ¢ € R.
Using the above fact we will say:

Definition 1.3

f: R — X is weakly almost periodic if for every sequence of numbers (s/)
there exists a subsequence (s;) such that every (f(t + s,)) is convergent in
the weak sense, uniformly in ¢ € R. In other words, for every z* € X*, the
sequence (< x*, f(t+s,) >) is uniformly convergent in ¢t € R, where < .,. >
denotes duality < X™*, X >.

Let Y denote a Banach space and €2 an open subset of Y.

Definition 1.4

A continuous function f : R X 2 — X is called uniformly almost periodic
if for every ¢ > 0 and every compact set K C ) there exists a relatively
dense set P, in R such that |f(t+7,u) — f(t,u)| <€ forallt € R, 7 € P.
and all u € K, see [2].

Let f(t,u) be almost periodic in ¢t € R uniformly for u € K, then for every
sequence of real numbers (s,) there exists a subsequence (s,,) and a function

g(t,u) such that f(t + s,,u) — g¢(¢,u) uniformly on R x K as n — o0,
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where K is a compact set in €2, see Hamaya [36, p.188]. Also we will say:
f: RxQ — X is weakly almost periodic if for every sequence of real
numbers (s))) there exists a subsequence (s,,) such that every (f(t + s,,u))
is convergent in the weak sense, uniformly on R x K. In other words, for
every u* € X*, the sequence (< u*, f(t + s,,u) >) is uniformly convergent
on R x K.
1.1.2 Bohr’s Characterization of Almost Periodicity

Bohr’s theory of almost periodic functions has been extensively studied,
especially in connection with differential equations.
Almost periodic solutions of ordinary differential systems are vector valued
functions defined on the set R of real numbers. But the notion of almost
periodicity makes sense on any additive group other than R. Indeed, the
Bohr definition for an almost periodic function is valid for vector doubly
infinite sequences defined on the set Z of integers. This is important since
infinite sequences are candidate solutions of difference equations. Also, the
generalizations of almost periodic functions-asymptotic almost periodicity
by Frechet, pseudo almost periodicity by Zhang can be defined on sequences.
Definition 1.5
A sequence f : Z — R" is said to be almost periodic if for any € > 0 there
exists an integer [(e) > 0 such that each interval of length [ contains an

integer 7 for which

f(n+7)—f(n)| <e, neZz
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Note that in the process of discretization a periodic function such as
f(t) = sin t over R does not lead to a periodic sequence in the sense that
the sequence (sin nh), n € Z, h € (0,00), h # 2w, is not periodic with
integer period. However, such a sequence is almost periodic. For example,
(sin n) is almost periodic.

If f: R — R"is an almost periodic function, then (f(n)) is an almost
periodic sequence. Conversely, if x is an almost periodic sequence, then there
exists an almost periodic function f : R — R" such that f(n) = z(n) for
n € Z. Furthermore, the limit sequence is also an almost periodic sequence.
Recall that
Definition 1.6
f:Z x R"— R"is said to be almost periodic in n uniformly for x € R",
or uniformly almost periodic if for any € > 0 and any compact set K C R",
there exists a positive integer [ = [(e, K) such that any interval of length [

contains an integer 7 for which
[f(n+7,2) = f(n,z)] <€, n€Z, v €K

The hull of f, denoted by H(f), is defined to be the set of all g : Zx R" — R"
such that there exists an integer sequence (hy) and limf(n+hy, x) = g(n, )
uniformly on Z x K, where K is any compact set in R".

Difference equations are more appropriate that their continuous counter
parts in cases when processes evolve in stages. For example population may

grow or decline through non-overlapping generations. Besides, difference
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equations are well known for simulating continuous models for numerical
purposes. Indeed, many discrete models in population dynamics and neural
dynamic systems are proposed and well studied with respect to their stabil-
ity, permanence, bifurcation, chaotic behavior, oscillation, periodicity, etc,
see [16].

If f is an almost periodic function, the following limit

a(A f) = Jim o / F(t)e Mat

—>002

for all A € R, exists and is called the Bohr transform of f. As is known,
there is an at most countable set of reals A such that the above limit differs
from zero. This set will be denoted by o3(f) and called Bohr spectrum of f.
The approximation theorem says that for every almost periodic function f,
there exists a sequence of trigonometric polynomials P, (t) = S, ap,e M,

where A, € op(f) and ax, € X for all k,n, that converges uniformly in

t € Rto fasn — oo, see [46].

1.2 Semigroups

A family of linear operators {T'(¢) : ¢ > 0} on a Banach space X such that
(i) T(0) = I, I is the identity operator and

(i) T(t+s) =T(t)T'(s) for all t,s > 0

is called a semigroup.

Definition 1.7

14



Let X be a Banach space and let C' be an injective operator in L(X). A fam-
ily {T'(t); t > 0} in L(X) is called an exponentially bounded C-semigroup
if the following conditions are satisfied:

() T(0) = C,

(i) T(t+s)C =T(t)T(s) for t,s > 0,

(iii) T'(.)x : [0,00) — X is continuous for any = € X,

(iv) There are M > 0 and a € R such that ||T(t)|] < Me™ for t > 0.

A C-semigroup {S(t)}:>0 is said to be exponentially stable if there are
N,v > 0 two constants such that ||S(t)|| < Ne ", for all t > 0.

We define an operator A as follows:

T(h)x —
D(A) = {r e X hg(%( ( )xh Cr) ¢ riey
and for all x € D(A)
Az = C7! lim (T(h)z = Cx)
h—0+ h '

This operator is called the generator of (T'(t));>o. It is known that A is
closed but not necessarily densely defined.

Next we define the operator

(T'(t)xr — Cx)
t

Gr = limC™!
t—0

D(G) = {z € R(C) : 3 Tim ¢ L2 =C)

t—0+t t

}.
The complete infinitesimal generator of (T'(¢));>0 is defined to be the oper-
ator G if the range R(C) is dense in X.

15



Lemma 1.1

Let C be an injective linear operator and let (7(t));>0 be a C-semigroup
with generator A. Then, the following assertions hold true:

(i) T(t)T(s) =T(s)T'(t), for all t,s > 0,

(i) If x € D(A), then T'(t)x € D(A), AT(t)x = T(t)Ax and for all £ > 0

[ T(€) Axdg = T(t)z ~ Oz,

(i) fET(&)xdE € D(A) and A [F T(€)xdé = T(t)x — Cx for every x € X and
t>0,
(iv) A is closed and satisfies C71AC = A,

(v) R(C) € D(A),
(vi) If R(C) is dense in X, then D(G) = X and G C A, see [46].

1.3 Proporties in Banach Space

1.3.1 Banach Fixed Point Theorem

A fixed point of a mapping T': X — X of a set X into itself is an z € X
which is mapped onto itself, that is, Tz = x.

Definition 1.8 (Contraction)

Let X = (X,d) be a metric space. A mapping 7" : X — X is called a
contraction on X if there is a positive real number o < 1 such that for all
r,y € X, d(Tz, Ty) < ad(x,y).

Contraction theorem 1.2

Consider a metric space X = (X,d), where X # (). Suppose that X is

16



complete and let T': X — X be a contraction on X. Then T has precisely
one fixed point, see [30].

1.3.2 Convexity and Reflexivity

Definition 1.9

Let (X, ||.]]) be a real normed linear space and X* be its dual space. The
space X is said to be strictly convex if, z = y whenever z,y € S(X) and
e S(X), where S(X) = {z € X; |jz|| =1}.

Definition 1.10

The space X is uniformly convex if, for every sequences ()22, and (y,)%,
we have, lim |2, — y,|| = 0 whenever, lim |z, +yu| = 2, see [35].
Definition 1.11

Let (X, ||.||) be a real Banach space and let B(X) and S(X) be the closed
unit ball and the unit sphere of X, respectively. For any subset A of X, we
denote by conv(A) (resp., conv(A)) the convex hull (resp., the closed convex
hull) of Clarkson [17] who introduced the concept of uniform convexity, and
it is known that uniform convexity implies reflexivity of Banach spaces.
There are different uniform geometric properties which have been defined
between the uniform convexity and the reflexivity of Banach spaces. Huff
[38] introduced the nearly uniform convexity of Banach spaces. He has
proved that the class of nearly uniformly convexifiable spaces is strictly
between superreflexive and reflexive Banach spaces.

A Banach space X is called uniformly convex if for each € > 0 there is

17



9 > 0 such that for z,y € S(X), the inequality ||z — y|| > € implies that
1
s+l <16
For any « ¢ B(X), the drop determined by x is the set
D(z,B(X)) = conv({z}) U B(X).

Rolewicz [57], basing on Danes drop theorem [19], introduced the notion of
drop property for Banach spaces.

A Banach space X has the drop property (D) if for every closed set C' disjoint
with B(X), there exists an element « € C such that

D(z, B(X))NC = {z}.

A Banach space X is said to have the Kadec-Klee property (or property
(H)) if every weakly convergent sequence on the unit sphere is convergent
in norm. In [56], Rolewicz proved that if the Banach space X has the drop
property, then X is reflexive. It extended this result by showing that X has
the drop property if and only if X is reflexive and has the property (H).
If X be a reflexive and smooth space, then the dual space X* is strictly

convex, see [59].

1.4 Fractional Derivatives and Integrals

1.4.1 Gamma Function

Undoubtedly, one of the basic functions of the fractional calculus is Euler’s

18



Gamma function I'(z), which generalizes the factorial n! and allows n to
take also non-integer and even complex values. We will recall some results
on the Gamma function which are important for other parts of this work.

The Gamma function I'(z) is defined
['(z) = /OOO e "t*dt,

which converges in the right half of the complex plane Re(z) > 0. Indeed,
we have
: _ 0 _tpr—l14iy gy [0 —tyz—1 iy log(t)
Dle+iy) = [ et di= [~e 't e dt

_ /0 T et cos(y log(t)) + i sinly log(t))]dt.

The expression in the square brackets is bounded for all ¢; converges at

t

infinity is provided by e™", and for the convergence at ¢ = 0 we must have

r = Re(z) > 1.
One of the basic properties of the Gamma function is that it satisfies the

following functional equation
['(z+1) = 2I'(2),
which can be easily proved by integrating by parts
['(z+1) = /0 e trdt = [—e )T + Z/o e 't*ldt = 2I(2).
Obviously, I'(1) = 1, for z = 1,2, 3, ..., we have

I'n+1)=nl(n)=n(n—1)!=nl

19



The Gamma function can be represented also by the limit

z

nn
I'(z) =1
(2) = Jimg, 2(z+1)...(z +n)

where we initially suppose Re(z) > 0. This condition can be weakened to
2z #0,—1,—2,... in the following manner.

If —m < Re(z) < —m + 1, where m is a positive integer, then

B I'(z4+m)
P& = oiDerm=1
B 1 lim n*tn!
2z (zdm—=1)""® (z4+m)...(z +m+n)
_ 1 lim (n —m)*™™(n —m)!
z(z + 1)(zz+'m — 1) (z4+m)(z+m+1)...(2+n)

lim :
=% 2(z4+1)...(2 +n)
Therefore, the limit representation holds for all z excluding z # 0, —1, —2, ..

see [54].

°)

1.4.2 Grinwald-Letnikov Fractional Derivatives

Let us now return to the name of the fractional calculus. It does not mean
the calculus of fractions. Neither does it mean a fraction of any calculus-
differential, integral or calculus of variations. The fractional calculus is a
name for the theory of integrals and derivatives of arbitrary order, which
unify and generalize the notions of integer-order differentiation and n-fold
integration.

