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Abstract

This thesis focuses on the study of Diophantine equations involving generalized sequences.
The work begins with problems concerning Fermat and Mersenne numbers expressed as
products of two k-Fibonacci numbers. Subsequently, we address an analogous problem
involving k-Pell numbers.
In another direction, we investigate repdigits that can be written as products of Fibonacci

and Lucas numbers or as products of two k-Fibonacci numbers. Furthermore, we determine
all k-Pell numbers that can be expressed as almost repdigits.
The primary tools employed in this thesis include Baker’s theory of linear forms in loga-

rithms of algebraic numbers and the Baker-Davenport reduction method [7], specifically we
use the version developed by de Dujella and Pethő [26].
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Notation

(Fn)n>0 The Fibonacci sequence.
(Ln)n>0 The Lucas sequence.
(Pn)n>0 The Pell sequence.
(F

(k)
n )n>2−k The k-generalized Fibonacci sequence.

(L
(k)
n )n>2−k The k-generalized Lucas sequence.

(P
(k)
n )n>2−k The k-generalized Pell sequence.

N The set of natural numbers.
Z The set of integers.
Q The set of rational numbers.
C The set of complex numbers.
K Algebraic number field.
η Algebraic number.
h(η) Absolute logarithmic height of an algebraic number η.
log Natural logarithm.
‖ · ‖ The distance from the nearest integer.
NK/Q(α) The norm of α in a number field K relative to Q.
ν2(x) Exponent of 2 in the factorization of x.
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Introduction

Different branches of mathematics have presented several problems that have been of interest
to mathematicians.
Number theory is one of these branches that is used to study positive integers and their

properties such as divisibility, prime factorization, or solvability of equations. Here, we focus
on solving some equations. It’s about " Diophantine equations".
The study of Diophantine equations dates back to Greek antiquity. They are introduced

by the greek mathematician Diophantus of Alexandria who devoted to this type of equations
a series of books in the history of Mathematics.

A Diophantine equation is a polynomial equation with integer coefficients whose solutions
are sought in integers. For example, the most famous Diophantine equation is the linear
equation of the form

ax+ by = c, (1)

where a, b and c are given integers, and x and y are variables.
We can also consider equations with a larger number of variables or with a higher degree.

For example, we take the equation
x2 + y2 = z2. (2)

If (x, y, z) is a solution of (2), this triplet of integers is called a "Pythagorean triple", with
reference to Pythagoras.
When we increase the power of the variables in equation (2), we obtain the famous equation

xn + yn = zn, (3)

known as Fermat’s conjecture. He claimed that equation (3) cannot be solved when n > 3.
Later, this equation was resolved by Andrew wiles.
Another type of Diophantine equations was studied as a Master’s thesis. It was on Dio-

phantine equations
ax2 − by4 = c, c = ±1, 2.

The theory of continued fractions was used for solving these equations.

From the above equations, we ask about the method used to solve them and if it can be
applied to all type of Diophantine equations. This question was the 10-th problem of Hilbert
among his 23 problems that he posed them in 1900, he was asking for a general method for
solving all Diophantine equations as follows:

"Given a Diophantine equation with any number of unknown quantities and with rational
integral numerical coefficients: To devise a process according to which it can be determined

7



by a finite number of operations whether the equation is solvable in integers".

In 1970, Matiyasevich’s answered Hilbert and proved that such method does not exist.
His result is the following.

Theorem 0.1 (Y. Matiyasevich). There is no algorithm which, for a given arbitrary Dio-
phantine equation, would tell whether the equation has an integer solution or not.

However, this didn’t stop the study on Diophantine equations. Many mathematicians
have found techniques and approaches for solving certain families of Diophantine equations.

In this thesis, we consider some Diophantine equations involving linear recurrent sequences
such as Fibonacci, Lucas and Pell sequences. We will use the Baker’s theory, mainly based
on linear form in logarithms of algebraic numbers and a reduction algorithm originally in-
troduced by Baker and Davenport. The introduced concepts have an extremely useful and
interesting applications in the study of the Diophantine equations throughout our thesis.

Alan Baker and Linear forms in logarithms
We return again to the 23-th Hilbert’s problems. More precisely, to the 7-th problem

which motivated the development of the theory of linear forms in logarithms. This problem
asked to prove the transcendence of the number αβ for any algebraic number α 6= 0, 1 and
any irrational algebraic number β. This problem was proved independently by Gelfond
and Schneider in 1934. They proved that, if α1, α2 6= 0 are algebraic numbers such that
logα1, logα2 are linearly independent over Q, then

β1 logα1 + β2 logα2 6= 0

for all algebraic numbers β1, β2.
Gelfond also noticed that a similar theorem would hold for an arbitrarily many logarithmic

of algebraic numbers. Indeed, in 1966 Alan Baker generalized that result by proving that if
α1, · · · , αn are algebraic numbers 6= 0, 1 such that logα1, · · · , logαn are linearly independent
over Q, then

β0 + β1 logα1 + · · · βn logαn 6= 0

for any algebraic numbers β0, β1, · · · , βn that are not all zero.
This generalization was the beginning of a new and very interesting branch in number

theory known as Baker’s theory. This earned Baker the Fields medal in 1970.

Baker-Davenport reduction
The Baker- Davenport reduction was introduced by Baker and Davenport in the paper [7]
from 1969, in which they solved the problem which emerged in a discussion during a confer-
ence in Oberwolfach in March 1968. The problem is connected to the so-called Diophantine
m-tuples, i.e. the sets of positive integers such that the product of any two of its distinct
elements, increased by 1 is a perfect square.
At this conference, J. H. van Lint presented his results by attempting to extend Fermat’s
set, which is {1, 3, 8, 120}, to a quintuple with the same property. More precisely, if d is a
positive integer such that {1, 3, 8, d} is a Diophantine quadruple, does d have to be equal
to 120? The problem was raised by Martin Gardner in his Scientific American column in
March 1967.
By applying Baker’s theory of linear forms in logarithms and the introduced reduction
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method, Baker and Davenport completely solved that problem. Their result was later gen-
eralized in several directions, which we will discuss in detail in the upcoming chapters.

In this thesis, we are interested in the solution of some Diophantine equations involving
sequences. It consists of six chapters, in addition to the introduction where we give a brief
overview to some Diophantine equations and the methods used to solve them.
Chapter 1 covers the prerequisites, offering essential definitions, fundamental concepts,

key results, and ideas used throughout this dissertation.
In chapter 2, we study Fermat and Mersenne numbers as products of two k-Fibonacci

numbers. More precisely, we solve the Diophantine equation stated in the following theorem.

Theorem 0.2 ([34]). The Diophantine equation

F (k)
n F (k)

m = 2a ± 1 (4)

has no solutions in positive integers n,m, k and a with 3 6 m 6 n and k > 2.

Chapter 3 addresses the same problem as Chapter 5 by considering the k-Pell sequences.
In this chapter, we prove the following result.

Theorem 0.3 ([55]). The Diophantine equations

P (k)
n P (k)

m = 2a ± 1 (5)

have no solutions in positive integers a, k, n,m with n > m > 2 and k > 2.

In chapter 4, we investigate on the solutions of the Diophantine equation

F (k)
n L(k)

m =
a(10` − 1)

9
, (6)

where repdigits are represented as products of k-Fibonacci and k-Lucas numbers. We estab-
lish the following results of equation (6).

Theorem 0.4 ([57]). All the solutions of Diophantine equation (6) in positive integers
n,m, `, k, and a with 0 6 m < n, k > 2, ` > 2, and 1 6 a 6 9, are

(a, k, l,m, n) ∈ {(4, 3, 2, 1, 8), (5, 2, 2, 1, 10), (8, 2, 2, 5, 6), (8, 3, 2, 0, 8)}.

Theorem 0.5 ([57]). All the solutions of Diophantine equation (6) in positive integers
n,m, `, k, and a with 1 6 n 6 m, k > 2, ` > 2, and 1 6 a 6 9, are

(a, k, l,m, n) ∈ {(1, 2, 2, 5, 1), (1, 2, 2, 5, 2), (2, 4, 2, 5, 1), (2, 4, 2, 5, 2),

(2, 2, 2, 5, 3), (3, 2, 2, 5, 4), (4, 4, 2, 5, 3), (5, 2, 2, 5, 5), (8, 4, 2, 5, 4)}.

In chapter 5, we explore Diophantine equations involving repdigits and products of two
k-Fibonacci numbers. Our main result is given by the following theorem.

Theorem 0.6 ([56]). The only solution of the Diophantine equation

F (k)
n F (k)

m =
a(10` − 1)

9
(7)

in positive integers n,m, `, k, and a with 3 6 m 6 n, k > 3, ` > 2, and 1 6 a 6 9, is

(a, k, l,m, n) = (8, 3, 2, 3, 8).

9



In chapter 6, we solve the Diophantine equation

P (k)
n = a

(
10d1 − 1

9

)
+ (b− a)10d2 , 0 6 d2 < d1, and 0 6 a, b 6 9, (8)

by proving the following result.

Theorem 0.7 ([54]). The Diophantine equation (2.2) has only the following solution P (3)
8 =

545, P
(4)
7 = 228 and P

(5)
7 = 232 when P (k)

n has at least three digits.

The final part of this dissertation includes a conclusion, perspectives for future work and
the list of references.
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Chapter 1
Preliminaries

In this chapter, we present the fundamental mathematical concepts and results that are
essential for understanding the problem at the heart of this thesis. Given that our research
builds on advanced topics in algebraic number theory, we start by revisiting the core ideas in
this field, focusing particularly on properties of binary sequences and generalized sequences.
We also recall some methods used to prove our main results, which include essential tools
such as linear forms in logarithms and reduction methods.

1.1 Number fields

1.1.1 Algebraic Numbers

Definition 1.1. A complex number α is called an algebraic number if there is a polynomial
Q(x) with rational coefficients, different from the zero polynomial, such that Q(α) = 0. A
complex number is called transcendental if it is not algebraic.

Theorem 1.2 (Theorem 12.1 of [25]). For any algebraic number α, there is a unique
polynomial

P (x) = adx
d + · · ·+ a1x+ a0

with the following properties:

(1) P (x) ∈ Z[x],

(2) ad > 0 and gcd(a0, a1, · · · , ad) = 1,

(3) P (α) = 0,

(4) if P0(x) ∈ Q[x] such that P0(α) = 0, then P (x) | P0(x) in Q[x],

(5) P (x) is irreducible over Q.

Definition 1.3. The minimal polynomial over Z of an algebraic number α is the polynomial
P (x) described in Theorem 1.2. The minimal polynomial of α is the polynomial g(x) =
1

ad
P (x), hence, it is the irreducible monic polynomial with rational coefficients such that

g(α) = 0. The degree of an algebraic number is the degree of its minimal polynomial.

Elements that are algebraic over Q and have the same minimal polynomial are called
conjugates over Q.
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1.1.2 Algebraic number fields

Definition 1.4. Let α be an algebraic number. The algebraic number field Q(α) generated
by α is the smallest field which contains Q and α. We say that Q(α) is a simple algebraic
extension of Q.

Definition 1.5. Let K = Q(α). The degree of K is defined as the degree n of the minimal
polynomial of α, i.e. the degree of α.

1.1.3 Absolute logarithm height of an algebraic number

For a given non-zero algebraic number η of degree d over Q, whose minimal polynomial over
Z is a

∏d
j=1

(
X − η(j)

)
, we denote by

h(η) =
1

d

(
log |a|+

d∑
j=1

log max
(
1, |η(j)|

))

the usual absolute logarithmic height of η. In particular, if η = p/q is a rational number
with gcd(p, q) = 1 and q > 0, then h(η) = log max{|p|, q}. Below, we outline some well-
known properties of the height function (Property 3.3 in [58]), which will be used as needed
throughout this work.

h(η ± γ) 6 h(η) + h(γ) + log 2, (1.1)
h(ηγ±1) 6 h(η) + h(γ), (1.2)
h(ηs) = |s|h(η) (s ∈ Z), (1.3)

where η, γ are algebraic numbers.

1.2 Binary sequences

Definition 1.6. Let k > 1 be an integer. A sequence (un)n>0 of complex numbers is called
linearly recurrent of order k if the recurrence

un+k = a1un+k−1 + a2un+k−2 + · · ·+ akun (1.4)

holds for all n > 0 with some fixed coefficients a1, · · · , ak ∈ C.

Assume that ak 6= 0 (since if ak = 0, the sequence (un)n>0 satisfies a linear recurrence of
order smaller than k). If a1, . . . , ak ∈ Z and u0, . . . , uk−1 ∈ Z, then by induction on n, it
follows that un is an integer for all n > 0.

Definition 1.7. Let (un)n>0 be a linear recurrent sequence of order k. The characteristic
polynomial of the sequence (un)n>0 is given by

f(X) = Xk − a1X
k−1 − · · · − ak,

where a1, a2, . . . , ak are the coefficients of the recurrence relation defining un.

Considering α1, . . . , αs are the distinct roots of f(x) with multiplicities σ1, . . . , σs, respec-
tively, we assume that

f(X) =
s∏
i=1

(X − αi)σi .
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From the theory of linear recurrence sequences, it follows that for all i there exist uniquely
determined polynomials hi ∈ Q(u0, . . . , a1, . . . , ak, α1, . . . , αk)[x] of degree less than σi(i =
1, . . . , s) such that

un =
s∑
i=1

hi(n)αni , for n > 0.

This dissertation focuses solely on integer recurrent sequences, which are sequences defined
by recurrence relations whose coefficients and initial values are integers, i.e.,s = k (all the
roots of f(x) are distinct). Consequently, for all i = 1, . . . , k and n ∈ Z, hi(n) is an algebraic
number. The following result thus follows.

Proposition 1.8 (Proposition 2.0.2 in [39]). Suppose that f(X) ∈ Z[X] has distinct roots.
Then there exist constants c1, . . . , ck ∈ K = Q(α1, . . . , αk) such that the formula

un =
k∑
i=1

ciα
n
i holds for all n > 0.

If k = 2, the sequence is called binary sequence.

Definition 1.9. Let {G}∞n=0 be a sequence defined by the binary recurrence relation Gn =
AGn−1 + BGn−2 for n > 2, where A,B,G0 and G1 are given integers. The characteristic
equation of this sequence is

X2 − AX −B = 0,

with distinct roots α and β satisfying

α = (A+
√
D)/2 and β = (A−

√
D)/2,

where D = A2 + 4B is the discriminant of X2 − AX −B. We observe that

A = α + β, B = −αβ, and α− β =
√
D.

The explicit formula for the terms of the sequence {G}∞n=0 is given by the following result.

Theorem 1.10 (See page 2 in [38]). If D 6= 0, then the explicit form for Gn is given by

Gn =
(G1 − βG0)αn − (G1 − αG0)βn

α− β
, n > 0.

If D = 0, then α = β = A/2 and

Gn = nαn−1G1 − (n− 1)αnG0, n > 0.

In the upcoming section, we will introduce some specific cases of binary sequences known
as Lucas sequences, focusing exclusively on those used throughout this thesis.

1.3 Lucas sequences

Definition 1.11. Given two integers A and B, the Lucas sequence {G}∞n=0 is defined by the
recurrence relation

G0 = 0, G1 = 1, Gn = AGn−1 +BGn−2.

Its characteristic equation is:
x2 − Ax−B = 0.

It has the discriminant D = A2 + 4B 6= 0 and the roots

α =
A+
√
D

2
and β =

A−
√
D

2
,

where, α 6= β, α + β = A, αβ = B, and (α− β)2 = D.
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Thus, from the conditions of Theorem (1.10) the terms of Lucas sequence can be written
in terms of α and β as follows:

Gn =
αn − βn

α− β
, for n > 0.

Definition 1.12. With the above conditions, the sequences U = (Un(A,B))∞n=0

and V = (Vn(A,B))∞n=0 given by

U0 = 0, U1 = 1, Un = AUn−1 −BUn−2 for n > 2, (1.5)

V0 = 2, V1 = A, Vn = AVn−1 −BVn−2 for n > 2, (1.6)

are called the first and second Lucas sequences with parameters (A,B).

1.3.1 The Fibonacci sequence

Definition 1.13. The Fibonacci sequence (Fn)∞n=0 is obtained with (A,B) = (1,−1).
From (1.5), the sequence of Fibonacci numbers is given by

F0 = 0, F1 = 1, and Fn = Fn−1 + Fn−2 for n > 2. (1.7)

Its initial terms are
0, 1, 1, 2, 3, 5, 8, 13, 21, 34, 55, 89, 144, . . . .

From Theorem(1.10), we define the n-th Fibonacci number Fn by

Fn =
αn − βn

α− β
=

1√
5

(αn − βn), for n > 0, where (α, β) =

(
1 +
√

5

2
,
1−
√

5

2

)
.

1.3.2 The Lucas sequence

Definition 1.14. The Lucas sequence (Ln)∞n=0 is related to the Fibonacci sequence which
is also obtained with (A,B) = (1,−1). Thus, from (1.6) it follows that

L0 = 2, L1 = 1, and Ln = Ln−1 + Ln−2 for n > 2. (1.8)

Its first terms are
2, 1, 3, 4, 7, 11, 18, 29, 47, 76, 123, . . . .

As the Fibonacci numbers, the n-th Lucas number is given by

Ln = αn + βn, for n > 0, where (α, β) =

(
1 +
√

5

2
,
1−
√

5

2

)
.

1.3.3 The Pell sequence

Definition 1.15. The Pell sequence (Pn)∞n=0 corresponds to (A,B) = (2,−1). It’s defined
from (1.5) by

P0 = 0, P1 = 1, and Pn = 2Pn−1 + Pn−2 for n > 2. (1.9)

Its first few terms are
0, 1, 1, 2, 5, 12, 29, 70, 169, . . . .
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Applying Theorem(1.10) yields

Pn =
1

2
√

2
(αn − βn) for n > 0, where (α, β) = (1 +

√
2, 1−

√
2).

Let us go further in the hierarchy of these sequences by increasing their order, i.e., consid-
ering k > 2. This gives rise to new linear recurrence sequences, referred to as generalized
sequences. These generalized sequences extend the classical Lucas sequences by adding
higher-order recurrence relations and enable a more thorough investigation of their algebraic
and arithmetic characteristics.

1.4 Generalized sequences

1.4.1 The k-generalized Fibonacci sequence and the k-generalized
Lucas sequence

Definition 1.16. For an integer k > 2, the sequences Uk = (U
(k)
n )n>0

and V k = (V
(k)
n )n>0 defined by the following linear recurrence relations of order k

U (k)
n = U

(k)
n−1 + U

(k)
n−2 + . . .+ U

(k)
n−k, for all n > 0, (1.10)

V (k)
n = V

(k)
n−1 + V

(k)
n−2 + . . .+ V

(k)
n−k, for all n > 0, (1.11)

with initial conditions

U
(k)
−(k−2) = U

(k)
−(k−3) = . . . = U

(k)
0 = 0, U

(k)
1 = 1, (1.12)

V
(k)
−(k−2) = V

(k)
−(k−3) = . . . = V

(k)
(−1) = 0, V

(k)
0 = 2 and V

(k)
1 = 1, (1.13)

are called Fibonacci sequence of order k, Lucas sequence of order k, respectively. They
generalize respectively the Fibonacci number sequence and the Lucas number sequence,
corresponding to the value k = 2.

Definition 1.17. Let denote by (F
(k)
n )n>2, (L

(k)
n )n>2 the k-generalized Fibonacci sequence

and the k generalized Lucas sequence, respectively. The characteristic polynomial of these
sequences is

P (X) = Xk −
k−1∑
i=0

X i = 0.

From the following lemmas, we establish estimates for the n-th term of the generalized
Fibonacci and Lucas sequences, respectively.

Lemma 1.18. [11, Lemma 3] If n < 2k/2 and n > k + 2 , then the following estimates hold

F (k)
n = 2n−2(1 + ζ(n, k)), where |ζ(n, k)| < 2

2k/2
. (1.14)

Lemma 1.19. [52, Lemma 2.6] For k > 2 and n > k + 1, we have

L(k)
n = 3× 2n−2(1 + ζ2), where |ζ2| <

1

2k/2
. (1.15)
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1.4.2 The k-generalized Pell sequence

Definition 1.20. For an integer k > 2, we define a generalization of the Pell sequence
(P

(k)
n )n>2 recurrently as follows

P (k)
n = 2P

(k)
n−1 + P

(k)
n−2 + · · ·+ P

(k)
n−k, for all n > 2,

with the initial conditions P (k)
−(k−2) = P

(k)
−(k−3) = · · · = P

(k)
0 = 0 and P (k)

1 = 1. Its characteristic
polynomial is given by

P (X) = Xk − 2Xk−1 − · · · −X − 1.

We conclude this part with the following lemma that we need later.

Lemma 1.21. [15, Lemma 2] If k > 30 and n > 1 are integers satisfying n < ϕk/2, then

gk(α)αn =
ϕ2n

ϕ+ 2
(1 + ζ), where |ζ| < 4

ϕk/2
.

1.5 Linear forms in logarithms

Definition 1.22. Any expression of the form

β0 + β1 logα1 + β2 logα2 + · · ·+ βn logαn,

where the αi are given non-zero algebraic numbers and the bi are variables, is called a linear
form in logarithms.

Remark 1.23. Note that in our applications to Diophantine equations, we are interested in
the case when β0 = 0 and βi ∈ Z, i = 1, · · · , n. In the sequel we write βi = bi, i = 1, · · · , n
and log always represents the principal value of the complex logarithm.

This tool plays a key role through our work. Indeed, many Diophantine problems can
be reduced to obtaining lower bounds for linear forms in two or three logarithms. These
bounds, often referred to as two-logarithm or three-logarithm bounds, are highly developed.
As a result, many Diophantine problems can be solved once they are expressed in this form.
Such lower bounds provide a mechanism to limit the size of the variables in a Diophantine
equation, ensuring that there are at most finitely many solutions. Moreover, if the lower
bound is effective, it may allow us to compute explicit bounds on the variables, enabling us
to solve the problem completely by checking a finite number of small cases.
Baker gave in his paper "Linear forms in logarithms of algebraic numbers I, II, III", [4, 6]

an effective lower bound on the absolute value of a nonzero linear form in logarithms of
algebraic numbers. His result is the following.

