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Introduction

This thesis is devoted to the study of boundary value-problems of the type

8
< i)' =g u)in (0,1)

0.1
- w(0)=u() =0 O

where X is a real parameter, ¢ is an odd increasing homeomorphism of R and g is a continuous
function.

Note that the dicerential operator u ¥ (p (uo))0 is not linear, so the problems of the kind
of (0.1) are called strongly nonlinear B.V.P’s. Also, when ¢ (u) = u, (¢ () = «¥ is the
%Iassical ope dimensional Laplacian and when ¢ (u) = ¢, (u) = juP 2 uwith p> 1, (¢ (W) =

ju"jpi2 o 0 is the one dimensional p-Laplacian which_is linear if and only if p = 2.

The p-laplacian operator €,u = div jrufPi2ru , p > 1, has been widely investigated
during the last two decades. Indeed, many physical phenomena are modeled by equations
involving this operator. For instance, the p-laplacian operator appears in the study of non-
Newtonian Fuids. When studying the laws of motion of fuid media Newtonian fuids are those
for which the stress tensor 7 is proprtional to the velocity gradient du/0x. But, this relation is
satis..ed for alimited actual fuid media. The motions of such non-newtonian fuids are studied in
rheology (see Astarita and Marruci [28]). Usually the relation between the shear stress = and the
gradient velocity ruis sbstitutied in the power rheological law 7 = jou/dzj? 12 du/dx p > 1.
The constants i and p are the rheological characteristics of the meduim. Media with p > 2 are
called dilatant fuids and those with p > 2 are called pseudo-plastic.

Also, the p-laplacian operator ¢, with p & 2 appears in many others context. It’s used in
some reaction dimusion problems ( see Aris [25] ) as well as in fow through porous media (for
instance in fow through rock ..lled dams, see Ahmed and Sunada [13] or Volquer [119]). Also,
¢, appears in nonlinear elasticity (see E.G. Oden [84]), glaceology (see Pelissier [89]), petrolum
extraction (see Schoenawer [101]), Some geometrical interest p _ 2 (see Uhlenbeck [112]).

In chapter 1, we present the quadrature method for the one dimensional p-Laplacian. This



method allows us to study the the structure of the solution set of the problem (0.1) when
o) =, (u) = jujpi2 u . Besides, this method well known in the litterature as the ““ time-map
approach ” will be used in chapters 2, 3, 4 and 5.

In the second, chapter we consider problem (0.1) with ¢ =, and g(\,z) = Af () for all
x 2 R where f is a cubic-like nonlinearity. More precisely, f is odd and admits a positive simple
zero o such that f >01in (0,a) and f <0in (o, +1).

In the chapter 3, we look for the exact number of positive solutions of problem (0.1) when
¢ = ¢, and g(\,z) = Af (z) for all z 2 R. We examine the cases f is positive in R, f vanishes
once and f vanishes at least twice.

In the chapter 4, we investigate the case where ¢ = ¢, and g (\, z) =jzj” j Afor all z 2 R.
Note that in this case g is even and superlinear. In the case A - 0 we give an exact description
of the solution set of problem (0.1) and in the case A > 0 we give an uniqueness result for the
positive and negative solutions and a lower bound for the sign changing solutions.

The chapter 5 deals with the case ¢ = ¢, and g (\,x) = ¢, (z) + Ao (z) for all z 2 R where
«, B > lare real parameters. This problem has been suggested by A. Ambrosetti, H. Brezis
and G. Cerami in [17].

In chapter 6, an uniqueness result is given when the inverse function of ¢ is Lipschitzian and
g\, z) =\f () forall z 2 R* with f is C* on R* and its derivate is bounded . To prove this
result we make use of the Leray-Schauder continuation theorem.

In chapter 7, a complete description of the solution set to problem (0.1) is established when
g(\,x)= f(x)for all x 2 R and, ¢ and f have opposite concavities. This result is obtained by
means of the bifurcation theory of P.H. Rabinowitz.

We end this thesis by some concluding remarks and open questions.



Chapter 1

Quadrature method for the one
dimensional p-Laplacian and

applications

Annales de Mathématiques 6 (1998), pp. 13-21.

1.1 Introduction

In this chapter, we present a method which helps one to study the solution set of boundary-value

problems of the type s

< .

i 0¢0_ .
i o) =g in ( B)
- u(a) =u(B)=0

where p > 1, ¢, () —J:cjp' x forall z 2 R, and g is a real continuous function.

The operator u A <pp (u°) is called the p-Laplacaian and is linear if and only if p = 2. The
quadrature method is well known in the literature. It is also known as time maps approach.

At the begining of time map history, many authors used the one dimensional Laplacian
operator, that is, with the one dimensional p-Laplacian and p = 2. Starting from the 1960’s, we
can mention the works by Opial [85], [86], Urabe [113], [114], [115], [116], [117], Pimbley [90],
[91], Gavalas [68].

In the early 1970’s, Laetsch [76] used the time map to study positive solutions to a class of
boundary-value problems with Dirichlet boundary data. Since then many authors have referred

to his work. We also want to mention Chafee and Infante [43], and Chafee [44]. Brown and



Budin [34], [35] used the time map approach to study positive solutions to some boundary-value
problems. Independently and about the same time, De-Mottoni and Tesei [52] studied positive
solutions of some other class of boundary-value problems by means of the same method.

In the early 1980’s, Smoller and Wasserman [106] introduced a technique that, in some cir-
cumstances, can be used to prove uniqueness of the critical point of time maps. Subsequently
their technique has been used by many authors (see for instance, Ammar Khodja [20], Ra-
maswamy [96], S. H. Wang and Kazarinoz, [126], [127], S. H. Wang and F. P. Lee [128], S. H.
Wang [120], [121], [123], and recently by Addou and Benmezai [9]).

The study of sign-changing solutions by means of time maps was initiated by De-Mottoni
and Tesei [53] and independently, some years later, by Shivaji [105].

During the last two decades, time maps have been used in many works. Further to the
above mentioned papers, we want to add the following ones: Addou and Ammar Khodja [5],
Anuradha, Shivaji and Zhu [22], [23], Anuradha and Shivaji [21], Anuradha, C. Brown and
Shivaji [24], K. Brown, Ibrahim and Shivaji [36], Brunovsky and Chow [37], Castro and Shivaji
[39], [41], Ding and Zanolin [56], [57], Fernandes [58], Fonda and Zanolin [59], Fonda, Gossez
and Zanolin [60], Schaaf [100], Shivaji [103], [104], [105], Smoller, Tromba and Wasserman [110],
Smoller and Wasserman [107], [108], [109]. Notice that this list is in alphabetical order, and
is not exhaustive. The dicerential operator in the equations studied in these papers is the
p-Laplacian with p = 2.

The paper by Guedda and Veron [69] seems to be the ..rst one dealing with time maps
approach when the dicerential operator is the one dimensional p j Laplacian with p > 1. Next,
we mention the papers by Del Pino and Manasevich [51], Manasevich and Zanolin [80] and
Manasevich et al. [81].

Notice that time maps were also used when the dicerential operator generalizes the p-Laplacian:
see for instance Arrazola and Ubilla [27], Garcia-Huidobro et al. [62], [63], [64], [65], [66],
Garcia-Huidobro and Ubilla [67], and Ubilla [111]. (See also, Huang and Metzen [72]).

1.2 Notations

In order to state the main results let us de..ne for any k£ 2 N°, the sets

8 8]
< 42 C (o, A]) : uadmits exactly (ki 1) zero(s) in («, 3) =

SF = ]
Bt all simple, u(a) =u (8) =0and u (@) > 0 >

Si=iSyand S,=S; [Sk.



De..nition 1 Let u 2 C (Ja, 5]) and z1 < x> are two consecutive zeros of . We call I-hump
of u the restriction of « to the open interval I = (z1, x2). When there is no confusion we say a

hump of w.

With this de..nition in mind, each function in S; has exactly & humps such that the ..rst
one is positive, the second is negative, and so on with alternations.

Let A7 (k . 1) be the subset of S} consisting of the functions v satisfying:

2 Every hump of « is symmetrical about the center of the interval of its de..nition.

2 Every positive (resp. negative) hump of u can be obtained by translating the ..rst positive

(resp. negative) hump.
2 The derivative of each hump of » vanishes once and only once.

Let A} = jA; and A, = A [A}.
Let B (k . 1) be the subset of C* ([, 8]) consisting of the functions v satisfying:

2 4(z) . 0, 822[a, A, and u(e) =u(B) =" (a) =0.
2 y admits exactly (£ j 1) zero(s), all double, in the open interval (o, 53).
2 fk>1,uis((B i o) /k) iperiodic.

2 Every hump of u (necessarily positive) is symmetrical about the center of the interval of

its de..nition.

2 The derivative of each hump of » vanishes once and only once.

Let Bi = jB; and B, =B, [ Bj}.
1.3 Description of the method

Consider the boundary value problem

8 ] ¢
< ile, @) =g@in 01

_ (1.2
- u@=u(@)=0



where p is a real parameter and the nonlinearity gare such that
g2C(RR)and 1l <p< +1L 1.2

and ¢, (z) =jaj’ "z forall 2 2 R,

By a solution to problem (1.1) we mean a function u 2 C ([0, 1]) satisfying j igop (uo)¢0 =
g(@)in (0,1) and » (0) =u (1) = 0. 5 .

Throughout this chapter p' will designe the conjugate exponent of p %+;}U— =1 while
G(s) = ROS g (t)dt.

The ..rst result in this section which is the key of the method, is

Lemma 2 If w is solution to problem (1.1) then there exists a constant £ _ Osuch that for all

x 2 [0, 1] ,we have the energy equation
(@) " +p'G (u(2)) = EP (1.3)

Proof Observe that ~ ~
- - i ¢e
u' (@) ' =10 g, (@)

R
where ©p (z) = o ¢ () dt.
Thus,

- - ¢ i i ¢
AP+ PG ) =p o, i+ g ()l =0in (0,1)

So the lemma follows. B

Forany £ _ Oand v = §, let

a

>> ©
X, (F)= s2R:vs>0,EP jpPG(s)=0and EP j PG() _08¢: 0< v <ws
© a
X, (E)= s2R:vs>0,and EP j PG() >08¢: 0< vé <ws

8

< vsup (v X, (E)) if X, (F) & ;
r, (E) = _
- 0 otherwise.

We shall also make use of the following sets,
\4 ]/2 >»> %
D= F _0:X,(F) 6&;

D,=fF _0:0<jr,(F)] <+ and vg(r, (£)) . Og

10



D;=fE>0:0<jr,(F)j <+1and vg(r, (F)) > 0g

\Y% \ \

D,=D+\D;, D=Ds\D; and D* = DL\ D?.

Proposition 3 Let « be a nontrivial solution to problem (1.1). If *Y/(0) =vEv=8and £ _ 0

\% \%4
then, the real number E belongs to D+ or D; .

Proof Since w is a nontrivial solution, there exists xg 2 (0, 1) such that u (zp) & 0.Suppose
that u(xo) > 0 and let z; 2 (0,1) be the point at which « reach its maximum value. Thus, we
have

— 0 —
u (1) —mry[%lﬁ] w(z) and w (x1) =0

We deduce from (1.3) that p'G (u (z1)) = EP and if £ 2 (0, u (z1)] then there exists ¢ 2 (0, x1]
such that £ = u(f), E? i PG (€) = EP i PG (u(®)) = ju (1) . S0, u (21) 2X+ (E)and E 2D5 . W

Proposition 4 Let « be a nontrivial solution to problem (1.1)

(@) If there exist k 2 N° such that u 2 By, then «!(0)=0and 02 D+ [ D;.

(b) If there exist & 2 N° such that u 2 Ay, then ju'(0)j 2 D+ [ D;.

Proof (i)-Suppose that « 2 B, and let p = rg[%] u () > 0. Then, one can veri..e easly that
z )
a

©
X, (0)= s2R:s>0and j pP’G() >08£2(0,s) &;

and
p =sup X+ (0)

Hence 02 D..
(ii)-Let z1be the ..rst strictly positive zero of «, and suppose that v > 0 in (0,z1). Then if

= max = max we have
p 22[0, 2] u () 22[0,1] u (),

W' (0)F i PG (p) =0,

: ¢ © : :
X, ') = s2R:s>0and ' ©0)” j p'G(¢)>082(0,5) &

and
i, ¢
r+ uw(0) =p

11



Moreover g (p) . 0 because if we suppose that g (p) < 0 then p will be a local minimum of
u.

Theorem 5 Let « be a solution to problem (1.1) such that «! (0) = vE where v=8. If E

belongs to D or DS then there exists an integer £ _ 1 such that u 2 A7

This theorem is a consequence of the following four lemmas.
Let u be a solution to problem (1.1) such that « (0) = vE where v = §and E belongs to
D3 or DY; then

Lemma 6 « has a ..nite number of zeros.

Proof Let Z (u) = fz2[0,1] /u(2) =0g and suppose that Z (u) is in..nite. Since Z (u) is
contained in the compact set [0, 1], there exists a sequence (z,,) ¥2 Z (w) converging to zx 2 Z (u).

So,
u(z) i ulz) _ o

u(za) = W (20) =n|i'rr:1L Ea——
= n

Thus, putting = zs in the energy equation (1.3) we get

0= (zn):p + PG (u () = EP

which is impossible because £ > 0.

Lemma 7 On each hump, «” vanishes once and only once.

Proof Let z1 < 22 be two consecutive zeros of v and suppose that » > 0 in (z1, ). Let
co =inffx 2 (21, ) :u’(x) =0g.
Then, co > 21 because if cg = 21 there will exist a sequence (z,) ¥ fx 2 (21, 22) : W (x) = Og

which converges to z1. Then we have
W)= B=lim oG =0

and this is impossible since 2 DS or E'2 D%. Thus, u! > 0in (2, o).
Let £ 2 (0, u(cp)), then there exist z 2 (21, co) With u (z¢) =&,
It follows from the energy equation (1.3) that

0< (Co):p =E? i PG u(xe)) = E” i PG (9

12



which yields u (co) 2 X+ (E).
Let s > u(co), s 2 X+ (E) because E? j p’G (u(co)) =0 and u (cp) < s.
Soany s 2 X4 (F) is such that s - u(co), then u(co) = r+ (E).
Also, since g (u (co)) = g (r+ (F)) > 0, u reachs at co a maximum value.
Now, let us prove that u (co) is the maximum value of u on (z1, z2) . Supose the contrary and
let
© a
e =inf 22 (cp, ) 1 (x) =0

Then, one has «! < 0 in (co,c1) and w (c1) < u(co); so there exists ¥ 2 (21, ¢o) such that

u (z") = u (c1) . We deduce from the energy equation that

¢ ¢ee

TP =T T i _uo(cl)_p=p0|G(u(cl)) i Glu'2? =0

which contradicts the de..nition of c.
Lemma 8 Each hump of « is symmetrical about the center of its interval of de..nition.

Proof Let 21 < z2 be two consecutive zeros of  and suppose that v > 0 in (21, 22) . Let ¢1 the
unique critical point of w in (21, 22) at which « reach its maximum value.

The energy equation yields
0 ©, oL
wt)= pGula))iG@)) » foralt2lz,aql

L@ =i P C0e) i Cu®))  forallt2 e, ).

Then,
ria= 2 du(t) _forall 22 [zn.c1]  (14)
o YO (G w(e) i G @)
and £ )
mio=i (O _ du (f) forall z 2[cy. 5].  (1.5)

o O RNG ) i G )’
Putting z = ¢1 in (1.4) and (1.5), he obtain

aairrar=z2ia

13



then
_Z1t+2
c] — =————.
! 2
Thus the (21, z2) ihump of u reachs its maximum value exactly at the center of (z1,22).
Now, if we observe that « j 2, = 2, i (22 + 2 i x) for all x 2 [zq, 2,] and replace in (1.4)

and (1.5), we get

)
riznn = nitaix)= du(?) I
o TP (G ()i Gu@))gr
u(zzz,zlia:)
_ du (1)

. (G ) § Gu®Ngr

Sou(z) =u(z2 +21 i x) forall z 2 [21, 22] and u is symmetrical about #52. This completes

the proof of the lemma. l

Lemma 9 Any positive (resp. negative) hump of « is the translation of the ..rst positive (resp.

negative) hump of w.

Proof Let z; < 2 < 23 < 2 be four zeros of u such that u > 0 in (21, z;) and in (z3,z4) .
We begin by showing that the intervals (z1, z2) and (z3, z4) have the same lengh.
i i ¢
From the previous lemma we deduce that u 'éi%zl = max u(z) and w'zka” = max

x2[21,22] 2 x2[23,24]

Iz+z¢ !
We have u <452 =

23tz ¢ H Iz +z ¢ s ¢ H 7
=5= = o, because if u 452 < u == | then it would exist

i ¢ ¢
y 2 Izg, &7z sych that u(y) = u 'EZ—‘-” . We deduce from the energy equation that

- - 31 Hzl +22‘IT'|T
d@) "= i )Cue)=E iy u ==
and this is a contradiction with lemma 7.
Also, we have
Z2 12 _ stz _ZO du (t)
2~ 2 'A% I
o TP (G (w) i Gu®))gr
_ R4 iz _ 3tz
= > - iz3

SO, 22 1 21 = 24 | %3.

14



Let v(z) =u(z1+ (x i z3)) forall z 2[z3, z4]. One can easly verify that

v(z) = u(a)=0
+ 21

v > 0in (z3,24) and is symmetrical about %T

also v satisfy s . ¢
< i, ) =g in (z,2)
" ()= v () =0

£ o
So, for any z 2 23,2524

S du (¢)
Ty r3 = T
o (G (w) i G(u(®))g?
Ker)
dv (t)

o (G () i G (1))

£ o]
This leads to v (z) = u(z) for all 2 2 23,%35% and using the symmetry of u and v we

deduce that v (z) = u (z) for all = 2 [23, 24] and uy, .,; is the translation of v, .,;. B

Now, we de..ne the time-maps by :
Forv =8,

T, : D,V (0,+1]
riAE)

E v T,(E)=v du

2V (E? § p'G (u))g7

For E2D=D,\D; and k2 N°

Ty (B) = k(T (E) +T; (E))

T+ (B) = Ton (E) +T,(E).
Theorem 10 Assume that (1.2) holdsandlet £ _ Oand v = 8

(i) The problem (1.1) admits a solution u, 2 A} with «{, (0) = vE if and only if £ 2 D, \

(0,+1)and 7, (F) = %; in this case the solution is unique.

(it) The problem (1.1) admits a solution v, 2 A5, (n _ 1) with W), (0) = vE if and only if

=

15



E2D\(0,+1) and T3, (F) = %; in this case the solution is unique.

(iii) The problem (1.1) admits a solution u, 2 Ay ., with «,(0) = vE if and only if £ 2

D\ (O0,+1) and 75,4 (E) = %; in this case the solution is unique.

(iv) The problem (1.1) admits a solution u, 2 BY (n _ 1) ifand only if 0 2 D, and

nT, (0) = %; in this case the solution is unique.

Proof Assume that « is a solution to problem (1.1) belonging to A7". Thus

. 11T Hl'IT
w'>0in 0,= andu’ = =0. (1.6)
2 2
It follows that
© 0 a 1
sup x2[0,1):w (t) >08t 2[0,x) :E'
By the energy equation we have
0 0i | 621 o1
vw(@)= v () iGu(E)) » forallx2 O’E . 1.7
Thus,
© i g ¢ a 1
sup z2[0,1): «w(0) " i pG() >08t2][0,z) :E;

or equivalently

a

© IR PN _1
sup z2[0,1): »'(©0) " jpG(z) >0822][0,u(z)) =3

which implies that

a

© LI P PR _1
sup s . 0: @) "jpG(() >082]0,s) =z

Also, by (1.5) it follows that

o, ¢ a, )
= _f:g)) = YW(0) 7 i PG e forall 2 0,% : (1.8)
0 0

£ o
Thus, the improper integral in (1.8) is convergent for all z 2 O,% and in particular, «! (0)
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is such that the integral
riAE)
2 N PO T
w@) " ipGE) rdg
0
converges and is equal to —%, where forall £ >0

8

(E) < sup(X+ (F)) if X+ (E)6E;
T+ =
- 0 otherwise

and
a

X+(E)=©32R: s>0,and EP j PG¢)>08:0<Eé<s .

So, if ! (0) = E, then E 2 D+ \ (0,+1) and 7% (E) = 3.

Conversely, it is possible to assign to each root Ey of the equation T4 (E) = % a unique
solution to problem (1.1) belonging to A7 and satisfying ’(0) = Ex, mr;[g’)i] u(x) = ui—% =
7+ (Eu) .

Infact, if £ 2 D+ \ (0,+1) is such that T+ (E.) = % de..ne the function on [0, r+ (Ex)] by

& a
_ © .0 it
he ()=  EFipG(§) "*dS.
0

Notice that A+ (r+ (Ex)) = T (Ea) = % and
0 © 0 %5l
hye@)= EE jpGu) "»>0forallu?2(0rs(E)).

Let u+ be the inverse function of A+ de..ned by

5

Uy () = hy () 20,74 (ER)] for all z 2 0,%

and de..ne u on [0,1] by s £

o]
< ue(@) ifz2 0,3
u(z) = _ ] £ o
“ur(liz)ifz2 51

It is easy to show that the function « is a solution to problem (1.1) belonging to A7 and

i.¢
satis..es u! (0) = Eq, r;[% u(z) = u '-% = r, (E,). Let us prove the uniqueness. Assume

that v is also a solution of the problem (1.1) belonging to A; and satisfying ' (0) = Fa,

17



i.¢C £ .o
rg[%v(x)zv'% =7+ (Ea). By (1.6), it follows that for all z 2 0,4 , we have

uZac)@ a %) a
r= ELipGE) de =  ELifG(e) Tt
0 0
Thus
%) -

a . S 1
EP i PG (&) '"Pde=0forall z2 0.5 .

u(x)

£ o
Then, v = v in 0,% , and by symmetry it follows that « = v in [0,1]. Therefore the

theorem is proved.