Let us consider the infinite sequence of n-fold integrals and n-fold deriva-
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tives

T2 2
S an [ f@n, [ edn, g, T

The derivative of arbitrary real order o can be consider as an interpolation

of this sequence of operators; we will use for it the notation suggested and
used by Davis [21], namely ,D{ f(t). The short name for derivative of ar-
bitrary order is fractional derivatives. The words fractional integrals mean
integrales of arbitrary order and correspond to negative values of o, we will
denote the fractional integral of order 8 > 0 by D; " f (1).

A fractional differential equation is an equation which contains fractional
derivatives; a fractional integral equation is an integral equation containing
fractional integrals. Now we describe the unification of integer-order deriva-
tives and integrals.

Let us consider a continuous function y = f(t), we have its first order

derivative

f(t) == = lim ft) - i(t_ h)

Applying this definition twice gives the second-order derivative

R (O ()

f//(t):ﬁ  h—0 h
_ g LI O SR S R) = (e 2h),
h—0 h, h h
_ i JO) = 2f(E = h) + f(E—2h)
h—0 h? .
By induction
f<”>(t)=f;f— h hli( 1" ()f(t—rh), (1.1)

21



where
(") = nn—1)(n —Z)(n —r+ 1)'

Let us now consider the following expression generalizing the fractions

in (1.1)

n

1 T
@) = 55 S (=1 Ot —rh), (1.2)
r=0
where p is an arbitrary integer number; n is also integer, as above. Obvi-

ously, for p < r we have

& f

A YA |
lim £i7(8) = f2() =

because all the coefficients in the numerator after (§) are equal to 0.

Let us consider negative values of p. For convenience, let us denote

plp+1)..(p+r—1)

1) = |

Then we have

(7p) _ _p(_p - 1)T'(_p — I+ 1) _ (_1)7“[172]

and replacing p in (1.2) with —p, we can write

AP = = SR - rh),

hp r=0

where p is a positive integer number. We can take h = t%“, and consider

the limit value, either finite or infinite, of f,s_p )(t), which we will denote as

lim fi 7 (8) =, D F(E).
nh=t—a

22



For p =1, we have

fi V@ =h X f=rh)
Taking into account that ¢ — nh = a and the function f(t¢) is assumed to be
continuous, we conclude that

lim S0 = D) = [ St - 2)dz= [ f()dr. (13)

nh=t—a
For p = 2, in this case

23..(24+7r—1)

=r+1
r!

HE
and we have
A0 = h S ()~ 1)

Denoting t + h = y, we can write

n+1

) = h X (rh)f(t = rh)

and taking h — 0, we obtain

lim f2(0) = D2f() = [ 2f(t—2)dz = [ (¢t —7)f(r)dr.  (L4)

a
For p = 3, taking into account that

5 34 (3+r—1) (r+1)(r+2)
r) = r! - 12

we have
- i(” 1)(r + 2)R2f(t — rh).
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Denoting, as above, t + h = y, we write

(-3 _ PR 2
A7) = 15 2 v+ DR (y = h),
which can be written as
B h ntl h2 ntl
£ = 15 X O =rh) + 15 S rhf(y = rh).
< r=1
Sinse
) 2 n+1 . t
Jlil:ig_la 13 7; rhf(y —rh) = n%gla h/a (t —7)f(r)dr = 0.
Taking now h — 0, we obtain
t— a
2'/ — 2)dz = 2'/ (t —7)2f(7)dr. (1.5)

Relationships (1.3)-(1.5) suggest the following general expression

n

DIP(H) = Jim b2 ZO[ [f(t —rh) = '/ (t — 7P f(r)dr.  (1.6)

Now let us show that formula (1.6) is a representation of a p-fold integral.

We have

;lt( D) = (_12)!/at(t_7)p_2f(7)d7 o« D7TL(D).

Integrating the relationship from a to ¢, we obtain
—p 't —p+1
DI f(t) = [(WDrP (),

D) = [WDIP )t ete.
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and therefore
D) = [t D f()dt
= [lat [ dt [ (D7 p ()t
= /atdt/atdt.../:f(t)dt.

p times

We see that the derivative of an integer order n (1.1) and the p-fold integral
(1.6) of the continuous function f(¢) are particular cases of the general

expression

WDEF(E) = T WP S (1Y () (¢ = rh) (17)

nh=t—a r=0

which represents the derivative of order m if p = m and the m-fold integral
if p = —m. This observation naturally leads to the idea of a generalization
of the notions of differentiation and integration by allowing p in (1.7) to be
an arbitrary real or even complex number.

The evaluation of the derivative of integer order n of the fractional derivative
of order p is given by

dn

a a"f (1)
dtn

L) = Dy, (18)

Dtpf(t)) —a Df(

only if at the lower terminal ¢ = a of the fractional differentiation we have
f¥a)=0, k=0,1,...,n—1. (1.9)

Let us now consider the fractional derivative of order ¢ of a fractional deriva-

tive of order p
oDi (DY f(2)).
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Two cases will be considered separately: p < 0 and p > 0. In both
cases we will obtain an analogue of the well-known property of integer-order

differentiation

dv dmf(t), dm™ dUf(t),  d"Tf(1)
dt”< dtm )= dtm( dtn )= dtm+n

Case p < 0:

Let us first take ¢ < 0, then we have

DHDIFO) = poos [0 =) D2 ()
- F(—q)lf(—p) [Le =y [T = s

1 t t VN
e e A A A Gl T

1 t —p—q—1
= F(_p_q)/a(t—f) f(€)ds

= JDVTf(), (1.10)
where the integral

/;(t - T)_q_l(T - 5)_p_1d7' = (t — g)—P—q—l /01(1 _ Z)—q—lz—p—1d2

['(—q)'(—
( Q) ( p)(t_g)—p—q—l
I'(—p—q)
is evaluated with the help of the substitution 7 = £ + z(t — &) and the

definition of the beta function.
Let us now suppose that 0 < n < ¢ < n+ 1. Noting that ¢ = (n+ 1)+ (¢ —

n — 1), where ¢ —n — 1 < 0, using the formulas (1.8) and (1.10), we obtain
dntl

Di(DEf(1) = W{an_”_l(anf(t))}
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dn+1

~ dt! {aD%Hq*nilf(t)}

= JDVTf(1).

Combining with (1.10), we coclude that if p < 0, then for any real ¢
DD} (1)) =a DI f(2). (1.11)

Case p > 0:

Let us assume that 0 < m < p <m + 1, take ¢ < 0, we get

aD§ (anf(t)) = aD;l(an—m—lf(nH—l)(t)) =, Df+q_m_1f(m+1)(t)

1 /t FOD () dr
=g tmt ) b (=i

Taking into account the condition f*(a) =0, k= 0,1,...,m — 1, we arrive
at (1.11).

Finally, let use take 0 < n < ¢ < n+ 1. Assuming that the late formula
with its condition is satisfies and taking into account that ¢ —n—1 < 0, we

obtain

dn+1

Di(DEf(1) = W{ath_”_l(anf(t))}

dn+1

= LD )

- aD%H—qf(t)'

Therefore, we can conclude that if 0 < m < p < m+1, then the relationship
(1.11) holds also for arbitrary real ¢, when f®(a) =0, k=0,1,...,m — 1.
Moreover, if 0 < m <p<m+1and 0 <n < g <n+1 and the function
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f(t) satisfies f¥(a) =0, k =0,1,...,7 — 1, where » = max(n, m), then the

operators of fractional differentiation ,D} and ,D{ commute:
aDg(anf(t)) —a Df(aDgf(t)) —a Dfﬂ]f(t)'

See [54].
1.4.3 Riemann-Liouville Fractional Derivatives

The Riemann-Liouville fractional derivative is defined as

DEFE) = Gt [ =2 p)r, m<p<md

Where the function f(¢) must be m + 1 times continuously differentiable.

For t > 0, this formula is equivalent to

D) = () [ =)
. o)t~ ) 1

> [t =7y o 7,

T & T(p+k+1) T(—p+m+1)
Let us suppose that the function f(7) is continuous and integrable in every

finite interval (a,t); the function f(¢) may have an integrable singularity of

order r < 1 at the point 7 = a:

lim(7 — a)" f(t) = const (#0).

The integral
t
V@) = [ f(r)dr
exists and has a finite value, namely equal to 0, as t — a. Indeed, performing

the substitution 7 = a + y(t — a) and then denoting € = ¢ — a, we obtain

lim fCY(t) = lim /atf(T)dT

t—a t—a
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= %Hn (t —a) / fla+y(t—a))dy
= lime _T/O (ey)"fla+ye)y"dy = 0,
because r < 1. Therefore, we can consider the two-fold integral
t n t t
@) = /a dTl/a f(r)dr = /a f(T)dT/T dr
= [(t—n)f(r)dr

By integration, this gives the three-fold integral of f(7)

3@ = /at dr /aT1 dT /(;2f(7'3)d7'3
- /atdn [ =) f(r)dr
= ¢ [~y

and by induction in the general case we have the Cauchy formula

FEn() = F(ln) [t =y f(r)dr. (1.12)

Let us now suppose that n > 1 is fixed and take integer £ > 0. Obviously,

we will obtain
S *D “ =Ty (e

where the symbol D~% denotes k iterated integrations.
On the other hand, for a fixed n > 1 and integer k& > n the (kK — n)-th

derivative of the function f(¢) can be written as
1 t
(k—n) R B 1, _\n—1
P = oy D =" ()
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where the symbol D* denotes k iterated differentiations.
The notion of n-fold integration is extended to non-integer values of n, the
integer n in the Cauchy formula (1.12) is replaced by a real p > 0:

1

DS = s L= (1.13)

In (1.12) the integer n must satisfy the condition n > 1; the corresponding
condition for p is weaker: for the existence of the integral (1.13) we must have
p > 0, is called Riemann-Liouville fractional integral of the function f(t),
which denoted also P f(t). From (1.13), the Riemann-Liouville fractional
derivative of the function f(t) is defined as

_ d" —(n—p) _ 1 d" gt \n—p—
DH(®) = oD "I O) = po s [ =7 (.

where f is a continuous function and n — 1 < p < n.
The most important property of the Riemann-Liouville fractional derivative

is that for p >0 and t > a

oDi (D" f (1)) = f(1).

If the fractional derivative D7 f(t), (k —1 < p < k), of a function f(t) is
integrable, then

(t —a)P™/
Tp—j+1)

The definition of the fractional differentiation of the Riemann-Liouville type

DI (DY) = f(t) - z WP F (1))

played an important role in the development of the theory of fractional

derivatives and integrals and for its applications in pure mathematics, see
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[54].
1.4.4 Caputo’s Fractional Derivative
Caputo’s definition can be written as

1 /t o) (r)dr

-l <a<n.
Do —n)da (t—ryottn> " asn

S DY f(t) =

Under natural conditions on the function f(t) , for « — n the Caputo
derivative becomes a conventional n-th derivative of the function f(t).

The main advantage of Caputo’s approach is that the initial conditions for
fractional differential equations with Caputo derivatives take on the some
from as for integer-order differential equations, i.e. contain the limit val-
ues of integer-order derivatives of unknown functions at the lower terminal
t = a.