Theorem 1.24 (A. Baker, 1975). Let α1, · · · , αn be algebraic numbers from C different from
0, 1. Further, let b1, · · · , bn be rational integers such that

b1 logα1 + · · ·+ bm logαn 6= 0.

Then
|b1 logα1 + · · ·+ bm logαn| > (eB)−C ,

where B := max(|b1| , · · · , |bn|) and C is an effectively computable constant depending only
on n and on α1, · · · , αn.
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Later, Baker’s lower bound was improved initially by: Baker himself, Waldschmidt in
1991, Baker and Wüstholz in 1993 and Matveev in 2000. We will restrict ourselves to those
relevant to our work.
Here, we give the result of Baker and Wüstholz.

Theorem 1.25 ([8]). Let Λ = b1 lnα1 + . . . + bn lnαn be a linear form in logarithms of
algebraic numbers α1, . . . , αn with rational integer coefficients b1, . . . , bn. If Λ 6= 0, then

ln |Λ| > −18(n+ 1)!nn+1(32d)n+2 ln(2nd)h′(α1)h′(α2)h′(α3) lnB,

where d = [Q (α1, . . . , αn : Q)], B = max{|b1|, . . . , |bn|}, h′(α) = max

(
h(α),

|lnα|
d

,
1

d

)
, and

h(α) is the usual absolute logarithmic height of α.

The following result is due to Matveev. We use a version due to Bugeaud, Mignotte and
Siksek.

Theorem 1.26 (Theorem 9.4 in [21]). Let η1, . . . , ηs be real algebraic numbers and let
b1, . . . , bs be nonzero integers. Let dK be the degree of the number field Q(η1, . . . , ηs) over
Q and let Aj be a positive real number satisfying

Aj > max{dKh(η), | log η|, 0.16}, for j = 1, . . . , s.

Assume that
B > max{|b1|, . . . , |bs|}.

If ηb11 · · · ηbss − 1 6= 0, then

|ηb11 · · · ηbss − 1| > exp(−1.4 · 30s+3 · s4.5 · d2
K(1 + log dK)(1 + logB)A1 · · ·As).

1.6 The reduction algorithms

As we have seen above, we can have a lower bound for the absolute value of linear forms in
logarithms of algebraic numbers as we can obtain an upper bounds for them too.
Usually these bounds are large that we face the inquiry of whether it is possible to reduce

them in our applications to Diophantine equations.
Effectively, this is achievable using the following reduction methods.

1.6.1 Baker-Davenport reduction

Our second main tool is a version of the reduction method of Baker and Davenport [7]. We
use a slight variant of the version given by Dujella and Pethő [26].

Lemma 1.27. Let M be a positive integer and let A,B, µ, γ be given real numbers with
A > 0 and B > 1. Assume that p/q is a convergent of the continued fraction of γ such that
q > 6M . Let

ε = ‖µq‖ −M · ‖γq‖,
where ‖ · ‖ denotes the distance from the nearest integer. If ε > 0, then there is no solution
of the inequality

0 < |uγ − v + µ| < AB−w

in positive integers u, v and w with

u 6M and w >
log(Aq/ε)

logB
.

When µ = 0, the above lemma cannot be applied since then ε < 0. In this case, we use
some results from the theory of continued fractions which will be also used in the reduction
of these bounds.
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1.6.2 Continued fractions

Let introduce the notion of continued fraction by taking an example of one of the most
famous irrational numbers: the golden ratio. Let φ = 1+

√
5

2
, which is solution of the equation

φ2 − φ− 1 = 0.

Thus,

φ = 1 +
1

φ
.

We replace the occurrence of φ in the denominator by 1 + 1
φ
, we obtain

φ = 1 +
1

1 +
1

φ

.

Again, we replace the occurrence of φ in the fraction, we obtain

φ = 1 +
1

1 +
1

1 +
1

φ

.

We can continue the process over and over. This leads to write φ as a continued fraction

φ = 1 +
1

1 +
1

1 +
1

1 +
1

. . .

.

Generally, an expression

a0 +
1

a1 +
1

a2 +
1

. . .
an−1 +

1

an

is called a finite simple continued fraction for a given real number α with ai > 1, for
i = 1, · · ·n. Its abbreviated notation is

[a0; a1, a2, . . . , an].

For all n > 0, the rational number

pn
qn

= [a0; a1, a2, . . . , an]

is called the convergent of α.
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Theorem 1.28. The convergents of a given number α whose continued fraction expansion
is given by

α = a0 +
1

a1 +
1

a2 +
1

a3 +
1

...

are of the form pn
qn

where

pn = anpn−1 + pn−2, qn = anqn−1 + qn−2.

under initial conditions

p−2 = 0, p−1 = 1, q−2 = 1, q−1 = 0.

We have already mentioned above that continued fractions are used to reduce the upper
bounds for the absolute value of linear forms in logarithms of algebraic numbers. This is
achieved using the following elegant property of continued fractions (see [36], pages 30 and
37).

Lemma 1.29. Let pi/qi be the convergents of the continued fraction [a0, a1, . . .] of the irra-
tional number γ. Let M be a positive integer and put aL := max{ai|0 6 i 6 N + 1} where
N ∈ N is such that qN 6M < qN+1. If x, y ∈ Z with x > 0, then

|xγ − y| > 1

(aL + 2)x
, for all x < M.

1.7 Other useful tools

We end with the following crucial lemmas that will be used in the proofs of our results
throughout this thesis.

Lemma 1.30. [59, Lemma 2.2, page 31] Let d, x ∈ R and 0 < d < 1. If |x| < d, then

|log(1 + x)| < − log(1− d)

d
|x|.

Lemma 1.31. [53, Lemma 7] If m > 1, T > (4m2)m and T > y/(log y)m. Then,

y < 2mT (log T )m.
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Chapter 2
Fermat and Mersenne numbers as product of
two k-Fibonacci numbers

The goal of this chapter is to investigate the Fermat and Mersenne numbers having rep-
resentation as product of two k-Fibonacci numbers. This chapter is based on the paper
[34].

2.1 Introduction

A Fermat number is a number of the form 2n + 1 obtained by setting x = 1 in a Fermat
polynomial, the first few of which are 3, 5, 9, 17, 33, . . .. A Mersenne number is a number
of the form 2n − 1, where n is a positive integer. The first few Mersenne numbers are 1, 3,
7, 15, 31, 63, 127, 255, . . .. Some properties of these numbers have been studied. One can
cite [22, 37].
Let k > 2 be an integer. By Subsection 1.4.1, we consider a generalization of Fibonacci

sequence called the k-generalized Fibonacci sequence (F
(k)
n )n>2−k defined as

F (k)
n = F

(k)
n−1 + F

(k)
n−2 + · · ·+ F

(k)
n−k, for all n > 2, (2.1)

with the initial conditions F (k)
−(k−2) = F

(k)
−(k−3) = · · · = F

(k)
0 = 0 and F (k)

1 = 1. If k = 2, we
obtain the classical Fibonacci sequence. Below, we present the values of these numbers for
the first few values of k and n > 1.

k Name First non-zero terms
2 Fibonacci 1, 1, 2, 3, 5, 8, 13, 21, 34, 55, 89, 144, 233, 377, 610, . . .
3 Tribonacci 1, 1, 2, 4, 7, 13, 24, 44, 81, 149, 274, 504, 927, 1705, 3136, . . .
4 Tetranacci 1, 1,2, 4, 8, 15, 29, 56, 108, 208, 401, 773, 1490, 2872, 5536, . . .
5 Pentanacci 1, 1, 2, 4, 8, 16, 31, 61, 120, 236, 464, 912, 1793, 3525, 6930, . . .
6 Hexanacci 1, 1, 2, 4, 8, 16, 32, 63, 125, 248, 492, 976, 1936, 3840, 7617, . . .
7 Heptanacci 1, 1, 2, 4, 8, 16, 32, 64, 127, 253, 504, 1004, 2000, 3984, 7936, . . .
8 Octanacci 1, 1, 2, 4, 8, 16, 32, 64, 128, 255, 509, 1016, 2028, 4048, 8080, . . .
9 Nonanacci 1, 1, 2, 4, 8, 16, 32, 64, 128, 256, 511, 1021, 2040, 4076, 8144, . . .
10 Decanacci 1, 1, 2, 4, 8, 16, 32, 64, 128, 256, 512, 1023, 2045, 4088, 8172, . . .

2.2 Motivation and main result

Several authors have worked on problems involving generalized Fibonacci sequences. One
can see [11, 12, 13, 14, 17, 19, 22, 45, 46]. In 2020, Bravo and Herrera showed that 3 and
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5 are the only Fermat numbers in the k-Fibonacci sequence (see [14]). In [37] and [51], the
authors found all the Padovan and Perrin numbers which are also Mersenne numbers and
Fermat numbers. Moreover, Bravo and Gómez [12] found all k-Fibonacci numbers which
are Mersenne numbers. It is natural to ask if Fermat numbers and Mersenne numbers can
be expressed as the product of two k-Fibonacci numbers. So, the aim of this chapter is
to determine all Fermat numbers and Mersenne numbers, which are the products of two
k-Fibonacci numbers. The main result that we obtain is the following.

Theorem 2.1. The Diophantine equation

F (k)
n F (k)

m = 2a ± 1 (2.2)

has no solutions in positive integers n,m, k and a with 3 6 m 6 n and k > 2.

Note that we make the condition m > 3 because if m ∈ {1, 2} then the Diophantine
equation (2.2) becomes F (k)

n = 2a ± 1 and this equation was already solved in [12, 14].
Theorem 2.1 and remark above enable us to give the following corollary.

Corollary 2.2. There are no Fermat or Mersenne numbers expressible as product of two
k-Fibonacci numbers greater than 1.

We will organize this chapter as follows. In Section 2.3, we develop the tools that will
be used to prove Theorem 2.1. This proof will be done in the last section in four steps.
In the first step, we will setup the problem, and bound a in terms of n, i.e. a < 2n. The
second step consists in finding an upper bound of n in term of k. In fact, we show that
n < 4.21× 1028k8 log5 k. For the third step, we consider lower values of k, i.e. 2 6 k 6 360,
and solve equation (2.2) in this range. In the final step, we take k > 361 and prove that we
have no solution.

2.3 Preliminaries and known results

This section is devoted to collect a few definitions, notations, properties and results which
will be used in the proof of Theorem 2.1.

2.3.1 Properties of the k-generalized Fibonacci sequence

In this subsection, we recall some facts and properties of the k-Fibonacci sequence that will
be used later. The characteristic polynomial of this sequence is

Ψk(x) = xk − xk−1 − · · · − x− 1.

The polynomial Ψk(x) is irreducible over Q[x] and has just one root α(k) outside the unit cir-
cle (one can see [45, 46, 60]). The other roots are strictly inside the unit circle. Furthermore,
Wolfram [60] showed that

2(1− 2−k) < α(k) < 2, for all k > 2. (2.3)

To simplify the notation, in general, we omit the dependence on k of α. For s > 2, let

fs(x) :=
x− 1

2 + (s+ 1)(x− 2)
. (2.4)

Bravo et al. [13] proved that

1/2 < fk(α) < 3/4 and
∣∣fk(α(i))

∣∣ < 1, for 2 6 i 6 k
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hold, where α := α(1), . . . , α(k) are all the zeros of Ψk(x). Therefore, the number fk(α) is not
an algebraic integer. In addition, they proved that the logarithmic height of f satisfies

h(fk(α)) < 3 log k, for all k > 2. (2.5)

In [32], Gomez and Luca proved that

h(fk(α)) < 2 log k, for all k > 3. (2.6)

With the above notation, Dresden and Du [24] showed that

F (k)
n =

k∑
i=1

fk(α
(i))α(i)n−1

(2.7)

and
|ek(n)| < 1

2
, where ek(n) = F (k)

n − fk(α)αn−1, (2.8)

for all n > 2− k and k > 2. Furthermore, for n > 1 and k > 2, Bravo and Luca [17] showed
that

αn−2 6 F (k)
n 6 αn−1. (2.9)

Besides, note that the first k + 1 non-zero terms in F (k) are powers of two, namely

F
(k)
1 = 1, F

(k)
2 = 1, F

(k)
3 = 2, F

(k)
4 = 4, · · · , F

(k)
k+1 = 2k−1. (2.10)

2.4 The proof of Theorem 2.1

In this section, we will prove Theorem 2.1 in four steps. Let us start with the first step.

2.4.1 An upper bound for a in term of n

First, note that if 3 6 m 6 k + 1, then F
(k)
m = 2m−2. So, the left-hand side of (2.2) is

even while the right-hand side is odd which is a contradiction. Therefore, the Diophantine
equation (2.2) has no solutions. So, from now, we assume that n > m > k + 2.
Next, we will determine the size of a versus n. By inequalities (2.9), we obtain

2a−1 < 2a ± 1 = F (k)
n F (k)

m < αn+m−2 < α2n−2.

Then, we deduce that

a < (2n− 2)

(
logα

log 2

)
+ 1 = n

(
2 logα

log 2

)
−
(

2 logα

log 2

)
+ 1.

Moreover, using (2.3) and the fact that 3/2 = 2(1− 2−2) < α < 2, for k > 2, we get

a < 2n. (2.11)
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2.4.2 An inequality for n versus k

Now, we will show the following lemma that gives a upper bound for n in term of k.

Lemma 2.3. If (a, k,m, n) is solution in integers of equation (2.2) with k > 2
and n > k + 2, then the inequality

n < 4.21× 1028k8 log5 k (2.12)

holds.

Proof. Using estimate (2.7), equation (2.2) can be rearranged as

(fk(α)αn−1 + ek(n))(fk(α)αm−1 + ek(m)) = 2a ± 1, (2.13)

i.e.
f 2
k (α)αn+m−2 − 2a = −ek(m)fk(α)αn−1 − ek(n)fk(α)αm−1 − ek(n)ek(m)± 1.

Thus, we obtain ∣∣f 2
k (α)αn+m−2 − 2a

∣∣ 6 fk(α)

2
αn−1 +

fk(α)

2
αm−1 +

5

4
.

If we divide both sides by f 2
k (α)αn+m−2 and using the fact that fk(α) > 1/2, we arrive at

|Γ1| 6
1

αm−1
+

1

αn−1
+

5

αn+m−2
<

7

αm−1
, (2.14)

where
Γ1 := f−2

k (α) · α−(n+m−2) · 2a − 1. (2.15)

We have Γ1 6= 0, because if we suppose that Γ1 = 0, we would get

f 2
k (α) = α−(n+m−2) · 2a

and so f 2
k (α) is an algebraic integer, which is impossible. With the goal of applying Theorem

1.26 to Γ1 given by (2.15), the parameters can be chosen as:

(η1, b1) := (fk(α),−2), (η2, b2) := (α,−(n+m− 2)), (η3, b3) := (2, a).

The algebraic numbers η1, η2, η3 are elements of the field K := Q(α) with degree dK = k.
Since h(η1) < log(k + 1) + log 4 < 3.6 log k, h(η2) = (logα)/k < (log 2)/k and h(η3) = log 2,
then we can choose

A1 := 3.6k log k > max{kh(η1), |log η1| , 0.16},

A2 := log 2 = max{kh(η2), |log η2| , 0.16},
and

A3 := k log 2 = max{kh(η3), |log η3| , 0.16}.
Finally, the fact that m 6 n and the inequality (2.11) imply that we can take B := 2n.
Therefore, according to Theorem 1.26, it comes that

|Γ1| > exp (−1.4 · 306 · 34.5 · k2(1 + log k)(1 + log 2n)(3.6k log k)(log 2)(k log 2))
> 2.48 · 1011(1 + log k)(k4 log k)(1 + log 2n).

Using the fact 1 + log k < 2.5 log k, which holds for k > 2, we obtain

|Γ1| > exp
(
−6.2 · 1011k4 log2 k(1 + log 2n)

)
. (2.16)
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The comparison of the lower bound (2.16) and the upper bound (2.14) of |Γ1| gives us

(m− 1) logα < 6.21 · 1011k4 log2 k(1 + log 2n), (2.17)

We return to equation (2.2) and we reformulate it as

(fk(α)αn−1 + ek(n))F (k)
m = 2a ± 1,

i.e.
fk(α)αn−1 − 2a

F
(k)
m

=
±1

F
(k)
m

− ek(n). (2.18)

So, we get ∣∣∣∣fk(α)αn−1 − 2a

F
(k)
m

∣∣∣∣ 6 1

F
(k)
m

+
1

2
6

3

2
.

Dividing through by fk(α)αn−1, we get

|Γ2| 6
3

2fk(α)αn−1
<

3α

αn
<

6

αn
, (2.19)

where
Γ2 :=

(
F (k)
m fk(α)

)−1 · α−(n−1) · 2a − 1. (2.20)

One can see that Γ2 6= 0 by a similar method used to show that Γ1 6= 0. Now, we will apply
Theorem 1.26 to Γ2 by taking

(η1, b1) := (F (k)
m fk(α),−1), (η2, b2) := (α,−(n− 1)), (η3, b3) := (2, a).

Clearly, K := Q(α) contains η1, η2, η3 and has degree dK = k. As calculated before we take

A2 := log 2, A3 := k log 2, and B := 2n.

We need to compute A1. The estimates (2.5), (2.17), and the properties (1.1)-(1.3) imply
that, for all k > 2, we have

h(η1) 6 h(F
(k)
m ) + h(fk(α))

< (m− 1) logα + log(k + 1) + log 4
< 6.22 · 1011k4 log2 k(1 + log 2n).

On the other hand, since

η1 := F (k)
m fk(α) <

3αm−1

4
and η−1

1 =
1

F
(k)
m fk(α)

6 2,

then, by (2.17), we get

|log η1| < (m− 1) logα + log 0.75 < 6.22 · 1011k4 log2 k(1 + log 2n).

Thus, we conclude that

max{kh(η1), |log η1| , 0.16} < 6.22× 1011k5 log2 k log n := A1.

We apply Theorem 1.26 and compare the resulting inequality with (2.19) to obtain

n logα < 5.66× 1023k8 log3 k log2 n,
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where we have used the facts 1 + log k < 2.5 log k and 1 + log(2n) < 2.3 log n, which hold for
k > 2 and n > 4. Therefore, we obtain

n

log2 n
< 1.4× 1024k8 log3 k. (2.21)

It is easy to check that the inequality

x

log2 x
< A implies x < 4A log2A, whenever A > 100. (2.22)

Thus, putting A := 1.4×1024k8 log3 k in inequality (2.22) and using inequality 55.6+8 log k+
3 log log k < 86.7 log k, which holds, for all k > 2, we get

n < 4(1.4 · 1024k8 log3 k)
(
log(1.4 · 1024k8 log3 k)

)2

< 5.6 · 1024k8 log3 k)(55.6 + 8 log k + 3 log log k)2

< 4.21 · 1028k8 log5 k.

This establishes (2.12) and finishes the proof of Lemma 2.3.

2.4.3 The case 2 6 k 6 360

In this subsection, we consider k ∈ [2, 360]. Define

Λ1 := log(Γ1 + 1) = a log 2− (n+m− 2) logα− 2 log(fk(α)). (2.23)

Suppose that m > 10. So, by the estimate (2.14) and the fact that α > 1.5, we have
|Γ1| < 0.19. Taking d = 0.19 in Lemma 1.30, we obtain

|Λ1| <
− log 0.81

0.19
· |Γ1| < 7.8 · α−(m−1).

So, we get ∣∣∣∣a · log 2

logα
− (n+m) + 2− 2 log(fk(α))

logα

∣∣∣∣ < 19.3 · α−(m−1). (2.24)

In view to apply Lemma 1.27 to Λ1, we consider

γ :=
log 2

logα
, µ := 2− 2 log(fk(α))

logα
, and (A,B) := (19.3, α).

We have γ 6∈ Q since if we assume the contrary, then there exist coprime integers a and
b such that γ = a/b, then we get αa = 2b. Let σ ∈ Gal(K/Q) such that σ(α) = αi, for
some i ∈ {2, . . . , k}. Applying this to the above relation and taking absolute values we get
1 < 2a = |αi| < 1, which is a contradiction.
For each k ∈ [2, 360], we find a good approximation of γ and a convergent p`/q` of the

continued fraction of γ such that q` > 6Mk and ε = ε(k) = ‖µq‖ −Mk‖γq‖ > 0, where
Mk := b8.42×1028k8 log5 kc, which is an upper bound of a from Lemma 2.3. After doing this,
we use Lemma 1.27 on inequality (2.24). A computer program with Mathematica revealed

that min
26k6360

εk > 2.23 × 10−57 and the maximum value of
log(Aq/ε)

logB
over all k ∈ [2, 360] is

708.875 . . ., which is an upper bound of m− 1 by Lemma 1.27.
Now, we consider 4 6 m 6 708 and

Λ2 := log(Γ2 + 1) = a log 2− (n− 1) logα− log(fk(α)F (k)
m ). (2.25)
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Since n > 10, then by (2.19), we have |Γ2| < 0.11. Thus, by Lemma 1.30 with d = 0.11 we
deduce that

|Λ2| <
− log 0.89

0.11
· |Γ2| < 6.4 · α−n. (2.26)

Replacing (5.19) into (2.26) and dividing through by logα, we obtain∣∣∣∣∣a · log 2

logα
− n+ 1− log(fk(α)F

(k)
m )

logα

∣∣∣∣∣ < 15.8 · α−n. (2.27)

To apply Lemma 1.27 to (2.27), this time for 4 6 m 6 708, we take

γ :=
log 2

logα
, µm := 1− log(fk(α)F

(k)
m )

logα
, A := 15.8 and B := α.