Theorem 11 Assume that (1.2) holds true and ¢ satis...es the following hypothesis

xzg (x) >0 for all z 2 R®

H 11
Then, if S is the solution set of problem (1.1), S % f0g [ k[l Ay

Proof We deduce from the added hypothesis in the theorem thatg < 0in(j1,0)and g > 01in
R
(0,+1).So, Gde..ned by G (x) = g”g (t) dt is strictly increasing on (0, +1), strictly decreasing

on (j1,0)and G(0) =0.
Thus, for £ > 0 the equation in the variable s

EP i P'G(s)=0
has a unique positive solution s+ (p, E) and a unique negative solution s; (p, E') such that
Ell!r2+ s+ (p, E) =0, EI!IT1 s+ E) =+1

E||!n8+ Si (p7E) =07 EI!Ir—T—ll Si (paE) =il

Now for £ > 0, straighforward computations yield
\4 \4
X+ (B) =Fs+(p,E)9, X; (E)=Ts; (p,E)Y

X+ (E) :(O’S"' (va))v Xi (E) :(Si (p,E),O)

18



Hence, we deduce that
Ds= Ds = Dg =(0,+1)

dt followﬁ from Theorem 5 that any nontrivial solution of the problem (1.1) necesserily belongs
to klgl A, 1
1.4 The locally Lipshitzian case

Consider the boundary value problem

& )
< j N = in (0,1
S i e @) =g@in 0.1) w9
- u@0)=u()=0
where p and ¢ are such that
p 2(1,2] and g is locally Lipshitzian. (1.10)

In this section, we will prove the following result

Theorem 12 Assume that (1.10) holds and let Sbe the solution set of problem (1.9), then

H 11
If g(0) =0 then S % f0g [ k[l A

H T M il
Ifg(O&0thensy [ B [ [ A

i ¢
The proof of this theorem is based on a reduction of the equation j lgop () "= g (u) into a

..Irst order dizerential equation . Taking v =, («") the previous equation becomes

8

= W=y (v)

(1.12)
P = jg )

Note that the right-handside of system (1.11) is locally Lipshitzian

Proof of the theorem (12)

The proof is devided into several steps. Let « bea nontrivial solution of problem (1.9) :

Step 1: In this ..rst step, we will prove that » has a ..nite number of zeros. Suppose the
contrary and let (z,),, be a sequence of zeros of u converging to z.. Then we have

u(ze) = of (z2) = li;m %:Z(z) =0.
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If ¢(0) =0 then (0,0) is a solution to the initial value problem

8
% o' = op (w)

w' = ig(v)
- v(z) =w(z) =0

i ¢
as well as Iu, ©p («?) . Since the right-handside of the above system is locally Lipshitzian,
i ¢
the uniqueness theorem of Cauchy leads to Iu, ©p (") = (0,0). This is impossible since

u 1S a nontrivial solution.

If g (0) & 0, we can suppose that g (0) > 0 (the case ¢g(0) < 0 will be treated in the same way).
Since g is continuous, there exists a neighboor Vi of zs in which igo,p (uo)¢0 = jg(u) <0.
Thus, ¢, (u') is strictly decreasing in Vs and for all 22 Va, u! (z) = 0 implies that = z.
This means that zx is an isolated critical point of . So it is impossible that « admits an

in..nite number of zeros.

Step 2: In this step we will prove that between two consecutive zeros of « there is a unique
critical point.

Let z1 < z» two consecutive zeros of w and suppose that v > 0 in (z1, z2). De..ne the set

a

i ¢_© 0
Z v = z2][0,1] :u (x) =0

and let
N ¢
=inf Z v \(z1,22) .

Note that ca > 21, because if co = 21 it would exist a sequence (c,),, in (Z (') \ (21, 22))

converging to z; and

e =) =y ML) =

So, iu, ©p (u°)¢ is a solution to the initial value problem with a locally Lipshitzian second
member s
2 0= g (w)

w' = jg(v)

S v(z) =w(zl) =0
as well as (0,0). Thus, v =0 in [21, 22] which is impossible since « is a nontrivial solution.

i ¢
Also, g (u(ca)) & 0, this is due to the fact that if g (u (ca)) = 0 then Iu, Pp («") will be a

20



solution to the initial value problem with a locally Lipshitzian right-handside

8
5 ' =y (w)

w' = jg(v)
= v(c)=w(e) =0

as well as (u(ca),0). Thus, u(z) = u(c) = u(21) =0 for all x 2 [21,22] which is impossible
since u > 0 in [z1, z2]. More precisely, g (v (ca)) > 0 and reachs at ¢z a local maximum.
Now, suppose that (Z (u%) \ (ca, 22)) & ; and let ¢c; = min (Z (4) \ (ca, 22)) . Then, there

exists ¢ 2 (21, ca) such that u (c2) =wu (c1). It follows from the energy equation that

W)= A (@) i W () =1 (G () i G (u(c2) =0.

This is impossible since ca = inf (Z (W) \ (21, 22)) .

Step 3: In this step, we will prove that each hump of « is symmetrical about the center of
its interval of de..nition. Let z; and z> be as in the above Step. So, it su€¢ces to show that
u(x) =u(z1+ 22+ x)forall x 2 [21,22].

i ¢
Set for all x 2 [21,2] v(x) = u(z1 + 2, § ). One can easily verify that 'u, Pp («!) and

'v, ®p (") " are solutions to the initial value problem with a locally Lipshitzian right-handside

8
V=g (w)
w'= jg(v)
§ v(z1) =0

w(21) = (21).

Hence v =wv in [z1,22] .

Step 4: Let 21 < 22 < 23 < 2z be four zeros of u such that v > 0 in (21, 22) and in (23, 24) .
In this step we will prove that wp,, .,] = [, ., i€ forall z 2 [23, 24] u(z) =u(z1+ (@ i 23)).

Denote by v the translation of v, .; to the interval J whose origin is z3. So, J =
[23,23 + (22 1 z1)] and v(z) = u(z1 + (x j z3)) for all z 2 J. Hence it su€ces to prove that
J = [23,24] and u(z) = v () for all = 2 [z3, 24].

¢ ¢
Observe that 'v, ®p (+") and 'u, ®p (%) are solutions to the Cauchy problem with a locally

21



Lipschitzian right-handside s
% o = (w)
w'=jg(v)
§ v(z3) =0
- w(z) = (21).
So, u(x) =v(x) forall x 2 J\ [z3, z4].
Thus, let us prove that J = [z3, z4]. To do this, it su¢ces to show that z4 = z3 + (22 § 21) .
Suppose that z4 > 23 + (22 § 21), then v (23 + (22 i 2z1)) = u(22) = 0. In the other hand,
as z3 < zz3t+ (=i 21)<za ulzza+(z2i 21)) > 0and this is impossible since 23+ (22 j 21) 2
[23,z4] \Jand u(z3+ (22 § 21)) GEv(z3+ (221 21))- S0 za =23+ (22§ 21).

Step 5: conclusion

If u'(0) & 0, let 2; < 2 < z3 be three consecutive zeros of u. It follows from the energy
equation (1.3)

W (z) = W(z) = o(z3) &0

Hence, if «!(z1) > 0, u'(2) < 0 and if «’(z1) < 0, u'(2) > 0. This means that if v > 0
in (ﬁ,zz) thﬁn u < 0in (22,23) and if u < 0in (21, 22) then w > 0 in (22, 23). In this case
u 2 k!:lAk

i ¢
If «! (0) = 0 then ¢ (0) & 0 otherwise « will be equal to 0 (Iu, ¢, (W) and (0, 0) will be solution
to the system (1.11) with the initial conditions v (0) = w (0) = 0).

Let z1 < z2 < z3 be three consecutive zeros of u; again from the energy equation (1.3) we
deduce that

w (21) = u(z1) = u' (22) = u(22) = u' (23) = u(z3) = 0.

Proceeding as in step 4, we prove that the translation of v, ..j to the interval J = [22,22 + (22 i 21)]
de.ned by v (x) = u (21 + (z § 22)) are solutions to a Cauchy problem vﬂth a Io?[lly Lipschitzian

right-handside. So, ©» = v and » and v have the same sign. Thus, u 2 k[l B,

22



1.5 Applications

1.5.1 Eigenvalues problem

For p > 1, consider the eigenvalues problem

8 i ¢,
=i (@) =g, (u)in (0,1)

1.12
S (@ =u(@) =0 (12

where A is a real parameter and ¢, () =jxjpi2 x forall z 2 R.

Using the quadrature method we will prove the following result

Theorem 13 There exists a sequence (A (p));,_1 of pseudo-eigenvalues of (1.12) such that

O<AM(@) <X <.... PV (7) IR

and (1.12) admits a nontrivial solution (A, u,) if and only if there exist an integer £ _ 1 such
that A = )\, (p) and in this case u, 2 A;. Moreover if S is the solution set to (1.12) then

Proof Set gx(z) = Ap,(z). Observe that if A - 0, G de.ned by G (z) = ROIgA @) dtis
increasing on (j A.,0), decreasing on (0,+21) and G\ (0) = 0. So, Dg = Dg = Dg = ;. In this
case S=T(\0):A2Rg.

IfA>0 th?n xgy (z) > 0 for all z 2 R". We deduce from Theorem 11 that S % (R£ f0g) [
kgl (REA)

Also, note that g, is an odd function and G, is an even function; so, for all E >0, r; (E) =
i r+((®)and

vl

riAE)
T.(B) = T, (E)= L S
o T i PG ©)F
4
= pinNT —E
o FlisPgr

Hence, it follows from Theorem 10 that problem (11) admits a solution (A, u)) belonging to

RE A if and only if 0O 1
A P
A=) =@il)@2% L_LA.
0 fl j sPgr
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1.5.2 The Fugik spectrum

For p > 1 consider the boundary value problem

8 i ¢ .
< i @, (@) =By, (") i ap, (ui) in (0,1)

- (1.13)
-u(@=u@)=0

where «, 3 are real parameters, ¢, (z) = jzjPi2z for all 2 R, w* = max(u,0) and i =
max ( ju,0).

Using the quadrature method we will prove
Theorem 14 Problem (1.13) admits a nontrivial solution w,s if and only if
(i) B=X1(p) and a2 R; in this case u.3 2 A7.

(ii) a =X1(p) and 8 2 R; in this case uqs 2 A}.
1 1

(iii) AkTg’)b;+ )"‘“T(p)b]_’zl; in this case u.g 2 Ay, OrAl, .
. .2

(iv) )\k+; ®)p + )‘ka(p)bp =1; in this case uqg 2 A;k+1-
SN 1

Moreover if S, 3 is the set of solutions for a ..xed «, 3 then in each case

a

©
Sap = tuap, t2RT

Proof We have s
< ja(jz)litforz -0
gaﬁ(m)z - B
= BazPitforz _ 0
and s
< qi.iP
Lz’ forxz - 0
Gag(@)= _ 7

-8
pmp forx _ O.

As in the proof of Theorem 13, if a, 8 - 0 then Dg = Dg = D‘é =3 inﬂthis case S, = f0g.
If o, 3 >0 then Dg = Dg = Dg = (0,+1) and S5 ¥ fOg [ k[l Ay
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Straighforward computations leads to

4

T (B)=[(pi VAT —=—
0 Tl j spgr

-J.Zl ds
Ty (B)=[piDa'r ——.
o F1i sPgr

A straighforward appllication of Theorem 10 implies (i), (ii), (iii), (iv) and (v) of the theorem
4.1

Remark 1 Notice that if the nonlinearity ¢ is odd, r+ = r; and D+ = D;, so in some chapter
in this thesis, in which we use the quadrature method we will change the notations, r, r; by r

and Dy, D; by D.
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Chapter 2

Multiplicity of solutions for
p-Laplacian B.V.P. with cubic-like

nonlinearities

Annales de Mathématiques 7 (2000), pp. 1-13.

2.1 Introduction

Recently (1995), Ubilla [111] considered a boundary value problem involving the one-dimensional

generalized p-Laplacian, explicitly, he considered the problem,

S S -

F a2 2 ry in 0.1): w(©@)=u()=0, 2.1)

where p > 1, a 2 C'(R™*, R) is not necessarily equal to 1, and the nonlinearity f is a continuous

and odd function such that,
s -
there exist constants # 2 0, 71) and to _ 0 such that

R, - 22)
otf(@) . of()dr>0, 8ji . to

Under some additional conditions on a, he showed that there exists kg 2 N such that Problem
(2.1) admits at least two weak solutions in Ay for each integer & _ ko. One may observe that
(2.2) implies that

tf (t) >0, for jtj succiently large. 2.3)
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In this chapter, we restrict ourselvesto a (¢t) = 1, 8¢ _ 0 and we consider an odd function f which
satis..es the reversed inequality in (2.3). Under some additional conditions we show (roughly
speaking) that the same conclusion as in Ubilla’s work still holds.

We consider the boundary value problem,

i o, W= 0@ i 0 D @ = u@ =0,

where ¢, (y) = jui’ 2y, A > 0, p > 1 are two real parameters and f 2 C(R, R) is an odd
cubic-like nonlinearity. That is, f has the same shape as the cubic polynomial function « &
ula? i u2¢ for some positive .

In order to study this problem, we make use of the quadrature method (time map approach)
as was used in the previous chapter. Section 2.2 is devoted to the statements of our main
results; before proving them in Section 2.4, we set in Section 2.3 some preliminary lemmas.

Some comments are the content of Section 2.5.

2.2 Notation and main results
Consider the boundary value problem,

0 o¢¢0_ ; . — —
i v, u =Af(w) in O, 1); u0)=u(l) =0, 2.9)

where ¢, (y) = jyj* i2 y, A, p are two real parameters such that A\>0and p> 1. f 2 C(R, R)

is a function satisfying:

(H1) fis odd and there exists some constant o > 0 such that,
f@)>0,822(0, ), f() =0and f(x) <0,822 (o, +1).

i ¢
(H2) There exist (m, M)2 'R% 2 and § 2 (0, ) such that,

HGINIGI

P i

m, 8£2(ajd, ).

R
(H3) The functionz @ p ' f(t)dt § xf (x) is strictly increasing in (0, a).

. f(s)
(H4) lim ey ol 2R.
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An example of such a function is given by f(u) = ¢, (u) 2 i u2¢. The method we use
(quadrature method) enable us to look for solutions of (2.4) in some prescribed subsets of
C ([0, 1)) de..ned in chapter 0.

Recall that the ..rst eigenvalue of the problem,

il g% =g, (u) in (0, 1); u(0) =u (1) =0,

3 3 3 -~

isgivenby Mi(p) =@ i 1)h2R01f1 i gl’gii‘dglp =@il) 2n/ psin % 8 and the other
eigenvalues constitute the sequence A1 (p) < A2 (p) < 666 < Ax (p) < €8¢, Ay, (p) = nPA1(p). (See
Chapter 1, Theorem 13).

Denote S the solution set of problem (2.4). The following theorems are the main results of

this chapter.

Theorem 15 Assume that 1 < p - 2 and f satis..es (H1)-(H4). If & > 0, then for each integer
k _ 1and A > 0, Problem (2.4) admits at least a solution in A, if and only if A > ¢i1 ), (p) and
in this case, Problem (2.4) admits exactly two solutions fu;, ju;gin A; for all : 2 1, ¢¢¢, kg.
Moreover, there is no additional solution to (2.4) (further to the trivial one) provided f is locally
Lipschitzian, more explicitly:
A !
C il il
Sx=1T0g [ fui, jug , oV M@ <A - oV M1 (D).
i=1
R, R, oy
Let F'(s) = ,f(@)dt and forany p > 2, J, = ' (F(a) i F(§)'/*d¢§. Also, for each
integer £ _ 1, let 1y, (0) := (p i 1) QkJp)? /p.
Theorem 16 Assume that p > 2 and f satis..es (H1)-(H4). Then, for each integer & _ 1, if
o > A&/, and A > 0, Problem (2.4) admits at least a solution in Ay if and only if o i)\ (p) <

A - u(p), and in this case S\ \ Ax = fug, juxQ.

2.3 Some preliminary lemmas

This section is devoted to some preliminary lemmas.

Lemma 17 Consider the equation in s > 0,
EP j PAF(s) =0 (2.5)

R
where £ >0, A > 0 are real parameters and F'(s) = , f(t)dt. Then,
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(i) If E> Ea(p, \) = (@'\F (a))l/p, equation (2.5) admits no (positive) zero.
(ii) If E= Eu(p, A\), equation (2.5) admits a unique zero ss = «.

(iii) If £ < Eu(p, N), equation (2.5) admits, in the open interval (0, ), a unique zero s. =
sa (p, A\, E). Moreover,

(a) The function EA sa(p, \, E) is CLin (0, Ex (p, \)), and

dsq (i lErit
OE (b, A E) = M (se (p, A\, E))

>0, 8E2(0, Ea(p, X)),

(b) lim so(p, A, E)=0 and lim ss(p, A, E) =a,

© Jim (2. A B)/E)= (i 1)/A)"" and
Jim (s (p. A, B)/E) = o (PAF (o)) 17

Proof Assertions (i), (ii) and the uniqueness part of (iii) follow from a study of the vari-
ations of the function s @ H (p, A\, E, s) := EP j PAF(s). In fact, its minimum value is
H(p, \, E, o) = FEP j p\F (0).

Now, consider the real valued function,
@ N\ E, )T H(p, \, E, 5)

de.nedin —= (1, +1)£R3 £(0, o). One has H 2 C* (-) and

OH

5. 0 A B 8) = i\ (s) <0 in -,

and one may observe that sa (p, A, E) belongs to the open interval (0, «) and satis..es, from its

de...nition,

H(p7 )‘7 Ea Sn (p7 )‘7 E)) =O (26)

So, we can make use of the implicit functions theorem to show (in particular) that the function
E® sa(p, A\, E)is C1((0, Ex(p, N), R) and obtain the expression of %(p, A, E) given
in (a). Hence, for any .xed p > 1 and A > 0, the function de..ned in (0, Ea(p, \)) by E A
sa(p, A\, E) isstrictly increasing and bounded (by 0 and ). Then, the limit Eli!r(r)L sa(p, \, E)=

lo (resp. Elllr% sa (p, A\, E) = lu) exists as real number and0 - [p <la - .
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One may observe that, for any ..xed p > 1 and A > 0, the function,
(£, )7 H(p, A\ E, 5),

is continuous in [0, Ex(p, A)] £]0, +1) and for any £ 2 (0, Ex (p, ), sa(p, A, E) satis..es
(2.6). So, by passing to the limit in (2.6) as E tends to 0" (resp. Ex (p, \)) we get,

O:E!I'rQ+H(p7 >‘7 Ev 35(p7 >‘7 E)):H(p7 )\7 07 lo)a

(resp. 0= Ell'rr]} H(p, \, E, sa(p, A\, E))=H(p, A\, Ea(p, N\, ln)).

Hence, lo (resp. [s) is a solution, belonging to [0, «], to the following equation in s,
H(p, \, 0, s)=0, (resp. H (p, A\, Eyn, s)=0).

The variations of the function s® H (p, A, 0, s) (resp. s @ H(p, \, Es, s)) show that [ =0
(resp. I = a).

Now, dividing equation (2.6) by E? yield

Plsopy A B) /B =1/ ", @.7)
with, Z o(p, A E) Z,
F(SD (p) /\7 E)): f(t)dt = Suo (p7 /\a E) f(SD(pv /\7 E)t)df,
0 0
S0, o 1.,

f(Su (p7 )‘7 E) t)ltpilth

— 0
(o 0 1)Y= G Tl N B

then (according to (H4)),

o 1,
Jim (sa(p. A B)/E)'=Cpho 8 atA =i 1)/ (V).
) 0
Moreover, from (2.7),
(5'J (pa )‘7 E))p

(Sn(p, Av E)/E)pzpo)\F(Sn(p, )\, E))7

then,
. ¢_
. p— | 0 il
Elgrgn (sa(p, \, E)/EY =aof pAF(a) ',
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which completes the proof of Lemma 17. W
At present, we are ready to compute X (p, A\, E) for any £ > 0 and A > 0, as de..ned in

Chapter 1. In fact,

8

§(Q+1) if E> FEs(p, )
©, a) if E=FEy(p, N

X(p, A E)=
-0 s, A E) if 0<E<Ea(p, A,

where sa(p, A, E)is de..ned in Lemma 17. Then,

8
= +1 if E> Ea(p, \)

r(p, A, E):=supX (p, A\, E)=_ ¢« if E=FEa(p, N
- sa(p, A\, BE) if O<E<Es(p, N\,
and from Lemma 17, one deduces the following limits,
lim r(p, A\, E)=0 and lim r(p, \, E) =« (2.8)
E¥0+ EY Fq

lim r(p, A\, E)/JE=((p i 1) /\o)? and,
Ero* _ 2.9)
Jim o (p, A\ E)/E=a(AF ()7,

On the other hand,

O<r(p, \, E)y<+1 ifandonlyif 0<FE - Ea(p, V),

and from hypothesis (H1) and the range of £ A r (p, A\, E) one deduces,

f@@, A\, E)>0 ifandonlyif 0< E< Ea(p, A),

then,
D = fE _0:0<r( N\ E)<+1Land f(r(p, \, £)) . Og
= (07 ED (p7 A)] .

De..ne, for £ 2 D, the time map T by,

Z r(p, A E) © ' a'l/
T'(p, A E):= EP §pAF(¢) 'Pdg, E2D.
0
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A simple change of variables shows that,

z

10 a.
T\ B)=r@ A\ E) B iAFE e\ DY) P e, (2.10)
which can be written as:
Z 1@ a,
T, \, EY=(@ X\ E)/E)  1iA\F@r( A B/ 7. (2.12)
0
Lemma 18
Hy Ty
) 17N p ] o 0il/p
E|I!r51+T(p, A, =% 1, and EILr%DT(p, A, E)=(p°N) Ip,
where zZ .
J,=  fF(a) i F(€giYPde 2 0, +1].
0
Moreover,

S,<+L O p>2

Proof To compute the ..rst limit, let us write,

“liee o BE

1 74.
0 v A Byeyit

F@r A E)O/E=(r(p, A, E) /E)¢

S0
i) Z 1
lim F(r(p, A E)O/EP=((p i 1)/A0) & ot ilds = £ N
! 0

then,
Jim 15 AP A B)O) /=10 ¢
hence, from (2.11) we have,

Z, H Ty,
lim T(p, A, E)=(( i 1)/A)*? (L ie)itPae= .
E10+ 0

Nl -
>/|>/
Q|-

To compute the second limit, one may pass to the limit as E tends to Ex in (2.11) and make
use of (2.9) and the de..nition of E, together with (2.8). To prove the last assertion, let us

remark that,

z

«

id VA
= F@ F(&)1Yrde +

(P i FE)Rras

«
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The ..rst integral converges because the integrand function is continuous on the compact

interval [0, « j 6]. To study the convergence of the second integral we claim that,

@i F@iFO -3 @itf, 82@id a).

Proof of the claim: Let for any = > 0,

he()=F@iFEiz@id®, €2(id, a.

We have, forany £ 2 (a i 6, o),

91 11
dhy o, HGERIO)
d_g(g)_(alg) 211"'“—& )

and from (H2), it follows that,

FO.0 82(@ida) 2=

and
dhg )
© -0, 82(id, a),if 2z =m.

dg

Hence hy; /> (resp. hyy, 2) is increasing (resp. decreasing) in (« j d, «) and because of,

hy (a) =0, 8z 2 R,

it follows that o (€) - 0, 86 2 (@ i 6, @) (resp. huy2(€) . 0, 8 2 (a i 4, a)) which

completes the proof of the claim.