To underline the difference in the form of the initial conditions which must
accompany fractional differential equations in terms of the Riemann-Liouville
and the Caputo derivative, let us recall the corresponding Laplace transform
fomulas for the case a = 0. The formula for the Laplace transform of the

Riemann-Liouville fractional derivative is

0 n—1
e Mo F(O}dt = p"F(p) = X 5 oD (Bl n— 1< a<n,
k=0

whereas Caputo’s formula, first obtained in [15], for the Laplace transform

of the Caputo derivative is
n—1

/ooo e P DY ()t = p"F(p) — X p* "1 fH(0), n—1<a<n.
k=0
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We see that the Laplace transform of the Riemann-Liouville fractional deriva-
tive allows utilizations of initial conditions of the type %g% JDEEF(t) = by, (
where bg, k= 1,2,...,n are given constant), which can cause problems with
their physical interpretation. On the contrary, the Laplace transform of the
Caputo derivative allows utilization of initial values of classical integer-order
derivatives with known physical interpretations.

Another difference is that the Caputo derivative of a constant is 0, whereas

in the cases of a finite value of the lower terminal a, the Riemann-Liouville

ct—@
Il-a)’

fractional derivative of a constant C' is not equal to 0, but (DyC =
see [H4].
1.4.5 Generalized Function Approach

This approach is based on the observation that the Cauchy formula

FE) = —— [t =7y ()

which allows replacement of n-fold integral of the function f(¢) with a single
integration, can be written as a convolution of the function f(t) and the
power function ¢" !

FEM() = f(1) * (1.14)

[(n)’
where both functions, f(¢) and "', are replaced with zero for ¢t < a and

t < 0 correspondingly; the asterisk means the convolution:

f@&)«g@t) = [ f(r)g(t —7)dr.
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Let us consider the function ®,(¢) defined by [34]

. >0
(I)p(t) — {“83 t<0.

Using the function ®,(¢), the formula (1.14) can be considered as a particular
case of the more general convolution of the function f(¢) and the function
D, (1):

FEP(E) = f(2) * y(2). (1.15)
To handle both positive and negative values of p in the same way, it is

convenient to consider the function ®,(¢) as a generalized function. Its

properties are known [34]; for our purposes it is essential that

lim ®,(t) =& ,(t)6™(t), k=0,1,.., (1.16)

p——k
where §(t) is the Dirac delta function. The Dirac delta function is often used
in applied problems for the description of impulse loading (impulse forces).
The convolution of the k-th derivative of the delta function and f(¢) is given
by
| f(mo® = rydr = ).

Obviously, if p is a positive integer (p = n), then the formula (1.15) reduces
o (1.14). On the other hand, it follows from the relationship (1.16) and
the properties of the delta function that for negative integer values of (p =
—n, n > 0)

FE@) = f(t) % D_y(t) = f(t) x 6P ().
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Therefore, both integer-order integrals and derivatives of a generalized func-
tion f(t) can be obtained as particular cases of the convolution (1.15), which
is also meaningful for non-integer values of p. This means that the formula
(1.15) provides a unification of n-fold integrals and n-th order derivatives of
a generalized function and an extention of these notion to real order p and
that we can define the derivative of real order p of a generalized function

f(t), which is equal to zero for t < a, as

D7 f(t) = [(E) % By(t).

Another property of the function ®,(¢), which leads to important conse-
quences, 18

Dyt — a) ¥ By(t) = Dy (t — a) (1.17)

To prove (1.17), let us first suppose that p > 0 and ¢ > 0. Then using the
substitution 7 = a + ((t — a) and the definition of the beta function, we

obtain

dr

t(r—ap ! (t— )0
B, (t —a) x By(t) = [ I'(p) | F(q))

b Pl — ) ldr
- F(p)F(Q)/O(T_a) o

(t —a)ptat

I'(p)L'(q)
(t _ a)p+q—1

I'(p+q)

[t —¢rtac

Y
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and analytic continuation with respect to p and ¢ gives (1.17). It follows

that if the function f(¢) is zero for ¢ < a, then

(f(X) % Pp(t)) x Py(t) = f(T) % (Pp(t) x Pyg(t)) = [(2) * Ppig(?),

from which immediately follows the composition law

an(aD;f]f(t)) —a Dg(anf(t)) —a [)%qu(t),
for all p and ¢. The simplicity of the composition law is a great advantage
of the use of generalized functions.

From formula (1.17), we directly obtain the derivative of real order p of the

generalized function

ti A >0
i) t) = — [ TU(er1)’
q—|—1( ) F(q+ 1) { 0, t<0
in the form
- (t —a)d t— q)P¢
/(e A S Uil (1.18)
Mg+1)" T(+q-p)
In the particular case ¢ = 0, we obtain the fractional derivative of the
Heaviside unit-step function H (t):
~ t—a)™?
JDVH(t —a) = (7 t>
t ( CL) F(]_ . p) ) a,
and, in general, for all b < a
(t—a)™P

t>a

b[)fH(t —a)={ F(l(;,p) 7 b<t<a-

Putting ¢ = —n—1 (n > 0) in (1.18), we obtain the fractional derivative of

order p of the n-th derivative of the Dirac delta function:
(t —a) Pl
['(=n—p) "’
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and, in general, for all b < a
5 (t—a)~ " P—1 a
y D™ (t —a) = { B ’b;;.
Finally, if g — p+ 1= —n (n > 0), then from formula (1.18) it follows that

t—a)p !
I(p—1)

Using the function ®,(¢), the Riemann-Liouville definition can be written

oo

) =06"(t —a), t > a.

as
DEF() = S (1) * @0y (0),
the Caputo definition can be written as
copsn) = (TID o),
See [54].

1.4.6 Laplace Transforms of Fractional Derivatives
Let us recall some basic facts about the Laplace transform. The function

F(s) of the complex variable s defined by

F(s) = L{f(t);s} = [ e " f(t)dt (1.19)

is called the Laplace transform of the function f(¢), which is called the orig-
inal. For the existence of the integral (1.19) the function f(¢) must be of
exponential order ar, which means that there exist positive constants M and
T such that e[ f(t)] < M, for all t > T.

In other words, the function f(¢) must not grow faster then a certain expo-

nential function when ¢ — oo. The original f(¢) can be restored from the
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Laplace transform F'(s) with the help of the inverse Laplace transform
ft) = LYF(syty = [ T St (s)ds, ¢ = Re(s) > co,

where ¢ lies in the right half plane of the absolute convergence of the Laplace
integral (1.19).

The Laplace transform of the convolution

= [ 1t~ D)g(r)dr = [ f(7)glt — )dr

of the two function f(t) and g(t), which are equal to zero for t < 0, is equal

to the product of the Laplace transform of those functions:

L{f(1) + g(t); s} = F(s)G(s) (1.20)

under the assumption that both F(s) and G(s) exist.
Another useful property which we need is the formula for the Laplace trans-

form of the derivative of an integer order n of the function f(¢):

n—1 n—1

L{f®(t); s} = s"F(s) = X s 1 f1(0) = " F(s) = 3 8" f"F71(0)
- - (1.21)
which can be obtained from (1.19) by integrating by parts under the as-
sumption that the corresponding integrals exist.

We can write as a convolution of the functions g(t) = t*~1 and f(t):

WDIFE) = g =7y )dr = 7w £ )

The Laplace transform of the function ! is

G(s) = L{t" ';s} =T(p)s”
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Therefore, using (1.20), we obtain the Laplace transform of the Riemann-

Liouville and the Griinwald-Letnikov fractional integral:
L{oD; " f(t);s} = s PF(s). (1.22)

Let us now turn to the evaluation of the Laplace transform of the Riemann-
Liouville fractional derivative, which for this purpose, forn —1 < p < n, we

write in the form
0DIf (1) = g™ (1),
_ p—(n—p) 1 b yn-p-1
9(t) =0 D" O =) (.
The formula (1.21) leads to
n—1
L{oDI f(1); s} = s"G(s) — X s 1(0).
k=0
The Laplace transform of the function g(t) is evaluated as
G(s) = s " PIF(s).

Also, we have

dn—k—l

= —r oD () =0 DET (),

gD ()

Thus, the Laplace transform of the Riemann-Liouville fractional derivative

of order p > 0:
n—1
L{D}f(t); s} = s"F(s) = Y " oDV f(t)]li=0, n—1<p<n.
k=0

To establish the Laplace transform formula for the Caputo fractional deriva-

tive, let us write
CDPf(t) = oD " Pg(t), g(t)=f"(t), n—1<p<n
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Using (1.22) for the Laplace transform of the Riemann-Liouville fractional
integral gives

L{G DI f(t):s} = s " PG(s),

where
G(s) = "F(s) = 3 5"+ 1fW(0) = "F(s) — 3" s* f0+D(0).
k=0 k=0

Using the above formulas, we arrive at the Laplace transform formula for

the Caputo fractional derivative
n—1
L{SDLf(t); 5} = "F(s) = X s"Lf40), n—1<p<n,
k=0

See [54].
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Chapter 2

Weak Almost Periodic and Optimal Mild Solutions of

Fractional Evolution Equations

2.1 Introduction

The object of this chapter is to study the fractional evolution equation

d“u(t)
dte

4+ (A—BM)u(t) = ft), t>t (2.1)

in a Banach space X, where 0 < a < 1, u is an X-valued function on
RT =[0,00) and f is a given abstract function on R* with values in X. We
assume that —A is a linear closed operator defined on a dense set S in X
into X, {B(t) : t € R*} is a family of linear bounded operators defined on
X into X .

It is assumed that —A generates an analytic semigroup () such that
IQ()|| < M for all t € RT,Q(t)h € S, | AQ(t)h|| < 2|h|| for every h € X
and all t € (0,00).

Let X be a uniformly convex Banach space equipped with a norm ||.|| and
X* its topological dual space. N’Guerekata [49] gave necessary conditions
to ensure that the so-called optimal mild solutions of u/'(t) = Au(t) + f(¢)
are weakly almost periodic.

Following Gelfand and Shilov [34], we define the fractional integral of
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order a« > 0 as

1

A = gy =9 F(5)ds,

also, the fractional derivative of the function f of order 0 < a < 1 as

1 d

aD?f(t) - F(l _ Oé)%

[ 1)t =) s,

where f is an abstract continuous function on the interval [a, b] and I'(«) is
the Gamma function, see [47, 54].

Definition 2.1

By a solution of (2.1), we mean a function u with values in X such that:
(1) u is continuous function on Rt and u(t) € D(A),

(2) &¢ exists and continuous on (0,00), 0 < o < 1, and u satisfies (2.1) on
(0, 00).

We shall first obtain the Green function for the fractional abstract differen-

tial equation

du(t)
S = au(e) (1)
where
u(0) =ug € S. (I1)

We apply the fractional integral operator on both sides of (I) and using (II),

it 1s easy to get

u(t) = ug + 1a /Ot (tfue()el)_ade. (I11)
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Theorem If A has an analytic semigroup, then the Cauchy problem (I),

(IT) has the unique solution

u(t) = [ Ca(0)Q(t0)uodd),

where (,(0) is a probability density function defined on (0, c0). The Laplace

transform of (, is given by

to (III) yields
1 1 1 a—1

v(p) = Juo+ 2 Av(p) = (P71 = A) P o = P [ e Q) uodb,

where [ is identity operator defined on X. Since ||Q(?)| < K, it follows
that the integral in the late formula is absolutely convergent for all p > 0.
Consider the one-sides stable probability density p, (), whose Laplace trans-
form is given by

fy pate it = e,
where 0 < a < 1. Using the two late formulas, we get

0o S t“
o) = [ e[ palO)Q5; ) uaddldt.
Now we can invert the last Laplace transform, to get
00 ¢ 00 o
u(t) = | pa(0)Q( 5 Juodh = | C(0)Q)ude,
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where

Ca(t) _ 1t11/a,0a(t1/a).

«

Thus, we can deduce that the solution u exists if even uy € X.

