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Notation

The following notation will be used throughout this thesis.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

. N : The set of all natural numbers.

. p: Denotes a fixed prime.

. Z : The ring of integers.

. Z, : The ring of p-adic integers.

. Q : The field of rational numbers.

. R : The field of real numbers.

. Q, : The field of p-adic rational numbers.
. C : The field of complex numbers.

. C, : The completion of the algebraic closure of Q,,.

|| : Denote the p-adic absolute value.

v, : The normalized exponential valuation of C, with [p| = p~ %) = p~1.

B,, : The n-th Bernoulli number.

B, (z1, - ,zy,) : The complete exponential Bell polynomials with variables z, ..., 2.

B..(a) : The open ball of radius r and center a.
B..(a) : The closed ball of radius r and center a.
Sy(a) : The sphere of radius r and center a.

er(X1,...,Xm) : The k-th elementary symmetric function of variable X1, ..., X,,.

sp(X1,...,Xm) : The k-th power sum symmetric polynomial of variable X1, ..., X,,.
hi(X1,...,Xm) : The complete homogeneous symmetric polynomial of variable Xy, ...
H,, : The m-th harmonic number.

H,(,f ). The m-th generalized harmonic number.

H(n) : The generalized harmonic number with m = p — 1.
H(sy,...,sk;m) : The multiple harmonic sum.

H({s}!) : The multiple harmonic sum with m = p — 1.

s(n, 7) : Stirling numbers of the first kind.

s X



26.

27.

28.

29.

30.

31.

K[[z]] : The set of formal power series over K.

[|f]] : The Gauss norm of a power series.

Cp{z} = {f = Y s0 @na” € Cyllal] : an — o} .

() =z(x —1)---(z —n+ 1) : The Pochhammer Symbol of falling factorial.

For a given field K with characteristic zero, £ an integer and = € K, the binomial coefficient is

defined by

F,~ : The finite field with cardinal p™.

_ z(@=1)-(z=(k=1))

k!

ifk >0,

if k <O0.



Abstract

This thesis is essentially devoted to the study of extended congruences, especially, ones involving
binomial coefficients, multiple harmonic sums and generalized harmonic numbers.

The methods utilized are various. At the beginning, we shall develop a technique with the aid of
p-adic analysis, this would allow us to generalize some results.

We shall present some known results on extended congruences. Next, we will introduce new families
of identities and congruences, they relate certain types of products of binomial coefficients with multiples
harmonic numbers and generalized harmonic numbers. We may also note that congruences presented in
the thesis have coefficients in the field p-adic complex numbers, and are also valid over the ring of p-adic
integers and integers.

We shall conclude this thesis with a succinct study of common congruences in the mathematical
literature which contains generalized harmonic numbers, as well as well-known families of numbers and
polynomials.

Key words : p-adic analysis, p-adic numbers, generalized harmonic numbers, binomial coefficient,

multiple harmonic numbers, congruences, extended congruences.



Résumé

Cette these est consacrée essentiellement a I'étude des congruences étendues, en particulier, les congru-
ences qui contiennent les coefficients binomiaux, les nombres harmoniques multiples et généralisés.

Les méthodes utilisées sont variées. Au début, nous developperons une technique issue de I'analyse
p-adique, ce qui nous permettera de généraliser quelques résultats.

Nous présenterons quelques traveaux sur les congruences étendues. Ensuite, nous introduirons de
nouvelles familles d’identités et de congruences, elles relient certains types de produits de coefficients
binomiaux aux nombres harmoniques homogenes multiples et aux nombres harmoniques généralisés.
Il faut bien noter que les congruences présentes dans cette thése ont des coefficients dans les nombres
complexes p-adiques, elles restent valables dans 'anneau des entiers p-adiques et les entiers relatifs.

Nous conclurons cette thése avec une étude sommaire des congruences répandues dans la littéra-
ture mathématique qui contiennent les nombres harmoniques généralisés ainsi que d’autres familles de
nombres et polynémes.

Mots-Clés : Analyse p-adique, nombres p-adiques, nombres harmoniques généralisés, coefficient bi-

nomial, normbres harmoniques multiples, congruences, congruences étendues .



Introduction

The p-adic numbers were discovered by K. Hensel around the end of the nineteenth century. In the course
of one hundred years, the theory of p-adic numbers has penetrated into several areas of mathematics,
including number theory, algebraic geometry, algebraic topology and analysis.

The field of p-adic numbers Q, is defined to the completion of Q with respect to the p-adic absolute
value (see [11] for more details). The ring p-adic integers in the other hand are defined to be the closed
unit ball of Q,. The p-adic norm turns out to be ultrametric, thus many peculiar proprieties are satisfied

by Q,. Given a finite extension K of Q,, of degree n, the p-adic absolute value is extended by the formula

d
1 [K:Qp [2]] ) [K:Qp [o]]
la| = [Ngjg, (@)|7 = [ [[oi@| ™+ =|mina(0)] =

i=1

where o1 (a),...,0q() are all the conjugates of o and min(x) is the minimal polynomial of o over Q,

with degree d. Equivalently the p-adic valuation is extended as follows

(@) =~y (Vigjq, ()

The p-adic field Q, is not algebraically closed, in fact it admits algebraic extensions of arbitrary large
degrees, its algebraic closure Q;lg is the union of all finite extensions of Q,. The field (@,’;‘}g is not complete.
We define C, to be its completion with respect to the p-adic absolute value.

The field C, is complete, ultrametric, non-locally compact, algebraically closed, with an infinite resid-

ual field isomorphic to Fjee = UneN F,n (see [31], [36] for more details), we also have that
€ ={lal sz €Tl = " v eQh =p% and v, (C)) = {up(a) 12 € C,} = Q.
The congruence relation on C, is defined by
a=b (modp’) ifandonlyif |a—0b|<|p| wherev € Q.

p-adic numbers and p-adic analysis have many applications in mathematics, especially in number
theory.

This thesis is divided into three chapters. The organization of the present work is as follows:

In chapter 1, we announce several analogues of classical theorems in calculus such as p-adic mean
value theorem, p-adic Roll’s theorem, also we present a p-adic version of the maximum principal much
known in complex analysis. Next, we establish the "Higher p-adic Mean Value Theorem" which gener-

alizes a theorem proved by A. Robert [31], [32]. It states that with proper restrictions for x,t, and the



prime p, and for a given restricted power series f(z) = > ., an2" € C,{z}, we have

t?n

<

m—1 (k) 2
ﬂx+ty—§:f f)ﬁ

k
k=0

7l

m

We give some applications of the HMVT, for instance we prove a weak version of Kazandzidiz congruence.
Chapter 2 is devoted to some extended congruences for binomial coefficients and generalized har-
monic numbers. We begin this chapter by giving a short description of multiple harmonic sums. Next, we

present two formulas due to M. Hoffman

1
=— By (s1, —11s9,2!s3, =3!s4,...,(=1)" "1 (n —1)!s,),
n!

1
Ao, :—'Bn(sl, 1lsg,2ls3,...,(n— 1)!sp).
n!

When applying this theorem to 2; = -+ we find a formula for (star) homogeneous multiple harmonic
sums in terms of generalized harmonic numbers.
Bayat’s theorem which asserts that for p > n + 3, we have

0 mod p?) if misodd,
H(m) = ( P’)

0 (mod p) if miseven,
will be of great importance when it comes to reducing congruences in this thesis.

In section 2.2, we shall explore J. Rosen approach for optimizing long expressions that may occur in
congruences for (";’:11) with a large power of p, they involve the fewest multiple harmonic sums among
those congruences holding modulo the same power of p. These coefficients are given by polynomials
(called extremal polynomials) in k. For a large enough prime we can write

("771) =St Ey) o 52
p—1 =

wzr—1

In section 2.3, we will establish two formulas that relates the product [ ._, (p_1

) as well as its
inverse to generalized and (star) homogeneous multiple harmonic sums, this would allow us to derive

new identities and congruences. More precisely, we establish the following two formal identities

H (wx - 1) _ Z(—l)kH({n}k)lckn and % ZH*({n}k)xkn

o \p—1 — Mo (551 k>0

Using Bayat’s theorem we can prove that for v,(a) > % —landp>5n+3

_ anp)2m ap)°” Q in
11 (a:p_ 11) =1~ (ap)"H(m) ~ P r(am) - %H ()~ R
(mmod pPrs(e)2mt2en),

and in particular, when n > 2, and v, () > “» — 1 this congruence can be further reduced to

-1
IT (")) =1 ot - S0 ) (mod pirestersansae),
)
wn=1

where, for convenience we have denoted ¢, = 1if niseven and ¢, = 2 if n is odd. We may note that

congruences considered in this section are congruences in C, which are also valid in Z,, and Z.
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In section 2.3.2, by using elementary operations and Bayat’s cancellation theorem we prove for p > 13,
- 1

8
)=-— Z Pt . (mod p%).
k=2

In the remaining sections, by specifications of values n and «, we provide several applications of these

two formal identities. For n = 1, we prove that for non-zero o (with v,(«) > 0) and p > 11, we have

2 3 4
(O;p__ll) =1-apH(1) - @‘%)H(z) - (a%)H(S) 0P gy 4 OF (éH(l) +LH(2)?

(mod p3vP(a)+7).

For n = 2 with p > 13 and v,(a) > —1, we show

ap — (0% — « 4 o
(T () =1 e + P - 2y - )

6
H(6) (mod p®r(®)+s)

For n = 3, we prove For p > 17,
-1 -1 6 o
wip wap =1-p*HE) + 2 (HE)? - H6) - 2 H©9) (mod p'?),
p—1 p—1 3
where wy,ws are the third roots of unity.

We conclude Chapter 2 by giving some congruences for [ ._, (a;’le)fl. We illustrate by some

examples. When n = 2,3,4 and a = 1, we find

4 6
g =L+ + G HR + HW) + T H(O) (mod 1),
1 — 3 é 2 Pj mod p'2
T EE =1+ pPH(3) + 5 (H(3)* + H(6)) + T H(9) (mod p'?),
1 =1+p*H(4) + %(H(4)2 + H(8)) + %H(m) (mod p'*).

ey lCayl Gy
In Chapter 3, we begin by a brief introduction of the shuffle and stuffle product also known as har-

monic product due to the following relation

H(s;n)H(t;n) = Y H(r;n),

res®t

As an application of this formula we get
H(a)H(b) = H(b,a) + H(a,b) + H(a + ),
H(a)H(b,c) = H(a,b,c) + H(b,a,c) + H(b,c,a) + H(a + b,c) + H(b,a + ¢).

In section 3.2 we give an extension of kazandzidis congruence established by J. Zhao.

In section 3.3, we mainly prove

p—1 H(-SI)H(-S3)

jjf?j = —H(Sl, S92, 83) =+ H(Sg, S1 + 82) + H(81 —+ S92 —+ 83) —+ H(Sg)H(Sl, 82).
j=1
and
— H(SI)H(SS)H(54) p—1 H(SI)H(SS)
- Z ——— o =H(s4) Z jJTJ + H(s1,83,82,84) + H(s3,51,52,54)
j=1

+ H(S3,81 + 82,54) + H(S1 + 83,82784) + H(S1,82 + 33,84) + H(Sl + S + 83784).
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When substituting with special values of s;, we get various congruences. We start by determining

L HED e
Z” .7 modulo p, we prove that if w = s; + s2 + s3 is odd then

o1 H(sl)H(S3) B {(DSIH <w> N (—1)%3 4+ 2(—1)517F52 (wﬂ B, . (modp).