This claim implies that,

oL 2 2 £ L £ VA
(M/2)i% (o &)ivde - (F(a) i FE)1M7Pde - (m/2)iv  (ai &7 de
ajd ajd ajd
and from the fact,
o

(@§di?Pde<+1 O p>2,
ajd
Lemma 18 follows. W

Lemma 19 The function £ & T (p, A, E) is strictly increasing in D.
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Proof From (2.10), we have

z z
oT _or ! i1 Lo
GE0 N E)=FE0 N B) fgivdcar(p A B) oefitigiidc
Simple computations yield,
prit 1K(r(p, A E)) i K(r(p, A E)&)

oT
O 0\ & 2.12
8E(p )= Fo®@ AN E) o B0 § PAF(r(p, A, E)O)g-s *12

where K () = pF (x) iz f (x) . According to hypothesis (H3) the proof of Lemma 19 is complete.
[

2.4 Proof of the main results

241 Casel<p -2

In this case, for each ..xed A > 0, the function £ & T'(p, A, E) is strictly increasing in D =
(0, Ex (p, \)) and

Mo, T
= — =+
|r!nOT(p,)\ E) 5 , and E!n]} T, A\, £)=+1.
Then, for each integer £k =1, 2, ¢¢¢, the equation in £2 D
_1
KD (. A B) =5
admits a (unique) solution in D if and only if,
. 1
blrzlfD (KT (p, A\, E)) <§. (2.13)
We have . H . T,
so, condition (2.13) is equivalent to the following
1
A> ;Ak »). (2.14)

One may observe that the sequence (A, (p)),, 1 is strictly increasing; so if (2.14) is satis..ed,
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then we necessarily have
A>ctn ) > ot 1 () >ttt > oiih (p).

Hence if (2.13) is satis..ed for k£ = ko then itis also satis..ed for all k£ 2 f1, ¢¢¢, kog. This remark
completes the proof of Theorem 15. W

242 Case p>?2
In this case, for each A\ > 0 ..xed, the function £ & T (p, A, E) is strictly increasing in D =

(0, Ea(p, N)] and,

- ¢_
im 7 (. \, E) =5 cand lim T (p, A, Ey="p\ P <41

EXQ

where J, is as de..ned in Lemma 18. Then, for each integer £ = 1, 2, (t¢, the equation in
E2D,

KT, A, B) =73,
admits a (unique) solution in D if and only if,
. 1
inf (kT (, A, E)) <5 -max (kT (p, A, E)). (2.15)
We have,
K T[l/p

. _k X\
LT A =7 2

— .10 i1/p
max (5T (v, A, E) =k oA P,

so, condition (2.15) is equivalent to,
1
=M P) <A - py

The proof of Theorem 16 is complete. W

2.5 Comments

The nonlinearity f must be positive at the maximum value of any solution u to the problem if
u has at least a positive hump. That is, if we consider C' ([0, 1], R) endowed with the sup-norm

and u is a solution having at least a positive hump, then its norm must belong to the positivity
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domain of f. Hence, Ubilla in [111] was looking for the solutions with large norm, outside the
ball B (0, to]. In contrast, we were looking for solutions in the ball B (0, «). In that case, there

is no possibility to ..nd solutions with positive hump outside B (0, a] since f is negative in
(o, +1).
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Chapter 3

Exact number of positive solutions
for a class of quasilinear boundary

value problems

Dynamic Systems and Applications, 8 (1999), pp. 147-180.

3.1 Introduction

The study of positive solutions to classes of semilinear boundary value problems, known as
positone problems, has been undertaken by several authors over the last thirty years (see for
example Ambrosetti & Hess [16]; de-Figueiredo [48]; Korman & Ouyang [75]; Laetsch [76]; P.
L. Lions [78]; de-Mottoni & Tesei [52]; Njoku & Zanolin [83]; Rabinowitz [92]; Shivaji [103]; and
references therein). Such a study was initiated by Keller & Cohen [74].

Positive solutions for p-Laplace equations with Dirichlet boundary conditions were studied
by de-Coster [47]; Huang [71]; Kaper et al. [73]; Manésevich et al.[81].

In this chapter, we shall discuss the exact humber of positive solutions for the one-dimensional
class of quasilinear boundary value problems of the form :

8 ) .
I IR (7)) Af @), in (0, 1)
- w(@0) = u(1)=0,

3.1)

where ¢, (r) 1= jxjpiza:, p>1 XA>0and f is a continuous function which vanishes at least

twice, vanishes only once or is strictly positive in (0, +1.).
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Throughout this chapter, the method used is the so-called time mapping approach (quadra-
ture method). This time mapping gives the time needed by a solution of (3.1) to reach its ..rst
maximum starting from zero as a function of its initial slope E (as was used, for instance, by de-
Mottoni & Tesei [53]; Guedda & Veron [69]; Ubilla [111]; Addou & Ammar Khodja [5], Addou et
al. [12], among others) or as a function of its ..rst maximum value p (as was used, for instance, by
Laetsch, [76]; Shivaji [103]; Manasevich et al. [81], among many others). This method consists
in resolving an equivalent scalar equation to (3.1); T'(E) =1/2. (or T (p) =1/2). Since we are
interested in the exact number of positive solutions to (3.1), we need the exact variations of the
time-map £ A T (E) (or p ® T (p)) over its entire de..nition domain. In general, by making
use of Rolle’s theorem in a way or in an other, we can determine a lower bound of the number
of the derivative sign changes of the corresponding time map, but it is more di¢cult to obtain
the exact number, and some numerical calculations are usually necessary to. For example, when

encountering this di¢ culty, de-Mottoni & Tesei [52], reported ,

¢¢¢ It seems to be rather didcult to improve the results obtained so far by analytical
considerations; hence, in order to ..Il the gap mentioned before, we performed a
numerical evaluation of the function F (v, g)tt¢

¢¢¢ the result is shown in Fig. 5 : there is good evidence for the existence of ¢¢¢

¢¢¢ Taking into account this information, the diagram of the solutions of the

dizerential problem takes on a complete aspect, which is shown in Fig. 6.

Also, concerning the same kind of di¢culty, the same authors de-Mottoni & Tesei [53] re-

ported

¢¢¢ Pursuing the analytical investigation of further properties of Z,, is extremely
involved; thus numerical computations were performed to establish the following re-

sult: ¢¢¢
In her thesis, Ramaswamy [96], encountered the same di¢culties and reported,

¢¢¢ En ce point, on rencontre la méme di¢culté, qu’ont eue de-Mottoni & Tesei
[53] : montrer que T'(c, A\) a exactement un maximum. Du fait que les expres-
sions des dérivées deviennent de plus en plus compliquées ¢¢¢ il mest pas claire de
voir comment celle-¢i peuvent étre simpli..ées. Les resultats numériques montrent de
toute facon, T'(c, A) en tant que fonction de ¢ ne possede qu’un seul maximum. En

acceptant ceci, on a quet¢¢
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Brown et al. [36], reported

¢¢¢ The numerical plots of bifurcation curves which we obtained for our various
examples were always smooth S-shaped having exactly two bends as shown in Fig 3.
We cannot prove, however, that the S-shaped curves discussed above have only two
bends. To do so would seem to require a careful analysis of d?)\/dg? and we are
unable to ..nd a reasonably tractable formula for d2)/dp?. Smoller and Wasserman
discuss in [106], expressions equivalent to d?/dp? (A (p))l/ 2 for the special case of

cubic nonlinearities.

The idea performed by Smoller and Wasserman can briety be described as follows. To prove
uniqueness of the critical point of a C? map S in an interval I, it su@ces to show that S is
concave (or convex) in an neighborhood of each critical point in 7. To this end, one try to ..nd
a constant a such that S + aS" < 0 (resp. S” + aS' > 0) on the interval I. So, if S"(zs) =0,
SY(xa) < 0 (resp. S¥(x0) > 0), then at each critical point in I, S attains a local maximum
(resp. minimum) value in . So, S admits at most one maximum (resp. minimum) value in 1.

Our ..rst result (Theorem 20) gives su€cient conditions to ensure uniqueness of the minimum
value of the corresponding time map. To this end we adapt Smoller and Wasserman’s idea to our
cases. Next, some applications will follow. To be more speci..c, the ..rst application (Theorem
21) is concerned with a class of nonlinearities f having at least two successive zeros pq, p; In
(0, +1) and being strictly positive between them. Since we make no sign assumption on f
before p; and after p,, only positive solutions whose sup-norms are between these two zeros are
studied. However, we obtain the exact number of this kind of positive solutions for every value
of A > 0. Some Ambrosetti-Prodi situations are obtained. Theorems 20 and 21 seem to be new
even when p = 2. The next result, Corollary 24, shows how changes in the sign of f lead to
multiple positive solutions of (3.1). This type of problems was much discussed in the particular
case p = 2, (see Brown & Budin [35]; Hess [70]; P. L. Lions [78], where the authors have got
a lower bound of the number of positive solutions). In contrast, Corollary 24 gives the exact
number of solutions.

The next result (Theorem 26) concerns a class of nonlinearities f vanishing only once in
(0, +1) and such that f(0) > 0. Existence and uniqueness of positive solution is obtained
for all X\ in a sub-interval of (0, +1.). Depending on some cases, this sub-interval is bounded,
unbounded or equal to (0, +1).

The following result (Theorem 27) is concerned by the nonlinearity f (u) = exp(w). This
problem is well known when p = 2. The proof given by de-Mottoni & Tesei [52], (for p = 2) can
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be carried out with some obvious adaptations for all p : 1 < p - 2. But for p > 2 some deep

investigations are needed. In fact we adapt the arti..ce of Smoller and Wasserman described

above.

. i . . . i ¢
Finally, the last result (Theorem 28) is concerned with the nonlinearity f (u) = Igaq (w)

where ¢ > 1 and « > 0 are real parameters. The proof given by de-Mottoni & Tesei [52] (for

p = q = 2) can be carried out with some appropriate adaptations. So, the proof of Theorem 28

is given for the sake of completeness.

3.2 Main results

In this section we con..ne ourselves to state the main results of this chapter. Proofs are postponed

to the next one.
Consider the boundary value problem :

8 . ¢,
=i e, Af@), in (0, 1)
- w0 = uw(@)=0

where A > 0, p > 1 are two real parameters and f is speci..ed below.

3.2.1 A time map result

Assume that f is such that
D=fFE>0:0<r(F)<+1Land f(r(£)) >0g € ;,
then r (F) := sup X (F) (where X (F) is de..ned in chapter 1) satis..es,
EP j PAF(r(E)) =0, 8E 2 D.
So, the time map,
Z m e

a_
T(E) = EP i PAF(s) *YPds, E2D,
0

may be written from (3.3) as follows,

z

i ¢ r(E) .
T(E)="p\ 1P ; fF(r(F) i F(s)gi'?ds, E?2D,
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and one may observe that,

. Z
T(F)= |100>\¢i1/pk5'(r(E)), where S (p) = pfF(p) i F(s)gil/pds.
0

Also, from (3.3), one deduce by implicit dicerentiation that,

(i D)Erit

7 =
E)Y=T56 @)

>0, 8E 2 D.

So, to study the variations of £ @ T (FE), in D, it su¢ces to study those of the mapping
p® S(p) in j (0, +1)) where,

i(D)=Fp21:f()>0and F(p) > F(s):8s2][0, pg,

for any interval 7 %2 (0, +1).
The following result shows that, under some suitable conditions, S admits a local minimum

value at each of its critical points. More precisely :

Theorem 20 Let f 2C%2(R+), p>1 and A be an open interval of j ((0, +1.)) . Assume that

there exist two real numbers o and 3 such that :

ODa@il)+s+@Ei2d@Pil) .0 and

R
(i) 8p2 A, 852 (0, p): wa (u) du < 0 where,
W (u) := u? f¥ (u) + auf' (u) + Bf (u), in O, sup A).
Then, for all 2 A, S admits a local minimum value at 3 if and only if S° () = 0.

Theorem 20 will be used to prove Theorem 21.

Remark 2 a) In the particularcase o= j (p i 1) and 8 =p(p i 1) (equality in (i)), we show
that S is convex in A. If moreover we assume that p = 2, we ..nd a result already proved by
Ammar-Khaodja ([20] pp. 41-45).

b) It is possible to replace the strict inequality in (ii) by a large one, provided to the large
inequality in (i) is replaced by a strict one.

¢) The real numbers oo and 5 may depend on A. So, if one can apply this theorem to each
component of j, then S admits at most one critical point in each one of them (see Corollary

24).
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3.2.2 Case where the nonlinearity vanishes at least twice

Let f 2 C? (R.) and assume that there exists (p,, p,) 2 R? 0 < p; < p, such that :

f(p1)=f(p2) =0 - f(0), (3.4)
f >01in (pla pZ)a (35)
z
and | F(s)ds >0, 8020, py). (3.6)

p
From conditions (3.4)-(3.6), one can easily prove the following,

There exists a unique pg 2 [p1, p») such that :

i (P, p2D) = (ou, p2)-

Moreover, F (ps) = Maxo- -, F(p),

F(p2) > F(pa) . 0and po = py im0 F'(py) = omax F(p).
1

The proof of this claim is postponed to Section 3.3.1. Now, assume that,

8
< 9 (o, B) 2 R? such that conditions (i) and (ii) of Theorem 20

- _ 3.7
= hold with A =i ([p1, p2]) = (pa; p2)-

No sign assumption is made on f before p; and after p,. In fact, we are going to look for

positive solutions to problem (3.2) having their maximum values between p; and p,.

Theorem 21 Assume that p 2 (1, 2], f 2 C? (Rx+) satis..es (3.4)-(3.6) and (3.7). Then, for
every A\ > 0, all (possibly) positive solutions of (3.2) are in A" and there maximum values are

outside [p1, pa] [ fo29. Moreover, there exists As > 0 such that :

1. If A < Aa, problem (3.2) admits no positive solution whose maximum value belongs to

(o1, p2) -
2. If A = \g, problem (3.2) admits a unique positive solution u. satisfying p, < r[gaf](un < py.
3. If A > \g, problem (3.2) admits exactly two positive solutions u; and uz whose maximum

values belong to (pg, p,) . Moreover p, < r[51a>]<u1 < r[51a>]<u2 < py.
1 1
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Example 22 Let f satisfying (3.4)-(3.6) and p > 1. If there exists a real number

i ¢
E2(id, @i 2)L(pil), +1) such that d?/daz? |f(ac) JxzF < 0in (0, py) then f veri..es
B.7) with a= j2kand g =k (k+1).

Example 23 Let f satisfying (3.4)-(3.6) and p2 (1, 2] [[3, +1). If moreover f 2 C3 (R"),
such that /' < 0in (0, p,) and f (0) =0, then f veri..es (3.7) with a = {8 = {2

The next result gives an example of a situation described in Assertion (c).on Remark 2.

Corollary 24 Let p 2 (1, 2] and suppose that f veri..es:

there exist 0 = py < p; < (6 < p,,, such that f(p;) =0, 8 20,¢¢¢,ng

f<0in ipzl-, p2i+l¢, 8; 2f0,¢¢¢,n § 1g and

fzio in i,ozm, p2i¢, 8i 21,060, ng

f@dt>0,forall p, 0 - p<p, andall¢2fl,tt¢, ,ng. Moreover,

forp all i 2 f1,¢6¢,ng, there exists (oy, 8;) 2 R? such that :

i (i 1)z+p6i+(p i2)(pil). 0 and

8p2 A;, Y, (u)du <0, 852 (0, p) where A; = (&;, py;) and

s () =20 () + aguf (u) + 5 () . 0 Gog. ).

Then, for all ¢ 2 1, tt¢, ng, there exists A7 such that for all A > A7, the ball B (0, p,;)
of C' ([0, 1]) (with the sup-norm) contains exactly 2:; positive solutions w1, €1, ¢¢¢, u;, #;, and

moreover pp;;1 < KujkK, < ktjk. < pp;, forall j =1,¢6¢, 4.

The proof of Corollary 24 follows from an easy repeated application of Theorem 21 to each
A;.

Example 25 The function de..ned in R by f (z) = zsin (x + =) veri..es the hypothesis of corol-

lary 24 with p, = im and o; = § 3, = i 2 for all i.

3.2.3 Case where the nonlinearity vanishes only once

We assume throughout this subsection the following conditions :

(H1) f(0) > 0 and there exists some constant « > 0 such that :

f(x)>0, 820, o), f(e) =0 and f(z) <0, 822 (o, +1).

i ¢
(H2) There exists (m, M) 2 'R% 2,52 (0, o] and ¢ > 1 such that :

G _
m @i M, 82 (ajd, a).
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Moreover, we need one of the following conditions :

(H3) There exists € 2 (0, «] such that the function z §¥ H (x) := pF'(x) i «f (x) is strictly

R
increasing in the open interval (« i €, @), where F (z) := 7 f (¢t) dt.

(H4) There exists ¢ 2 (0, o] such that f is Ctin (a j ¢, a) and
fi(z) <0in(aj ¢, o).

(H5) There exists ¢ 2 (0, «] such that f is C!in (a j €, o) and
PiDf@ iz (@)>0in(aie a).

Theorem 26 Assume that f satis..es (H1), (H2) and at least one of conditions (H3), (H4)
or (H5).

Then, there exists p, 2 (o j €, «) such that :

(@) If 1 < p - q, there exists \a = Aa(e) _ 0 such that, for any A > Xs, problem (3.2)
admits a unique positive solution in A" whose sup-norm belongs to (ps, o). Moreover, if
e = q, then, for any \ > 0, problem (3.2) admits a unique positive solution in A7 (and its

sup-norm belongs to (0, «)).

- ] i ¢
(b) If 1 < g <p, there exist 0 < AT = M\ (¢) < Ay = )7 (¢) such that, for any A\ 2 'Au', A,
problem (3.2) admits a unique positive solution in A" whose sup-norm belongs to (p,, ).
i ¢
Moreover, if ¢ = «, then, for any \ 2 'O, Ay, problem (3.2) admits a unique positive

solution in A7 (and its sup-norm kelongs to (0, «)).

Before going further, let us mention some %xamples. Let o be a ..xed positive ﬂumber arﬁl
de.ne fi(r) = ¢, (0§ 2), (1) = i@)exp @i D7 and (@)= i@ep @il
for some 0 < 5 < . One can immediately verify that f;, i = 1, 2, 3, satis..es (H1), (H2) with
p = q. On the other hand f; and f> satisfy (H4) with any € 2 (0, o], but f; satis..es (H4) if
and only if € 2 (0, 5].

3.2.4 Case where the nonlinearity is strictly positive

Consider the following boundary value problem :

8 i ¢
< i e’ = Xexp@), in 0, 1)

- w(@) = u()=0

(3.8)
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where ¢, (z) = ja:jyizac, A >0, p> 1 are real parameters. We are interested in the positive
solutions of (3.8). This problem is very familiar when p = 2, even in higher dimensions (see for
example Amann [14]; Fujita [61]).

Theorem 27 There exists a real number A« > 0 such that :

2 If A > Ag, problem (3.8) admits no positive solution.
2 1f A = A, problem (3.8) admits a unique positive solution, ua, and this solution is in A7

21f 0 < A < g, problem (3.8) admits exactly two positive solutions, w,, and wuys, and
these solutions are in A7. Moreover, the function A § ¥ kunk, (resp. A §¥ kuprky) is
continuous and increasing (resp. decreasing) and iigno Kunm Ky = 0 and AIilng KumKg = kueky

(resp. ii!rrg) kunrky, = +1 and /\Ii!rr;u kuprky = Kuoky).

The second result of this subsection is related to the problem :

g i 0¢0 i ¢a :
i p@W) = Ap,w , in(01)

3.9
- w(0) = u(@) =0, 39

where ¢, (z) = jzjy1?z, p, ¢ > 1 and a, X\ > 0 are real parameters. We are interested in

positive solutions of problem (3.9).
Theorem 28

LI pili(ila>0(resp. <O0) then, for each .xed A > 0, problem (3.9) admits a
unique positive solution uy, and this solution is in Af. Moreover the function A § ¥ u& 0)
is increasing (resp. decreasing) in (0, +1) and converges to zero (resp. to in..nity) when

A tends to zero, and converges to in..nity (resp. to zero) when \ tends to in..nity.

2. f(piDi(qgi 1204 =0, ghen,problem (3.9) admits a positive solution if and only if
A=A =@il) 2x/psin % p. In this case, if = is a positive solution of (3.9), then
u is an other solution if and only if v = =, for some g2 (0, +1). Moreover, all these

solutions are in A7

i ¢
Remark 3 Inthesecond case : (pj 1) i (¢il)a=0,onehas lgoq W) * = ¢, (u), as far as

u > 0. So, the problem is an eigenvalue one.
When o = 1, we can state the following :
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Corollary 29

1. If p > q (resp. p < q) then, for each .xed A > 0, problem (3.9) admits a unique positive
solution uy, and this solution is in A;". Moreover, the function \ § ¥ u& (0) is increasing
(resp. decreasing) in (0, +1.) and converges to zero (resp. to in..nity) when X tends to

zero and converges to in..nity (resp. to zero) when ) tends to in..nity.

2. If p= qy then pro?plem, (3.9) admits a positive solution if and only if A =)\ ;=
(pil 2n/psin % p. In this case, if = is positive solution of (3.9), then u is an other
solution if and only if u = S, for some 5 2 (0, +1.). Moreover, all of these solutions are

in A7.

3.3 Proofs

3.3.1 Proof of Claim 3.2.2.

Since F'is continuous in [0, p], there exists py 2 [0, p;]such that F (py) = Opla_él F (p). From
(3.6) if follows that F'(p,) > F(pg) . F (p1). Since F is strictly increasing and continuous in
[p1, po], there exists a unique ps 2 [p1, p2) such that F (ps) = F(pg). Moreover p, = pq in
F(p1) =F (pg)-So, F(pa) . F(s)foralls2][0, pi] and since F' is strictly increasing in [p1, pa]
then F'(po) > F (s) for all s 2 [p1, po). It follows that,

F(pa) . F(s), 852][0, pa). (3.10)
On the other hand, since F' is strictly increasing in [pq, po] then
8p 2 (pn, p2) : F(p) > F (s), 852 [pa, p). (3.11)
From (3.10) and (3.11), it follows that
8p 2 (pa, p2) : F(p) > F(s), 8520, p),

then,
(o> P2) 72 i ([p1; P2l -

On the other hand, since F' is strictly increasing in [p;, pal,

802 (p1, pal : F(p) - F(pa) =F (po),
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then,

(p1; pal N\ i (1, P2 =5,

and since f (p;) =0 then,
[p1, pal N i ([p1; p2]) = 5.