Let us solve the following Cauchy problem

d*u(t)
O au(t) + 700, (1v)

u(0) = ug € S, (V)

where f is an abstract function defined on [0, cc] and with values in E, see
[25].
Theorem If f satisfies a uniform Holder condition, with exponent 5 € (0, 1],

then the unique solution of the Cauchy problem (IV), (V) is given by

/ Ca(0)Q(t*0)uodd + F (1),

where
Pty =a [ [0t — )¢ O)Q((t — n)6) £r)dbdn.

Proof If v and g are the Laplace transform of u and f, respectively, then
v(p) = p* (T — A) g + (0T — A)"lg(p).
Consequently, we get formally

/ Ca(0)Q(t*0)uodd + F(2).
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To prove that the last formula represents the unique solution of the Cauchy
problem (IV), (V) it suffices to prove that F(t) € S for every t € [0, c0).

In other words, we must prove the existence of the double integral

H(t)=a [ [0t —n)""'Cu(0)AQ((t —0)6) f ()dody.

In fact, we notice that

H(l) = qﬁgmmv—>%%J@A@w~wwmwwy—ﬂwuwn
+ [T GlOQ0) £ ()d0 — f(2).

Since f satisfies a uniform Hoélder condition with exponent 5 € (0, 1], it

follows that

B
HwSK;+m+nwww

Thus F(t) € S for each t € [0,00] and H(t) = AF(t), see [25].
It is suitable to rewrite equation (2.1) in the form

u(t) = u(to) + I’(loz) /tz(t —8)* (B(s) — Au(s) + f(s)]ds. (2.2)

According to [25-29], the equation (2.2) is equivalent to the integral equation
_ / T C(0)Q((t — ) 0)ulty)dd
+ a//‘ = 5)" 1 G(O)QU(E — 5)°0)F (s)dbds, (2.3)

where F'(t) = B(t)u(t)+ f(t) and (, is a probability density function defined
on (0, 00) such that its Laplace transform is given by
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/0 o0 Ca(e)de_gor(uraj)

A continuous solution of the integral equation (2.3) is called a mild solution

O0<a<l,x>0,

of (2.1).

The theory of almost periodic functions with values in a Banach space
was developed by Bohr, Bochner, von Neumann, and others, [1, 12]. See
also [2, 20, 46, 49, 50, 62].

Definition 2.2

A function f: R — X is called (Bochner) almost periodic if

(i) f is strongly continuous, and

(ii) for each € > 0 there exists I(¢) > 0, such that every interval I of length

[(€) contains a number 7 such that sup ||f(t 4+ 7) — f(¢)]| <e.
teR

2.2 Optimal Mild Solutions

As in N'Guerekata [49], let ¢ denote the set of mild solutions u(t) of
(2.1) which are bounded over R*; that is

plu) = sup [ut)]| < oo, (2.4)

teR
We assume here that Qf # 0, and recall that:
A bounded mild solution @(t) of (2.1) is called optimal mild solution of (2.1)
if

p(a) = p* = inf p(u). (2.5)

UGQf
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Theorem 2.1
Assume that Q; # () and f : RT —— X is a nontrivial strongly continuous
function, then (2.1) has a unique optimal mild solution.

Compare with [65, Theorem 1.1, p.138] and [49, Theorem 1, p.673]. Our
proof is based on the following lemma.
Lemma 2.2
([40, Corollary 8.2.1]). If K is a non-empty convex and closed subset of a
uniformly convex Banach space X and v ¢ K, then there exists a unique
ko € K such that |v — ko| = klél}f{h) — k.
Proof of Theorem 2.1
It suffices to prove that 2; is a convex and closed set because the trivial
solution 0 ¢ Qy, then we use lemma 2.2 to deduce the uniqueness of the
optimal mild solution, see [49].
For the convexity of {1y, we consider two distinct bounded mild solutions

uq(t) and us(t), and a real number 0 < A < 1 and let
u(t) = Aug(t) + (1 — Nuo(t), t € R.

For every tg € R, u(t) is continuous and (see[49]) has the integral represen-
tation

ult) = T(t — to)ulto) + [ S(t — s)F(s)ds. ¢ > o, (2.6)

where

/ Ca(0)Q(t*0)do , S(t _a/ 0t 1, (0)Q(t0)d6.
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We have
u(to) = /\ul(to) + (1 — )\)Ug(to),

then wu(t) is a mild solution of (1.1). We note that u(¢) is bounded over R

since

p(u) = sup [u@)]| < Apur) + (1 = A)p(uz) < oo,

we conclude that

U(t) S Qf.

Now we show that €2¢ is closed.
Let u, € Qf a sequence such that lim w,(t) = u(t),t € R. For allt; € R

and t > ty we have
unlt) = Tt~ to)un(to) + [ St = 9)[Bls)ua(s) + Fls))ds,  (27)

It is clearly that T'(t — ty) and S(t — s) are continuous operators, then for

every fixed ¢t and ty with ¢ > ¢y, we have

Jiny Tt~ to)un(to) = Jim, [~ Ca(@)Q(E — to)*O)un(to)db
_ /O T (0)Q((t — t)*0)dd Tim_ w, (to)
= T(t — to) nll—>rgo un(to)

= T(t - to)u(t()).

Similarly we have

t

(t = s)[Jiny B(s)un(s) + f(s)]ds

S(t—s)[B(s)un(s) + f(s)lds = [ S
S(t—s)F(s)ds.

J
=

0

t
lim
n—00 Jt,
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Then we deduce that
t
u(t) = T(t —to)ulto) + [ S(t — s)F(s)ds,

for all ¢y € R,t > tp, which means that u(¢) is a mild solution of (2.1).

Finally we show that u(t) is bounded over R. We can write (2.6) as

wlt) = Tt — to)ulto) + /tzS(t—s)F(s)ds—un(t)+un(t)

= T(t — to)[u(ty) — un(ty)] + /tz S(t—s)(B(u — uy))(s)ds + uy(t),

forn=1,2,..., and every ty € R such that t > ¢, .
Since [§° (. (0)d0 = 1 , it follows that ||T'(¢)]] < M,
again, since [$°0(,(0)d0 = 1 (see [29, p.54]), it follows that ||S(t)| <
aMte 1,

Let || B]| < C. These estimates lead to
a0l < Mlfulte) = walto)| +aMC [t = 5" u(s) = as) |ds + [ D]
Choose n large enough, for every €, e, > 0 we get

p(u) < e+ e+ p(uy,) < oo.

Thus u € ;. This completes the proof.

2.3 Weak Almost Periodic Solutions

To formulate a property of almost periodic functions, which is equivalent

to Definition 2.2, we discuss the concept of normality of almost periodic
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functions. Namely, let f(¢) be almost periodic in t € R", then for every
sequence of real numbers (s/) there exists a subsequence (s,) such that
f(t + s,) is uniformly convergent in ¢t € R*. see Hamaya [36, p.188]. It is
well known [48, 49, 64, 65] that:

f: RT — X is weakly almost periodic if for every sequence of real numbers
(s],) there exists a subsequence (s,,) such that every (f(t+s,)) is convergent
in the weak sense, uniformly in ¢ € R". In other words, for every u* € X*,
the sequence (< u*, f(t 4+ s,) >) is uniformly convergent in ¢ € R*, where
< .,. > denotes duality < X*, X >. For each Q(t),t € R™, Q*(t) denotes
the adjoint operator of Q(t).

Theorem 2.3

Let f: Rt — X be almost periodic and a nontrivial strongly continuous
function, also assume that f € L'(R) and Q*(t) € L(X*) for every t € R¥,
then the optimal mild solution of (2.1) is weakly almost periodic.

Proof

As in N’Guerekata [49], let u(t) be the unique optimal mild solution of (2.1),
by Theorem 2.1

u(t) = T(t — to)ulto) + /: S(t — s)F(s)ds,

for all tg € R,t > tg. Let (s],) be an arbitrary sequence of real numbers.
Since f is almost periodic, we can extract a subsequence (s,) C (s!) such

that lim f(t + s,) = g(t) uniformly in ¢ € R*. We note that g(t) is also

strongly continuous. For fixed ty € R, we can obtain a subsequence of (s,),
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which again we will denote (s,), such that
weak — lim u(to + s,) = vo € X.

Since X is a reflexive Banach space, then the function

y(t) = T(t = to)uo + || S(t = 5)(Bu+ g)(s)ds,

is strongly continuous. It is a mild solution of
d®u(t)
dt>

We need the following lemmas.

+ (A= B(t)u(t) =g(t), te R".

Lemma 2.4

For each t € R™, we have
weak — lim u(t + s,) = y(t).

Proof

We can write

ult +,) = Tt = to)ulto + 5,) + [} St = 8)[(Bu)(s) + F(s +5.))ds,

n=1,2,... (see for instance [63, p.721]). Let u* € X*, we have

<u, T(t—to)u(to+s,) > — < u*, T(t—ty)vg >=< T*(t—to)u", u(to+s,)—vo >,

for every n = 1,2, ..., we deduce that the sequence (T'(t — to)u(to + sp))

converges to T'(t — tg)vp in the weak sense. Also we have

to

IA

[ S(t = 5)[(Bu)(s) + f(s+s)lds — [ S(t—s)[(Bu)(s) +
\|/ (t — $)[f (s + sn)

g(s)]ds
— g(s)]ds||

< on/ YU (s + sn) — g(s)||ds.
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This leads to

limy 1 S(t = 9)[(Bu)(s) + f(s + s)lds = [ S(t = )[(Bu)(s) + g(s))ds.

n—00 Jt,

in the strong sense, then consequently in the weak sense in X.

Lemma 2.5

Proof

Since u(t) is an optimal mild solution of (2.1), we have

p = p(u) = sup |lu(t)||.
teR

Let u* € X*, then by lemma 2.4 we obtain
lim < u ult +s,) >=<u’,y(t) >,
for every t € R*. For each n = 1,2, ..., we have
| <™, u(t+s0) > || < ] flult + s0)[] < flu”llp”

Therefore,

I<wy(t) > || < [

for every t € R, and consequently

ly@)|| < u*

for every t € R™, so that

u(y) < pt
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We suppose that pu(y) < p*.
Note that

lim g(t — s,) = f(?)

n=00
uniformly in ¢ € RT because f(t) is almost periodic. Since X is a reflexive
Banach space, we can extract from the sequence (s,), a subsequence which
we still denote (s,,) such that (y(tp — s5,)) is weakly convergent to z € X.
We have

n—oo

lim y(t — s,) = Tt — to)z + /: S(t — 5)F(s)ds

in the weak sense for every ¢ € R™. Now we consider the function
t
Z(t) = T(t —to)z+ [ S(t— s)F(s)ds.
0

It is a bounded mild solution of equation (2.1). Similarly as above, we have
u(Z) < u(y); therefore, u(Z) < p*, which is absurd by definition of pu*.

Lemma 2.6

p(y) = inf p(v)

vell,
i.e. y(t) is an optimal mild solution of the equation

d®u(t)
dte

+ (A - B(t))u(t) =g(t), te R". (2.8)

Proof
By lemma 2.5, y(t) is bounded over R. Also y(t) is a mild solution of (2.8)

which implies y(t) € Q. It remains to prove that y(t) is optimal. Suppose it
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is not. Since §2, # (), by Theorem 2.1, there exists a unique optimal solution

v(t) of (2.8). We have pu(v) < u(y) and
o(t) = T(t — to)v(ty) + /j S(t — 5)(Bu + g)(s)ds,
for all ¢ty € R,t > ty. We can find a subsequence (s,,) C (s,) such that
weak — ]}1_{20 v(t —sp,) =T(t —1to)z + /tz S(t—s)F(s)ds =V (t).