As seen before γ 6∈ Q. Again, for each (k,m) ∈ [2, 360] × [4, 708], we find a good approxi-
mation of γ and a convergent p`/q` of the continued fraction of γ such that q` > 6Mk and
ε = ε(k) = ‖µq‖ −Mk‖γq‖ > 0, where Mk := b8.42 × 1028k8 log5 kc, which is is an upper
bound of a from Lemma 2.3. After doing this, we use Lemma 1.27 on inequality (2.27).
Again, a program in Mathematica revealed that min

26k6360,46m6708
εk > 0.4999 and the maxi-

mum value of
log(Aq/ε)

logB
over all (k,m) ∈ [2, 360]× [4, 708] is 377.25 . . ., which according to

Lemma 1.27, is an upper bound of n.
Hence, we deduce that the possible solutions (a, k, n,m) of equation (2.2) for which k ∈

[2, 360] satisfy k + 2 6 m 6 n 6 377. Therefore, we use inequality (2.11) to obtain a 6 754.
Finally, we used Mathematica to compare F (k)

n F
(k)
m and (2a± 1), for 2 6 k 6 360, k+ 2 6

m 6 n 6 377, and a 6 754 to see that equation (2.2) has no solutions in this range.

2.4.4 The case k > 360

In this subsection, we analyze the case k > 360. For k > 360, it is easy to check that

m 6 n < 4.21 · 1028k8 log5 k < 2k/2.

Hence, by Lemma 1.18 and equation (2.2), we get∣∣2n+m−4 − 2a
∣∣ 6 2n−2

2k/2
+

2m−2

2k/2
+

1

2k
+ 1.

Consequently, the above inequality and the fact that n > m > k + 2 give us∣∣1− 2a−n−m+4
∣∣ < 2

23k/2
+

1

23k
+

1

22k
<

4

23k/2
. (2.28)

Assume that a = n+m− 4, then we have a > k and equation (2.2) turns into

F (k)
n F (k)

m = 2n+m−4 ± 1. (2.29)

But from (2.29), we have

F (k)
n F (k)

m 6 (2n−2 − 1)(2m−2 − 1) = 2n+m−4 − 2n−2 − 2m−2 + 1. (2.30)

By (2.29) and (2.30), we get

±1 6 −2n−2 − 2m−2 + 1 6 −3.

Hence, a 6= n+m− 4. Since min
x63 and x 6=0

|2x − 1| = 0.5, then by (2.28) we obtain k < 2, which

is impossible because k > 360.
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Chapter 3
Fermat or Mersenne numbers as products of
two k-Pell numbers

This chapter explores the same problem as the previous one, focusing on k-Pell sequences.
Specifically, we study Fermat and Mersenne numbers that can be expressed as products of
two k-Pell numbers. The material presented in this chapter originates from the paper [55].

3.1 Introduction

The Pell numbers are defined through the recurrence relation given in (1.9). There are
several generalizations of the Pell numbers, which are variations or extensions of the original
sequence. Let k > 2 be an integer, from the subsection (1.4.2), the generalization of the Pell
sequences P (k)

n is defined recurrently as follows

P (k)
n = 2P

(k)
n−1 + P

(k)
n−2 + · · ·+ P

(k)
n−k, for all n > 2,

with the initial conditions P (k)
−(k−2) = P

(k)
−(k−3) = · · · = P

(k)
0 = 0 and P (k)

1 = 1.
We note that this generalization is in fact a family of sequences where each new choice of k
produces a distinct sequence. For example, the usual Pell sequence (Pn)n>0 is obtained for
k = 2. Below we present the values of these numbers for the first few values of k and n > 1.

Table 3.1: default.

k Name First non-zero terms
2 Pell 1, 2, 5, 12, 29, 70, 169, 408, 985, 2378, 5741, 13860, 33461, . . .
3 3-Pell 1, 2, 5, 13, 33, 84, 214, 545, 1388, 3535, 9003, 22929, 58396, . . .
4 4-Pell 1, 2, 5, 13, 34, 88, 228, 591, 1532, 3971, 10293, 26680, 69156, . . .
5 5-Pell 1, 2, 5, 13, 34, 89, 232, 605, 1578, 4116, 10736, 28003, 73041, . . .

3.2 Motivation and main result

Some mathematicians have studied relations among Fermat/Mersenne numbers and other
sequences [33, 34, 35, 48]. In [34], Hernane et al. have determined all Fermat numbers and
Mersenne numbers that are products of two k-Fibonacci numbers. Motived by this result,
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we will find all Fermat and Mersenne numbers that can be written as products of two k-
Pell numbers. More precisely, through this chapter, we will study the Diophantine equation
presented in the following theorem.

Theorem 3.1. The Diophantine equations

P (k)
n P (k)

m = 2a ± 1 (3.1)

have no solutions in positive integers a, k, n,m with n > m > 2 and k > 2.

Remark 3.2. On can easily notice that if m = 1, then (a, k,m, n) = (1, k, 1, 1) is a solution
for the Mersenne sequence and (a, k,m, n) = (2, k, 1, 3) is a solution for Fermat sequence.
To establish the aforementioned theorem, we use linear forms in logarithms of algebraic

numbers along with a reduction algorithm originally introduced by Baker and Davenport.
The subsequent section provides results and definitions that will be applied throughout the
remainder of this study.

3.3 Preliminaries and known results

3.3.1 Properties of the k-generalized Pell sequence

In this subsection, we recall some essential facts and properties of the k-Pell sequence, which
will be pertinent in subsequent discussions. The characteristic polynomial associated with
this sequence is given by

Ψk(x) = xk − 2xk−1 − · · · − x− 1.

In [16], Bravo et al. demonstrated that Ψk(x) is irreducible over Q[x] and has just one
root α(k) outside the unit circle. This root is real, positive, and satisfies α(k) > 1. The
remaining roots are strictly contained within the unit circle. Additionally, in the same paper,
they demonstrated that

ϕ2(1− ϕ−k) < α(k) < ϕ2, for all k > 2, where ϕ =
1 +
√

5

2
. (3.2)

For simplicity, we generally omit the dependence on k for α. For k > 2, let

gk(x) :=
x− 1

(k + 1)x2 − 3kx+ k − 1
=

x− 1

k(x2 − 3x+ 1) + x2 − 1
. (3.3)

In [15], Bravo and Hererra proved that the inequalities

0.276 < gk(α) < 0.5 and
∣∣gk(α(i))

∣∣ < 1, 2 6 i 6 k

hold, where α := α(1), . . . , α(k) are all the zeros of Ψk(x). So, the number gk(α) is not an
algebraic integer. Indeed, if we suppose that gk(α) is an algebraic integer, then we know that
gk(α) 6= 0 and NQ(α)/Q(gk(α)) ∈ Z, where NQ(α)/Q(gk(α)) is the norm of gk(α) from Q(α) to
Q. In addition, they proved that the logarithmic height of gk(α) satisfies

h(gk(α)) < 4k logϕ+ k log(k + 1), for all k > 2. (3.4)

With the above notation, Bravo et al. showed in [16] that the inequalities

P (k)
n =

k∑
i=1

gk(α
(i))α(i)n and

∣∣P (k)
n − gk(α)αn

∣∣ < 1

2
(3.5)
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hold, for all n > 1 and k > 2. Furthermore, for n > 1 and k > 2, it was proved in [16] that

αn−2 6 P (k)
n 6 αn−1. (3.6)

Moreover, note that for n 6 k + 1 we have

P (k)
n = F2n−1. (3.7)

3.4 The proof of Theorem 3.1

The proof of Theorem 3.1 will be done in four steps. We will first start by giving the following
precision. If m = 1, then P (k)

m = 1. In this case, the Diophantine equation (3.1) has been
studied in [48]. For the cases 2 6 m 6 n 6 k + 1, we use the identity (3.7) to rewrite the
Diophantine equation (3.1) as

F2n−1F2m−1 = 2a ± 1.

According to the main result in [34], we deduce that (3.1) has no solutions in this range.
Thus, from now, we assume that n > k+ 2. Subsequently, we will establish the relationship
between the sizes of a and n. By applying inequalities (3.6), we derive

2a−1 < 2a ± 1 = P (k)
n P (k)

m < αn+m−2 < α2n−2

and so
a < (2n− 2)

(
logα

log 2

)
+ 1 = n

(
2 logα

log 2

)
−
(

2 logα

log 2

)
+ 1.

Furthermore, we use (3.2) to obtain
a < 3n. (3.8)

3.4.1 An inequality for n versus k

Here, we will establish an inequality for n in relation with k, by showing the following lemma.

Lemma 3.3. If (a, k,m, n) is a solution in integers of equation (3.1) with k > 2 and n >
k + 2, then we have the following inequality

n < 8.2 · 1028k9 log5 k. (3.9)

Proof. Using estimate provided in (3.5), we obtain

P (k)
n = gk(α)αn + ek(n), where |ek(n)| < 1

2
,

thus allowing us to express equation (3.1) as

(gk(α)αn + ek(n))(gk(α)αm + ek(m)) = 2a ± 1; (3.10)

that is,

g2
k(α)αn+m − 2a = −ek(m)gk(α)αn − ek(n)gk(α)αm − ek(n)ek(m)± 1.

By taking the absolute value and dividing both sides by g2
k(α)αn+m, we get∣∣g−2

k (α) · α−(n+m) · 2a − 1
∣∣ 6 1.82

αm
+

1.82

αn
+

16.41

αn+m
<

20.1

αm
, (3.11)
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where we have used the fact that gk(α) > 0.276. Define

Γ1 := g−2
k (α) · α−(n+m) · 2a − 1. (3.12)

So, we have

|Γ1| <
20.1

αm
. (3.13)

Note that Γ1 6= 0, otherwise we would get

g2
k(α) = α−(n+m) · 2a

which implies that g2
k(α) is an algebraic integer, a contradiction.

Now, we will utilize Theorem 1.26 for Γ1, considering the following parameters:

(η1, b1) := (gk(α)),−2), (η2, b2) := (α,−(n+m)), (η3, b3) := (2, a).

As η1, η2, η3 ∈ K := Q(α), we have dK = k. Now, we provide estimates for the usual absolute
logarithmic heights of these numbers: h(η1) < h(gk(α)) < 4k logϕ+k log(k+1) < 4.4k log k,
h(η2) = (logα)/k < (2 logϕ)/k, and h(η3) = log 2. Therefore, we have the flexibility to
choose

A1 := 4.4k2 log k > max{kh(η1), |log η1| , 0.16},
A2 := 2 logϕ = max{kh(η2), |log η2| , 0.16},

and
A3 := k log 2 = max{kh(η3), |log η3| , 0.16}.

We previously established that a < 3n and m 6 n, enabling us to set B := 3n. Armed with
these considerations, we are now in a position to apply Theorem 1.26 and derive

|Γ1| > exp (−1.4 · 306 · 34.5 · k2(1 + log k)(1 + log 3n)(4.4k2 log k)(2 logϕ)(k log 2))
> exp(−1.06 · 1012(k5 log2 k)(1 + log 3n)),

where we have used the fact that 1 + log k < 2.5 log k, which holds for k > 2. Comparing
this lower bound with the upper bound of |Γ1| provided by (3.13), we arrive at

(m− 1) logα < 1.07 · 1012k5 log2 k(1 + log 3n). (3.14)

Now, let us rewrite equation (3.1) in an alternative manner to derive a second linear expres-
sion in logarithms. To achieve this, we use estimate (3.5) once again to obtain

(Pk(α)αn + ek(n))P (k)
m = 2a ± 1;

that is,

gk(α)αn − 2a

P
(k)
m

=
±1

P
(k)
m

− ek(n). (3.15)

As previously done, by taking the absolute value and dividing both sides by gk(α)αn, we
acquire ∣∣∣(P (k)

m gk(α)
)−1 · α−n · 2a − 1

∣∣∣ 6 3

2 |gk(α)|αn
<

5.5α

αn
<

14.4

αn
. (3.16)

Define
Γ2 :=

(
P (k)
m gk(α)

)−1 · α−n · 2a − 1. (3.17)

Let us show that Γ2 6= 0. In fact, Γ2 = 0 leads to gk(α) = 2aα−n/P
(k)
m . Taking norms, we get

NQ(α)/Q(gk(α)) =
2ka(
P

(k)
m

)kNQ(α)/Q(α−n) = ± 2ka(
P

(k)
m

)k .
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Now, we see that

NQ(α)/Q(gk(α)) =
k∏
i=1

αi − 1

k(α2
i − 3αi + 1) + α2

i − 1
,

where α1, α2, . . . , αk are the conjugates of α. The above is a fraction A/B, with A,B integers
and

A =
k∏
i=1

(αi − 1) = (−1)kΨk(1) = (−1)k(1− 2− · · · − 1) = ±k.

Hence, we get
k

B
= ± 2ka(

P
(k)
m

)k .
The exponent of 2 in the left is at most the exponent of 2 in the factorization of k, so this

exponent is less than k 6 ka. This shows that in the right, the fraction 2ka/
(
P

(k)
m

)k
cannot

be reduced (so 2ka cannot be coprime to P (k)
m ). This shows that P (k)

m is even, which is false
since P (k)

m P
(k)
n = 2a ± 1 implies that P (k)

m is odd.
Now, we will apply Theorem 1.26 to Γ2. In this application, we select the following

parameters:

(η1, b1) := (P (k)
m gk(α),−1), (η2, b2) := (α,−n), (η3, b3) := (2, a).

Once again, let K := Q(α) and dK = k. As previously, we can choose A2 := 2 logϕ and
A3 := k log 2. Now, we still need to calculate A1. With the help of the estimates (3.4), (3.14),
and the properties (1.1)-(1.3), we obtain

h(η1) 6 h(P
(k)
m ) + h(gk(α))

< (m− 1) logα + 4k logϕ+ k log(k + 1)
< 1.08 · 1012k5 log2 k(1 + log 3n),

for all k > 2. On the other hand, as

η1 := P (k)
m gk(α) <

αm−1

2
and η−1

1 =
1

P
(k)
m gk(α)

< 4,

then, by (3.14), we find

|log η1| < (m− 1) logα + log 0.5 < 1.08 · 1012k5 log2 k(1 + log 3n).

This implies that

max{kh(η1), |log η1| , 0.16} < 1.08× 1012k6 log2 k(1 + log 3n) := A1.

By choosing B := 3n, we can apply Theorem 1.26 to Γ2 and compare the resulting inequality
with (3.16) to derive

n logα < 1.75× 1024k9 log3 k log2 n,

where we utilized the facts 1 + log k < 2.5 log k and 1 + log(3n) < 2.6 log n, valid for k > 2
and n > 4. Consequently, we obtain

n

log2 n
< 2.6× 1024k9 log3 k. (3.18)
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Applying the inequality from Lemma 1.31, with T := 2.6 × 1024k9 log3 k, and considering
the inequality 56.22 + 9 log k + 3 log log k < 88.6 log k for all k > 2, we obtain

n < 4(2.6 · 1024k9 log3 k)
(
log(2.6 · 1024k9 log3 k)

)2

< (1.04 · 1025k9 log3 k)(56.22 + 9 log k + 3 log log k)2

< 8.2 · 1028k9 log5 k.

This concludes the proof of Lemma 3.3.

3.4.2 The small cases 2 6 k 6 630

In this subsection, we explore the values of k within the interval [2, 630]. Define

Λ1 := log(Γ1 + 1) = a log 2− (n+m) logα− 2 log(gk(α)). (3.19)

Assume that m > 10. Utilizing the estimate (3.13) and considering the fact that α > ϕ, it
follows that |Γ1| < 0.27. By setting d = 0.27 in Lemma 1.30, we obtain:

|Λ1| <
− log 0.73

0.27
· |Γ1| < 23.5 · α−m.

Hence, we have ∣∣∣∣a · log 2

logα
− (n+m)− 2 log(gk(α))

logα

∣∣∣∣ < 48.9 · α−m. (3.20)

To apply Lemma 1.27 to Λ1, we consider the parameters

γ :=
log 2

logα
, µ := 2− 2 log(gk(α))

logα
, and (A,B) := (48.9, α).

For each k ∈ [3, 630], we determine a suitable approximation of γ and a convergent p`/q`
of the continued fraction of γ. These convergents satisfy q` > 6Mk and ε = ε(k) = ‖µq‖ −
Mk‖γq‖ > 0, where Mk := b2.46 × 1030k9 log5 kc. This value serves as an upper bound for
a according to Lemma 3.3. Utilizing Mathematica, we find that q114 meets the conditions
of Lemma 1.27. Subsequently, we apply Lemma 1.27 to inequality (3.20). A Mathematica

program indicates that min
36k6630

εk > 0.4861. Moreover, the maximum value of
log(Aq/ε)

logB
over

all k ∈ [3, 630] is 150.457, providing an upper bound for m as per Lemma 1.27.
For the case k = 2, we have α = 1 +

√
2 and g2(α) =

√
2. Consequently, inequality (3.20)

is transformed into ∣∣∣∣(a− 1) · log 2

log(1 +
√

2)
− (n+m)

∣∣∣∣ < 48.9 · α−m. (3.21)

Let
[a0, a1, a2, . . .] = [0, 1, 3, 1, 2, 6, 1, 2, 11, 2, 2, 1, 1, 18, . . .]

be the continued fraction expression of
log 2

log(1 +
√

2)
and let p`/q` denote its convergent. It

is worth noting that in this scenario, we have a < 2.46 · 1030 · 29 · log5 2 < 2.02 · 1032. By
utilizing Maple, we find that

q61 < 2.02 · 1032 < q62

and
aL := max{ai : i = 1, 2, . . . , 61} = a27 = 100.
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Thus, based on the properties of continued fractions (refer to Lemma 1.29), we deduce∣∣∣∣(a− 1) · log 2

log(1 +
√

2)
− (n+m)

∣∣∣∣ > 1

(aL + 2)a
.

Combining the above inequality with (3.21) and considering the fact that a < 2.02 · 1032, it
comes that

αm < 48.9 · 102 · 2.02 · 1032.

Consequently, we derive m < 95. Therefore, in all cases, we have m < 151.
Next, we fix m < 151 and we consider

Λ2 := log(Γ2 + 1) = a log 2− n logα− log(P (k)
m gk(α)). (3.22)

Assuming n > 10, by the estimate (3.16) and considering that α > ϕ, we ascertain |Γ2| <
0.12. Applying d = 0.12 in Lemma 1.30, we derive

|Λ2| <
− log 0.88

0.12
· |Γ2| < 15.4 · α−n.

Consequently, we obtain∣∣∣∣∣a · log 2

logα
− n− log(P

(k)
m gk(α))

logα

∣∣∣∣∣ < 32.1 · α−n. (3.23)

To apply Lemma 1.27 to Λ2, we take

γ :=
log 2

logα
, µ := − log(P

(k)
m gk(α))

logα
, and (A,B) := (32.1, α).

For each k ∈ [2, 630], we find a suitable approximation of γ, along with a convergent p`/q`
of the continued fraction of γ. This choice ensures that q` > 6Mk, and ε = ε(k) = ‖µq‖ −
Mk‖γq‖ > 0, where Mk := b2.46 × 1030k9 log5 kc. This value serves as an upper bound for
a according to Lemma 3.3. Utilizing Mathematica, we see that q116 satisfies the conditions
of Lemma 1.27. Subsequently, we apply Lemma 1.27 to inequality (3.23). A computational
analysis with Mathematica indicates that min

26k6630,26m6150
εk > 0.4992, and the maximum

value of
log(Aq/ε)

logB
over all k ∈ [2, 630] is 159.934. This maximum value serves as an upper

bound for n according to Lemma 1.27.
Finally, we used Mathematica to conduct a comparative analysis between P

(k)
n P

(k)
m and

2a ± 1 across the parameter space defined by k + 2 6 n 6 159, m 6 n, and 1 6 a 6 477,
while ensuring that a < 3n. This investigation aimed to verify that equation (3.1) exhibits
no solutions within these specified ranges.

3.4.3 The large cases k > 630

In this subsection, we investigate the scenario where k > 630. For k > 630, a straightforward
verification reveals that

m 6 n < 8.2 · 1028k9 log5 k < ϕk/2.

Consequently, in accordance with Lemma 1.21, we obtain

gk(α)αn =
ϕ2n

ϕ+ 2
(1 + ζ1), where |ζ1| <

4

ϕk/2
(3.24)
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and
gk(α)αm =

ϕ2m

ϕ+ 2
(1 + ζ2), where |ζ2| <

4

ϕk/2
. (3.25)

By substituting (3.24) and (3.25) into (3.10), we derive

ϕ2n+2m

(ϕ+ 2)2
− 2a =

ϕ2n+2m

(ϕ+ 2)2
(ζ1 + ζ2 + ζ1ζ2) +

ϕ2n

ϕ+ 2
ek(m) +

ϕ2n

ϕ+ 2
ek(m)ζ1

+
ϕ2m

ϕ+ 2
ek(n) +

ϕ2m

ϕ+ 2
ek(n)ζ2 ± 1− ek(n)ek(m).

Hence, we obtain∣∣∣∣ ϕ2n+2m

(ϕ+ 2)2
− 2a

∣∣∣∣ 6 24ϕ2n+2m

(ϕ+ 2)2ϕk/2
+

ϕ2n

2(ϕ+ 2)
+

ϕ2n

2(ϕ+ 2)ϕk/2
+

ϕ2m

2(ϕ+ 2)
+

ϕ2m

2(ϕ+ 2)ϕk/2
+

5

4
.

Therefore, the above inequality, along with the conditions n > m and n > k + 2, yields

|Γ3| <
24

ϕk/2
+
ϕ+ 2

2

(
1

ϕ2m
+

1

ϕk/2+2m
+

1

ϕ2n
+

1

ϕk/2+2n

)
<

32

ϕmin{k/2,2m} , (3.26)

where
Γ3 := 1− (ϕ+ 2)2 · 2a · ϕ−2n−2m.