On the other hand, one has F'(p,) = maxo.,.,, F'(p) . F(©0) =0 and (3.6) implies that

F(p2) > F (pa)-
The claim 3.2.2 is completely proved. W

3.3.2 Proof of Theorem 20

For every p 2 A, we get, after straightforward computations :

yA Z

S(p) = OpfF(p)aF(s)gi%ds, fp=t LIS

1

1
P o pfF(p) i Fs)g "

and
SU(p) = u&lﬂz P (H(p) i H(s))Pds +iZ P (©() i ©())ds

PP 0 R(FQ) i F6) T PO p2(F () i F(s))T
where H (z):=pF (z) i f () and ©(z) = ip(p+1) F(z) + 2pxf (x) i 22f ().

Let K and L two real numbers and p 2 A. Some simple computations give

7#S% (p) +ZKpS° (0) + LS (p) = " .
1 @it T e He?

Poo(F(p) i F () P 0 (F () i F ()5

1l

where 2 (z) = ©(x)+ KH (z) + pLF ().
Let K=a+2(pil andL=-iI-)1((pi Da+Bi@il@ip). Then,

A(x) = iv(x), 822 (0, sup A),

and from (i) it follows that 2 (p) § 2(s) > 0,8p 2 Aand 8s 2 (0, p). So, p25Y (p)+ K pS* (p) +
LS(p) >0, forall p2 A. If 2 Ais such that S°(#) = 0 then »25% () + LS (#) > 0. Since
L - 0 (from (i)) then SY(#) > 0, which implies that S attains a local minimum at . The proof

is complete. W
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3.3.3 Proof of Theorem 21

In order to prove this theorem, we need some lemmas. From claim 3.2.2 we deduce that £ (p,) >
F(po) _ 0. So, if we put E» := (p'\F (pz))';' and Eq = (P\F (pu))Jp', for any p > 1and A >0,
it follows that 0 - Fa < Ej.

In order to de..ne the time map, we need the following lemma which is concerned with the

zeros of the equation in s 2 [0, py):
EP i PAF(s) =0, (3.12)
with respect to the parameter £ > 0.

Lemma 30 Assume that (3.4)-(3.6) hold. For p > 1 and A > 0 ..xed, we have :

(@) If E2 (0, Es] (with Ex > 0), equation (3.12) admits at least one zero in (0, pq].

(b) If E2 (En, E?), equation (3.12) admits no zero in [0, p;] and a unique zero
sa = sa(p, A\, E) in (p;, p,). Moreover :

(i) The function E A sa(p, A, E) is Cin (Es, E2) and,

954 _ (pi1Erit
o N )= M (sa(p, A, E))

>0, 85 2 (Fa, ).

(i) lim sa(p, A\, E) =ps and lim sa(p, A\, E) = ps.
EVZVEF EYE;

(c) If E= E», equation (3.12) admits a unique zero su in [0, ps] : sa = po.

(d) If E> E,, equation (3.12) admits no zero in [0, p,].

Proof Consider the functions ¥ H (p, A\, E, s) := EP jp’AF(s). So, H is strictly decreasing
in (p1, pp) andsince F'(0) =0, then for any £ > 0,

H(pa) =H () O F(pa) =0 (5 £ =0),

H(p) <HO) O F(pu)>0(, Fu>0).

Also, from claim 3.2.2 it follows that, for any £ > 0,
H(Pu) - H(S)7 8s 2 [07 pﬂ)v
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8p 2 (po, p2): H(p) <H(s), 8520, p).

Then, Assertions (a), (¢) (d) and the part of non existence in [0, p;] as well as existence and
uniqueness in (p;, p,) of Assertion (b) follow.

Let us prove (i) and (ii) of (b). To this end, consider the real valued function
(. A\, E, )i H(p, A\, E, )

de.ned in —= (1, +1) £R3 £(p,, py). Then H2 C*1(-) and

OH

5. @A E9) = i’ Af(s)<0 in-—,

and we notice that sa (p, A, E) belongs to the open intenval (p,, p,) and satis.es (from its

de...nition)

H(p7 )\7 Ea So (p7 )‘7 E)) = O (313)

So, we can make use of the implicit function theorem to show (in particular) that the function
E%Y sa(p, \, E)is CY((Fn, E2), R) and to obtain the expression of % (p, A\, E) given in
(i). Hence, forany ..xedp > 1and X\ > 0, the function de..ned in (Ea, E2) by E§ ¥ sa(p, A\, E)
is strictly increasing and bounded (by ps and p,). Then, the limit Eli'rg+ sa(p, A, E) =Is (resp.

lim sa(p, A, E) =12) exists as real number and p, - la <l2 - po.
EVE}

Az\lso, let us observe that, for any .xed p > 1 and A > 0, the function
(E, s)i¥® H(p, \, E, s)

is continuous in [Ey, Eb]|£[p,, pp] and the function £ A s, (p, A\, E) is continuous in [Es, E5],
(weset so(p, A\, Eu) =lsand sa (p, A\, E2) =12) and satis..es (3.13). So, by passing to the limit
in (3.13) as F tends to Eu (resp. E») one gets :

0= lim H(, \, E, sa(p, \, £)) =H (p, A\, Exn, ln),
EVEF

(resp. 0= I|im H(p, A\, E, sa(p, A\, E))=H(p, A\, E2, [2)).
EVE}

Hence, I» (resp. [2) is a solution, belonging to [pa, py], to the equation in s :

H(p, A\, Eu, s) =0 (resp. H(p, A\, Ep, s) =0).
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But the variations, in [pa, po], of the function s @ H (p, A, Ea, s) (resp. s @ H(p, A\, E», s))

show that [x = pg (resp. l2 = p,). The proof of Lemma 30 is complete. W

With this lemma in mind, we have for any £ and A > 0, one has

8
= if E£2(0, Es] (with Ex > 0)
supX (p, A, E) = =sa(p, \, E) if E2(Ea, E2)
T it E2[E, +1),

where
a

©
X N\ E):= s>0:EPjpPAF(€)>0,8,0<E<s .

and sa (p, A, E) is given by Lemma 30.

(3.14)

Recall that we are interested in positive solutions to problem (3.2) having their maximum

values between p;, p, : no sign assumption on f before p; and after p, are made. Moreover

r(p, A, E) :=sup X (p, A\, E) is the maximum value of the solution to (3.2) (when it exists)

with its initial slope E. So, informations on sup X (p, A, E) collected in (3.14) are su€cient for

our purpose.

From (3.14) one deduces that
r(p, \, E) 2 (p1, pp) implies that £ 2 (Eu, E?)
and from the variations of £ @ r (p, A\, E) one deduces that :
E 2 (Ea, Ep) implies that »(p, A\, E) 2 (pa, p2),

lim r(p, \, £) =p, and lim r(p, A\, E) = ps.
EVES EVE}

and from the de..nition of »(p, A\, E) :=sup X (p, A, E) one gets
EP i PAF (r(p, A, E))=0, 8E2 (Ex, E].

Then,

D1 = FE>0:r(p A\ E)2p, pad [Topg and f(r(p, A E)) > 0g

(3.15)

Then, for every A > 0, the maximum value of any positive solution of problem (3.2) is neither

in [p1, pa] NOr equal to p,. So, it remains to look for positive solutions to (3.2) whose maximum
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value belongs to (pa, p2). From the discussion above, we have,

Dy == fE>0:7r(p, \, E) 2(pa, p2) and f (r (p, A, E)) >0g
= (En,Ez).

Now we de..ne the time-map 7" on D, by,

z
r(p, A\, E) © a_

T, \, E):= EP i pP2\F(s) "YPds, E2D,.
0

which can be written from (3.15) as follows,

. zZ .,
i a1y @ % ) - il/p
T, \, )= pA fFE(r(p, A\, E)) i F(s)g ds, E 2 D»,.
0

One may observe that: T'(p, \, E) = (pOA)‘l/p S(r(p, A\, E)) where,

z P
S(p)= fF(p) i F(s)gi¥Pds.
0

Then, since the function £ & r(p, A\, E) is increasing and continuous from (FEa, E») onto

(pm pZ)a If we DUt’ 14 1?/4
= E2(E, B): T A\ E)=3

and, 1, 3,
. g ¢i1/p 1
Joi= p2(pa, p2) 1 PA Sk, A p)=3

it follows that,
Card(J1) = Card(J2).

So, from now on, we will focus our attention on determining the number of solution(s) of equation
PN 7S () = 4 in (g, po) instead of T(E) = 4 in (B, E2). To this end we study the
variations of S in (pg, po). First one has :

Lemma 31 (i) lim S(p) =+, (i1) lim S(p) =+1.
p¥ps p¥pk

Proof This proof is nothing but an adaptation of Theorem 3.7 in Brown & Budin [35]. Let
N :=maxfjf (x)j:x 20, po]g and M := maxfjf*(z)j: 2 2 [0, p]g.

Proof of (i). Suppose ..rst that ps 2 (p1, p2). Then there exists pg 2 [0, p;) such that
maXpo, o)) £ = F (o) = F(pa). 1f po 2 (0, p1), then pg is a local maximum for /" and so
f(pg) = 0. If py =0, then necessarily f (oo = 0) =0. (In fact, f(0) > 0implies that F' is strictly
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increasing in a right neighborhood of 0, so that F'(0) < maxpq, , ). Since f(pp) = 0 then
Jf (@) - Mjz § poj, for every x 2 (0, po). So, if p 2 (pa, p2) and s 2 (0, p), one has,

0<F@iF@G)-iF@iF@)i+iF(p)iF ().
On the one hand, one has,

IF) i Fpo)i=(pipa) f(n), wheren 2(pg p),

and then,
JE() i F(pa)i - (pi pa) N (3.16)

On the other hand,
1F (o) i F ()i =lpg i siif (mp)i where 7, is between pq and s, that is ju, i pol - ipo i sl
then jF (po) 1 F ()i =lipo i siina i poiM - (pg i 8)° M.

Hence,
F()i F(s) - (i pa) N+(po i 9)*M, 85200, p).
Then, 7 VA
P _1 Puo _a
fF(p) i F(s)g'rds . fE(p) i F(s)9'rds
0 0
Z pa n i . o O
- joipd N+jpg i siPM 7 ds.
That is,
2 2
fF(p) i F()9*7ds . Hpy(s)ds,
0 0
n O;1
where H, (s):= (o i pa) N +jpo i si?M " .Butas p ¥ ps, H,is a nondecreasing sequence
of measurable functions. Hence by the monotone convergence theorem :
Z P Z p
. g L1 P 22
lim H,(s)ds= M"» imisi'rds=+1L (p2(1, 2]).
p¥ps 0 0

Supposs now that p, = py. From (3.4), f(py) =0 that is to say F? (p;) =0. So, it is easy to
show that fF (p1) i F(s)g'> > ds = +1 for p2 (1, 2]. On the other hand,

/4 21
fF(p) i F(s)g* /P ds _
0 0

fF (0) i F(s)g"Y? ds,
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and by the monotone convergence theorem one gets,

21 71
lim  fF(p) i F(s)gitPds= fF(p) i F(s)g""Pds = +1,

L]
PP10 0

which completes the proof of (i).
Proof of (ii). Since f(pp) =0 then jf(n)j - Mjn i poj, for every n 2 (0, p,). Moreover,
forany p2 (ps, pp) and any s:0 - s - p we have,

0O<F@iF(s) = JF@()iF(s)
IF(p) i F(p2)i +iF (p2) i F ()]

ip i pa [§UD]J'fJ' +jp2 i sjjf (n)i: for somen 2 (s, po)
y P2

(i) N+ (i s)Mjn i p-

Then,
0<F(p)iF(s)- (2ip)N+(p2isy¥M,

S0,

Z, .y Z,n 5 Oi1/p P2
. fF(p)i F(s)g""Pds _ . (P ip) N+ (i) M ds = , Gy (s)ds

n Oiv/p
where G, (s) = (2 i p) N+ (p2 i s)ZM ' X0, 5 ad x(o, ;) denotes the characteristic func-
tion of [0, p]. One may observe that fG,g is a nondecreasing sequence of measurable functions,
then by making use of the monotone convergence theorem we get

zZ, yA y4
_ P2 P2 _
lim  fF(p) i F(s)gi¥Pds _ lim G,(s)ds = MiYr " (p, j s)i?Pds
0 0

p¥p} p¥pl 0

= +1:(1<p-2).

Therefore, Lemma 31 is proved. W
This lemma implies that the function p @ S(p) admits at least one minimum value (in
(pas p2)). To show the uniqueness of this minimum it su¢ces to show that S attains a minimum
value at each of its critical points. This follows from (3.7) and Theorem 20.
Completion of the proof of Theorem 21: At this stage we have the following picture
of the function, z,
pASE= TFO i FE 7 ds,
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whichis de.nedin (pa, po): lim S(p) = lim S(p) =+, and S (¢) admits aunique minimum
p¥pa p¥pl

R °
value S (b)) = PFF (®) i F(s)g* 7 ds. So,

2 |If (pOA)il/pS(j!a) > 1/2, problem (3.2) admits no positive solution whose maximum is in

(Pas P2) -

2 If (")) il/rg (#) =1/2, problem (3.2) admits a unique positive solution whose maximum

is in (pm p2)

2 |If (pOA)il/pS(jb) < 1/2, problem (3.2) admits exactly two positive solutions whose maxi-

mums are (ordered) in (o5, po)-

Theorem 21 is completely proved if we put Xa = (1/p") (25 (#))”. &

3.3.4 Proof of Theorem 26.

One may observe that if (H1) holds then (H4) ) (H5) ) (H3). So, to prove Theorem 26 it
su¢ces to assume that (H1), (H2) and (H3) hold.
As in the proof of Theorem 21, in order to de..ne the corresponding time map, we need the

following,

Lemma 32 Assume that f satis..es (H1) and consider the equation in s > 0,
EP i PAF(s) =0, (3.17)

where £ >0, A > 0 are real parameters. Then,
() If E > Ea(p, \) .= @'\F (a))l/p, equation (3.17) admits no (positive) zero.
(it) If E= Ex(p, A), equation (3.17) admits a unique zero sa = a.

@iii) If £ < Es(p, )), equation (3.17) admits, in the open interval (0, «), a unique zero sz =
sa(p, A\, E). Moreover,

(a) The function E§ ¥ sa(p, A\, E) is Ctin (0, Ex(p, V), and,

Dsa @it
95 " N B =560 D)

>0, 8E2(0, Ea(p, V),

(b) E“!rg+ sa(p, A, E)=0 and Ell!r% sa(p, A\, E) =a.

54



The proof of this lemma is essentially the same as that of Lemma 30. So, we omit it.

Now, we are ready to compute for any £ >0 and A > 0, X (p, A\, F) as de..ned in chapter

1. In fact, s
% ©, +1) it E>Es(p, N

X, A\, E)=_ (0, a) if E=Fa(p, \
= O, sa(p, \, E)) if E<Ea(p, N

where sa(p, A, F) is de.ned in Lemma 32. Then,

8
3 +1 it E> Ea(p, \)

7”(]9, )‘7 E) = SUpX(p, )‘7 E) = o if £= En(p, )\)
- Sn(p, )\, E) if E<En(p, )\)

and from Lemma 32, one deduce the following limits,
Eli!rg+r(p, A E)=0 and Eli!n]}ur(p, A BE)=a.
On the other hand,
O<r(p, \, )<+ ifandonlyif E - Ea(p, N),
and from hypothesis (H1) and the range of E § ¥ » (p, A, E) one deduces

flr, A\, E))>0 ifandonlyif 0<FE < Eu(p, N,

then
D = fE>0:0<r(p, A\, E)<+DXLand f(r(p, A\, E)) > 0g
= (Oa Ex (p> )‘))
Now for 2 D, we de..ne the time mapping 7" by,
Z 1, )\ E)@ a |
T, ) E):= EP i pAF () 'Pdi, E2D,

0
which, due to the fact that » (p, A\, E) is a solution of (3.17), can be written as,

Z
. ¢. r(p, A\, E)
T(p, A B)= pA 7
0
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Moreover, a simple change of variables in (3.19) shows that,

Zl

© a

T A B)=r@ A E) B if\FCe A\ B T
0

which can be written as

Y

Z Ya .
r A BT L Fae A B)Y T

E 0 Ep

T, A\ E)= £. (3.21)

The limits of the time map 7" are given by,

Lemma 33

lim T'(p, A\, E) =0, lim T(p, A\, E)=
EVE}

8
% +1 if 1<p-gq
E10+ §

PN i 1<qg<p

where 7
J=  fF(a) i F()g"YP de.
0

Proof To compute the ..rst limit, we use expression (3.21) of T'(p, A, E). By making use of

I’Héspital’s rule we get :

0 - il

EX0 E E X0 1 TEWMN GG N E) F(0) =0.

In addition, we have :

z
F@@p N E)Y _rp A E)S Olf(r(p, \, E)&t)dt,

FEP EP
SO
’ M 1Tz
. F@rp )\ E)Y) _ . "1 (p )\ E) !
 —— =N Temar & @A BME
Z
. ®il)¢ !
= M TCo N E) e B
Z
(pihe 1t £
i ol QUEgx
Then
! M T
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Hence, 7
1

= (i )P ge =,

q.
OAF(T (p7 )‘7 E)g) i/p
EY¥0 g P EP

So!
ER0 )\ )

To compute the second limit, we use expression (3.20) of T'(p, A\, E) . For any E near FEx,

we have: a j o <r(p, \, E) <a, so that :

Z 1@, E) L Z ois . Z 1(p \ ) L
fF (r(p, A E) i F(&)g P de = fieegil/? de + fioegit/Pde.
0

ajd

From (H2) we have,
meg (i x) - f(2) - Mp, (@ i), 822(id, a),

and, since for any E near Ex We have r» (p, A\, E) 2 (« i 9, «), then
82 (id, r(p A E)):

Z r(p, \, E) Z r(p, \, E) Z r(p, \, E)
m o (i »)dz - . f@)dz - M . ¢, (i z)dz,
¢
that is,
%l[(oz id%i(air(p, A\ E)] - F((, N\ E)iF(©)
Tl i O i @ik A B
then,
Mo T2 Z _ Z (5 .
% @i i @ir® T - PEE) i PO
H ﬂiJ-ZT(
m P

E) L
- y [(c i i (@i r(E)]"'rd.

q a
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By passing to the limit in these inequalities as E tends to Fa we ..nd,

H, iz, o . Z ) - .
7 aié(a io'rd¢ - EI!n]]Jn s [F(r(E)) i F()]"" d¢
P—mﬂi;}Z a .
T (o § QP d,
q ajd

and from the well-known fact,

z

«

6(Oéi§)i-;'d§<+1 O q<,

al

the computation of Ell'rrEl T (p, A\, E) follows. Lemma 33 is completely proved. H

From (3.20), one may observe that,
i 0, 81
T(p, A E)=pA S(r(p, A E)) (3.22)

where, 7
P -
S(p):=  fF () i F(s)g'Y? ds.
0

Since, for each .xed A > 0, the function E @ r (p, A, E) is an increasing continuous function
from (0, En (p, N)) onto (O, a), then if we put

Y Ya
Jl(p7 )‘) = EZ(Oa Eﬂ(p7 )‘))T(pa )‘7 E):

Nl =

and 7 ¢ Ya
i i 1
B N= p20a): PN TS =5

it follows that
CardJy (p, \) = CardJz (p, N).

So, from now on, we will focus our attention on determining the number of solution(s) of equation
(po)\)il/pS(p) =1/2in (0, «) instead of T'(p, A\, E)=1/2in (0, Ea(p, N)).

The key lemma used in the proof of Theorem 26 is the following :
Lemma 34 Assume that f satis..es (H1), (H2) and (H3). Then,

@) Ife=q, %(p)>0, 802 (0, a).
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(b) If £ 2 (0, ) there exists pg, (po iNndependent of X) such that,
oS
a_p(P) >0, 80 2 (pa, ).

Proof Some easy computations show that,

1 H () § H ()

1
P o fF(p) i F(po™s

oS _
R (p, p) =
where H is de..ned in (H3).

(@) If e = q, then (from (H3)) H is strictly increasing in (0, «). So,

H(p) i H(p€) >0, 8p2(0, ), 862(0, 1).

(b) Assume that ¢ 2 (0, «). From (H1), it follows that F' is strictly increasing in [0, o], then,
p(F(x) i F(o) <0<zxf(x), 8220, a),and0= F(0) < F (a)

then,
H(x) < H (), 820, ). (3.23)

Let 0 2[0, « j €] be such that H (xo) =supfH (z):0 - = - « j €g. Then, from (3.23),
one gets H (« j €) - H (zo) < H(a), and then, there exists (a unique) p, 2 [ § &, @)
such that H (p,) = H (xo) . Taking into account the fact that H is strictly increasing in
[a § &, pa], it follows that H (z) - H (p,), 8x 2 [0, py], and since H is strictly increasing
in [pa, @), it follows that for any p 2 (pa, @), one has H () < H(p), 8z 2 [0, p), or
equivalently H (p€) < H (p), 862 (0, 1). Lemma 34 is completely proved. B

Now, we can proceed to the

Completion of the proof of Theorem 26:
Case 1 < p - . Assume that € = «; then for each ..xed A > 0, the function p A (p'\)* Yp S (p)
is strictly increasing in (0, a) (lemma 34) and /I)i% (pO/\)il/pS(p) =0, /!i!rr(l1 (pO/\)il/pS(p) =
+1. (These limits are obtained from Lemma 33, (3.22) and (3.18)). Then, the equation in
02 (0, a): (PN it/rg (p) =1/2, admits a unique solution for any A > 0.

Now, let us assume that ¢ 2 (0, o). Then, for each .xed A > 0, the function p A

(po)\)il/pS(p) is strictly increasing in (p,, o) (Lemma 34). So, the equation in p 2 (p,, @) :
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(PN 1YP S (p) = 1/2, admits a (unique) solution in (pa, ) ifandonly if : (PA)11P S (pa) < 1/2,
which is equivalent to A > Ao with X = (1/7) (25 (p0))” -

Remark 4 If ¢ 2 (0, o) and A > o, equation (') 17 5 (p) = 1/2 admits a unique solution

in (pg, @), but we don’t know if it admits, or not, any other solution in (0, pg]!

