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Abstract

This thesis focuses on the study of Diophantine equations involving generalized sequences.
The work begins with problems concerning Fermat and Mersenne numbers expressed as
products of two k-Fibonacci numbers. Subsequently, we address an analogous problem
involving k-Pell numbers.

In another direction, we investigate repdigits that can be written as products of Fibonacci
and Lucas numbers or as products of two k-Fibonacci numbers. Furthermore, we determine
all k-Pell numbers that can be expressed as almost repdigits.

The primary tools employed in this thesis include Baker’s theory of linear forms in loga-
rithms of algebraic numbers and the Baker-Davenport reduction method [7], specifically we
use the version developed by de Dujella and Pethé [26].



Notation

0 The Fibonacci sequence.
The Lucas sequence.
0 The Pell sequence.
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The k-generalized Pell sequence.

The set of natural numbers.

The set of integers.

The set of rational numbers.

The set of complex numbers.

Algebraic number field.

Algebraic number.

Absolute logarithmic height of an algebraic number 7.
Natural logarithm.

|- |l The distance from the nearest integer.

Nk () The norm of « in a number field K relative to Q.
Vo () Exponent of 2 in the factorization of x.
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Introduction

Different branches of mathematics have presented several problems that have been of interest
to mathematicians.

Number theory is one of these branches that is used to study positive integers and their
properties such as divisibility, prime factorization, or solvability of equations. Here, we focus
on solving some equations. It’s about " Diophantine equations".

The study of Diophantine equations dates back to Greek antiquity. They are introduced
by the greek mathematician Diophantus of Alexandria who devoted to this type of equations
a series of books in the history of Mathematics.

A Diophantine equation is a polynomial equation with integer coefficients whose solutions
are sought in integers. For example, the most famous Diophantine equation is the linear
equation of the form

ar + by = c, (1)

where a,b and ¢ are given integers, and x and y are variables.
We can also consider equations with a larger number of variables or with a higher degree.
For example, we take the equation
v? 4y = 22 (2)

If (x,y, 2) is a solution of (2), this triplet of integers is called a "Pythagorean triple", with
reference to Pythagoras.
When we increase the power of the variables in equation (2), we obtain the famous equation

known as Fermat’s conjecture. He claimed that equation (3) cannot be solved when n > 3.
Later, this equation was resolved by Andrew wiles.
Another type of Diophantine equations was studied as a Master’s thesis. It was on Dio-
phantine equations
az? — byt = ¢, c==+1,2.

The theory of continued fractions was used for solving these equations.
From the above equations, we ask about the method used to solve them and if it can be
applied to all type of Diophantine equations. This question was the 10-th problem of Hilbert

among his 23 problems that he posed them in 1900, he was asking for a general method for
solving all Diophantine equations as follows:

"Given a Diophantine equation with any number of unknown quantities and with rational
integral numerical coefficients: To devise a process according to which it can be determined
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by a finite number of operations whether the equation is solvable in integers”.

In 1970, Matiyasevich’s answered Hilbert and proved that such method does not exist.
His result is the following.

Theorem 0.1 (Y. Matiyasevich). There is no algorithm which, for a given arbitrary Dio-
phantine equation, would tell whether the equation has an integer solution or not.

However, this didn’t stop the study on Diophantine equations. Many mathematicians
have found techniques and approaches for solving certain families of Diophantine equations.

In this thesis, we consider some Diophantine equations involving linear recurrent sequences
such as Fibonacci, Lucas and Pell sequences. We will use the Baker’s theory, mainly based
on linear form in logarithms of algebraic numbers and a reduction algorithm originally in-
troduced by Baker and Davenport. The introduced concepts have an extremely useful and
interesting applications in the study of the Diophantine equations throughout our thesis.

Alan Baker and Linear forms in logarithms

We return again to the 23-th Hilbert’s problems. More precisely, to the 7-th problem
which motivated the development of the theory of linear forms in logarithms. This problem
asked to prove the transcendence of the number o for any algebraic number o # 0,1 and
any irrational algebraic number 5. This problem was proved independently by Gelfond
and Schneider in 1934. They proved that, if aq,as # 0 are algebraic numbers such that
log aq, log ap are linearly independent over Q, then

Bilogay + Bologag # 0

for all algebraic numbers [y, (.

Gelfond also noticed that a similar theorem would hold for an arbitrarily many logarithmic
of algebraic numbers. Indeed, in 1966 Alan Baker generalized that result by proving that if
a1, -, ap are algebraic numbers # 0, 1 such that log o, - - - ,log «, are linearly independent
over QQ, then

60+5110g051+"'6n10g04n7£0

for any algebraic numbers Sy, 81, - - , 5, that are not all zero.
This generalization was the beginning of a new and very interesting branch in number
theory known as Baker’s theory. This earned Baker the Fields medal in 1970.

Baker-Davenport reduction

The Baker- Davenport reduction was introduced by Baker and Davenport in the paper [7]
from 1969, in which they solved the problem which emerged in a discussion during a confer-
ence in Oberwolfach in March 1968. The problem is connected to the so-called Diophantine
m-tuples, i.e. the sets of positive integers such that the product of any two of its distinct
elements, increased by 1 is a perfect square.

At this conference, J. H. van Lint presented his results by attempting to extend Fermat’s
set, which is {1, 3, 8,120}, to a quintuple with the same property. More precisely, if d is a
positive integer such that {1,3,8,d} is a Diophantine quadruple, does d have to be equal
to 1207 The problem was raised by Martin Gardner in his Scientific American column in
March 1967.

By applying Baker’s theory of linear forms in logarithms and the introduced reduction




method, Baker and Davenport completely solved that problem. Their result was later gen-
eralized in several directions, which we will discuss in detail in the upcoming chapters.

In this thesis, we are interested in the solution of some Diophantine equations involving
sequences. It consists of six chapters, in addition to the introduction where we give a brief
overview to some Diophantine equations and the methods used to solve them.

Chapter 1 covers the prerequisites, offering essential definitions, fundamental concepts,
key results, and ideas used throughout this dissertation.

In chapter 2, we study Fermat and Mersenne numbers as products of two k-Fibonacci
numbers. More precisely, we solve the Diophantine equation stated in the following theorem.

Theorem 0.2 ([34]). The Diophantine equation
FRp®R) — 9041 (4)

has no solutions in positive integers n,m,k and a with 3 < m <n and k > 2.

Chapter 3 addresses the same problem as Chapter 5 by considering the k-Pell sequences.
In this chapter, we prove the following result.

Theorem 0.3 (|55]). The Diophantine equations
PR Pk — g0 41 (5)
have no solutions in positive integers a, k,n,m withn > m > 2 and k > 2.

In chapter 4, we investigate on the solutions of the Diophantine equation

10 — 1
F® L — %, (6)

where repdigits are represented as products of k-Fibonacci and k-Lucas numbers. We estab-
lish the following results of equation (6).

Theorem 0.4 ([57]). All the solutions of Diophantine equation (6) in positive integers
n,m,l k, anda withO<m<n, k>2,0>2, and1<a<9, are

(a.k,1,m,n) € {(4,3,2,1,8),(5,2,2,1,10), (8,2,2,5,6), (8,3,2,0,8)}.

Theorem 0.5 ([57]). All the solutions of Diophantine equation (6) in positive integers
n,m, bk, anda withl <n<m,k>20>2 andl1 <a<9, are

(a,k,1,m,n) € {(1,2,2,5,1),(1,2,2,5,2),(2,4,2,5,1), (2,4,2,5,2),
(2,2,2,5,3),(3,2,2,5,4), (4,4,2,5,3), (5,2,2,5,5), (8,4,2,5,4)}.

In chapter 5, we explore Diophantine equations involving repdigits and products of two
k-Fibonacci numbers. Our main result is given by the following theorem.

Theorem 0.6 (|56]). The only solution of the Diophantine equation

10¢— 1
F®F® _ % (1)

i positive integers n,m, Uk, and a with3 <m<n, k>3, =22, and1 <a <9, s

(a,k,l,m,n) = (8,3,2,3,8).




In chapter 6, we solve the Diophantine equation

100 — 1
Pn(’“):a(T) +(b—a)l0™, 0<dy<d;, and 0<a,b<0, (8)
by proving the following result.

Theorem 0.7 (|54]). The Diophantine equation (2.2) has only the following solution P8(3) =
545, P7(4) = 228 and P7(5) = 232 when P¥ has at least three digits.

The final part of this dissertation includes a conclusion, perspectives for future work and
the list of references.
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Chapter 1

Preliminaries

In this chapter, we present the fundamental mathematical concepts and results that are
essential for understanding the problem at the heart of this thesis. Given that our research
builds on advanced topics in algebraic number theory, we start by revisiting the core ideas in
this field, focusing particularly on properties of binary sequences and generalized sequences.
We also recall some methods used to prove our main results, which include essential tools
such as linear forms in logarithms and reduction methods.

1.1 Number fields

1.1.1 Algebraic Numbers

Definition 1.1. A complex number « is called an algebraic number if there is a polynomial
Q(z) with rational coefficients, different from the zero polynomial, such that Q(a) = 0. A
complex number is called transcendental if it is not algebraic.

Theorem 1.2 (Theorem 12.1 of [25]|). For any algebraic number «, there is a unique
polynomial
P(z) = agz® + - + a1z + ag

with the following properties:
(1) P(x) € Zx],

(2) ag >0 and ged(ag,ar, -+ ,aq) =1,
(3) P(a) =0,
(4) if Py(z) € Q[z] such that Py(a) = 0, then P(z) | Py(x) in Q[z],

(5) P(z) is irreducible over Q.

Definition 1.3. The minimal polynomial over Z of an algebraic number « is the polynomaial
P(x) described in Theorem 1.2. The minimal polynomial of o is the polynomial g(z) =

— P(x), hence, it is the irreducible monic polynomial with rational coefficients such that
a

d
g(a) = 0. The degree of an algebraic number is the degree of its minimal polynomial.

Elements that are algebraic over Q and have the same minimal polynomial are called
conjugates over Q.

12



1.2. BINARY SEQUENCES CHAPTER 1. PRELIMINARIES

1.1.2 Algebraic number fields

Definition 1.4. Let a be an algebraic number. The algebraic number field Q(«a) generated
by « is the smallest field which contains Q and «. We say that Q(«) is a simple algebraic
extension of Q.

Definition 1.5. Let K = Q(«). The degree of K is defined as the degree n of the minimal
polynomial of «, i.e. the degree of a.

1.1.3  Absolute logarithm height of an algebraic number

For a given non-zero algebraic number n of degree d over Q, whose minimal polynomial over
Z is aH?Zl (X — D), we denote by

d
1 .
h(n) = 7 <log la| + E log max (1’ |77(J)‘)>

j=1

the usual absolute logarithmic height of 7. In particular, if n = p/q is a rational number
with ged(p,q) = 1 and ¢ > 0, then h(n) = logmax{|p|,q}. Below, we outline some well-
known properties of the height function (Property 3.3 in [58]), which will be used as needed
throughout this work.

h(n+v) < h(n) + h(v) +log2,
h(ny™) < h(n) + h(v),
h(n®) = [s|h(n) (s € Z),

where 7, v are algebraic numbers.

1.2 Binary sequences

Definition 1.6. Let k£ > 1 be an integer. A sequence (u,), -, of complex numbers is called
linearly recurrent of order k if the recurrence

Unptk = AG1Uptk—1 + A2Up -2 + -+ aguy (14)
holds for all n > 0 with some fixed coefficients aq,--- ,a; € C.

Assume that aj, # 0 (since if a; = 0, the sequence (u,),, -, satisfies a linear recurrence of
order smaller than k). If aq,...,a; € Z and uy,...,ux_1 € Z, then by induction on n, it
follows that w, is an integer for all n > 0.

Definition 1.7. Let (u,),, be a linear recurrent sequence of order k. The characteristic
polynomial of the sequence (u,),, is given by

fX)=XF —a XF1 — o,
where ay, as, ..., a, are the coefficients of the recurrence relation defining wu,,.
Considering vy, . .., a are the distinct roots of f(z) with multiplicities oy, ..., o4, respec-

tively, we assume that
S

FX) =TT =)™

i=1

13



1.3. LUCAS SEQUENCES CHAPTER 1. PRELIMINARIES

From the theory of linear recurrence sequences, it follows that for all ¢« there exist uniquely
determined polynomials h; € Q(uog,...,a1,...,ax, a1,...,ax)[z] of degree less than o;(i =
1,...,s) such that

Uy = Z hi(n)al, forn > 0.
i=1

This dissertation focuses solely on integer recurrent sequences, which are sequences defined
by recurrence relations whose coefficients and initial values are integers, i.e.,s = k (all the
roots of f(x) are distinct). Consequently, for alli = 1,...,k and n € Z, h;(n) is an algebraic
number. The following result thus follows.

Proposition 1.8 (Proposition 2.0.2 in [39]). Suppose that f(X) € Z[X] has distinct roots.
Then there exist constants c1,...,c, € K= Q(ay,...,ax) such that the formula

i

k
Uy = Z c;a  holds for all n > 0.
i=1

If £ = 2, the sequence is called binary sequence.

Definition 1.9. Let {G}22, be a sequence defined by the binary recurrence relation G,, =
AG,_1 + BG,,_5 for n > 2, where A, B, Gy and Gy are given integers. The characteristic

equation of this sequence is
X? - AX - B =0,

with distinct roots o and [ satisfying
a=(A+vVD)/2 and B=(A—VD)/2
where D = A% + 4B is the discriminant of X? — AX — B. We observe that
A=a+p, B=-af, and a—ﬁ:\/ﬁ.

The explicit formula for the terms of the sequence {G}2° is given by the following result.
Theorem 1.10 (See page 2 in [38]). If D # 0, then the explicit form for G, is given by
(G1 — BGo)a™ — (G1 — aGp)B"

a—p3 ’

G, = n > 0.

If D=0, then a == A/2 and
G, =na""'G; — (n—1)a"Gy, n>0.

In the upcoming section, we will introduce some specific cases of binary sequences known
as Lucas sequences, focusing exclusively on those used throughout this thesis.

1.3 Lucas sequences

Definition 1.11. Given two integers A and B, the Lucas sequence {G}5°, is defined by the
recurrence relation

Gyo=0, Gy =1, G, =AG,_1 + BG,,_».
Its characteristic equation is:
2 — Az — B = 0.
It has the discriminant D = A? + 4B # 0 and the roots
L _A+VD A-VD
2 2 7
where, a # 3, a+ 3= A, af = B, and (a — 3)? = D.

and =
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1.3. LUCAS SEQUENCES CHAPTER 1. PRELIMINARIES

Thus, from the conditions of Theorem (1.10) the terms of Lucas sequence can be written
in terms of o and [ as follows:
Gn:a i , for n>0.
a—p
Definition 1.12. With the above conditions, the sequences U = (U, (A, B))22,
and V = (V,(A, B))>2, given by

Uy=0,U =1, U,=AU,_1 — BU,_, forn > 2, (1.5)
Vo=2, Vi=A V,=AV,_1 — BV, _oforn > 2, (1.6)

are called the first and second Lucas sequences with parameters (A, B).

1.3.1 The Fibonacci sequence

Definition 1.13. The Fibonacci sequence (F,,)%, is obtained with (A, B) = (1, —1).
From (1.5), the sequence of Fibonacci numbers is given by

=0 F =1 and F,=F, 1+ F, o for n>2. (1.7)

Its initial terms are
0,1,1,2,3,5,8,13,21,34,55,89,144, . ...

From Theorem(1.10), we define the n-th Fibonacci number F,, by

a”—=pr 1

o« F

E, =
2 2

(o™ —=p"), for m>0, where (04,6):(1+\/5,1_\/5>.

1.3.2 The Lucas sequence

Definition 1.14. The Lucas sequence (L)%, is related to the Fibonacci sequence which

is also obtained with (A, B) = (1,—1). Thus, from (1.6) it follows that
Lo=2, Li=1, and L,=L, 1+ L, o for n=>2. (1.8)

Its first terms are
2.1,3,4,7,11,18,29,47,76,123, . . ..

As the Fibonacci numbers, the n-th Lucas number is given by

14+5 1—\/5>

L,=a"+p" for n>0, where (0475):( 9 2

1.3.3 The Pell sequence

Definition 1.15. The Pell sequence (P,)>, corresponds to (A, B) = (2,—1). It’s defined
from (1.5) by

Ph=0, P=1, and P,=2P, 1+ P, for n>2. (1.9)

Its first few terms are
0,1,1,2,5,12,29,70,169,....
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Applying Theorem(1.10) yields

P, = 2\/_(04 — ") for n>0, where (o,8)=(14V2,1-V2).

Let us go further in the hierarchy of these sequences by increasing their order, i.e., consid-
ering k£ > 2. This gives rise to new linear recurrence sequences, referred to as generalized
sequences. These generalized sequences extend the classical Lucas sequences by adding
higher-order recurrence relations and enable a more thorough investigation of their algebraic
and arithmetic characteristics.

1.4 Generalized sequences

1.4.1 The k-generalized Fibonacci sequence and the k-generalized
Lucas sequence

Definition 1.16. For an integer k > 2, the sequences U* = (Un )n>0
and VF = (Vnk))n>0 defined by the following linear recurrence relations of order k

v =P U, 4 4 UW, ) forall n>0, (1.10)

Vv = v v+ 4 v, forall n>0, (1.11)

with initial conditions

=v% = =U0" =0 U" =1 (1.12)

(k—2) —

U(k

v, =V = :v{_’“i) —0, V=2 and V¥ =1, (1.13)

are called Fibonacci sequence of order k, Lucas sequence of order k, respectively. They
generalize respectively the Fibonacci number sequence and the Lucas number sequence,
corresponding to the value k£ = 2.

Definition 1.17. Let denote by (Fék))ngg, (Lq(q,k) Jnso the k-generalized Fibonacci sequence
and the k generalized Lucas sequence, respectively. The characteristic polynomial of these
sequences is

From the following lemmas, we establish estimates for the n-th term of the generalized
Fibonacci and Lucas sequences, respectively.

Lemma 1.18. [11, Lemma 3] If n < 2%/2 and n > k + 2 , then the following estimates hold
2

E®) = 9n=2(1 4 ¢(n,k)), where |((n, k)| < iz (1.14)
Lemma 1.19. /52, Lemma 2.6/ For k > 2 and n > k + 1, we have
- 1
Lg‘?) =3x2"2(14+(y), where |G| < ST (1.15)

16



1.5. LINEAR FORMS IN LOGARITHMS CHAPTER 1. PRELIMINARIES

1.4.2 The k-generalized Pell sequence

Definition 1.20. For an integer £ > 2, we define a generalization of the Pell sequence
(Pék))@g recurrently as follows

with the initial conditions PEI?L_Q) = Pikgf_g) =...= Pék) =(0and Pl(k) = 1. Its characteristic
polynomial is given by
P(X)=XF—o2Xxk1 ... X -1

We conclude this part with the following lemma that we need later.
Lemma 1.21. [15, Lemma 2] If k > 30 and n > 1 are integers satisfying n < ¢*2, then

2n
n_ ¥ 4
gr(a)a™ = <p+2(1 + (), where (| < i

1.5 Linear forms in logarithms
Definition 1.22. Any expression of the form

Bo + Pilog oy + Balogag + - - - + B, log ay,

where the «; are given non-zero algebraic numbers and the b; are variables, is called a linear
form in logarithms.

Remark 1.23. Note that in our applications to Diophantine equations, we are interested in
the case when gy =0 and ; € Z,© = 1,--- ,n. In the sequel we write 5; =b;, i =1,---,n
and log always represents the principal value of the complex logarithm.

This tool plays a key role through our work. Indeed, many Diophantine problems can
be reduced to obtaining lower bounds for linear forms in two or three logarithms. These
bounds, often referred to as two-logarithm or three-logarithm bounds, are highly developed.
As a result, many Diophantine problems can be solved once they are expressed in this form.
Such lower bounds provide a mechanism to limit the size of the variables in a Diophantine
equation, ensuring that there are at most finitely many solutions. Moreover, if the lower
bound is effective, it may allow us to compute explicit bounds on the variables, enabling us
to solve the problem completely by checking a finite number of small cases.

Baker gave in his paper "Linear forms in logarithms of algebraic numbers I, II, III", [4, 6]
an effective lower bound on the absolute value of a nonzero linear form in logarithms of
algebraic numbers. His result is the following.

Theorem 1.24 (A. Baker, 1975). Let ay, - - , oy, be algebraic numbers from C different from
0,1. Further, let by,--- ,b, be rational integers such that

bylogay + -+ + by logay, # 0.

Then

by log ay + « -+ + by log a,| = (eB) ™,
where B := max(|bi], - ,|ba|) and C is an effectively computable constant depending only
onn and on aq,- -+, Q.

17



1.6. THE REDUCTION ALGORITHMS CHAPTER 1. PRELIMINARIES

Later, Baker’s lower bound was improved initially by: Baker himself, Waldschmidt in
1991, Baker and Wiistholz in 1993 and Matveev in 2000. We will restrict ourselves to those
relevant to our work.