2w S1 2w S3

j=1
In section 3.3.4 we prove some congruences modulo p that are not covered in previous section. For

instance we prove that for p > 11, we have

p—1 H(Q)H p—1 H(3)H p—1 H(3)H(2) p—1 H(4)H
\ i \ o

oS e e

j=1 J=1

J

RO

= Bf)fg (mod p),

i=1 J

In section 3.3.5, we determine some congruences modulo p? since determining (MHS) of length three

seems to be a much more involved problem. For example we show that for p > 7,

5271 2 p—1 r7(2)
H; 10 H7H;
- = % =pB, 5 (mod p?).

j=1

(91)H(<3)H(S4)

H
In section 3.3.6 we determine modulo p some summations that use the sum »-"_; ! | . We

prove that for p > 11,

1 p—1 (H(Q))QH(B) 3 p—1 (H(Q))S

J Jj_ — J —
= =g =B (modp),
Jj=1 Jj=1
-1 2 -1 2
- — = —— = B,_7 (mod p).
21 J 3 7
J=1 Jj=1

In the last section, using results on summation of harmonic numbers due to J. Spiel3 [16], [37] we

. . . _n -1 .
give some congruences that involve some special cases of the product [] ._, (“*} 1) , for instance we

prove that for modulo p2vr(®)+4

-1

3 (l;f(M) = (1= a®)p+ (ap))H(1).
k k

k=1

S

This thesis is concluded by giving some open questions and remarks that we encountered during

preparation of this work.
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Chapter 1

The higher p-adic mean value theorem

We assume the reader is familiar with standard notions in p-adic analysis. The interested reader may
consult [1], [2],[81,[111, [19], [30], [31], [36], for proofs as well as more insight on p-adic analysis.
We begin by presenting an ultrametric version of the maximum principle. This principle fails in the
case of locally compact spaces such as Q, and its finite algebraic extensions. We recall that a function
f: D — K defined on a ball B of an ultrametric field K is said to be analytic if there are elements u € B

and ag, as, - - - € K such that for all z € B,
fx) =" an(z — ).
n=0
Theorem 1. [36](p-adic maximum principle) If K is not locally compact, then for every analytical function
defined on Ok. let r € |[K*|

* If the valuation is dense, then

sup |f(z)] = sup [f(z)| = max|a,|r".
|z|<r || <r n20

* If the the residue field in infinite then

a = ma =ma "
max |f(z)] = max |f(z)| = max|an|r

1.1 The p-adic mean value theorem

We mainly focus our attention to A. Robert theorems, which has many applications, especially in
establishing congruences for special numbers. Let K be an ultrametric field, before proceeding further

we may introduce the following sub-vector space which will be in use next sections

K{z} =< f= Zanx" e K[[z]] : ap = 0

For a power series f = > . a,2" € K{z}, we define its Gauss norm (or sup norm) to be

I[f]] = sup |az|.
n>0
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This subspace is the completion of the polynomial space for the Gauss norm (see [31] page 233 for more
details), we also have

Klz] ¢ K{z} C K][]].

Theorem 2. [17], [31], [32] (p-adic mean value theorem (MVT) of order one and two) Let (E,| - |) an
ultrametric Banach space over K, and f(x) € E[x] a polynomial with coefficients in E[z], suppose that

x,t € Ewith |z| < 1, then

L If|t] < |p|77, then | f(z +1) — f(2)] < [¢[1£]]

ﬁ "
2 )

2. fp=3and |t] < |pl72, then |f(w+1) - f(z) — tf (@) <

I%

furthermore, if p = 2, we still have the same result as long as we restrict the values of [t| < |2|2.

Proof. We shall establish a more general statement in next section. O

1.1.1 Some applications of the MVT of order one and two

A. Robert together with his students M. Zuber [49], A. Junod [17], have investigated various appli-
cations of the p-adic mean value theorem. In this section we announce without proofs many of their

results.

Theorem 3. [31], [32](p-adic Fixed point theorem) Let K be a finite extension of Q,, R = B<i(K) its

closed unit ball, and f € K[z] a restricted formal power series with || f|| < 1. Assume
' i — 2| < [p|7T.
7] < vand inf |2) o) < o
Then f has a fixed point in R.
Theorem 4. [31], [32]

1. Let f € Cp[[z]] with ry > 1 (hence f € Cp{z}), suppose that f has two distinct zeros a # b in B<;

satisfying
la—b] < [p|7T.

Then, f’ has a zero B<;.

2. Let f € Cpllz]] with ry > 1 (hence f € C,{z}), suppose that f has two distinct zero in a # b in B<;
satisfying

ja = b] < |p|7.
Then, f’ has a zero in B..
Corollary 1. [31], [32] (p-adic Roll’s theorem)

1. Let f € Cpl[z]] with vy > 1. Then for each a,b € Oc, with |a — b| < |p|ﬁ, there is a point £ € Oc,
such that
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2. Ifla—b| < |p|ﬁ, there is a point n € Mc, such that
fb) = f(a) = (b= a) f'(§).

The following theorem is due to M. Zuber, it is an application of the MVT to congruences for a class
of polynomials called "Appell family" or "Appell sequence" which generalizes the definition of Bernoulli
and Euler’s polynomials.

Theorem 5. [31], [32], [17], [49] (Zuber Theorem) For an Appell family (A(t)),y in Zylt] (that is
Al (t) = nA,_1(t) and Ao(t) # 0) the following conditions are equivalents

1. A,,(t) = A, (t?) mod npZy[t] for n > 0.
2. There exists a € Z, such that A,,(a) = A,(a?) mod npZ, for n > 0.
3. There exists a € Zj, such that A,p(a) = A,(a) mod npZ, for n > 0.

Proof. The original proof given by Zuber uses ("Spitzer identity" see [49] pages 16-17) and ("Barsky’s
theorem" see [49] pages 15-16) . The reader can find a more simpler approach in [17] (pages 7-8) that
uses solely the MVT. O

Applications of the MVT and Zuber theorem are numerous we give a short list of some results. Let us
first introduce the n-th Euler polynomials of order » by means of the generating function

2 " Tt __ T "
(em+1) ‘ _ZE”(t)H

n>0

and n-th Bernoulli polynomials of order r

€ " xt T xn
<er—1) e —ZBn(t)H.

n>0

We have that E%(t) = B%(t) = t" and when » = 1 we get the usual polynomials of Euler E,(t) and

Bernoulli B, (t). One should take precaution that B! (¢) is not the r-th power of B,,(t).
Theorem 6. [17] For odd prime p and non-negative integer n, and for a € Z,, we have
1. E,(t) = E}(t?) mod npZy|[t].
2. For odd prime Ey, . ,..(t) = E}, ., (t) mod npZ,.

3. For a positive integer m > 1 and p—1 not dividing m+n, then the Kummer congruence can be improved

as follows
Bm n, Bm n
+np(@) = 2m+ (a) mod npZ,.
m + np m+n

4. If cis not divisible by (p — 1)p® (s> 0) and p — 1 does not divide m, then

" /n _x Bm+k infm— _
—_1)" k Pm+tkc min{m—1,n(s 1)}
> () e

5. Let a,(r) be the sum of digits in the p-adic expansion of r > 1. Then p°»(") B! (a) € Z,,.
6. For all prime p, we have p" B, ,(t) = p" B, (t?) mod " Z,|t].

7. "B} (a) = p"B](a) mod “LZ,.

np
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1.2 Higher p-adic mean value theorem HMVT

In this section, we generalize the p-adic mean value theorem, a result proved by A. Robert see [31],
[32]. To prove this generalization we may follow the same steps as in ([31] pages 243-245 and 249-250),

only we observe that a slight modification of the proof is made to find a more general statement.

Lemma 1. Let D be the differentiation operator defined on the vector space C,{x}, then for all non-negative

integers n € N, we have
D’I'L

<1.
n!

Proof. Let g(x) =3, 5qana" € Cp{z}, then

D'g(x) = g™ (x) = i(i—1)...(i —n+ Dazz' "

i>n

By definition of the norm operator we get

Dn™g g™ i(i—1)...(i—n+1)
=||%|| = sup i
n! n! i>n n!
1
= sup ( >ai < sup |a;| < supla;| = ||g]|,
i>n [\ i>n i>0
which means that HQH <|lg|| and || 27| < 1.

Theorem 7. (Higher mean value theorem HMVT) Let f(z) = 3, 5o anz™ € Cp{x}, then

m—1 (k)
‘ (z+1) Zf ) k| < ’ ‘Hf
=0
for all z,t € C,, provided that |z| < 1 and
1. N
t|<|pl=" fm<p and  [t|<|p|> f m=p.

Proof. We first consider the case m < p. Using the Taylor expansion we write

m—1
1) n Dy
=t Zk F-Dok—m+1)  (k—m)

Hence, when |z| < 1, the ultrametric inequality implies

m—1
f i ” tmfk Dk mf
t) t <t
‘ (z+ 2 s ek —m )| || s m)!
According to Lemma 1
Dk—m (m) Dk—m (m)
H f H_Hf(mH and H f H%O (k — o0).

Therefore, it only remains to show that
tk—m
’k(k —1D..(k—m+1)

’gl (for k > m).
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Notice that the prime number p divides at most one of the consecutive integers k, k — 1,..., k—m+ 1. If

vp(k —1)=v>1forsomel € {0,...,m — 1}, then k > p” + [, a fortiori, k > p¥, we also have
k—n|=1ifn#1 and |k =1l =|p|"ifn=1,

therefore

tkfm |t|p“7m

Mhk—D(h—m+D)| = [

< Ipl,

where e is the exponent

U
- —1
P2 vl v (itpto 4 - 20,

p—m b=

e =

since the mapping = +— p * is increasing in the interval [0, p).

Next, we consider the case m = p. We write

~1
b f(k) P ptk p DFE=P f) ()
fla+t) =Y ==tk ;Zj T R T

and as in the previous proof it only remains to show that

e

Assume v, (k) = v > 1. Then the condition for ¢ is |¢| < |p|% which is equivalent to say that |¢|? < |p|, thus

v—1_ )

i I
[p[” [~ p[*t p[*—*
and p*~! — v > 0 for v > 1. The other cases when v,(k — ) = v > 1 for some [ € {1,...,p} are proved in

P |t|p(p < |p p'Tl1—(v—-1) — "

a similar manner. O

Theorem 8. (HMVT for ultrametric Banach spaces) Let (E,| - |) an ultrametric Banach space over K, and

f(z) € E[z] a polynomial with coefficients in E[x], suppose that z,t € E with |x| < 1, then

m—1 m
YL el
k=0
provided that
t<lp=7 ifm<p and [t <|pl? ifm=p.
Proof. Just replace in the above proof |ay| by ||ax|| and |f(¢)| by || f(¢)||, whenever necessary. O

An equivalent reformulation of the HMVT states as follows.

Theorem 9. (HMVT Congruence form) Let f(x) = >_, 5, ana™ € Cp{z}, then

tk (mod pmvp(t)—logp(nf(m)H)) lfm < p,

1 ) () ®
fle+1t) = Z t*  (mod prur®O=log, (IIFIN=1y - if py — .

k
for all z,t € C, such that v,(z) > 0, and

vp(t) >

p—m



19

Proof. Set ||f(™)]| = |a| = p=*(*) for some o € C,. Taking the base p logarithm we find log,, (|| f"™||) =

log,(Ja|) = —v,(a). When m < p the equation in the previous theorem is equivalent to
m—1
f 2) | < Hf H — (™) vn(e) — p—ep (™) +Hlog, (15 ).
k=0

Therefore, using properties of valuations and the definition of congruence relation on C, we get the

desired result. O

In the following we shall give straightforward generalizations as well as a proof for Kazandzidis

congruence.

1.2.1 First application

Theorem 10. Let K be a finite extension of Q,, R its ring of integers with maximal ideal P. For n € N (or

n € Zp) and m < min(p, n), we have

,_.

m

(14+2)" EZ() mod pn(n —1)---(n —m + 1)z™ 'R,

k=0

provided that x € mpR.

Proof. Consider f(z) = (1 + z)", then

F™ @) =nln—1) (0 - (m-1)L+2)""  (n>m),

[#]| =l =1 1= m = 1) > 0).

For |z| < |p|7=™ 7 (or < Ip|7), we have

m—

(1 +2)" Z ( ) k|§’f:’Hf‘m)Hg|n(n—1)---(n—(m—1))xm—1|m.

As z € mpR implies that |%‘ < |p|, the above result yields immediately. O

1.2.2 Second application. Kazandzizis congruence

Proposition 1. ([17] pages 6-7) Let n, k be two integers with k > 0, then

(1) = (5) mod iz,
(i) = () moa (3)7zn

The following application generalizes the idea of A. Junod [17]. We apply the HMVT of order three

* For all primes p, we have

* For odd primes p, we have

and four (p > 5) to the polynomial

(2 4+ 1) = (@ +1)

f@) = (r(x)t + 22 + )" where r(xr) = >




20

As r(x) € Z]z] C Qp[z], the coefficients of f(¢) belong to the Q@,-Banach space

E = {g(z) € Qpla] : deg(g(x)) < np}.