Case 1 <q<p. Assume that ¢ 2 (0, @) (resp. ¢ = «). Then, for each .xed A > 0,
the function p A (po)\)il/pS (p) is strictly increasing in [p,, «) (resp. in (0, o)) (Lemma
34) and Im ') S () = GNP and lm GPNIS () = IS () (resp.
|i%(p0)\)il/p5(p) = 0) (from Lemma 33, (3.22) and (3.18)). So, the equation in p 2 (pg, @)
pl
(resp. p2 (0, a)): (pOA)il/pS(p) = 1/2 admits a (unique) solution in (pg, «) (resp. in (0, «))
if and only if (’A) 117 S (pe) < 1/2 < @A) 1YPJ (resp. 1/2 < (#!A) 1P 7) which is equivalent
to,
. 1 1 +
M ==2S(pr)) <A< 51 =g,
p p
(resp. A\ < L QNP =:\7))
P
One may observe that \! < A} from the facts that
2 J=5(0,

2 The function p ® S (p) is strictly increasing in [pa, ).

Remark 5 If ¢ 2 (0, ) and Md < A < A, equation (p'\)iY/7 S (p) = 1/2 admits a unique

solution in (p,, «), but we don’t know if it admits, or not, any other solution in (0, pg]!

The proof Theorem 26 is complete. Wl

3.3.5 Proof of Theorem 27.

In this example, we have,

z

u

f(uw) =exp(u) and F (u) = f(s)ds=-exp(u) i 1.
0
For any £ > 0, consider the equation in s,

EP j PAF(s) =0.
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This equation admits a unique solution sz = log (1 + (E”/p'))) . So, we have

a

X (E) :=©s>0:Ep i PAF(E)>0,82(,s) =, sa),

and then,
r(E, ) :=supX (F) = sa.

We can observe that,
r(E£,\)>0,86>0 and f(r(£, \) >0, 8 >0.

So,
D=FfE>0:0<r(FE, )<+1L and f(r(E, \)>0g= (0, +1).

The time-map T is de.ned on D = (0, +11) by,

Z (5, N L
TEN = fEP § PAF (&)t P de

Z /\)1/2 3/“il/zo

i Fe @

— il/ =
- (pO)\) P p(])\

Using the change of variables ¢t = F (¢) (which is admissible because of F! () = exp (&) > 0)
we get

-.’LZ (Ep/po/\) 1/2Ep 3/4i1/p
COVEE Tyt (log (1 + )Y dt
0

T(E, \)

P %Z YN -t%il/p Lt
0 % 1+¢

and using the change of variables t = (EP/p'\)y, we deduce that

i Ho_ T2 1 i1
¢. 15 i .
T@ =P 1+l @i

At this stage, we may notice that,

T(E ) = A R (s, ),

61



where,
A

EP 15 = dy
—_ d R(p) = 'p .
Y an (1) = () G I

p(E, N) =

For each .xed A > 0, the function £ @ u(E, ) is an increasing Ct-diceomorphism of
(0, +1), and,
55 (B N = PN TR B N EFEE D).

So, to study the variations of £ §¥ T (FE, )), it su€ces to study those of R, that is, for each
.xed A > 0, R is strictly increasing (resp. decreasing) on the interval I, if and only if 7'(¢, \)
is strictly increasing (resp. decreasing) on J, = MA”(I) , Where Mxil is the inverse function of
w1 (¢, \), and then R admits a local maximum (resp. minimum) value at u, if and only if 7 (¢, )
do so at pit (g).

We may notice that for each .xed A > 0,

. _ i -
IyEnOM(E, A)=0 and Elgerl“(E’ A) 1,

so, if "{nOR(N) = I.irpl R (1) = 0, then for each .xed A >0, the time-map £ §¥ T (F, \) do
wnl i
so, that is : gjr'noT(E, A) = Elli rﬂlT(E, A) =0, and then admits at least one maximum value.

So, if further R admits a unique maximum value then 7" (¢, \) do so, and then,
paxT (2, ) ="PA Y max R = AT R )
for some u, > 0. So, we can conclude that,
2 1f (0*A) "YP R (1) < 1/2, equation T (E, A) = 1/2 admits no solution.
2 If (p"A) 1P R (1) = 1/2, equation T'(E, \) = 1/2 admits a unique solution.
2 If (o'A) 1P R (1) > 1/2, equation T (E, X) = 1/2 admits exactly two solutions.

Then, if we set Ao = (1/7") QR (1))’ , Theorem 27 follows. So it remains to prove the

following,

Lemma 35 R admits a unique local maximum value and,
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We write R(u) as follows,

R(p)= K (v W), (3.24)
where,
v(p)= ﬁ; (3.25)

since 2 (1) = (§1)/(1+ p)? < 0, v is a decreasing C'1 jdiceomorphism from (0, +1.) onto
(0, 1). So, to study the variations of R it su€ces to study those of K. That is, R is strictly
increasing (resp. decreasing) on the interval I % (0, +1.) if and only if K is strictly decreasing
(resp. increasing) on v (I) = J % (0, 1), and then R admits a local maximum (resp. minimum)
value at p, if and only if K admits a local maximum (resp. minimum) value at v (ug) . Then,
we have to prove that K admits at most one maximum value. To this end, we prove that each

critical value of K is a maximum one, that is,
i 0 ¢
(8va2(0,1) K'(a)=0=) K¥(wa) <0 .

We have 7
Til dt
K@) = . I T

(1+1) % i(1+1) ’

and performing the change of variables x =1 +¢, we ..nd

YA 1
K@)y =vF —3& (3.26)
voz(lijx)r
while some simple computations yield necessiraly
C 7 D
) 1
Re)=i=iit g —2 e P (3:27)
p vazliz)r @Qiv)
(VR Z 1 %il . -;-iZ
KOO(U): ii u VJp'iZ dx — + v - +(2lp)VL (3.28)
PP va@iz)r Qi)Y @iv)?

At this stage, one can immediately concludes that for 1 < p - 2, KU(») <0, 82 (0, 1).
But, for p > 2 the sign of K% (v) is not known, that is why we perform the arti..ce of Smoller &
Wasserman [106] (described in the introduction of this chapter, page 39). That is, from (3.27)
we have the value of the integral,

Z 4 .

d T — £ 1+p[<o(y)ylip
vxlin)?» (Qiv)er

Y
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and then, substituting it in (3.28) we ..nd after simple computations,

M 11T( V%iz V-;-il J
K*(v) = i (1i1/)f’-+(1 V)1+.L+(P|1)V'1K0(V)

So, if va 2 (0, 1) is such that K'(vs) =0 then,

o
K ﬂ< %52 %il =
14°] Vo
+

K= A2
Po=(1j Vu)” (1 va)

1+—-’

which is obviously negative. Then, R admits at most one local maximum value. To show
existence, it su€ces to show that /llgnOR () = Ml!lrpl R(u) =0.
(1 Ll!rrg)R(u) =0.
z
! dy 1+ dy  _ 1t
K7 T K7
0 A+puy)(ivyr 0 Liy)r

0-R(W=p

then (i) follows.
(i) lim R(uw) =0
p¥+1

lj=
B_r 1 1
a) - — 2L+(0,1),8u>0
A+ ) @i y"? v )P
lj+=
lim Y 0,8y2 (0, 1),
UL (L) (L )t
then
Vi 1i';' 4 15-;-
l-iTlR('u): Ilir+n1 - T = I-IT1 . Tdy =0.
" P, Q) (L y)e 0 A+ @ i y)7

and (ii) follows.
The exact diagram: In order to study the variations of kuk, with respect to A it su¢ces

to study those of 1 with respect to A. In fact,

H 1 ﬂ 1
1+_()\) d)\ ()\) and =————>0.

— d =
_(>\) —log @ +p () = 1+p(N)
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Recall that there exists 1, > 0 and A\ > 0 such that,
i ¢.q 1
P TR =5 O 1= o, (3.29)

and R is strictly increasing (resp. strictly decreasing) in (0, p,) (resp. (i, +1)). Moreover,
for any .xed A\, 0 < A < An, there exist 1, (A) and 1,, (X) such that,

/Lm ()‘) < Mg < ﬂM ()‘);

and,
AT R (1, (00) = AT Ry 0) = 3.
So,
R (it () = R O) =5 A, (330)
then,

¢

dR dit, y _ AR dpys oy P g ®

S0, dr (tty, (V) (resp. dr (pas (V) and G, (M) (resp. s (N)) have the same sign, that is,
du du d\ d\
dR d
Q) <pa 2D == (0 (V) > 0= () >0,
il

i ) > e = %(MM(A))<0=) Lt (3 <o,

Moreover, since the function A § ¥ ., (A) (resp. p,, (X)) is increasing, (resp. decreasing), then
there exist 19, 2 [0, o) and 2, 2 (0, po] (resp. 18; 2 (ua, +1] and 15, 2 [11e, +1)) such that
lim 0, V) = 10, and Jim g V) = i (resp. lim puy ()i\) ? 19, and Jim (V) = 15). By
passing to the limit as \ tends to 0in (3.30) one gets: R 9, =0, then 19, = 0. (Because 1 =0
is the unique solution of the equation R (x) = 0). Furthermore, by passing to the limit as A
tends to Xa in (3.30) we get : R(1%) =4 (FAa)'/?, (resp. R(I5,) = % (#Aa)"/?) then from (3.29)
it follows that 7, = u, = 15,

Now, assume that [, & +1 then by passing to the limit as ) tends to 0 in (3.30) we have
that : R il?f = 0 then 1§, = 0 which is impossible because 19, 2 (1., +1]. Then, the exact

diagram of positive solutions is now clear.
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3.3.6 Proof of Theorem 28.

In this example, we have for v _ 0

Z (i Do+

i ¢, )
F(u)= '¢q(u) =uiDe and F (u) = i f@dt= CiDasT

For any E > 0, consider the equation in s
EP § PAF(s) =0,

which is uniquely solvable, in fact : s satis..es (3.31) if and only if,

My 1/ Do) -
§=Sn!= %((q iDa+1) Ep/(qiDa+l)
So, we have,
© a
X(E):= s>0:EP j pAF(€) >0,8:2(0, s) =(0, s5)
then,
My M1/t D) _
r(E, \):=supX (F)=ss = pO_A (giDa+1) Er/(@ila+l)

Let us notice that,
r(E, \) >0, 8£>0 and f(r(£, \) >0, 8E >0,

then D = (0, +1). So, the time-map 7T is de..ned on (0, +21) by,

Zr(E,A)@ a'l T(E )\)le/z
T(E)= EP i PAF() PWPag=—==2 1

E Ep

z ]
T(E’ )‘) lnl i S(Qil)a+loll/pd§.

T(B)=—=

PR

(3.31)

The last above-mentioned integral may be calculated (see for instance Lavrentiev & Chabat,

[77], Chap. VII, pp. 595-596),

z 1n1 - é—(qil)a+loil/pd£_ 1 BIJ 1 1; 11-[
o ! GiDa+1l" (@ila+1 " 'p -
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then, 3 -

T(E) =B 1/(giDa+1), 1i3 ((¢ia+1)i@id/@iberd g

")) 1Y/ @iDa+D (@i ilai D) ((gibo+D),
One may observe that the sign of 0T/0FE is the same as that of (p § 1) i (¢ i 1), so the
following holds :

Discussion:

LUI@pilil(ila>0, (resp. <0) then,

E(E) >0, (resp. <0), 8 >0, lim T(F)=0, (resp. +1),
OF ol ohe

and EI!'T1T(E) =+1, (resp. 0),
in this case, for each ..xed A > 0, the equation 7' (\, E) =1/2 admits a unique solution,

EQ) = ANV (pi Di@iDa)

where A > 0 is a constant, and then,

g—f (A) >0, (resp. <0)8X>0.

Therefore, for each .xed A > 0, problem (3.9) admits a unique positive solution ) such
that «} (0) = F()\) and the function A §¥ < (0) is increasing (resp. decreasing) in
(0, +1) and converges to zero (resp. in..nity) when X tends to zero and converges to

in..nity (zero) when \ tends to in...nity.

2. 1f(@ili(gil)a=0,then the function £ §¥ T (£, )) is constant, so,
(@) 1,
T8 N=5 O A=hi=(pi1)@—BCA

in &
psin Z

if A\ & A1, then problem (3.9) admits no positive solution and if A = A1, then for each

E > 0, problem (3.9) admits a unique positive solution u g satisfying v%; (0) = E. Observe
i ¢

that in this case it holds that I(pq (w) * = ¢p (u), 8u > 0; so, we can show that any two

positive solutions are proportional. The proof is complete.
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Chapter 4

Boundary value problems for the one
dimensional p-Laplacian with even

superlinearity

Electronic Journal of Direrential Equations, 1999 (1999), No 9, pp.1-29.

4.1 Introduction

This chapter is devoted to a study of existence and multiplicity of solutions of the quasilinear

two-point boundary value problem

i no .
i @) = f(Aw) in(0 1)
uw(@0) = u(1) =0,

4.1)

where ¢, (s) := jsifi%s and f(\, u) = juf’ i A\ Here, igop (u0)¢0 is the one dimensional p-
Laplacian, and p > 1.

When the dicerential operator is linear, i.e., p = 2, several existence and multiplicity results,
related to superlinear boundary value problems with Dirichlet boundary data, are available in
the literature. Let us recall some of them for the one dimensional case.

Lupo et al. [79] have studied the non-autonomous case

i () =u?(2) i tsinz, in (0, 7), w()=u(r)=0. (4.2)
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Using a combination of shooting and topological arguments, they show that for any & 2 N there
exists ¢, > 0 such that for all ¢ _ ¢, problem (4.2) admits at least & solutions.

Castro and Shivaji [40], using phase-plane analysis, have considered the problem

it @) =g@@)ip@it in (0,1, w@)=u(l)=0, (4.3)
where p a continuous function in [0, 1] and g 2 C* (R) satis..es

im 28 = \2R and  tim 28 =43 with some o > 0.
sTidl s s¥+1 glto

They show that for &£ 2 N there exists ¢, (M) such that lim, s 44 £ (M) = +1, and for all
t > t;, problem (4.3) has at least two solutions with k£ nodes in (0, 1).
The autonomous case has been studied by many authors. Let us mention some of them.

Independently of Castro and Shivaji, Ruf and Solimini [97] have considered the problem

i (@)=g@@)it in O, u@=u(@)=0 (4.4)

where

g2 C*(R), limsupd' (s) <+, and lim ¢'(s) =+1.
s i sT+1

Using variational methods, they show that for any £ 2 N there exists ¢, 2 R such that for ¢ >
problem (4.4) has at least k distinct solutions.

Prior to the papers mentioned above, Scovel [102] obtained the same result as Ruf and
Solimini [97] in the special case where g (v) = 6u2. He has shown that for any integer £ _ 1,
there exist values t1 < ¢¢¢ < ¢, such that for ¢ > ¢, problem (4.4) (with g(u) = 6u?) admits at
least £ distinct solutions.

Independently and prior to Scovel, Ammar Khodja [20] obtained in 1983, a complete de-

scription of the solution set of the problem
i (@) =u?(@) i) in (0,1), wu()=u(l)=0. (4.5)

He has detected all the solutions to (4.5) for any value of A 2 R, and thus has obtained the exact
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number of solutions to (4.5) for all \.. To state his result, denote for any integer & _ 1 the sets

a

©
Sir= w2C2[0, 1] : ' (0) >0, u admits &k j 1 nodes in (0, 1)

Si=iS, and Sp,=5 L[S}

Theorem 36 [20] There exists a sequence ();), o such that
Pl <A <0 <A <Ay <llE < N\ <000

and:

(i) If A < )Xo, problem (4.5) admits no solution.
If Ao < A< 0, problem (4.5) admits exactly two solutions and they are positive.
If A\=Xoor0 - X< A, there exists a unique positive solution.

If A > )1, there is no positive solution.
(ii) If A> 0, there exists a unique solution in S} .

@iii) 1f (and only if) A > A\ :

2 there exist exactly 2 solutions in Sy

2 there exists exactly one solution in Szikj+1

(iv) There exists a sequence (y4,), , such that

A< g < A2 < pp <000 < pp < Mg < CCC

and such that:
if (and only if ) u; < A < Ag+1, there exist exactly two solutions in S5 ., 1,

if (and only if ) A = or A > \g+1, there exists a unique solution in S5, ;.

The objective of this chapter is to extend Ammar Khodja’s result to the general quasilinear

case p > 1. In particular, we will show that if A - 0 the same result holds for all p > 1, but if
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A >0 and p > 2 the situation is dicerent from that obtained in [20]. So, the behavior of the
solution set of problem (4.1) depends not only on the values of A (as was shown in [20]) but also
on those of the parameter p.

These changes in the behavior of the solution set when the parameter p varies is not new in
the literature. Guedda and Veron [69] have considered the problem

8 i ¢ .
Sie,w) = XA,Wif(), in©1)

] (4.6)
- w(©) = u(l) =0,

where f is a C odd function such that the function s A f(s) /sP1! is strictly increasing on
(0, +1) with limit 0 at0and limsx+1 f (s) /sPil = + 1. They denote by E) the solution set of
problem (4.6) and show, under some technical assumptions, that when 1 < p - 2 the structure
of E, is exactly the same as in the case p = 2, and strictly dicerent in the cases p > 2.

This chapter is organized as follows. In Section 4.2 we recall notation introduced in Chapter
0, and state the main results (Theorems 37 and 38). In Section 4.3 we prove Theorem 37 and

in Section 4.4, we prove Theorem 38. Finally, we close this chapter by a remark in Section 4.5.

4.2 Main results

The ..rst result is concerned with the case A - 0 and gives the exact number of solutions to
Problem (4.1).

Theorem 37 (Cases A - 0) There exists a number As < 0 such that:

(i) If A < Aa, problem (4.1) admits no solution.
(i) If A= \s, problem (4.1) admits a unique solution and it belongs to A7 .
(iii) If \a < A <0, problem (4.1) admits exactly two solutions and they belong to A7

(iv) If A =0, beside the trivial solution, problem (4.1) admits a unique solution and it belongs
to A7.

The second result is concerned with the case A > 0.
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Theorem 38 (Cases A > 0) For any p > 1 there exist two real numbers J (p) > J+(p) > 0
and for all p > 2 there exists a positive real number J; (p) < J(p) such that for all integer
n_1l:

=

(i) Problem (4.1) admits a solution in B if and only if A = (2n.J (p))i”z, and in this case, the

solution is unique.

(ii) Problem (4.1) admits no solution in S B},
n_1

(iii) Problem (4.1) (with A > 0) admits a solution in A7 if and only if 0 < X < (2J (p))272 , and

in this case, the solution is unigque.

(iv) Problem (4.1) admits a solution in A} ifand only if (1 <p - 2and A > 0) or (p > 2 and

0< A< (2J; (p))pz), and in this case, the solution is unique.

(v) Problem (4.1) admits a solution Uzn in A >, provided 1 < p - 2 and A > (2nJ(p))p2 or

p>2and 0

inf (2nJ @), @n(J; @)+ J+ @)
S <sup @I @), @n(J; (o) + J+ O

(vi) Problem (4.1) admits a solution in A3 ., provided 1 <p - 2 and
A>Q(m+1)J@) orp>2and

n (0]
inf (2(n-+1)J @), @M+ 1) Je () +nJ; G
<A<sup R+ JE), @(n+1) Je(p) +n; (M)

(vii) Problem (4.1) admits a solution in A} ,, provided 1 < p - 2 and A > (2nJ (p))‘”2 or

p > 2 and n o
inf (207 MY, @(n+1)J; @)+ ns @)’
<A<sup nd @)Y, @((n+ 1) J; (p) + nJe (D))

Remgrk 6 Agcorging to Rroposition ?? (Chapter 0), if A >0 and p 2 (1, 2] then

L L
5%@ " AL AL@ T BA, where S denotes the solution set of problem (4.1).
ko1 ko1

- =
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Remark 7 The results obtained in [20], for p = 2, regarding solutions in Az,, A} .. and
A3 .1, are more precise than those stated in Theorem 38, Assertions (v), (vi) and (vii) for
p & 2. In fact, these assertions do not provide the exact number of solutions in Az, A} ., and
A3 +1- The proof given in [20] uses strongly the fact that the nonlinearity « A u? j A is a second

degree polynomial function. We were not able to obtain the same degree of accuracy.

4.3 Proof of Theorem 37

Since A - 0, any solution to (4.1) is positive. In fact, if « is a solution to (4.1) then
T B PN
uw@)=¢n ¢, u() ,822(Q,1).

Since 2 @ o, (u! (z)) is decreasing (from igop (u°)¢0 () = jju@)jf + )\ for all z2 (0, 1) and
A - 0) and ¢, is increasing, it follows that u? is decreasing. This shows that « is concave, and
since «(0) = u (1) =0 it follows that w is positive.

Moreover, the nonlinear term f(\, w) = juj’ i A, satis..es the condition of Theorem 11, so
any nontrivial solution is necessarily in A7 . Hence, we have only to de..ne the time map 7%. In

order to do this, we need the following technical lemma.

4.3.1 Technical Lemmas
Lemma 39 Consider the equation in s 2 R :
EP i PF (), s) =0, 4.7)

R
where p > 1, A - 0 and E _ 0 are real parameters and F (\, s) = Osf()\, t)dt. Then for any
E > 0, (resp. £ =0) equation (4.7) admits a unique positive zero s+ = s+ (p, A, E) (resp. a

unique zero s+ = s+ (p, A, 0) = 0). Moreover:

(a) The function E ¥ s+ (p, A\, E) is C* on (0, +1.) and

Dt @il Eit
28 PN D =050 )

>0
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forallp >1,all A - 0, and £ > 0.
b) lim s+, A\, E)=0.
E10*

©) EI!iT18+ (p, A\, E) =+1.

Proof Fora.xedp>1 A - 0and E _ 0, consider the function

Y
+1 !

sTY M(p, \, E, s) =EP i PF(\ s)=EP jp's A,

de..ned in R which is strictly decreasing and such that
M(p, A\, E, 0)=FF _ 0, and Sl!irle(s)z il.

It is clear that (4.7) admits, for any £ > 0, a unique positive zero, s+ = s+ (p, A, E); and if
E =0, it admits a unique zero s+ =0.

Now, for any p > 1 and A - 0, consider the real-valued function
M 11

sP
p+1'A

(E, s)§Y Ms(E, s) :=EPj's

de.ned on —+ = (0, +1)%. We have M4 2 C* (-+) and

OM - .
=2(E, )= i O 9= i G’ i A in -,
hence
M (F, s) <0, in —+
0s

and we can observe that s+ (p, A, E) belongs to the open interval (0, +1) and satis..es from
its de..nition
My (E, s+(p, A\, E)) =0. (4.8)

So, we can make use of the implicit function theorem to show that the function £ § ¥ s+ (p, A, F)
is C1((0, +1), R) and to obtain the expression for % (p, A\, E) givenin (a). Hence, for any
.xedp >1and X - 0, the function de.nedin (0, +1) by E§ ¥ s+ (p, A\, E) is strictly increas-
ing and bounded from below by 0 and from above by +21.. Thus the limit Eli!n3+ s+(p, \, E) =15

exists as a real number and the limit El'iml s+ (p, A, E) =144 exists and belongs to (0, +1].
L
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Moreover

0- I <leq - +1.