Here, we give the result of Baker and Wiistholz.

Theorem 1.25 ([8]). Let A = bylnag + ... + b, Inay, be a linear form in logarithms of
algebraic numbers aq, . . ., a, with rational integer coefficients by, ..., b,. If A # 0, then

In|A| > —18(n + 1)!n""(32d)"** In(2nd)h' () I/ (o)A (a3) In B,

where d = [Q (aq, ..., a, : Q)], B =max{|bi|,...,|bn|}, V(o) = max (h(a), Hnda]’%l> , and

h(«) is the usual absolute logarithmic height of «.

The following result is due to Matveev. We use a version due to Bugeaud, Mignotte and
Siksek.

Theorem 1.26 (Theorem 9.4 in [21]). Let ny,...,ns be real algebraic numbers and let
by, ...,bs be nonzero integers. Let dx be the degree of the number field Q(m,...,ns) over
Q and let A; be a positive real number satisfying

A; > max{dgh(n),|logn|,0.16}, for j=1,...,s.
Assume that
B > max{|bi],...,|bs|}-
If bt ombs — 140, then
I -opb — 1] > exp(—1.4-30°T3 - s . d% (1 4 log dg)(1 + log B)A; - - - A,).

1.6 The reduction algorithms

As we have seen above, we can have a lower bound for the absolute value of linear forms in
logarithms of algebraic numbers as we can obtain an upper bounds for them too.

Usually these bounds are large that we face the inquiry of whether it is possible to reduce
them in our applications to Diophantine equations.
Effectively, this is achievable using the following reduction methods.

1.6.1 Baker-Davenport reduction

Our second main tool is a version of the reduction method of Baker and Davenport [7]. We
use a slight variant of the version given by Dujella and Pethd [26].

Lemma 1.27. Let M be a positive integer and let A, B, u,~y be given real numbers with
A >0 and B > 1. Assume that p/q is a convergent of the continued fraction of v such that
q>6M. Let
e = gl = M - [lvql;

where || - || denotes the distance from the nearest integer. If € > 0, then there is no solution
of the inequality

0<|uy—v+pu <AB™"
i positive integers u,v and w with

u< M and w}w.
log B

When p = 0, the above lemma cannot be applied since then € < 0. In this case, we use
some results from the theory of continued fractions which will be also used in the reduction
of these bounds.

18



1.6. THE REDUCTION ALGORITHMS CHAPTER 1. PRELIMINARIES

1.6.2 Continued fractions

Let introduce the notion of continued fraction by taking an example of one of the most
famous irrational numbers: the golden ratio. Let ¢ = %‘F’, which is solution of the equation

¢ —¢p—1=0.
Thus,
1
=1+ —.
¢
We replace the occurrence of ¢ in the denominator by 1 + é, we obtain
p=1+ !
: 14 L
¢
Again, we replace the occurrence of ¢ in the fraction, we obtain
p=1+ !
) 1+ !
1+ !
¢
We can continue the process over and over. This leads to write ¢ as a continued fraction
p=1+ !
: 1+ !
1+ !
1
1+ —
Generally, an expression
N 1
a
0 . 1
a
' 1
as +
' 1
Ap—1+ —

n
is called a finite simple continued fraction for a given real number o with a; > 1, for
1 =1,---n. Its abbreviated notation is

[ao; ap, ag, ... ,an].

For all n > 0, the rational number

Pn
- = [aoﬂll,@%- .. 7an]

an

is called the convergent of a.

19



1.7. OTHER USEFUL TOOLS CHAPTER 1. PRELIMINARIES

Theorem 1.28. The convergents of a given number o whose continued fraction expansion
15 given by

a = ag +

are of the form ’;—" where
n

Pn = ApPn—1 + Pn—2, Gn = GnQn-1 1 qn—2.

under initial conditions

We have already mentioned above that continued fractions are used to reduce the upper
bounds for the absolute value of linear forms in logarithms of algebraic numbers. This is
achieved using the following elegant property of continued fractions (see [36], pages 30 and
37).

Lemma 1.29. Let p;/q; be the convergents of the continued fraction [ag,aq,...| of the irra-
tional number . Let M be a positive integer and put ay, := max{a;|0 < i < N + 1} where
N € N is such that qv < M < qny1. If x,y € Z with x > 0, then

1
lzy —y| > ) for all x < M.

1.7 Other useful tools

We end with the following crucial lemmas that will be used in the proofs of our results
throughout this thesis.

Lemma 1.30. /59, Lemma 2.2, page 31] Let d,x € R and 0 < d < 1. If |x| < d, then

—log(1 —d)
d

Lemma 1.31. [53, Lemma 7] If m > 1, T > (4m*)™ and T > y/(logy)™. Then,

llog(1+ z)| < ||

y < 2™T(logT)™.
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Chapter 2

Fermat and Mersenne numbers as product of
two k-Fibonacci numbers

The goal of this chapter is to investigate the Fermat and Mersenne numbers having rep-

resentation as product of two k-Fibonacci numbers. This chapter is based on the paper
[34].

2.1 Introduction

A Fermat number is a number of the form 2" + 1 obtained by setting x = 1 in a Fermat
polynomial, the first few of which are 3, 5, 9, 17, 33,.... A Mersenne number is a number
of the form 2" — 1, where n is a positive integer. The first few Mersenne numbers are 1, 3,
7, 15, 31, 63, 127, 255, .... Some properties of these numbers have been studied. One can
cite |22, 37].

Let k£ > 2 be an integer. By Subsection 1.4.1, we consider a generalization of Fibonacci
sequence called the k-generalized Fibonacci sequence (Fék))nﬂ_k defined as

Fék) ZF(IQ_)1+F7§’?2+"'+F:?M for all n > 2, (2'1>

n

with the initial conditions ') _, = F)_; =+ = " =0and ;¥ = 1. If k = 2, we
obtain the classical Fibonacci sequence. Below, we present the values of these numbers for
the first few values of &k and n > 1.

k Name First non-zero terms

2 Fibonacci 1, 1,2, 3,5, 8, 13, 21, 34, 55, 89, 144, 233, 377, 610, ...

3 Tribonacci 1, 1,2, 4,7, 13, 24, 44, 81, 149, 274, 504, 927, 1705, 3136, ...

4 Tetranacci 1, 1,2, 4, 8, 15, 29, 56, 108, 208, 401, 773, 1490, 2872, 5536, ...
5 Pentanacci 1,1, 2, 4, 8, 16, 31, 61, 120, 236, 464, 912, 1793, 3525, 6930, ...
6 Hexanacci 1,1, 2,4, 8, 16, 32, 63, 125, 248, 492, 976, 1936, 3840, 7617, ...
7 Heptanacci 1, 1, 2, 4, 8, 16, 32, 64, 127, 253, 504, 1004, 2000, 3984, 7936, ...
8 Octanacci 1, 1, 2, 4, 8, 16, 32, 64, 128, 255, 509, 1016, 2028, 4048, 8080, ...
9 Nonanacci 1,1, 2, 4, 8, 16, 32, 64, 128, 256, 511, 1021, 2040, 4076, 8144, ...
10 Decanacci 1, 1, 2, 4, 8, 16, 32, 64, 128, 256, 512, 1023, 2045, 4088, 8172, ...

U Y Y Y

2.2 Motivation and main result

Several authors have worked on problems involving generalized Fibonacci sequences. One
can see |11, 12, 13, 14, 17, 19, 22, 45, 46]. In 2020, Bravo and Herrera showed that 3 and
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5 are the only Fermat numbers in the k-Fibonacci sequence (see [14]). In [37] and [51], the
authors found all the Padovan and Perrin numbers which are also Mersenne numbers and
Fermat numbers. Moreover, Bravo and Goémez [12] found all k-Fibonacci numbers which
are Mersenne numbers. It is natural to ask if Fermat numbers and Mersenne numbers can
be expressed as the product of two k-Fibonacci numbers. So, the aim of this chapter is
to determine all Fermat numbers and Mersenne numbers, which are the products of two
k-Fibonacci numbers. The main result that we obtain is the following.

Theorem 2.1. The Diophantine equation
k k a
ERE®R — 9041 (2.2)
has no solutions in positive integers n,m,k and a with 3 < m < n and k > 2.

Note that we make the condition m > 3 because if m € {1,2} then the Diophantine

equation (2.2) becomes F¥) =29 1 1 and this equation was already solved in [12, 14].
Theorem 2.1 and remark above enable us to give the following corollary.

Corollary 2.2. There are no Fermat or Mersenne numbers expressible as product of two
k-Fibonacci numbers greater than 1.

We will organize this chapter as follows. In Section 2.3, we develop the tools that will
be used to prove Theorem 2.1. This proof will be done in the last section in four steps.
In the first step, we will setup the problem, and bound a in terms of n, i.e. a < 2n. The
second step consists in finding an upper bound of n in term of k. In fact, we show that
n < 4.21 x 102k log® k. For the third step, we consider lower values of k, i.e. 2 < k < 360,
and solve equation (2.2) in this range. In the final step, we take k > 361 and prove that we
have no solution.

2.3 Preliminaries and known results

This section is devoted to collect a few definitions, notations, properties and results which
will be used in the proof of Theorem 2.1.

2.3.1 Properties of the k-generalized Fibonacci sequence

In this subsection, we recall some facts and properties of the k-Fibonacci sequence that will
be used later. The characteristic polynomial of this sequence is

k k—1

Up(z)=a =2 —- . —z— 1.

The polynomial Wy (z) is irreducible over Q[z] and has just one root a(k) outside the unit cir-
cle (one can see [45, 46, 60]). The other roots are strictly inside the unit circle. Furthermore,
Wolfram [60] showed that

201 —27") < a(k) <2, foralk>2. (2.3)
To simplify the notation, in general, we omit the dependence on k of a. For s > 2, let

r—1
2+ (s+1)(z—2)

fs(x) = (2.4)

Bravo et al. [13] proved that

1/2 < fi(o) < 3/4 and {fk(oz(i))| <1, for2<i<k
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hold, where a := o), ..., a® are all the zeros of ¥;(x). Therefore, the number fi(a) is not
an algebraic integer. In addition, they proved that the logarithmic height of f satisfies

h(fe(o)) < 3logk, forall k> 2. (2.5)
In [32], Gomez and Luca proved that
h(fe(a)) < 2logk, forall k> 3. (2.6)

With the above notation, Dresden and Du [24] showed that

k
FO =3 fila®)a®"! (2.7)
i=1
and ]
lex(n)] < 2 where e,(n) = E® — fi(a)a" !, (2.8)

for all n > 2 — k and k > 2. Furthermore, for n > 1 and k > 2, Bravo and Luca [17] showed
that
a" 2 FW Lot (2.9)

Besides, note that the first k 4+ 1 non-zero terms in F*) are powers of two, namely

FP =1, FPV=1, FEV=2 FY=4... F¥ =21 (2.10)

Y

2.4 The proof of Theorem 2.1

In this section, we will prove Theorem 2.1 in four steps. Let us start with the first step.

2.4.1 An upper bound for a in term of n

First, note that if 3 < m < k + 1, then F¥) = 2m=2. So, the left-hand side of (2.2) is
even while the right-hand side is odd which is a contradiction. Therefore, the Diophantine
equation (2.2) has no solutions. So, from now, we assume that n > m > k + 2.

Next, we will determine the size of a versus n. By inequalities (2.9), we obtain

2071 <204 1 = FMEW < gnim=2 o o2n=2
Then, we deduce that
log o 2log a 2log a
< (2n—2 1= — 1.
a<(2n )<10g2)+ n(logQ) <log2 *

Moreover, using (2.3) and the fact that 3/2 = 2(1 —27?) < a < 2, for k > 2, we get

a < 2n. (2.11)
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2.4.2 An inequality for n versus k
Now, we will show the following lemma that gives a upper bound for n in term of k.

Lemma 2.3. If (a,k,m,n) is solution in integers of equation (2.2) with k > 2
andn =k + 2, then the inequality

n < 4.21 x 10%®k®1log” k (2.12)

holds.

Proof. Using estimate (2.7), equation (2.2) can be rearranged as

(fula)a™ '+ en(n)) (fe(@)a™ ™ + ex(m)) = 2* £ 1, (2.13)
ie.
fi(@)a™™ 2 — 2% = —ep(m) fr(a)a™ ! — ep(n) fu(a)a™ — ep(n)ex(m) £ 1.
Thus, we obtain
n+m— a fk(a) n— fk(Oé) m— i)
| fo(a)a™ 2 =2 | <Ta 1—|—Ta 1—1—1.
If we divide both sides by fZ(a)a"™™ % and using the fact that fi(«) > 1/2, we arrive at
1 1 5 7
IBIES am—1 + an—1 + ant+m—2 < am—1 (2.14)

where
Ty = f2(a) - o~ (mm=2 g0 1. (2.15)

We have I'y # 0, because if we suppose that I'y = 0, we would get
f2(a) = a2 g0

and so fZ(«) is an algebraic integer, which is impossible. With the goal of applying Theorem
1.26 to I'y given by (2.15), the parameters can be chosen as:

(m,01) == (faa), =2), (M2, b2) := (o, —(n+m —2)), (n3,b3) = (2,a).

The algebraic numbers 7y, 7,, 73 are elements of the field K := Q(«) with degree dx = k.
Since h(m) < log(k + 1) +log4 < 3.6logk, h(ne) = (loga)/k < (log2)/k and h(ns) = log 2,
then we can choose

Ay = 3.6klog k > max{kh(n), |logm]|,0.16},
Ay :=log 2 = max{kh(ns), [logns|,0.16},

and
Az = klog 2 = max{kh(ns), [logns|,0.16}.

Finally, the fact that m < m and the inequality (2.11) imply that we can take B := 2n.
Therefore, according to Theorem 1.26, it comes that

Ty > exp(—1.4-30°-3%.k%(1 +logk)(1 + log2n)(3.6klog k)(log 2)(klog 2))
> 248 - 10" (1 + log k) (k*log k)(1 + log 2n).

Using the fact 1 + log k < 2.5log k, which holds for £ > 2, we obtain

ITy| > exp (—6.2 - 10" k" log” k(1 + log 2n)) . (2.16)
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The comparison of the lower bound (2.16) and the upper bound (2.14) of |T';| gives us
(m —1)loga < 6.21 - 10" k* log?® k(1 + log 2n), (2.17)
We return to equation (2.2) and we reformulate it as
(fe(@)a™ " +ex(n) ) =2 1,

1.e.

2¢ +1
n—1 _
So, we get
2¢ 1 1 3
n—1
e mp| S Ep ety
Dividing through by fi(a)a""!, we get
3a 6
My < —o <« 2=« 2 2.19
T| 2fx(a)am=t " an " an ( )
where .
Ty = (FP fi(e)) -a V.20 1. (2.20)

One can see that 'y # 0 by a similar method used to show that I'; # 0. Now, we will apply
Theorem 1.26 to I's by taking

(nlabl) = (Féf)fk(a),—l), (772752) = (a7_(n_ 1))? (7737b3) = (2,@).
Clearly, K := Q(«) contains 7,72, 73 and has degree dx = k. As calculated before we take
Ay :i=log2, Asz:=klog2, and B :=2n.

We need to compute A;. The estimates (2.5), (2.17), and the properties (1.1)-(1.3) imply

that, for all £ > 2, we have
A(m) < h(ER) + h{fiu(@))

< (m—1)loga+log(k+ 1)+ log4

< 6.22-10"k*1log? k(1 + log 2n).

On the other hand, since

m—1 1
and 7];1 = < 27
4 Féf)fk(a)

3a

m = F}nk)fk<05) <

then, by (2.17), we get
llogmi| < (m —1)log o 4 10g 0.75 < 6.22 - 10" k* log® k(1 4 log 2n).
Thus, we conclude that
max{kh(n), [logn|,0.16} < 6.22 x 10" k5 log® klogn := A;.
We apply Theorem 1.26 and compare the resulting inequality with (2.19) to obtain

nloga < 5.66 x 10%3k%log® klog® n,
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where we have used the facts 1+logk < 2.5logk and 1+ log(2n) < 2.31logn, which hold for
k > 2 and n > 4. Therefore, we obtain

s— < 1.4 x 10**k®log® . (2.21)

log®n

It is easy to check that the inequality
< A implies < 4Alog® A, whenever A > 100. (2.22)

log? x

Thus, putting A := 1.4 x 10%*k® log® k in inequality (2.22) and using inequality 55.6+8log k+
3loglog k < 86.7log k, which holds, for all k£ > 2, we get

no < 4(1.4-102%%10g® k) (log(1.4 - 102k* log® k)
< 5.6-10*k%log’ k)(55.6 + 8log k + 3loglog k)?
< 4.21-10%%k%log’ k.

This establishes (2.12) and finishes the proof of Lemma 2.3. O

2.4.3 The case 2 < k < 360

In this subsection, we consider k € [2,360]. Define
Ay :=1log(l'y +1) = alog2 — (n+m — 2)loga — 2log(fi(a)). (2.23)

Suppose that m > 10. So, by the estimate (2.14) and the fact that a > 1.5, we have
II'1| < 0.19. Taking d = 0.19 in Lemma 1.30, we obtain

—log 0.81
A < (f—lg 0| < 7.8 a~ M=),
So, we get
log 2 21
Jog2 ) o 208U g s e (2.24)
log log o

In view to apply Lemma 1.27 to A, we consider

- zg_w
loga’ ' log a

_ log2

v , and (A, B):=(19.3,a).

We have v ¢ Q since if we assume the contrary, then there exist coprime integers a and
b such that v = a/b, then we get a® = 2°. Let 0 € Gal(K/Q) such that o(a) = ay, for
some ¢ € {2,...,k}. Applying this to the above relation and taking absolute values we get
1 < 2% = |ay| < 1, which is a contradiction.

For each k € [2,360], we find a good approximation of v and a convergent p,/q, of the
continued fraction of v such that ¢4 > 6M; and ¢ = (k) = ||uq|| — Mg||vq|| > 0, where
M, := |8.42x 10%%k® log” k|, which is an upper bound of a from Lemma 2.3. After doing this,
we use Lemma 1.27 on inequality (2.24). A computer program with Mathematica revealed

log(A
that min &, > 2.23 x 107°" and the maximum value of log(Aa/e) over all k£ € [2,360] is
2<k<360 log

708.875 ..., which is an upper bound of m — 1 by Lemma 1.27.
Now, we consider 4 < m < 708 and

Ay :=1log(Ty +1) = alog2 — (n — 1)log a — log(fi(a)F{M). (2.25)
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Since n > 10, then by (2.19), we have |[I'y| < 0.11. Thus, by Lemma 1.30 with d = 0.11 we

deduce that
—log 0.89

0.11
Replacing (5.19) into (2.26) and dividing through by log o, we obtain

(k)
Clog2 L log((@)RY)
log log

’A2| < . |F2| <64-a " (226)

<15.8-a " (2.27)

To apply Lemma 1.27 to (2.27), this time for 4 < m < 708, we take

. log(fi(a) YY)
- y o Hm = 1-—
log a log a

As seen before v ¢ Q. Again, for each (k,m) € [2,360] x [4,708], we find a good approxi-
mation of v and a convergent py/q, of the continued fraction of v such that g, > 6M} and
e = e(k) = ||pqgl| — Mi|lvql| > 0, where M;, := |8.42 x 10?®k®log” k|, which is is an upper
bound of a from Lemma 2.3. After doing this, we use Lemma 1.27 on inequality (2.27).
Again, a program in Mathematica revealed that min er > 0.4999 and the maxi-
2<k<360,4<m<708
% over all (k,m) € [2,360] x [4,708] is 377.25. .., which according to
Lemma 1.27, is angupper bound of n.
Hence, we deduce that the possible solutions (a, k,n,m) of equation (2.2) for which k£ €
2,360] satisfy k +2 < m < n < 377. Therefore, we use inequality (2.11) to obtain a < 754.
Finally, we used Mathematica to compare FPE® and (27 +1), for 2 < k <360, k+2 <
m < n < 377, and a < 754 to see that equation (2.2) has no solutions in this range.

_ log2

v , A:=158 and B :=a.

mum value of

2.4.4 The case k > 360
In this subsection, we analyze the case k > 360. For k& > 360, it is easy to check that

m<n<4.21-10%k83 log® k < 2F/2.

Hence, by Lemma 1.18 and equation (2.2), we get

2n—2 2m—2

1
+—+1.