Noting that V(t) € Q; and

n(V) < p(v) < u(y),

which is absurd. Therefore y(t) is an optimal mild solution of (2.8), and in
fact the only one by Theorem 2.1.
Proof of Theorem 2.3

To prove that u(t) is weakly almost periodic, it suffices to show that
weak — lim u(t + s,) = y(t)

uniformly in ¢ € R". Suppose that this does not hold; then there exists
u* € X* such that

Jim < uult +s,) >=<u’,y(t) >

is not uniform in ¢t € R. Consequently, we can find a number v > 0, and a

sequence (t;) with two subsequences (s)) and (s}) of (s,) such that

| <u u(t+s,) —u(t+s) > >~ (2.9)
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forall k=1,2, ...
Again, let us extract two subsequences of (s;.) and (s}) respectively, with
the same notation, such that

Jim (24t + 53) = g1(t), and lim f(# + 1 + s5) = ga(t)
both uniformly in ¢t € R", because f is almost periodic. As we did previ-

ously, we may obtain
weak— lim f(t-+ti+5}) = T(t—to)z1+ || S(t—5)[(Bu)(s)+1(5)]ds = ya (1),
and

weak—Jim f(t+1-+5() = T(—t0)z2+ [ S(t=5)[(Bu)(s) +02(s)}ds = palt)

for each t € R™, where y;(t) and y»(t) are optimal mild solutions in Q,, and

€1,,, respectively.

Since klim f(t + tx + si) exists uniformly in ¢ € R, and (s},), (s}) are two
— 00

subsequences of (s), we will get

sup [|f(s + s3,) — f(s +sp)ll <e
SER

if k& > ko(e) and consequently

sup ||f(t+tp +s5.) — f(t +t+ )| < e
seER

for k > ko(€), which shows that g(s) = go(s) for all s € R*.
By the uniqueness of the optimal mild solution we get y;(t) = y2(t),t € RT.
But

y1(0) = weak — klim u(ty + s})

o4



and

y2(0) = weak — klim u(ty + sy).

Clearly y1(0) = y2(0) contradicts the inequality (2.9) above. This completes
the proof.

2.4 Application

Consider the partial differential equation of fractional order

oulz,t) S ag(x)Dlu(z, t) = /R (@, uln, t)dn + f(x,t), (2.10)

where t € R",2 € R", DI = D%..D¥ D, = a%i, q = (q1,-.-,qn) is an n-
dimensional multi-index, |¢| = ¢1 + ... + qp.

Let Lo(R™) be the set of all square integrable functions on R". We denote
by C™(R") the set of all continuous real-valued functions defined on R"
which have continuous partial derivatives of order less than or equal to m.
By C{"(R"™) we denote the set of all functions f € C™(R") with compact
supports. Let HJ'(R") be the completion of C{*(R") with respect to the

norm

Il = X [, |Dif(@)de.

lg|<m

It is supposed that
(i) The operator

A== % ayfa)D!

lg|=2m
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is uniformly parabolic on R". In other words, all the coeflicients ay, |¢| = 2m,
are continuous and bounded on R" and

(=)™ Y ag(x)€? > g™, ¢>0,

lq|=2m
for all z € R™ and all £ # 0, £ € R", where £ = £'..¢% and |€* =
4.+
(ii) All the coefficients ag, |g| = 2m, satisfy a uniform Holder condition on
R" and

/R" K*(z,n,t)dn < oco.
It’s proved, see [25, p.438], that the operator A defined by (i) with domain
of definition S = H*"(R") generates an analytic semigroup Q(¢) defined on
Ly(R"), and that H*"(R") is dense in X = Lo(R"). Which achieves the
proof of the existence of (bounded) mild solutions of the equation (2.10).
(iii) f is a nontrivial strongly continuous function defined on R"™ x R" sat-
isfying:
For every € > 0 there exists § > 0 such that every interval [a, a+ (] contains

at least a point 7 such that

/Rn |flx,t+7)— f(x,t)\zdx < €,

for all t € R and all x € R". Applying Theorems 2.1, 2.3, stated above,
we deduce that (2.10) has a unique optimal mild solution which is weakly

almost periodic.
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Chapter 3

Almost Periodic Solutions of Some Semilinear Frac-

tional Differential Equations

3.1 Introduction

Many dynamical systems are represented by the following semilinear

fractional differential equations:

d®u(t)
dt

+ Au(t) = f(tut), t>to (3.1)

in Banach spaceX,where 0 < o < 1,t > 0, we assume that —A is the
infinitesimal generator of an analytic cy—semigroup Q(t) satisfying the ex-
ponential stability, f is uniformly almost periodic function defined on R x X,
into X satisfies the hypothesis

F: There are numbers L > 0 and 0 < n < 1 such that

[f (1, un) = f(ta, uz)] < L[ty — to]" + |ug — ualq)

for all (t1,us), (t2,u2) in RT x X, where X is a real or complex Banach
space with norm |.|, A? is the fractional power and X, is the Banach space
D(A?) endowed with the norm |u|, = |A%u].

The existence of almost periodic solutions for abstract evolution equation
defined on abstract Banach spaces has been studied in various works, see

for instance [2, 65, 66]. By using the semigroup theory and the contraction
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mapping principle, Zaidman studied in [66] the existence of almost periodic
solutions for the integral equation associated to the abstract differential
equation x'(t) = Ax(t) + f(t,x) where A is the infinitesimal generator of
a Cy-semigroup of bounded linear operators on a Banach space. Recently,
Bahaj and Sidki studied in [2] the existence of almost periodic solution of
the same equation. N’Guerekata [49] gave necessary conditions to ensure
that the so-called optimal mild solutions of 2/(t) = A(t) + f(t) are weakly
almost periodic. As new in this chapter we are concerned with fractional
order.

In section 2, we state the basic notations, definitions and properties which
are used throughout this work to obtain our results. In section 3, we es-
tablish the existence and uniqueness of almost periodic solution over Rt of
(3.1). In section 4, we prove again the existence and uniqueness of the opti-
mal mild solution of (3.1). In section 5, we show under necessary conditions

that the optimal mild solution is also weakly almost periodic.

3.2 Preliminaries

Let X denote a real or complex Banach space endowed with the norm
.| and by £(X) stands for the Banach algebra of bounded linear operators
defined on X. For A a linear operator with domain D(A), we denote by
R(A) the range of A.

Let — A is the infinitesimal generator of an analytic semigroup in a Banach
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space and 0 € p(A), p(A) is the resolvent set of A. We define the fractional
power A~¢ by

A= [T 1Q(t)dt, g > 0.
For 0 < ¢ <1, A% is a closed linear operator whose domain D(AY) D D(A)

is dense in X, this implies that D(AY) endowed with the graph norm
u|pay = |u| + [A%u|,u € D(A?)

is a Banach space, clearly A9 = (A7%)~! because A™? is one to one. Since
0 € p(A), A7 is invertible, and its graph norm is equivalent to the norm
lul, = |A%|. Thus D(A?) equipped with the norm |.|, is a Banach space
denoted by X,, for more details we refer to [32, 53].

Lemma 3.1

Let —A be the infinitesimal generator of an analytic semigroup Q(t). If
0 € p(A) then

(a) Q(t) : X — D(A9) for every t > 0 and ¢ > 0

(b) For every u € D(A?), we have Q(t)A%u = AIQ(t)u

(c) For every t > 0 the operator A?Q(t) is bounded and |AQ(t)|sx) <
Mt~ e=0

(d) For 0 < ¢ < 1 and u € D(AY) , we have |Q(t)u — u| < C 9 A%, see
[53, section 2.6].

Definition 3.1

A continuous function f: R x  — X is called uniformly almost periodic

if for every € > 0 and every compact set K C ) there exists a relatively
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dense set P. in R such that |f(t+7,u) — f(t,u)] <€ forallt € R, 7 € P,
and all u € K.

More details about this definition can be found in [36, P.188].

Lemma 3.2

Let f : R x 2 — X be uniformly almost periodic and v : R — )

be an almost periodic function such that R(u) C 2, then the function

t — f(t,u(t)) also is almost periodic. The proof in [62, Theorem 1.2.7].

3.3 Almost Periodic Solutions

By a classical solution of (3.1) on [0,7T), we mean a function u with values
in X such that:
1) w is continuous function on [0,7) and u(t) € D(A),
2) % exists and continuous on (0,7), 0 < a < 1, and wu satisfies (3.1) on
(0,7).
It is suitable to rewrite equation (3.1) in the form

u(t) = u(ty) + F(loz) /tz(t — 8)* —=Au(s) + f(s,u(s))]ds. (3.2)

According to [22, 25-29], the equation (3.2) is equivalent to the integral

equation

u(t) = [ C(OQ((t — 1) O)ulto)dd
+ a /tt 700t = ) Cu(0)QU(t — 5)°0) f(s,u(s))dods,  (3.3)
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where (, is a probability density function defined on (0,00) such that its

Laplace transform is given by

(=)

O<a<l,xz>0, 3.4
I'(1+aj)’ @ v (3-4)

/0 e—GscCa(Q) e z_:
also,we have

/Ooo 01¢,(0)d0 < 1,0 <n < 1,

for the proof of existence and uniqueness of solution of (3.3) we refer to [25,
theorem 3.1 p.435], also as different method see [26, section 2, p. 824-827].
By a mild solution of (3.1), we mean a continuous solution of the integral
equation (3.3).
When — A generates a semigroup with negative exponent, we deduce that
if u(.) is a bounded mild solution of (3.1) on R*, then we take the limit as

to — —oo on the right-hand side of (3.3) and using (3.4), we obtain

)=a / / (t— )" C(O)Q((t — )*0) f (s, u(s))dods.  (3.5)

Conversely, if u(.) is a bounded continuous function and (3.5) is verified,
then wu(.) is a mild solution of (3.1).

Theorem 3.3

Let —A be the infinitesimal generator of an analytic semigroup {Q(t)}+>0
satisfying |Q(¢)|gx) < Me, forallt >0and f < 0. If f: R" x X — X
is uniformly almost periodic and f satisfies the assumption (F'), then (3.1)
has a unique almost periodic (classical) solution over R for L sufficiently

small enough.
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We shall need the following Lemma.
Lemma 3.4
If f: RT — X is almost periodic and locally Holder continuous, then (3.1)

has a unique almost periodic classical solution over R* given by

=a [Tt - 9" GLO)Q — 5)°0)f(s)dods.
For the proof we can use the same technique which appear in Zaidman [64].
From Pazy [53], clearly that if f: Rt — X is Holder continuous and if A
generates an analytic semigroup, then the mild solution of (3.1) in fact is a
classical solution.
We define the set AP(X) = {¢: R — X, ¢ is almost periodic} with the
usual supremum norm over R* which denoted by |.|o. We define on the set

AP(X) a mapping
- O‘/ / — 5)* 1 (0)ATQ((t — 8)70) f (s, A9p(s))dbds. (3.6)
We show that T is well defined. Let p € AP(X), using a standard properties

of the almost-periodicity, we have N = sup |f(t, A~ %p(t))| < co. By Lemma
teRT

3.1.c, we have
H < a t 0091*‘1@04 0)(t — s)"ata=le=000=5)" gg s,
T <aNM, [ |
Set n =t — s, we obtain
Te(t)] < aNM, [ [ 079 (6)(n) "= dbdn,
“Jo Jo

By using the properties of the probability density function (,, and the def-

inition of the gamma function we conclude that Ty exists.
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Lemma 3.5

The operator T is well defined, and maps AP(X) into itself.