Let’s notice that, for any .xed p > 1 and A - 0, the function (£, s) §¥ M+ (F, s) is
continuous in [0, +1)2 and the function £ §¥ s+ (p, A\, E) is continuous in (0, +1) and

satis..es (4.8). So, by passing to the limit in (4.8) as E tends to 0" we get:
. i,
0= Ell'n3+ M+ (E, s+, A\, E)) =M+ 0, Iy .

Hence, Iy is a zero, belonging to [0, +1.), of the equation in s : M4 (0, s) = 0. By resolving
this equation in [0, +1) we ..nd: I3 = 0. Assertion (b) is proved.
Assume that [, 4 < +1; then by passing to the limit in (4.8) as E tends to +1 we ..nd:

u T
+1 =gl (f;Tlip PA <+,

which is impossible. So, .4 =+ and Lemma 39 is proved. W
Now, we are ready to compute X+ (p, A\, E) as de..ned in Chapter 1, foranyp > 1, A - 0
and E _ 0. Infact X+ (p, A\, E) =(0, s+ (p, A\, E)) if E>0and X+ (p, A\, 0) =;. Thus

r+(p, A\, E) =supX+(p, \, E)=s+(p, A\, B) if E>0and r+(p, A, 0) =0,
and since f () s) =jsj”’ i A >0,8(\, 9)2(id, 0]£ER, () s) & (0, 0) it follows that

Dy = fE _0:0<7r+(p, A\, E)<+Xand f(\, 7+ (p, A\, E)) > Og
= (0, +1).

Before going further in the investigation, we deduce from Lemma 39 the following:

E|I!r51+ r+(p, A, £)=0 and El!IT17’+ (p, \, E) =+1 4.9
Or+ ___@iypeit _
o5 0 A B)= O D) 0, 822 D+=(0, +1), 8X - 0. (4.10)

We de.ne, forany p >1, A - 0, and £ 2 D+ = (0, +1) the time map

Z oA a |
T+ (p, A\, E):= EPip'F(\ &) '"d¢, E2 Dy (4.11)
0
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and a simple change of variables shows that

Z a
T A\ E)=re( A B) Vi QL e (o A, B)E) Phde (412)
0

Observe that from the de..nition of s+ (p, A\, E) we have
EP i pOF ()‘7 S+ (p7 >\7 E)) =0

and so, from the de..nition of r+(p, A, E), we have EP = p"F (\, v+ (p, A\, E)). So, (4.12) may

be written as

T+ (p7 >\7 E)
Z (4.13)
1
=re(p, A\, YO)'YP O e (0, A B)) § F O\ 74 (0, A, E)E)gi Y7 de
0

Equivalently

T+ (pv )‘7 E)

Dty (4.14)

iAN1if) dé

C i ¢
21N B)'1 et

1 _
=17 A, BT 1
0

Lemma 40 If A - 0 then the following hold true

() Iim T4 (p, \, E)=0,if A\<0and lim T4« (p, 0, E) =+1,
E 10+ E X0+

(i) EI!'TlT““(p’ A E)=0, 8\ -0,

(i) If A <0, T+ (p, A, ¢) admits a unique critical point, £°(\), at which it attains its global

maximum value. Moreover,

(a) The function A& T4 (p, A, E” ()\)) is strictly increasing in (j A1, 0).
(b) AI!lrp1 T+ (p, A\, E°()\)) =0.

© lim 7o (p. A, E° (1) =+1.

(iv) If \=0, (OT+/OE) (p, 0, t) < 0in (0, +1).
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Proof (i) If A <0, we deduce from (4.14)

15+ i 0¢iLZL =1
0-T%@ A\ E)-r "(p, A E) p v FiAQ i g7 de.
0
So, by passing to the limit as £ tends to 0, we ..nd

. . 2

0- limTh(p, A E) - limri?(p A E) it fi (L OgiTde=0

EXO + s Ny B0 + y Y p 1 1 .
0

If A =0, then (4.14) yields

Z M i
i t.2 ;L = ep+l TG
T (.0, B)="p P (p 0, ) LS

p+1 CZS)
0

and from (4.9) lim T4 (p, 0, E) =+1.
E¥0+
(ii) From (4.14) we have for any A - 0,

. 2Y Yaz1
i ¢ - ep+174il/p
0-T+ (pv >\7 E) - r—il—l/p(pa )\7 E) Ipo iYp L |€

p+1 df
0
So, by passing to the limit as E tends to +1., we deduce
0o - EI!'T1T+(p’ A\ E)
. ZI' ]/2 13/4i1/p
- lim piYr gt Lid =
El!lrplm (p, \, E) p P d¢ =0.
0

(iii) If A <0, then from (i) and (ii) we deduce that 7' (p, A, ¢) admits at least one critical

point. Here, we are going to prove its uniqueness. From (4.13), let us notice that

- ¢_
Te(p, A E)="1" 7S, A pp. \ E))

where p(p, A\, E) =r+(p, A\, E) and

Z
p .
SG. A= TFE A 0§ PO 6)gi P de.

On the other hand , observe that for each .xed A < 0, the function £ @ p(p, A, E) is an

increasing C? j diceomorphism from (0, +1.) onto itself (Lemma 39, Assertions (a), (b) and

7



(c)), and
55 @A B) = £ (p, A p(p, A E))£ (p A E). (4.15)

So, tostudy the variationsof £ ® T4 (p, A, E) itsudces to study thoseofp @ S(p, A\, p). That
is, S(p, A, ¢) attains a local maximum (resp. minimum) value at p, if and only if T4 (p, A, ¢)
does so at pi (p), where pi is the inverse function of p(p, A, ¢). From (i) and (ii), it
follows that ’I)i!ng)S (p) = pI!iT15 (p) =0, that is, S admits at least a maximum value. To prove
unigueness, we ..rst show a priori estimates on the critical points of S (p, A, ¢). That is, for
each \ < 0, we look for a compact interval J(\) which contains all possible critical points of
S(p, A\ t). Next, we prove that S'(p, A, ¢) isconcave in J (\). We have
a8 Zp Hp, \, p)i Hp, \, v)

- @ A p)= —du (4.16)
dp 0 pp(F(®, A p)i F, A u)?

=, p+l
where H (p, A\, w) = pF(p, \, w) i uf(p, \, u) = ;9111 i Apil)u, 8u > 0. The vari-

ations of w M H (p, A\, u) can be described as follows. H (p, A, ¢) is strictly increasing in
(0, py (p, A)) and strictly decreasing in (p;(p, A), +1) where pl N = (irx(pil)Yr.
Moreover, H (p, A\, 0) = H (p, \, p, (p, \)) = Owhere p, (p, \) = 'p2 i ¢¢1/p > py (p, N).
So, it follows that:

@(p, A, p) >0, 8p2(0, pr(p, N)

and
oS
8_,0(]97 >\a P)<07 8/02(P2(Pa )‘)7+1)

That is, we get a priori estimate as follows : 8p > 1, 8\ <0, 8py >0,
oS )
a_p(pa )‘7 pn):():) pUZJ()‘) _:[pl(p’ >\)7 pZ(p7 )\)]

Easy computations show that for any p > 0 and A < 0, we have

25 5 = PN ) § HE N g
57 N 0 ?p(F(p, A, p) i F(p, A pl))&D/r

dg

Lp(Em. A p) i 2 N, pO))(F (p, N p) i F(p, )\ p9) ¢
0 Pp(F (D, A p) i Fp, A p))&/e

—+
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where

2, A w) = ip@+D)F@, A w)+2puf (p, A, uw) i Py, @0, A )
= Mkilu, 8u>0.

After some substitutions we ..nd

Z1 p(L i &2 P(X(©)

O PED NP F A\ p))

w(pa A, p): d§

where s
< p+1  ife=1

XO=2 1501
-1_i£ |f§2[0,1)

and P is the polynomial function

i ¢
M L i P2

PEO= @+D

MPX i (i )X

It’s easy to check that X (£) 2 [1, p+ 1], forall £ 2 [0, 1]. In fact, the function £ A A (¢) := &P+t

is convex in (0, +1), and

h@) i h(9)

0(1) —
T3¢ -hK@Q)=p+1,82(0,1).

X =
go, we are intergsted in the sign of P (X) when X 2 [1, p +1]. First, its discriminant is ¢ =
1)/ (p+1)> X2p? >0 where

i ¢, i ¢
p@=@il)? pPP+2p+2 " +4 Pl

and its roots are, for each A < 0and p > 0,

s ;
A TP— i ¢

X1(p, A, p)=ﬁ p@i@il) pPP+2p+2 <0,
5 ;

P— i ¢
L)+ @il Prp+2 >0

=

|
XZ(p7 >\7 P) - pp

N

It can beveri.ed thatp ® X (p, A, p)isdecreasingin (0, +1.) and we deduce, from H (p, A, p2(p, A))

0, that p - ¢
S i} 1 2
p@)+@il) p>+2p+2

TEa) . 8\ <0.

Xa(p, A p2(p, M) =
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Hence, one can deduce that X2 (p, A, po (p, A)) > p+1. (In fact, to prove this it su¢ces to show
that it follows

pP— i ¢ i ¢
L)+ @il) pP+2p+2 >2(p+1) Rl

which is equivalent to proving that u (@) > (p(p i D) (p+ 2))2, and this is (after some simple
computations) equivalent to 4 (p + 1) p?> > 0 which is true since p > 1). Then

[L p+ 1% (X1, A p), Xa2(p, A p)):8A <0, 8p2[py (p, A), p2(p, M,

hence, P (X (&)) < 0, for all £ 20, 1], so,

028
8_[)2(17’ )‘7 p)<07 8>‘<07 8p2J()\):[,01(p, )‘)7p2(p) /\)])

which proves the uniqueness of the critical point of S (p, A, ¢) and of 77 (p, A, ¢).

(@) Some easy computations show that

0T,
aE (p7 >\7 E)

, (4.17)
r+(p, A, E) Hp, N\, r+)i H(p, A &)

0 pr‘+(F(p, )‘7 7"+)iF(p, )‘7 5))

=) S D)

.&ldg
p

and that

W+ _ 0i£87’+
a)\ (vaaE)_(p) a)\ (vaaE)E

LMD Hp A r) i Hp ) ©)
0 p?“+(F(p, )\,’I"+)iF(p, Aag))p

dé+

E

(4.18)

+ ()i

Z rip. A E) r+(p, N E) i¢ de
O pFG A )i F® A )

and then combining (4.17) and (4.18) we get

_8r+8T++8r+0T’+
"o\ OF  OE o\

z
- 7‘+(p,/\7E) -
2@0)'%%7’5 M, \, E)E£ r+( A E) i

=T %
0 p(F(p7 >\a 7’+)iF(p,>\,£))P
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SO,
_8r+8T++8r+8T+
1"9X OF  OE O\

>0, B8E>0, A<0. (4.19)
Since, (014 /0FE) (p, A\, E®* (\)) =0, using (4.19) and (4.10) one gets
Ax A B2 (M) >0, 8A<O.
o))
(b) Since H (p, A, t) is strictly increasing on (0, p; (p, A)), it holds that
0T+

=5 @ A E)>0,8E2 0, Ei(p, V)

where E; (p, \) = ('F (0, \, py(p, )7 Since (9T /OE) (p, A, E° (V) = 0, it fol-
lows that £° ()\) . E1()\), and since

F(rs (E° (V) = (£ z;()\) ET(]? A)

=F(p1(p, V)

=

and F'is continuous and strictly increasing (A < 0) it follows that

T+ (p7 A, E* ()‘)) = M (p> >‘) =T+ (pa A By (p7 >‘))

From (4.14), we have

) ) Z lul - €p+lﬂi1/p
Te(, A E°(V) - @) Y2riY7 @, A E° (V) !

p+1 d§

YA 1H1 ; §p+1'"i1/p

} (pO)il/pfpl(n )\)gil/p d¢

o pt+l

and by passing to the limit as A tends to j 1., we ..nd

0 - lim T, A E°(V)

AN

; - +1 i1
| o%i1/p 1ié ; . . il —
p o+ 1 df/\|!|rinlf|>\(19|1)9 =0.

(c) For each A <0, we have

T+ (P» )‘7 Eﬂ ()\)) = Zli%T+ (p7 )\7 E) - T+ (pv >\7 El ()‘))
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and from (4.14) and the fact p; (p, \) =r+ (p, A\, E1(p, \)) one has

T+ (pa )‘7 El (A))
2% Yai1p

, i .C. . 2 i1li +¢
=GO @a e S e i
0

So,
Jim T (A B2 () o lim Ty (. A, B2 (0) =+

(iv) If A =0, the function p A S(p, A, p) is decreasesing strictly on (0, +1.), since the
function u @ H(p, 0, u) := juP*l/(p+ 1) does so in (0, +1) (See (4.16)). Then, from (4.15)
and (4.10) it follows that (0T+/0F) (p, 0, ¢) < 0in (0, +1). Therefore, Lemma 40 is proved
[

4.3.2 Completion of the proof of Theorem 37

The proof is an easy consequence of the previous lemmas. In fact, there exists a unique
A? < 0 which satis..es Ty (p, A%, E° (\")) = 4 and the function A @ T, (p, A\, E® () is strictly
increasing in (j A, 0). So, if A< A\*, forany £ >0and A <0,

Te(, X E) - SUpTe (p, A, B) =Tulp, A B (V) < T (p, X, E°(\) =3.
E>0

Thus equation T+ (p, A, E) = 4 admits no solution. If A\ = \°, then E° (\") is the unique
solution of the equation T% (p, \°, E) = % So, problem (4.1) admits a unique positive solution
which is in A7. Finally, if 0 > X > X%, then T4 (p, A\, E°(\)) > T4 (p, A\°, E*(\")) = 3.
So, equation Ty (p, A\, E) = -} admits exactly two solutions and problem (4.1) admits exactly
two positive solutions in AI“. If A =0, then T4 (p, O, ¢) is strictly decreasing in (0, +1.) and
limgeo+ T+ (p, 0, E) =+, limgu+1 7+ (p, 0, E) = 0. So, equation 7+ (p, 0, E) = (1/2)

admits a unique solution in (0, +1.). Theorem 37 is then proved. &

4.4 Proof of Theorem 38

As for the proof of Theorem 37, we begin this section by giving some preliminary lemmas. In

order to de..ne the time-maps we need as usual the following technical lemma.

4.4.1 Technical lemmas
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Lemma 41 Consider the equation in the variable s 2 R,
EP i PF(\, s)=0 (4.20)

where p > 1, A >0 and E _ 0 are real parameters. First, if £ = 0, equation (4.20) admits a
unique positive zero s, = s, (p, A, 0) and a unique negative zero s; = s; (p, A, 0) such that
issi = (A (p +1))Y/7 . Moreover, for any E > 0, equation (34.20) admits a unique positive zero
s+ = s+ (p, A\, E) and this zero belongs to the open interval (A (p + 1))1/p, +71 . On the other
hand,

33 - '1/
() If E>FEa(p, \) = -}72%01 AN p, equation (4.20) admits no negative zero.
(ii) If E= Ea(p, N), equation (4.20) admits a unique negative zero s; = s; (p, \) = PP

3

(iii) 1f 0 < E < Ea(p, )\), equation (4.20) admits, in the open interval jA\Y?, 0 , a unique
zero s; = s; (p, A\, E).

Moreover,
(&) The function E§ ¥ ss(p, A\, E) is Ct in (0, +1) (resp. (0, Ex (p, \))) and

§@ i1k

Oss -
FQ, ss(p, A E))

OE

(p, A E) = 0,

for all p > 1, for all A >0, and for all £ >0 (resp. for all £2 (0, Ea(p, N))).
d) lim s+, A\, E)=((p+ 1) )\)1/” and lim s; (p, A\, E) =0.
E¥0* E¥0*

- — . ) — = l/p
©) E|!Irll15+ (p, \, E)=+1 and Ell!n]}us, (p, A\, E) = f X/P.
Proof Forany .xedp>1, A >0and E _ 0, consider the function

sTYN@®, \, E, s) =EP i PF(\ s)=E"ips

de..ned in R. From a study of its variations, it is clear that equation (4.20) admits, if £ =0,
a unique positive zero s+ and a unique negative zero s; . Their values are obtained by solving
equation (4.20). Moreover, for any £ > 0, equation (4.20)3admits a unique positive zero,
s+ =s+(p, \, E), and this zero belongs to the open interval (A (p + 1))1/”, +1 (since

3 -

N p A E, (\p+1)F =N, A, E, 0) = EP > 0).
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Also, Assertions (i) (ii) and (iii) follow readily from the variations of N (p, A, E, ¢).

Now, for any p > 1 and A > 0, consider the real valued function

Hggr T
(B ) TENs(E )= B 15 20

3 - 3 -
de.nedon -+ =0, +1L) £ (\(p+ 1))1/”, +1 (resp. —; = (0, Eu(p, \) £ i\YP 0).
We have that Ng 2 C* (-g) and

O N . .
2 E ) =idfO ) =id (i Y in-s.

hence
..ONsg

?(E, s)>0, in —g

3 -

%nd we cap notice that sg (p, A, E) belongs to the open interval (\(p+ 1))1/p, +1  (resp.

i\/P, 0 ) and satis..es (from its de..nition)
Ns (F, ss(p, A\, E)) =0. (4.21)

So, we can make use of the implicit function theorem to show that the function £ § ¥ ss (p, A, E)
is C1((0, +1), R) (resp. C1((0, Ex(p, V), R)) and obtain the expression of %ﬁé (p, \, E)
given in (a). Hence, for any .xed p > 1 and A\ > 0, the function de..ned in (0, +1) (resp.
0, Ea(p, \)) by E §¥ ss(p, A\, E) is strictly increasing (resp. decreasing) and bounded
from below by (A (p+ 1))1/p (resp. i AY?) and from above by +1 (resp. by 0). Then, the
limit Eli!rB1+ sg(p, \, E) = l0§ exists as real number gnd the limit El!irp s+ (p, )\F] E) = l+i1
(resp. Ellln; si (p, A, E) = lu) exists and belongs to (A (p+ 1))1/p, +1 (resp. iAY?, 0).
Moreover

iL<idM?-l<id -0<O@+I)VP - IF <l4q - +1.
Let us notice that, for any ..xed p > 1 and A > 0, the function

(E,s) 7Y Ns(FE, 9)

h .
is continuous in [0, +1)£ (\(p+1))YP, +1 (resp. [0, Ea(p, N)] £ (i 1, 0]) and the func-

tion £ § ¥ sg(p, A\, E) is continuous in (0, +1) (resp. (0, E; (p, A))) and satis..es (4.21)s.
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So, by passing to the limit in (4.21)s as E tends to 0" one gets

i ¢
0= lim Ns(E, ss (. A, E)) =Ns 0. I§ -
h - h i
Hence, l0§ is a zero, belonging to (A (p + 1))1/p, +1  (resp. §iAY?, 0), to the equation in
the variable s:
Ns (0, s) =0.

By solving this equation in the indicated interval we .nd : Iy = ((p +1) A)l/p (resp. I§ = 0).
Assertion (b) is proved.
Assume that /-4 <+, then by passing to the limit in (4.21)+ as F tends to +1_, we ..nd
11
o

bea ) i\ <+,
p+1

+1 = p0l+:|_

which is impossible. So, l+4 =+1.

To prove that I = j A7, it suces to pass to the limit in (4.21); as E tends to Ex (p, M)

to get
Ni (Eﬂ(pa >‘)7 lﬂ) =0
h i
and to solve this equation in the interval i)\lh/p, 0 . ('Ifo this end, notice that the function

s§¥ N; (Ba(p, A), s) is strictly increasing in i\Y? 0 and
3 -

N; Ea(p, \), iAY? =0).

Therefore, Lemma 41 is proved. H
Now we are ready to compute Xs (p, A, E) as de..ned in Chapter 1, forany p > 1, A >0
and £ _ 0. Infact X+ (p, \, E)=(0, s+ (p, A\, F)) and
8

< /. .
X, (0 A\ B) = (id, 0) if E > Ea(p, A\)

- (Si(p7 )‘7E)70) if O-E-E°@7A)7

where sg (p, A\, E) is de..ned in Lemma 41. Then

T"‘(pa >‘7 E) ::SUpX+(p, >‘7 E) :3+(p7 )‘a E)
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and 8

_ < i1 if E> E.(p, \)
ry @0, A\, B) =infX; (p, A\, E) = _ _
= s;(p N E) if 0-E - Eq(p, \).

h .
Recall that for any E _ 0, s+ (p, A, E) belongs to (A (p +1))*7, +1 . Thus

0<r+(p, A\, E)<+Adifandonly if £ >0,

-

h
Also recall that, forany 0 < E - Ea(p, A), s; (p, A, E) belongs to i\Y? 0 and
si@ A 0) =i (@+1)N s

il<r;(p A\ E)<Oifandonlyif0 - E - Ea(p, A).
We can notice that f (\, 7+ (p, \, E)) =74 (p, \, E) i A>0, 8£ _ 0 and

f()‘a T (p7 >\7 E)):(iri (p7 >\7 E))p i )‘<OOE2(07 Eﬂ(pa >‘))7

so that
Dy = fE _0j0<r+(p, A\, E)<+dL and f(\, 7+ (p, \, E)) > 0g
= [0, +1).
and
D; = fE _0jidl<r;( N\ E)y<Oand f(\, r; (p, A, E)) <0g
= (07 Eﬂ(pv >‘))
So,

D:=D,\D; =(0, E(p, ).

Before going further in the investigation, we deduce from Lemma 41 that

i = 1/p i R =
Ell!rr(;+ r+(p, A\, E)=((p+1)N) and Ell!rB1+r, (p, A\, E)=0,

. _ , Y
M@ A B)=+1 and im0, A E) = iAY7

Ors _ (pi)Herit .
o A B TR Sse By O 2 Pe):
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Ors .
2 (0, A E) >0, 8E 2int(Ds).

At present, we de..ne, forany p > 1, A> 0, and E 2 Dg the time map

Z rs(p, A B)

© a
Ts(p, A\ E) =8 EP i pPF(\, €& "Pd¢, E2 Ds,

0

and a simple change of variables shows that

Z,

© a_
Ts(. \ ) =8rs(. \ B) EP i PFO, rs (@, A, B)E) PP de.