}2n+mf4_2a| < W—i_w 2k

Consequently, the above inequality and the fact that n > m > k + 2 give us

|1 — 20 < 2322 + % + 2—; < %. (2.28)
Assume that a = n + m — 4, then we have a > k and equation (2.2) turns into
FW® k) — gntm=4 4 7 (2.29)
But from (2.29), we have
FRE®) < (on=2 _q)(gm=2 — 1) = gntm—4 _gn=2 _gm=2 (2.30)

By (2.29) and (2.30), we get
+1<—2"2—9m 24 1L -3

Hence, a # n+m —4. Since <3mi§1 0 |2° — 1| = 0.5, then by (2.28) we obtain k < 2, which

is impossible because k > 360.
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Chapter 3

Fermat or Mersenne numbers as products of
two k-Pell numbers

This chapter explores the same problem as the previous one, focusing on k-Pell sequences.
Specifically, we study Fermat and Mersenne numbers that can be expressed as products of
two k-Pell numbers. The material presented in this chapter originates from the paper [55].

3.1 Introduction

The Pell numbers are defined through the recurrence relation given in (1.9). There are
several generalizations of the Pell numbers, which are variations or extensions of the original
sequence. Let k > 2 be an integer, from the subsection (1.4.2), the generalization of the Pell

sequences P® is defined recurrently as follows
P® =2P® 4 PY, 4. 4 P foralln > 2,

with the initial conditions P, _, = P _, =+ = B¥ =0and P =1.

We note that this generalization 1s in fact a family of sequences where each new choice of &
produces a distinct sequence. For example, the usual Pell sequence (P,),>o is obtained for
k = 2. Below we present the values of these numbers for the first few values of k and n > 1.

Table 3.1: default.

Name First non-zero terms

Pell 1, 2, 5, 12, 29, 70, 169, 408, 985, 2378, 5741, 13860, 33461, ...
3-Pell 1,2, 5,13, 33, 84, 214, 545, 1388, 3535, 9003, 22929, 58396, ...
4-Pell 1, 2, 5, 13, 34, 88, 228, 591, 1532, 3971, 10293, 26680, 69156, ...
5-Pell 1, 2,5, 13, 34, 89, 232, 605, 1578, 4116, 10736, 28003, 73041, ...

T o= W N

3.2 Motivation and main result
Some mathematicians have studied relations among Fermat/Mersenne numbers and other

sequences (33, 34, 35, 48|. In [34], Hernane et al. have determined all Fermat numbers and
Mersenne numbers that are products of two k-Fibonacci numbers. Motived by this result,
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we will find all Fermat and Mersenne numbers that can be written as products of two k-
Pell numbers. More precisely, through this chapter, we will study the Diophantine equation
presented in the following theorem.

Theorem 3.1. The Diophantine equations
PR Pk — g0 41 (3.1)

n m
have no solutions in positive integers a, k,n,m withn > m > 2 and k > 2.

Remark 3.2. On can easily notice that if m = 1, then (a, k,m,n) = (1,k,1,1) is a solution
for the Mersenne sequence and (a, k,m,n) = (2,k,1,3) is a solution for Fermat sequence.

To establish the aforementioned theorem, we use linear forms in logarithms of algebraic
numbers along with a reduction algorithm originally introduced by Baker and Davenport.
The subsequent section provides results and definitions that will be applied throughout the
remainder of this study.

3.3 Preliminaries and known results

3.3.1 Properties of the k-generalized Pell sequence

In this subsection, we recall some essential facts and properties of the k-Pell sequence, which
will be pertinent in subsequent discussions. The characteristic polynomial associated with
this sequence is given by

Up(x) =af =227 1 — o~ — 1

In [16], Bravo et al. demonstrated that Wj(x) is irreducible over Q[z] and has just one
root a(k) outside the unit circle. This root is real, positive, and satisfies a(k) > 1. The
remaining roots are strictly contained within the unit circle. Additionally, in the same paper,
they demonstrated that

1++/5

(1 —p ") <alk) < ¢? forallk>2 where ¢ = 5 (3.2)
For simplicity, we generally omit the dependence on k for a. For k > 2, let
—1 -1
‘ ° (3.3)

S TNES Y ey Sy Sy Yl ¥ P P | WP I

In [15], Bravo and Hererra proved that the inequalities
0.276 < gr(a) < 0.5 and |gk(a(i))| <1l,2<i<k

hold, where a := o, ... a® are all the zeros of Wy (x). So, the number g() is not an
algebraic integer. Indeed, if we suppose that gx(«) is an algebraic integer, then we know that
gr(a) # 0 and Ng(a)/o(gr(a)) € Z, where Ng(ay/0(gk()) is the norm of gy(«) from Q(a) to

Q. In addition, they proved that the logarithmic height of g(«) satisfies
h(gr(a)) < 4kloge + klog(k + 1), for all k > 2. (3.4)

With the above notation, Bravo et al. showed in [16] that the inequalities

k
, n 1
P& = ng(a(“)a(l) and }P,(Lk) — gk(a)a”| <3 (3.5)
i=1
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hold, for all n > 1 and k > 2. Furthermore, for n > 1 and k > 2, it was proved in [16] that
a2 < PW Lt (3.6)
Moreover, note that for n < k+ 1 we have

P® =y, . (3.7)

3.4 The proof of Theorem 3.1

The proof of Theorem 3.1 will be done in four steps. We will first start by giving the following
precision. If m = 1, then P — 1. In this case, the Diophantine equation (3.1) has been
studied in [48]. For the cases 2 < m < n < k + 1, we use the identity (3.7) to rewrite the
Diophantine equation (3.1) as

Fyy 1 Fyp g =20+ 1.

According to the main result in [34], we deduce that (3.1) has no solutions in this range.
Thus, from now, we assume that n > k + 2. Subsequently, we will establish the relationship
between the sizes of a and n. By applying inequalities (3.6), we derive

2071 <2041 = PWPHR < gnim=2 o -2

log 2log 2log
<(2n—2 1= — 1
@ < (o )<10g2)+ n(logQ) <log2>+

Furthermore, we use (3.2) to obtain

and so

a < 3n. (3.8)

3.4.1 An inequality for n versus k

Here, we will establish an inequality for n in relation with k, by showing the following lemma.

Lemma 3.3. If (a,k,m,n) is a solution in integers of equation (3.1) with k > 2 and n >
k + 2, then we have the following inequality

n < 8.2-10%k%log” k. (3.9)

Proof. Using estimate provided in (3.5), we obtain
1
P® = gi(@)a™ + ex(n), where |ex(n)| < 2

thus allowing us to express equation (3.1) as

(gr(a)a™ + ex(n))(gr(a)a™ + ex(m)) =2 £ 1; (3.10)
that is,
n+m

gi(a)a — 2% = —ex(m)gp(a)a”™ — ex(n)gr(a)a™ — ex(n)ex(m) + 1.

By taking the absolute value and dividing both sides by gZ(a)a™™, we get

182 1.82 1641  20.1
g5 2 () -t 2% — | + + < , (3.11)

a™ am C(ner a™
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where we have used the fact that gx(«) > 0.276. Define

Ty =g %(a) - a ™t .20 1, (3.12)
So, we have
20.1

Note that I'y # 0, otherwise we would get

ghla) = =m0

which implies that g?(«) is an algebraic integer, a contradiction.
Now, we will utilize Theorem 1.26 for I'y, considering the following parameters:

(M1, b1) = (gr(a)), =2), (02, b2) := (@, =(n +m)), (13, b3) := (2, 0).

As n1,m2,m3 € K:= Q(«), we have dx = k. Now, we provide estimates for the usual absolute
logarithmic heights of these numbers: h(n;) < h(gr(a)) < 4klogp+klog(k+1) < 4.4klog k,
h(ny) = (loga)/k < (2log)/k, and h(ns) = log2. Therefore, we have the flexibility to
choose
Ay = 4.4k*log k > max{kh(n,), [logn|,0.16},

Ay := 2log ¢ = max{kh(nz), |logns|,0.16},
and

Az := klog2 = max{kh(ns), [logns|,0.16}.

We previously established that a < 3n and m < n, enabling us to set B := 3n. Armed with
these considerations, we are now in a position to apply Theorem 1.26 and derive

ITy| > exp(—1.4-30%-3%°.k*(1+logk)(1 + log3n)(4.4k?log k)(2log ) (klog 2))
> exp(—1.06 - 10"2(k° log?® k)(1 + log 3n)),

where we have used the fact that 1 4+ logk < 2.5logk, which holds for £ > 2. Comparing
this lower bound with the upper bound of |I';| provided by (3.13), we arrive at

(m —1)loga < 1.07 - 10"2k log® k(1 + log 3n). (3.14)

Now, let us rewrite equation (3.1) in an alternative manner to derive a second linear expres-
sion in logarithms. To achieve this, we use estimate (3.5) once again to obtain

(Pi(@)a™ + ex(n)PLY = 2* £ 1;

that is,
20 4]
gr(a)a™ — 20~ P er(n). (3.15)

As previously done, by taking the absolute value and dividing both sides by gi(a)a™, we
acquire

- 3 5.50 14.4
P h —”-2“—1’ < <=2 3.16
’( m gk<a)> o 9 |gk(a’)| an an an ( )
Define .
[y:= (PPgp(a)) o™ 2" -1 (3.17)

Let us show that I'y # 0. In fact, I'y = 0 leads to gx(a) = 2“04‘”/P,$f). Taking norms, we get

2ka . 2ka
( m 7 Nowela™) ==+
Pl )
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Now, we see that
oy — 1
a? =3+ 1) +a?—1

No(ay/olgr(a)) = H i

where ay, g, . . ., ay, are the conjugates of a. The above is a fraction A/B, with A, B integers

and
k

A=]Jlei = 1) = (=) (1) = (-1 -2 — - = 1) = £k.

Hence, we get
k 2ka

+ )
i
")
The exponent of 2 in the left is at most the exponent of 2 in the factorization of k, so this

k
exponent is less than k < ka. This shows that in the right, the fraction 2*¢/ <P,5Lk)) cannot

be reduced (so 2** cannot be coprime to pF )). This shows that P is even, which is false
since PP PF =20 41 implies that P% is odd.

Now, we will apply Theorem 1.26 to I';. In this application, we select the following
parameters:

(7717 bl) = (Pémk)gk(a% _1)7 (772a bZ) = (057 _n)v (7737 b3) = (27 a)'

Once again, let K := Q(«) and dx = k. As previously, we can choose Ay := 2log ¢ and
Az := klog 2. Now, we still need to calculate A;. With the help of the estimates (3.4), (3.14),
and the properties (1.1)-(1.3), we obtain

< h(PR)) + higi(@))
< (m—1)loga+4klogy + klog(k + 1)
< 1.08-10"2k%log® k(1 + log 3n),

h(m)

for all kK > 2. On the other hand, as

m—1 1
a and 7' = T
2 P gk(a)

o= P,gf)gk(a) < < 4,

then, by (3.14), we find
llogmi| < (m —1)loga +1log0.5 < 1.08 - 10"k log® k(1 + log 3n).
This implies that
max{kh(n;), logm|,0.16} < 1.08 x 10*2k5log? k(1 + log 3n) := A;.

By choosing B := 3n, we can apply Theorem 1.26 to I'; and compare the resulting inequality
with (3.16) to derive
nloga < 1.75 x 10%4k% log® k log® n,

where we utilized the facts 1 + logk < 2.5logk and 1 + log(3n) < 2.6logn, valid for k > 2
and n > 4. Consequently, we obtain

< 2.6 x 10**k% log® k. (3.18)

log®n
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Applying the inequality from Lemma 1.31, with 7 := 2.6 x 102*k°log® k, and considering
the inequality 56.22 + 9log k + 3loglog k < 88.6log k for all £ > 2, we obtain

n (2.6 - 102k 1og” k) (1og(2.6 - 1024k log® k)

< 4
< (1.04-10%K° log® k)(56.22 + 9log k + 3loglog k)?
< 8.2-10%klog” k.

This concludes the proof of Lemma 3.3. n

3.4.2 The small cases 2 < k <630

In this subsection, we explore the values of k£ within the interval [2,630]. Define
Ay =log(I'1 +1) =alog2 — (n+ m)loga — 2log(gx()). (3.19)

Assume that m > 10. Utilizing the estimate (3.13) and considering the fact that a > ¢, it
follows that |I'y| < 0.27. By setting d = 0.27 in Lemma 1.30, we obtain:

—1og0.73
A ——— |l 23.5-a” ™.
|A] < 097 II'y| <235«
Hence, we have
log 2 21
01082 4y = o8l e o (3.20)
log log v

To apply Lemma 1.27 to A, we consider the parameters

log 2 21
= 982 “::Q_M, and (A, B) = (48.9, ).
log log o

For each k € [3,630], we determine a suitable approximation of v and a convergent p,/q,
of the continued fraction of 7. These convergents satisfy ¢, > 6M} and ¢ = (k) = ||uq|| —
My||vq|| > 0, where M;, := |2.46 x 10°°k° log® k|. This value serves as an upper bound for
a according to Lemma 3.3. Utilizing Mathematica, we find that ¢;14 meets the conditions
of Lemma 1.27. Subsequently, we apply Lemma 1.27 to inequality (3.20). A Mathematica

log(Aq/e
program indicates that min &, > 0.4861. Moreover, the maximum value of M over
3<k<630 log B

all k € [3,630] is 150.457, providing an upper bound for m as per Lemma 1.27.
For the case k = 2, we have a = 1+ /2 and gy(a) = v/2. Consequently, inequality (3.20)
is transformed into

log 2

a—1) ———————(n+m)| <489 -a™ ™. 3.21

(0= 1) o — ) (3.21)
Let

[ag, ar,as,...] = [0,1,3,1,2,6,1,2,11,2,2,1,1,18, .. ]
log 2
be the continued fraction expression of 8% and let pe/qe denote its convergent. It
log(1 + V/2)

is worth noting that in this scenario, we have a < 2.46 - 10%° - 29 - log° 2 < 2.02 - 10°2. By
utilizing Maple, we find that
o1 < 2.02- 10 < ggo

and
ap = max{a; :i=1,2,...,61} = asyy = 100.
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Thus, based on the properties of continued fractions (refer to Lemma 1.29), we deduce

log 2 1
log(1 4+ v/2) ~(n+m) > (ap +2)a’

Combining the above inequality with (3.21) and considering the fact that a < 2.02 - 1032, it
comes that

(a—=1)-

a™ < 48.9-102-2.02 - 102

Consequently, we derive m < 95. Therefore, in all cases, we have m < 151.
Next, we fix m < 151 and we consider

Ay :=1log(l'y + 1) = alog2 — nloga — log(P® gi(a)). (3.22)

Assuming n > 10, by the estimate (3.16) and considering that a > ¢, we ascertain |I'y| <
0.12. Applying d = 0.12 in Lemma 1.30, we derive

—log 0.88

A
[Aal < —75

Ty < 154 - a7

Consequently, we obtain

log2  log(Pge(a))

. <321-a™". 3.23
log « log a « ( )

To apply Lemma 1.27 to As, we take

~ log?2 o _log(Pygf)gk(a))
~ loga’ g log o

v , and (A, B):=(32.1,q).

For each k € [2,630], we find a suitable approximation of -, along with a convergent p,/q,
of the continued fraction of . This choice ensures that g, > 6M;, and € = (k) = ||uq|| —
My|lvg|| > 0, where M, := |2.46 x 10%°k% log® k|. This value serves as an upper bound for
a according to Lemma 3.3. Utilizing Mathematica, we see that gi1¢ satisfies the conditions
of Lemma 1.27. Subsequently, we apply Lemma 1.27 to inequality (3.23). A computational
analysis with Mathematica indicates that min er > 0.4992, and the maximum

2<k<630,2<m<150
log(Ag/e)
log B
bound for n according to Lemma 1.27.

Finally, we used Mathematica to conduct a comparative analysis between P,Sk)P,(f ) and
2% £ 1 across the parameter space defined by £ +2 < n < 159, m < n, and 1 < a < 477,
while ensuring that a < 3n. This investigation aimed to verify that equation (3.1) exhibits
no solutions within these specified ranges.

value of over all k € [2,630] is 159.934. This maximum value serves as an upper

3.4.3 The large cases k > 630

In this subsection, we investigate the scenario where k > 630. For k£ > 630, a straightforward
verification reveals that
m<n <8210k log® k < /2.

Consequently, in accordance with Lemma 1.21, we obtain

2n
“_ ¥ 1
gr(a)a™ = p_— 2(1 + (1), where |(1] < pp (3.24)
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and
()a™ = : (1+¢), wh ‘C|<_4 (3.25)
—_— I‘ . .
gr(a)a 5(1+G), ere  |( 7

By substituting (3.24) and (3.25) into (3.10), we derive

2n+2m 2n+2m 2n 2n
()0 2a ()0

_ v Y
or2? ° 7 (o¥ 2)2(C1 + G+ GG) + T 2ek(m) + T Qek(m)gl

;;2 er(n) + ;+ Ser(n)G £ 1 = ex(n)ey(m).

m

Hence, we obtain

2n+2m
’ SO '

(p+2)2

p 24S02n+2m N g02n N S0271 N (p?m N <)02m +§
T (o222 0 2(042)  2(0+2)pk?  2(0+2)  2(p+2)k? 4

Therefore, the above inequality, along with the conditions n > m and n > k + 2, yields

24 p+2 1 1 1 1 32
Ok /2 + 2 Q2 (pk/2+2m + ﬁ + k/2+2n < pmin{k/2,2m}’

D3| < (3.26)

where
[3:=1—(p+2)* 2% o 22",
We have T's # 0, otherwise we would end up with ©?*™™ = (¢ + 2) - 2%, implying that
(¢ +2) - 2% is a unit in Q(v/5), which is impossible. Now, we can utilize Theorem 1.26 for
I's, considering the following parameters:

(m,b1) = (2,a), (M2, b2) == (p+2,2), (m3,03) := (¢, —(2n + 2m)).

It is clear that 11,7m2,73 € K := Q(+/5) and so dx = 2. We choose B := 4n considering

that n > m and a < 3n. The usual absolute logarithmic heights of these numbers are as
log 5 1
follows: h(nm) = log2, h(ne) = o8 , and h(n3) = h(p) = ng. Consequently, we select
Ay :=2log2, Ay :=1logh, and A3 := log .
Applying Theorem 1.26 to I's, we obtain

T3] > exp(—1.4-30°-3%°.4(1+log2)(1 + log4n)(2log2)(log5)(log ¥))
> exp(—2.92- 10 logn),

where we have used the fact that 1 + logdn < 2.8logn, for all n > 4. By comparing the
resulting inequality with (3.26), we derive

min{k/2,2m} < 6.1 - 10" logn.

According to Lemma 3.3 and considering the inequality 66.58+91og k+5loglog k < 21 log k,
valid for all k£ > 630, we get

min{k/2,2m} < 6.1-10"2log(8.2 - 10*°k°log® k)
< 6.1-10"(66.58 + 9log k + 5loglog k)
< 1.3-10"%1ogk.

If min{k/2,2m} = k/2, the inequality k < 2.6 - 10" log k arises. Solving this inequality and
applying Lemma 3.3, we deduce that

k<9.6-10" and n < 3.9-10", (3.27)
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If min{k/2,2m} = 2m, so we obtain in this case that
m < 6.5-10"%log k. (3.28)

Now, let us revisit (3.15) and express it differently

S02n B 2a _ +1 . (n)_ g02nC1
p+2 pl o pl p+2
This yields
4 3

(102n 2a
e+2 pk

< .y
(¢ 4 2)ph/? "3

Consequently, we have

4 3t _ 4 3(pt2) _ 95

Tl < Ok /2 + 220 Ok /2 2 p2h+2 B k2 (3.29)
where 49
' -2
yi="—F—-2% @ " —1. (3.30)
By
If Ty = 0, then (¢+2)¢*" = /2“ We take the conjugate to obtain (p+2)p** = (¢Y+2)y?",

where ¢ = (1—+/2)/2 is the conJugate of p. This leads to a contradiction since the left-hand
side is greater than 3 in absolute value, and the right-hand side is smaller than 2 in absolute
value. Therefore, I'y # 0, and we can apply Theorem 1.26 with the following parameters:

(nlabl) = (((P + 2)/P(k ) )7 (712752) = (2,&), (7737[)3) = (ap,2n).

As previously calculated, we set Ay := 2log?2 and Az := gégp Additionally, we choose
B :=4n. Now, let’s estimate h(n;). Utilizing the fact that P ©?™~2 and the inequality
(3.28), we get

h(m) = h(p +2) + h(P®) < log5 4 (2m — 2)log e < 3.15 - 10" log k.
Thus, we select A; := 6.3 - 103 log k. Consequently, Theorem 1.26 implies that
IT4| > exp(—1.15 - 10*®log® n), (3.31)

where we have used the fact that 1+ log(4n) < 2.8logn, for all n > 4. Combining (3.29)
and (3.31), we obtain
k < 4.8-10%1og’n.