We have Γ3 6= 0, otherwise we would end up with ϕ2n+2m = (ϕ + 2) · 2a, implying that
(ϕ + 2) · 2a is a unit in Q(

√
5), which is impossible. Now, we can utilize Theorem 1.26 for

Γ3, considering the following parameters:

(η1, b1) := (2, a), (η2, b2) := (ϕ+ 2, 2), (η3, b3) := (ϕ,−(2n+ 2m)).

It is clear that η1, η2, η3 ∈ K := Q(
√

5) and so dK = 2. We choose B := 4n considering
that n > m and a < 3n. The usual absolute logarithmic heights of these numbers are as

follows: h(η1) = log 2, h(η2) =
log 5

2
, and h(η3) = h(ϕ) =

logϕ

2
. Consequently, we select

A1 := 2 log 2, A2 := log 5, and A3 := logϕ.
Applying Theorem 1.26 to Γ3, we obtain

|Γ3| > exp (−1.4 · 306 · 34.5 · 4(1 + log 2)(1 + log 4n)(2 log 2)(log 5)(logϕ))
> exp(−2.92 · 1012 log n),

where we have used the fact that 1 + log 4n < 2.8 log n, for all n > 4. By comparing the
resulting inequality with (3.26), we derive

min{k/2, 2m} < 6.1 · 1012 log n.

According to Lemma 3.3 and considering the inequality 66.58+9 log k+5 log log k < 21 log k,
valid for all k > 630, we get

min{k/2, 2m} < 6.1 · 1012 log(8.2 · 1028k9 log5 k)
< 6.1 · 1012(66.58 + 9 log k + 5 log log k)
< 1.3 · 1014 log k.

If min{k/2, 2m} = k/2, the inequality k < 2.6 · 1014 log k arises. Solving this inequality and
applying Lemma 3.3, we deduce that

k < 9.6 · 1015 and n < 3.9 · 10180. (3.27)

35



3.4. THE PROOF OF THEOREM 3.1
CHAPTER 3. FERMAT OR MERSENNE NUMBERS AS PRODUCTS OF TWO

K-PELL NUMBERS

If min{k/2, 2m} = 2m, so we obtain in this case that

m < 6.5 · 1013 log k. (3.28)

Now, let us revisit (3.15) and express it differently

ϕ2n

ϕ+ 2
− 2a

P
(k)
m

=
±1

P
(k)
m

− ek(n)− ϕ2nζ1

ϕ+ 2
.

This yields ∣∣∣∣ ϕ2n

ϕ+ 2
− 2a

P
(k)
m

∣∣∣∣ 6 4ϕ2n

(ϕ+ 2)ϕk/2
+

3

2
.

Consequently, we have

|Γ4| 6
4

ϕk/2
+

3(ϕ+ 2)

2ϕ2n
<

4

ϕk/2
+

3(ϕ+ 2)

2ϕ2k+2
<

9.5

ϕk/2
, (3.29)

where
Γ4 :=

ϕ+ 2

P
(k)
m

· 2a · ϕ−2n − 1. (3.30)

If Γ4 = 0, then (ϕ+2)ϕ2n = P
(k)
m /2a.We take the conjugate to obtain (ϕ+2)ϕ2n = (ψ+2)ψ2n,

where ψ = (1−
√

2)/2 is the conjugate of ϕ. This leads to a contradiction since the left-hand
side is greater than 3 in absolute value, and the right-hand side is smaller than 2 in absolute
value. Therefore, Γ4 6= 0, and we can apply Theorem 1.26 with the following parameters:

(η1, b1) := ((ϕ+ 2)/P (k)
m , 1), (η2, b2) := (2, a), (η3, b3) := (ϕ, 2n).

As previously calculated, we set A2 := 2 log 2 and A3 := logϕ. Additionally, we choose
B := 4n. Now, let’s estimate h(η1). Utilizing the fact that P (k)

m < ϕ2m−2 and the inequality
(3.28), we get

h(η1) = h(ϕ+ 2) + h(P (k)
m ) < log 5 + (2m− 2) logϕ < 3.15 · 1013 log k.

Thus, we select A1 := 6.3 · 1013 log k. Consequently, Theorem 1.26 implies that

|Γ4| > exp(−1.15 · 1026 log2 n), (3.31)

where we have used the fact that 1 + log(4n) < 2.8 log n, for all n > 4. Combining (3.29)
and (3.31), we obtain

k < 4.8 · 1026 log2 n.

Applying Lemma 3.3 and considering that 66.58 + 9 log k + 5 log log k < 21 log k for all
k > 630, we deduce

k < 4.8 · 1026
(
log(8.2 · 1028k9 log5 k)

)2

< 4.8 · 1026(66.58 + 9 log k + 5 log log k)2

< 2.2 · 1029 log2 k.

Solving this inequality and applying Lemma 3.3, we get

k < 1.3 · 1033 and n < 2.25 · 10336. (3.32)

From (3.27) and (3.32), we can deduce that the inequalities (3.32) are consistently satisfied.
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The obtained bounds are exceedingly large; thus, we will proceed to reduce them. Let us
put

Λ3 := log(Γ3 + 1) = a log 2− (2n+ 2m) logϕ+ 2 log(ϕ+ 2). (3.33)

Suppose that m > 20. In this case, we have |Γ3| < 0.27. By taking d = 0.27 in Lemma
1.30, we get

|Λ3| <
− log 0.73

0.27
· |Γ3| < 37.3 · ϕ−min{k/2,2m}.

So, we obtain ∣∣∣∣a · log 2

logϕ
− (2n+ 2m) +

2 log(ϕ+ 2)

logϕ

∣∣∣∣ < 77.6 · ϕ−min{k/2,2m}. (3.34)

To apply Lemma 1.27 to Λ3, we consider

γ :=
log 2

logϕ
, µ :=

2 log(ϕ+ 2)

logϕ
, and (A,B) := (77.6, ϕ).

Now, the goal is to refine our bounds, which are currently too large, utilizing Lemma 1.27.
Let’s set M := 6.75 × 10336, an upper bound for a as derived from Lemma 3.3. Applying
Lemma 1.27 to (3.34), we aim to obtain an upper bound for k. After a computer search
with Maple, we find that q658 satisfies the conditions of Lemma 1.27 and provides us with
the information that min{k/2, 2m} < 1632.

Case 1: min{k/2, 2m} = k/2. In this case, we get

k 6 3264. (3.35)

Case 2: min{k/2, 2m} = 2m. In this case, we obtain that m 6 816. Fix 2 6 m 6 3153
and let’s put

Λ4 := log(1 + Γ4) = a log 2− 2n logϕ+ log((ϕ+ 2)/P (k)
m ).

As k > 630, from (4.28), it follows that |Γ4| < 0.01. Consequently, applying Lemma 1.30,
we derive

|Γ4| < −
log(0.99)

0.01
· |Λ4| < 9.6 · ϕ−k/2. (3.36)

Thus, we obtain ∣∣∣∣∣a · log 2

logϕ
− 2n+

log((ϕ+ 2)/P
(k)
m )

logϕ

∣∣∣∣∣ < 20 · ϕ−
k
2 . (3.37)

We apply Lemma 1.27 to Λ4 with the parameters

γ :=
log 2

logϕ
, µ :=

log((ϕ+ 2)/P
(k)
m )

logϕ
, M := 6.75 · 10336 and (A,B) := (20, ϕ).

Consider the case where 2m < k/2, which implies m < k + 1. In this scenario, we can
substitute P (k)

m with F2m−1 in our calculations. By using Maple, we find that q660 meets the
conditions of Lemma 1.27. Consequently, we find k < 3284. Applying this new bound, we
find n < 1.3 · 1065. Subsequently, we apply Lemma 1.27 again with the same data, but now
we set M to be 3.9 · 1065. With Maple, we see that q136 satisfies the conditions of Lemma
1.27, leading to k < 690. However, this contradicts our initial assumption that k > 630.
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Chapter 4
On repdigits as product of k-Fibonacci and
k-Lucas numbers

Through this chapter, we will determine all possibilities such that F (k)
n L

(k)
m can represent a

repdigit. The content discussed in this chapter is drawn from the paper [57].

4.1 Introduction

For an integer k > 2, let (L
(k)
n )n>−(k−2) be the k-generalized Lucas sequence following the

same recursive pattern as the k-Fibonacci sequence but with initial conditions L(k)
−(k−2) =

L
(k)
−(k−3) = · · · = L

(k)
−1 = 0, L(k)

0 = 2, and L(k)
1 = 1.

Recall that a positive integer is called a repdigit if it has only one distinct digit in its
decimal expansion. In particular, such number has the form a(10` − 1)/9, for some l > 1
and 1 6 a 6 9.

4.2 Motivation and main result

Several problems involving generalized Fibonacci sequences or generalized Lucas sequences
and repdigits have been of interest to mathematicians. For instance, Luca [40] and Marques
[41] proved that 55 and 44 are the largest repdigits in the sequences F (2) and F (3), respec-
tively. Moreover, Marques conjectured that there are no repdigits with at least two digits,
belonging to F (k) for k > 3. This conjecture was confirmed by Bravo and Luca in [17]. Also
in [40], Luca showed that 11 is the largest repdigit in the sequence L(2). This result was
generalized by Bravo and Luca in [20]. For more results see [1, 9, 10, 11, 19, 23, 28, 43, 49]
and their references. In [29], Erduvan and Keskin have studied repdigits as product of two
Fibonacci and two Lucas numbers. Motivated by these results, we will study the solutions
of the Diophantine equation

F (k)
n L(k)

m =
a(10` − 1)

9
. (4.1)

We will prove the following results.

Theorem 4.1. All the solutions of Diophantine equation (4.1) in positive integers n,m, `, k,
and a with 0 6 m < n, k > 2, ` > 2, and 1 6 a 6 9, are

(a, k, l,m, n) ∈ {(4, 3, 2, 1, 8), (5, 2, 2, 1, 10), (8, 2, 2, 5, 6), (8, 3, 2, 0, 8)}.

38



4.3. PRELIMINARIES AND KNOWN RESULTS
CHAPTER 4. ON REPDIGITS AS PRODUCT OF K-FIBONACCI AND K-LUCAS

NUMBERS

Theorem 4.2. All the solutions of Diophantine equation (4.1) in positive integers n,m, `, k,
and a with 1 6 n 6 m, k > 2, ` > 2, and 1 6 a 6 9, are

(a, k, l,m, n) ∈ {(1, 2, 2, 5, 1), (1, 2, 2, 5, 2), (2, 4, 2, 5, 1), (2, 4, 2, 5, 2),

(2, 2, 2, 5, 3), (3, 2, 2, 5, 4), (4, 4, 2, 5, 3), (5, 2, 2, 5, 5), (8, 4, 2, 5, 4)}.

In order to prove our theorems, we will use linear forms in logarithms of algebraic numbers
and the reduction method due to Dujella-Pethő. We will start by introducing necessary
results and definitions which will be used in the remaining work.

4.3 Preliminaries and known results

4.3.1 Properties of the k-generalized Lucas sequence

The k-Fibonacci and k-Lucas sequences share several properties, such as the characteristic
polynomial. These common properties were presented in the first part of subsection 2.3.1.
Here, we highlight the specific properties of the k-Lucas sequence that will be used later,
alongside those of the k-Fibonacci sequence discussed in the mentioned subsection.
In [20] Bravo and Luca proved that

L(k)
n =

k∑
i=1

(2α(i) − 1)fk(α
(i))α(i)n−1

(4.2)

and
|e′k(n)| < 3

2
, where e′k(n) = L(k)

n − (2α− 1)fk(α)αn−1, (4.3)

for all n > 2 − k and k > 2. In addition, for n > 1 and k > 2, it was proved in the same
paper that

αn−1 6 L(k)
n 6 2αn. (4.4)

Furthermore, note that if 2 6 n 6 k, then L(k)
n = 3 · 2n−2.

4.4 The proof of Theorem 4.1

In this section, we will prove Theorem 4.1 in four steps. Let us start with the first step.

4.4.1 An upper bound for ` in terms of n

We begin our analysis of (4.1), for 2 6 m < n 6 k + 1. In this case, we have F (k)
n = 2n−2

and L(k)
m = 3 · 2m−2, so the equation (4.1) becomes

3 · 2n+m−4 =
a(10` − 1)

9
. (4.5)

For any rational number x, let ν2(x) denote the 2-adic valuation of x. Since ν2(a(10`−1)/9) 6
3, then by comparing the 2-adic valuation on both sides of (4.5), one gets 2 6 m < n 6 7.
In this range, equation (4.5) has no solutions. So, from now, we assume that n > k + 2 > 4
and m > 2.
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We next comment on the size of ` versus n. By inequalities (2.9), (4.4), and 10`−1 <
a(10` − 1)/9, we obtain

10`−1 <
a(10` − 1)

9
= F (k)

n L(k)
m < αn−12αm < 2αn+m−1.

Then, we deduce that

` <
log 2

log 10
+ (2n− 1)

(
logα

log 10

)
+ 1 = n

(
2 logα

log 10

)
−
(

logα

log 10

)
+

log 2

log 10
+ 1.

Moreover, by using the fact that 3/2 = 2(1− 2−2) < α < 2, for k > 2 (see (2.3)), we get

` < n. (4.6)

4.4.2 An inequality for n versus k

Now, we will show the following lemma that gives an upper bound for n in terms of k.

Lemma 4.3. If (a, k, `,m, n) is a solution in positive integers of equation (4.1) with k > 2
and n > k + 2, then we have the following inequality

n < 1.9× 1030k8 log5 k. (4.7)

Proof. Using estimates (2.7) and (4.2), equation (4.1) can be rearranged as

(fk(α)αn−1 + ek(n))((2α− 1)fk(α)αm−1 + e′k(m)) = a

(
10` − 1

9

)
, (4.8)

i.e.,

(2α− 1)f 2
k (α)αn+m−2 − a10`

9
= −e′k(m)fk(α)αn−1 − ek(n)(2α− 1)fk(α)αm−1

−ek(n)e′k(m)− a

9
.

Thus, we obtain∣∣∣∣(2α− 1)f 2
k (α)αn+m−2 − a10`

9

∣∣∣∣ 6 3fk(α)

2
αn−1 +

(2α− 1)fk(α)

2
αm−1 +

7

4
.

If we divide both sides by (2α − 1)f 2
k (α)αn+m−2 and use the fact that fk(α) > 1/2 and

α > 1.5, we arrive at

|Γ1| 6
3

2αm−1
+

1

αn−1
+

7

2αn+m−2
<

6α

αm
<

12

αm
, (4.9)

where
Γ1 :=

a

9(2α− 1)f 2
k (α)

· α−(n+m−2) · 10` − 1. (4.10)

We have Γ1 6= 0, otherwise we would get

a10`

9
= (2α− 1)f 2

k (α) αn+m−2.
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Conjugating the above relation by some automorphism of the Galois group of the decompo-
sition field of Ψ(x) over Q and then taking absolute values, we get that for any i > 2, we
have

100

9
6
a10`

9
= |(2αi − 1)| · |fk(αi)|2 · |αi|n+m−2 < 3,

which leads to a contradiction. Let us apply Theorem 1.26 to Γ1 given by (4.10). To this
end, we take as parameters

(η1, b1) := (a/(9(2α− 1)f 2
k (α)), 1), (η2, b2) := (α,−(n+m− 2)), (η3, b3) := (10, `).

The algebraic numbers η1, η2, η3 are elements of the number field K := Q(α) and dK = k.
Since h(η2) = (logα)/k < (log 2)/k and h(η3) = log 10, then we can choose

A2 := log 2 = max{kh(η2), |log η2| , 0.16}

and
A3 := k log 10 = max{kh(η3), |log η3| , 0.16}.

Next, we compute A1. Using the estimate (2.5) and the properties (1.1)-(1.3), it follows that
for all k > 2

h(η1) 6 h
(a

9

)
+ h(2α− 1) + 2h(fk(α))

< log 9 + log 3 + 6 log k
< 12 log k.

Hence, we get
A1 := 12k log k > max{kh(η1), |log η1| , 0.16}.

Finally, the fact thatm < n and inequality (4.6), imply that we can take B := 2n. Therefore,
according to Theorem 1.26, we have

|Γ1| > exp (−1.4 · 306 · 34.5 · k2(1 + log k)(1 + log 2n)(12k log k)(log 2)(k log 10))
> exp (−2.8 · 1012(1 + log k)(k4 log k)(1 + log 2n)) .

Using the fact 1 + log k < 2.5 log k, which holds for k > 2, we obtain

|Γ1| > exp
(
−7.1 · 1012k4 log2 k(1 + log 2n)

)
. (4.11)

Comparing the obtained bounds of |Γ1| gives us

m logα < 7.2 · 1012k4 log2 k(1 + log 2n). (4.12)

We return to equation (4.1) and we rewrite it as follows

(fk(α)αn−1 + ek(n))L(k)
m =

a(10` − 1)

9
,

i.e.,

fk(α)αn−1 − a10`

9L
(k)
m

= − a

9L
(k)
m

− ek(n). (4.13)

So, we get ∣∣∣∣fk(α)αn−1 − a10`

9L
(k)
m

∣∣∣∣ 6 a

9L
(k)
m

+
1

2
6

3

2
.

Dividing through by fk(α)αn−1, we get

|Γ2| 6
3

2fk(α)αn−1
<

3α

αn
<

6

αn
, (4.14)
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where
Γ2 :=

a

9L
(k)
m fk(α)

· α−(n−1) · 10` − 1. (4.15)

We can prove that Γ2 6= 0 by a similar method used to show that Γ1 6= 0. Now, we will
apply Theorem 1.26 to Γ2 by taking

(η1, b1) := (a/(9L(k)
m fk(α)), 1), (η2, b2) := (α,−(n− 1)), (η3, b3) := (10, `).

It is clear that K := Q(α) contains η1, η2, η3 and has degree dK = k. As calculated before,
we take

A2 := log 2, A3 := k log 10, and B := 2n.

We need to compute A1. The estimates (2.5), (4.12), and the proprieties (1.1)-(1.3), imply
that, for all k > 2, we have

h(η1) 6 h
(a

9

)
+ h(L

(k)
m ) + h(fk(α))

< log 9 + log 2 +m logα + 3 log k
< 7.3 · 1012k4 log2 k(1 + log 2n).

On the other hand, since

η1 :=
a

9L
(k)
m fk(α)

< 2 and η−1
1 =

9L
(k)
m fk(α)

a
<

27αm

2
,

then, by (4.12), we get

|log η1| < m logα + log 13.5 < 7.3 · 1012k4 log2 k(1 + log 2n).

Thus, we conclude that

max{kh(η1), |log η1| , 0.16} < 7.3 · 1012k5 log2 k(1 + log 2n) := A1.

Applying Theorem 1.26 and comparing the resulting inequality with (??), we obtain

n logα < 2.21 · 1025k8 log3 k log2 n,

where we have used the facts 1 + log k < 2.5 log k and 1 + log 2n < 2.3 log n which hold for
k > 2 and n > 4. So, we deduce that

n

log2 n
< 5.5 · 1025k8 log3 k. (4.16)

It is easy to check that the inequality

x

log2 x
< A implies x < 4A log2A, whenever A > 100. (4.17)

Thus, putting A := 5.5 · 1025k8 log3 k in inequality (4.17) and using 59.3 + 8 log k +
3 log log k < 92 log k which holds, for all k > 2, we obtain

n < 4(5.5 · 1025k8 log3 k)(log(5.5 · 1025k8 log3 k))2

< (2.21 · 1026k8 log3 k)(59.3 + 8 log k + 3 log log k)2

< 1.9 · 1030k8 log5 k.

This gives (4.7) and completes the proof of Lemma 4.3.
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4.4.3 The case 2 6 k 6 440

For this subsection, we consider k ∈ [2, 440]. Define

Λ1 := log(Γ1 + 1) = ` log 10− (n+m− 2) logα + log(a/(9(2α− 1)f 2
k (α))). (4.18)

Suppose thatm > 10, so by the estimate (4.9) and the fact that α > 1.5, we have |Γ1| < 0.21.
Taking d = 0.21 in Lemma 1.30, we obtain

|Λ1| <
− log 0.79

0.21
· |Γ1| < 13.5 · α−m. (4.19)

So, we get ∣∣∣∣` · log 10

logα
− (n+m− 2) +

log(a/(9(2α− 1)f 2
k (α)))

logα

∣∣∣∣ < 33.3 · α−m. (4.20)

For all a ∈ {1, . . . , 9}, we apply Lemma 1.27 to Λ1 with the following parameters

γ :=
log 10

logα
, µ :=

log(a/(9(2α− 1)f 2
k (α)))

logα
, and (A,B) := (33.3, α).

For each k ∈ [2, 440] and a ∈ {1, . . . , 9}, we find a good approximation of γ and a
convergent p`/q` of the continued fraction of γ such that q` > 6Mk and ε = ε(k) = ‖µq‖ −
Mk‖γq‖ > 0, where Mk := b1.9× 1030k8 log5 kc, which is an upper bound of ` from Lemma
4.3. Using Mathematica, we see that q121 satisfies the conditions of Lemma 1.27. After
doing this, we use Lemma 1.27 on inequality (4.20). A computer program with Mathematica

shows for k = 417 and a = 7 that ε > 0.000064 and the maximum value of
log(Aq/ε)

logB
, for

k ∈ [2, 440] and a ∈ {1, . . . , 9}, is 204.861, which is an upper bound of m by Lemma 1.27.
For 2 6 m < 205, we consider

Λ2 := log(Γ2 + 1) = ` log 10− (n− 1) logα + log(a/(9L(k)
m fk(α))). (4.21)

Suppose that n > 10, so by the estimate (4.14) and the fact that α > 1.5, we have |Γ2| < 0.11.
Taking d = 0.11 in Lemma 1.30, we obtain

|Λ2| <
− log 0.89

0.11
· |Γ2| < 6.4 · α−n.