Proof

It follows from Lemma 3.2 that for ¢ € AP(X), t — f(t, A79(1)) is al-
most periodic. Hence, for each ¢ > 0 there exists a set P, relatively dense

in R such that
[f(t+7, At + 7)) — f(t, A00(t))| <,
for all t € R* and 7 € P.. Therefore, the map T' defined by (3.6) satisfies

Tp(t+7) = Te(t)]
= o/ / (t+7 — )" () AUQ((t + T — 5)°0) f (5, Ap(s))dbdls

— af [0 =5 TG OANQU(E — 5)0) f(s, AVe(s))d0ds|
= |a / / — )1 () AQ((t — $)°0) f (s + T, A% (s + 7))dfds
— af [0 =5 TG OANQU(E — 5)0) f (s, AVe(s))d0ds]

< ean/_ /0 0'=9¢,(0)(t — s)~arae000=5)" do s,

Thus the function Ty is almost periodic and T : AP(X) — AP(X).
Proof of Theorem 3.3

Consider the mapping from the Banach space AP(X) into itself defined by
a 1 q « —q
o) =a [ [0t — )G (O)AQ((t - 5)°6) f(s, A" (s))dbds.
Let 1, p2 € AP(X), by using Lemma 3.1.c and assumption (F) we get
t 01— agt+a—1 —56‘ t—s)
Tp1—T | < ozLMq\gol—gpg\oo/_oo/o 01, (0)(t—s)™ " dbds,
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again use the substitution n =t — s, we obtain

Tp1 = Tpaloo < ALMylp1 = oo [ [ 6'7%Ca(0) (m) 20+~ e 0" dfn,

It is known from above that the double integral in the right-hand side of
the inequality exists, then we choose L sufficiently small, thus 7" is a strict
contraction. By the contraction mapping theorem there exists ¢ € AP(X)

such that

) = a / / — $) I (0)ATQ((t — 5)°0) f (s, A™%p(s))dbds. (3.7)

Since A? is closed, applying A~? on both sides of (3.7), we get

)=a / 700t = )2 Ca(O)QU(t — 5)°0) £ (s, A "p(s))dbds. (3.8)

We show that the solution ¢ of (3.8) is Holder continuous on R*. By Lemma

3.1.d, for every 3 satisfying 0 < 8 < 1 — ¢ and for every h > 0, we have
(Q(h) — DAIQ(t — 5)| < Csh”|ATFQ(t — 5)). (3.9)
Also for h > 0, we can write
QU + h—2s)0)
= |Q((t+h — )0 — (t — 5)"0" — h"0")Q(h*)Q((t — 5)0")|
< MQ("9M)Q((t — 5)°07)|, (3.10)

where 0% = g (to ensure that @ is defined) and M* is a constant. Using
(3.9), (3.10) and Lemma 3.1.c, we get

ot + h) = ()]
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< |aM*/ L0l + R = )2 = (t = 5)°1]Ca(0)
(QUH0") — D AIQ((t — )°0") f(s, A~"p(s))dbds
T A AR N ()
AQ((t + h — 5)°0) f(s, A (s))dbds]
< aMCah™ NMyes [ [T 101+ h— )" = (= $)*7]¢a(0)
0 (t — )@ g " eqp[—5(t — $)°0%]|dOds
+ aNM, [ [T 10+ B )G (6)
(t + B — )99 %exp(—o(t + h — 5)°0)|dods.

We can estimate each term of the inequality separately to get
ot +h) = o(t)] < CH,

which means that ¢ is Hoélder continuous on R*. From assumption (F) we

have

[F(t, A™0(t) = f(s, A™0(s))] < L(Jt = s|" + [0(t) = @(s)])-

Therefore t — f(t, A~9p(t)) is Holder continuous on R*. Let ¢ be the

solution of (3.7) and consider the equation

di;it) b Au(t) = f(t, A1), (3.11)

By Lemma 3.4, (3.11) has a unique solution given by
bty =o [ [T0t— 5" GOQUE — 5)0)f (s, A %o(s))dbds.  (3.12)
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Moreover, 1(t) € D(A) C D(AY) for all t € RT . Applying A? on both sides
of (3.12), we get

Aty = [ [T 0= G O)APQ(E—5)"0) (s, A" (s)dbds = (1),

(3.13)

Clearly 1(t) = A79(t) is a solution of (3.1), the uniqueness of 1 follows

from the uniqueness of the solution of (3.7) and (3.11). This completes the
proof of the theorem.

In next sections, let us consider X be a uniformly convex Banach space

equipped with a norm |.| and X* its topological dual space and €2 an open

subset of X.

3.4 Optimal Mild Solutions

As in N’Guerekata [48, 49], we consider in X the equation (3.1) with

the following assumptions:
F1: A: D(A) C X —— X is a linear operator generates a co—semigroup
of bounded linear operators Q(t),t > 0 satisfying sup Q(t)] < oo,
F2: f: R" x Q —— X is a nontrivial strongly c;;finuous function and is
convex in u.

Let us denote by €2 the set of all mild solutions u(t) of (3.1) which are
bounded over R™, that is

p(u) = tselgi lu(t)| < oo. (3.14)
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We assume here that Qf # 0, and we recall the following:
A bounded mild solution %(t) of (3.1) is called an optimal mild solution of
(3.1) if

plir) = p = inf p(u). (3.15)
Theorem 3.6
Assume that Qf # () and the assumptions (F1-F2) are hold, then (3.1) has
a unique optimal mild solution. (Compare with [65, theorem 1.1, p.138] and
[49, theorem 1, p. 673]) Our proof is based on the following lemma.
Lemma 3.7
If K is a non-empty convex and closed subset of a uniformly convex Banach
space X and v ¢ K, then there exists a unique ky € K such that |v — kg| =
ég}f( |v — k|, see [40, Corollary 8.2.1].
Proof of Theorem 3.6
It suffices to prove that €1y is a convex and closed set because the trivial
solution 0 ¢ Qy, then we use Lemma 3.7 to deduce the uniqueness of the
optimal mild solution.

For the convexity of (2¢, we consider two distinct bounded mild solutions

uy(t) and us(t), and a real number 0 < A < 1 and let
u(t) = dug(t) + (1 — Nus(t), t€ R".

For every ¢y € R, u(t)is continuous and (see [28]) has the integral represen-

tation
u(t) =T(t —to)u(ty) + /tz S(t—s)f(s,u(s))ds,t > to, (3.16)
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where

/ C(0)Q(t*0)do, S(t _a/ 0t 1, (0)Q(t0)d6.

We have
u(to) = )\ul(to) -+ (1 — )\)Ug(to)
and f(t,u) is convex in u, then u(¢) is a mild solution of (3.1).

We note that u(t) is bounded over R" since

p(u) = sup u()] < Ap(ur) + (1 = A)p(uz) < oo,

we conclude that u(t) € .

Now we show that €2y is closed, let a sequence wu,, € {2y such that

lim u,(t) = u(t), te R".

n—o0

For all t) € R and t > ty, we have

un(t) = T(t = to)unlto) + [ S(t = 8)f(s.ua(s)ds,  (3.17)

It’s clearly that T'(t — ty) and S(t — s) are continuous operators, then for

every fixed t and ty with ¢ > ¢y, we have

nlLHolo T<t - tO)un<t0) - Jljglo /OOO Ca(9>Q((t - tO)ae)un(t())de
= [ GO)QUE — t0)*0)dd Jim u,(to)
= T'(t —to) lim un(to)

= T(t — to)u(to).
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Similarly we have

lim [ S(t—5)f(s,un(s))ds = [

n—o00 Jt, /t
=

0

~ O

S(t —s) lim f(s,un(s))ds
S(t—s)f(s,u(s))ds.

Then we deduce that

u(t) = T(t — to)ulto) + /: S(t — 8)f(s,u(s))ds,

for all ty € R,t > ty, which means that u(¢) is a mild solution of (3.1).

Finally we show that u(t) is bounded over R*. We can write (3.16) as

u(t) = T(t—to)u(ty) + /tz St —s)f(s,u(s))ds — up(t) + uy(t)
= T~ 1) [ulto) — up(t0)] + [ S0~ ) f (s u(s) — F5,1,(5))]ds
+ u,(t),

for every n = 1,2, ..., and every ty € R such that ¢t > ¢ .
Let M = sup |Q(t*0)| < oo, since [$° (,(0)d0 = 1, then |T'(t)| < M,

teRT

again (see [29, p.54]) since [§° 0(,(0)d0 = 1, then |S(t)| < Malt|*1,

by assumption (F), we have
[f(s,u(s)) = f(s,un(s))] < Llu(s) — un(s)ly-
These estimates lead to
lu(t)] < Mlu(to) — un(to)| + ML /tz It — s|* Hu(s) — un(s)],ds + |un(t)).
Choose n large enough, for every ¢ > 0 we get
u(t)] < Me + aMLe /tt It — 8% ds + p(uy),
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then we have p(u) < €; + €3 + p(uy,) < co. Thus u € Q. This completes

the proof of the theorem.

3.5 Weak almost Periodic Solutions

In order to formulate a property of almost periodic functions, which is
equivalent to Definition 3.1, we discuss the concept of normality of almost
periodic functions. Namely, let f(¢,u) be almost periodic in ¢ € RT uni-
formly for u € K, then for every sequence of real numbers (s/) there exists
a subsequence (s,) and a function g(¢,u) such that

St + sn,u) — g(t,u)
uniformly on R x K as n — oo, where K is a compact set in €2, see Y.
Hamaya [36, p.188]. It is well known [48, 65] that:
f: RxQ — X is weakly almost periodic if for every sequence of real
numbers (s)) there exists a subsequence (s,,) such that every (f(t + s,,u))
is convergent in the weak sense, uniformly on R X K. In other words, for
every u* € X*, the sequence (< u*, f(t + s,,u) >) is uniformly convergent
on Rx K, where < .,. > denotes duality < X*, X >. For each Q(t),t € R™,
Q*(t) denotes the adjoint operator of Q(t).
Theorem 3.8
Let f(t,u) be almost periodic and assume that (F1-F2) are hold, also as-
sume that f € LI(RT x Q, X) and Q*(t) € L(X*) for every t € RT, then

the optimal mild solution of (3.1) is weakly almost periodic.
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Proof
Let us consider u(t) is the unique optimal mild solution of (3.1), by theorem

3.6
¢
«Mw:7@-¢@mmy+ésu—sﬁ@ﬂmQM&
for all tg € R,t > tg. Let (s]) be an arbitrary sequence of real numbers.

Since f is almost periodic, we can extract a subsequence (s,) C (s) such

that
nh—%lo S+ sp,u) = g(t,u)
uniformly on R x K. We note that g(t,u) is also strongly continuous. For

fixed ty € R, we can obtain a subsequence of (s,), which again we will

denote (s;), such that
weak — lim u(to + s,) = vo € X.
Since X is a reflexive Banach space, then the function
Mﬂ:T@—mwy+£S@—@ﬂ&M@M&

is strongly continuous. It is a mild solution of

d®u(t)
dt>

+ Au(t) = g(t,u(t)),t € R".

We need the following lemmas.
Lemma 3.9
For each t € R™, we have
weak — lim u(t + s,) = y(t).
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Proof

We can write
wlt + 51) = T(t — to)ulty + sn) + /: S(t — 8)f (s + 5, uls))ds,
n=1,2, .., (see for instance [63, p.721]) let u* € X*, we have
<u*, T(t—to)u(to+s,) > — < u*, T(t—tg)vg >=< T*(t—to)u", u(to+s,)—vo >,

for every n = 1,2, ..., we deduce that the sequence (T'(t — to)u(ty + sn))
converges to T'(t — ty)vy in the weak sense.