Substituting with ¢ = 0 and » = p. We have

1P — (2P + 1 Po@ai—ap—1 152 ;
T(.’L’) — (37 + ) (-1' + ) _ 21—0 (1) - - Z <p)$7
p p p\i
Hence, |r(z)| = 1 since p divide (?) for 1 < i < p — 1 only once. Now, differentiating with respect to t,

then substituting ¢ = 0, we find
F1O) = nr(@) (@ + 1" f(0) =n(n - V)r(z)* (@ +1)" 72,
FP0) =n(n - 1)(n = 2)r(@)* @ + )", fB(0) = n(n — 1)(n - 2)(n = 3)r(z)* (@ + 1)" ",
and more generally we can prove that
ﬂf(m) (0) =p™ " r(z)" (2P + 1) = " ((x+ 1P = (2P + 1)) (2P + 1)" ™. (1.1
m! m m
We now look for the coefficients of z*P (0 < k < n).

Proposition 2. (Chu-Vandermonde’s convolution Identity) Let K be a field of characteristic zero, then for all

2 ()28 - ()
— k)\n—k n
Lemma 2. The coefficient of z*P in the product (x + 1)™P(zP + 1)~ ™ is

v =3 () () -2 (25) ()= (7)< (G)

Jj=0

a,b € K, we have

Proof. By binomial formula we have

mp n—m
mp(,..p n—m _ mpy\ _; n—m\ p
(z+1)"P(2P + 1) Z(j)x Z( ; >x
j=0 1=0
Identifying the coefficients c,,(n, k) of 2* in this product we find
i mp\ (n—m
cm(n, k) = . ).
ot jz_:()(ﬂ?)(k—])

The second equality is an immediate consequence of Vandermonde convolution identity. O

For instance, we have

o= () () () )
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In the last line we used the relation

o)+ (Goa)- (o) =0 oy)

Theorem 11. We have modulo (" ,)p" "' Z,

()= G0 (Bt ) S (o () S (s

Jj=0 Jj=0

Proof. From (1.1) we extract the coefficient of z*? from ’l’—!l f®(0), and by previous lemma we find that it

(5 (s

One may also notice that the coefficient of 2™* in % f/(0) is equal to (') (co(n, k) — ¢1(n, k)) = 0. This

is equal to

would prove Proposition 1. O

Application of HMVT of order three: applying the HMVT we find

f(0)  f"(0)
TR

Hf(p) ~ () -

P’ 3 3
<2179 = i = e - 21,
that is to say

(z+1)P" — (2P +1)" — pnr(z) (2" + 1)" ' —p

< [pPn(n — 1)(n - 2)].

Corollary 2. We have modulo (3)p*Z,, for n,k € Nand p > 5,

np\ (n\ _ (n\(n— 2 2p o
kp k) \2/\k-1 P '
Note that both sides of this congruence are polynomials in n for each fixed value of k. The congruence

therefore holds when n is any integer.

Corollary 3. For p > 5 and n, k € N, the following assertions are equivalent
1. (Zg) = (Z) (mod p?).

2. (") =n (mod p°) ie (7;”:11) =1 (mod p3).

3. (2;’) =2 (mod p?) i.e (2;’:11) =1 (mod p3).

Theorem 12. Let n and k be integers and p > 5. Then

np\ _(n n\ ;5
()= (1) moa (2)o ax

In particular, we find Ljunggren’s congruence

()

(’;) (mod p®). (1.3)
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Proof. Replacing n = —1 and k£ = 1 in Corollary 2 we find

(7)== () GGG )

p 2\p
rearranging we get
2
3( p> =6 (mod p?)
p
Hence, when p # 3 the second congruence holds true, and subsequently the first one yields immediately.
O

Remark 1. For more refined results the reader can see [12], [31] pages 380-382.

Application of HMVT of order four: as in order three, we have modulo (%})p*Z,

)-()-C6 D)) o

2)\k—-1 P

Theorem 13. For p > 5 and n, k € N, the following assertions are equivalents.

1. (Zg) = (3) (mod p*).

2. ("P) =n (mod p*) ie (7;”:11) =1 (mod p*).

p
3. (2;’) =2 (mod p?) i.e (2;’:11) =1 (mod p*) (such p is called a Wolestenholme prime).
Proof. Suppose that (2;’) = 2 (mod p?), then substituting with n = —1 and k£ = 1 in the above formula,
we have
()= 2() =) - () o tmoas
p 2\p p p
and after simplification, we find
2(?) =6 (mod p*).

Now, substituting with the values of (?’Zf’) and (2;”) in (1.4), we get

()~ ()= G) G o () G omsezeano ot

Therefore, the first condition is satisfied if and only if p is a Wolstenholme prime.



Chapter 2

Some extended congruences for
binomial coefficients and generalized

harmonic numbers

2.1 Multiple harmonic sums and generalized harmonic numbers

Multiple Harmonic Sums (MHS) are defined by
1
H(s1,...,86;m) = Z e
1< <ja<<jpsn I1 Ik
with the conventions H(sy,...,sg;r) =0forr=0,...,k—1, and, H((; 0) = 1. They satisfy the following

recurrence relation (see[42] page 2)

H(s1,...,85;n) = H(si,...,86-1;5 —1).
In the case when s; = --- = s, = s, these sums are called the homogeneous multiple harmonic sums,
and denoted
1
H({s}*;n):=H(s,...,s;n) = > _—
k times 1<j1<je < <jr<n (jl a .jk)

When k = 1, we find the sequence of generalized harmonic numbers, we may denote it
J— S 1
=2 %
k=1
note that the superscript is omitted in the case s = 1.

When n = p — 1 we may simplify notations as follows

1
H(s1,...,85) = —— and H(s):=HY, = .
(Sla ,Sk) > -Z»<_ jflj]ik p—1 st
<j1<je<--<jp<p—1
Let X1, Xo, ..., X,, be m variables. We define the k-th elementary symmetric function
er( X1, X)) = Z X5 X5,

1<j1<j2<--<jpr<m
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and k-th power sum symmetric polynomial

m

(X1, Xa,y o, X)) = ) XF.

The elementary symmetric functions can also be characterized by

[Ia - Xit) = (~D)Fesnt®.
i=1 k=0
When fixing m = p — 1, and X; = % for an arbitrary non-negative integer m, we obtain the following
1 1 1
en(l, oy ooy ) = ——— = H({n}"),
2" (r—1) 2 ik

1< <jo < <jr<p—1

1,2 I S
kL, 2n’ ) (p — 1)77, : ink
i=1
Another interesting symmetric function is the complete homogeneous symmetric polynomial defined by

hk’(XlaX27~-~;Xm): Z Xi1X'

1< <ip < <ipg<m

X

P

It can also characterized by the following identity of formal power series in ¢

th(Xh..., HZXt :Hl _
k>0 phteet 11 l
When fixing m = p — 1 and X; = =+ we denote
1 1 ) *
e ﬁ’.’.vm) - 2. ——— = H*({n}").
! 1< << <jusp—1 71 Tk

The complete exponential Bell polynomials can be defined by means of the following exponential gener-

ating function

t'ﬂ
exp ij' *1+ZB T1,..., n)n"

n>1

where {z1, o, ...} is an arbitrary sequence. The exact expressions of them reads as
n! T1\J1 [ xo\ 2 T\ In
Bn(w1, @z, ) = 2. Tl g (F) (5) (m) ’

J1+2j2+-+njn=n
where the summation takes over all non-negative integers ji, jo, - .., jn . This explicit definition implies
the following relation

B, (azq, a’xs, ..., a"x,) = a"By(x1,T2,...,Ty). 2.1
They also satisfy various combinatorial and algebraic identities (see for instance [5], [6], [7]).

Theorem 14. For all non-negative integers n € N, we have the following formulas

1
= By (51, —1!s9,2!s3, =315y, ..., (=1)" 1 (n —1)!s,),
n!

€p =

1
hn, z—'Bn(sl, 1lso,2!s3,...,(n— 1)ls,).
n!
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Proof. See [13] (page 507 Proposition 1). Here we provide more details of a proof that can be found in
[44] (page 1021), it uses basic properties of exponentials and logarithms.

From the identity

n n

> (—Dkerth = [J - it),

k=0 i=1
and using well known properties of exponentials and logarithms we find

Z(—l)kektk = H(l — xz;t) = exp (log(H 1- xﬁ))

k=0 i=1 =1
_ (z1)™ (z, )™
= exp (—Zm_..._ ZT
m>1 m>1
= exp Z _(m - 1)!S7rsz|
= m!
_ " Bk(—sl, —1!82, —2!83, —3!84, ey —(/C - 1)'Sk) k
B Z k! £
k=0
Therefore, using (2.1) with a = —1, we deduce
(=1)¥
€ — Ll Bk(—sl,—l!827—2!83,—3!84,...7—(k— 1)!Sk)
1

= E Bk(sl, —1ls9,2ls3, —3ls4, ..., (—1)k_1(k — 1)!Sk).

The second one is proved in a similar manner using the identity

n

th(xla s 7x7L)tk = H 1 —1.’1,‘1'1‘/'.

k>0 i=1

Corollary 4. For all non-negative integers n € N, the following two formulas hold true
H({n}") :% Bi(H(n), —1'H(2n),2!H(3n), ..., (—=1)* "1 (k — 1)!H(kn)),
H*({n}*) :% Bi(H(n), 11H(2n), 20H(3n), . .., (k — 1)H (kn)).

With the aid of Maple, we can produce the following list for the homogeneous multiple harmonic

numbers

H({n}*) =1, H({n}") = H(n), H({n}?) = %(H(n)2 —H(2n)), (2.2)
H({n}?) = %(H(n)?’ —3H(2n)H(n) + 2H(3n)),  (2.3)
H({n}*) = % (H(n)* — 6H(n)>H(2n) + 8H (3n)H (n) + 3H(2n)* — 6H (4n)), (2.4

H({n}%) = L(H(n)f) —10H (n)*H(2n) + 20H (n)?H(3n) + 15H (n)H(2n)?
120 (2.5)

—30H (4n)H (n) — 20H (3n)H (2n) + 24H (5n)),

H({n}%) = L(Hu)ﬁ — 15H(1)*H(2) +40H (1)>H(3) + 45H (1) H (2)* — 90H (4)H (1)?

720 (2.6)
—120H(1)H(2)H(3) — 15H(2)® + 90H (4)H (2) + 144H (5)H(1) + 40H(3)> — 120H(6)).
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For the star homogeneous multiple harmonic numbers one might replace all the minus signs by a plus
sign in the above list.

Recall that Stirling numbers s(n, j) of the first kind are defined by the expansion
(@) = 2(@ = 1)(x=2)- (&= (m=1)) =Y _(=1)"s(m, j)a’
j=1

One can easily see that
(@)mtn = @)m(z —m)n  and  (T)m4n = (¥)m (T +m)p.

When substituting n = 1 in Corollary 4, we have

s(m.j) = (m = DIH{1Y " sm - 1).

Before we proceed further we present two Theorems that allow cancellations modulo a power of a

prime.

Theorem 15. For any prime p > 5 and a non-negative integer m such that p > m + 3, we have

0 mod p?) if misodd,
H(m) = (mod p?) if

0 (mod p) if miseven.
Proof. Originally this theorem was established by Bayat (see Theorem 3 page 559 [3]), the reader can
see Lemma 2.2 page 78 [47] for more general statement and alternative proof.
By the condition p > m + 3 we see that p — 1 does not divide m, therefore, by Fermat’s little theorem
the map a +— a~™ is not the constant function 1 on the field F,’. Now, choose g such that 1 < g <p—1,

then ged(g,p — 1) = 1, hence g is a generator of the multiplicative group F,’ and we have

]
|

1 p—l p—l myp—1
1 g 1—(gm)”
o )= T =0 (mod p).
1 k:l k:l 9

H(m) =

el
Il

The case of modulus p?, we suppose m is odd, then using the binomial formula we get

1 p—1 1 1 p—1 1 pfl m + k™ 1 p—1 mpk,m—l
Hm)=352 7= *3 9 Z m = T (mod p?).
2ok 2= =k B el (p k)m 2k (p—Fk)
Now, one can notice that W = —75 (mod p), hence by the case modulo p
Him) = 120 —mp _ Ty 1= e
(m):ikil km+1 —72 (m—l— ):O (mO p )

Corollary 5. Let n and k be two positive integers. Let p be a prime such that p > kn + 3. Then

H({n}*) = B*({n}*) = 0 (mod p?) if knisodd,
0 (mod p) if kniseven.
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Proof. A more general result is found in [47]. From the previous theorem and Corollary 4 it is clear that

for all positive integers k, n, we have
H({n}*) = H*({n}*) =0 (mod p)
Now, suppose that nk is odd, from the Corollary 4 we find

H({n}*) = Sum of different products of Generalized harmonic numbers + H(nk) =0 (mod p?).