(4.25)

(4.26)

(4.27)

Observe that from the de..nition of sg (p, A\, E) one has EP j p'F (), ss(p, A\, E)) =0, and
so, from the de..nition of rs (p, A, E), one has EP = P’ F (\, rs (p, A\, E)) . So, (4.27) may be

written as

Ts(p, ), E) =8&rs(p, A, E)(")' P £

Z
1fF()\, rs(p, A\, E)) i F(\ rs(p, \ E)g)gil/pdé“
0

After some manipulations, we ..nd that
T (p, N\, E)= (r+ (p, \, E)I1Y? ()P g

7. %
S R 1jé¢

0 p +1 ' (T+ (P7 >\a E))P

Yai1/p
d¢, E2 D,

and
T; (0, A B)=(ir; (@ A E)Liv ()P E

Z.,%
ALidi

(iri 0 X\ B) iy gea®
p+l '

Also, let us de..ne forany £2 D = D+ \ D; and n 2 N the time maps:

TZn(p, >‘7 E) ::n(T+(pa >‘7 E)+Ti (p7 >‘7 E))a E2D7

T2§1+l (pa )‘7 E) :=T2n(I77 )\, E) +T§ (p, )\, E), E 2 D.
The limits of these time maps are the aim of the following lemmas.
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Lemma 42 For any p > 1 and A > 0, we have T+ (p, A, Ex(p, \)) = iV g g, (p), where
i o ll/P 1/p Z1n i Oii/p
J+ (p) = +1)7"0m £ , pi@@O" ++1DIMmE dg
and 0 (p) > (p + 1)1/” is the unique positive zero of the equation

o § (p+1)0 i p=0. (4.33)

Proof For any p > 1, let us consider the function £ de..ned in (0, +1.) by £(0) := ¢***
(p+1)0 j p. A study of its variations implies th%t equation (4.33) admits a uni?gue zero in
(0, +1), denoted by 6 (p) , and this zero belongs to (p+1)1/p, +1 (Notethat£ (p+ 1)1/p =
ip). Furthermore, recall (Lemma 41) that, forany A > 0Oand £ > 0, r+ @3 A E)is tlje/unlque
% " then

positive solution of equation (4.20). In particular, if £ = E;(p, \) := 'pE+L1 A

r+ (p, N\, Ex(p, X)) is the unique positive solution of the following equation in the variable s :
i A+ 1) s i pT =0. (4.34)

Easy computations show that 6 (p) \1/? is also a positive solution of (??), and since (??)

admits a unique positive solution (which is 7+ (p, A, Ex (p, A))) it follows that
r+ @, A\, Ea(p, \)) =0 (@) \/?, 8p>1, 8\ >0.
Now, from (4.29), simple computations show that 7% (p, A, Ex (p, \)) = NP g g, (p) where
Z,3 - 1p
i 1 i
L) =G +1)1/pe<p) Pi @O +@+1OEE
Therefore, Lemma 42 is proved. H

Lemma 43 For any p > 1 and A > 0, let

3 - 3 -

il ozl

li 1 pralll -
J(p) == 0 i /p(p"‘l)%@ F — +lp
D i Lilp+l)

and
i %1/ 1/pZ 0 i/
Ji(:=p (»r+1) . pil@+1)E+E ds.
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Then it holds:
Ji()<+1 O p>2 (4.35)

()  lim Tu(p, \, E)=J @)\’ (i) lim T; (p, \, E) =0,
E¥0* E¥0*+
(i) lim Te(p, A, E) =0, V) i Ty @, A, B)=J; () A,

Proof In order to prove the ..rst assertion we ..rst claim that there exists ¢y > 0 (su€ciently
small) such that forany € 2 (1 j <o, 1),

LD @57 - pi p+DE+E™ - pp+D (i EF.
To prove this claim, for any = > 0, let

he (€ =pi @+1E+ jo(Li &2, €2(0, 1].

Simple computations lead to

H M i l
dhy _ i _op+171 &P
FO=20i0 i 5= T 620,
Using I’'Hépital’s rule, we get
lim “x i Llp+1'"1 iﬁpﬂzum ] p(zo+1)‘IT
evts ' 2 1i¢ 2 .

So, thanks to the continuity properties, there exists e, > 0 (resp. &, > 0) su€ciently small such
that

S (6> 0,8:2(1i 1, D

i ¢
(resp. ~dhyrenya/de (€) <0, 862 (L 22, 1)).
Notice that : h, (1) =0, 8z > 0, so that

hpp+1y (§) <0, 862 (1 i <0, 1)

(resp. hpgp+1y/4(§) >0, 862 (1 j €0, 1)) where o = min (1, £2). Then the claim is proved.

With this claim we are able to prove easily the ..rst assertion of this lemma. In fact, the
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integral which appears in the de..nition of J; (p) may be rewritten as

VAT . Zq . -
i+ e s Gy erartt Ve

ljeo

The ..rst integral converges because the integrand function is continuous on the compact
[0, 1§ eo]. For the second integral, it follows from the claim

Z, Z,

d¢ i

lico (1i€)}2) lieo

Z, de

Liso (1 &)7

A@) pi+nere iV L gy

where A(p) = (p (p +1)) 17 and B(p) = (p (p+ 1) /4)1¥/?. So, from the well-known fact
YA 1

s z<+1 Op>2
Lico (1 7
the ..rst assertion follows.
Proof of (i). From (4.27), we have
Z 1; ¢
Te(p, & B)=r+(p, A\, E) EP i PFQ\ re (o, A, E)E) V7.
0

Using (4.22) one gets:

3 -

Jim B i pF O, e (o A B)E) = iF A 0+ DN

= P+ AL &),

S0, some simple computations yield

Z
1 ¢ ) 1 )
Elilrg Ty (p, A\, B) =(p+1) ra VAP AL eil/p (1 G er)il/p ge,

To compute this integral, we can make use of the change of variables x = &P as well as the
relationship between the Euler beta and gamma functions (see for instance [77, Chap. VII, no
90, example 2, pp. 595-596]), to obtain:

3 - 3 -
Z, . pil .
1 2 1
il/peq : ¢p)il/p _11 b-
0t (i &trrde D)

This completes the proof of (i).
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Proof of (ii). Consider the expression of T; (p, A, E) given by (4.30). From (4.22), we ..nd

2
m AL idi ]
0

. T;
(rs @ A BN iy gna®

|

FE

4

= (Mli&)iTde=ATT £
0

So, (4.22) and (4.30) yield
i

¢. . .
Jim T: @, A, B)="p' P E@T £ ES =0,

This completes the proof of (ii).

Proof of (iii). Consider the expression for 74 (p, A, E) given by (4.29). From (4.22) it

holds

Z,.

Tiy
- 'y g et g

de 1

oAt 1 _
im )\ _—_1/
@+D'"? o

gi+1 o p+1 "2 (p A E)

and this integral may be computed by making use of the change of variables z = ¢7** to get

3 - 3 -
Zy. .1 . pil
0 ! p+1 . _pjl_
I p(ptD)

So, (4.22) and (4.29) yield

. ¢_ = =
im Te(p. A, B)="p) "PEOE — £ —1= L_—o
EY+1 (p+1) iy

completing the proof of (iii).
Proof of (iv). Consider the expression for 7'; (p, A, E) given by (4.28). We have

Jm EQ @A E) P FO 0.0 B)E) = lim (PO 2) i F O, 20)

z ¥ jAL/P

1+1
A

» ¢
= S Pi G+
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so that

A 1_._.;.!i1/P 3

e ¢
E“'nz? Ti (p, )\’ E):)\l/p£|p0 |1/P£ lpi (p+1)£+£p+1 ll/pdf

p+1
which is the same as

A

. i C. ;

El',r% T (p, A E)Z)\'l/pzf,'po P e+ E !
0

p i+ 1+ et rge

This completes the proof of (iv) and Lemma 43. 1

Lemma 44 For any p > 1 and A > 0, it holds

@ lim Tou @, A, E)=nJ(p) ATVP?

) lim T5.1 (. A B) =(n+1)] @) AT,

© Jim T, A B)=n (@A,

@) Jim To (p, A ) =n(J+ () + T3 () £V,

© Jim 77, (. A, B) =((n+1) . (p) + nJ; () £ p?,

) Jim Ty A E) = ]+ () + (0 + 1) J; () £ NP,

Proof This proof is an immediate consequence of the two preceding lemmas and the de...nitions
(4.31) and (4.32) of the time maps T, 7.2, ,. B

2n+1°
Lemma 45 For any p > 1, A > 0, it holds:

JOl's

§8_E(p’ A\ E) <0, 8E£2Ds.

Proof From (4.28) we ..nd

% = (! il/p
555 (pl’/zg;E) " l£
£ 3—E§(P, NE) FO sl A E) i FO\ rs(p, A B)O) WP de+

Z ;0 %
150\ E) SLW O, s 0N E) i PO rs 00 A DY) dg
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(: (") r g
05 “L_FO s D) iFO s A DY)

= (. ) E) -
1 oaﬁF(A rs(0, A E) i FO\ rs(p, A, E)O)''?
-ET§(p7 )‘Z E) (p7 )‘ E)£
P f(A, rs(p, A, E) i f(O\ rs (0, A\, E)E)¢E

O(FN rs( A B)) i FO\ rs (0 A, E)O)T

£

then q
825, 1, 1) = (pO)'l/P §87°§(p,A B) £

24 8 (v v 0 e B § HO 750 0 E)E) (436)
O(FO s A B) i FO\ s (0, A, B)E)H

where H(A\, z) =pF(\, z) j zf (\, ) = ;i_;_]zjjpx i (pil)Ax. Because the function = § ¥

H (\, x) is decreasing for each .xed A > 0 (in fact, %—Z (A, ) <0), it follows that

£

§(H()‘7 T's (pv )\7 E)) i H()‘a s (p7 >\7 E)g))< Oa 8\ >07 862 (Oa 1)

Hence, the integral in (4.36) is negative. So, because of (4.25), the proof of Lemma 45 is
completed.

4.4.2 Completion of the proof of Theorem 38

The proof is carried out by making use of the quadrature method (Chapter 1). We have to
resolve equations of the type T'(F) = 12-, where T' denotes, in each case, the appropriate time
map.
Solution in B;. Recall that r+ (p, A\, 0) = ((p+ 1) )\)1/1”. Furthermore
Z .2 0)
e\ 0= F (A ) T de = )N

where J (p) is as de..ned in Lemma 43. Then problem (4.1) admits a solution in B;¥ if and only
-1
if nJ (p) \'» = (1/2), that is, if and only if A = (2n.J (p))p2 .
Solution in Bji. Since 0 2 D; = (0, Ea(p, \)), problem (4.1) admits no solution in

Solution in A7. Recall that for any p > 1 and A > 0 the function E @ T (p, \, E) is
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de..ned in [0, +1), strictly decreasing (Lemma 45) and by Lemma 43,
lim T. (p, \, E)=J () \' 72 lim Tu(p, A E)=0
pagr TNV ’ o s R '

Then, equation 7+ (p, A, E) = (1/2) in the variable £ 2 (0, +1) admits a solution in [0, +1.)
if and only if J(p))\il/p2 > 1/2, that is, if and only if A < (2J (p))pz, and in this case, the
solution is unique since the function T+ (p, A, ¢) is strictly decreasing.

Solution in Af. Case 1 < p - 2. In this case, for each A > 0, the function £ A
T; (p, A\, E) isde.ned in D; = (0, Ex(p, N)), strictly increasing (Lemma 45) and

Ell!rg+ T; (i, A E) =0, E“!r%u T; (p, A E) =+1.

(Lemma 43, (ii) and Assertion (4.35)). So, the equation T (p, A, E) = (1/2) in the variable
E 2 D; admits a unique solution in D; for any A > 0.

Case p > 2. In this case, for each A > 0, the function £ ® T; (p, A, E) is de..ned in
D; = (0, Ea(p, \)), strictly increasing (Lemma 45) and

lim 73 @, A, E)=0, Ty (. A, B) =J; @) A7 < +1.

2,
(Lemma 43). So, the equation 75 (p, A, E) = (1/2) in the variable £ 2 D; admits a solution
in D; if and only if (1/2) < J; () NP that is, if and only if \ < (2J; (p))”2 , and in this
case the solution is unique since 7'; (p, A, ¢t) is strictly increasing.

Solution in AS,. Case 1 < p - 2. In this case, for each A > 0, the function £ &
Ton (p, \, E) isde..ned in D = (0, Ex(p, \)), and

lim T, (0, \, E)=nJ (p) \iV/?, lim To, (p, \, E) =+1,
E10+ EN Fy

(Lemma 44 and Lemma 43, Assertion (4.35)). So, the equation T2, (p, A\, F) = (1/2) in the
variable £ 2 D admits a solution in D provided that (1/2) > nJ (p) A\11/P* that is, provided
that A > (2nJ (p))?" .

Case p > 2. In this case, for each A > 0, the function £ A T5,(p, A\, F) is de..ned in
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D= (0, Es«(p, \), and

i = il/r?
Ell!r51+T2n (p, A\, E) =nJ (p) AP,

Jim Ton (0, A, B)= AT (T3 @) + T+ ) < +1

(Lemma 44 and Lemma 43, Assertion (4.35)). So, the equation 73, (p, A\, E) = (1/2) in the
variable £ 2 D admits a solution in D provided that

PRI (), T G) + e (1)) < 3 < nA Y Sup (T (1), T @)+ T ).
that is, provided that

f2ninf (J (p), J; () + J+ ()G < A< F2nsup (J (), J; @)+ J+ ())g” .

Solution in A5 ;. Case 1 < p - 2. In this case, for each \ > 0, the function £ &
T e1(p, A, E)is de.ned in D= (0, Fa(p, ), and

im, T A E)=(+DJ@ANY, lim T3 (0 A E) =+1,

EY0+

(Lemma 44 and Lemma 43, Assertion (4.35)). So, the equation 75, ., (p, A\, E) = (1/2) in
the variable £ 2 D admits a solution in D provided that (n +1) J (p) A\ 1 < (1/2), that is,
provided that A > (2(n + 1) J (n))*" .

Case p > 2. In this case, for each A > 0, the function £ @ T3 ., (p, A\, E) is de..ned in
D=0, Es«(p, \), and

lim Ty 1@, A\, E)= (n+1)J (p) AiV7
E 10+

Jim T3 0, A B) = AP (4 D) e () +0d; () <+,

(Lemma 44 and Lemma 43, Assertion (4.35)). So, the equation 7, ., (p, A\, E) = (1/2) in the
variable £ 2 D admits a solution in D provided that

A7 inf (0 + 1) J (p), (n+ 1) Jo (p) +1J; (p))
<%<A”/p2sup«n+1w(p), (n+1) J+ (p) +nJ; ®),
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that is, provided that

f2inf (n+1) J (), (n+1) J+ )+ nJ; @)
<A< Rsup((n+1)J @), (v+1)Je () +n; )" .

Solution in A} ;. Case 1 < p - 2. In this case, for each A\ > 0, the function £ @
T +1(p, A, E)is de.nedin D= (0, Ea(p, ))), and

- = - 2 . -
Nim Ta1 0, A E)=nJ (P NTVP° Jim T (0, A, E)=+1,

(Lemma 44 and Lemma 43, Assertion (4.35)). So, the equation 75} ., (p, A\, E) = (1/2) in the
variable E 2 D admits a solution in D provided that n.J (p) \1¥/7 < (1/2) , that is, provided
that A > (2nJ (p))?" .

Case p > 2. In this case, for each A\ > 0, the function £ @ T} . (p, A\, E) is de.ned in
D=, Ex(p, A), and

Jim i @, A B) =nd () AT,

Nim T (0, A B) =AY (0 () + (0 + 1) 5 () <+,

(Lemma 44 and Lemma 43, Assertion (4.35)). So, the equation 7} ., (p, A\, E) = (1/2) in the
variable £ 2 D admits a solution in D provided that

AP inf (nJ (p), nds () + (n+ 1) J; (9))
< % < NiYP sup (nJ (p), nJ+(p) + (n+ 1) J; (1)),

that is, provided that

f2inf ((nJ (p), nJ+ () + (n+ 1) J; )"
< A< F2sup (nJ @), nJs (p) + (n+1)J; G))G .

Then the proof of Theorem 38 is complete. Wl

4.5 Remark

Theorem 38 shows that for 1 < p - 2 (resp. p > 2) solutions to (4.1) with £ _ 1 interior nodes

exist for all A belonging to an interval unbounded from above (resp. a bounded interval). Hence,
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for 1 < p - 2, if problem (4.1) admits a solution with a prescribed number ko _ 1 of nodes for
a certain value Mg of ), it steel admits solutions with ky nodes for all A greater than Ag. In the
next chapter we show that this is not the case for p > 2 and these changes in the behavior of

the solution set as p varies depend strongly on the nonlinearity of the problem.
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Chapter 5

Exactness results for a generalized
Ambrosetti-Brezis-Cerami problem
related to one dimensional elliptic

equations

Electronic Journal of Dicerential Equations, 2000 (2000),No 66, pp.1-34.

5.1 Introduction

The combined ecects of concave and convex nonlinearities were considered by Ambrosetti, Brezis

and Cerami in [17]. They consider the problem

8
% iCu=uvil+ Pl 2 -

u>0x2-— (5.1
Su=0zxz2-

with 1 < 6 <2 <« and A > 0. They prove the existence of a constant @ > 0 such that a
solution w, of (5.1) exists if and only if 0 < A - @. Moreover, if the condition « - «" holds,
then for all A 2 (0,=) problem (5.1) has a second solution vy > u,, where a® := (2N)/(N j 2) if
N _ 3and o® =+1 if N =1 2. Since then several papers appeared in which concave-convex
nonlinearities were involved. We refer the reader to [17]-[29], [88], [118].

At the end of their paper [17], Ambrosetti, Brezis and Cerami suggested the study of the
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structure of the solution set of the one-dimensional problem

8

< i =juj i u+ Aju’ 1?0, a <z <b

(5.2)

- w@) =u@®)=0
with 1 < 8 <2 < «aand XA > 0. This study was done by S. Villegas [118] by means of a
quadrature method. He has shown that there exist two monotone divergent sequences f<,,g and

fL,Q; e, - L, satisfying:

i) If A2 (0, &,) then (5.2) has exactly two pairs of opposite solutions with n + 1 zeros.
i) If A2 [ey, L,) then (5.2) has at least two pairs of opposite solutions with n + 1 zeros.
iii) If A = L,, then (5.2) has at least one pair of opposite solutions with n + 1 zeros.

iv) If A > L, then (5.2) has no solutions with n + 1 zeros.

In the present paper, we consider the p-Laplacian version of problem (5.2), that is, we
consider the boundary-value problem

8
= ilp,h)’ = fOu) in(O0,1)

- (5.3)
- w(0) =u() =0

with ¢, (z) = jxjpizx and f(X, u) = ¢, (u) + Apg(u) and notice that when p =2, problem (5.3)
is reduced to problem (5.2). We are mainly interested in the question: how does the solution
set of (5.3) look likewhen p&2and 1 < 8 < p < a, A > 07? The interest in this question
comes from the fact that the structure of the solution set of problem (5.3) depends on p > 1
for some examples of second members f(\,u) (see for instance, Guedda and Veron [69], Addou
[4]) and does not depend on p for some others (see for instance, Addou and Benmezai [9], for
positive solutions when f(A,u) = Aexp(u)). We shall prove that for f(\, u) = () + Apz(u),
and 1 < 8 < p < a, Villegas’ result holds for problem (5.3) for all p > 1 (part of Theorem 46,
Assertion (C)).

Notice that Assertions (ii) and (iii), in Villegas’ result, do not provide the exact number
of solutions with n + 1 zeros. So, when A belongs to the range [e,, L], the exact number of
solutions with n + 1 zeros has yet to be studied.

The exact number of solutions for problem (5.1) when X ranges over the whole interval
(0,+1), was given by Ouyang and Shi [88], but under two restrictions. — was taken to be the

unit ball in RY and the space dimension N _ 4. They proved the existence of some @ > 0 such
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that problem (5.1) has exactly two solutions for A 2 (0, &), exactly one solution for A = &, and
no solution for A > @. Actually their result concerns more general nonlinearities.

Next, the purpose of our investigation is to complete our study by providing the exact number
of solutions to (5.3) when 1 < 8 <p < «, for all p > 1 and all A > 0. So, in the particular case
where p = 2, Theorem 46, Assertion (C), completes Villegas’ result and solves completely the
Ambrosetti-Brezis-Cerami problem [17, Section 6, (d)].

Going on with our study, we were led quite naturally to study what may happens if A is not
necessarily positive or p is not necessarily between . and . A precise description of the solution
set of problem (5.3) for various values of p,«, and 3 is given

As it is well known, exactness results are di¢cult to obtain. The diGculties encountered in
our study for A > 0 and for \ < 0 are of dicerent kinds. For A\ > 0, we used an idea performed
by the authors Addou and Benmezai in [8], (see the proof of (iii) in [8, pp. 11-13]).

The chapter is organized as follows. The main results are stated in Section 5.2. To prove our
results we make use of a quadrature method which is described in Chapter 1. The main results

for the case A > 0 are proved in Section 5.3, while those for A < 0 are proved in Section 5.4.

5.2 Notation and main results

Let, for any integer k& _ 1, Si, S, , Sk, Ay, A}, and Ay the subsets of C* ([a, b]) de..ned in
chapter 1.
Denote by (\:),,_; the eigenvalues of the one dimensional p-Laplacian operator with Dirichlet

boundary conditions, s

i ¢
< i'e, )" =Ag, () in (0,1)

- w(0) =u()=0
One has for each integer £ _ 1 and p > 1, Ay = kP17 and
Zy

MEEIDE A ) IPdty = (p j 1) (—————)".

pSIn(ﬂ/p)

Now we de..ne some constants we shall use in the statement of the main results. For all p,

a, 5 >1, let Nl
_ OV o iy pe @i B) pil 5 4
J(p, o, B) = © B)( ) B(p(aiﬁ), ) ): (5.4)
where B(t, ¢) is the Beta function. Also, forall 3 >a > 1, and p > 1, let
Z . B,
Kpap)= D) § ALygitg 5.5)
0 a B
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We shall prove (see Lemma 53) that : K(p, a, 5) < +2 if and only if p > 2.
For all A 2 R, denote S) the solution set of problem (5.3). The main results of this paper

read as follows:
Theorem 46 Let p,a, 5 >1and A > 0.
(A) Assume that one of the following conditions holds:

(8 a>pand 5> p, or
(b) a=p and g >p, or
(c) a<pand s <p, or

(d) a=pand g < p.
Then, for each integer k£ =1,2,¢¢¢, there exists uy 2 A;: such that Sy \ A, = fuy, jurg.

(B) Assume that one of the following conditions holds:

() a>pand g=p, or

(b) a<pand g =p.
Then, for each integer £k =1,2,¢¢¢,

(D) IFXN_ A, Sy \Ag= 3.