Applying Lemma 3.3 and considering that 66.58 + 9logk + 5loglogk < 21logk for all
k > 630, we deduce

ko< 4.8-10% (log(8.2- 102k 1og” k)
< 4.8-10%(66.58 + 9log k + 5log log k)?
< 2.2-10%1log*k.
Solving this inequality and applying Lemma 3.3, we get
k<13-10* and n < 2.25-10%°. (3.32)

From (3.27) and (3.32), we can deduce that the inequalities (3.32) are consistently satisfied.
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The obtained bounds are exceedingly large; thus, we will proceed to reduce them. Let us
put
Ag :=log(I's + 1) = alog2 — (2n + 2m) log ¢ + 2log(yp + 2). (3.33)

Suppose that m > 20. In this case, we have |I's| < 0.27. By taking d = 0.27 in Lemma
1.30, we get

—log0.73 ,
Ag| < —2"2 . T3] < 37.3 - mintk/2.2m},
Az 0.27 T3] ¥
So, we obtain
log 2 21 2 :
a- 282 (2n 4 2m) + 2log(p+2) < T7.6 - min{k/2,2m} (3.34)
log log
To apply Lemma 1.27 to Az, we consider
_ log2 _ 2log(p +2)

v , and (A,B):=(77.6,¢).

~logy’ a log ¢

Now, the goal is to refine our bounds, which are currently too large, utilizing Lemma 1.27.
Let’s set M := 6.75 x 1033, an upper bound for a as derived from Lemma 3.3. Applying
Lemma 1.27 to (3.34), we aim to obtain an upper bound for k. After a computer search
with Maple, we find that ¢g55 satisfies the conditions of Lemma 1.27 and provides us with
the information that min{k/2,2m} < 1632.

Case 1: min{k/2,2m} = k/2. In this case, we get
k < 3264, (3.35)

Case 2: min{k/2,2m} = 2m. In this case, we obtain that m < 816. Fix 2 < m < 3153
and let’s put

Ay :=log(1+T4) = alog2 — 2nlog ¢ + log((¢ + 2)/P¥).
As k > 630, from (4.28), it follows that |T'y] < 0.01. Consequently, applying Lemma 1.30,

we derive

_ log(0.99)

Ty < ol 1Ay < 9.6- @ k2 (3.36)
Thus, we obtain
log 2 1 2)/ PP
Jog2 o, Lot D/Pn )| oy ok (3.37)
log log ¢

We apply Lemma 1.27 to A4 with the parameters

 log2 log((¢ + 2)/P7(ri€))
~ logy’ A log ¢

v , M:=6.75-10%° and (A, B):=(20,).
Consider the case where 2m < k/2, which implies m < k + 1. In this scenario, we can
substitute P with F5,,_1 in our calculations. By using Maple, we find that ggg9 meets the
conditions of Lemma 1.27. Consequently, we find k£ < 3284. Applying this new bound, we
find n < 1.3 - 10%. Subsequently, we apply Lemma 1.27 again with the same data, but now
we set M to be 3.9 - 10%°. With Maple, we see that ¢3¢ satisfies the conditions of Lemma
1.27, leading to k£ < 690. However, this contradicts our initial assumption that &£ > 630.
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Chapter I

On repdigits as product of k-Fibonacci and
k-Lucas numbers

Through this chapter, we will determine all possibilities such that EPLE can represent a

repdigit. The content discussed in this chapter is drawn from the paper [57].

4.1 Introduction

For an integer k > 2, let (L%k))@,(k,g) be the k-generalized Lucas sequence following the

same recursive pattern as the k-Fibonacci sequence but with initial conditions L(_k()k_Q) =

k k k k
LY = =L%=0L{ =2 and L{" = 1.

Recall that a positive integer is called a repdigit if it has only one distinct digit in its
decimal expansion. In particular, such number has the form a(10° — 1)/9, for some [ > 1

and 1 <a <09.

4.2 Motivation and main result

Several problems involving generalized Fibonacci sequences or generalized Lucas sequences
and repdigits have been of interest to mathematicians. For instance, Luca [40] and Marques
[41] proved that 55 and 44 are the largest repdigits in the sequences F® and F®) respec-
tively. Moreover, Marques conjectured that there are no repdigits with at least two digits,
belonging to F*) for k > 3. This conjecture was confirmed by Bravo and Luca in [17]. Also
in [40], Luca showed that 11 is the largest repdigit in the sequence L® . This result was
generalized by Bravo and Luca in [20]. For more results see [1, 9, 10, 11, 19, 23, 28, 43, 49|
and their references. In [29]|, Erduvan and Keskin have studied repdigits as product of two
Fibonacci and two Lucas numbers. Motivated by these results, we will study the solutions

of the Diophantine equation

0
P L0 W‘ (4.1)

We will prove the following results.

Theorem 4.1. All the solutions of Diophantine equation (4.1) in positive integers n,m, ¢, k,
and a with0<m<n, k>2,0>2, and1<a<9, are

(a,k,1,m,n) € {(4,3,2,1,8),(5,2,2,1,10), (8,2,2,5,6), (8,3,2,0,8)}.
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Theorem 4.2. All the solutions of Diophantine equation (4.1) in positive integers n,m, (, k,
and a withl <n<m,k>22,0>22, and1 <a<9, are

(a,k,l,m,n) € {(1,2,2,5,1),(1,2,2,5,2),(2,4,2,5,1),(2,4,2,5,2),
(2,2,2,5,3),(3,2,2,5,4), (4,4,2,5,3), (5,2,2,5,5), (8,4,2,5,4)}.

In order to prove our theorems, we will use linear forms in logarithms of algebraic numbers
and the reduction method due to Dujella-Peths. We will start by introducing necessary
results and definitions which will be used in the remaining work.

4.3 Preliminaries and known results

4.3.1 Properties of the k-generalized Lucas sequence

The k-Fibonacci and k-Lucas sequences share several properties, such as the characteristic
polynomial. These common properties were presented in the first part of subsection 2.3.1.
Here, we highlight the specific properties of the k-Lucas sequence that will be used later,
alongside those of the k-Fibonacci sequence discussed in the mentioned subsection.

In |20] Bravo and Luca proved that

L =320 = Dfi(al)a®" (42)
i=1
and 3
ler.(n)]| < 3 where ¢} (n) = L¥ — (20 — 1) fr(a)a™ !, (4.3)
foralln > 2 — k and £ > 2. In addition, for n > 1 and k& > 2, it was proved in the same
paper that
ot < L L 2am. (4.4)

Furthermore, note that if 2 < n < &, then Lk —3.9n-2,

4.4 The proof of Theorem 4.1

In this section, we will prove Theorem 4.1 in four steps. Let us start with the first step.

4.4.1 An upper bound for / in terms of n

We begin our analysis of (4.1), for 2 < m < n < k+ 1. In this case, we have F,(Lk) = Qn—2
and L =322 50 the equation (4.1) becomes

a(10f —1)

3 . 2n+m—4 —
9

(4.5)

For any rational number x, let v5(z) denote the 2-adic valuation of z. Since v5(a(10°—1)/9) <
3, then by comparing the 2-adic valuation on both sides of (4.5), one gets 2 < m <n < 7.
In this range, equation (4.5) has no solutions. So, from now, we assume that n > k+2 >4
and m > 2.
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We next comment on the size of ¢ versus n. By inequalities (2.9), (4.4), and 10! <
a(10¢ —1)/9, we obtain

14
900 =) _ g0 < arigam < 9amm

9 n m

1071 <

Then, we deduce that

log 2 log 2log log v log 2
2n — 1 1= - 1.
= log 10 tn-1) (log 10> - " (log 10) (log 10 * log 10 *

Moreover, by using the fact that 3/2 =2(1 —27%) < a < 2, for k > 2 (see (2.3)), we get

(< n. (4.6)

4.4.2 An inequality for n versus k

Now, we will show the following lemma that gives an upper bound for n in terms of k.

Lemma 4.3. If (a,k,¢,m,n) is a solution in positive integers of equation (4.1) with k > 2
and n > k + 2, then we have the following inequality

n < 1.9 x 10%k% log® k. (4.7)

Proof. Using estimates (2.7) and (4.2), equation (4.1) can be rearranged as

l_
(la)a™™ + a()(2a - Di@a™ +Gim) =a (5) s
(20— 1) (a2 = T = e (m) fu(a)a" ! — ex(m)(2a — 1) fi(a)a™ !
—ex(n)ej(m) - .

Thus, we obtain

al0t 3fk(a)an_1 N (2a — 1)fk(a)am_1

LT
9

2 2 4

(20 — D) fi(a)amm=* —

If we divide both sides by (2a — 1)f2(a)a™™ 2 and use the fact that fi(a) > 1/2 and
a > 1.5, we arrive at

3 1 7 6 12
I < < — < —, 4.9
’ 1’ 2am71 anfl + 2&n+m72 a™ am™ ( )
where a
I = ca~ (M= 108 . (4.10)

9(2a = 1) fi ()
We have I'y # 0, otherwise we would get

10
GT = (2a — 1) f(a) o™t ™2,
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Conjugating the above relation by some automorphism of the Galois group of the decompo-
sition field of W(x) over Q and then taking absolute values, we get that for any ¢ > 2, we

have
100 al0*
I

9 = 9
which leads to a contradiction. Let us apply Theorem 1.26 to I'; given by (4.10). To this
end, we take as parameters

(m,01) = (a/ (920 = Dfi (@), 1), (m2,b2) = (, =(n+m —2)), (13,b3) = (10, ).

The algebraic numbers 7,72, 73 are elements of the number field K := Q(«) and dx = k.
Since h(n2) = (loga)/k < (log2)/k and h(ns) = log 10, then we can choose

= |(2a; — D] - | fule)” - || 7% < 3,

Ay :=log 2 = max{kh(n2), [log 2|, 0.16}

and
Az := klog 10 = max{kh(ns), |logns|,0.16}.

Next, we compute A;. Using the estimate (2.5) and the properties (1.1)-(1.3), it follows that
forall k > 2

a
him) < b (5) +h2a = 1)+ 2h(fi())
< log9+log3+6logk
< 12logk.

Hence, we get
Ay = 12klog k > max{kh(m),|logn|,0.16}.

Finally, the fact that m < n and inequality (4.6), imply that we can take B := 2n. Therefore,
according to Theorem 1.26, we have

ITy| > exp(—1.4-30%-3%°.k*(1 +logk)(1 + log2n)(12klog k)(log 2)(k log 10))
> exp (—2.8-10"2(1 +log k) (k*log k) (1 + log 2n)) .

Using the fact 1 4+ log k < 2.5log k, which holds for £ > 2, we obtain
IT1| > exp (—=7.1-10"k* log? k(1 + log 2n)) . (4.11)
Comparing the obtained bounds of |I'y| gives us
mloga < 7.2 -10"%k* log® k(1 + log 2n). (4.12)

We return to equation (4.1) and we rewrite it as follows

(o + ety = WL
ie., ,
fula)a ! — :Ll?k) _ 9La(k) — ex(n). (4.13)
So, we get mg
Dividing through by fi(a)a" !, we get
|Ts] 8 (4.14)

R —
S 2fg(@)ant T an oo’
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where
a

FQ =gy
9L fi(a)

We can prove that I'; # 0 by a similar method used to show that I'; # 0. Now, we will
apply Theorem 1.26 to I's by taking

(m,01) = (a/ (0L fi(@)), 1), (m2,02) = (0, —(n = 1)), (13, b3) == (10, 0).

It is clear that K := Q(«) contains 7y, 19,73 and has degree dx = k. As calculated before,
we take

s 10t — 1, (4.15)

As:=log2, Az:=klogl0, and B :=2n.

We need to compute A;. The estimates (2.5), (4.12), and the proprieties (1.1)-(1.3), imply
that, for all £ > 2, we have

a
hm) < h(5)+h(LE) +h(fi(@)
< log9+log2+ mloga+ 3logk
< 7.3-102k*log” k(1 4 log 2n).
On the other hand, since

L% 270™
- <2 and 77;1:9 fk(a)< o

9Ly fi(a) @ 2’

m =

then, by (4.12), we get
llogm| < mloga +log13.5 < 7.3 - 10"2k* log® k(1 + log 2n).
Thus, we conclude that
max{kh(n), [logm|,0.16} < 7.3 - 10'2k° log® k(1 + log 2n) := A,.
Applying Theorem 1.26 and comparing the resulting inequality with (?7?), we obtain
nloga < 2.21 - 10%°k% log® k log® n,

where we have used the facts 1+ logk < 2.5logk and 1 + log2n < 2.3logn which hold for
k> 2 and n > 4. So, we deduce that

: D <55-10%k log® . (4.16)
og - n

It is easy to check that the inequality

X

2

l < A implies z < 4Alog? A, whenever A > 100. (4.17)
og’x

Thus, putting A := 5.5 - 10%k%log® k in inequality (4.17) and using 59.3 + Slogk +
3loglog k < 92log k which holds, for all £ > 2, we obtain

n < 4(5.5-10%°k%log® k)(log(5.5 - 102°k% log® k))?
< (2.21-10%K%log® k)(59.3 + 8log k + 3loglog k)?
< 1

9-10%k8 10g” k.

This gives (4.7) and completes the proof of Lemma 4.3. O
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4.4.3 The case 2 < k < 440
For this subsection, we consider k € [2,440]. Define
Ay :=1log(T'y + 1) = Llog 10 — (n +m — 2)log a + log(a/(9(2a — 1) f£(c))). (4.18)

Suppose that m > 10, so by the estimate (4.9) and the fact that a > 1.5, we have |T';| < 0.21.
Taking d = 0.21 in Lemma 1.30, we obtain

—1log 0.79

So, we get
log 1 1 200 — 1) f2
10810 o gy 4 108la/OC = D) g \om (4.20)
log « log a

For all a € {1,...,9}, we apply Lemma 1.27 to A; with the following parameters

_ log10 . log(a/(9(2a — 1) f(ev)))
loga’ ‘ log a

v , and (A, B):=(33.3,q).

For each k € [2,440] and a € {1,...,9}, we find a good approximation of v and a
convergent p,/qe of the continued fraction of v such that ¢, > 6M; and € = (k) = ||uq| —
My||vq|| > 0, where M, := [1.9 x 10°°k® log® k|, which is an upper bound of ¢ from Lemma
4.3. Using Mathematica, we see that ¢o; satisfies the conditions of Lemma 1.27. After
doing this, we use Lemma 1.27 on inequality (4.20). A computer program with Mathematica

log(A
shows for £k = 417 and a = 7 that € > 0.000064 and the maximum value of %, for
0g

k € [2,440] and a € {1,...,9}, is 204.861, which is an upper bound of m by Lemma 1.27.
For 2 < m < 205, we consider

Ay :=1log(l'y + 1) = Llog 10 — (n — 1) log a + log(a/(9L™ fi.(a))). (4.21)

Suppose that n > 10, so by the estimate (4.14) and the fact that a > 1.5, we have |T's| < 0.11.
Taking d = 0.11 in Lemma 1.30, we obtain

—1og 0.89

So, we get
log 10 1 9Ly
log log

For all a € {1,...,9} and 2 < m < 204, we apply Lemma 1.27 to Ag, by fixing

(k)
. logl0 log(a/(9Lm fk(o‘))), and (A, B) = (15.8,a).
log « log a

Again, for each (k,m) € [2,440] x [2,204] and a € {1,...,9}, we find a good approximation
of v and a convergent p,;/q, of the continued fraction of 4 such that ¢, > 6M; and ¢ =
e(k) = ||uq|| — Mg|lvql| > 0, where M, := [1.9 x 10°°k®log” k|, which is an upper bound
of ¢ from Lemma 4.3. With the help of Mathematica, we see again that q9; satisfies the
conditions of Lemma 1.27. After doing this, we use Lemma 1.27 on inequality (4.22). A
computer program with Mathematica revealed for kK = 417, a = 7 and for all 2 < m < 204
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log(A
%, for (k,m) € [2,440] x [2,204] and
a€{1,...,9}, is 203.786, which is an upper bound of n by Lemma 1.27.

Hence, we deduce that the possible solutions (a, k,l,m,n) of equation (4.1) for which
k € [2,440] and a € {1,...,9} satisfy m < n < 203. Therefore, we use inequality (4.6) to
obtain ¢ < 202.

that € > 0.000064 and the maximum value of

10 -1
Finally, we use Mathematica to compare F}, (k )L( ) and M, for the ranges k + 2 <

<203, m<n,1<a<9and 2 </ <202, with £ < n and check that the only solutions
of equation (4.1) are those listed in Theorem 4.1.

4.4.4 The case k£ > 440

In this subsection, we analyze the case & > 440. For such k, it is easy to check that
m<n<19-10%k8 log5 k < 2k/2,

Thus, by Lemmas 1.18 and 1.19, FPand L can be respectively rewritten as
2

EW® =97=2(1 4+ ¢}), where |(] < iz (4.23)
and
LW =3.2m72(1 h ! 4.24
m — 97 ( +C2)7 where |C2| < 2k/2 ( : )
Substituting (4.23) and (4.24) in (4.1), we obtain
10 —1
3. 2n+m—4(1 + (1>(1 + C2) — %
Hence, we get
¢ n+m—4 n+m—4
onm—a _ 010 9.2 6-2
‘3 2 5 < k72 + o + 1.
Consequently, the above inequality and the fact that n > 4 give
3 2 1 5.9
_ 12 (n+m+4)
R e R R R R T (4.25)

Define

a
= — .o (ntm=4) 1n¢ _ 1
797

We have I's # 0, because if I's = 0 we get a - 10° = 27 - 2"*™~4_ This implies that 5 divides
27 - 2ntm=4 which is impossible. Now, we put

(11, b1) = <%> 1) ;o (m2,b2) = (2, =(n+m —4)),  (n3,b3) := (10,0).
Then, we obtain
h(m) =log27, h(ne) =log2, and h(ns) = log1l0.
Note that ny,72,m3 € K := Q. Thus dg = 1. So, we take
Ay :=log27, As:=log2, Az:=logl0, and B :=2n.
Thus, applying Theorem 1.26, we get

T3] > exp(—1.74 - 102 log n),
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where we have used the fact that 1 + log2n < 2.3logn, for all n > 4. By comparing the
resulting inequality with (5.20), we obtain

min{k/2,m} < 2.52 - 10" logn.

By Lemma 4.3 and using the fact that 69.72 + 8log k + 5loglog k < 21log k, for k > 440, we
get
min{k/2,m} < 2.52-10"2log(1.9-10%°k%log” k)
< 2.52-10'%(69.72 + 8log k + 5loglog k)
< 5.3-10831ogk.

If min{k/2,m} = k/2, then we get k < 1.1-10"logk. Solving this inequality and using
Lemma 4.3 we conclude that

k<4-10% and n<7.5-10'"% (4.26)
If min{k/2,m} = m, we obtain in this case that
m < 5.3-10% log k. (4.27)

Now, we go back to (4.8) and we rewrite it as

n—2 al0’ _ _—a _ on-2
Sy Ry
Thus, we obtain
.o al0f] 2nt

Dividing through by 2772 and using the fact that n > k + 2, we get
1 2 1 2 3

where a
Iy = L2~(=2) 08 -1, (4.29)
9Ly
. . al0’ . .
Note that I'y # 0, since otherwise we would get — = 22 If a € {1,...,8} then it is
9Ly,
. . . 10 9 . .
obvious that the left side cannot be an integer. If a = 9, then we have — = 2"~ or in this
Lm ’
10
case m < k/2 implies that m < k and so L) =3.2m=2 Then we would get 3 om3 PA

and this leads to a contradiction. Therefore, I'y # 0. Now, we apply Theorem 1.26 by fixing

(7717 bl) = (a/<9L1(7§))7 1)7 (7]27 b2) = (27 _<n - 2))? (7]37 b3) = (1072)

As calculated before, we take A; := log2 and Az := log10. We take B := n. Next, we
estimate h(n;). By the fact that LW < 24m and inequality (4.27), we obtain

h(m) < h(a/9) + h(L®) < log9 +log2 + mloga < 3.7- 10" log k.
So, we choose A; := 3.7 - 10" log k. Therefore, Theorem 1.26 gives

IT4| > exp(—1.53 - 10*° log k log n), (4.30)
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where we have used the fact that 1+ logn < 1.8logn, which holds, for n > 4. From (4.28)
and (4.30), it results
k < 4.42 -10%° log k log n.

By Lemma 4.3 and using the fact that 69.72 4+ 8log k + 5loglog k < 21log k, for all k£ > 440,
we get
k< 4.42-10%logk (log(1.9 - 10%k% log” k))
< 4.42-10%°1og k(69.72 + 8log k + 5loglog k)
< 9.3-10%log*k.

Solving this inequality and using Lemma 4.3, we obtain
k<4.64-10° and n<7.2-10%% (4.31)

Comparing (4.26) and (4.31), we conclude that inequalities (4.31) always hold. The obtained
bounds are very large, next we will reduce them. Put

Az :=log(I's + 1) = Clog 10 — (n +m — 4) log 2 + log(a/27). (4.32)

Assume that m > 10, then we get |I'3| < 0.02. Taking d = 0.02 in Lemma 1.30, we obtain

—log0. :
IAg] < % [Ty < 6 9 minfk/2m)
So, we deduce that
log 10 1 27 :
- foggQ (ntm—4)+ —Ogéf;/ . )| < 9. g-minth/2m}, (4.33)

For a € {1,...,9}, we apply Lemma 1.27 to A3 with the data

~log10 ~ log(a/27)
"~ log2’ o= log 2

, and (A,B):=(9,2).