2.2 Optimized congruences for (’;”:11)

The study of arithmetic properties of binomial coefficients has a rich history. In 1862, Wolstenholme

(2p N 1) =1 (mod pd).

p—1
This result had been generalized by Glaisher [9], [10] as follows
-1
(np > =1 (mod p?),

p—1

noted that for any prime p > 5,

(np - 1> =1—n(n—1)B,_3 (mod p*),
(2p 11> =1+2pH(1) (mod p*).

In 1995, R. J. McIntosh [23] proved that

<2p_ 1) =1-p’H(2) (mod p”).

In 2000, an equivalent congruence proved by V. Hamme states that for p > 7,
2p—1 5
< P ) =1+2pH(1) (mod p°).
p—1
In 2010, R. Tauraso [41] sharpened this result and showed for any prime p > 7,
1/2p 2p—1 2 4 6
— = =14+2pH(1 -p°H(3 d .
S(7) = (7)) =t o)+ 30H) o )
In 2012, R. Mestrovi¢ [25] (published later in [26]), using Newton’s formulas for elementary symmetric
polynomials managed to show that for primes p > 11,
2]) —1 _ 2 2 7
bo1)= 1-2pH(1)+4p°H({1}) (mod p").
In 2013, J. Rosen [34] generalized and unified these results by extending congruences for the binomial
-1

coefficient (’;”71) modulo p™ for arbitrary positive integers n, k. In this section, we present his linear

algebra based approach which optimizes congruences for (’;”:11) with arbitrary length. Wolsetholme’s

congruence has been generalized in many directions, for a detailed survey see [28].
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Proposition 3. [34] For all non-negative integers n, k, we have
(n+1YH({1} ;n Z nﬂ“( >(n+ 1)7H({1} ;n) = 0. 2.7)
: J

Proof. Define

fot) = ((n+1)(t—|— 1) -1

) =t D HQY e
n =
Then f,(¢) satisfies the functional equation f,(¢) = (—1)" f,,(—1—1), by the binomial formula this implies

the following

zn:n+1fH{1}f = ( ”zn:n+1fH{1}ﬂ n)(—1—t)’
7=0 7=0

=S oY Y (1)

=0 i=0

=Z(Z< 0 (T 07 H(Y >) ‘

i=i

Hence, equating the coefficients of both sides and rearranging, we find Eq (2.7). O

Remark 2. Multiplying both sides of (2.7) by indeterminates cy, 1, ca, . . ., then summing up we obtain the

following
S eytn+ DAY i)+ Y e S0+ (3 ok DAY s =0,
§=0 J=0  i=j J
S eyt D HY i)+ 30 Y0 (e (Y ) <o
7=0 i=0 j=0 J
Therefore
> (cj 1ttt Z ( ) > n+1)H({1} ;n) = 0. (2.8)
7=0
Proposition 4. [34] Let n be a non-negative integer. Suppose that k,cy,c1,... are arbitrary elements

(indeterminates) of a given field K. Define

i .
B =(k—1) +c;+ (—1)"HH Y <;> Ci- (2.9)
1=0
Then the following equality holds true
k 1)—1 " . .
( " ) =D Bi(n+ TH{1Y i),
§=0

for any choice of indeterminates k, co, c1, . . ..

In particular, we have

(kp ) Zﬁjij ({11). (2.10)
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Proof. We have that

(k(n +n1) —1) z”: V(n+ 1 H({1Y n)
7=0
(k(n +n1) - 1) :i ((k; — 1) 4 ¢j + (—1)"HT Z ( > i) ]H({l}J n).
§=0
In the second line we used Eq (2.8). O

Theorem 16. Let p be a fixed odd prime, and j an integer with 1 < j < p — 3. Then we have

H((y) = 4 0P B2 (modp?) for jodd
—7PBp—j—1 (mod p?) for j even.
Moreover, we have the following special cases
1. Ifj=p—2 then H({1}Y) = £ (mod p?).
2. Ifj=p—1,then H{1}/) = —1 (mod p).
3. Ifj > p, then H({1}7) =

Proof. The first part is a special case (n = 1) Theorem 1.6 page 75 [47]. For the second part we may use

Wilson’s Theorem, see [34] page 2040 for more details. O
Theorem 17. [34] Let k be an integer. Assume that cg,c1, ... are arbitrary rational numbers, and take
B € Q to be

B = (k— 1) +c; + ( +IZ<>

Fix an odd prime p not dividing the denominator of any c¢;, and let N be a non-negative integer. Define

Esz(’;p ) Zﬂgpr{l}J)

* If0< N <p—4, then

Bp_3_n N+25 N+3 N+4 i i
N1+ Bni2)p mod p if N is even,
g = | B+ B ( ) o

Bp_3-N

N2 Bn1pN¥t2 (mod pNt3) if N is odd.

« If N =p—3, then Ex = (21 — 8r10)p™N+2 (mod p/N+3).
* If N=p—2, then Exy = —fBy11p™ ! (mod pV+2).

e If N >p—1,then Ey =0.
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In particular, we have

(mod pN*3) if N <p—4,N even,
(mod pN*2) if N <p-—4,N odd,
(’;p ) ZWH ] (mod p¥2) if N=p-3 (2.12)
(mod pN*h) if N =p-2,
(mod 0) if N>p—1.

Proof. We prove only Eq (2.11), it implies the first congruence in Eq (2.12) which will be in much use

later. See [34] for more details. By definition we have

p—1 ) N , )
EN:(? ) ZWH{l}J = B H{LY) =D s H{1Y).
=0 Jj=0

Hence
N+3

Ex=> B H({1}) (mod pV*).
N+1

Suppose that 0 < N < p — 4 and N even, by the previous theorem we have

N 42

H({l}N+1) - N + 3 ZBP*]V*:3 (mOd p3)7
1
H({l}NH) = mPB (mod p?),

H{1W ™) =0 (mod p).

Thus, we find
B, 5-n (N+2
En = ]’\7] 3 ( BN41+ 5N+2> NF3 (mod pN*tH).
We get the first congruence in (2.12) when reducing modulo p™¥ 3. O

Definition 1. [34] We call the congruence (2.12) the generalized Wolstenholme congruence associated with
the data
[k, (co,c1,... ), N,

and we will say that by, ..., by are the generalized Wolstenholme coefficients associated with this data.

Lemma 3. [34] For every positive integers b, n the following n by n matrix

wai=(("7))
J 0<i,j<n—1

Proof. Define n x n matrices L,, = ((?))o<‘ o and U, = ((b '))o<* _— Observe that L, is
i,7<n— i,7<n—

has determinant 1.

Jj—t
a lower triangular that has ones in the diagonal, also U, ; is an upper triangular that has ones in the

diagonal, so both matrices have determinant 1. By Vandermonde’s convolution Identity one can see that

Mn,b = LnUn,b: thus det(Mn’b) = det(Ln)det(Un’b) =1. O
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We are now ready to understand the idea of Theorems 18 and 21. We are interested in finding

coefficients by, ..., b, such that
bo =1
by =(k—=1)+c1+(co+c1)
bn = (k= 1"+ cp + (1" 0 (Ve (2.13)

—(k=1)"" =cpyq + (—1)"F2 Z?:ol ("—-H)Ci

2

—(k =12 =cpp + (=1 (M)

We will see in Lemma 4 that we can assume ¢, = ¢,4+1 = - - - = ¢, = 0. Therefore, system (2.13) can be

split into two systems as follows

bo (k —-1)0 Co
b1 (k —-1)1 C1
= : +Dn | | (2.14)
b" (k 4’1)” Cn—1
(k _»1)n Co
(k — 1)+ e
- : =M. |, (2.15)
(k __1)2n Cn—1

where M,, and D, is an are defined by

M, = <(1)n+i (n + 1 + z)) and D, — <(1)i+1 <Z> + 5i,j> |
J 0<i,j<n—1 J osisn

The matrix M, is invertible with determinant (—1)"*! since it is the product of the diagonal matrix
((_1)i+1617j)0<ij<n71 by M, n+1. Next, multiplying system (2.15) by —D,, M, ! and substituting in

system (2.14) we find the values (b;)o<i<n-

kp—1

o ) modulo

We illustrate with a concrete example, let’s say we want an optimized congruence for (

p°, this implies n = 3, then we look for coefficients by, by, by, b3 satisfying

(Zp_ 11) = bo + bipH (1) + bop” H({1}*) + bsp*H({1}")  (mod p),
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By Lemma 4 we know that (b;)o<;<3 satisfy

bo =1

by =(k—1)+2c +c

by =(k—1)2—=2c; — ¢

b3 = (k—1)>+3cz2 +3c1 + co
—(k—1)* = —6cy —4c1 —co
—(k—1)> =10cy + 5¢1 + o
—(k—=1)% = —15c3 — 61 — co.

For given integers cg, ¢1, co. This system is split into

bo (k—1)° 0 0 0
co
b1 (k— 1)1 1 2 0
= + c | (2.16)
bo (k—1)2 -1 -2 0
C2
b3 (k—1)3 1 3 3
(k—1)* -1 -4 -6 co
-|lk-12 =1 5 10 c |- 2.17)
(k—1)8 -1 -6 -15 Co
-1 -4 -6
Now, the matrix Mz = | 1 5 10 | is invertible, its inverse is given by
-1 -6 -15
—-15 =24 -10
My'=15 9 4
-1 -2 -1

Multiplying system (2.17) by —D3M; ' and substituting in system (2.16) we find

by =1,
by =(k—1)+5(k—1)* +6(k—1)° +2(k — 1),
by =(k — 1) = 5(k — 1)* —=6(k — 1)° — 2(k — 1)°,
by =(k —1)* +3(k — 1)* +3(k — 1)° + (k — 1)°.
When replacing k — 1 by —k one can easily notice that this list of b; is in fact equal to the last row in table

(2.2). This is no surprise as we will see that b, ,,(1 — k) = b, (k).

Suppose that by = by = 0, thus 2¢; + ¢y = (k — 1), this implies b; = k(k — 1), therefore we get

—1
(k;)p ) ) =1+k(k—1)pH(1) (mod p°).
This suggest that we can take the data [k, ((k—1)?), 2] that produce (b, by, b2, b3, bs) = (1,k(k—1),0,0,0).

In order to generalize this reasoning we need some definitions and lemmas.



33

Definition 2. [34] Fix integers N, k, with N > 0. Define Vi i, C ZN T to be the set

J .
Vg = {(ﬂmﬁl, ...,BnN) : there exist cy,c1,- -+ € Z s.t. Bj = (k‘ - 1)j +c; + (—1)j+1 Z (Z)CZ}
=0

In other words Vi i, is the set of generalized Wolstenholme coefficients corresponding to integer data.

We similarly define V](g’ , C QT to be

7 .
v;%k = {(,@0,51, ..., BN) : thereexist co,c1,- - € Qs.t. Bj = (k— 1) +¢j+ (=1)7T! Z (Z)c}
1=0

the set of generalized Wolstenholme coefficients corresponding to rational data.

These definitions suggest that we introduce the following set

Vy = {(,30,51,...,5N) : 3o, e, €Lt B =cj+ (—1)J'+1Zj: <‘Z>c}
i=0
which is in fact the linear part of the affine space Vi j, as we have
Ve =(1,(k=1),...,(k=1)N) + Vy.
Proposition 5. [34] For all integers N, k, with N > 0, we have Vi j, = Vn 1—k.
Proof. Taking ¢y = ¢; = --- = 0, we see that (1, (—k), (=k)2,...,(=k)) € V., hence Vy . C Vv 1_s.
For the reverse inclusion we set ¢; = —(k — 1)7, then we have

By =k~ 1) o, + <—1>f‘“§ (7)e

=(k—1) — (k= 1) + (=17 <JZ> (k—1)
=0
=(—k)’.
O

We following lemma says that the affine space of generalized Wolstenholme coefficients, for arbitrary

k and N = 2n, has dimension n.
Lemma 4. [34] For all non-negative integers n, Van is @ free Z-module of rank n, and the map
T Vgn — "
(Bos - Ban) > (Bat1s- - -, Pan)
is an isomorphism.