So, we get ∣∣∣∣∣` · log 10

logα
− (n− 1)− log(a/(9L

(k)
m fk(α)))

logα

∣∣∣∣∣ < 15.8 · α−n. (4.22)

For all a ∈ {1, . . . , 9} and 2 6 m 6 204, we apply Lemma 1.27 to Λ2, by fixing

γ :=
log 10

logα
, µ :=

log(a/(9L
(k)
m fk(α)))

logα
, and (A,B) := (15.8, α).

Again, for each (k,m) ∈ [2, 440]× [2, 204] and a ∈ {1, . . . , 9}, we find a good approximation
of γ and a convergent p`/q` of the continued fraction of γ such that q` > 6Mk and ε =
ε(k) = ‖µq‖ −Mk‖γq‖ > 0, where Mk := b1.9 × 1030k8 log5 kc, which is an upper bound
of ` from Lemma 4.3. With the help of Mathematica, we see again that q121 satisfies the
conditions of Lemma 1.27. After doing this, we use Lemma 1.27 on inequality (4.22). A
computer program with Mathematica revealed for k = 417, a = 7 and for all 2 6 m 6 204
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that ε > 0.000064 and the maximum value of
log(Aq/ε)

logB
, for (k,m) ∈ [2, 440]× [2, 204] and

a ∈ {1, . . . , 9}, is 203.786, which is an upper bound of n by Lemma 1.27.
Hence, we deduce that the possible solutions (a, k, l,m, n) of equation (4.1) for which

k ∈ [2, 440] and a ∈ {1, . . . , 9} satisfy m < n 6 203. Therefore, we use inequality (4.6) to
obtain ` 6 202.

Finally, we use Mathematica to compare F (k)
n L

(k)
m and

a(10` − 1)

9
, for the ranges k + 2 6

n 6 203, m < n, 1 6 a 6 9 and 2 6 ` 6 202, with ` < n and check that the only solutions
of equation (4.1) are those listed in Theorem 4.1.

4.4.4 The case k > 440

In this subsection, we analyze the case k > 440. For such k, it is easy to check that

m 6 n < 1.9 · 1030k8 log5 k < 2k/2.

Thus, by Lemmas 1.18 and 1.19, F (k)
n and L(k)

m can be respectively rewritten as

F (k)
n = 2n−2(1 + ζ1), where |ζ1| <

2

2k/2
(4.23)

and
L(k)
m = 3 · 2m−2(1 + ζ2), where |ζ2| <

1

2k/2
. (4.24)

Substituting (4.23) and (4.24) in (4.1), we obtain

3 · 2n+m−4(1 + ζ1)(1 + ζ2) =
a(10` − 1)

9
.

Hence, we get ∣∣∣∣3 · 2n+m−4 − a10`

9

∣∣∣∣ 6 9 · 2n+m−4

2k/2
+

6 · 2n+m−4

2k
+ 1.

Consequently, the above inequality and the fact that n > 4 give∣∣∣1− a

27
· 10` · 2−(n+m+4)

∣∣∣ < 3

2k/2
+

2

2k
+

1

3 · 2m
<

5.5

2min{k/2,m} . (4.25)

Define
Γ3 =

a

27
· 2−(n+m−4) · 10` − 1.

We have Γ3 6= 0, because if Γ3 = 0 we get a · 10` = 27 · 2n+m−4. This implies that 5 divides
27 · 2n+m−4, which is impossible. Now, we put

(η1, b1) :=
( a

27
, 1
)
, (η2, b2) := (2,−(n+m− 4)), (η3, b3) := (10, `).

Then, we obtain

h(η1) = log 27, h(η2) = log 2, and h(η3) = log 10.

Note that η1, η2, η3 ∈ K := Q. Thus dK = 1. So, we take

A1 := log 27, A2 := log 2, A3 := log 10, and B := 2n.

Thus, applying Theorem 1.26, we get

|Γ3| > exp(−1.74 · 1012 log n),
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where we have used the fact that 1 + log 2n < 2.3 log n, for all n > 4. By comparing the
resulting inequality with (5.20), we obtain

min{k/2,m} < 2.52 · 1012 log n.

By Lemma 4.3 and using the fact that 69.72 + 8 log k+ 5 log log k < 21 log k, for k > 440, we
get

min{k/2,m} < 2.52 · 1012 log(1.9 · 1030k8 log5 k)
< 2.52 · 1012(69.72 + 8 log k + 5 log log k)
< 5.3 · 1013 log k.

If min{k/2,m} = k/2, then we get k < 1.1 · 1014 log k. Solving this inequality and using
Lemma 4.3 we conclude that

k < 4 · 1015 and n < 7.5 · 10162. (4.26)

If min{k/2,m} = m, we obtain in this case that

m < 5.3 · 1013 log k. (4.27)

Now, we go back to (4.8) and we rewrite it as

2n−2 − a10`

9L
(k)
m

=
−a

9L
(k)
m

− 2n−2ζ1.

Thus, we obtain ∣∣∣∣2n−2 − a10`

9L
(k)
m

∣∣∣∣ 6 2n−1

2k/2
+ 1.

Dividing through by 2n−2 and using the fact that n > k + 2, we get

|Γ4| 6
1

2n−2
+

2

2k/2
<

1

2k
+

2

2k/2
<

3

2k/2
, (4.28)

where
Γ4 :=

a

9L
(k)
m

· 2−(n−2) · 10` − 1. (4.29)

Note that Γ4 6= 0, since otherwise we would get
a10`

9L
(k)
m

= 2n−2. If a ∈ {1, . . . , 8} then it is

obvious that the left side cannot be an integer. If a = 9, then we have
10`

L
(k)
m

= 2n−2 or in this

case m < k/2 implies that m < k and so L(k)
m = 3 ·2m−2. Then we would get

10`

3 · 2m−2
= 2n−2

and this leads to a contradiction. Therefore, Γ4 6= 0. Now, we apply Theorem 1.26 by fixing

(η1, b1) := (a/(9L(k)
m ), 1), (η2, b2) := (2,−(n− 2)), (η3, b3) := (10, `).

As calculated before, we take A2 := log 2 and A3 := log 10. We take B := n. Next, we
estimate h(η1). By the fact that L(k)

m < 2αm and inequality (4.27), we obtain

h(η1) 6 h(a/9) + h(L(k)
m ) < log 9 + log 2 +m logα < 3.7 · 1013 log k.

So, we choose A1 := 3.7 · 1013 log k. Therefore, Theorem 1.26 gives

|Γ4| > exp(−1.53 · 1025 log k log n), (4.30)
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where we have used the fact that 1 + log n < 1.8 log n, which holds, for n > 4. From (4.28)
and (4.30), it results

k < 4.42 · 1025 log k log n.

By Lemma 4.3 and using the fact that 69.72 + 8 log k+ 5 log log k < 21 log k, for all k > 440,
we get

k < 4.42 · 1025 log k
(
log(1.9 · 1030k8 log5 k)

)
< 4.42 · 1025 log k(69.72 + 8 log k + 5 log log k)
< 9.3 · 1026 log2 k.

Solving this inequality and using Lemma 4.3, we obtain

k < 4.64 · 1030 and n < 7.2 · 10284. (4.31)

Comparing (4.26) and (4.31), we conclude that inequalities (4.31) always hold. The obtained
bounds are very large, next we will reduce them. Put

Λ3 := log(Γ3 + 1) = ` log 10− (n+m− 4) log 2 + log(a/27). (4.32)

Assume that m > 10, then we get |Γ3| < 0.02. Taking d = 0.02 in Lemma 1.30, we obtain

|Λ3| <
− log 0.98

0.02
· |Γ3| < 6 · 2−min{k/2,m}.

So, we deduce that∣∣∣∣` · log 10

log 2
− (n+m− 4) +

log(a/27)

log 2

∣∣∣∣ < 9 · 2−min{k/2,m}. (4.33)

For a ∈ {1, . . . , 9}, we apply Lemma 1.27 to Λ3 with the data

γ :=
log 10

log 2
, µ :=

log(a/27)

log 2
, and (A,B) := (9, 2).

We now want to reduce our bound, which is too large, by using Lemma 1.27. We take
M := 7.2 · 10284, which is an upper bound on ` by (4.6) and (4.31). Then, we use Lemma
1.27 on inequality (4.33) in order to obtain an upper bound on k. A computer search with
Maple shows that q575 satisfies the conditions of Lemma 1.27, for all a ∈ {1, . . . , 9}. Thus,
the application of Lemma 1.27 yields to the different results presented in the following table.

a 1 2 3 4 5 6 7 8 9
ε > 0.37 0.37 0.25 0.37 0.37 0.25 0.34 0.37 0.13

min{k/2,m} 6 956 956 956 956 956 956 956 956 957

According to the obtained results, we find that min{k/2,m} < 958 which holds in all cases.

Case 1: min{k/2,m} = k/2. In this case, we get

k < 1916. (4.34)

Case 2: min{k/2,m} = m. In this case, we obtain that m 6 957. Let 2 6 m 6 957 and

Λ4 := log(Γ4 + 1) = ` log 10− (n− 2) log 2 + log(a/(9L(k)
m )).

Since k > 440, then from (4.28), we have |Γ4| < 0.01. Hence by Lemma 1.30, we obtain

|Λ4| < −
log(0.99)

0.01
· |Γ4| < 3.02 · 2−k/2. (4.35)
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So, we get ∣∣∣∣∣` · log 10

log 2
− (n− 2) +

log(a/(9L
(k)
m ))

log 2

∣∣∣∣∣ < 4.4 · 2−
k
2 . (4.36)

For all a ∈ {1, . . . , 9} and 2 6 m 6 957, we apply Lemma 1.27 to Λ4 with the parameters

γ :=
log 10

log 2
, µ :=

log(a/(9L
(k)
m ))

log 2
, M := 7.2 · 10284, and (A,B) := (4.4, 2).

Note that m < k/2. This implies that m < k, which holds for k > 2 and we can replace
L

(k)
m by 3 · 2m−2 in our calculations. Using again Maple, one can see that q575 satisfies the

conditions of Lemma 1.27, for all a ∈ {1, . . . , 9} and 2 6 m 6 957. Thus, applying Lemma
1.27 gives us the following different results which hold, for all 2 6 m 6 957.

a 1 2 3 4 5 6 7 8 9
ε > 0.37 0.37 0.25 0.37 0.37 0.25 0.34 0.37 0.13
k/2 6 955 955 955 955 955 955 955 955 956

From the obtained results, we observe that in all cases k < 1913. So, in both cases, we have
k < 1916.
With this new bound, we get n < 9 · 1060. Again, we apply Lemma 1.27 with the same

above data but this time we take M := 9 · 1060. With the help of Maple we see that q131

satisfies the conditions of Lemma 1.27, for all a ∈ {1, . . . , 9}. For this application, we obtain
the following results.

a 1 2 3 4 5 6 7 8 9
ε > 0.05 0.05 0.37 0.05 0.05 0.37 0.34 0.05 0.32

min{k/2,m} 6 217 217 214 217 217 214 214 217 214

After this, we can see that min{k/2,m} < 218 which holds in all cases.
As we have done above, we obtain for the first case that k < 436 and for the second case,
we use again q131 which fulfill the conditions of Lemma 1.27, for all a ∈ {1, . . . , 9} and
2 6 m 6 217. Then, we obtain the following results which hold for all 2 6 m 6 217 and
give us that k < 433 in all cases.

a 1 2 3 4 5 6 7 8 9
ε > 0.05 0.05 0.37 0.05 0.05 0.37 0.34 0.05 0.32
k/2 6 216 216 213 216 216 213 213 216 213

Thus, for both cases it holds that k < 436, which contradicts our assumption that k > 440.
This completes the proof of Theorem 4.1.

4.5 The proof of Theorem 4.2

This section is devoted to show Theorem 4.2. This proof will be similar to that of Theorem
4.1. For the sake of completeness, we will give most of the details.

4.5.1 An upper bound for ` in terms of m

We begin our analysis of (4.1) for 2 6 n 6 m 6 k. In this case, we have F (k)
n = 2n−2 and

L
(k)
m = 3 · 2m−2, so the equation (4.1) turns to

3 · 2m+n−4 =
a(10` − 1)

9
. (4.37)
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For any rational number x, let ν2(x) denote the 2-adic valuation of x. Since ν2(a(10`−1)/9) 6
3, then by comparing the 2-adic valuation on both sides of (4.37) one gets 2 6 n 6 m 6 7.
In this range, equation (4.37) has no solutions. So, from now, we assume that m > k + 1.
Now, by inequalities (2.9), (4.4), and 10` − 1 6 a(10` − 1)/9, we obtain

` < m. (4.38)

4.5.2 An inequality for m versus k

Here, we will give an inequality for m in terms of k by showing the following lemma.

Lemma 4.4. If (a, k, `, n,m) is a solution in positive integers of equation (4.1) with k > 2
and m > k + 1, then we have the following inequality

m < 2.6× 1030k8 log5 k. (4.39)

Proof. Using estimates (2.7) and (4.2), equation (4.1) can be rewritten as

(fk(α)αn−1 + ek(n))((2α− 1)fk(α)αm−1 + e′k(m)) = a

(
10` − 1

9

)
, (4.40)

i.e.,

(2α− 1)f 2
k (α)αm+n−2 − a10`

9
= −e′k(m)fk(α)αn−1 − ek(n)(2α− 1)fk(α)αm−1

−e′k(m)ek(n)− a

9
.

Thus, by taking the absolute value and dividing both sides by (2α − 1)f 2
k (α)αn+m−2, we

obtain
|Γ′1| 6

3

2αm−1
+

1

αn−1
+

7

2αn+m−2
<

6α

αn
<

12

αn
, (4.41)

where
Γ′1 :=

a

9(2α− 1)f 2
k (α)

· α−(n+m−2) · 10` − 1. (4.42)

As seen previously, we have Γ′1 = Γ1 6= 0. To apply Theorem 1.26 to Γ′1, we take

(η1, b1) := (a/(9(2α− 1)f 2
k (α)), 1), (η2, b2) := (α,−(n+m− 2)), (η3, b3) := (10, `).

The algebraic numbers η1, η2, η3 are elements of the number field K := Q(α) and dK = k.
So, as in the previous section, we take

A1 := 12k log k, A2 := log 2, A3 := k log 10, and B := 2m.

Now, we apply Theorem 1.26 to Γ′1 and compare the resulting inequality with (4.41) to
obtain

n logα < 7.2 · 1012k4 log2 k(1 + log 2m). (4.43)

We return to equation (4.1) and rewrite it as follows

F (k)
n ((2α− 1)fk(α)αm−1 + e′k(m)) =

a(10` − 1)

9
,

i.e.,

(2α− 1)fk(α)αm−1 − a10`

9F
(k)
n

=
−a

9F
(k)
n

− e′k(m). (4.44)
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So, we get ∣∣∣∣(2α− 1)fk(α)αm−1 − a10`

9F
(k)
n

∣∣∣∣ 6 a

9F
(k)
n

+
3

2
6

5

2
.

Dividing through by (2α− 1)fk(α)αm−1, we get

|Γ′2| 6
5

2(2α− 1)fk(α)αm−1
<

5α

2αm
<

5

αm
, (4.45)

where
Γ′2 :=

a

9(2α− 1)F
(k)
n fk(α)

· α−(m−1) · 10` − 1. (4.46)

We have Γ′2 6= 0. Now, we will apply Theorem 1.26 to Γ′2 by fixing

(η1, b1) := (a/(9(2α− 1)F (k)
n fk(α)), 1), (η2, b2) := (α,−(m− 1)), (η3, b3) := (10, `).

It is obvious that K := Q(α) contains η1, η2, η3 and dK = k. As calculated before, we take

A2 := log 2, A3 := k log 10, and B := 2m.

We need to compute A1. The estimates (2.5), (4.43), and the proprieties (1.1)-(1.3) imply
that

h(η1) 6 h
(a

9

)
+ h(2α− 1) + h(F

(k)
n ) + h(fk(α))

< log 9 + log 3 + (n− 1) logα + log k
< 7.3 · 1012k4 log2 k(1 + log 2m),

for k > 2. On the other hand, since

η1 :=
a

9(2α− 1)F
(k)
n fk(α)

< 1 and η−1
1 =

9(2α− 1)F
(k)
n fk(α)

a
<

81α(n−1)

4
,

then, by (4.43), we get

|log η1| < (n− 1) logα + log 20.3 < 7.3 · 1012k4 log2 k(1 + log 2m).

Thus, we conclude that

max{kh(η1), |log η1| , 0.16} < 7.3 · 1012k5 log2 k(1 + log 2m) := A1.

Applying Theorem 1.26 and comparing the resulting inequality with (4.45) give

m logα < 2.9 · 1025k8 log3 k log2m,

where we have used the facts 1 + log k < 2.5 log k and 1 + log 2m < 2.6 logm, which hold,
for k > 2 and m > 3. So, we obtain

m

log2m
< 7.2× 1025k8 log3 k. (4.47)

We use (4.17) by putting A := 7.2×1025k8 log3 k and the fact that 59.6+8 log k+3 log log k <
93 log k, which holds for all k > 2, to obtain

m < 4(7.2× 1025k8 log3 k)(log(7.2× 1025k8 log3 k))2

< (3× 1026k8 log3 k)(59.6 + 8 log k + 3 log log k)2

< 2.6× 1030k8 log5 k.

This gives (4.39) and completes the proof of Lemma 4.4.
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4.5.3 The case 2 6 k 6 430

For this subsection, we consider k ∈ [2, 430]. Define

Λ′1 := log(Γ′1 + 1) = ` log 10− (n+m− 2) logα + log(a/(9(2α− 1)f 2
k (α))). (4.48)

Suppose that n > 10, so by the estimate (4.41) and the fact that α > 1.5, we have |Γ′1| < 0.21.
Taking d = 0.21 in Lemma 1.30, we obtain

|Λ′1| <
− log 0.79

0.21
· |Γ′1| < 13.5 · α−n. (4.49)

So, we get ∣∣∣∣` · log 10

logα
− (n+m− 2) +

log(a/(9(2α− 1)f 2
k (α)))

logα

∣∣∣∣ < 33.3 · α−n. (4.50)

For a ∈ {1, . . . , 9} and k ∈ [2, 430], we apply Lemma 1.27 to Λ′1. For this application, we
put

γ :=
log 10

logα
, µ :=

log(a/(9(2α− 1)f 2
k (α)))

logα
, and (A,B) := (33.3, α).

For each k ∈ [2, 430] and a ∈ {1, . . . , 9}, we find a good approximation of γ and a convergent
p`/q` of the continued fraction of γ such that q` > 6Mk and ε = ε(k) = ‖µq‖−Mk‖γq‖ > 0,
where Mk := b2.6 × 1030k8 log5 kc, which is an upper bound of ` from Lemma 4.4. After
doing this, we use Lemma 1.27 on inequality (4.50). Using Mathematica, we find that q121

fulfills the conditions of Lemma 1.27. A computer program with Mathematica reveals for

k = 402 and a = 7 that ε > 0.0011 and the maximum value of
log(Aq/ε)

logB
, for k ∈ [2, 430]

and a ∈ {1, . . . , 9}, is 200.757. This is an upper bound of n by Lemma 1.27.
For 2 6 n < 201, we consider

Λ′2 := log(Γ′2 + 1) = ` log 10− (m− 1) logα + log(a/(9(2α− 1)F (k)
n fk(α))). (4.51)

Suppose that m > 10, then by the estimate (4.45) and the fact that α > 1.5, we have
|Γ′2| < 0.09. Taking d = 0.09 in Lemma 1.30, we obtain

|Λ′2| <
− log 0.91

0.09
· |Γ′2| < 5.3 · α−m.

So, we get ∣∣∣∣∣` · log 10

logα
− (m− 1)− log(a/(9(2α− 1)F

(k)
n fk(α)))

logα

∣∣∣∣∣ < 13.1 · α−m. (4.52)

For a ∈ {1, . . . , 9} and (k, n) ∈ [2, 430]× [2, 200], we apply Lemma 1.27 to Λ′2 by taking

γ :=
log 10

logα
, µ :=

log(a/(9(2α− 1)F
(k)
n fk(α)))

logα
, and (A,B) := (13.1, α).

Again, for each (k, n) ∈ [2, 430]× [2, 200] and a ∈ {1, . . . , 9}, we find a good approximation
of γ and a convergent p`/q` of the continued fraction of γ such that q` > 6Mk and ε = ε(k) =
‖µq‖ −Mk‖γq‖ > 0, where Mk := b2.6× 1030k8 log5 kc, which is an upper bound of ` from
Lemma 4.4. After doing this, we use Lemma 1.27 on inequality (4.52). Using Mathematica
again, we see that q123 confirms the conditions of Lemma 1.27. A computer program with
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Mathematica proves, for k = 427, a = 1 and n = 58, that ε > 0.000019 and the maximum

value of
log(Aq/ε)

logB
, for (k, n) ∈ [2, 430]× [2, 200] and a ∈ {1, . . . , 9}, is 208.792. This is also

an upper bound of m by Lemma 1.27.
Hence, we deduce that the possible solutions (a, k, l,m, n) of equation (4.1), for which

k ∈ [2, 430] and a ∈ {1, . . . , 9}, satisfy n 6 m 6 208. Therefore, we use inequality (4.6) to
obtain ` 6 207.

Finally, we use Mathematica to compare F (k)
n L

(k)
m and

a(10` − 1)

9
, for the ranges k + 1 6

m 6 208, n 6 m, a ∈ {1, . . . , 9} and 2 6 ` 6 207, with ` < m and check that the only
solutions of equation (4.1) are those given in Theorem 4.2.

4.5.4 The case k > 430

For k > 430, it is easy to check that

n 6 m < 2.6 · 1030k8 log5 k < 2k/2.