We now want to reduce our bound, which is too large, by using Lemma 1.27. We take
M :=7.2-10%!, which is an upper bound on ¢ by (4.6) and (4.31). Then, we use Lemma
1.27 on inequality (4.33) in order to obtain an upper bound on k. A computer search with
Maple shows that gs75 satisfies the conditions of Lemma 1.27, for all @ € {1,...,9}. Thus,
the application of Lemma 1.27 yields to the different results presented in the following table.

a 1 2 3 4 5 6 7 8 9
€= 0.37 1 0.37 1 0.25 | 0.37 | 0.37 | 0.25 | 0.34 | 0.37 | 0.13
min{k/2,m} < | 956 | 956 | 956 | 956 | 956 | 956 | 956 | 956 | 957

According to the obtained results, we find that min{k/2, m} < 958 which holds in all cases.

Case 1: min{k/2,m} = k/2. In this case, we get
k < 1916. (4.34)
Case 2: min{k/2, m} = m. In this case, we obtain that m < 957. Let 2 < m < 957 and
Ay :=1log(Ty +1) = Llog 10 — (n — 2)log 2 + log(a/(9LM)).
Since k > 440, then from (4.28), we have |['4] < 0.01. Hence by Lemma 1.30, we obtain

 log(0.99)

Ayl <
[Adl 0.01

|yl < 3.02- 2772, (4.35)

46



CHAPTER 4. ON REPDIGITS AS PRODUCT OF K-FIBONACCI AND K-LUCAS
4.5. THE PROOF OF THEOREM 4.2 NUMBERS

So, we get
‘. log 10 _
log 2

log(a/(9L)))
log 2

(n—2)+ <44.27% (4.36)

For all a € {1,...,9} and 2 < m < 957, we apply Lemma 1.27 to A4 with the parameters

~log10 o log(a/(QLyrf)))

v = g2 e log 2 ., M:=72-10%* and (A, B):=(44,2).

Note that m < k/2. This implies that m < k, which holds for £ > 2 and we can replace
L® by 3 -2™72 in our calculations. Using again Maple, one can see that gs;5 satisfies the
conditions of Lemma 1.27, for all a € {1,...,9} and 2 < m < 957. Thus, applying Lemma
1.27 gives us the following different results which hold, for all 2 < m < 957.

a 1 2 3 4 5 6 7 8 9
e> | 0370371025037 ]037]025|0.34]|0.37]0.13
k/2 < | 955 | 955 | 955 | 955 | 955 | 955 | 955 | 955 | 956

From the obtained results, we observe that in all cases k < 1913. So, in both cases, we have
k < 1916.

With this new bound, we get n < 9-10%. Again, we apply Lemma 1.27 with the same
above data but this time we take M := 9-10%. With the help of Maple we see that g¢i3;
satisfies the conditions of Lemma 1.27, for all @ € {1,...,9}. For this application, we obtain
the following results.

a 1 [ 234516 7] 879
e > 0.05 | 0.05 | 0.37 | 0.05 | 0.05 | 0.37 | 0.34 | 0.05 | 0.32
min{k/2,m} < | 217 | 217 | 214 | 217 | 217 | 214 | 214 | 217 | 214

After this, we can see that min{k/2, m} < 218 which holds in all cases.

As we have done above, we obtain for the first case that & < 436 and for the second case,
we use again ¢y3; which fulfill the conditions of Lemma 1.27, for all a € {1,...,9} and
2 < m < 217. Then, we obtain the following results which hold for all 2 < m < 217 and
give us that k£ < 433 in all cases.

a 1 2 3 4 5 6 7 8 9
e> 10.05]0.05{0.370.05|0.05 037|034 0.05]|0.32
k/2 < | 216 | 216 | 213 | 216 | 216 | 213 | 213 | 216 | 213

Thus, for both cases it holds that £ < 436, which contradicts our assumption that k > 440.
This completes the proof of Theorem 4.1.

4.5 The proof of Theorem 4.2

This section is devoted to show Theorem 4.2. This proof will be similar to that of Theorem
4.1. For the sake of completeness, we will give most of the details.

4.5.1 An upper bound for / in terms of m

We begin our analysis of (4.1) for 2 < n < m < k. In this case, we have Fflk) =272 and
L% =3.2m=2 5o the equation (4.1) turns to

a(10f — 1)

3 . 2m+n—4 —
9

(4.37)
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For any rational number z, let v5(x) denote the 2-adic valuation of x. Since v5(a(10°—1)/9) <

3, then by comparing the 2-adic valuation on both sides of (4.37) one gets 2 <n < m < 7.

In this range, equation (4.37) has no solutions. So, from now, we assume that m > k + 1.
Now, by inequalities (2.9), (4.4), and 10° — 1 < a(10° — 1)/9, we obtain

¢ <m. (4.38)

4.5.2 An inequality for m versus k

Here, we will give an inequality for m in terms of k£ by showing the following lemma.

Lemma 4.4. If (a,k,¢,n,m) is a solution in positive integers of equation (4.1) with k > 2
and m > k + 1, then we have the following inequality

m < 2.6 x 10*°k%log” k. (4.39)

Proof. Using estimates (2.7) and (4.2), equation (4.1) can be rewritten as

l_
(la)a™™ + a()(2a - Diit@)a™ + Gm) =a (5) (a0
(20~ @) = A g m) ufa)a ey (m) (20— 1)fi(a)a
—ei(m)ex(n) — 5.

Thus, by taking the absolute value and dividing both sides by (2a — 1) f?(a)a™™™= 2, we
obtain

3 1 7 6 12
I < — < — 441
‘ 1‘ 2qm—1 + a1 + 2qmtm—2 < a™ < a™’ ( )
where a
I = ca M=) 108 — 1. 4.42
L= 50— D7) (4.42)

As seen previously, we have I} = I'; # 0. To apply Theorem 1.26 to I}, we take

(m,b1) = (a/ (920 = D f(e)), 1), (12, b2) = (o, =(n +m = 2)), (1, bs) == (10, 0).

The algebraic numbers 7y, 19,73 are elements of the number field K := Q(«) and dx = k.
So, as in the previous section, we take

Ay :=12klogk, As:=log2, As:=klogl0, and B :=2m.

Now, we apply Theorem 1.26 to I} and compare the resulting inequality with (4.41) to
obtain

nloga < 7.2- 102k log? k(1 + log 2m). (4.43)
We return to equation (4.1) and rewrite it as follows
106 -1
FO (20— 1) il + efm)) = =L
ie.,
alo* —a
200 — 1) fp(a)a™ ! — = —e;(m). 4.44
(20— Dflaa™ = £ = 5 — cfm) (1.44)
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So, we get
al0’ a 3_5
200 — 1 mel < <=
(o= D)™ = o | S g T2 S 3
Dividing through by (2a — 1) fi(a)a™™!, we get
5) da 5

IT5] <

2020 — 1) fe(a)am1 ~ 2am ~ am’ (4.45)

where a
I, = R (S (4.46)
> 9(2a — DEW f()

We have I, # 0. Now, we will apply Theorem 1.26 to I, by fixing

(7717 bl) = (a/(9(2a - ]‘)F7’(Lk)fk(a))7 1)’ (7727 bQ) = (Oé, _(m - 1))7 (773, bS) = (107@'

It is obvious that K := Q(«) contains 7,179,735 and dg = k. As calculated before, we take

Ag:=log2, Asz:=klogl0, and B :=2m.

We need to compute A;. The estimates (2.5), (4.43), and the proprieties (1.1)-(1.3) imply
that
hm) < b (5)+h@a—1)+h(FP) + h(fila))
< log9+log3+ (n—1)loga +logk
< 7.3-102Kk*log? k(1 + log 2m),

for £ > 2. On the other hand, since
a L 92a —1EY fi(a) g 81D

m = <1 and n; = ;
Y920 — DEP fi(a) ! a 1

then, by (4.43), we get
llogmi| < (n — 1)loga +10g20.3 < 7.3 - 10"%k* log? k(1 + log 2m).
Thus, we conclude that
max{kh(n1), logm|,0.16} < 7.3 - 10'2k% log® k(1 + log 2m) := A,.
Applying Theorem 1.26 and comparing the resulting inequality with (4.45) give
mloga < 2.9 -10%°k% log® klog? m,

where we have used the facts 1 4+ logk < 2.5logk and 1 + log2m < 2.6logm, which hold,
for k > 2 and m > 3. So, we obtain

— < 7.2 x 10°°k% log” k. (4.47)

log”=m

We use (4.17) by putting A := 7.2 x10%k% log® k and the fact that 59.6+8log k+3loglogk <
93 log k, which holds for all k¥ > 2, to obtain

m < 4(7.2 x 102k%log® k)(log(7.2 x 10%k%log® k))?
< (3 x 10%k%1log® k)(59.6 + 8log k + 3loglog k)?
< 2.6 x 103k 1og® k.

This gives (4.39) and completes the proof of Lemma 4.4. O

49



CHAPTER 4. ON REPDIGITS AS PRODUCT OF K-FIBONACCI AND K-LUCAS
4.5. THE PROOF OF THEOREM 4.2 NUMBERS

4.5.3 The case 2 < k <430
For this subsection, we consider k € [2,430]. Define
A} i=1log(T", + 1) = Llog 10 — (n +m — 2)log a + log(a/(9(2a — 1) f2(c))). (4.48)

Suppose that n > 10, so by the estimate (4.41) and the fact that a > 1.5, we have |['}| < 0.21.
Taking d = 0.21 in Lemma 1.30, we obtain

—1log 0.79

A T <135 a7 44
Al < — 5 Ml <1350 (4.49)
So, we get
log 1 1 200 — 1) f2
g log10 —(n+m—2)+ og(a/(9(2 = 1)} () <333-a7" (4.50)
log o log a

For a € {1,...,9} and k € [2,430], we apply Lemma 1.27 to A}. For this application, we
put
__log10 _ log(a/(9(2a — 1) fi(e)))
" loga’ o log a

, and (A, B):=(33.3,q).

For each k € [2,430] and a € {1,...,9}, we find a good approximation of v and a convergent
pe/qe of the continued fraction of  such that ¢, > 6My and € = e(k) = ||puql| — My|lvql| > 0,
where Mj, := 2.6 x 10*°k%log® k|, which is an upper bound of ¢ from Lemma 4.4. After
doing this, we use Lemma 1.27 on inequality (4.50). Using Mathematica, we find that g2,
fulfills the conditions of Lemma 1.27. A computer program with Mathematica reveals for
M, for k € [2,430]
log B
and a € {1,...,9}, is 200.757. This is an upper bound of n by Lemma 1.27.
For 2 < n < 201, we consider

k = 402 and a = 7 that € > 0.0011 and the maximum value of

Al :=Tlog(Iy + 1) = Llog 10 — (m — 1) log o + log(a/(9(2a — 1) E® fi.())). (4.51)

Suppose that m > 10, then by the estimate (4.45) and the fact that a > 1.5, we have
II'| < 0.09. Taking d = 0.09 in Lemma 1.30, we obtain

—log0.91
Al _ o mtm . P/ 3 _m'
|2|< 0.0 |2|<530z
So, we get
log 1 1 2a — 1)EW
g logl0 oy 108(@/ORa = DI f@))| 5. qom, (4.52)
log a loga

Fora € {1,...,9} and (k,n) € [2,430] x [2,200], we apply Lemma 1.27 to A}, by taking

 log10 log(a/(9(2a — DFF fi(@))
" loga’ o log o

, and (A, B):=(13.1,a).

Again, for each (k,n) € [2,430] x [2,200] and a € {1,...,9}, we find a good approximation
of 7 and a convergent p,/q, of the continued fraction of v such that ¢ > 6M, and ¢ = ¢(k) =
| q|| — My||vq|| > 0, where M;, := 2.6 x 10°°k®log® k|, which is an upper bound of ¢ from
Lemma 4.4. After doing this, we use Lemma 1.27 on inequality (4.52). Using Mathematica
again, we see that gio3 confirms the conditions of Lemma 1.27. A computer program with
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Mathematica proves, for k = 427, a = 1 and n = 58, that £ > 0.000019 and the maximum
log(A

value of M, for (k,n) € [2,430] x [2,200] and a € {1,...,9}, is 208.792. This is also

log B

an upper bound of m by Lemma 1.27.
Hence, we deduce that the possible solutions (a, k,[,m,n) of equation (4.1), for which
k € [2,430] and a € {1,...,9}, satisfy n < m < 208. Therefore, we use inequality (4.6) to

obtain ¢ < 207.

10¢ -1
Finally, we use Mathematica to compare F,gk)Lgf) and M, for the ranges k + 1 <

m < 208, n < m,a€ {l,...,9} and 2 < ¢ < 207, with ¢ < m and check that the only
solutions of equation (4.1) are those given in Theorem 4.2.

4.5.4 The case k > 430
For k > 430, it is easy to check that

n<m<26-10%k8 log5 k < 2k/2,

Thus, by Lemmas 1.18 and 1.19, FPand L can be respectively rewritten as

e 2
Frgk) =92 2(1 + gl)a where |€1| < W (453)
and
LF) = 3.9m=2( h 1 4.54
m — 97 ( +C2)7 where |CQ| < ok/2" ( : )

Substituting (4.53) and (4.54) in (4.1) and using the fact that m > 3, we obtain

5.5

/
|F3| < omin{k/2,n}’

(4.55)

where

I, = % Lo—(nm=1) ¢ _q,

One can check that I} # 0. Thus, we apply Theorem 1.26 by taking

(m,b) = (55:1) s (mba) 1= (2 —(n+m = 4)), (ms.bo) := (10,0).

We take dx = 1, Ay = log27, Ay := log2, A3 := log 10, and B := 2m. Thus, applying
Theorem 1.26 and comparing the resulting inequality with (4.55), we obtain

min{k/2,n} < 3-10"logm.

By Lemma 4.4 and using the fact that 70.1 + 8log k + 5loglog k < 21 log k, for all k£ > 430,
we get
min{k/2,n} < 6.3- 10" log k.

If min{k/2,n} = k/2, then we get k < 1.3-10"logk. Solving this inequality and using
Lemma 4.4, we conclude that

k<4.7-10" and m < 3.8-10'%. (4.56)
If min{k/2,n} = n, then we obtain

n < 6.3-10"% logk. (4.57)

51



CHAPTER 4. ON REPDIGITS AS PRODUCT OF K-FIBONACCI AND K-LUCAS
4.5. THE PROOF OF THEOREM 4.2 NUMBERS

Now, we go back to (4.44) and we rewrite it as

o allf 0 o ome2
3.2 — oF = oF 32",

Taking the absolute value and dividing through by 3 - 2™~2, we use the fact that m >k + 1
to get

1 1 1 1 2
/
|F4| < 3.9m—2 + ok/2 < 3. 9k=2 + ok/2 < ok/2’ (4'58)
where a
/o —(m—2) l
I = 27T7§k) -2 -10° — 1. (4.59)
‘
As above, we show that I"y # 0, since if not we would obtain % = 2™72 or in this case
27Fy
‘
F%¥ = 272 and so we would obtain # = 2m=2. This is impossible. Now, we apply

Theorem 1.26 by fixing

(m,01) = (a/(2TF), 1), (12,02) = (2,—~(m = 2)), (13, b3) = (10, ).

As calculated before, we take A, := log2, A3 := log10, and B := m. Next, we estimate
h(m). As F¥ < a"! and using the inequality (4.57), we obtain

h(m) < h(a/27) + h(F®) < 1og27 + (n — 1)loga < 4.4 - 10" log k.
So, we choose A; := 4.4 -10'31og k. Therefore, Theorem 1.26 gives
IT,| > exp(—2.1-10* log klogm), (4.60)

where we have used the fact that 1 4+ logm < 2logm, which holds, for all m > 3. From
(5.27) and (5.29), we deduce that

k < 6.1-10% log klogm.

By Lemma 4.4 and using the fact that 70.1 + 8log k + 5loglog k < 21logk, for all k£ > 430,
we get
k < 6.1-10%logk (log(2.6 - 10%k%log” k))
< 6.1-10%1ogk(70.1 + 8log k + 5loglog k)
< 1.3-10%1log*k.

Solving this inequality and using Lemma 4.4, we obtain
k< 6.55-10* and m < 1.6-10%° (4.61)

From (4.56) and (4.61), we conclude that inequalities (4.61) always hold. The obtained
bounds are very large, next we will reduce them. Put

Ay :=log(Ty + 1) = Llog 10 — (n +m — 4) log 2 + log(a/27). (4.62)

Assume that n > 10, we get then |I'j] < 0.02. Taking d = 0.02 in Lemma 1.30, we obtain

—1log 0.98 :
A -\ .9~ m1n{k/2,n}'
[As] < T002 T <6
So, we get
log 10 log(a/27) i
0. —~ —4) + =L < 9. g7 min{k/Zn} 4.63
log 2 (n+m—d)+ log 2 ( )
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For a € {1,...,9}, we apply Lemma 1.27 to A} with the data

_ log10  log(a/27)

v = , and (A,B):=(9,2).

log2’ o= log 2
We now want to reduce our bound of £, which is too large, by using Lemma 1.27. We take
M := 1.6 - 10%%®, which is an upper bound of ¢ by (4.38) and (4.61). After, we use Lemma
1.27 on (4.63) in order to obtain an upper bound of k. A computer search with Maple shows
that gsso satisfies the conditions of Lemma 1.27, for all a € {1,...,9}. Thus, the application
of Lemma 1.27 leads to the different results presented in the following table.

a 1 2 3 4 5 6 7 8 9
€= 0.45)0.45|0.03 | 045|045 | 0.03 | 0.44 | 0.45 | 0.48
min{k/2,n} < | 961 | 961 | 965 | 961 | 961 | 965 | 961 | 961 | 961

According to the above results, we see that min{k/2,n} < 966 across all cases.
Case 1: min{k/2,n} = k/2. In this case, we get
k < 1932, (4.64)
Case 2: min{k/2,n} = n. In this case, we obtain n < 965. For 2 < n < 965, let
A, = log(I", + 1) = Llog 10 — (m — 2) log 2 + log(a/(27F{M)).
Since k > 430, then from (4.58), we have |[}| < 0.01. Hence by Lemma 1.30, we obtain

_ log(0.99)

A 0| < 2,02 2742, 4.
4] < -2y < 0 (1.65)
So, we get
log 10 log(a/(27FM)) k
- —(m—2 3-272. 4.66
log 2 (m —2)+ log 2 < ’ ( )

Again, for a € {1,...,9} and 2 < n < 965, we apply Lemma 1.27 to A with the parameters

~ log10 - log(a/(27F))

= Tog2 E og 2 . M :=16-10"% and (A, B):=(3,2).

v

Note that n < k/2. This implies that n < k + 1, which holds for £ > 2 and we can replace
F,Sk) by 2772 in our calculations. We use again Maple to see that gsgg satisfies the conditions
of Lemma 1.27, for all a € {1,...,9} and 2 < n < 965. Hence, applying Lemma 1.27 leads
us to the following varied results which hold for all 2 < n < 965.

a 1 2 3 4 5 6 7 8 9
e> 1045]045{0.03 1045|045 |0.03 044|045 | 0.48
k/2 <] 959 | 959 | 963 | 959 | 959 | 963 | 959 | 959 | 959

The obtained results reveals across all instances that & < 1926. As a result, in both cases,
we have k < 1932.

With this new bound, we get m < 1.25 - 10, So, we apply again Lemma 1.27 with the
same above data but this time we take M := 1.25-10%'. With the help of Maple, we see
that ¢i40 satisfies the conditions of Lemma 1.27 for all a € {1,...,9}. In the context of this
application which yields to the different results presented in the below table, we find that
min{k/2,n} < 235.
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a 1 [ 234516717879
£ > 0.33]0.330.46 | 0.33 | 0.33 | 0.46 | 0.24 | 0.33 | 0.23
min{k/2,n} < | 233 | 233 | 233 | 233 | 233 | 233 | 233 | 233 | 234

For the first case, we obtain that k£ < 470 and for the second case we use again gy49 which
satisfies the conditions of Lemma 1.27 for all a € {1,...,9} and 2 < n < 234 to obtain the
following results which hold for all 2 < n < 234 and reveals that k£ < 464.

a 1 2 3 4 5 6 7 8 9
ez 1033]033046]0.33]0.33|046|0.24]0.33 | 0.23
k/2 < | 231 | 231 | 231 | 231 | 231 | 231 | 232 | 231 | 232

So, in both cases we have k < 470. With this new bound, we get m < 5.5-10%°. So, we apply
again Lemma 1.27 with the same above data but this time we take M := 5.5-10%. In this
case, q1o8 satisfies the conditions of Lemma 1.27, for all a € {1,...,9}. The third application
of Lemma 1.27 leads to the following results from which we observe that min{k/2,n} < 209,
which holds in all cases.

a 1 [ 2345167 7] 879
e> 0.27 | 0.27 [ 0.18 [ 0.27 | 0.27 | 0.18 | 0.24 | 0.27 | 0.09
min{k/2,n} < | 207 | 207 | 207 | 207 | 207 | 207 | 207 | 207 | 208

The first case gives us that k£ < 418 and for the second case we use again qo8 which satisfies
the conditions of Lemma 1.27, for all @ € {1,...,9} and 2 < n < 208. This application
yields to the following results which hold, for all 2 < n < 208 and tell us that k < 415.

a 1 2 3 4 5 6 7 8 9
e> 1027]027(0.18 | 0.27 | 0.27 | 0.18 | 0.24 | 0.27 | 0.09
k/2 < | 205 | 205 | 206 | 205 | 205 | 206 | 205 | 205 | 207

Consequently, we deduce that in both cases we have k < 418, which contradicts our assump-
tion that k£ > 430. This completes the proof of Theorem 4.2.
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Chapter

On Equations involving Repdigits and
Products of Two k-Fibonacci

In this chapter, we will show that EPE® can represent a repdigit, where n and m are two
positive integers. This chapter is derived from the paper [56].