Proof An element (8o, 81, ..., 82n) € Vay, is determined by the values of ¢; for 0 < j < 2n. We therefore

have a surjective map

2 1 ¥
©Pn - /i — Vo,

(coy---ycon) — (ag,-..,asm),
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where a; = ¢; + (—1)"' 7 (e

The matrix of ¢,, with respect to the standard basis on Z2"*! is given by

A, = (5“ +(=1)7*! <j>) .
7 0<i<2n
i<2n

0<j
Now, We identify column vectors of length 2n + 1 with the set of polynomials of degree 2n via the
identification (aq, ..., a2,) < ag + ait + -+ + az,t>". The jth column of A, is therefore identified to

—tJ — (=1 —t)/, indeed, for a fixed j we have

8ij+ (—1 J“(,) HZJJt +Z J“( )

oth — (=1 —t)7.

Hence, the column span of A,, is contained in the following set
E:={f(t) € Qalt] : and f(t) = —f(-1 1)},

where Qy,, [t] denotes the set of polynomials with degree less than or equal to 2n. For « € Q, we know
that the family {1, (¢ — @), (t — @), ..., (t — @)*"} constitute a basis for Q2 [¢], thus in order for this family

to be a basis for E, we should have
(t—a)™=—(-1—t—«a)" where 0 < m < 2n.

this implies that m must be an odd number and @ = —1. Therefore, rank(Va,) = rank(4,) < n.

Consider the canonical inclusion

7; . Zn ZQ’n,+ 1

(Co,...,cnfl) — (Co,...,cnfl,o,...,O).
Then 7o ¢, oi(cg,...,¢n—1) = (Yo, - .-, Yn—1) Where
n—1
n+1+4+j
Z/jz( "”Z%( i >Ci~
1

From Lemma 3 this map is bijective. Thus,  is surjective with 7o ¢, 0i(Z") = 7(Vay,). Since rank(Va,) =

rank(4,,) < n we must have rank(V5,) = n and = bijective. O

Theorem 18. [34] (Optimized Binomial Congruences) Let integers k,n be given, with n > 0, and set
N = 2n. There is a unique generalized binomial congruence whose coefficients by, ..., ba,, satisfy b,11 =
bpyo =+ = bap, = 0. This congruence has by, by, ...,b, € Z.

In other words, for N = 2n, Theorem 17 produces a unique congruence of the form
k
( - ) Z b’ H{1}')  (mod p*"*?), (2.18)

with b; € Z, which holds for all odd primes p # 2n+ 3. This congruence holds (mod p?"*2) when p = 2n+3
and equality for 3 < p < 2n + 1.
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Proof. This is equivalent to show that there exists a unique element (by,...,b,,0,...,0) € Va, ; with

bo,- -, bn € Z. Since Vay, ) = (1, (k —1),...,(k —1)°") + Va, it suffices to find a unique

a=(ag,...,an,—(k—1)"" . —(k—-1)*)

in Vzn, k. This is guaranteed by previous lemma which asserts there exists a unique a € ‘A/Qn’k such that
m(a) = —((k—1)" ... (k= 1)%").
O
Definition 3. [34] For integers j,n,k, with j,n > 0, we let b; (k) denote the coefficients arising from
Theorem 18. We call these extremal coefficients. We also denote by b; ,(t) the polynomial giving these

coefficients, and call these extremal polynomials. By convention, we take b; ,(t) =0 forn+1 < j < 2n, and

we say that b; ,,(t) is not defined for j > 2n + 1.

Theorem 19. [34] (uniqueness of optimized congruences) Let n > 0 be a fixed integer. The extremal
polynomials b; ,(t) (0< j < n) have integer coefficients, and for every prime p > 2n + 5 and every integer

k > 1 we have
< ) ij W) H({1})  (mod p*"*3) (2.19)
This congruence holds mod p***2 for p = 2n + 3, and is inequality for 3 < p < 2n + 1

Conjecture 1. [34] (Linear Bernoulli Nondegeneracy Conjecture) For all odd integers k > 3, there exist

infinitely many primes p for which p does not divide the numerator of the Bernoulli number B,_j.

Theorem 20. [34] (Uniqueness of Optimized Congruences) Assume the truth of the Linear Bernoulli Nonde-

generacy Conjecture. Let n, k be integers with n > 0, and suppose by, ..., b, € Q are such that the congruence

(IZ) ) Zb P H({1}) (mod p*"+?)

holds for all sufficiently large primes p. Then we have b; = b; (k).

Theorem 21. [34] The extremal polynomials b; ,(t) given in Theorem 18 can be computed explicitly as
follows.

Let M, be the n x n invertible matrix

naifm+141
()
J 0<i,j<n—1

And D, the (n + 1) x n matrix

b().,n(t) (t — 1)0 (t _ 1)n+1
bl,n(t) (t — 1)1 (t _ 1)n+2

by (t) (t—1)" (t—1)
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Corollary 6. [34] The extremal polynomials b; ,,(t) can also be computed by

bo,n(t) (—t)° (—t)m*
b (t —t)! —t)"t?
TICH I KUl BN [0
b, (t) (=) (—t)*"
Proof. Immediate by Proposition 5 as Va,, = Van,1—k implies that b; ,(1 — k) = b; (k). O

Here is a table for the exteremal polynomials with small values n, j

n/j|0]1 2 3

0 1

1 1| 82—t

2 1| =t 4283 -t th— 213 + 12

3 1| 26 —6t° +5¢% —t | =26 461> —5¢4 +¢2 | 16 — 3¢5 + 3¢t — 3

Proposition 6. [34] Let 0 < j < n be integers. The extremal polynomial b;,(t) € Z[t] is the unique

polynomial of degree at most 2n satisfying
1. bj,(t)=(t—1) mod (t—1)"+L
2. bjn(t) = (—1)7¢ mod t"+1.

Proof. For n +1 < j < 2n, we have that b, ,(¢) = 0, hence this case is trivial. When 0 < j < n,
Theorem 21 shows that deg(b;,(¢)) < 2n and that b; ,,(¢) is equal to (¢ — 1)’ plus a Z-linear combination
of (t —1)"**, ... (¢t — 1)®". Similarly, Corollary 6 implies that b;,(¢) is equal to (—t)’ plus a Z-linear
combination of (—¢)" Tt ... (—t)*".

For uniqueness, since ged((t — 1)"*1,¢"*1) = 1, then the Chinese remainder theorem implies that

there exists a unique solution satisfying these two conditions. O
Proposition 7. [34] The extremal polynomials b; ,,(t) satisfy the following properties

1. For all non-negative integers n, b, (t) = 1 and by, ,,(t) = t"(t — 1)".

2. For all non-negative integers j < 2n, tJ(t — 1)7 divides b; ,,(t).

Proof. By the previous proposition we have that both (¢ — 1) and ¢" divide b,, ,(t) and as their greatest
common divisor is equal to one we see that the term (¢ — 1)"¢™ (which has degree 2n) divides b, ,,(t).
Then there exists a constant ¢ such that b, ,,(t) = c(t — 1)"t", this constant must be equal to 1 in order
to satisfy the two conditions of the previous theorem. For the second statement we may follow a similar

reasoning. O

Proposition 8. [34] Let m be a non-negative integer. Suppose f(t) = > 7", a;t’ € Q[t] satisfying f(t) =

f(—=t — 1). Then for all non-negative integers n with 2n > m, we have

> abja(t) = f(t—1).
j=0
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2.3 Some contribution to congruences with binomial coefficients

2.3.1 Congruences for binomial coefficients with roots of unity and generalized harmonic
numbers

We establish the following formula valid in every extension K that contains the n-th roots of unity.

This formula is especially true for algebraically closed fields such as C and C,, for all odd primes p.

Theorem 22. Let K be any extension of Q that contains the n-th roots of unity, then for all x € K we have

II (b;x_f) = i(—l)"’H ({n}*)z". (2.20)

wn=1 k=0
Proof. We prove that both the left hand side and the right hand side in the above equation are equal to

the polynomial
o) = B D20 - 1)

Firstly, we show that the left hand side is equal to F,(z). Indeed, if we denote the roots of unity by

{1, ws,...w,}, then the polynomial F,(x) can be written as follows

_ p—1 3

— — — .13—] w2 I_.] Wy x_j
= (1Pl wph . )
2 n H IH ;1;[1 (p—1)!

Since the product of roots 1 - wy - - - w,, = (—1)"~!, and p is an odd prime, then (1-wsy - --w, )P~ = 1, and

we get

p—1 p—1 1

r—7 w2 x—j W, T — ]
mw =11 ,H g | ey

]:
(T =1\ [wy lr —1 wle —1
C\p-—1 p—1 T\ p—1
H (w_lx—1>

wn=1 p_l

IL(5-)

wr=1

For the second equality one observes that

(" = D(z™=2")...(z" — (p—1)")
(p =1t

=1 a™=2" 2" —(p—1)"

) ) (T

F,(z) =

—~

)
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Corollary 7. We have the following identity
wr— 1 Z H* {n}
Hw" 1 (p 1 k>0

Proof. From the formal power series identity we have

S SN | et | P

k>0 i=1 j>0 i=1 o

and from the previous proof

Combining Theorem 22 with Corollaries 4, 7 one gets the following.

Corollary 8. With the same conditions of the previous theorem, we have

I (7)) = S vttt

wn=1 k= O
ST :
= o Bu(H(n), ~UH(2n), ... (=) (k — 1)1H (kn))z
k=0 ’
W ™ k”—z By(H(n), 11H(2n),. .., (k — 1)!H(kn))z"
wnr=1 \ p— k>0 k>0 !

2.3.1.1 Congruences for [] .._, (“:f;l)

(2.21)

(2.22)

(2.23)

The next result gives congruences for the product [ ._; (“”” 1) For convenience we may denote

e, =1ifniseven and ¢, =2ifnisodd.

Corollary 9. We have the following congruences

1. For vy(e) > <= —landp > n+3,
-1
H (OZWP )El (mod pnvp )+n+€n)’
p—1
wn=1
2. Forvy(a) >+ —landp>2n+3,

awp — 1 n nvy (a n

wn=1

3. Forvy(a) > £ —landp > 4n+ 3,

2n

-1
IT(77)") =1 it ~ S5 (mod girentersansents)
wn=1

(2.24)

(2.25)

(2.26)
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4. For vy(a) > ==L — 1 and p > 5n + 3,

-1 2n 3n 4n
H (awp ) ) =1-(ap)"H(n) — (apT)H(Qn) — %H(Bn) — (apT)H(éln)
wnz1 N P (2.27)
(mod p2nvp(oz)+2n+2en).
In particular; when n > 2, and v, (a) > <= — 1 the last congruence can be further reduced to
awp — 1 n (ap)2n 2nvy, (a)+2n+2e
H b1 =1—(ap)"H(n) — 5 H(2n) (mod p="**r ). (2.28)

wnr=1

Proof. We prove only (2.27). From Corollary 8 we have

—1 5
IT (™77") = S0 o en (o porerson),

p—1 k=0

wnr=1

In view of equations (2.2), (2.3), (2.4), (2.5), Theorem 15 and Corollary 5, we have modulo p2"v»(@)+2n+2¢n
where n > 1, vp(a) > = — 1, and p > 5n + 3,

2n

awp — 1\ _ n (ap) (ap)
11 ( ):1—(ap) H(n) — = —H(2n) -

et 1 3

3n 4n

H(3n) — (“Z) H(4n).

Moreover, when n > 2, as one may observe that 4nv,(«) + 4n + 1 > 2nv,(a) + 2n + 2¢,, and 3nv,(a) +
3n + €, > 2nv,(a) + 2n + 2¢,, therefore, the terms %H (3n) and (‘”JT)MH (4n) can be omitted from
(2.27). O

2.3.2 Congruences with 1-th root of unity
2.3.2.1 Extended congruences for H (1)

Proposition 9. ([18] Theorem 3.1 page 9) The following p-adic series equality holds true

H(m) = (~1)"

1>0

m+1—1
l

)sz(m +1). (2.29)

In particular;

H(1):—%Zplﬂ(z+1) and H(2) =S 1+ ) H(I+2).