Thus, by Lemmas 1.18 and 1.19, F (k)
n and L(k)

m can be respectively rewritten as

F (k)
n = 2n−2(1 + ζ1), where |ζ1| <

2

2k/2
(4.53)

and
L(k)
m = 3 · 2m−2(1 + ζ2), where |ζ2| <

1

2k/2
. (4.54)

Substituting (4.53) and (4.54) in (4.1) and using the fact that m > 3, we obtain

|Γ′3| <
5.5

2min{k/2,n} , (4.55)

where
Γ′3 =

a

27
· 2−(n+m−4) · 10` − 1.

One can check that Γ′3 6= 0. Thus, we apply Theorem 1.26 by taking

(η1, b1) :=
( a

27
, 1
)
, (η2, b2) := (2,−(n+m− 4)), (η3, b3) := (10, `).

We take dK = 1, A1 := log 27, A2 := log 2, A3 := log 10, and B := 2m. Thus, applying
Theorem 1.26 and comparing the resulting inequality with (4.55), we obtain

min{k/2, n} < 3 · 1012 logm.

By Lemma 4.4 and using the fact that 70.1 + 8 log k + 5 log log k < 21 log k, for all k > 430,
we get

min{k/2, n} < 6.3 · 1013 log k.

If min{k/2, n} = k/2, then we get k < 1.3 · 1014 log k. Solving this inequality and using
Lemma 4.4, we conclude that

k < 4.7 · 1015 and m < 3.8 · 10163. (4.56)

If min{k/2, n} = n, then we obtain

n < 6.3 · 1013 log k. (4.57)
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Now, we go back to (4.44) and we rewrite it as

3 · 2m−2 − a10`

9F
(k)
n

=
−a

9F
(k)
n

− 3 · 2m−2ζ2.

Taking the absolute value and dividing through by 3 · 2m−2, we use the fact that m > k + 1
to get

|Γ′4| 6
1

3 · 2m−2
+

1

2k/2
<

1

3 · 2k−2
+

1

2k/2
<

2

2k/2
, (4.58)

where
Γ′4 :=

a

27F
(k)
n

· 2−(m−2) · 10` − 1. (4.59)

As above, we show that Γ′4 6= 0, since if not we would obtain
a10`

27F
(k)
n

= 2m−2 or in this case

F
(k)
n = 2n−2 and so we would obtain

a10`

27 · 2n−2
= 2m−2. This is impossible. Now, we apply

Theorem 1.26 by fixing

(η1, b1) := (a/(27F (k)
n ), 1), (η2, b2) := (2,−(m− 2)), (η3, b3) := (10, `).

As calculated before, we take A2 := log 2, A3 := log 10, and B := m. Next, we estimate
h(η1). As F (k)

n < αn−1 and using the inequality (4.57), we obtain

h(η1) 6 h(a/27) + h(F (k)
n ) < log 27 + (n− 1) logα < 4.4 · 1013 log k.

So, we choose A1 := 4.4 · 1013 log k. Therefore, Theorem 1.26 gives

|Γ′4| > exp(−2.1 · 1025 log k logm), (4.60)

where we have used the fact that 1 + logm < 2 logm, which holds, for all m > 3. From
(5.27) and (5.29), we deduce that

k < 6.1 · 1025 log k logm.

By Lemma 4.4 and using the fact that 70.1 + 8 log k + 5 log log k < 21 log k, for all k > 430,
we get

k < 6.1 · 1025 log k
(
log(2.6 · 1030k8 log5 k)

)
< 6.1 · 1025 log k(70.1 + 8 log k + 5 log log k)
< 1.3 · 1027 log2 k.

Solving this inequality and using Lemma 4.4, we obtain

k < 6.55 · 1030 and m < 1.6 · 10286. (4.61)

From (4.56) and (4.61), we conclude that inequalities (4.61) always hold. The obtained
bounds are very large, next we will reduce them. Put

Λ′3 := log(Γ′3 + 1) = ` log 10− (n+m− 4) log 2 + log(a/27). (4.62)

Assume that n > 10, we get then |Γ′3| < 0.02. Taking d = 0.02 in Lemma 1.30, we obtain

|Λ′3| <
− log 0.98

0.02
· |Γ′3| < 6 · 2−min{k/2,n}.

So, we get ∣∣∣∣` · log 10

log 2
− (n+m− 4) +

log(a/27)

log 2

∣∣∣∣ < 9 · 2−min{k/2,n}. (4.63)
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For a ∈ {1, . . . , 9}, we apply Lemma 1.27 to Λ′3 with the data

γ :=
log 10

log 2
, µ :=

log(a/27)

log 2
, and (A,B) := (9, 2).

We now want to reduce our bound of k, which is too large, by using Lemma 1.27. We take
M := 1.6 · 10286, which is an upper bound of ` by (4.38) and (4.61). After, we use Lemma
1.27 on (4.63) in order to obtain an upper bound of k. A computer search with Maple shows
that q580 satisfies the conditions of Lemma 1.27, for all a ∈ {1, . . . , 9}. Thus, the application
of Lemma 1.27 leads to the different results presented in the following table.

a 1 2 3 4 5 6 7 8 9
ε > 0.45 0.45 0.03 0.45 0.45 0.03 0.44 0.45 0.48

min{k/2, n} 6 961 961 965 961 961 965 961 961 961

According to the above results, we see that min{k/2, n} < 966 across all cases.

Case 1: min{k/2, n} = k/2. In this case, we get

k < 1932. (4.64)

Case 2: min{k/2, n} = n. In this case, we obtain n 6 965. For 2 6 n 6 965, let

Λ′4 := log(Γ′4 + 1) = ` log 10− (m− 2) log 2 + log(a/(27F (k)
n )).

Since k > 430, then from (4.58), we have |Γ′4| < 0.01. Hence by Lemma 1.30, we obtain

|Λ′4| < −
log(0.99)

0.01
· |Γ′4| < 2.02 · 2−k/2. (4.65)

So, we get ∣∣∣∣∣` · log 10

log 2
− (m− 2) +

log(a/(27F
(k)
n ))

log 2

∣∣∣∣∣ < 3 · 2−
k
2 . (4.66)

Again, for a ∈ {1, . . . , 9} and 2 6 n 6 965, we apply Lemma 1.27 to Λ′4 with the parameters

γ :=
log 10

log 2
, µ :=

log(a/(27F
(k)
n ))

log 2
, M := 1.6 · 10286, and (A,B) := (3, 2).

Note that n < k/2. This implies that n 6 k + 1, which holds for k > 2 and we can replace
F

(k)
n by 2n−2 in our calculations. We use again Maple to see that q580 satisfies the conditions

of Lemma 1.27, for all a ∈ {1, . . . , 9} and 2 6 n 6 965. Hence, applying Lemma 1.27 leads
us to the following varied results which hold for all 2 6 n 6 965.

a 1 2 3 4 5 6 7 8 9
ε > 0.45 0.45 0.03 0.45 0.45 0.03 0.44 0.45 0.48
k/2 6 959 959 963 959 959 963 959 959 959

The obtained results reveals across all instances that k 6 1926. As a result, in both cases,
we have k < 1932.
With this new bound, we get m < 1.25 · 1061. So, we apply again Lemma 1.27 with the
same above data but this time we take M := 1.25 · 1061. With the help of Maple, we see
that q140 satisfies the conditions of Lemma 1.27 for all a ∈ {1, . . . , 9}. In the context of this
application which yields to the different results presented in the below table, we find that
min{k/2, n} < 235.
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a 1 2 3 4 5 6 7 8 9
ε > 0.33 0.33 0.46 0.33 0.33 0.46 0.24 0.33 0.23

min{k/2, n} 6 233 233 233 233 233 233 233 233 234

For the first case, we obtain that k < 470 and for the second case we use again q140 which
satisfies the conditions of Lemma 1.27 for all a ∈ {1, . . . , 9} and 2 6 n 6 234 to obtain the
following results which hold for all 2 6 n 6 234 and reveals that k 6 464.

a 1 2 3 4 5 6 7 8 9
ε > 0.33 0.33 0.46 0.33 0.33 0.46 0.24 0.33 0.23
k/2 6 231 231 231 231 231 231 232 231 232

So, in both cases we have k < 470. With this new bound, we get m < 5.5 ·1055. So, we apply
again Lemma 1.27 with the same above data but this time we take M := 5.5 · 1055. In this
case, q128 satisfies the conditions of Lemma 1.27, for all a ∈ {1, . . . , 9}. The third application
of Lemma 1.27 leads to the following results from which we observe that min{k/2, n} < 209,
which holds in all cases.

a 1 2 3 4 5 6 7 8 9
ε > 0.27 0.27 0.18 0.27 0.27 0.18 0.24 0.27 0.09

min{k/2, n} 6 207 207 207 207 207 207 207 207 208

The first case gives us that k < 418 and for the second case we use again q128 which satisfies
the conditions of Lemma 1.27, for all a ∈ {1, . . . , 9} and 2 6 n 6 208. This application
yields to the following results which hold, for all 2 6 n 6 208 and tell us that k < 415.

a 1 2 3 4 5 6 7 8 9
ε > 0.27 0.27 0.18 0.27 0.27 0.18 0.24 0.27 0.09
k/2 6 205 205 206 205 205 206 205 205 207

Consequently, we deduce that in both cases we have k < 418, which contradicts our assump-
tion that k > 430. This completes the proof of Theorem 4.2.
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Chapter 5
On Equations involving Repdigits and
Products of Two k-Fibonacci

In this chapter, we will show that F (k)
n F

(k)
m can represent a repdigit, where n and m are two

positive integers. This chapter is derived from the paper [56].

5.1 Motivation and main result

In [29], Erduvan and Keskin investigated repdigits as products of two Fibonacci and two
Lucas numbers. In this chapter, we search for repdigits which are the product of two k-
Fibonacci numbers. Our main result is given by the following theorem.

Theorem 5.1. The only solution of the Diophantine equation

F (k)
n F (k)

m =
a(10` − 1)

9
(5.1)

in positive integers n,m, `, k, and a with 3 6 m 6 n, k > 3, ` > 2, and 1 6 a 6 9, is

(a, k, l,m, n) = (8, 3, 2, 3, 8).

We set the condition m > 3, as when m ∈ {1, 2} then the Diophantine equation (5.1)

transforms into F (k)
n =

a(10` − 1)

9
and this problem was already treated in [17, 40, 41].

5.2 The proof of Theorem 5.1

5.2.1 Preliminary considerations

We start our examination of (5.1), considering the range 2 6 m 6 n 6 k + 1. Within this
context, we have F (k)

n = 2n−2 and F (k)
m = 2m−2. Hence, Equation (5.1) transforms into

2n+m−4 =
a(10` − 1)

9
. (5.2)

For any rational number x, let ν2(x) denote the 2-adic valuation of x. Since ν2(a(10`−1)/9) 6
3, then by comparing the 2-adic valuation on both sides of (5.2), one gets 2 6 m 6 n 6 7. In
this specified range, Equation (5.2) does not possess solutions. Thus, from now, we proceed
under the condition n > k + 2 > 5.
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Following this, we will determine the correlation between the sizes of ` and n. Using
inequalities (2.9) and 10`−1 < a(10` − 1)/9, we obtain

10`−1 <
a(10` − 1)

9
= F (k)

n F (k)
m < αn+m−2 < α2n−2.

Consequently, we get

` < (2n− 2)

(
logα

log 10

)
+ 1 = n

(
2 logα

log 10

)
−
(

2 logα

log 10

)
+ 1.

Moreover, utilizing (2.3), we get
` < n. (5.3)

5.2.2 An inequality for n versus k

Now, we illustrate the following lemma which provides an inequality relating n to k.

Lemma 5.2. If (a, k, `,m, n) is a solution in integers of Equation (5.1) with k > 3 and
n > k + 2, then the inequality

n < 1.64× 1029k8 log5 k (5.4)

holds.

Proof. Employing estimate (2.7), Equation (5.1) can be expressed as follows:

(fk(α)αn−1 + ek(n))(fk(α)αm−1 + ek(m)) = a

(
10` − 1

9

)
, (5.5)

i.e.,

f 2
k (α)αn+m−2 − a10`

9
= −ek(m)fk(α)αn−1 − ek(n)fk(α)αm−1 − ek(n)ek(m)− a

9
.

By taking the absolute value, dividing both sides by f 2
k (α)αn+m−2, and taking into account

the fact that fk(α) > 1/2, along with (2.8), we arrive at∣∣∣∣ a

9f 2
k (α)

· α−(n+m−2) · 10` − 1

∣∣∣∣ 6 1

αm−1
+

1

αn−1
+

5

αn+m−2
<

7

αm−1
. (5.6)

Define
Γ1 :=

a

9f 2
k (α)

· α−(n+m−2) · 10` − 1. (5.7)

Consequently, we obtain

|Γ1| <
7

αm−1
. (5.8)

We have Γ1 6= 0, because if we suppose that Γ1 = 0, we would get

a10`

9
= f 2

k (α)α(n+m−2).

After applying an automorphism from the Galois group of the decomposition field Ψ(x) over
Q to the above relation and then taking absolute values, we conclude that for any i > 2, we
have

100

9
6
a10`

9
= |fk(αi)|2 · |αi|n+m−2 < 1,
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resulting in a contradiction. With the goal of applying Theorem 1.26 to Γ1 given by (5.7),
the parameters can be chosen as:

(η1, b1) := ((a/(9f 2
k (α)), 1), (η2, b2) := (α,−(n+m− 2)), (η3, b3) := (10, `).

Since the algebraic numbers η1, η2, η3 are members of K := Q(α), it follows that dK = k.
Next, we estimate the usual absolute logarithmic heights of η1 followed by that of η2 and η3.
Using estimate (2.5) and the properties (1.1) and(1.3), we see that for all k > 3,

h(η1) 6 h(a/9) + 2h(fk(α))
< log 9 + 4 log k
< 6.1 log k.

h(η2) = (logα)/k < (log 2)/k and h(η3) = log 10. Then, we can choose

A1 := 6.1k log k = max{kh(η1), |log η1| , 0.16}

A2 := log 2 = max{kh(η2), |log η2| , 0.16}
and

A3 := k log 10 = max{kh(η3), |log η3| , 0.16}.
Ultimately, given m < n and Inequality (5.3), we can determine that B := 2n. Therefore,
Theorem 1.26 gives

|Γ1| > exp (−1.4 · 306 · 34.5 · k2(1 + log k)(1 + log 2n)(6.1k log k)(log 2)(k log 10))
> exp

(
−2.8 · 1012k4 log2 k(1 + log 2n)

)
,

where we have employed the fact that 1 + log k < 2 log k, which holds for k > 3. Comparing
this lower bound with the upper bound of |Γ1| as given in (5.8), we reach

(m− 1) logα < 2.9 · 1012k4 log2 k(1 + log 2n). (5.9)

We return to Equation (5.1) and we use again (2.7) to reformulate it as

(fk(α)αn−1 + ek(n))F (k)
m =

a(10` − 1)

9
,

i.e.,

fk(α)αn−1 − a10`

9F
(k)
m

= − a

9F
(k)
m

− ek(n). (5.10)

Following the previous steps, by taking the absolute value and dividing through by fk(α)αn−1,
we get ∣∣∣∣∣ a

9F
(k)
m fk(α)

· α−(n−1) · 10` − 1

∣∣∣∣∣ 6 3

2fk(α)αn−1
<

3α

αn
<

6

αn
. (5.11)

Define
Γ2 :=

a

9F
(k)
m fk(α)

· α−(n−1) · 10` − 1. (5.12)

Hence, we see that

|Γ2| <
6

αn
. (5.13)

As above, we use the same argument to show that Γ2 6= 0.
Now, we will apply Theorem 1.26 to Γ2 by fixing the following parameters:

(η1, b1) := (a/(9F (k)
m fk(α)), 1), (η2, b2) := (α,−(n− 1)), (η3, b3) := (10, `).
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Once more, considering K := Q(α) and dK = k. As before, we can select

A2 := log 2 and A3 := k log 10.

Now, We still need to determine A1. Using the estimates (2.6), (5.9), along with properties
(1.1)-(1.3), we deduce that, for all k > 3, we obtain

h(η1) 6 h
(a

9

)
+ h(F

(k)
m ) + h(fk(α))

< log 9 + (m− 1) logα + 2 log k
< 3× 1012k4 log2 k(1 + log 2n).

Conversely, given that

η1 :=
a

9F
(k)
m fk(α)

< 2 and η−1
1 :=

9F
(k)
m fk(α)

a
<

27αm−1

4
,

then, by (5.9), we derive

|log η1| < (m− 1) logα + log 6.75 < 3× 1012k4 log2 k(1 + log 2n).

This indicates that

max{kh(η1), |log η1| , 0.16} < 3× 1012k5 log2 k(1 + log 2n) := A1.

Opting for B := 2n, we can apply Theorem 1.26 to Γ2 and then compare the resulting
inequality with (5.11) to obtain

n logα < 6.1× 1024k8 log3 k log2 n,

where we have used the inequalities 1 + log k < 2 log k and (1 + log 2n) < 2.1 log n, which
are valid for k > 3 and n > 5. For smaller values of n (i.e., n = 1, 2, 3, 4), the inequality
(1 + log 2n) < 2.1 log n does not hold as the left-hand side exceeds the right-hand side in
these cases. Therefore, we find

n

log2 n
< 1.1× 1025k8 log3 k. (5.14)

It is evident that the inequality

x

log2 x
< A implies x < 4A log2A, whenever A > 100, (5.15)

which is derived from [53, Lemma 7] for m = 2. Hence, substituting A := 1.1× 1025k8 log3 k
in Inequality (5.15) and applying the inequality 57.7 + 8 log k + 3 log log k < 61 log k, valid
for all k > 3, we obtain

n < 4(1.1× 1025k8 log3 k)(log(1.1× 1025k8 log3 k))2

< (4.4× 1025k8 log3 k)(57.7 + 8 log k + 3 log log k)2

< 1.64× 1029k8 log5 k.

On this, the proof of Lemma 5.2 is complete.
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5.2.3 The case 3 6 k 6 430

Within this subsection, our focus lies on examining the small values of k, specifically in the
range [3, 430]. Define

Λ1 := log(Γ1 + 1) = ` log 10− (n+m− 2) logα + log(a/(9f 2
k (α))). (5.16)

Assume that m > 10. With the help of estimate (5.8) and the use of the fact that α > 1.75,
we get |Γ1| < 0.05. Putting d = 0.05 in Lemma 1.30, we obtain

|Λ1| <
− log 0.95

0.05
· |Γ1| < 14.4 · α−m. (5.17)

Thus, we get ∣∣∣∣` · log 10

logα
− (n+m− 2) +

log(a/(9f 2
k (α)))

logα

∣∣∣∣ < 25.8 · α−m. (5.18)

We apply Lemma 1.27 to Λ1, for each a ∈ {1, · · · , 9} and k ∈ [3, 430], by taking as parameters

γ :=
log 10

logα
, µ(k,a) :=

log(a/(9f 2
k (α)))

logα
, and (A,B) := (25.8, α).

For each k ∈ [3, 430] and a ∈ {1, . . . , 9}, we find a reliable approximation of γ. Addi-
tionally, we obtain a convergent pi/qi of the continued fraction of γ, satisfying the condition
qi > 6Mk and ε = ε(k,a) = ‖µ(k,a)qi‖ −Mk‖γqi‖ > 0. Here, Mk := b1.64 × 1029k8 log5 kc,
representing an upper bound for ` as derived from Lemma 5.2. Using Mathematica we
determine that q185 fulfills the conditions specified in Lemma 1.27. After completing this
step, Lemma 1.27 is applied to Inequality (5.18). By employing a computer program with
Mathematica, it was determined for k = 430 and a = 9 that ε > 1.02×10−36 and the highest

value of
log(Aq/ε)

logB
across all k ∈ [3, 430] and a ∈ {1, . . . , 9} is 425.623. This value serves as

an upper bound of m as dictated by Lemma 1.27.
Note that for the remaining values of k and a, it is observed that the corresponding results

yield significantly smaller values compared to the chosen upper bound for m of 425.623.
Let’s set 3 6 m < 426 and consider

Λ2 := log(Γ2 + 1) = ` log 10− (n− 1) logα + log(a/(9F (k)
m fk(α))). (5.19)

Assuming n > 10, with the given estimate (5.13) and considering α > 1.75, it follows that
|Γ2| < 0.03. Substituting d = 0.03 in Lemma 1.30, we derive

|Λ2| <
− log 0.97

0.03
· |Γ2| < 6.1 · α−n.

Hence, we get ∣∣∣∣∣` · log 10

logα
− (n− 1)− log(a/(9F

(k)
m fk(α)))

logα

∣∣∣∣∣ < 11 · α−n. (5.20)

In view to apply Lemma 1.27 to Λ2, for all a ∈ {1, · · · , 9} and 3 6 m 6 425, we consider

γ :=
log 10

logα
, µ(k,m,a) :=

log(a/(9F
(k)
m fk(α)))

logα
, and (A,B) := (11, α).
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Once more, considering each pair (k,m) ∈ [3, 430] × [3, 425], and a ∈ {1, . . . , 9}, we find a
reliable approximation of γ and a convergent pi/qi of the continued fraction of γ ensuring
qi > 6Mk and ε = ε(k,m,a) = ‖µ(k,m,a)qi‖ −Mk‖γqi‖ > 0, where Mk := b1.64× 1029k8 log5 kc,
serving as an upper bound of ` obtained from Lemma 5.2. Again, we use Mathematica
to verify that q179 satisfies the conditions of Lemma 1.27. Next, applying Lemma 1.27 on
Inequality (5.20). Our Mathematica computation revealed for k = 409, a = 9, and m = 3

that ε > 2.22 × 10−34 and the highest value attained by
log(Aq/ε)

logB
across all (k,m) ∈

[3, 430]× [3, 425] and a ∈ {1, . . . , 9} is 425.634, serving as an upper bound for n by Lemma
1.27. The other upper bounds for n obtained with the remaining values of k, m, and a fall
substantially below the established upper bound for n of 425.634.
Therefore, we conclude that the possible solutions (a, k, l,m, n) of Equation (5.1), where

k ∈ [3, 430] and a ∈ {1, · · · , 9}, adhere to m 6 n 6 425. Hence, utilizing Inequality (5.3),
we derive ` 6 424.
Finally, we use Mathematica to manage a comparative analysis between F

(k)
n F

(k)
m and

a(10` − 1)

9
over the intervals k + 2 6 n 6 425, m 6 n, and 2 6 ` 6 424, where ` < n,

confirming that within this defined range the solutions to Equation (5.1) are exclusively
those enumerated in Theorem 5.1.