5.1 Motivation and main result

In [29], Erduvan and Keskin investigated repdigits as products of two Fibonacci and two
Lucas numbers. In this chapter, we search for repdigits which are the product of two k-
Fibonacci numbers. Our main result is given by the following theorem.

Theorem 5.1. The only solution of the Diophantine equation

104 — 1)

F g _ 4 5 (5.1)

in positive integers n,m, .k, and a with3 <m<n, k>3, 022, and1<a<9,is
(a,k,l,m,n) = (8,3,2,3,8).
We set the condition m > 3, as when m € {1,2} then the Diophantine equation (5.1)

10° — 1
transforms into F*¥) = % and this problem was already treated in [17, 40, 41].

5.2 The proof of Theorem 5.1

5.2.1 Preliminary considerations

We start our examination of (5.1), considering the range 2 < m < n < k+ 1. Within this
context, we have F¥) = 272 and F{¥) = 2m2 Hence, Equation (5.1) transforms into

a(10f — 1)
R

2n+m—4 —

(5.2)

For any rational number x, let v5(z) denote the 2-adic valuation of z. Since v5(a(10°—1)/9) <
3, then by comparing the 2-adic valuation on both sides of (5.2), one gets2 < m <n < 7. In
this specified range, Equation (5.2) does not possess solutions. Thus, from now, we proceed
under the condition n > k +2 > 5.
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Following this, we will determine the correlation between the sizes of ¢ and n. Using
inequalities (2.9) and 10! < a(10° — 1)/9, we obtain

a(10¢ — 1)

5 — FT(Lk)FT(nk) < an+m—2 < Oézn_2.

107! <

Consequently, we get

log v 2log 2log
2n — 2 1= — 1
< (2n )(log10)+ n(loglO) (loglO)jL

Moreover, utilizing (2.3), we get

< n. (5.3)

5.2.2 An inequality for n versus k
Now, we illustrate the following lemma which provides an inequality relating n to k.

Lemma 5.2. If (a,k,{,m,n) is a solution in integers of Equation (5.1) with k > 3 and
n =k + 2, then the inequality

n < 1.64 x 102k log® k (5.4)

holds.

Proof. Employing estimate (2.7), Equation (5.1) can be expressed as follows:

(e + ) ila)a™ !+ extm) = (5= ) (5:5)

ie.,

al0* - . .
9 —ex(m) fro(a)a" " — ex(n) fu(a)a™ " — ex(n)e(m) — 5

fRa)anin?

By taking the absolute value, dividing both sides by f?(a)a™"™ 2, and taking into account
the fact that fy(c«) > 1/2, along with (2.8), we arrive at

9f,;(a) Camrrme2) 10t _ 1| < ai_l N anl_l N an+5m—2 .- Z_l- 56
Define r a nimea) o1
LT 982(a) : (5.7)
Consequently, we obtain
Ty < le. (5.8)

We have I'y # 0, because if we suppose that I'y = 0, we would get

¢
“F = Rla)atm),
9
After applying an automorphism from the Galois group of the decomposition field ¥ (z) over
Q to the above relation and then taking absolute values, we conclude that for any i > 2, we
have
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resulting in a contradiction. With the goal of applying Theorem 1.26 to I'; given by (5.7),
the parameters can be chosen as:

(m,b1) = ((a/(9f5 (). 1), (2, ba) := (a, =(n+m = 2)), (13, b3) := (10, 0).

Since the algebraic numbers 7, 72,773 are members of K := Q(«), it follows that dx = k.
Next, we estimate the usual absolute logarithmic heights of 7; followed by that of 1, and ns.
Using estimate (2.5) and the properties (1.1) and(1.3), we see that for all k > 3,

h(m) < h(a/9) + 2h(fi(a))
< log9+4logk
< 6.1logk.

h(ny) = (log @) /k < (log2)/k and h(ns) = log 10. Then, we can choose
Ay := 6.1k log k = max{kh(n),|logm|,0.16}

Ay :=log2 = max{kh(nz), llog 772| 70-16}

and
Az = klog 10 = max{kh(ns3), |logns|,0.16}.

Ultimately, given m < n and Inequality (5.3), we can determine that B := 2n. Therefore,
Theorem 1.26 gives

ITy] > exp(—1.4-30°-3%°. k*(1 +logk)(1 + log 2n)(6.1klog k) (log 2) (k log 10))
> exp (—2.8-10"k*log” k(1 + log 2n))

where we have employed the fact that 1+ logk < 2log k, which holds for k£ > 3. Comparing
this lower bound with the upper bound of |I';| as given in (5.8), we reach

(m —1)loga < 2.9-10"%k* log? k(1 + log 2n). (5.9)
We return to Equation (5.1) and we use again (2.7) to reformulate it as

R _ a(10f — 1)

(ful@)a™ +ex(m) FiP = ==,
ie.,
e al0* a
fk(Oé)Oé T 9F(k) = _9F(k) — ek(n) (510)

n—1

Following the previous steps, by taking the absolute value and dividing through by fi(a)a™ 1,
we get

+ ca” D100 — 1| < % < sa < E (5.11)
9F7(n)fk(a) 2fr(a)an— an o an
Define a
Iyi=————— o Y. 10— 1. (5.12)
9FY fil)
Hence, we see that
6
I < —. 5.13
Tal < (513)

As above, we use the same argument to show that I'y # 0.
Now, we will apply Theorem 1.26 to I'y by fixing the following parameters:

(nlwbl) = (a/(an(mk)fk(a»’ 1)7 (nvaQ) = ((X, —(TZ - 1))7 (773753) = (10’6)'
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Once more, considering K := Q(«) and dx = k. As before, we can select
Ag:=1log2 and Aj:= klogl0.

Now, We still need to determine A;. Using the estimates (2.6), (5.9), along with properties
(1.1)-(1.3), we deduce that, for all k& > 3, we obtain

him) < (5) 4+ AOESD) + h(file))
< log9+ (m—1)loga+ 2logk
< 3 x 102k*1log? k(1 + log 2n).
Conversely, given that
9F 27am
7713:(k+<2 and 771_1;: fk<&)< @ 7
9Fn" fi(a) a 4

then, by (5.9), we derive

llogmi| < (m —1)loga + 1og6.75 < 3 x 10"%k*log® k(1 4 log 2n).
This indicates that

max{kh(n), logm|,0.16} < 3 x 10"2k° log® k(1 + log 2n) := A;.

Opting for B := 2n, we can apply Theorem 1.26 to I'y and then compare the resulting
inequality with (5.11) to obtain

nloga < 6.1 x 10**k%log® k log? n,

where we have used the inequalities 1 + logk < 2logk and (1 4 log2n) < 2.1logn, which
are valid for £ > 3 and n > 5. For smaller values of n (i.e., n = 1,2, 3,4), the inequality
(1 +log2n) < 2.1logn does not hold as the left-hand side exceeds the right-hand side in
these cases. Therefore, we find

< 1.1 x 10%k%log® k. (5.14)

log®n

It is evident that the inequality

ILQ < A implies z < 4A4log? A, whenever A > 100, (5.15)
og” w
which is derived from [53, Lemma 7| for m = 2. Hence, substituting A := 1.1 x 10%k®log® k

in Inequality (5.15) and applying the inequality 57.7 4+ 8log k + 3loglogk < 61logk, valid
for all kK > 3, we obtain

n < 4(1.1 x 10%k%log® k)(log(1.1 x 10%k®log® k))?
< (4.4 x 10%k8log® k)(57.7 + 8log k + 3loglog k)?
< 1.64 x 10*k81og’ k.

On this, the proof of Lemma 5.2 is complete. m

o8



CHAPTER 5. ON EQUATIONS INVOLVING REPDIGITS AND PRODUCTS OF TWO
5.2. THE PROOF OF THEOREM 5.1 K-FIBONACCI

5.2.3 The case 3 <k <430

Within this subsection, our focus lies on examining the small values of k, specifically in the
range [3,430]. Define

Ay :=1log(Ty + 1) = Llog 10 — (n +m — 2) log o + log(a/(9fZ(a))). (5.16)

Assume that m > 10. With the help of estimate (5.8) and the use of the fact that o > 1.75,
we get |I'1| < 0.05. Putting d = 0.05 in Lemma 1.30, we obtain

—1og 0.95
A< =282 P <1440 1
1Ay < e Ty < o (5.17)
Thus, we get
log 1 1 ;
0.2 L (n+m—2)+ og(e/(9/(a))) <25.8-a7™. (5.18)
log a log a

We apply Lemma 1.27 to Ay, for each a € {1,--- ,9} and k € [3,430], by taking as parameters

. log10 _ log(a/(9f; ()
= y o H(k,a) =
log o log o

, and (A,B):=(25.8,q).

For each k € [3,430] and a € {1,...,9}, we find a reliable approximation of v. Addi-
tionally, we obtain a convergent p;/q; of the continued fraction of v, satisfying the condition
g > 6M, and € = e(a) = |pra)@ill — Millyail| > 0. Here, My, := |1.64 x 10*k%log” k|,
representing an upper bound for ¢ as derived from Lemma 5.2. Using Mathematica we
determine that g;g5 fulfills the conditions specified in Lemma 1.27. After completing this
step, Lemma 1.27 is applied to Inequality (5.18). By employing a computer program with
Mathematica, it was determined for k = 430 and @ = 9 that ¢ > 1.02 x 1073¢ and the highest
loglg(()A;%/s) across all k € [3,430] and a € {1,...,9} is 425.623. This value serves as
an upper bofnd of m as dictated by Lemma 1.27.

Note that for the remaining values of k£ and a, it is observed that the corresponding results
yield significantly smaller values compared to the chosen upper bound for m of 425.623.

Let’s set 3 < m < 426 and consider

value of

Ay :=log(ly + 1) = Llog 10 — (n — 1)log a + log(a/(9E® fi(a))). (5.19)

Assuming n > 10, with the given estimate (5.13) and considering o > 1.75, it follows that
T3] < 0.03. Substituting d = 0.03 in Lemma 1.30, we derive

—1log0.97
Ay < OgT Dy < 6.1-a™"
Hence, we get
log 10 | 9F
[ P | og(a/OFm fil@))| 1y \n (5.20)
log log o
In view to apply Lemma 1.27 to Ay, for all a € {1,--- ,9} and 3 < m < 425, we consider
log 10 1 9F
= 1BL0 o= RO T g (4,8) = (11,0,
log o m log o
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Once more, considering each pair (k,m) € [3,430] x [3,425], and a € {1,...,9}, we find a
reliable approximation of 7 and a convergent p;/q; of the continued fraction of v ensuring
¢ > 6My and € = € ma) = |ema@ll — Mellya]| > 0, where My, := [1.64 x 10*%® log” k|,
serving as an upper bound of ¢ obtained from Lemma 5.2. Again, we use Mathematica
to verify that gi79 satisfies the conditions of Lemma 1.27. Next, applying Lemma 1.27 on
Inequality (5.20). Our Mathematica computation revealed for k = 409, a = 9, and m = 3

that ¢ > 2.22 x 1073 and the highest value attained by logl((;g{;qB/s)
[3,430] x [3,425] and a € {1,...,9} is 425.634, serving as an upper bound for n by Lemma
1.27. The other upper bounds for n obtained with the remaining values of k, m, and a fall
substantially below the established upper bound for n of 425.634.

Therefore, we conclude that the possible solutions (a, k, 1, m,n) of Equation (5.1), where
k € [3,430] and a € {1,---,9}, adhere to m < n < 425. Hence, utilizing Inequality (5.3),
we derive £ < 424.

Finally, we use Mathematica to manage a comparative analysis between FPER and
a(10f — 1)

across all (k,m) €

over the intervals k +2 < n < 425, m < n, and 2 < ¢ < 424, where { < n,

confirming that within this defined range the solutions to Equation (5.1) are exclusively
those enumerated in Theorem 5.1.

5.2.4 The case k > 430

In the following subsection, we undertake an examination of the large values of k, precisely
when k > 430. A simple verification for k > 430 affirms that

m<n<1.64x 10*k8 log5 k < 2k/2,

As a result, following Lemma 1.18, we derive

. 2
FP =2""2(1+¢), where |G| < BYYER (5.21)

and 9
E®) —9m=2(1 4+ (), where |(] < BYYEh (5.22)

By substituting (5.21) and (5.22) into (5.1), we achieve

RN [P .
grim—t =gt (L — G — (1G) — -
9 9
Hence, we obtain
S 1\ g _ gmm=2  gnim-2
- == <Gl H G+ GG + 5 S i o T L

Consequently, dividing through by 2"*™~* and using the fact that n > m give us

a l —(n+m+4 4 4 1
’1—5-10-2< | <33+ 55 T (5.23)
8.5

< omin{k/2,m—2} "

Define
. 27(n+m74) . 105 —1.
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Thus, we derive
8.5

9min{k/2,m-2}" (524>

IT's| <

We have I's # 0, because assuming I's = 0 leads to a-10° = 9-2"*™~4_ Consequently, this
would imply that 5 divides 9 - 2°7™~* which is an impossibility. We are now in a position
to apply Theorem 1.26 to I's, taking into account the following parameters:

(1, b1) == (a/9,1),  (m2,02) := (2, =(n+m —4)),  (n3,b3) := (10, ).
Then, the usual absolute logarithmic heights of these numbers are given by
h(m)=1og9, h(n) =1log2, and h(n;)=log]l0.
Observing that 71,179,173 belong to K := Q, we ascertain dx = 1. Consequently, we opt for:
A1 :=1log9, Ay :=1log2, A3 :=logl0.
Finally, we choose B := 2n and we apply Theorem 1.26 to I's, which gives us

T3] > exp(—1.4-30°-3*°.(1+log2n)(log9)(log2)(log 10))
> exp(—1.1-10"%1logn),

where we have used the fact that 1 4 log2n < 2.1logn, for all n > 5. By comparing the
resulting inequality with (5.24), we obtain

min{k/2,m — 2} < 1.6 - 10" log n.

As specified by Lemma 5.2 and considering that 67.3 + 8logk + 5loglog k < 201log k, valid
for all &£ > 430, we get

min{k/2,m —2} < 1.6-10"21log(1.64 - 10*k%log” k)
< 1.6-10'(67.3 + 8log k + 5loglog k)
< 3.2-1081logk.

If min{k/2,m — 2} = k/2, then we get k < 6.4 - 10" logk. Solving this inequality and
applying Lemma 5.2, we establish that

k<23-10"” and n<7.12-10"7. (5.25)
If min{k/2,m — 2} = m — 2, we obtain in this case that
m < 3.21-10" log k. (5.26)

Returning now to (5.10) and we proceed to rephrase it as follows

a’loé n—2 n—2
Y A=)
thus we obtain
al0’ Ly on—1
- 2" + 1.
9F) S 2k

Consequently, dividing through by 2”2 and using the fact that n > k + 2 lead to

2 1 2 1 3
552 T ons < or T ok < gk

Ty < (5.27)
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where a

[y:= o7 2772 108 — 1. (5.28)
We must ensure that I'y # 0. Otherwise, we would derive the equation % =" 2 If
a € {1,...,8} then it is evident that the expression on the left cannot yieldng;lminteger value.
For the case where a = 9, we encounter FT:) = 2772 In this case as m — 2 < k/2, it implies

that m < k 4 1, consequently leading to F = gm-2, Substituting this into the equation
¢

gm—z = 272 which inevitably leads to a contradiction. Consequently, I’y # 0.

Now, we apply Theorem 1.26 to I'y by setting

(7717 bl) = (a/(gFr(nk))’ 1)7 (7727 b2) = (27 _(n - 2))7 (7737 b3) = (10’ E)

As previously calculated, we define Ay :=log2, A3 :=log 10, and B := n. Subsequently, we
proceed to estimate h(n;). Utilizing the fact that F% < am1 and the inequality (5.26), we
derive

results in

h(m) < h(a/9) + h(FE®™) < log9 + (m — 1) loga < 2.23 - 10 log k.
Consequently, we set A; := 2.23 - 103 1log k. Thus, according to Theorem 1.26, we obtain

IT4| > exp(—8.67 - 10** log k logn), (5.29)

where we have used the fact that 1 4+ logn < 1.7logn, for all n > 5. By considering both
(5.27) and (5.29), it follows that

k < 2.51-10% log klogn.

According to Lemma 5.2 and using the fact that 67.4 4+ 8logk + 5loglog k < 20log k, for all
k > 430, we achieve

k < 251-10%logk (log(1.64 - 10%k%log’ k))
< 2.51-10%1og k(67.3 + 8log k + 5loglog k)
< 5.1-10%°log®k.

Solving this inequality and applying Lemma 5.2, we obtain
k<25-10° and n < 4.21-10%% (5.30)

From (5.25) and (5.30), it is evident that (5.30) consistently remains valid. However, the
resulting bounds are exceedingly large. Therefore, our subsequent step involves their reduc-
tion.
Let’s put

A :=1log(l's +1) = Llog 10 — (n +m — 4) log 2 + log(a/9). (5.31)

Assume that m > 10, then it results |I'3| < 0.04. Setting d = 0.04 in Lemma 1.30, we obtain

—1og 0.96 -
Ag| < —=—— . |I'y| < 8.7. 2~ min{k/2m=2}
Consequently, we have
00810 gy B gy g w2 (5.32)
log 2 log 2 ' ' '
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We apply Lemma 1.27 to Az, for a € {1,...,8}, with the following parameters

log 10 log(a/9)
= — =" A, B) = (12.6,2).

We aim to diminish our excessively large bounds utilizing Lemma 1.27.

Setting M := 4.21-10%! as an upper bound on ¢ by (5.3) and (5.30), we employ Lemma 1.27
on Inequality (5.32) to derive an upper bound on k. After conducting a computer search
with Maple, we confirm that gs7; satisfies the conditions of Lemma 1.27 for a € {1,...,8}.
As a result, applying Lemma 1.27 leads to the results shown in Table 5.1.

Table 5.1: First reduction.
a 1 2 3 4 5 6 7 8
> 0.1910.19 1041 ] 0.19 | 0.19 | 0.41 | 0.25 | 0.19
min{k/2,m — 2} < | 947 | 947 | 945 | 947 | 947 | 945 | 946 | 947

From the obtained results, it follows that min{k/2,m — 2} < 948, a condition that holds
in all cases.
For the case a =9, it follows that

Ag:=log(I's +1) = llog 10 — (n +m — 4) log 2. (5.33)

Therefore, Inequality (5.32) becomes

log 10 .
(- — —4)| < 12.6 . 2~ mintk/2m=2}, 5.34
S nm—4) (5.3
. . . ) log 10
Considering the continued fraction expression of 002 represented as
0g
lag, a1, as,...] =13,3,9,2,2,4,6,2,1,1,3,1,18,1,...].

Let ps/qs denote its convergent. Recall that ¢ < 4.21 - 10!, Using Maple, we determine
that
Qse7 < 4.21 - 107! < g568

and
ap :=max{a; :i=1,2,...,568} = aj35 = 5393.

Thus, from the known properties of the continued fractions (refer to Lemma 1.29), we obtain

that loe 10 .
0g
14 — m—4 —_—
(n * ) - (CLL + 2)€

Putting the above inequality together with (5.34) and using the fact that £ < 4.21- 10!, we
get

(5.35)

. log 2

omin{k/2:m=2} 19 6.5395.4.21 - 102!,

Hence, we obtain min{k/2,m — 2} < 952. So, in all cases, we have min{k/2, m — 2} < 952.
Let’s now continue the procedure of reduction with each case individually in order to achieve
the reduced bound on k.
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Case 1: If min{k/2,m — 2} = k/2, it results
k < 1904. (5.36)

Case 2: If min{k/2,m — 2} = m — 2, then we obtain that m < 953. Set 3 < m < 953
and we put
Ay :=1log(Ty + 1) = Llog 10 — (n — 2)log 2 + log(a/(9FM)).