1>1 1>0
Proof. We have
p—1 p—1 p—1
1 1 1
k=1 k k=1 (p— k) k=1 km(1 = %)
m = m+1—-1\ p
=(=1) l L
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Proposition 10. 1. For p > 5, we have

H(1) = _g (2) (mod p?). (2.30)
2. For p > 11, we have
H(l)=— gﬂ(z) (mod p?), (2.31)
2 3
H(l)=— %’H(z) - %H(S) - %H(zl) (mod p%). (2.32)
Proof. We prove (2.31) and (2.32) only.
From Theorem 22 we obtain
p—1 p? =
(p_1>:1:1—pH(1)+2(H( )+ H({1}*)p

k= 3

Reducing modulo p* and using Theorems 15 or 5 for primes p > 11 gives
2
pH(1) = —%H(2) (mod p°).
Dividing by p congruence (2.31) yields immediately. One can also notice that we could have used the
previous proposition to show Eq(2.31).
For the second one, we have modulo p”
3

P 3HMWHE?) + 2H(3))

pH(1) = 30

P (HO) - H) -
+ %(3]{(2)2 —6H(4)) (mod p").
Dividing by p and rearranging we find
H(1) = —gH(Q) - %H@) P g
+ S(H(1)? + pH()H(2) + %QH(2)2) (mod p%).

The nonlinear terms can be eliminated by means of the first congruence in next lemma. O

Lemma 5. For p > 11, we have

2

H(1)? + pH(1)H(2) + %H(?)Q =0 (mod p®), (2.33)
H(1)3 + 3—pH(1)2H(2) + 3—p2H(1)H(2)2 + iH(2)3 =0 (mod p'? 2.3
5 1 3 = mod p*©), (2.34)
2 2p° P’ P o, P
H(1)* + pH()H(2) + - H()H3) + 5 H()H(4) + “-H(2)* + T H(2)H(3) .35
+§H(2)H(4)+%4H(3)2+§H(3)H( 4) + ZH( 4)>=0 (mod p'?).

Proof. From the previous Proposition we have

H(1) + §H(2) =0 (mod p%),

hence, squaring and cubing this congruence we obtain (2.33) and (2.34). For the last one we may use a

similar argument and square (2.32). O
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Theorem 23. For p > 13, we have

H(l) = — gH(Z) - %21{(3) - %3}1(4) - % (5) — % (6) (mod p®), (2.36)
8 -1
H)=-Y pkk H(k) (mod p°). (2.37)
k=2

Proof. Congruences are proved in quite similar argument, however the expressions involved in the proof
are somewhat cumbersome. We prove only the second one.
Using Maple (we prefer not to give the very long full expressions of H({1}7) ,H({1}®), H({1}?),
H({1}19)) and reducing modulo p'° we obtain
3

pHﬂﬁz%UHDQfH@»f%ﬂHﬂP—ﬁHﬂﬂﬂ%+2H6D
4

%( GH(1)2H (2) + 8H(3)H(1) + 3H(2)? — 6H(4))
%5'(1511( 1)H(2)? — 30H(4)H(1) — 20H (3)H(2) + 24H(5))
p° p’ p®

+ g (F15H(2)° + 90H (4) H(2) — 120H(6)) — - H(T) — "= H(8).

Dividing by p and rearranging terms so we can simplify by Lemma 5 we find

T
=
I
|
]~
S|
I
=
=

>
U
N

2

(H(1)> + pH()H(2) + %pQH(l)H(S) + p;H(l)H(él) + L H)?

_|_
+ i

|,

4 4 5 6
H(2)H(3) + %H(2)H(4) + %H(B)Q + %H(3)H(4) + %H(AL)Q)

P+ 2rarae) + Lamne?+ Lae)).

S|
M)

®

Hence, the non-linear terms are eliminated modulo p°. O
Remark 3. The interested reader may type the following simple code in maple

X :=seq((—1)"" factorial(i — 1) * H(i),i = 1..10) :

Y :zseq(m x CompleteBellB(i, X),i = 1..10)

The following Theorem had been discussed by several authors (for instance [26], [34], [41]), here

we refine some of these results as well as giving a new type of congruences.
Theorem 24. For v,(a) > 0, we have the following congruences

1. For p > 7, we have

-1
(‘;p . ) =1 (mod p"(®)+3), (2.38)

-1
(ap 1 ) =1 —apH(1) (mod p?Ur(®)+3) (2.39)
p—
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2. For p > 11, we have

(Zp_ f) =1+ afa— DpH(1) (mod p»(@)+9), (2.40)
(O;p__ 11) =1- %a(a —1)p*H(2) (mod p*»(*?). (2.41)

3. For non-gero o and p > 11, we have

(7)) =1 v - (00" py 9y 0P gy ) gy

(2.42)
a'p® 1 p 2 3 7
+——(=H(1)+ S H(2))* (mod p*»(®*7).
2 '« 2
Proof. The proof of the first two congruences is omitted.
For the first congruence in part two of the Theorem, we have form Corollary 8 that
ap—1
(7)) =1 () + P~ (@pPH) + o) HI1Y) - (mod p7)59),
Hence, canceling terms modulo p?’»(®)+5 using Theorem 5, we have
— 2
(Oép 11) —a H( ) (ag) H(2) (mod p21)p(()¢)+5).
Now, multiplying both sides of the congruence (2.31) by o?p gives
2,2
o*pH(1) = P H(2) (mod p?Ur(®)+),
Therefore, the first two congruences follows immediately.
For the last congruence, we have form Corollary 8 that
6
ap—1 X ,
(7)) = vt e mod e+
p k=0
Canceling modulo p3¥»(®)+7 we get
1 2 3
(0;”_ : ) =1-apH(1) + (0‘5) (H(1)> ~ H(2)) - (O‘?ﬁ) (~H(2)H(1) + 2H(3))
4
+ (O‘f,) (3H(2)? —6H(4)) (mod p3vr(®)+T),
For o # 0, we can rearrange as follows
ap—1\_ 7 R C7) Lo T
< b1 > =1—apH (1)~~~ H(2) — 5~ H(3) — —~H(4)
Lo (S H)? + 2r)H?) + EH(2)2) (mod p3ur(®)F7)
2 ta? « 4 ’
and the last congruence yields immediately. This concludes the proof. O

2.3.3 Congruences with second roots of unity
Proposition 11. Let K be a field of characteristic O and p an odd prime. Then for all x € K

(Z - i) (x +tp- 1) pzl 1) H ({2} (2.43)

k=0
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Proof. This is immediate by Theorem 22, and by noticing that
—z—1\ [(xz+p-—-1
p=1) \ p-1)

In particular, when setting = := ap we find

—1

ap—1\ ((a+1)p—1 _p Nk k 2%k

(7)) = e e
k=0

By Theorem 15 and the above proposition, we deduce the following results.

Proposition 12. We have the following congruences

1. For vy(a) > —1 and p > 5,
(ap - 1) <(a +1)p— 1) =1 (mod p?»(@)+3),
p—1 p—1
2. Forvy(a) > —2andp >171,
(TTO(E T =1 ) mod pre),
3. For vy(a) > —% and p > 11,

(0‘1’ - 1) ((0‘ +p— 1) 1 (p2H@) + P (27 2m (1) (mod o),

(P () 21 e + ey - oy - 2

(mod p
Proposition 13. 1. For p > 7, we have

(?_‘f) —1 - pPH() (mod p),

2p— 1\ _ '
(p— ) ) =1-p*H(2) - 5H(4) (mod p°).

2. For p > 11, we have

2p—1Y _ P
(7)) =1 rme @R - @) mod o)),

<2p - 1> =1 2H() + 2 (H(2)? - H#) -2 H(©) (mod 7).

p—1

6vp(oz)+8).

(2.44)

(2.45)

(2.46)

(2.47)

(2.48)

(2.49)

(2.50)

(2.51)

(2.52)
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2.3.4 Congruences with third roots of unity

Proposition 14. Let K be any extension of Q that contains the third roots of unity, and p an odd prime,
then for all x € K, we have
-1

(2 _ i) (wf_}l) (w;x__11> = Zi:(—l)kH({?)}’“)xB"} (2.53)

k=0

where wy = *“5“/5, Wy = *1*2“5, and i = /—1.
When substituting x by p, —p, 2p, respectively we obtain the following.

Corollary 10. Each of the following formulas holds true

(w;p—11> (w;p—11> _ g(—l)’“H(B}’“)p?”“a (2.54)
GO - léﬂ({s}’“)p“, (259)
B () - ase

With the help of (2.54) and Theorem 15 we obtain the following.

Corollary 11. 1. For p > 11, we have

wip — 1\ fwep —1 _1_ .3 7

<p—1)<p—1)1 p°H(3) (mod p"). (2.57)
2. For p > 13, we have

wip =1\ (@ =1\ 4 s P i) (mod pt). (2.58)

p—1 p—1 2

3. For p > 17, we have

= Dy feap = 1) sy o+ f(H(?;)Q — H(6)) — ﬁH(Q) (mod p'2).  (2.59)

p—1 p—1 2 3

_1ny—1
a:fll)

2.3.5 Congruences for [] ._; (

awp—1

) )71 one

We conclude this section by remarking that in order to get congruences for [T ._; (
may just replace H({n}*) by H*({n}*) or the minus signs by plus ones whenever necessary as in these

illustrative examples.
Corollary 12. We have the following congruences

1. Forvy(a) > = —landp >n+3

1

———— =1 (mod p"’””(a””“") (2.60)
awp—1 )
Hwn:1( pfl )
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2. Forvp(a) > + —landp>2n+3

1
n

1

ez = L+ (ap)"H(n)  (mod p*vr(®+2ntl), (2.61)
Hw”:l( p—1 )
3. Forvy(a)> L —1andp>4n+3
2n
=1 () H ) + B H(2n) (mod @ittty (2.62)
Hw”:l( p—1 ) 2
4. For vy(a) > =1 —landp > 5n+3
1 2n 3n 4n
- _=14(ap)"H(n)+ 2™ trion) + P gy + OO g
o (7)) 2 3 1
wi=1 { po1 (2.63)
(mod p2nvp(a)+2n+2en).
In particular, when n > 2, and v,(«) > = — 1 the last congruence can be further reduced to
2n
L =1 () H ) + 2 H(20) (mod e anien). (2.64)
Hw"ZI( p—1 ) 2
Proof. Similar to the proof of Corollary 9. O

Corollary 13. Let {1,w,...,w,} be the set of n-th roots of unity, then each of the following formulas holds

true
() (w;g—lll) SN = kZZOH *({n}*)p"", (2.65)
) e 260
1 => 2" H*({n}*)p"*. (2.67)

2p—1\ (2wip—1 2wy p—1
(;?71)( pfl )( pfl ) E>0
Corollary 14. The following congruences hold true.

1. For p > 11, we have

1

RGN 1+ (ap)?H(2) + =~ H(4) (mod p»()+). (2.68)
p— p—
2. For p > 13, we have
1 _ 2 (ap)* 2 (ap)® 6vp (a)+8
ey = 1 On HE S (HEP2H W)+ S HO) - (mod 3774, 269
p—1 p—1
3. For p > 11, we have
1 — 3 pG 9
Er ey =1+p°H(3)+ 5 H(6) (modp), (2.70)
p—1 p—1
L = 3 P 2 P’ 12
RG] =1+p H(3) + 5 (H(3) + H(6) + 5 H(9) (mod p'?) (2.71)
p—1 p—1
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4. For p > 11, we have

1 = ! P 10
(217_—11) (Zp_—ll) ((H_l_)]i_l) =1 +p H(4) + ?H(8) (mOd D )7
. 4 P® 9 pi2
=1+p*H(4)+ ?(H(4) + H(B)) + ?H(12)

(2p—1) (ip—l) ((i+1)p—1)

p—1 p—1 p—1

Corollary 15. 1. For p > 7, we have

1
=1+ p*H(2) (mod p"),

(mod p'?).

)
oy 2H(2) + 714H(4) (mod p%)
(2;:11) = p D) P )
2. For p > 11, we have
1 _ 2 p4 2 7
] =1+ pPH(2) + 5 (H(2)? + H(4))  (mod pT),
" 4 6
—14 p?H(2) + %(H(2)2 +H(4)) + %H(G) (mod p®).

(2.72)

(2.73)

2.74)

(2.75)

(2.76)

(2.77)



Chapter 3

Congruences with multiple harmonic

SUms

Investigating arithmetical properties of well-known numbers and functions (Bernoulli numbers and poly-
nomials, Binomial coefficients, Stirling numbers, etc.), as well as, infinite summations (for instance
S Z—E = % and their finite counterpart), has been and is still a rich subject in mathematics. Numer-
ous mathematicians utilized various combinatorial and algebraic methods to prove a variety of interesting
congruences. One could consult [28] for the subject of congruences, especially, ones including binomial

coefficients and harmonic numbers.