5.2.4 The case k > 430

In the following subsection, we undertake an examination of the large values of k, precisely
when k > 430. A simple verification for k > 430 affirms that

m 6 n < 1.64× 1029k8 log5 k < 2k/2.

As a result, following Lemma 1.18, we derive

F (k)
n = 2n−2(1 + ζ1), where |ζ1| <

2

2k/2
. (5.21)

and
F (k)
m = 2m−2(1 + ζ2), where |ζ2| <

2

2k/2
. (5.22)

By substituting (5.21) and (5.22) into (5.1), we achieve

2n+m−4 − a10`

9
= 2n+m−4 (−ζ1 − ζ2 − ζ1ζ2)− a

9
.

Hence, we obtain∣∣∣∣2n+m−4 − a10`

9

∣∣∣∣ 6 2n+m−4 (|ζ1|+ |ζ2|+ |ζ1ζ2|) +
a

9
6

2n+m−2

2k/2
+

2n+m−2

2k
+ 1.

Consequently, dividing through by 2n+m−4 and using the fact that n > m give us∣∣∣1− a

9
· 10` · 2−(n+m+4)

∣∣∣ < 4

2k/2
+

4

2k
+

1

22m−4
(5.23)

<
8.5

2min{k/2,m−2} .

Define
Γ3 =

a

9
· 2−(n+m−4) · 10` − 1.
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Thus, we derive

|Γ3| <
8.5

2min{k/2,m−2} . (5.24)

We have Γ3 6= 0, because assuming Γ3 = 0 leads to a · 10` = 9 · 2n+m−4. Consequently, this
would imply that 5 divides 9 · 2n+m−4, which is an impossibility. We are now in a position
to apply Theorem 1.26 to Γ3, taking into account the following parameters:

(η1, b1) := (a/9, 1), (η2, b2) := (2,−(n+m− 4)), (η3, b3) := (10, `).

Then, the usual absolute logarithmic heights of these numbers are given by

h(η1) = log 9, h(η2) = log 2, and h(η3) = log 10.

Observing that η1, η2, η3 belong to K := Q, we ascertain dK = 1. Consequently, we opt for:

A1 := log 9, A2 := log 2, A3 := log 10.

Finally, we choose B := 2n and we apply Theorem 1.26 to Γ3, which gives us

|Γ3| > exp (−1.4 · 306 · 34.5 · (1 + log 2n)(log 9)(log 2)(log 10))
> exp (−1.1 · 1012 log n) ,

where we have used the fact that 1 + log 2n < 2.1 log n, for all n > 5. By comparing the
resulting inequality with (5.24), we obtain

min{k/2,m− 2} < 1.6 · 1012 log n.

As specified by Lemma 5.2 and considering that 67.3 + 8 log k + 5 log log k < 20 log k, valid
for all k > 430, we get

min{k/2,m− 2} < 1.6 · 1012 log(1.64 · 1029k8 log5 k)
< 1.6 · 1012(67.3 + 8 log k + 5 log log k)
< 3.2 · 1013 log k.

If min{k/2,m − 2} = k/2, then we get k < 6.4 · 1013 log k. Solving this inequality and
applying Lemma 5.2, we establish that

k < 2.3 · 1015 and n < 7.12 · 10159. (5.25)

If min{k/2,m− 2} = m− 2, we obtain in this case that

m < 3.21 · 1013 log k. (5.26)

Returning now to (5.10) and we proceed to rephrase it as follows

a10`

9F
(k)
m

− 2n−2 = 2n−2ζ1 +
a

9F
(k)
m

,

thus we obtain ∣∣∣∣ a10`

9F
(k)
m

− 2n−2

∣∣∣∣ 6 2n−1

2k/2
+ 1.

Consequently, dividing through by 2n−2 and using the fact that n > k + 2 lead to

|Γ4| 6
2

2k/2
+

1

2n−2
<

2

2k/2
+

1

2k
<

3

2k/2
, (5.27)
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where
Γ4 :=

a

9F
(k)
m

· 2−(n−2) · 10` − 1. (5.28)

We must ensure that Γ4 6= 0. Otherwise, we would derive the equation
a10`

9F
(k)
m

= 2n−2. If

a ∈ {1, . . . , 8} then it is evident that the expression on the left cannot yield an integer value.

For the case where a = 9, we encounter
10`

F
(k)
m

= 2n−2. In this case as m− 2 < k/2, it implies

that m 6 k + 1, consequently leading to F (k)
m = 2m−2. Substituting this into the equation

results in
10`

2m−2
= 2n−2, which inevitably leads to a contradiction. Consequently, Γ4 6= 0.

Now, we apply Theorem 1.26 to Γ4 by setting

(η1, b1) := (a/(9F (k)
m ), 1), (η2, b2) := (2,−(n− 2)), (η3, b3) := (10, `).

As previously calculated, we define A2 := log 2, A3 := log 10, and B := n. Subsequently, we
proceed to estimate h(η1). Utilizing the fact that F (k)

m < αm−1 and the inequality (5.26), we
derive

h(η1) 6 h(a/9) + h(F (k)
m ) < log 9 + (m− 1) logα < 2.23 · 1013 log k.

Consequently, we set A1 := 2.23 · 1013 log k. Thus, according to Theorem 1.26, we obtain

|Γ4| > exp(−8.67 · 1024 log k log n), (5.29)

where we have used the fact that 1 + log n < 1.7 log n, for all n > 5. By considering both
(5.27) and (5.29), it follows that

k < 2.51 · 1025 log k log n.

According to Lemma 5.2 and using the fact that 67.4 + 8 log k+ 5 log log k < 20 log k, for all
k > 430, we achieve

k < 2.51 · 1025 log k
(
log(1.64 · 1029k8 log5 k)

)
< 2.51 · 1025 log k(67.3 + 8 log k + 5 log log k)
< 5.1 · 1026 log2 k.

Solving this inequality and applying Lemma 5.2, we obtain

k < 2.5 · 1030 and n < 4.21 · 10281. (5.30)

From (5.25) and (5.30), it is evident that (5.30) consistently remains valid. However, the
resulting bounds are exceedingly large. Therefore, our subsequent step involves their reduc-
tion.
Let’s put

Λ3 := log(Γ3 + 1) = ` log 10− (n+m− 4) log 2 + log(a/9). (5.31)

Assume that m > 10, then it results |Γ3| < 0.04. Setting d = 0.04 in Lemma 1.30, we obtain

|Λ3| <
− log 0.96

0.04
· |Γ3| < 8.7 · 2−min{k/2,m−2}.

Consequently, we have∣∣∣∣` · log 10

log 2
− (n+m− 4) +

log(a/9)

log 2

∣∣∣∣ < 12.6 · 2−min{k/2,m−2}. (5.32)
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We apply Lemma 1.27 to Λ3, for a ∈ {1, . . . , 8}, with the following parameters

γ :=
log 10

log 2
, µ :=

log(a/9)

log 2
, and (A,B) := (12.6, 2).

We aim to diminish our excessively large bounds utilizing Lemma 1.27.
SettingM := 4.21 ·10281 as an upper bound on ` by (5.3) and (5.30), we employ Lemma 1.27
on Inequality (5.32) to derive an upper bound on k. After conducting a computer search
with Maple, we confirm that q571 satisfies the conditions of Lemma 1.27 for a ∈ {1, . . . , 8}.
As a result, applying Lemma 1.27 leads to the results shown in Table 5.1.

Table 5.1: First reduction.

a 1 2 3 4 5 6 7 8
ε > 0.19 0.19 0.41 0.19 0.19 0.41 0.25 0.19

min{k/2,m− 2} 6 947 947 945 947 947 945 946 947

From the obtained results, it follows that min{k/2,m− 2} < 948, a condition that holds
in all cases.
For the case a = 9, it follows that

Λ3 := log(Γ3 + 1) = ` log 10− (n+m− 4) log 2. (5.33)

Therefore, Inequality (5.32) becomes∣∣∣∣` · log 10

log 2
− (n+m− 4)

∣∣∣∣ < 12.6 · 2−min{k/2,m−2}. (5.34)

Considering the continued fraction expression of
log 10

log 2
, represented as

[a0, a1, a2, . . .] = [3, 3, 9, 2, 2, 4, 6, 2, 1, 1, 3, 1, 18, 1, . . .].

Let ps/qs denote its convergent. Recall that ` < 4.21 · 10281. Using Maple, we determine
that

q567 < 4.21 · 10281 < q568

and
aL := max{ai : i = 1, 2, . . . , 568} = a135 = 5393.

Thus, from the known properties of the continued fractions (refer to Lemma 1.29), we obtain
that ∣∣∣∣` · log 10

log 2
− (n+m− 4)

∣∣∣∣ > 1

(aL + 2)`
. (5.35)

Putting the above inequality together with (5.34) and using the fact that ` < 4.21 · 10281, we
get

2min{k/2,m−2} < 12.6 · 5395 · 4.21 · 10281.

Hence, we obtain min{k/2,m− 2} < 952. So, in all cases, we have min{k/2,m− 2} < 952.
Let’s now continue the procedure of reduction with each case individually in order to achieve
the reduced bound on k.

63



5.2. THE PROOF OF THEOREM 5.1
CHAPTER 5. ON EQUATIONS INVOLVING REPDIGITS AND PRODUCTS OF TWO

K-FIBONACCI

Case 1: If min{k/2,m− 2} = k/2, it results

k < 1904. (5.36)

Case 2: If min{k/2,m − 2} = m − 2, then we obtain that m 6 953. Set 3 6 m 6 953
and we put

Λ4 := log(Γ4 + 1) = ` log 10− (n− 2) log 2 + log(a/(9F (k)
m )).

Since k > 430, then by (5.34), we have |Γ4| < 0.01. Thus, applying Lemma 1.30 with
d = 0.01, we obtain

|Λ4| < −
log(0.99)

0.01
· |Γ4| < 3.02 · 2−k/2. (5.37)

So, we get ∣∣∣∣∣` · log 10

log 2
− (n− 2) +

log(a/(9F
(k)
m ))

log 2

∣∣∣∣∣ < 4.4 · 2−
k
2 . (5.38)

For all a ∈ {1, . . . , 8} and 3 6 m 6 953, we apply Lemma 1.27 to Λ4 by considering

γ :=
log 10

log 2
, µ :=

log(a/(9F
(k)
m ))

log 2
, M := 4.21 · 10281, and (A,B) := (4.4, 2).

The fact that m−2 < k/2 implies that m 6 k+1, for k > 2 and we can replace F (k)
m by 2m−2

in our calculations. Utilizing Maple once more, it follows that q571 meets the conditions of
Lemma 1.27, for all a ∈ {1, . . . , 8} and 3 6 m 6 953. Hence, the application of Lemma 1.27
yields a range of the following distinct results, all of which remain valid for 3 6 m 6 953.

Table 5.2: First reduction for second case.

a 1 2 3 4 5 6 7 8
ε > 0.19 0.19 0.41 0.19 0.19 0.41 0.25 0.19
k/2 6 945 945 944 945 945 944 945 945

Analyzing the obtained results as shown in Table 5.2, we note that in all instances k <
1891. When a = 9, then inequality (5.38) becomes∣∣∣∣` · log 10

log 2
− (n+m− 4)

∣∣∣∣ < 4.4 · 2−
k
2 . (5.39)

According to (5.35) and (5.39), we deduce that k < 1901. Therefore, in all cases we have
k < 1904.
With this refined bound, we deduce n < 1.5 · 1040. Subsequently, We once again employ

Lemma 1.27 with the same dataset but with a revised upper bound of M := 1.5 · 1040.
Utilizing Maple, we confirm that q120 satisfies the conditions stipulated in Lemma 1.27 for
all a ∈ {1, . . . , 8}. The results of this application are presented in Table 5.3.
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Table 5.3: Second reduction.

a 1 2 3 4 5 6 7 8
ε > 0.11 0.11 0.45 0.11 0.11 0.45 0.18 0.11

min{k/2,m− 2} 6 191 191 189 191 191 189 190 191

These obtained results affirm that min{k/2,m− 2} < 192, hold in all cases.
For a = 9, we find that min{k/2,m−2} < 143. Thus, we deduce that min{k/2,m−2} < 192,
valid in all cases.
As previously, for the first case, we ascertain that k < 384, while for the second case, we

once again employ q120, meeting the conditions specified in Lemma 1.27 for all a ∈ {1, . . . , 8}
and 3 6 m 6 193. Then, we derive the subsequent results, valid for all 3 6 m 6 193.

Table 5.4: Second reduction for second case.

a 1 2 3 4 5 6 7 8
ε > 0.11 0.11 0.45 0.11 0.11 0.45 0.18 0.11
k/2 6 189 189 187 189 189 187 188 189

The obtained results from Table 5.4 state that k < 380 for all cases. When a = 9, we find
that k < 283.
Consequently, in all cases, we establish that k < 384. However, this contradicts our assump-
tion that k > 430. This achieves the proof of Theorem 5.1.
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Chapter 6
Almost Repdigits in k-Pell sequences

In this chapter, we work on the problem of finding all the k-Pell numbers which have the
property that all their digits are equal except for at most one digit, called Almost Repdigits.
This chapter builds upon the findings from the paper [54]

6.1 Motivation and main result

Recently, several authors have studied and solved Diophantine equations involving repdigits
and k-Pell sequences [15, 30, 31, 43, 50]. In [3], A. Altassan and M. Alan introduced the
concept of an "almost repdigit" defined as a positive integer where all digits are identical
except for at most one. These numbers take the form

a

(
10d1 − 1

9

)
+ (b− a)10d2 , 0 6 d2 < d1, and 0 6 a, b 6 9.

Furthermore, in their paper, they determine all almost repdigits within the k-generalized
Fibonacci sequence (F

(k)
n )n>−(k−2). Motived by their result, we aim to prove the following

result.

Theorem 6.1. The Diophantine equation

P (k)
n = a

(
10d1 − 1

9

)
+ (b− a)10d2 , 0 6 d2 < d1, and 0 6 a, b 6 9 (6.1)

has only the following solution P (3)
8 = 545, P

(4)
7 = 228 and P

(5)
7 = 232 when P (k)

n has at least
three digits.

Remark 6.2. To exclude trivial cases, the theorem is stated for numbers with at least three
digits, as all integers with one or two digits are trivially almost repdigits. Therefore, we also
assume d1 > 3 and n > 5.

6.2 The proof of Theorem 6.1

Initially, we can establish some relationships between the variables that will be beneficial for
our forthcoming analysis. To do this, we combine the following inequalities

10d1−2 < a

(
10d1 − 1

9

)
+ (b− a)10d2 6 2× 10d1
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with (6.1), (3.2), and (3.6) to obtain

10d1−2 6 a

(
10d1 − 1

9

)
+ (b− a)10d2 = P (k)

n 6 αn−1 < ϕ2n−2

and

ϕn−2 < αn−2 6 P (k)
n = a

(
10d1 − 1

9

)
+ (b− a)10d2 6 2× 10d1 .

We deduce that
d1 < (n− 1)

2 logϕ

log 10
+ 2 < 0.42n+ 1.6 < n (6.2)

and
0.2n− 0.7 < (n− 2)

logϕ

log 10
− log 2

log 10
< d1, (6.3)

for all n > 5.
For the case 2 6 n 6 k + 1, we use the identity (3.7) and so the Diophantine equation

(6.1) transforms into

F2n−1 = a

(
10d1 − 1

9

)
+ (b− a)10d2 . (6.4)

According to the main result in [3], we deduce that the only solution for (6.4) is F13 = 233.
Thus, from now, we assume that n > k + 2.

6.2.1 An inequality for n versus k

Here, we will establish an inequality for n in relation with k, by showing the following lemma.

Lemma 6.3. If (a, b, k, d1, d2, n) is a solution in positive integers of equation (6.1) with
k > 2 and n > k + 2, then we have the following inequality

n < 6.21 · 1031k8 log5 k. (6.5)

Proof. Using estimate provided in (3.5), we obtain

P (k)
n = gk(α)αn + ek(n), where |ek(n)| < 1

2
,

then, we can express equation (6.1) as

gk(α)αn + ek(n) = a

(
10d1 − 1

9

)
+ (b− a)10d2 , (6.6)

that is,

gk(α)αn − a10d1

9
= −ek(n)− a/9− (b− a)10d2 . (6.7)

By taking the absolute value and dividing both sides by a10d1/9, we get

|Γ1| 6
9/2

10d1
+

1

10d1
+
|b− a| (9/a)

10d1−d2
<

78

10d1−d2
, (6.8)

where
Γ1 := gk(α)9/a · αn · 10−d1 − 1. (6.9)

Define
Λ1 := n logα− d1 log 10 + log (gk(α)9/a) . (6.10)
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Then, from (6.8)

|eΛ1 − 1| = |Γ1| <
78

10d1−d2
. (6.11)

Note that Λ1 6= 0 since Γ1 6= 0, otherwise we would get

a10d1

9
= gk(α) · αn.

After applying an automorphism from the Galois group of the decomposition field Ψ(x) over
Q to the above relation and then taking absolute values, we conclude that for any i > 2, we
have

100 <
103

9
6
a10d1

9
= |gk(αi)| · |αi|n < 1,

which is a contradiction. So, we distinguish the following two cases.
If Λ1 > 0, then from (6.11) and using the fact that x 6 ex − 1 for all x ∈ R we obtain

|Λ1| = Λ1 6 eΛ1 − 1 = |eΛ1 − 1| < 78

10d1−d2
.

If Λ1 < 0, then 1 − eΛ1 = |eΛ1 − 1| < 78

10d1−d2
<

1

2
, which is valid for d1 − d2 > 3. From

this, we get eΛ1 > 1
2
and so e|Λ1| = e−Λ1 < 2. As a result, we deduce that

0 < |Λ1| 6 e|Λ1| − 1 = e|Λ1||eΛ1 − 1| < 156

10d1−d2
.

In both cases, we have

0 < |Λ1| <
156

10d1−d2
.

Now, in view to apply Theorem 1.25 to Λ1, we consider the following parameters:

(η1, b1) := (α, n), (η2, b2) := (10,−d1), (η3, b3) := (gk(α)9/a, 1),

where η1, η2, η3 ∈ K := Q(α), with dK = k. By (6.2), we take B := n.
Since h(η1) = (logα)/k < 2 logϕ/k and h(η2) = log 10. For h(η3), we use the properties
(1.1)-(1.3) and the estimate (3.4). Then, it follows that

h(η3) = h(gk(α)9/a) < 4 logϕ+ log(k + 1) + log 9
< 7.6 log k,

for all k > 2. Consequently, we have the flexibility to select

h′(η1) := max

{
h(η1),

|log η1|
k

,
1

k

}
=

1

k
,

h′(η2) := max

{
h(η2),

|log η2|
k

,
1

k

}
= log 10,

and
h′(η3) := max

{
h(η3),

|log η3|
k

,
1

k

}
= 7.6 log k.

With these considerations in mind, we are now equipped to apply Theorem 1.25 and derive

log(|Γ1|) > −18 · 4! · 34 · (32k)5 · (7.6 log k) · (1/k) · log 10 · log(6k) log n
> −2.1 · 1013k4 log(6k) log n.
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Comparing this lower bound with the upper bound of |Λ1| provided by (6.11) and using the
fact that log(6k) < 3.6 log k which is valid for all k > 2, we arrive at

(d1 − d2) log 10 < 8 · 1013k4 log2 k log n. (6.12)

Now, let us express equation (6.1) in another manner to derive a second linear expression in
logarithms. To achieve this, we use estimate (3.5) once again to obtain

gk(α)αn − 10d1
(
(a/9) + (b− a)10d2−d1

)
= −a/9− ek(n). (6.13)

As previously done, by taking the absolute value, dividing both sides by gk(α)αn and using
the fact that gk(α) > 0.276, we obtain

|Γ2| 6
3

2gk(α)αn
<

5.5

αn
, (6.14)

where
Γ2 := g−1

k (α)
(
(a/9) + (b− a)10d2−d1

)
· α−n · 10d1 · −1. (6.15)

Define
Λ2 = −n logα + d1 log 10 + log

(
g−1
k (α)((a/9) + (b− a)10d2−d1)

)
. (6.16)

Using the similar argument that has been used above for Λ1 to show that Λ2 is not zero
too and following the same way with |Γ2| = |eΛ2 − 1| to achieve

0 < |Λ2| <
11

αn
. (6.17)

Now, we will apply Theorem 1.25 to Λ2. For this application, we select the following
parameters:

(η1, b1) := (α,−n), (η2, b2) := (10, d1),

and
(η3, b3) := (g−1

k (α)
(
(a/9) + (b− a)10d2−d1

)
, 1).

Once again, let K := Q(α) and dK = k. As previously, we can choose h′(η1) :=
1

k
, and

h′(η2) := log 10. Now, we still need to calculate h′(η3). With the help of the estimates (3.4),
(6.12), and the proprieties (1.1)-(1.3), we obtain

h(η3) 6 h(gk(α)−1) + h((a/9) + (b− a)10d2−d1)
6 4 logϕ+ log(k + 1) + h(a/9) + h(b− a) + h(10d2−d1) + log 2
6 4 logϕ+ log(k + 1) + log(144) + |d2 − d1| log 10
< 8.1× 1013k4 log2 k log n,

for all k > 2. This implies that

h′(η3) := max

{
h(η3),

|log η3|
k

,
1

k

}
< 8.1× 1013k4 log2 k log n.