Also we have

[ 8(t = $)f(s + s, u(s))ds — [ S(t — s)g(s, u(s))ds

to tO

IA

8= 9)[f(s + s0,u(s)) = g(s,uls))]ds|
[ 18 = 9)[17(s + 50 u(s)) = (s, u(s))ds
Ma /tt [t — 8|71 s+ smyul(s)) — g(s, u(s))|ds.

IN

IA

This leads to

lim [ S(t—3s)f(s+ sp,u(s))ds = /t S(t—s)g(s,u(s))ds,

n—oo t() tO

in the strong sense, then consequently in the weak sense in X.

Lemma 3.10



Proof

Since u(t) is an optimal mild solution of (3.1), we have

p' = p(u) = sup |u(t)].
teRT

Let u* € X*, then by lemma 3.9 we obtain
Jim < uu(t +s,) >=<u’,y(t) >,
for every t € R*. For each n = 1,2, ..., we have
| < uu(t+s,) > | < Ju'| Ju(t + s,)] < |Ju”|p”

Therefore, | < u*,y(t) > | < |u*|p* for every t € R*, and consequently
ly(t)] < p* for every t € R*, so that u(y) < p*.

We suppose that u(y) < p*. Note that

lim g(t — sp,u) = f(t,u)

n—aoo

uniformly on R x K because f(t,u) is almost periodic. Since X is a reflexive
Banach space, we can extract from the sequence (s,), a subsequence which
we still denote (s,) such that (y(ty — s,)) is weakly convergent to z € X.
We have

t
Jim y(t —s,) =T(t —to)z + /t S(t—s)f(s,u(s))ds
in the weak sense for every ¢t € R™. Now we consider the function

(1) = Tt — tg)z + /j S(t — s) f(s, uls))ds.
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It is a bounded mild solution of equation (3.1). Similarly as above, we have
1(z) < u(y), therefore pu(z) < p*, which is absurd by definition of u*.

Lemma 3.11

p(y) = nf p(v)

vell,
i.e. y(t) is an optimal mild solution of the equation

d®u(t)
dt®

+ Au(t) = g(t,u(t)),t € R". (3.18)

Proof
By lemma 3.10, y(t) is bounded over R. Also y(t) is a mild solution of (3.18)
which means y(t) € €2,. It remains to prove that y(t) is optimal. Suppose it

is not. Since Q, # ), by theorem 3.6, there exists a unique optimal solution

v(t) of (3.18). We have u(v) < u(y) and
t
u(t) = T(t — to)v(to) + /t S(t — 8)g(s, u(s))ds,
for all ty € R,t > t;. We can find a subsequence (s,,) C (s,) such that

weak — lim v(t — s, ) =T(t —t9)z + /tz S(t—s)f(s,u(s))ds =V (t).

k—o00

Noting that V (t) € Q¢ and

(V) < p(v) < p(y)

which is absurd. Therefore y(t) is an optimal mild solution of (3.18), and in
fact the only one by theorem 3.6.
Proof of Theorem 3.8
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To prove that u(t) is weakly almost periodic, it suffices to show that
weak — lim u(t + s,) = y(t)

uniformly in ¢ € R™. Suppose that this does not hold true; then there exists

u* € X* such that
Jim < uh ult +s,) >=<u’,y(l) >

is not uniform in ¢ € R™. Consequently, we can find a number v > 0, and

a sequence (t;) with two subsequences (s},) and (s}) of (s,) such that
| <u' u(t+s,) —ult+s) > >~ (3.19)

forall k=1,2,...
Again, let us extract two subsequences of (s;.) and (s}) respectively, with
the same notation, such that

kh_)lfgo f(t+tg + sy, u) = g1(t,u), and ]}Lrglo ft+tp + s, u) = go(t,u)

both uniformly on R* x K, because f is almost periodic. As we did previ-

ously, we may obtain

weak — ]}LI?o ft+tr+ s, u) =T(t—1tg)z + /tz S(t—s)gi1(s,u(s))ds = yi(t),
and

weak — T f(t+t+ sf,u) = T(t —to)z> + /: S(t— 8)ga(s, uls))ds = ya(t)

for each t € R*, where y;(¢) and y»(¢) are optimal mild solutions in Q, and

(1,,, respectively.
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Since klim f(t 4ty + sk, u) exists uniformly on R x K, and (s}.), (s}) are two
—00

subsequences of (s;), we will get

SU.p‘f(S"‘S;f,U) —f(S+SZ,U,)| <€
sER

if k£ > ko(e) and consequently

sup |f(t +tr + sy, u) — f(t+tp + 8}, u)| <e
seR

for k > ko(€), which shows that g(s,u(s)) = g2(s,u(s)) for all s € RT.
By the uniqueness of the optimal mild solution we get y;(t) = y2(t),t € R.
But 41(0) = weak — kh_}n(’)10 u(ty + s,) and y2(0) = weak — ]}1_{](()10 u(ty + 7).
Clearly y1(0) = y2(0) contradicts the inequality (3.19) above. This com-

pletes the proof of theorem.
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Chapter 4

On Some Fractional Integro-Differential Equations With

Analytic Semigroups

4.1 Introduction

Some physical phenomena involving certain type of memory effects are

represented by

d®u(t)
dt®

+ Ault) = f(t,ut)) + /tja(t —S)gls,uls)ds,  (4.1)

u(ty) = wuo, (4.2)
in Banach space X, where 0 < a < 1,t > %y, let J denote the closure of
the interval [ty, T'), to < T < oo and let —A be the infinitesimal generator
of an analytic semigroup Q(¢),t > 0, the function a is real-valued and lo-
cally integrable on [0,00),and the nonlinear maps f and g are defined on
[0,00) x X into X.

This type of research has been considered in Bahuguna [3], when the
equation (4.1) is given with conventional (classical) derivatives, also as sev-
eral works; see for example [4, 6, 8, 9, 10, 18, 37, 51, 61] and reference
listed therein. There is also an extensive literature for the same question
in many mathematical models when the differential equations contains frac-
tional derivatives, which provide an excellent instrument for the description

of memory and hereditary properties of various materials and processes.
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This is the main advantage of fractional derivatives in comparison with
classical integer-order models, in which such effects are in fact neglected.
The advantages of fractional derivatives become apparent in modeling me-
chanical and electrical properties of real materials.

As new in this chapter, we are concerned with fractional order. Our work is
organized as follows, section 2 is devoted to review of some essential results
on fractional calculus. In section 3, we establish the existence of a unique
local mild solution of (4.1), (4.2). In section 4, we study the regularity of the
mild solution of the considered problem and show under additional condi-
tion of Holder continuity on a that this mild solution is in fact the classical
solution. In section 5, As an example, nonlinear integro-partial differential

equation of fractional order is also provided to illustrate the abstract results.

4.2 Preliminaries

Following Gelfand and Shilov [34], we define the fractional integral of

order a > 0 as

1

LA = gy L6 =9 (o)

also, the fractional derivative of the function f of order 0 < a < 1 as

1 d

aD?f(t) = F(l . Oé)%

[ F(s)(t = s) s,

where f is an abstract continuous function on the interval [a, b] and I'(«) is

the Gamma function, see [22].
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Definition 4.1

By a classical solution of (4.1), (4.2) on J, we mean a function u with values
in X such that:

1) u is continuous function on [0,7") and u(t) € D(A),

2) €4 exists and continuous on (0,7T), 0 < a < 1, and u satisfies (4.1) on
(0,7) and the initial condition (4.2).

By a local classical solution of (4.1), (4.2) on J, we mean that there exist a
To, 0 < Ty < T, and a function u defined from Jy = [ty, Tp] into X such that

u is a classical solution of (4.1), (4.2). It is suitable to rewrite the considered

problem (4.1), (4.2) in the form

According to [22, 25-29], the equation (4.3) is equivalent to the integral

equation
— /°° Ca(0)Q((t — to)*0)ug db
+ a / 700t = )" Cu(0)QU(t — 5)°0) F(s)dods, (4.4)

where F'(t) = f(t,u(t)) + K(u)(t) and (, is a probability density function

defined on (0, 00) such that its Laplace transform is given by

R = (_ )j
/Oe Ca(0)dO j;)r(1+a])0<oz<lx>0
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Definition 4.2

By a mild solution of (4.1), (4.2) on J, we mean a continuous function u
defined from J into X satisfying the integral equation (4.4).

By a local mild solution of (4.1), (4.2) on J, we mean that there exist a 7y,
0 < Ty < T, and a function u defined from Jy = [to, Tp] into X such that u
is a mild solution of (4.1), (4.2).

Let —A is the infinitesimal generator of an analytic semigroup in a
Banach space, then —(A+¢[) is invertible and generates a bounded analytic
semigroup for ¢ > 0 large enough. This allows us to reduce the general case
in which —A is the infinitesimal generator of an analytic semigroup to the
case in which the semigroup is bounded and the generator is invertible.
Hence for convenience, we suppose that ||Q(¢)|] < M for t > 0 and 0 €
p(—A), where p(—A) is the resolvent set of —A. We define the fractional
power A~? by

A= | T (1)Q(t)dt, g > 0.
For 0 < ¢ <1, A% is a closed linear operator whose domain D(A?) D D(A)

is dense in X, this implies that D(A?) endowed with the graph norm
[ullpeay = [lull + [[A%ul|, u € D(A?)

is a Banach space, clearly A? = (A79)~! because A~? is one to one. Since
0 € p(A), A7 is invertible, and its graph norm is equivalent to the norm
|ullq = ||A%||. Thus D(A?) equipped with the norm ||.||, is a Banach space
denoted by X, for more details we refer to [2, 3]. To state and prove the
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main results of this chapter, we shall require the following assumption on
the map f and g¢:

(F): Let U be an open subset of [0, 00) x X, for every (¢,2) € U there exist
a neighborhood V' C U of (¢,x) and constants L > 0,0 < u < 1 such that

1f (51, u) = f(s2,0) [ < Lf[s1 = o + [lu — vllg]

for all (s1,u) and (sg,v) in V.

4.3 Existence of Local Mild Solutions

We suppose that the analytic semigroup generated by —A is bounded
and that —A is invertible. Furthermore, we assume that 0 < T" < oo to
establish local existence, for some different cases see [31, 43, 44, 60], we
have the following Lemma:

Lemma 4.1

Let —A be the infinitesimal generator of an analytic semigroup Q(t).

If 0 € p(A) then

(a) Q(t) : X — D(A?) for everyt >0and ¢ >0

(b) For every u € D(A?), we have Q(t)A%u = A1Q(t)u

(c) For every t > 0 the operator AYQ(t) is bounded and [|A?Q(t)|| < M t™9.
For more details, see [53, section 2.6].

Theorem 4.2

Suppose that the operator —A generates the analytic semigroup @(t) with
|Q()|| < M,t > 0 and that 0 € p(—A). If the maps f and g satisfy (F)
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and the real valued map a integrable on J, then (4.1), (4.2) has a unique
local mild solution for every vy € X,,.