3.1 Multiple harmonic sums and quasi-shuffle product

In this section we introduce the concepts of shuffle product and quasi-shuffle product,

The shuffle product may be defined inductively as follows: given two words s = (s1,...,s;) = (s1,8')
and t = (t1,...,tx) = (t1,t’'), we define a new multiplication that obeys to these two rules
sx=0xs=s, (s1,8)*(t1,t')=s1(8"*t)+t1(s*t'). (3.1)

It is worth mentioning that the sum in the above definition is formal, it is just the concatenation of words.

Given two ordered sets (r1,...,7¢) and (r¢41,...,7,) we can define the shuffle product explicitly as

Shfl((r1, .o re)s (g mn)) = | (Foq)s -+ To(m)
ceP

where P is the subset of permutations such that both (r4, ..., ) and (r¢41,...,r,) appear in their original

order, more precisely

o ') <--<oM(t) and oMt +1)<---< o (n),
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for example, we have

Shfl(ri,m2) ={(r1,72), (r2,71)},
Shﬂ(rh (T27T3)) = {(7”1,7"2,’/"3), (r2arla T3), (TQ, T3,7”1)} )
Shﬂ((’f‘l,TQ), (T37T4>) :{(Tl,’l“27’l"3,’l"4), (7"1,7"3, 7"2,7‘4), (T17T37T47r2)7

(T37 r1,T2, 714): (T3, T4,7T1, T2)7 (T37 T1,T4, 712)}~
To see some sort of equivalence between the two definitions one may observe for instance

Ty % T9 =T1T9 + T2T1,
71 % ToT3 = r172Tg + T2T173 + 1237y,

179 % 1374 = 1721374 + 11372y + 11737472 4+ 13717274 + 73747172 + T3717472.

The quasi-shuffle product (or stuffle product) on the other hand is defined recursively by the following
rules

s@l=0®s=s, (s1,8)@(t1,t')=s1(s"@t)+t1(s®t)+ (51 +t1)(s" ®).

The quasi-shuffle product is called sometimes the harmonic shuffle product (see [48]) due to the follow-
ing interesting relation

H(s;n)H(t;n) = Z H(r;n).
res®t

Proposition 15. The quasi-shuffle product of a (a word of length 1) and s = (s1,...,s;) is given by the

following rule
1

a®Ss=ax*s+ E (S1y.vy8im1,8i + Gy Sig1y---,81)

i=1
Therefore, we have
H(m;n)H(s1,...,s55n) = > H(s;n)
s€Shfl(m,(s1,...,81))
1 (3.2)
+ZH(817" -5 Si—1, 55 +m,8i+17...,81;n)
i=1
In particular;
H(a)H(b) = H(b,a) + H(a,b) + H(a + ), 3.3)

H(a)H(b,¢) = H(a,b,c) + H(b,a,c) + H(b,c,a) + H(a+ b,¢) + H(b,a + ¢). 3.4
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Proof. We prove by induction on the length /. Suppose that the relation is true for words of length [ — 1,

then using (3.1), we obtain

a®s=(a,8)+s1(a® (s2,...,5))+ (a+ s1,82,...,81)
I

=(a,s) + 51 <G*S,+Z(52,---7Si—1,31+a,51+1,-~-751)> + (a+s1,82,...,51)
i=2
1

=(a,s) + s1(axs’) +Z(51""’Si_1’54’ + @y, Siq1y---,81)
i=1

=a* 8+ g (S1,.-+y8im1,8i + Ay Sig1,.--,81)

3.2 A refinement of Kazandzidis congruence

Theorem 25. [46] Let n and r be non-negative integers and p > 7 be a prime. Then

(75) 3 (mod p°).

=1+ wynr(n—r)p

Moreover,

=1 (mod p?)

for all n,r if and only if p divides the numerator of B,_3, and w, is the unique non-negative integer strictly

less than p* such that w, = h; L (mod p?).

Proof. See [46] for the original proof. Here we give a more detailed one. We have that

() =T

therefore with the help of elementary symmetric polynomials we have

n " (1= pH(1) + 22 H({1}?
(2) _ Tlonrn (1= pH() + % a}>)(mmp% s

O L (- eE) + PE{LY)

Now, using the stuffle product of Eq (3.3) one can see

a1y = p ) = 8 gy (mod p).

Substituting in (3.5), then using properties of symmetric polynomials for elements (—52 + j)n—r+1<j<n,

we find

n

I = +ipHQ) —1+Z )eerp"H(1)¥,

j=n—r+1

also since |[pH (1)| < 1, we have

1
T hkp
[, A= (=2+0)pH(1 /c§>:0
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Therefore,
(rf)z 1+ Y (i*—j)pH() <1— (12—l)pH(1)> (mod p°)
(T) j=n—r+1 =1
= 1-3 @ pHM+ > (P pH() (mod )
=1 j=n—r+1

=1+ wynr(n—r)p® (mod p°).

3.3 Some congruences with multiple harmonic sums

(s1) 7r(s3) (s1) pr(s3) py(sa)
H: Hj p—1 Hj Hj HJ

In this section, we determine the sums Z?;} — 51— and )’ modulo p and mod-

j=1 iR
ulo p? in certain cases. This is done by using multiple harmonic sums of length three and four, as well as,
many other results. In addition, We recover three congruences conjectured by Z.-W Sun and solved later
in [40] and [27].

Z. W. Sun, in many of his papers, has conjectured a large collection of congruences and identities
concerning sums with generalized harmonic numbers and binomial coefficients. For example in [39], he

proposed the following problems (namely, Conjecture 1.1 and Conjecture 1.2).

Conjecture 2. 1. For primes p > 5, we have

p—1
H: 7
j—; = 5 PBp-s  (mod p?), (3.6)
j=1
p—1 172
H; 4
sz = ngp_5 (mod pZ). 3.7)
j=1

—L——=0 (mod p). (3.8)
— ]
J
3. And for p > 6n + 1, we have
p—1 (H(S))Z 3s
i) +1\ | s| Bpss—1 2
.Z j* _Ksl 3Py (medpd). (39

j=1
Later, in [40] he proved (3.6), and Conjecture 1.2 (Eq (3.8) and (3.9)). MeStrovi¢ [27], on the other
hand, established the second part of Conjecture 1.1 (Eq (3.7)) using congruences of (MHS) of length
three that can be found in [47].
In this section, we may unify the proof of (3.7), (3.8), (3.9), as well as, proving many other congru-
ences of similar kind.

Now, we give some results which will be using later.
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Theorem 26. [47] Let s and | be two positive integers. Let p be an odd prime such thatp > 1+ 2and p — 1
divides non of Isand ks + 1 for k=1,...,l. Then
0  (mod p?) for Is—1even,

H({s}) =
0 (mod p) for ls—1odd.

In particular, when p > Is + 3, the above is always true.

Theorem 27. [47] Let s and k be two non-negative integers. Suppose also that p > sk + 3, then

1ka ek mod p3) for ks odd,
(= { ) e B (mod i)

(=D by Bp—si—1 (mod p?) for ks even,

where (B, )nen is the sequence of Bernoulli numbers.

Theorem 28. [47] Let s1,s2 be two positive integers and p > 3. Let sy = m,s3 = n (mod p — 1) where
0<m,n<p-—2 Ifmn>1then

7 % (":ﬁt”) By —n (mod p) for p>m+n,
H(Sl, 82) =

0 (mod p) for p<m+n.

Furthermore, when s; + so is even and p > s1 + o + 1

1 1
H(s1,55) = p ((—1>3182 ( e ) (1t ( e ) S )

Bp—Sl—SQ—l

X ———= od p?).
2(81 +82+1) (Hl p )

Theorem 29. [47],[15] Suppose that w := s1 + so + s3 is odd, then for primes p > w we have

Ao = (07 (1) = o (1) P o)

In particular, when s; = s3, and s is odd, we have

H(s1,82,81) =0 (mod p).

3.3.1 Congruences using MHS of length three and two

We start by establishing the following theorem which is motivated by a paper of Mestrovi¢ [27].

Theorem 30. For all positive integers s, 2, S3, we have the following
) prlss)

Z % = —H(Sl, S92, 83) —+ H(Sg, S1 —+ 82) —+ H(Sl =+ S92 —+ 83) —+ H(Sg)H(Sl, 82). (310)

—H(Sl, 83782) + H(S,j, 81782) + H(Sg, S1 + 82)
j=1 (3.11)

+H(81 —|—83,Sg) +H(51,82+83) —|—H(81 =+ S9 —‘rSg).
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Proof. For j =1,...,p— 1, we have

1 1

(j+1)% (p—1)% ! (e3)

We obtain the following

1 1
H(51a52753) = Z Z.sljsgkég Zjéz Zél k‘53

1<i<j<k<p—1 Jj=2 i=1 k=j+1
le— e (e e )
Y TN VERA FE Ve TR
p—
1 1 (s3)
— il S VA = S C DT < ¢
= 382 Fon ot o HT )
p—1 p—1
Lo L gsa) L (sy)
ZJ Hi™ - jTJHj VA Hss) )
Jj=1 j=1
p—1 rp(s1) gy(s3)  p—1 p—1
H:""H; 1 1
_ J J (s3) | + L rp(s1)
- Z jsz Z S1+82 HJ + j83 ) + H(S?’) Z j52 ijl
j=1 = j=1

- _ Z% + H(ss, 81+ 82) + H(s1 + s2 + s3) + H(s3)H(s1, s2).
Therefore
LI — _H(sy,s9,83) + H(s3,51 + s2) + H(s1 + 59 + s3) + H(s3)H (51, 59).
Eq (3.11) follows immediately by the shuffle product relation
H(s3)H(s1,82) = H(ss, s1,82) + H(s1,83,82) + H(s1, S2,83) + H(s3 + s1,82) + H(s1, 83 + $2).

O

Remark 4. One can easily observe that the previous proof does not depend on p— 1, so for all positive integers

n, we have
n H(Sl)H(Sd)
Z ng] = —H(s1,82,53;n) + H(s3,51 + s2;n) + H(s1 + 52+ s3;n) + H(sz;n)H (s, s2;7).
j=1
and
n (Sl)H(Ss)
Z =H (s1,83,82;n) + H(s3, 51, 52;n) + H(s3,81 + s2:n)
j=1

+ H(sy + s3,82;n) + H(s1, 82 + s3;mn) + H,(fl“ﬁsi")‘

3.3.2 Congruences mod p
1 H(n) (éz)
e depends on determining MHS of

length three and two, Using Theorems 29 and 28 we obtain the following result.

From Theorem 30 one can see that determining > "~
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Theorem 31. Suppose that w is odd, then

p—1 H(SI)H(SS) B |:(1)51+1 <w) N (71)83 +2(71)81+S2 <w
2w

)} B,_,, (mod p). (3.12)

2w S1 S3

Jj=1

Proof. From the first part of Theorem 30, and in light of Theorems 29 and 28, we have modulo p

p—1 H(Sl) H(Ss) s
lg S1T82
(( 1)31 <w> ( 1)53 (w> p—w) ( 1) (w) Bp w
S1 S3 2w w S3

O
Corollary 16. Let s > 1 and r is odd, then for p > 2s + r, we have
p—1 H(S) 9 B
Z iy 1)S+T< ot ’") Zp=27 (od p). (3.13)
. g7 s 25 +7r

Jj=1

For all s > 1 and any prime p > 3 such that p — 1 does not divide 3s, in particular when p > 3s + 3, we have

p—1 H(S) 35\ B
Jé ( S)g—?’ (mod p). (3.14)
= s s
Moreover, when s is even, then
p—1 2
= (mod p). (3.15)
=1

Proof. For the first part, we apply Theorems 26 and 29.
For the second part, we apply Theorems 26 and 28; hence the last part yields immediately since
Bernoulli numbers vanishes for odd values. This would solve the first part of Sun conjecture see ([39]

Conjecture 1.2) and ([40] Theorem 1.2). O

3.3.3 Some special cases

In this section, we shall prove some congruences modulo p that are not covered by Theorem 31.