By choosing B := n, we can apply Theorem 1.25 to Λ2 and compare the resulting inequality
with (6.17) to have

n logα < 7.9× 1026k8 log3 k log2 n.

Consequently, we obtain
n

log2 n
< 1.64× 1027k8 log3 k. (6.18)
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Using Lemma 1.31, with T := 1.64 × 1027k8 log3 k, and considering the inequality 62.7 +
8 log k + 3 log log k < 97 log k, for all k > 2, we get

n < 4(1.64 · 1027k8 log3 k)
(
log(1.64 · 1027k8 log3 k)

)2

< (6.6 · 1027k8 log3 k)(62.7 + 8 log k + 3 log log k)2

< 6.21 · 1031k8 log5 k.

This concludes the proof of Lemma 6.3.

6.2.2 The case 2 6 k 6 650

In this subsection, we analyze the case 2 6 k 6 650. As seen previously, we put

Λ1 := n logα− d1 log 10 + log(gk(α)9/a), (6.19)

where
|Λ1| <

156

10d1−d2
. (6.20)

Thus, we obtain ∣∣∣∣n · logα

log 10
− d1 +

log(gk(α)9/a)

log 10

∣∣∣∣ < 156

log 10
· 10−(d1−d2). (6.21)

To apply Lemma 1.27 to Λ1, for all a ∈ {1, . . . , 9}, let us take

γ :=
logα

log 10
, µ(k,a) :=

log(gk(α)9/a)

log 10
, and (A,B) := (67.8, 10).

For each k ∈ [2, 650] and a ∈ {1, . . . , 9}, we find a good approximation of γ and a convergent
p`/q` of the continued fraction of γ such that q` > 6Mk and ε = ε(k,a) = ‖µ(k,a)q`‖ −
Mk‖γq`‖ > 0, whereMk := b6.21×1031k8 log5 kc, which is an upper bound of n from Lemma
6.3. Using Mathematica, we see that q134 satisfies the conditions of Lemma 1.27. After doing
this, we use Lemma 1.27 on inequality (6.21). A computer program with Mathematica shows

for k = 485 and a = 5 that ε(k,a) > 0.00003327 and the maximum value of
log(Aq/ε)

logB
, for

k ∈ [2, 650] and a ∈ {1, . . . , 9}, is 64.4623, which is an upper bound of d1 − d2 by Lemma
1.27.
Now, we consider 1 6 d1 − d2 6 64 and

Λ2 = −n logα + d1 log 10 + log
(
g−1
k (α)((a/9) + (b− a)10d2−d1)

)
, (6.22)

where
|Λ2| <

11

αn
. (6.23)

So, we deduce that∣∣∣∣∣−n · logα

log 10
+ d1 +

log
(
g−1
k (α)((a/9) + (b− a)10d2−d1)

)
log 10

∣∣∣∣∣ < 11

log 10
· α−n. (6.24)

To apply Lemma 1.27, for each d1 − d2 ∈ {1, . . . , 64}, a ∈ {1, . . . , 9}, and b ∈ {0, . . . , 9}, we
fix

γ :=
logα

log 10
, µ(k,d1−d2,a,b) :=

log
(
g−1
k (α)((a/9) + (b− a)10d2−d1)

)
log 10

,
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and
(A,B) := (4.8, α).

Again, for each k ∈ [2, 650], d1 − d2 ∈ {1, . . . , 64}, a ∈ {1, . . . , 9} and b ∈ {0, . . . , 9},
we find a good approximation of γ and a convergent p`/q` of the continued fraction of γ
such that q` > 6Mk and ε = ε(k,d1−d2,a,b) = ‖µ(k,d1−d2,a,b)q`‖ −Mk‖γq`‖ > 0, where Mk :=
b6.31× 1031k8 log5 kc, which is an upper bound of n from Lemma 6.3. We use Mathematica
to see that q137 satisfies the conditions of Lemma 1.27. After doing this, we use Lemma 1.27
on inequality (6.24). A computer program in Mathematica reveales for k = 550, d1−d2 = 36,

a = 7, and b = 5, that ε(k,d1−d2,a,b) > 2.20× 10−6 and the maximum value of
log(Aq/ε)

logB
, for

k ∈ [2, 650], d1 − d2 ∈ {1, . . . , 64}, a ∈ {1, . . . , 9} and b ∈ {0, . . . , 9}, is 159.911, which is an
upper bound of n by Lemma 1.27.

Finally, we use Mathematica to compare P (k)
n and a

(
10d1 − 1

9

)
+(b−a)10d2 , for the ranges

2 6 k 6 650, k + 2 6 n 6 159, 1 6 a 6 9 and 0 6 b 6 9, with 0 6 d2 < d1 < 0.42n + 1.6
and check that the only solutions of equation (6.1) are those listed in Theorem 6.1.

6.2.3 The case k > 650

In this subsection, we treat the case k > 650. For this, we prove the following result.

Lemma 6.4. If (a, b, k, d1, d2, n) is a solution in positive integers of equation (6.1) with
k > 2 and n > k + 2, then we have the following inequality

k < 5.2× 1035 and n < 1.3× 10327. (6.25)

Proof. If k > 650, the following inequalities are valid

n < 6.21 · 1031k8 log5 k < ϕk/2.

At this point, we use the estimation from Lemma 1.21 in (6.7) to obtain∣∣∣∣ ϕ2n

ϕ+ 2
− a10d1

9

∣∣∣∣ 6 ϕ2n

ϕ+ 2
.

4

ϕk/2
+

3

2
+ 8 · 10d2 .

By dividing both sides by a10d1/9, we obtain

|Γ3| <
ϕ2n

ϕ+ 2
· 4

ϕk/2
9

a10d1
+

27

2 · 10d1
+

72

10d1−d2

<
36

2k/2
+

14

10d1
+

72

10d1−d2

<
26

2k/2
+

24

10d1
+

27

10d1−d2

<
1/4

2k/2−8
+

1/4

2d1
log 10
log 2

−6
+

1/4

2(d1−d2) log 10
log 2

−9
.

Note that the above estimate was obtained as follows

ϕ2n

ϕ+ 2
· 9

a10d1
6

1

|1 + ζ|

(
9P

(k)
n

a10d1
+

9

2a10d1

)
6

1

0.999

(
1 +

1.5

10d1
+

72

10d1−d2

)
6

1

0.999

(
1 +

1

103
+

72

10

)
< 9.
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Consequently, we have

|Γ3| := |ϕ2n · 10−d1 · 9/a(ϕ+ 2)− 1| < 1

2λ
, (6.26)

where
λ := min

{
(k/2)− 8, (d1 − d2)

log 10

log 2
− 9

}
.

In order to apply Theorem 1.25, let us define

Λ3 := 2n logϕ− d1 log 10 + log(9/a(ϕ+ 2)).

Note that the left-hand side of (6.26) is not zero, since if not, we would get

a

9
(ϕ+ 2)10d1 = ϕ2n. (6.27)

Conjugating the above relation in Q(
√

5), we get

a

9
(ϕ+ 2)10d1 = ϕ2n, (6.28)

where ϕ = (1 −
√

5)/2. Putting (6.27) and (6.28) together we obtain that F2n = a10d1/9
implies that a = 9 and so F2n = 10d1 . Or, there are no powers of 10 in the Fibonacci
sequence. Hence we ensure that Γ3 6= 0 and so Λ3 6= 0.
From (6.26), we deduce that

|eΛ3 − 1| = |Γ3| <
1

2λ
. (6.29)

If Λ3 > 0, then |eΛ3 − 1| = eΛ3 − 1 and so from (6.29), we obtain

0 < Λ3 6 eΛ3 − 1 = |eΛ3 − 1| < 1

2λ
.

If Λ3 < 0, then 1− eΛ3 = |eΛ3 − 1| < 1

2λ
<

1

2
, which holds, for λ > 1. So, we get e|Λ3| < 2.

Consequently, we have

0 < |Λ3| 6 e|Λ3| − 1 = e|Λ3||eΛ3 − 1| < 2

2λ
.

So, in all cases we have

0 < |Λ3| <
2

2λ
. (6.30)

Now, we are allowed to apply Theorem 1.25 by taking the following parameters

(η1, b1) := (ϕ2, n), (η2, b2) := (10,−d1), (η3, b3) := (9/a(ϕ+ 2), 1).

The positive real numbers η1, η2 and η3 belong to K = Q(ϕ) = Q(
√

5). Therefore, we take
dK = 2. Next, we can also take B := n.
Since h(η1) = logϕ, h(η2) = log 10 and h(η3) 6 h(a/9) + h(ϕ + 2) 6 log 9 + (log 5)/2.

Then, we take

h′(η1) :=
1

2
= max

{
h(η1),

|log η1|
2

,
1

2

}
,

h′(η2) := log 10 = max

{
h(η2),

|log η2|
2

,
1

2

}
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and
h′(η3) := 3.5 > max

{
h(η3),

|log η3|
2

,
1

2

}
.

Thus, the application of Theorem 1.25 leads to obtain

log(|Λ3|) > −18 · 4! · 34 · (64)5 · (log 12) · (1/2) · log 10 · 3.5 · log n
> −3.77 · 1014 log n.

(6.31)

Comparing (6.30) and (6.31), then we obtain

λ < 5.44× 1014 log n.

Recall that by Lemma 6.3, we have n < 6.21 · 1031k8 log5 k. By considering that 73.21 +
8 log k + 5 log log k < 21 log k, which is valid for all k > 650, we deduce

λ < 5.44× 1014 log(6.21 · 1031k8 log5 k)
< 5.44× 1014(73.21 + 8 log k + 5 log log k)
< 5.44× 1014 · 21 log k
< 1.15× 1016 · log k.

If λ = k/2− 8, then we obtain k < 2.31× 1016 log k. Solving this inequality and applying
Lemma 6.3, we get

k < 9.6× 1017 and n < 5.5× 10183.

If λ = (d1 − d2) log 10
log 2
− 9, then we obtain

d1 − d2 < 3.5× 1015 log k.

In this case, we need to return to equation (6.1) and rewrite it differently by using again the
estimate from Lemma 1.21 in (6.13) and hence we obtain∣∣∣∣ ϕ2n

ϕ+ 2
− a10d1

9
− (b− a)10d2

∣∣∣∣ 6 3

2
+

ϕ2n

ϕ+ 2
· 4

ϕk/2
.

Then, by dividing both sides by
ϕ2n

ϕ+ 2
and using the fact that n > k + 2, we derive

|Γ4| <
3

2
· ϕ+ 2

ϕ2n
+

4

ϕk/2
<

4

ϕk/2
+

3(ϕ+ 2)

2ϕ2k+4
<

9.5

ϕk/2
.

Consequently, we have

|Γ4| :=
∣∣(ϕ+ 2)((a/9) + (b− a)10d2−d1) · 10d1 · ϕ−2n − 1

∣∣ < 9.5

ϕk/2
. (6.32)

For another application of Theorem 1.25, we define

Λ4 := −2n logϕ+ d1 log 10 + log((ϕ+ 2)((a/9) + (b− a)10d2−d1). (6.33)

Note that Λ4 6= 0 since Γ4 6= 0 and as done with |Λ3|, we obtain

0 < |Λ4| <
19

ϕk/2
. (6.34)

For applying Theorem 1.25, we take

(η1, b1) := (ϕ2,−n), (η2, b2) := (10, d1),

73



6.2. The proof of Theorem 6.1 Chapter 6. Almost Repdigits in k-Pell sequences

and
(η3, b3) := ((ϕ+ 2)((a/9) + (b− a)10d2−d1 , 1).

Once again, we take K = Q(ϕ) = Q(
√

5) with dK = 2 and B := n. Then, as above we can
take h′(η1) = 1/2 and h′(η2) = log 10. For h′(η3), let us compute h(η3) as follows

h(η3) = h((ϕ+ 2)((a/9) + (b− a)10d2−d1)
6 h(ϕ+ 2) + h(a/9) + h(b− a) + |d2 − d1| log 10 + log 2
< (log 5)/2 + log 9 + log 8 + (d1 − d2) log 10 + log 2
< 8.1× 1015 log k.

This implies that

h′(η3) := 8.1× 1015 log k > max

{
h(η3),

|log η3|
2

,
1

2

}
.

Therefore, applying Theorem 1.25 and making the resulting inequality with (6.34) yields

k/2(logϕ) < 8.72× 1029 log k log n.

Using Lemma 6.3 and the inequality 73.21 + 8 log k+ 5 log log k < 21 log k, which is valid for
all k > 650, we get

k < 7.62× 1031 log2 k.

Solving this inequality and applying Lemma 6.3, we obtain

k < 5.2× 1035 and n < 1.3× 10327. (6.35)

This completes the proof of Lemma 6.4.

6.2.4 Reducing the bound on k

This subsection is devoted to reduce upper bounds, obtained in Lemma 6.4, which are too
large. Put

Λ3 := 2n logϕ− d1 log 10 + log((9/a)(ϕ+ 2)).

From (6.30), we derive

0 <

∣∣∣∣n · 2 logϕ

log 10
− d1 +

log((9/a)(ϕ+ 2))

log 10

∣∣∣∣ < 2

log 10
· 2−λ. (6.36)

Then, for all a ∈ {1, . . . , 9}, we apply Lemma 1.27 with the following data

γ :=
2 logϕ

log 10
, µa :=

log((9/a)(ϕ+ 2))

log 10
, and (A,B) := (

2

log 10
, 2).

Moreover, we takeM := 1.3×10327, which serves as an upper bound on n according to (6.35)
in view to reduce it by applying Lemma 1.27 on inequality (6.36). We use Mathematica to
see that q649 fulfills the conditions specified in Lemma 1.27. Then, for each a ∈ {1, . . . , 9},
we find

0.00007162 < εa = ‖µaq649‖ −M · ‖γq649‖.

Consequently, from Lemma 1.27, we obtain

λ < 1117.
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Let’s proceed with the reduction process for each case of λ individually to achieve the reduced
bound on k.
If λ = k/2− 8. Then, k < 2250.
If λ = (d1 − d2) log 10

log 2
− 9. Then d1 − d2 < 339. Let us fix 1 6 d1 − d2 6 338 and put

Λ4 := −2n logϕ+ d1 log 10 + log((ϕ+ 2)((a/9) + (b− a)10d2−d1).

From (6.34), we obtain

0 <

∣∣∣∣−n · 2 logϕ

log 10
+ d1 +

log((ϕ+ 2)((a/9) + (b− a)10d2−d1)

log 10

∣∣∣∣ < 19

log 10
· ϕ−(k/2).

For this application of Lemma 1.27, we take

γ :=
2 logϕ

log 10
, µ(a,b,d1−d2) :=

log((ϕ+ 2)((a/9) + (b− a)10d2−d1)

log 10
,

and
(A,B) := (

19

log 10
, ϕ).

Using Mathematica, we find again that q = q649 satisfies the conditions of Lemma 1.27 and
thus we obtain

6.36× 10−6 < ε(9,3,73) 6 ε(a,b,d1−d2).

By Lemma 1.27, we derive
k < 3236.

With this new upper bound on k, we obtain n < 2.6× 1064. We now proceed as before but
with M := 2.6× 1064 and q = q157. Thus, we find that

0.0074 < εa = ‖µaq157‖ −M · ‖γq157‖.

Then, by Lemma 1.27 we obtain that

λ < 241.

Thus, if λ = k/2− 8, then k < 498, whereas λ = (d1 − d2) log 10
log 2
− 9 yields

d1 − d2 < 76.

We work on Λ4 as we did previously but with q157. Thus, we find that

7.48× 10−6 < ε(4,2,64) 6 ε(a,b,d1−d2).

From Lemma 1.27, we find
k < 730.

With this improved bound on k, we apply again Lemma 1.27 with M := 6.3 × 1058 and
q = q144. By repeating the same previous steps, we find k < 656.
Once again, for another application of Lemma 1.27. this time with M := 2.5 × 1058

and q = q143, we achieve k < 648, which contradicts our assumption that k > 650. This
completes the proof of Theorem 6.1.
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6.3 The k-Pell Numbers as powers of 10

If a = 0, then equation (6.1) becomes

P (k)
n = b10d2 . (6.37)

It’s obvious that b 6= 0. We will use the previous bounds on the variables with minor
adjustments. Therefore, we will also adhere the precious notations.
From (6.37), Λ2 as presented in (6.16), is valid as follows

|Λ′2| := | − n logα + d2 log 10 + log(b.g−1
k (α))| < 4

αn
.

For the same reason as above, Λ′2 6= 0. This allows us to apply Theorem 1.25 on Λ′2 6= 0 with

(η1, b1) := (α,−n), (η2, b2) := (10, d2), (η3, b3) := (bg−1
k (α), 1).

Then, we get
h(η3) 6 h(b) + h(gk(α)−1)

6 log 9 + 4 logϕ+ log(k + 1)
< 7.6 log k.

Thus, we take

h′(η1) =
1

k
, h′(η2) = log 10, and h′(η3) = 7.6 log k.

By utilizing the bound provided in (3.6) along with (6.37), we find that d2 log 10 < (n −
1) logϕ, implying that d2 < n − 1. Applying Theorem 1.25, similarly to our approach for
Λ2, we obtain that

n < 1.65× 1014k4 log2 k log n.

Using Lemma 1.31, with T := 1.65 × 1014k4 log2 k, and considering the inequality 32.74 +
4 log k + 2 log log k < 51 log k, we obtain

n < 1.72× 1018k4 log4 k. (6.38)

6.3.1 The case 2 6 k 6 650

Considering again

|Λ′2| := | − n logα + d2 log 10 + log(b.g−1
k (α))| < 4

αn
.

Thus, we obtain ∣∣∣∣−n · logα

log 10
+ d2 +

(bg−1
k (α))

log 10

∣∣∣∣ < 1.8 · αn. (6.39)

Then, for all b ∈ {1, . . . , 9}, we apply Lemma 1.27 by taking

γ :=
logα

log 10
, µ(k,b) :=

log(bg−1
k (α))

log 10
, (A,B) := (1.8, α).

For each k ∈ [2, 650] and b ∈ {1, . . . , 9}, we find a good approximation of γ and a convergent
p`/q` of the continued fraction of γ such that q` > 6Mk and ε = ε(k,b) = ‖µ(k,b)q`‖−Mk‖γq`‖ >
0, where Mk := b1.72 × 1018k4 log4 kc, which is an upper bound of n from (6.38). Using
Mathematica, we see that q76 meets the conditions of Lemma 1.27. After doing this, we use
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Lemma 1.27 on inequality (6.39). A computer program in Mathematica helps to see that, for

k = 474 and b = 9, ε(k,b) > 0.000014 and the maximum value of
log(Aq/ε)

logB
, for k ∈ [2, 650]

and b ∈ {1, . . . , 9}, is 91.2789, which is an upper bound of n by Lemma 1.27.
We deduce that the same bound holds for the case a = 0. Consequently, we use again

Mathematica to ensure that equation (6.37) has no solutions in this case.

6.3.2 The case k > 650

From (6.33), we define

|Λ′4| := −2n logϕ+ d2 log 10 + log(b(ϕ+ 2)),

where,

0 < |Λ′4| <
12

ϕk/2
. (6.40)

To apply Lemma 1.27 to Λ′4, let us consider

(η1, b1) := (ϕ2,−n), (η2, b2) := (10, d2), (η3, b3) := (b(ϕ+ 2), 1).

Then, h(η3) = h(b(ϕ+ 2)) 6 h(b) + h(ϕ+ 2) < 3.1. Thus, we take

h′(η1) =
1

2
, h′(η2) = log 10 and h′(η3) = 3.1.

Therefore, we find
k < 7× 1017 and n < 1.2× 1096. (6.41)

As we did before, we reduce these bounds and let put again

|Λ′4| := −2n logϕ+ d2 log 10 + log(b(ϕ+ 2)).

From (6.40), we have

0 <

∣∣∣∣−n · 2 logϕ

log 10
+ d2 +

log(b(ϕ+ 2)

log 10

∣∣∣∣ < 12

log 10
· ϕ−(k/2).

for each b ∈ {1, . . . , 9}, we apply Lemma 1.27 by setting

γ :=
2 logϕ

log 10
, µb :=

log(b(ϕ+ 2))

log 10
, and (A,B) := (

12

log 10
, ϕ).

For the first application of Lemma 1.27, by using Mathematica we find that q209 satisfies the
conditions requiered in Lemma 1.27 which gives 0.0245732 6 εb = ‖µbq209‖ −M · ‖γq209‖
and then k < 974. Thus, we obtain a reduced bound for (6.41). We repeat the same
reduction algorithm with M = 3.4× 1033 and q79 and as a result we obtain 0.123356 6 εb =
‖µbq79‖−M · ‖γq79‖and k < 358. So, in all cases, we have k < 650 which is a contradiction.
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Conclusion

In this thesis, we have investigated several Diophantine equations involving generalized se-
quences. Specifically, we constructed Diophantine equations using Fibonacci, Lucas, and Pell
sequences. These equations were examined in connection with Fermat numbers, Mersenne
numbers, and repdigits, considering various distinct cases.
The resolution of these equations relied primarily on Baker’s method, mainly based on

linear forms in logarithms of algebraic numbers. A central tool in our approach was the
Baker-Davenport reduction method, which played a crucial role in refining upper bounds
and facilitating the determination of integer solutions.
By combining these techniques with careful analysis of the properties of the generalized

sequences, we were able to achieve significant progress in understanding the interplay between
Diophantine equations and the algebraic and arithmetic structures of the sequences involved.
This work not only addresses specific questions in the field but also highlights the potential
of these methods for broader applications in number theory.
A natural perspective arising from this thesis is to explore whether similar studies can

be conducted with other families of sequences. One could investigate generalized forms of
other well-known sequences, and analyze their interplay with Fermat numbers, Mersenne
numbers, or repdigits. Extending the methods and techniques developed in this thesis, such
as those involving linear forms in logarithms and the Baker-Davenport reduction, could
provide valuable insights into the solvability of new classes of Diophantine equations.
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