Since k > 430, then by (5.34), we have |I'y;] < 0.01. Thus, applying Lemma 1.30 with

d = 0.01, we obtain
_10g(0.99)

A i 0227k, 5.37
[Aaf < 001 T4 < 3.0 (5.37)
So, we get
log 10 log(a/(9F)) _k
: —(n—2 4.4-272, .
14 g 2 (n—2)+ 03 2 < > (5.38)

For all a € {1,...,8} and 3 < m < 953, we apply Lemma 1.27 to A4 by considering

~log10 - log(a/(QF&k)))

= M :=4.21-10*%" and (A, B):= (4.4,2).

Y

log2’ ' log 2

The fact that m —2 < k/2 implies that m < k+1, for k > 2 and we can replace W by 22
in our calculations. Utilizing Maple once more, it follows that gs7; meets the conditions of
Lemma 1.27, for all a € {1,...,8} and 3 < m < 953. Hence, the application of Lemma 1.27
yields a range of the following distinct results, all of which remain valid for 3 < m < 953.

Table 5.2: First reduction for second case.
a 1 2 3 4 5 6 7 8
€= 0.1910.19|0.41 | 0.19 1 0.19 | 0.41 | 0.25 | 0.19
k/2 < | 945 | 945 | 944 | 945 | 945 | 944 | 945 | 945

Analyzing the obtained results as shown in Table 5.2, we note that in all instances k <
1891. When a = 9, then inequality (5.38) becomes

log 10
log 2

—(n+m—4)] <44.275. (5.39)

According to (5.35) and (5.39), we deduce that & < 1901. Therefore, in all cases we have
k < 1904.

With this refined bound, we deduce n < 1.5-10%°. Subsequently, We once again employ
Lemma 1.27 with the same dataset but with a revised upper bound of M := 1.5 - 10%.
Utilizing Maple, we confirm that g9 satisfies the conditions stipulated in Lemma 1.27 for
all @ € {1,...,8}. The results of this application are presented in Table 5.3.
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Table 5.3: Second reduction.
a 1 2 3 4 5 6 7 8
€= 0.11 | 0.11 | 0.45{ 0.11 | 0.11 | 0.45 | 0.18 | 0.11
min{k/2,m —2} < | 191 | 191 | 189 | 191 | 191 | 189 | 190 | 191

These obtained results affirm that min{k/2, m — 2} < 192, hold in all cases.
For a = 9, we find that min{k/2, m—2} < 143. Thus, we deduce that min{k/2, m—2} < 192,
valid in all cases.

As previously, for the first case, we ascertain that £ < 384, while for the second case, we
once again employ ¢;29, meeting the conditions specified in Lemma 1.27 for all a € {1,...,8}
and 3 < m < 193. Then, we derive the subsequent results, valid for all 3 < m < 193.

Table 5.4: Second reduction for second case.
a 1 2 3 4 5 6 7 8
e> |1011]0.11 045 ]0.11 | 0.11 | 0.45 | 0.18 | 0.11
k/2<| 189 | 189 | 187 | 189 | 189 | 187 | 188 | 189

The obtained results from Table 5.4 state that k£ < 380 for all cases. When a = 9, we find
that k£ < 283.
Consequently, in all cases, we establish that £ < 384. However, this contradicts our assump-
tion that k£ > 430. This achieves the proof of Theorem 5.1.
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Chapter

Almost Repdigits in k-Pell sequences

In this chapter, we work on the problem of finding all the k-Pell numbers which have the
property that all their digits are equal except for at most one digit, called Almost Repdigits.
This chapter builds upon the findings from the paper [54]

6.1 Motivation and main result

Recently, several authors have studied and solved Diophantine equations involving repdigits
and k-Pell sequences [15, 30, 31, 43, 50]. In [3|, A. Altassan and M. Alan introduced the
concept of an "almost repdigit" defined as a positive integer where all digits are identical
except for at most one. These numbers take the form

10% — 1 ;
a —5 +(b—a)10”, 0<dy<d;, and 0<a,b<09.

Furthermore, in their paper, they determine all almost repdigits within the k-generalized
Fibonacci sequence (Fék))@_(k_g). Motived by their result, we aim to prove the following
result.

Theorem 6.1. The Diophantine equation

100 — 1
P§k>:a(T)+(b—a)1od2, 0<dy<dy, and 0<a,b<9 (6.1)

has only the following solution PEES) = 545, P7(4) = 228 and P7(5) — 232 when P has at least
three digits.

Remark 6.2. To exclude trivial cases, the theorem is stated for numbers with at least three
digits, as all integers with one or two digits are trivially almost repdigits. Therefore, we also
assume d; > 3 and n > 5.

6.2 The proof of Theorem 6.1

Initially, we can establish some relationships between the variables that will be beneficial for
our forthcoming analysis. To do this, we combine the following inequalities

104 —1

10472 <
. ( .

) + (b —a)10% < 2 x 10%
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with (6.1), (3.2), and (3.6) to obtain

d1—2 101 -1 d (k) n—1 2n—2
10" <a 3 +(b—a)l0? =P <a" <y
and
n—2 n—2 (k) 10M -1 d d
YT <" F L PY =a 5 + (b—a)10™ < 2 x 10",
We deduce that o1
og
di<(n—1 2 <042 1.6 < 6.2
1< (n )log 10 + n+ n (6.2)
and | log 2
0og Y 0og
02n —0.7< (n—2 — <d 6.3
" (" = 21570 " Tog10 = (6:3)
for all n > 5.

For the case 2 < n < k + 1, we use the identity (3.7) and so the Diophantine equation
(6.1) transforms into

104 —1
Foni=ua ( 5 ) + (b —a)10%. (6.4)

According to the main result in [3], we deduce that the only solution for (6.4) is Fi3 = 233.
Thus, from now, we assume that n > k + 2.

6.2.1 An inequality for n versus k

Here, we will establish an inequality for n in relation with k, by showing the following lemma.

Lemma 6.3. If (a,b,k,dy,dy,n) is a solution in positive integers of equation (6.1) with
k>2 andn > k+ 2, then we have the following inequality

n < 6.21-10*' k% log” k. (6.5)
Proof. Using estimate provided in (3.5), we obtain
1
P®) = gi(a)a™ + ex(n), where |ex(n)| < Y

then, we can express equation (6.1) as

gr(a)a"™ +ex(n) =a 5 + (b—a)10%, (6.6)
that is,
al0h d
gr(@)a”™ — 5 = —erp(n) —a/9 — (b—a)l0%. (6.7)

By taking the absolute value and dividing both sides by a10% /9, we get
9/2 1 |b—al(9/a) 78

F < ) .
| 1| 1041 1041 10d1—d= 10d1—d2 (6 8)
where
Iy = gi(a)9/a-a™ - 107" — 1. (6.9)
Define
Ay :=nloga — dy log 10 + log (gx(a)9/a) . (6.10)
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Then, from (6.8)
78

’€A1 — 1‘ = ]1—‘1] < W (611)
Note that A; # 0 since I'y # 0, otherwise we would get
alo®
5 = gr(a) - a”.

After applying an automorphism from the Galois group of the decomposition field ¥(x) over
Q to the above relation and then taking absolute values, we conclude that for any 7 > 2, we

have
103 alQ®
— <
9 9

which is a contradiction. So, we distinguish the following two cases.
If Ay > 0, then from (6.11) and using the fact that x < e” — 1 for all x € R we obtain

100 <

= lg(ci)] - fea]" <1,

78
\A1|=A1<6A1—1:!€A1_1|<W'
78 1
If Ay <0, then 1 —eMt = | — 1] < 1o —d < 2 which is valid for dy — dy > 3. From

this, we get e > % and so e/l = e~ < 2. Ag a result, we deduce that

156

0< |A1’ < €‘A1| —1= €|A1||€A1 - 1| < W

In both cases, we have
156

Now, in view to apply Theorem 1.25 to A;, we consider the following parameters:
(7717 bl) = (CY, n)7 (7727 b2) = (107 _dl)a (7737 b3) = (gk(a)g/aa 1)7

where 71,192,173 € K := Q(«), with dx = k. By (6.2), we take B := n.
Since h(n) = (loga)/k < 2loge/k and h(ny) = log10. For h(ns), we use the properties
(1.1)-(1.3) and the estimate (3.4). Then, it follows that

h(ns) = h(gr(a)9/a) < 4loge +log(k + 1)+ log9
< T.6logk,

for all k£ > 2. Consequently, we have the flexibility to select

lo 1 1
R R

1 1
B (n2) := max {h(ﬁz), | Oiml , E} = log 10,
and | ,
h'(n3) := max {h(ng), | ngn3| , E} = T7.6logk.

With these considerations in mind, we are now equipped to apply Theorem 1.25 and derive

log(|Ty]) > —18-4!-3%.(32k)°- (7.6logk) - (1/k) - log 10 - log(6k) log n
> —2.1-10"3k*1og(6k) log n.
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Comparing this lower bound with the upper bound of |A;| provided by (6.11) and using the
fact that log(6k) < 3.6 log k which is valid for all £ > 2, we arrive at

(dy — dy)log 10 < 8 - 10"3k* log? k log n. (6.12)

Now, let us express equation (6.1) in another manner to derive a second linear expression in
logarithms. To achieve this, we use estimate (3.5) once again to obtain

gr(@)a”™ — 10" ((a/9) + (b — a)10%74) = —a/9 — ey (n). (6.13)

As previously done, by taking the absolute value, dividing both sides by gi(«)a™ and using
the fact that gi(«) > 0.276, we obtain

3 5.5
Ny < ———— < —, (6.14)
2g()a™  an
where
Ty =g, (@) ((a/9) + (b — a)10%7%) - a7 - 107 - —1. (6.15)
Define
Ay = —nloga + d; log 10 + log (g; ' (@) ((a/9) + (b — a)10% M) . (6.16)
Using the similar argument that has been used above for A; to show that Ay is not zero
too and following the same way with |I's| = |e*2 — 1| to achieve
11
0< A < —. (6.17)
an

Now, we will apply Theorem 1.25 to A,. For this application, we select the following
parameters:

(7717 bl) = (Oé, _n>7 (7727 b2) = (107 dl)a

and
(13, bs) == (g;, () ((a/9) + (b—a)10%~") 1),

1
Once again, let K := Q(«) and dg = k. As previously, we can choose h'(n;) := o and

h'(n2) :=log 10. Now, we still need to calculate h'(ns). With the help of the estimates (3.4),
(6.12), and the proprieties (1.1)-(1.3), we obtain

h(ns) < hlgr(@)™") + h((a/9) + (b — a)10%~")
< 4logp +log(k + 1) + h(a/9) + h(b — a) + h(10%79) 4 log 2
< 4dlogp +log(k + 1) + log(144) + |ds — dy|log 10
< 8.1 x 10%k*log klogn,

for all £ > 2. This implies that

1 1
1 (1) := max {h(ng), | Oin?" , %} < 8.1 x 10%k* log? k log n.

By choosing B := n, we can apply Theorem 1.25 to Ay and compare the resulting inequality
with (6.17) to have
nloga < 7.9 x 10%°k® log® k log® n.

Consequently, we obtain
n 271.81..3
5— < 1.64 x 107" log” k. (6.18)

log”n
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Using Lemma 1.31, with T := 1.64 x 10*"k%log® k, and considering the inequality 62.7 +
8logk + 3loglogk < 97logk, for all k > 2, we get

n < 4(1.64- 107k log® k) (log(1.64 - 1027k* log? k)
(

6.6 - 10>"k%log® k) (62.7 4+ 8log k + 3loglog k)?

<
<
< 6.21-10% k% 1og’ k.

This concludes the proof of Lemma 6.3. n

6.2.2 The case 2 <k <650

In this subsection, we analyze the case 2 < k < 650. As seen previously, we put

Ay :=nloga — dy log 10 + log(gx()9/a), (6.19)
where 156

Thus, we obtain

log log(gx(a)9/a) 156
n- — d1 < .
log 10 log 10 log 10

10~ (di—d2), (6.21)

To apply Lemma 1.27 to Ay, for all @ € {1,...,9}, let us take

_ loga _ log(gr()9/a)
v = S I B
log 10 log 10

and (A, B) := (67.8,10).

For each k € [2,650] and a € {1,...,9}, we find a good approximation of v and a convergent
pe/qe of the continued fraction of v such that ¢4 > 6Mj, and € = o) = ||kl —
My ||vqe|l > 0, where M), := [6.21 x 103'k%log” k|, which is an upper bound of n from Lemma
6.3. Using Mathematica, we see that ¢34 satisfies the conditions of Lemma 1.27. After doing
this, we use Lemma 1.27 on inequality (6.21). A computer program with Mathematica shows

log(A
for k = 485 and a = 5 that ¢4 > 0.00003327 and the maximum value of Ogl(—qu, for
0g
k € [2,650] and a € {1,...,9}, is 64.4623, which is an upper bound of d; — ds by Lemma
1.27.
Now, we consider 1 < d; — dy < 64 and

Ay = —nlog o + dy log 10 + log (g;, ' (@) ((a/9) + (b — a)10%7")) , (6.22)
where 11
A —. 6.23
Aol < (6.23)
So, we deduce that
log o log (g; ' (a)((a/9) + (b — a)10%7%)) 11 _
—n - d o 6.24
log 10 Lt log 10 < log 10 “ ( )
To apply Lemma 1.27, for each d; —ds € {1,...,64}, a € {1,...,9}, and b € {0,...,9}, we
fix
_ loga _ log (g; ' (@)((a/9) + (b — a)10%""))
v = log 10° HK(k,di—dz,ab) = log 10 )
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and
(A, B) := (4.8, ).

Again, for each k € [2,650], di — dy € {1,...,64}, a € {1,...,9} and b € {0,...,9},
we find a good approximation of 7 and a convergent py/q, of the continued fraction of ~
such that ¢o > 6My and € = €(hd,—dysap) = IH(kdi—doiap)Qell — Mellvqell > 0, where M, :=
16.31 x 10°'k®log® k|, which is an upper bound of n from Lemma 6.3. We use Mathematica
to see that ¢;37 satisfies the conditions of Lemma 1.27. After doing this, we use Lemma 1.27
on inequality (6.24). A computer program in Mathematica reveales for k = 550, d; —ds = 36,
log(Ag/ 6)7 for
log B
k€ [2,650], dy —dy € {1,...,64}, a € {1,...,9} and b € {0,...,9}, is 159.911, which is an
upper bound of n by Lemma 1.27.

a=7,and b =5, that £ 4,—dy,ap) > 2.20 X 1079 and the maximum value of

104 —1
Finally, we use Mathematica to compare P® and a —5 +(b—a)10%, for the ranges

2<EkE <630, k+2<n <189, 1<a<9and0<b <9, with0<dy <dy <042n+1.6
and check that the only solutions of equation (6.1) are those listed in Theorem 6.1.

6.2.3 The case k > 650

In this subsection, we treat the case k > 650. For this, we prove the following result.

Lemma 6.4. If (a,b,k,dy,dy,n) is a solution in positive integers of equation (6.1) with
k>2 andn > k+ 2, then we have the following inequality

k<52x10% and n<1.3x10%". (6.25)
Proof. If k > 650, the following inequalities are valid
n < 6.21- 1038 log® k < oM.
At this point, we use the estimation from Lemma 1.21 in (6.7) to obtain

2n

2 4 3 d

< . — 4+ 810",
0+ 2 go’f/2+2+

o™ alQh
©+2 9

By dividing both sides by a109 /9, we obtain

o < e 49 PO ¢
s %8% gpk/2a10d172 2104 ' 10%h—d2
+ +
k/2 dy dy—d
22é 10 105
< ok/2 + 104 T 1091 —dz2
_ 1 1/4 1/4

— log 10 log 10 *
9k/2—8 odi -6 2(d1—d2) 10 _g

Note that the above estimate was obtained as follows

P9 1 [opr® 9
. < +
v+2 al0h |1+ ¢| \ al0h ~ 2a10%

- 1 - 1.5 N 72
= 0.999 104 1(0d1—dz
< 1 1+ L +72 <9
= 0.999 103 10 '
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Consequently, we have
o 1
T3] = ™ 1074 - 9/a(p +2) — 1| < o (6.26)

where

log 1
A = min {(k/2) — 8, (dy — dy) loogg 20 - 9} .

In order to apply Theorem 1.25, let us define
A; :=2nlog y — dy1log 10 + log(9/a(p + 2)).

Note that the left-hand side of (6.26) is not zero, since if not, we would get

a

§(g0 +2)10% = " (6.27)
Conjugating the above relation in Q(v/5), we get
a

5 (@ +2)10" =p™, (6.28)

where = (1 — +/5)/2. Putting (6.27) and (6.28) together we obtain that F, = al0%/9
implies that @ = 9 and so F,, = 10%. Or, there are no powers of 10 in the Fibonacci
sequence. Hence we ensure that I's # 0 and so Az # 0.

From (6.26), we deduce that

[ 1
e — 1] = T3] < > (6.29)
If Az > 0, then |e®* — 1] = % — 1 and so from (6.29), we obtain

1
0<A3<6A3—1:|€A3—1’<2—)\.
If A3 <0, then 1 —eM =]eM —1| < 1 < E which holds, for A > 1. So, we get el*sl < 2.
3 ) 2)\ 27 9 ) g
Consequently, we have
0 < [Aal < sl — 1 — elsljhs _ 1) < 2
< |Ag] <€ —1=¢Me —|<§.
So, in all cases we have

2
0< A3 < o (6.30)

Now, we are allowed to apply Theorem 1.25 by taking the following parameters

(m,01) == (©*.n), (12, b2) := (10, —=d1), (ms,b3) := (9/alp +2),1).

The positive real numbers 7;, 7, and 73 belong to K = Q(¢) = Q(v/5). Therefore, we take
dx = 2. Next, we can also take B := n.

Since h(m) = loge, h(ny) = log10 and h(ns) < h(a/9) + h(p + 2) < log9 + (logb)/2.
Then, we take

1 lo 1
h(m) = 9 maX{h(m), | g2771|,§} ;
/ L o |10g772| 1
h'(ng) :=log 10 = max < h(ns9), 5 3
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and

! 1
R'(n3) := 3.5 > max {h(773)7 |log 13| _} .

2 2
Thus, the application of Theorem 1.25 leads to obtain

log(|Az]) > —18-4!-3%.(64)°- (log12) - (1/2) -log10- 3.5 - logn

> —3.77-10%1ogn. (6.31)

Comparing (6.30) and (6.31), then we obtain
A < 5.44 x 10" 1og n.

Recall that by Lemma 6.3, we have n < 6.21 - 103'k®%log® k. By considering that 73.21 +
8logk + 5loglog k < 21log k, which is valid for all £ > 650, we deduce

A < 5.44 x 10"10g(6.21 - 101k log” k)
< 5.44 x 10'%(73.21 + 8log k + 5loglog k)
< 5.44 x 10" -21logk
< 1.15 x 106 - log k.

If A\ = k/2 — 38, then we obtain k < 2.31 x 10'®log k. Solving this inequality and applying
Lemma 6.3, we get
k<9.6x10"" and n <5.5x 10",

If A= (dy — dy)* 2% — 9, then we obtain

log 2

dy —dy < 3.5 x 10" 1logk.

In this case, we need to return to equation (6.1) and rewrite it differently by using again the
estimate from Lemma 1.21 in (6.13) and hence we obtain

o alQh
©+2 9

S0271 4
©+2 k2

3
—(b—a)10%] < 5t

2n

Then, by dividing both sides by —=
p+2

and using the fact that n > k + 2, we derive

3 o+2 4 4 3(e+2) 9.5
9 o2 + ok /2 < ok /2 + 2p2k+4 < o2

Consequently, we have

4 L _on 9.5
L] := (¢ +2)((a/9) + (b — a)10%74) - 107 - " — 1| < e (6.32)
For another application of Theorem 1.25, we define
Ay := —2nlog ¢ + dylog 10 + log((¢ + 2)((a/9) + (b — a)10%7%), (6.33)
Note that Ay # 0 since I'y # 0 and as done with |A3|, we obtain
19

For applying Theorem 1.25, we take

(7717 bl) = (@2’ _n)7 (772a b2) = (1()’ dl)a
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and
(73, bs) == ((¢ +2)((a/9) + (b — a)10%=~" 1),

Once again, we take K = Q(p) = Q(v/5) with dgx = 2 and B := n. Then, as above we can
take h'(n;) = 1/2 and h/(n2) = log 10. For h'/(n3), let us compute h(nz) as follows

h(ns) h((e +2)((a/9) + (b — a)10%~")
he +2) + h(a/9) + h(b — a) + |ds — dy| log 10 + log 2
(logh)/2 4+ log9 + log 8 + (dy — dz) log 10 + log 2

8.1 x 10* log k.

ANVAN/ANI

This implies that

1 1

2 72
Therefore, applying Theorem 1.25 and making the resulting inequality with (6.34) yields
k/2(log ) < 8.72 x 10* log k log n.