Lemma 6. ([14] Theorem 7.2, [47] page 94 and Proposition 3.8)
For p > 11, we have

1 1 1
gH(23.1)=—5HB.21)=-H@,1,2)= S H(141) = H4,1,1) = — B 5 (modp). (3.16)

For p > 7, we have
3
H(1,2,2) = —5Bp-s (mod p). (3.17)

For p > 17, we have
H(5,3,4) = H(4,3,5) =0 (mod p). (3.18)
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Theorem 32. For p > 11, we have

p—1 r7(2) - (3) =1 77(3) 77(2) p—1 p—1 ry(4)
g H; H, LHO (H,)? 7Y H
SIS S e a1 i
j=1 j=1 j=1 j=1 j=1
=B, 3 (mod p)
L EP
> == 5B (modp)

For p > 17, we have

Proof. We shall prove only the last one, since the others are proved in a similar manner.

From Theorems 30, 28 and the previous Lemma we find

Y Y 165
ingj = —H(5,3,4)+ H(4,8) =0+ —=Bp-12=0 (mod p).

<.
Il
—

3.3.4 Congruences mod p?

(3.19)

(3.20)

(3.21)

In this section, we prove some congruences modulo p? in certain cases only, since determining (MHS)

of length three seems to be a much more involved problem.

Lemma 7. ([47] Proposition 3.7)

For p > 7, we have

10
H(2,1,1) =

10
gH(L 2,1) = ﬁH(l’ 1,2) =pB,_5 (mod p?),

5
3

H(1,3,1) =0 (mod p2),

H(4,1) = -B,_5 (mod p?).
Corollary 17. For p > 7, we have
p—1 772
H: 4
2J =H4)= 3po,5 (mod p?),
i=1 7
p—1 7r(2)
H"H; 7
15— Lpp, 5 (mod p?),
; J 10
j=1
12
Z —; =B, 5 (mod p?).

Proof. From Theorem 28 and the previous lemma we obtain

9
=—pB, 5= H(1,3) (mod p?).

(3.22)

(3.23)

(3.24)

(3.25)

(3.26)

(3.27)
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Substituting in (3.10) and using Theorem 27 we find
pBp—5 (mod p2).

This establishes the second part of Sun conjecture see ([39] Conjecture 1.1) proved by MeStrovi¢ see
[27].

From Theorems 28, 27, and the previous lemma we get

7
L pBys (mod p?).

p’lHZ)H 3 9 4
—pB,_ —pB,_ s = —
Pp5+5pp5 10

577PT5 10

Jj=1

From Equation (3.10) and the previous lemma we obtain

Z 7; = H(1,4) (mod p?).

Since

H(4,1) = —Bp_5 (mod p2),

we have from Theorem 3.2 in [47]

5
H(4,1)+ H(1,4) = —B, 5+ H(1,4) = —5PBrs =0 (mod p?).

O
Corollary 18. Suppose s is even, then for p > 3s + 1, we have
p—1 H(S) 3s
+1 s| Bp_3s—
;5 K s 1 > + 2} pﬁ (mod p?). (3.28)

=1

Proof. Using the identity

n _n—kn
E+1) k+1\k)’

and from the first part of Theorem 3.10, we find modulo p?

p—1 H(S)
Z Js = —H(s,s,s)+ H(s,2s) + H(3s)
= Y
i 2s(* 1) —s(°50") —3s Bp_35-1
= |- s s 3 p—os
st s\ P 3s+1
r 3s+1 s (3s+1
_ 2+( s ) m( 95 ) 3 Bp73571
2 3s+1
— -1+ (38:1) %Bpfgwfl
s+1 | 2 3s+1
- [ 3s+1 S Bp,3571
- _(51>+2]p 3s+1

Congruences (3.14) and (3.28) establishes Conjecture 1.2 (see [39] and [40] Theorem 1.2) with a slightly
different approach. O
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3.3.5 Some special congruences using MHS of length four

In this section, we prove some congruences using some results on (MHS) of length four.

Theorem 33. The following equality holds true

p—1 H("'l)H(gd)H(%) p—1 H(Sl)H(%)
—ZT H(ss) Y —I——1— + H(s1,53,52,51) + H(s3, 51,52, 51)
=1 =1

+ H(s3,81 + S2,84) + H(s1 + $3,52,54) + H(s1,82 + 53,54) + H(s1 + s2 + s3,54). (3.29)

Proof. From Remark 4 and Eq (3.11) we find

p—1 1 -1 H(SI)H(53) p—1 1
s i [ Cst50,50i0 = 1)+ Hsa,s1,00:0 = 1)
=1 j=1 -1

+ H(s3,s1+ s2;0 — 1)+ H(s1 + s3,502;1 — 1)

+H(81,82+83;l—1)+H(81+82+83;l—1)

=H(s1, 53, 52,54) + H(s3, 51, 52, 54) + H(s3, 51 + 52, 54)

+ H(sy + 83,82,84) + H(s1,82 + 83,84) + H(s1 + 82 + 83, 84)

p—l H(Sl)H(Ss)
54))T =H(s1,53,52,54) + H(s3,51,52,54) + H(s3,51 + 52,54)
j:l
+ H(s1 + s3,82,54) + H(s1, 82 + $3,54) + H(s1 + s2 + s3, 84).
Hence, (3.29) yields immediately. O

Corollary 19. For p > 7 we have
pB,_s (mod p?). (3.30)

Proof. From the previous theorem, we have modulo p?

p—1 773
=3 =L =2H({1}") +2H(1,2,1) + H(2,1,1) + H(3,1)
: J
Jj=1
p—1
; 2 9 3 1 3
— L =_ZypB, 5~ — ZpB,_ —pB,_ —pB,_s = ——pB,_s.
;] 5pp5 5pp5+5pp5+10pp5 2pp5
Note that another proof can be found in [27]. O

Lemma 8. [15] Let a, b be non-negative integers and a prime p > 2a + 2b + 3. Then

(=1)2**(a —b) <2a +20+2

H 320 = 5 2as

)Bp—2a—2b—3 (mOd p)a (331)

And for primes such that p > 2a + 2b + 1, we have

4(—~1)2+b(q — b)(1 — 47?) <2a +2b

H({2}* . 1,{2}") 2a+ )b+ 1) 2a

>Bp—2a—2b—1 (mod p) (332)
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Corollary 20. For p > 11 we have

-3 2 =5 ;3 = B,_9 (mod p), (3.33)
j=1 j=1
8 p—1 (H(?))QH 1 p—1 (H(Q))S
-9 I = 3 I~ =B, 7 (modp). (3.34)
= =

Proof. For the first congruence, we apply the previous lemma, Theorems 33, 28 and 29 and obtain

p—1 H(Q))QH(3) 5
_ZH({Z} ) 3) - 2H(2a 4a 3) - H(4v 27 3) - H(6v 3)
Jj=1
40 35
=[+12- T 3 0] By—g = —13B,_,
also
p—1 H(z) )
Z ;3 = —2H({2}?,3,2) — 2H(2,5,2) — H(5,2,2) — H(7,2)
j=1
56 _ 83
= ——0+9-0|B,- —bB,_9.
[+5 —0+9-0] 5 Boo
The second part of the corollary is proved in a quite similar manner. O

3.4 Some summations modulo powers of p

Theorem 34. Let K be any extension of Q that contains the n-th roots of unity, then for all x € K and

m > 1 we have

o I (41 = i(—l)’fH({n}k;mm'm,

wnr=1 k=0

—1"”‘7 H*({n}*;m
TR

m k>0

Proof. Similar to the proof of Theorem 22. O

Theorem 35. Let K be any extension of Q that contains the n-th roots of unity, then for all v,(ca) > 0,

m > 1 and (ay)k>1 is any sequence in that extension, then we have modulo (mod plor(@)+4)

i(—l)k"ak H <wa];€— 1) Zak — (ap) ”ZakH (ap)Q"iakH({n}z;k:)

k=1 wr=1 k=1 (3.35)
p—1
—(ap)® ZakH({n}s; k),
k=1

p—1 =
Z:H((“‘”’1 Zak + (ap) ZakH( ") Oép)znza’cH*<{”}2;k)
k=1 llwn=1 p’izll (3.36)

+ap)®™ Y axH* ({n}* k).
k=1



58

Lemma 9. [16], [22], [37] We have the following formulas

n Hlip) n ngq)

- = HP HW@ 4 gto, (3.37)
k=1 k=1
In particular, we have
"\ Hy H2+HY
3 ?k _ i (3.38)
k=1
We also have
ST H =+ 1)HD - B, (3.39)
k=1
ZH,? = (n+1)H2 — (2n+ 1)H, + 2n, (3.40)
1 2 _n-1 -3
Zka_ "+ Sz _n z H+% (3.41)
o2n+1
ZH H? = (n+ ) H,H? — ”; HP 4+ H, - QHg, (3.42)
1 1+n—n? 2n+ 3 3
kaH,f) #Han) + %H}f) 1 + L+ H2 + 5, (3.43)
k=1
- 3 1
H}=(n+1)H? — S@n+ DH? +3(2n + 1)H, + §H§3> — 6n. (3.44)
k=1
Corollary 21. We have the following congruences
(D :
- = (P —D(1+ap+ (ap)* — (ap)®) (mod pr(Fh), (3.45)
k=1 ( k )
L (—1)RkH, 2 — 4 2 2
p 3(ap 3(ap
> oyt =0 DT +en )+ 09+ PR o ). @46

Proof. When n =1 and a; = 1 for all k¥ > 1, using the second congruence in the previous theorem we
find modulo (mod prr(e)+)

1

bS]

(ap11 Zl—FapZHk—l- ap) ZH* ({1}% k) + (ap) ZH* ({1}%:k)

k=1 = k=1

Using (3.39), (3.40), (3.42), (3.44), we find

p—1 k 2 3
—1 ap ap
e ==+ - )+ P -1) + O (1)
k=1 (%)
Hence, the first congruence yields immediately.
The second one is done with exactly the same method so we may omit the proof. O
Corollary 22. For p > 5, we have
p—1
(T ap+k) = ((1—a®)p+ (ap)*)H(1) (mod p*’»(*) ), (3.47)
k=1 \ k k
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Proof By previous theorem and identities (3.39),(3.42), we have modulo p*v»(®)+4

1

S

22(p—1) +1

(),

ap 1 ap+k) - pH(l) - (p - 1) + (Oép)
=1 k

>

and since forp > 5

H(1) = {H(2) (mod p*),

then, multiplying both sides by o*p we have modulo p?Vr(®)+4

-1

S

ocp 1 ap+k) = ((1 - 042)p+ (Oép)z)H(l)
k=1



Conclusion and Perspectives

* We generalized the p-adic mean value theorem and as an application we proved a weak version of

Kazandzidis congruence, we also established other results with same nature.

* We established two new formulas that relate to roots of unity, this allows us to find many congru-

ences and refine many old ones.
* We determined some summations mod p and mod p?.
We suggest the following issues to be investigated.
1. Find more applications of the p-adic HMVT.
2. In chapter 2 we announced the following conjecture

Conjecture 3. Let m be a positive integer, then for a large enough prime we have

Hy=-Y " " H(k) (mod p*™+2).
k=2

Can we find a simpler way to establish this conjecture ?

3. In the thesis "The Arithmetic of Multiple Harmonic Sums" by ’J. Rosen’, the author investigated
extended and optimized congruences for many sort of well-known numbers and functions, such
as (’;p__ll) and the p-adic L function. In Chapter 2 section 2.3 we explained his approach with the
binomial coefficients.

Can we find algebraic integers (or simply integers) /31, ..., 3, such that
awp — 1 - ; j mn
[T (“7") = S owtny) (moa )
wnr=1 j=0

and polynomials 3; ., »(t) satisfying 3; m n(a) = 5; ?

4. What about [] ._, (a‘z‘)’f Il)_l ? Can we find algebraic integers (or integers) 71, ..., 7, such that

1

m = ZWJPJH*({TL}]) (mod p2mn+3).
wn= p— j=0

awp—1

1 ), where m is a positive integer.

5. Find extended and optimized congruences for [T ._; (
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6. In [4] the author investigated binomial transforms, and gave many applications. Can we generalize
his work by studying the more general transform replacing binomial coefficient by the product

[Ty (““271) or by its inverse.

awp—1

7. Study congruences that involve [T ._, (*“?7") or its inverse.

8. It would be a nice riddle if we try to find summations (called Euler summations) of the form

o }¥£§1)]¥$f3) oo }Yﬁfl)}affs)]gff4)
pDECILEAIES SIS

n=1 n=1

for given non-negative integers s1, s2, 3, S4, We have for instance
o0 o0
H2 1774 H, =
Y g =goand Y p=
n 360 n 72
n=1 n=1

In [44] the authors gave many explicit formulas.
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