Proof

We fix a point (to, ug) in the open subset U of [0, c0) x X, and choose t] > ¢
and € > 0 such that (F) holds for the functions f and ¢ on the set

V=A{(t,x) e U :toy <t <t ||z —ull, <e} (4.5)
Let
Ni= sup [[f(tuo)ll, Na= sup |lg(t, uo)l- (4.6)
to<t<t} to<t<t}

Choose t; > ty such that

|QU(E —t0)"0) — I|| |A%uoll < 5, to <t <1y (4.7)

€
2 )
and

t1—1y < mz’n{t’l—to, [;Mq_l(l—q){(L6+N1)+aT(L6+N2)}_1]a(ll—q)}, (48)

where

ar = /OT|a(s)\ ds. (4.9)

Let Y = C([to, t1]; X) be endowed with the supremum norm

lylly = sup [ly(@)]-

oSty

Then Y is a Banach space. We define a map on Y by ®y = y where ¢ is

given by

§(t) = [ CO)QUE — t0)*0) A%uq db
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+oaf [To -9 G O)AQ((E - 5) B)F(s, A ()
+ [ als = 7)g(r, A~y(r))dr)dbds,

Since [§° (. (0)d0 = 1, for every y € Y, Dy(ty) = Alup, and fort) < s <t <ty

we have
Dy(t) — ey(s) = [ GOQUL~ 10)0) — Q((s — to)*0)] A"ug db
+&// — 1)L (0)AQ((t — 7))
F(r Ay(@) + [ alr = n)g(n, A~y (n))dnldbdr
+ @//' — 7)) AQ((E — 7)°0) — Q((s — 7)°6)]
Fr Ay(@) + [ alr = n)g(n, A~y (n))didbdr.

It follows from (F') on the functions f and g, Lemma 4.1.c and (4.9) that

d:Y Y.
Let S be the nonempty closed and bounded set given by

S ={yeY : ylty) = Alug, |ly(t) — Alug|| < €}. (4.10)
Then for y € S, we have

[Py (t) — Afuol| < HQ((t—to)“@) — ]| | A% uo

+oaf [ CalOIATQU(t = )°0) | [1£(5, A~y(5)) = £ (s o) | dOds
+oaf [T CaO)IA"Q((t = 5)°0)|

[/ la(s =)l llg(r, A™(r)) = g(r, o) | dr]dbds
+oaf [Tot = GOIATQUE - $)0)| |1 (s, u0)lldods
woaf [To - GOIAQUE - 5101 lals = )| llg(r, uo)l|dr]gds
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Since [ 0179, (0)df < 1, using Lemma 4.1.c, (4.7) and (4.8) we get

€ B ol
[Py(t) = Atugl| < 3+ My(1 = q)"{(Le+ N1) + ar(Le + No)} (t — to) =)

< e (4.11)

Thus ® : S — S. Now we shall show that ® is a strict contraction on S

which will ensure the existence of a unique continuous function satisfying
(4.4).

Let y and z two elements in S; then

[@y(t) — 2=l = () — 20|
< af [0t 0)14Q(( - 5)0)]
| (s, A7y(s) = (s, A~12(s)) | dods
+oaf [T 0= 9 GO — 5)°0)]
[ lals = )l llg(r, A~y(r)) = g(r. A%2(r)) |dr]dbds

Using assumption (F) on f and g, (4.9), Lemma 4.1.c and (4.8) respectively,

we get

[y () — D=(t)]]

<aLl(l+ar) [ 700 - )OI - 5)°0) d0ds]lly — 2]l

< L1+ ar)My(1 — q) 7 (t1 — to)* 9|y — 2|y
1
< E[(LG + Np) + ar(Le + No)|My(1 — q) "1t — 1) |ly — 2|y
1
< §Hy—ZHY- (4.12)
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Thus @ is a strict contraction map from S into S and therefore by the
Banach contraction principle there exists a unique fixed point y in S such

that
by =y =1. (4.13)
Let u = A7 %, using Lemma 4.1.b, we have
u(t) = A™7y(t)
= [T Cl0)QU(t — to)*0)ug dO

+ a /f [0t~ 5716 (0)Q((t — 5)°0)F(s)ddds, (4.14)

for every t € [to, t1]. Hence u is a unique local mild solution of (4.1), (4.2).

4.4 Regularity of Mild Solutions

In this section we establish the regularity of the mild solutions of (4.1),
(4.2). Let J denote the closure of the interval [ty,T),tp < T < oco. In
addition to the hypotheses mentioned in the earlier sections, we assume on
the kernel a, that
(H): There exist constants Ly > 0 and 0 < p < 1 such that

|CL(t1) — a(tz)’ < Lo’tl — tglp, for all t1,10 € J.

Theorem 4.3
Suppose that — A generates the analytic semigroup Q(t) such that ||Q(¢)|| <
M for all t > 0, and 0 € p(—A). Further, suppose that the maps f and g
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satisfy (F') and the kernel a satisfies (H). Then (4.1), (4.2) has a unique
local classical solution for each uy € X|,.

Proof

From Theorem 4.2, it follows that there exist Ti,ty < T < T and a function
u such that v is a unique mild solution of (4.1), (4.2) on Jy = [to, Tp) given
by (4.14).

Let v(t) = A%u(t), then

v(t) = [ ClO)QU(t — 9)"0) ATug do
a0 = 9GO AQE - )0 (s) + [ als — 7)g(r)dr]dbds,
(4.15)

where

f(t) = f(t, A™()), g(t) = g(t, A0(t)).
Since u(t) is continuous on Jy and the maps f and g satisfy (F), it follows
that f and ¢ are continuous, and therefore bounded on .Jy.
Let
M; = sup || f(t)|| and Mz = Sup lg @)1l (4.16)

tedy

By using the same method in [25, theorem 3.2], we can prove that v(t) is
locally Holder continuous on Jy, then there exist a constant C' such that for

every t( > to, we have

[v(t1) —v(t2)]| < Clt1 — tof?, (4.17)

86



for all ty < ¢ < t1,t2 < Tp. Now, assumption (F) with (4.17) implies
that there exist constants ki,k > 0 and 0 < ~,7 < 1 such that for all

ty < t6 < t1,t9 < Tp, we have
1 (t) = Ft2)]| < kalts — to",

19(t1) — g(t2)|| < kalt: — ta]",

which shows that f and g are locally Holder continuous on Jy.

Let

F t) + /tz a(t — 1)g(T)dr

We shall show that h(t) is locally Hélder continuous on Jy. For to < ¢y, we

have

~ ~ to -
|h(t1) — ()| = |If(t1) — f(t2)]] +/ la(ty — 1) —a(ta — 7)| [|g(7)||dT
+ [Malty = 1) 19() ldr
< kilty — to]? + MaLoTy|t; — tof? + Moag, (2Ty)' P|t; — tof?

< C*ty — to”,

for some constants C* > 0 and 0 < 8 < 1. Consider the following Cauchy

problem
d*v(t)
dte

+ Av(t) = h(t),t > to, (4.18)

U(to) = Uyp. (419)
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By [25, theorem 3.1], (4.18), (4.19) has a unique solution v on Jy intoX

given by

o(t) = [ GOQE—t0) Dundd+a || [~ 6(t=5)""C.(O)Q((t—5)"0)h(s)dbds,
(4.20)
for t > t(, each term on the right hand side belongs to D(A), hence belongs
to D(A?). Applying A? on both sides of (4.20) and using the uniqueness of
v(t), we have that A%(t) = u(t). It follows that u is the classical solution
of (4.1), (4.2) on Jy, thus u is a unique local classical solution of (4.1), (4.2)

on J.

4.5 Application

Consider the nonlinear integro-partial differential equation of fractional

order
PuE) | s (@) Diula, t) = Foe.t) + /ta(t—s)Gu(wd& (4.21)
ata ‘q|§2m fo

with the initial condition
u(x, ty) = up(x), (4.22)

where t € R,z € R",Di = DI.D D, = %, q = (q1,-.-,¢n) is an
n-dimensional multi-index, |q| = ¢ + ... + ¢, and the operators F,G are

defined as

F(x,t) = f(z,t,u(z,t), Du(z,t), ..., D*" tu(x, 1)), (4.23)
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Gu(z,t) = g(x, t,u(z,t), Du(x,t), ..., D*" tu(z, t)). (4.24)

Let Lo(R™) be the set of all square integrable functions on R"™. We denote
by C™(R™) the set of all continuous real-valued functions defined on R"
which have continuous partial derivatives of order less than or equal to m.
By C{"(R"™) we denote the set of all functions f € C™(R") with compact
supports. Let HJ'(R") be the completion of CJ*(R") with respect to the

norm

12, = > [ 1DLf(2)da.

lg|<m

It is supposed that
(i) The operator A = — 3 jjj=am @¢(x) D is uniformly elliptic on R". In other
words, all the coeflicients a,, |¢| = 2m, are continuous and bounded on R"

and there is a positive number ¢ such that

(D)™ X ag(2)€" = clg*™,

lg|=2m

for all z € R™ and all £ # 0, £ € R", where £4 = £'..¢% and |€* =
4.+

(i) All the coefficients ag, |g| = 2m, satisfy a uniform Holder condition on
R™. Tt is proved under these conditions, see [25, p.438|, that the operator
A defined by (i) with domain of definition D(A) = H?"(R") generates
an analytic semigroup Q(t) defined on Ly(R"), and it is well known that
H?*™(R") is dense in X = Lo(R") and the initial function g is an element
in Hilbert space H*™(R"). Which achieves the proof of the existence of mild
solutions of the problem (4.21), (4.22). The operators F,, and G, defined in
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(4.23), (4.24) satisty
(iii) There are numbers L > 0 and 0 < A < 1 such that
> / f(z,t, Diu)—f(z,s, Dlv)*dx < L(jt—s|™ / |AY(u—v)*dz).
lg|<2m—1 lg|<2m—1
for all (t,u), (s,v) in R x X, and all x € R". If the kernel a is integrable on
0 <t < T < oo, applying Theorems 4.2 stated above, we deduce that (4.21),
(4.22) has a unique local mild solution. In addition, if the real valued map
a satisfies the assumption (H), again applying Theorem 4.3, we conclude

that the considered problem has a unique local classical solution.
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Conclusion

We have employed a new approach in the junction between ”almost peri-

odicity, optimal control and fractional calculus” that we hope will certainly
attract attention from interest. We have tried in this work to show the
reader the importance of fractional calculus and its potential application.
This thesis deals with the existence and uniqueness of solutions of classes of
some abstract differential equations of fractional orders, 0 < o < 1, contain
linear closed operators defined on dense sets in Banach space, these oper-
ators are assumed to be generate analytic semigroups, The solutions were
obtained by using Gelfand-Shilov principle in fractional calculus and are
given in terms of some probability density functions such that their Laplace
transforms are indicated, see [25].
Under suitable conditions, the existence of optimal mild solutions for linear
fractional evolution equations are proved, then the Bochner almost periodic-
ity condition is used to show that these solutions are weakly almost periodic,
also as application, a fractional partial differential equation of parabolic type
is studied [22]. In addition, the same purpose for a class of semilinear frac-
tional differential equations is proved under further assumptions [23]. Also,
our basic tool was the fractional powers of operators to establish the ex-
istence, uniqueness and regularity of mild solutions of a class of nonlinear
fractional integrodifferential equations [24].

We actually generalize a previous results by [2, 3, 49, 53, 63, 64, 65] and
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reference listed therein, obtained in the context of differential equation in
abstract spaces, their techniques were tested on some cases and were seen
to produce satisfactory results. Examples which provide to illustrate the
abstract results are given.

Since the results obtained in this research are new and this approach justi-
fies its efficiency and presents quite promising results and provides a high
degree of accuracy. The reliability of the fractional order gives this sense
a wider applicability and the use of its technique presented in this work to
solve some other models including the problems described in [22, 23, 24| can

be an interesting investigation.
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