Using Lemma 6.3 and the inequality 73.21 4+ 8log k + 5loglog k < 21log k, which is valid for
all £ > 650, we get
k < 7.62 x 10° log? k.

Solving this inequality and applying Lemma 6.3, we obtain
kE<52x10% and n < 1.3x10°%. (6.35)

This completes the proof of Lemma 6.4. O]

6.2.4 Reducing the bound on k&

This subsection is devoted to reduce upper bounds, obtained in Lemma 6.4, which are too
large. Put
A3 :=2nlogy — dy log 10 + log((9/a)(¢ + 2)).

From (6.30), we derive

2logp - log((9/a)(p+2))| 2

: 227, 6.36
" oglo ™ log 10 log 10 (6.36)

Then, for all a € {1,...,9}, we apply Lemma 1.27 with the following data

2log ¢ log((9/a)(¢ +2)) 2
=" 0= , d (A, B):= ,2).
7 log10’ a log 10 and - ( ) (log 10 )

Moreover, we take M := 1.3 x 103*7, which serves as an upper bound on n according to (6.35)
in view to reduce it by applying Lemma 1.27 on inequality (6.36). We use Mathematica to
see that geq9 fulfills the conditions specified in Lemma 1.27. Then, for each a € {1,...,9},
we find

0.00007162 < £, = ||ptadssoll — M - || 7goas]|-

Consequently, from Lemma 1.27, we obtain

A< 1117.
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Let’s proceed with the reduction process for each case of A individually to achieve the reduced
bound on k.

If A=Fk/2—8. Then, k < 2250.

If A= (dy — dy)* &2 — 9. Then d; — dy < 339. Let us fix 1 < d, — dy < 338 and put

log 2

Ay = —2nlog ¢ + d; log 10 + log((¢ + 2)((a/9) + (b — a)10%27%4).
From (6.34), we obtain

. 2log ¢ - log((p + 2)((a/9) + (b — a)10%~d) 19 —(k/2)

0<|— < :
" logto T log 10 log10 7

For this application of Lemma 1.27, we take

2log ¢ log((¢ + 2)((a/9) + (b — a)10%~d)
= y o H(ab,di—do) *— )
log 10 log 10
and 19
A B):=(——. ).
(4. B) 1= (15559

Using Mathematica, we find again that ¢ = gg49 satisfies the conditions of Lemma 1.27 and
thus we obtain
6.36 X 10_6 < 5(973’73) < €(aybyd1,d2).

By Lemma 1.27, we derive
k < 3236.

With this new upper bound on k, we obtain n < 2.6 x 10%. We now proceed as before but
with M := 2.6 x 10% and ¢ = ¢157. Thus, we find that

0.0074 < g4 = ||ptaqrs7l| — M - |vqus7 |-
Then, by Lemma 1.27 we obtain that
A < 241.

Thus, if A = k/2 — 8, then k < 498, whereas A = (d; — d3)™ 22 — 9 yields

log 2

dy — dy < T76.
We work on A4 as we did previously but with ¢;57. Thus, we find that
748 x 107% < €(4,2,64) < €(a,b,d1 —da)-

From Lemma 1.27, we find
k < 730.

With this improved bound on k, we apply again Lemma 1.27 with M := 6.3 x 10°® and
q = qa4. By repeating the same previous steps, we find £ < 656.

Once again, for another application of Lemma 1.27. this time with M := 2.5 x 10°®
and ¢ = q43, we achieve £ < 648, which contradicts our assumption that & > 650. This
completes the proof of Theorem 6.1.
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6.3 The k-Pell Numbers as powers of 10

If a = 0, then equation (6.1) becomes
P = p10%, (6.37)

It’s obvious that b # 0. We will use the previous bounds on the variables with minor
adjustments. Therefore, we will also adhere the precious notations.
From (6.37), Ay as presented in (6.16), is valid as follows

4
|AS| := | — nloga + dylog 10 + log(b.g, ' ()] < o

For the same reason as above, A, # 0. This allows us to apply Theorem 1.25 on A}, # 0 with

(M, 01) == (a,=n), (m2,b2) := (10,d2), (13, b3) := (bgk_l(a)v 1).

Then, we get
h(ns) < h(b) +h(ge()™)
< log9+4logy + log(k + 1)
< T.6logk.

Thus, we take

1
B (m) = o h'(ns) =1og10, and h'(n3) = 7.6logk.

By utilizing the bound provided in (3.6) along with (6.37), we find that dslog 10 < (n —
1)log ¢, implying that dy < n — 1. Applying Theorem 1.25, similarly to our approach for
Ay, we obtain that

n < 1.65 x 10"k log® k log n.

Using Lemma 1.31, with 7" := 1.65 x 10"k*log® k, and considering the inequality 32.74 +
4log k + 2loglog k < 51log k, we obtain

n < 1.72 x 10"¥k* log* k. (6.38)

6.3.1 The case 2 <k <650

Considering again

4
|AS] := | — nlog a + dylog 10 + log(b.g; ' ()] < —.

an

Thus, we obtain

1 bg; *
doga - (boi ()
log 10 log 10

Then, for all b € {1,...,9}, we apply Lemma 1.27 by taking

<1.8-a" (6.39)

log _log(bg; (@)

v log 10’ Ho(k,b) lOg 10 ) ( ) ) ( aa>

For each k € [2,650] and b € {1,...,9}, we find a good approximation of  and a convergent
Pe/qe of the continued fraction of v such that g, > 60}, and € = 5y = || pok,p)Gel| — M || vqe|| >
0, where M, := |1.72 x 10'®k*log* k|, which is an upper bound of n from (6.38). Using
Mathematica, we see that gz¢ meets the conditions of Lemma 1.27. After doing this, we use
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Lemma 1.27 on inequality (6.39). A computer program in Mathematica helps to see that, for
log(A
k=474 and b =9, £y > 0.000014 and the maximum value of Ogl(—‘gg), for k € [2,650]
0g
and b € {1,...,9}, is 91.2789, which is an upper bound of n by Lemma 1.27.
We deduce that the same bound holds for the case a = 0. Consequently, we use again
Mathematica to ensure that equation (6.37) has no solutions in this case.

6.3.2 The case k > 650
From (6.33), we define

|A}] := —2nlog ¢ + dalog 10 + log(b(p + 2)),

where,

12
0<|A)l < i (6.40)

To apply Lemma 1.27 to A/, let us consider

(7717b1) = (302,—71), (772762) = (107d2)7 (7737173) = (b(@+2)71)‘

Then, h(n;) = h(b(¢ +2)) < h

—

b) + h(¢ + 2) < 3.1. Thus, we take

, NW(m)=logl0 and HK'(n3) =3.1.

N | —

h/<771> =

Therefore, we find
kE<7x10" and n<1.2x10%. (6.41)

As we did before, we reduce these bounds and let put again

|A}] := —2nlog ¢ + dylog 10 + log(b(p + 2)).
From (6.40), we have
0<|op.2loee o Joelbl+2) 12
log 10 log 10 log 10

for each b € {1,...,9}, we apply Lemma 1.27 by setting

21lo log(b(yp + 2 12
pi= 0P, = log(bly +2)) )), and (A, B) = (
log 10 log 10

For the first application of Lemma 1.27, by using Mathematica we find that gog9 satisfies the
conditions requiered in Lemma 1.27 which gives 0.0245732 < €, = ||tq200|] — M - ||7q209]|
and then k& < 974. Thus, we obtain a reduced bound for (6.41). We repeat the same
reduction algorithm with M = 3.4 x 10%® and g9 and as a result we obtain 0.123356 < &, =
| twgroll — M - ||vgrolland k < 358. So, in all cases, we have k < 650 which is a contradiction.
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Conclusion

In this thesis, we have investigated several Diophantine equations involving generalized se-
quences. Specifically, we constructed Diophantine equations using Fibonacci, Lucas, and Pell
sequences. These equations were examined in connection with Fermat numbers, Mersenne
numbers, and repdigits, considering various distinct cases.

The resolution of these equations relied primarily on Baker’s method, mainly based on
linear forms in logarithms of algebraic numbers. A central tool in our approach was the
Baker-Davenport reduction method, which played a crucial role in refining upper bounds
and facilitating the determination of integer solutions.

By combining these techniques with careful analysis of the properties of the generalized
sequences, we were able to achieve significant progress in understanding the interplay between
Diophantine equations and the algebraic and arithmetic structures of the sequences involved.
This work not only addresses specific questions in the field but also highlights the potential
of these methods for broader applications in number theory.

A natural perspective arising from this thesis is to explore whether similar studies can
be conducted with other families of sequences. One could investigate generalized forms of
other well-known sequences, and analyze their interplay with Fermat numbers, Mersenne
numbers, or repdigits. Extending the methods and techniques developed in this thesis, such
as those involving linear forms in logarithms and the Baker-Davenport reduction, could
provide valuable insights into the solvability of new classes of Diophantine equations.

72



Bibliography

[1] K. N. Adédji, A. Filipin and A. Toghé, Fibonacci and Lucas numbers as products of three
repdigits in base g, Rend. Circ. Mat. Palermo, II. Ser (2023), 4003—4021. Zbl 1532.11022,
https://doi.org/10.1007/s12215-023-00878-4

[2] S. Alaca and K. S. Williams, Introductory algebraic number theory, Cambridge University
Press, New York, 2004.

[3] A. Altassan and M. Alan, Almost Repdigit k-Fibonacci Numbers with an Application of
k-Generalized Fibonacci Sequences, Mathematics, (2023), 11(2), 455

[4] A. Baker, Linear forms in logarithms of algebraic numbers, I. Mathematika J. Pure Appl.
Math. 13, 204-216 (1966).

[5] A. Baker, Linear forms in logarithms of algebraic numbers, II. Mathematika J. Pure
Appl. Math. 14, 102-107 (1967).

[6] A. Baker, Linear forms in logarithms of algebraic numbers, II. Mathematika J. Pure
Appl. Math. 14, 220-228 (1967).

[7] A. Baker and H. Davenport, The equations 3z*> — 2 = y* and 82° — 7 = 2%, Quart. J.
Math. Oxford Ser. (2) 20 (1969), 129-137.

[8] A. Baker and G. Wiistholz, Logarithmic forms and group varieties, J. Reine Angew.
Math, 442 (1993), 19-62.

[9] D. Bednatik and E. Trojovska, Repdigits as product of Fibonacci and Tribonacci numbers,
Mathematics. 8 (10), 1720 (2020). https://doi.org/10.3390/math8101720

[10] K. Bhoi and P. K. Ray, Repdigits as difference of two Fibonacci or Lucas numbers, Mat.
Stud. 56 (2021), 124-132. Zbl 1495.11029, https://doi.org/10.30970/ms.56.2.124-132

[11] J. J. Bravo, C. A. Gomez and F. Luca, A Diophantine equation in k-
Fibonacci numbers and repdigits, Colloq. Math. 152 (2018), 299-315. Zbl 1407.11026,
https://doi.org/10.4064 /cm7149-6-2017

[12] J. J. Bravo, C. A. Gomez and F. Luca, Mersenne k-Fibonacci numbers, Glas. Mat. 51
(2016), 307-319.

[13] J. J. Bravo, C. A. Gomez and F. Luca, Powers of two as sums of two
k-Fibonacci numbers, Miskole Math. Notes 17 (2016), 85-100. Zbl 1389.11041,
https://doi.org/10.18514/MMN.2016.1505

[14] J. J. Bravo and J. L. Herrera, Fermat k-Fibonacci and k-Lucas numbers, Mathematica
Bohemica 145.1 (2020), 19-32.

73



BIBLIOGRAPHY BIBLIOGRAPHY

[15] J. J. Bravo and J. L. Herrera, Repdigits in generalized Pell sequences, Archivum Math-
ematicum 2020; 56(4): 249-262. doi: 10.5817/AM2020-4-249

[16] J. J. Bravo, J. L. Herrera and F. Luca, On a generalization of the Pell sequence, Math.
Bohem. 2021; 146(2): 199-213. doi: 10.21136/MB.2020.0098-19

[17] J.J. Bravo and F. Luca, On a conjecture about repdigits in k-generalized F'-
bonacci sequences, Publ. Math. Debrecen. 82 (2013), 623-639. Zbl 1274.11035,
https://doi.org/10.5486/PMD.2013.5390

[18] J. J. Bravo and F. Luca, Powers of two in generalized Fibonacci sequences, Rev. Colom-
biana Mat. 46 (2012), 67-79. Zbl 1353.11020

[19] J.J. Bravo and F. Luca, Repdigits as sums of two k-Fibonacci numbers, Monatsh. Math.
176 (2015), 31-51. Zbl 1390.11034, https://doi.org/10.1007/s00605-014-0622-6

[20] J. J. Bravo and F. Luca, Repdigits in k-Lucas sequences, Proc. Indian Acad. Sci. Math.
Sci. 124 (2) (2014), 141-154, Zbl 1382.11019, https://doi.org/10.1007 /s12044-014-0174-
7

[21] Y. Bugeaud, M. Maurice, S. Siksek, Classical and modular approaches to exponential
Diophantine equations I. Fibonacci and Lucas perfect powers, Ann. Math. 163 (2006),
969-1018. Zbl 1113.11021, MR2215137, https://doi.org/10.4007 /annals.2006.163.969

[22] P. Catarino, H. Campos, P. Vasco, On the Mersenne sequence, Ann. Math. Inform. 46
(2016), 37-53.

[23] P. Coufal, P. Trojovsky, Repdigits as product of terms of k-Bonacci sequences, Mathe-
matics. 9 (6), 682 (2021). https://doi.org/10.3390 /math9060682

[24] G. Dresden and Z. Du, A simplified Binet formula for k-generalized Fibonacci numbers,
J. Integer Sequences 17 (2014), Article 14.4.7.

[25] A. Dujella, Number Theory, Skolska knjiga, Zagreb, (2021)

[26] A. Dujella, A. Peths, A generalization of a theorem of Baker and Davenport, Quart. J.
Math. Oxford Ser. (2) 49 (1998), no. 195, 291-306. Zbl 0911.11018

[27] F. Erduvan and R. Keskin, Fibonacci and Lucas numbers as products of two repdigits,
Turk. J. Math. 43 (2019), 2142— 2153. Zbl 1440.11016

[28] F. Erduvan, R. Keskin and Z. Siar, Fibonacci or Lucas Numbers Which are Products
of Two Repdigits in Base b, Bull Braz Math Soc, New Series. 57 (2021), 1025-1040. Zbl
1484.11063, https://doi.org/10.1007 /s00574-02100243-y

[29] F. Erduvan and R. Keskin, Repdigits as products of two Fibonacci or Lucas
numbers, Proc. Indian Acad. Sci. Math. Sci. 2020, 130, 28. Zbl 1440.11016,
https://doi.org/10.1007/s12044-020-0554-0

[30] B. Faye and F. Luca, Pell and Pell-Lucas numbers with only one distinct digits, Ann.
of Math. 2015; 45: 55-60.

[31] M. N. Faye, S. E Rihane and A. Toghé, On Repdigits Which are Sums or Differences
of Two k— Pell Numbers, Mathematica Slovaca (2023); 73(6): 1409-1422.

74



BIBLIOGRAPHY BIBLIOGRAPHY

[32] C. A. Gomez and F. Luca, Power of two-classes in k-generalized Fibonacci sequences,
Revista Colombiana de Matematicas. 48(2) (2014), 219-234.

[33] A. Gueye, S. E. Rihane and A. Toghé, Coincidence Between k-Fibonacci Numbers and
Products of Two Fermat Numbers, Bull Braz Math Soc, New Series 2022; 53: 541-552.
doi: 10.1007/s00574-021-00269-2

[34] M. O. Hernane, S. E. Rihane, S. Seffah and A. Togbé, On Fermat and Mersenne numbers
expressible as product of two k-Fibonacci numbers, Boletin de la Sociedad Matemética
Mexicana. 28 (2), 36 (2022). doi: 10.1007/s40590-022-00429-4

[35] B. Kafle, S.E Rihane and A. Toghé, A note on Mersenne Padovan and Perrin numbers,
The Notes on Number Theory and Discrete Mathematics 2021; 27 (1): 161-170. doi:
10.7546 /nntdm.2021.27.1.161-170

[36] A. Ya. Khinchin, Continued Fractions. 3rd ed. Noordhoff. Groningen. 1963.

[37] M. Krizek, F. Luca, L. Somer, 17 Lectures on Fermat Numbers: From Number Theory
to Geometry, CMS Books in Mathematics, Vol. 9, Springer, New York, 2001.

[38] K. Liptai, G. K. Panda and L. Szalay, A balancing problem on a binary recurrence and
its associate, Fibonacci Quart. 54 (3) (2016), 235-240.

[39] F. Luca, Effective methods for Diophantine equations, Bordeaux, January 23, 2009.

[40] F. Luca, Fibonacci and Lucas numbers with only one distinct digit, Port. Math. 57
(2000), 243-254.

[41] D. Marques, On k-generalized Fibonacci numbers with only one distinct digit, Util. Math.
98 (2015), 23-31. Zbl 1369.11014

[42] E. M. Matveev, An explicit lower bound for a homogeneous rational linear form in the
logarithms of algebraic numbers, 11, Izv. Math. 64(6) (2000) 1217-1269. Zbl 1013.11043,
https://doi.org/10.1070/im2000v064n06abeh000314

[43] D. Meguedmi, S. E. Rihane and A. Togbé, Generalization of a theorem of Adeg-
bindin, Luca and Togbé, RACSAM 116 (2022), Article number: 36. Zbl 1480.11024,
https://doi.org/10.1007/s13398-021-01177-2

[44] M. Mignotte, Intersection des images de certaines suites récurrentes linéaires, Theoret.
Comput. Sci. 1978; 7(1): 117-122. doi: 10.1016,/0304-3975(78)90043-9

[45] E.  P.  Jr. Miles, Generalized Fibonacci numbers and associated ma-
trices, ~Amer. Math. Monthly. 67 (1960), 7454AS-752. Zbl 0103.27203,
https://doi.org/10.1080,/00029890.1960.11989593

[46) M. D. Miller,  Mathematical notes: on  generalized  Fibonacci  num-
bers,  Amer. Math. Monthly. 78 (1971), 1108-1109. Zbl 0236.30004,
https://doi.org/10.1080,/00029890.1971.11992952

[47] L. Niven, H. S. Zuckermann and H. L. Mongomery, Introduction to the theory of numbers,
Springer New York, (1991).

[48] B. V. Normenyo, S. E. Rihane and A. Togbé, Fermat and Mersenne numbers in k-Pell
sequence, Matematychni Studii 2021; 56(2): 115-123. doi: 10.30970/ms.56.2.115-123

)



BIBLIOGRAPHY BIBLIOGRAPHY

[49] S. E. Rihane, k-Fibonacci and k-Lucas Numbers as Product of Two Repdigits, Results
Math 76 (2021), Article number: 208. Zbl 1495.11035, https://doi.org/10.1007 /s00025-
021-01526-y

[50] S. E. Rihane, k-Pell numbers as product of two repdigits, Mediterr. J. Math. (2022).
https://doi.org/10.1007/s00009-022-01983-x.

[51] S. E. Rihane, C. A. Adegbindin and A. Toghé, Fermat Padovan and Perrin numbers,
J. Int. Seq. 23.6, Article 20.6.2 (2020).

[52] S. E. Rihane and A. Togbé¢, On the intersection between k-Lucas sequences and
some binary sequences , Period Math Hung 84 (2022), 125-145. Zbl 1499.11077,
https://doi.org/10.1007/s10998-021-00387-w

[53] S. G. Sanchez and F. Luca, Linear combinations of factorials and S-units in a binary
recurrence sequences, Ann. Math. Québec 2014; 38: 169-188. doi: 10.1007/s40316-014-
0025-7

[54] S. Seffah, S. E. Rihane and A. Togbé, Almost Repdigits in k-Pell numbers.

[55] S. Seffah, S. E. Rihane and A. Togbé, Fermat and Mersenne numbers as products of
two k-Pell numbers, https://doi.org/10.1007/s13226-025-00806-5

[56] S. Seffah, S. E. Rihane and A. Togbé, On equations involving repdigits and products of
two k-Fibonacci, accepted for publication.

[57] S. Seffah, S. E. Rihane and A. Togbé, On repdigits as product of k-Fibonacci and k-Lucas
numbers.(2025). https://doi.org/10.21136/MB.2025.0035-24

[58] M. Waldshmidt, Diophantine Approximation on Linear Algebraic Groups: Transcen-
dence Properties of the Exponential Function in Several Variables, Springer-Verag Berlin
Heidelberg, 2000.

[59] B. M. M. de Weger, Algorithms for Diophantine equations, PhD, Eindhoven University
of Technology, Eindhoven, the Netherlands. (1989). Zbl 0687.10013

[60] D. A. Wolfram, Solving generalized Fibonacci recurrences, Fibonacci Quart. 36(2)
(1998), 129-145. Zbl 0911.11014

76