(i) If 0 < X< )\, there exists u;, 2 A} such that S\ \ 4;, = fuy, i w0

(C) Assume that 1 < 5 < p < a. Then for each integer £k =1,2,¢¢¢, there exist a real number

g > 0 such that

G) 1F A > Sa\ A =3;.
(ii) If X\ = p, there exists ug 2 A} such that (Sx \ Ax) = Fuy, i wig.

(III) IfA2 (0, Mk), there exist U, Vg, 2 A;: such that u, & vy, and (S)\\Ak) = fuk,vk, iUk, i V0.
Theorem 47 Let p,a, 5 >1and A < 0.
(A) Assume that one of the following conditions holds:

() p>2andl<a<p<p,or

(b) p>2andl<a< fB=p,or
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©p>2,andl<a<f<p.

Then, there exists an increasing sequence of positive real numbers (i)x_1 such that for

each integer £ = 1,2,¢¢¢,

(i) If A< i Ugs S)\\Ak: 5 -

(i) If jp, - A <O, there exists u;, 2 A7 such that Sy \ Aj, = fuy, jwg.

(B) Assume that 1 < 8 < p < a. Then there exists an increasing sequence of positive real

numbers (14)_1 such that for each integer £ = 1,2,¢¢¢,

M) A - i, SY\NAp=3.

(i) If jpy, <A <0, there exists uy 2 A;: such that Sy \ Ay = fug, jurg.
(C) Assume that 1 <p - 2, A <0 and one of the following conditions holds:

(@) l<a<p<p, or
(b) 1<a<pg=p, or
(0 l<a<p<p,or

(d1<p-p8<a.
Then, for each integer k£ =1,2,¢¢¢, there exists uy 2 A;: such that Sy \ A, = fuy, ju,g.

(D) Assumethat 1 <p - 2,1 <a=p< 3, and A <0. Then for each integer k£ =1, 2, ¢(¢,

() 1k . (E)Y7, S\\N A =3.

(i) If k < (&)1/r, there exists uj, 2 A} such that Sy \ Ay, = Fuy, jurg.
(E) Assume that 1 < 8 < o = p, then for each integer £ = 1,2,¢¢¢,

() Ifk - 2J(p,a=p,B))itor k . (0?/M)P, S\ Ay =35
(i) If @J(p,a =p,B))it < k < (p?/A)Y/P, there exists u;, 2 A} such that Sy \ 4; =

Fug, Turg.
(F) Assume that 2 < p = a < (3, then for each integer £ =1,2,¢¢¢,

() Ifk < K(p,a, B)) 1 or k . (P /A)YP, S\\ Ap = ;.
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(i) If QK(p, o, B)it - k < (¥?/M)Y/P, there exists uy 2 A such that S, \ 4; =

Fuy, iugg.

(G) Assume that 1 < p - 2and p < a < 3. Then, there exists an increasing sequence () 1

such that limy sy 44 1, =0 and

() 1f ) < g, SA\Ap, =1
(ii) If X = py, there exists uy 2 A} such that (Sx \ Ax) = fur, i wg.

(i) 1f A 2 (u;,0), there exist wy,, v, 2 A} such that w;, & vy and (S\\Ay) = Fuy, vy, i wg, i V9.
(H) Assume that one of the following conditions holds:

(d 2<p<a<por

(b) 1<p<a<np.

Then, there exist two increasing sequences (i4)x_1 and (vx)r_1 such that for all £ _ 1,

e <vE <0, limge+q g, =0 and

If X =y, there exists u; 2 A; such that (S\\ Ay) = fuy, juwg.
If A 2 (uy, vi], there exist ug, vy 2 A; such that ux & v and (S\\Ag) = Fuk, v, § uk, i VL0

If A2 (v4,0), there exists u;, 2 A; such that (S)\ A) = fuy, jug.

5.3 Proof of Theorem 46

This section is organized as follows. We begin by some lemmas in the ..rst subsection. The ..rst
lemma (Lemma 48) is used in order to de..ne the time map, while in Lemma 49 we compute the
limits and in Lemma 50 we study the variations of the time map. Next we dedicate a separate

subsection to the proof of each assertion of Theorem 46.

5.3.1 Preliminary lemmas
We begin by the following technical Lemma.
Lemma 48 Consider the function de..ned on R™ by,
sTY GO\ B 5)= B i p'F(),9),
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where p, a, 5 > 1, E > 0 and A > 0 are real parameters, and

Z

1
F(\, s) = f(A,t)dt=—sa+%sﬁ,s 0.

S
0 o -
For all A > 0 and £ > 0 there exists a unique s(\, ) > 0 such that the function G(\, E, t)

is strictly positive on (0, s(\, E)), vanishes at s(\, F) and is strictly negative on (s(A, E), +1.).

Moreover,
(i) The function EA& s(\,E) is C* on (0,+1), and

(@ i DB
70505 )

%(A,E)= >0, for all E >0 and all A> 0.
(i) limgug+ s\, E) =0, limgw +q s(\, E) = +1.
Proof Forany .xedp>1, E> 0and A\ > 0, consider the function

s§Y GO\ E,s):=E i pPF()\ ),

de..ned on [0, +1.). One has
oG
SO E.) = ip'f ().
S

Notice that,
fO,s)=s1t+ ) il >0, forall s>0andall A _ 0. (5.6)

Thus, the function G(\, E,¢) is strictly decreasing on (0, +21.). On the other hand, one has
G(\,E,00)=FEP>0 and I'irlw1 G\ E,s)= jd.

Therefore, G(\, E,¢) admits a unique positive zero, denoted by s(\, E), and it is strictly positive
on (0,s(\, E)) and is strictly negative on (s(\, E), +1).

Proof of (i). Forany p > 1and X\ _ 0O, consider the real-valued function,
(E,5) B G(E,s) = E i p'F(),5),
de..ned on — = (0,+1)2. One has G 2 C(-) and,

g, =irf0s) in -,
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hence, according to (5.6), it follows that
ﬁ(E, )< 0, in-.
0s
Observe that for all £ > 0and A _ 0, the couple (F,s(\, E)) belongs to — and one has
G(E,s(\ E)) =0. 5.7

Thus, we can make use of the implicit function theorem to show that the function £ & s(\, E)
is C1(R*,R*) and to obtain the expression of (9s/0E)(\, E) given in (i). Its sign is given by
(5.6) and the fact that s(\, E) >0 for all A\ _ 0and FE > 0. Therefore, Assertion (i) is proved.
Proof of (ii). For any .xed p > 1 and X _ 0, Assertion (i) of the current lemma implies that
the function de..ned on (0, +1) by £ A& s(\, F) is strictly increasing. It is bounded from below
by 0 and from above by +1.. Thus, the limits lim gy g+ s(A\,E) = Iy and limg s +7 s(\, E) = L
exist and satisfy
0-l<lsy -+

Let us observe that for any .xed p > 1 and A _ O, the function (F,s) @ G(F,s) is continuous
on [0,+1)? and the function £ A s(\,E) is continuous on [0, +1) and satis..es (5.7). Thus,
by passing to the limit in (5.7) as E' tends to 0%, we get

0= Eli!n(’)l+ G(E, s(\, E)) = G(0,1p).

Hence, lois a zero, belonging to [0,+1), to the equation in the variable s : G(0,s) = 0. By
solving this equation we ..nd lp =0.

Assume that [+ < +1, then by passing to the limit in (5.7) as F tends to + 1 we obtain
+1 =pF(\ ) <+1,

which is impossible. So, [+ = +1.. Therefore, Lemma 48 is proved ll

Now, forany p > 1, o, > 1, A > 0 and E > 0, we compute X(\, E) as de..ned in Chapter
1. In fact, for all £ > 0, X(\, E) = (0, s(\, E)), where s(\, E) is de..ned in Lemma 48. Then,
r(A\, E) =s(\ E) for all A >0and E > 0. Hence, for any p > 1, A > 0,

O<r(\,F)<+Xdifand only if £ > 0.
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Also, for all E > 0,

JOrO, B) = 0,0\, B)) + %%(ru, E)) > 0.

So, D(\) =(0,+1) forall A > 0.
Before going further in the investigation, from Lemma 48, we deduce that for any .xed p > 1

and A >0

EP =P F(\, r(\, E)), for all E >0 (5.8)

or _(pi DEPiL
aE()\, E) = OO 5) >0, for all £> 0andall A >0. (5.9
Jim (L E) =0, lim r(\ E) =+1. (5.10)

At present we de..ne, forany p >1,A > 0and E > 0, the time map

Z (\E)
T\ E) = fEP § p'F(\,€)giYPde, B> 0.
0

By (5.8), it follows that

Z r( )
T\ E) = () 1Y/ FEO, r(\ E)) § FO\ €)giVPde.
0

Furthermore, a simple change of variables and a substitution yield

Z,4
T\ E) = (") il? f)\rﬁlp()\ E)(—) + i), E)( )g|l/pdt

Let’s observe that
T\ E) =S\ r(\ E)),forall A>0, E >0,

where Z,

SO\,P):(]?O)H/]J f)x 6'1”( )+ O‘IP( )g'l/pdt

forall A >0 and p > 0.
Beacuase the function £ A r(\, E) is an increasing C*-diseomorphism from (0, +1.) onto

itself it follows that if we put, for all A > 0,

Ji(\) = fE 2 (0,+1): T(\ E) = 1/2g,
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and
Jo(N) =Fp20,+1):S(\,p)=1/2g,
then

Card(J;(\)) = Card(J>(N)), forall A > 0.

Hence, from now on, we will focus our attention on the counting of the number of solution(s) of
the equation S(\, p) = 1/2 in the variable p 2 (0, +1.), instead of the equation T'(\, E) = 1/2 in
the variable £ 2 (0, +1.). In the next lemma we shall compute the limits of S(), ¢) when A > 0.

Lemma 49 For all A >0, p > 1, it holds

lim S(\,p) =0, ifa<p
p 10+

< 1\Yp ; _
= ifa=pand g8 >
im SOy = 2 Tespand iy
prO" -0 ifa=pand 5 <p
8
§+1 ifa>pand 3 >p
; —  1(A\/p i —
pl;r(gl+ S\, p) = = 5(8-) ? ifa>pandB=7p
-0 ifa>pand g <p
8
50 ifa<pand8>p
pl!iinl S\, p)= = %(%\1-)1/1’ ifa<pand g =1p
-+ ifa<pand g <p
8
<

i _ ifao=pand g >p
lim, S0\p) =

ifa=pand 5 <p
pl!iTl S\ p) =0 ifa>p.
Proof The proof of this lemma follows from easy computations ll

Lemma 50 Forall p > 1, o, 8 >1and A > 0,

1. S(\¢) is strictly decreasing on (0, +1) provided that

(a>pand g _ p)or (a=pand 3> p).
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2. S(\¢0) is strictly increasing on (0, +1.) provided that
(a<pand g - p)or (a«=pand 5 <p).

3. S(\ ¢) is strictly increasing on (0, p; (\)) and is strictly decreasing on
(pp(A),+1), provided that

(a>pand g <p)or (a<pand g > p),

where

— (s 0215 1/@is) — (s W21 B2 ai )
p1) = (NI < py(0) = (AL D,

Proof Forallp >1, o, >1and A > 0, easy computation yields

z

ﬁ — il/p H(Aap) i H(Aau)
5,0 =)

o pr(F(\p) i FO\u)t*+W/p)

du,
where
HOL) =pFO0) § /O ) = CE)p ea D)

It follows that,
OH ) il ) 3i1
—6p(/\,p)=(p i )™+ i B

Thus, if (« >p and B _p)or (a«=p and [ > p), H(\?) is strictly decreasing on (0,+1)
and then, for all A > 0and p >0

H(\ p) i H\u) <0, for all w2 (0, p),

and therefore,

8—S()\, p) <0, forallp>D0.
dp

If («<pand 8 - p)or (¢« =pand B < p), H(\,?) is strictly increasing on (0,+1) and
then forallp >0, A >0

H\,p) i HA\,u) >0, forall u2(0,p),

and therefore,

@()\, p) >0, forallp>0.
dp

108



If (@ > pand B < p)or (o« <pand B > p), H(\YC) is strictly increasing on (0, p1(\))
and strictly decreasing on (p1(\),+1). Moreover, H(\,¢) is strictly positive on (0, po(\)) and
strictly negative on (p,(\),+1) and vanishes at 0 and at p,()\). Therefore, for all A > 0 and

p 2 (0, py(A)
H(\ p) i HA\u)>0 forall w2 (0, p)

and for all p 2 (p,(\), +1),
H\p) i HA),u)<0 forall w2 (0,p).
That is, S(\,¢) is strictly increasing on (0, p; (\)) and is strictly decreasing on (p,(\),+1).H

5.3.2 Proof of Assertion A

Case (a). Assume that o > p and § > p. By Lemma 49, it follows that for all A > 0,
pl;rg+ S\, p)=+1, and pl!linl S\, p) =0,

and by Lemma 50, S (A, ¢) is strictly decreasing on (0, +21). Thus, for each integer £ =1, 2, ¢¢¢,
the equation £S ()\, p) = 1/2, in the variable p > 0, admits a unique solution for all A > 0.
Therefore, for each integer £ =1, 2,¢¢¢, problem (5.3) admits a unique pair of solutions fu;,v,0
in A, for all A > 0. Moreover v, = juy.

Case (b). Assume that « = p and g > p. By Lemma 49, it follows that for all A > 0,
lim SOup) = AYP(p). and  [im. S() p) =0
puo+ " 0P T 0 W) prra 7 VP

and by Lemma 50, S(\,¢) is strictly decreasing on (0, +1.). Thus, for each integer £ =1, 2, ¢¢¢,
the equation £S(\, p) = 1/2, in the variable p > 0, admits at least a solution in (0,+ 1) if and
only if (kz/Z))\i/p(p) > 1/2, that is, if and only if,

A(p) > ki, (5.11)

and in this case, the solution is unique. Notice that for each integer £k = 1,2,¢¢¢, ki? - 1. So,
(5.11) holds provided that
A1(p) > 1, forall p>1. (5.12)

In the appendix, we shall prove that (5.12) holds true. Therefore, for each integer £ =1, 2, t¢¢,
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problem (5.3) admits a unique pair of solutions fug, vrgin Ag, forall A > 0. Moreover, vy = j uk.
The proofs of Cases (¢) and (d) are similar and then omitted. Therefore, Assertion A is
proved.

5.3.3 Proof of Assertion B

Assume that o > p (resp. a < p) and 5 = p. By Lemma 49, it follows that for all A > 0,

imSQ\, p) = %(%)1/1“ (resp. =0), and

im SO.p) = 0 (resp. =534V,

and by Lemma 50, S(A,¢) is strictly decreasing (resp. increasing) on (0,+21). Thus, for each
integer £ = 1,2, ¢¢¢, the equation £S(\, p) = 1/2, in the variable p > 0, admits at least a solution
in (0,+21) if and only if (k/2)(\1/\)'/P > 1/2, that is, if and only if 0 < X\ < kPA1(p) = (D),
and in this case, the solution is unique. Therefore, for each integer £k = 1,2,¢¢¢, problem (5.3)

admits a unique pair of solutions fu,, v;,,g (resp. admits no solution) in A, for all A satisfying

0 < A< A(p) (resp. A _ Ai(p)). Moreover, u;, = juy.

5.3.4 Proof of Assertion C

Assume that 1 < 8 < p < a. By Lemma 49, it follows that for all A > 0,
plm S\ p) = ) lim S, p) =0.

Thus, for all A > 0, there exists a unique A (\) > 0 such that M () =sup, ¢S(A p).
Lemma 51 Assumethat 1 < 5 <p < a. Then,

(@) M(¢) is continuous on (0, +1).

(b) M(¢) is strictly decreasing on (0, +1).

©) limyyor M(N) =+21, and limy v +q M()\) =0.

Proof Recall that for all A\>0and p >0

Z, i o
SO\, p) = (P)i? i ()\pﬁip(l 'ﬁt'g) + paip(l%))il/pdt-
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Forall A >0and p >0, let » = (N p) := NP9y Then, p = A\Y@ih3 and a simple
substitution yields:
S(A p) = APTIPCIDS(L BN, p)).

Thus,
M) = A\Piad)/plaif) sup S(L, p(\, p)) = /\(pia)/p(aiﬁ)sup S, 3).
p.0 5.0
Therefore,
M) = \Pi)/p@if) yr(1), for all A > 0. (5.13)

Assertions (a), (b) and (c) are simple consequences of formula (5.13). Therefore, Lemma 51 is
proved B
By Lemma 51 (or by formula (5.13)), it follows that the function M (¢) admits an inverse

function M i1(¢) de..ned and strictly decreasing on (0,+1) and satis...es:
?IJim)Mil(y) =+1, and yl!igqlMil(y) =0.

Therefore, for each integer £ = 1,2,¢¢¢, we de..ne Ly := Mil(l/Zk). Thus, (Lx)k_1 is a strictly
increasing sequence and satis..es limgys +1 Ly =+, and

2 kM) <1/2, forall A > Ly,

2 EM(X\) =1/2,forall A\ =1L,

2 kM()) > 1/2, forall A 2 (0, Ly).

Therefore, the equation kS(\, p) = 1/2, in the variable p > 0,

2 admits no solution for all A > L,

2 admits at least a solution for A = Ly,

2 admits at least two solutions for all A 2 (0, Lg).

Thus, for each integer £k =1, 2,¢¢¢, problem (5.3),

2 admits no solution in Ay, for all A > Ly,

2 admits at least one pair of solutions fuy, vrg in Ag, for A = L. Moreover, uy = jvg.

2 admits at least two pairs of solutions fuy, Uxg[fux, Vig in A, forall A 2 (0, L). Moreover,

Up = i1 ug and Vi, = 1Yk

111



At present, let us prove that for each integer k£ = 1,2, ¢t¢, there exists ¢ 2 (0, L) such
that the equation £S(\, p) = 1/2, in the variable p > 0, admits exactly two solutions for all
A 2 (0,e;). To this end, it succes to prove that for each integer £ = 1,2,¢¢¢, there exists
e, 2 (0, L) such that for all A 2 (0,¢;,) :

kS(Ap) > 1/2, for all p 2 [p3(A), po(V], (5.14)

where p;(\), « = 1,2, are de..ned in Lemma 50. In fact, assume that for all A 2 (0, &), (5.14)
holds, then kS(A, p;(N)) > 1/2 for all A > 0, and by Lemma 49, lim,xoS(), p) = 0, and by
Lemma 50, £S(A,¢) is strictly increasing on (0, p;(A)]. Thus, for all A > 0 there is a unique
solution in (0, p; (\)) to the equation kS(\, p) = 1/2, in the variable p > 0. Also, by (5.14) it
follows that £S(A, po(N)) > 1/2 for all A > 0, and by Lemma 49, lim,x +1 £S(\,p) = 0, and by
Lemma 50, £S(A,¢) is strictly decreasing on [po()\),+ ). Thus, for all A > 0 there is a unique
solution in (po(\), +1) to the equation £S(\, p) = 1/2, in the variable p > 0. On the other
hand, (5.14) implies that £S(\,p) & 1/2, forall A> 0 and all p 2 [p1(\), po(A)]. Thus, there is
no solution in [p;(A), po(A)] to the equation £ S(), p) =1/2, in the variable p > 0.

Now, let us prove that for each integer £ =1, 2, ¢¢¢, there exists e, 2 (0, L) such that for all
A > 0 (5.14) holds. Simple computation shows that for all A > 0

Z, - 1 8
SOLp (V) = (po)il/p)\(pia)/p(aiﬁ) f(p '_ ﬁ)wip)/(aiﬁ)('_)
0 ayp 6
+(_p i 6)(aip)/(ai5)(l i ta)gil/pdt.

aylp (0%

It follows that the function A @ S(\, p1())) is continuous and strictly decreasing on (0,+1),
and

. . . —0.

im S\, p(N) =+1, and  lim SO\, p1(N) =0

Thus, for each integer £ =1,2,¢¢¢, there exists a unique 1, > 0 such that

ES G () = 5.

Furthermore, the sequence (uu)x_1 is strictly increasing and limgw +1 p, = +1. It is easy to

prove that for each integer £k =1,2,¢¢¢
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In fact, if the contrary holds, using the fact that the function A ® £kS(\, pi(N\))is strictly

decreasing on (0, +71), it follows that

% = kS(y,, p1(y,)) < kS(Li, p1(Li)) -

But, for each integer £ =1,2, ¢t¢,

Y

kS(Lk, p1(Lx)) - ksu% S(Lk,p) = kM(Lr) =
p.

Nl -

a contradiction which proves (5.15).

On the other hand, the function A A p,(\) is continuous and strictly increasing on (0, +21.) and
i = i = +
lim pp() =0, and _lim pp(1) = +1,
then, for each integer £ = 1,2,¢¢¢, there exists a unique ¢, > 0 such that

pa(er) = pr(uy) -

Using the fact that p;, p, and (i), _1 are strictly increasing it follows that (g}, _1 is also strictly
increasing. Also, using the fact that

ul!lmlpl(u)z ul!lTlpz(M)z Py =+

it follows that: limys4q e, =+1.

Furthermore, notice that using the fact that p, is strictly increasing on (0,+1) and p; <
p2on (0, +21), it follows that for each integer £ =1,2,¢t¢, e, 2 (0, i11.), and by (5.15), it follows
that

0 < e < Ly, for each integer £k =1,2,0¢¢ (5.16)

Now, we believe that for each integer £ = 1,2,¢¢¢, and all A 2 (0,e), (5.14) holds. In fact, let
kE=1,2tt¢, be..xed and \g 2 (0, 1) and p 2 [p1(Xo), p2(Mo)].

The variations of p; and p,and the fact that p; < p, on (0,+21) imply that there exists
X 2 Mo, 1) such that py(X) = . Thus, kS(Xo, ») = kS, p,(X)). But S(¢,p) is decreasing on
(0,+1). Thus, kS, p, (X)) . kS, p ).
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On the other hand, the function A @ S(\, py())) is strictly decreasing on (0,+ 1), thus,

kSCX, o1 (X)) > kS(ur, p1(in)) -

Therefore,
%Um@=kﬂMmmm,kﬂkmd»>mﬂ%mm%»=§

and hence, (5.14) holds. Therefore, a p-laplacian version of Villegas result can be stated at this
point. In fact; we can state that if 1 < 5 < p < «a. Then, for each integer k£ = 1,2,¢¢¢, there

exist two real numbers ¢, and L, such thate¢, - L, and

() IfA> Ly, S\\NA, =3;.

(i) If A = Ly, there exists u;, 2 A;” such that (S, \ A;) % fuy, ju.g.

(i) If A 2 [ey, L), there exist uy, v, 2 A} such that uy, & v, and (Sy\Ay) % Fug, vk, §ug, 1040

(iv) If X 2(0,¢.), there exist uy,, vy, 2 A]-: such that u;, & v, and (Sy\Ay) = Tuy, vg, i wg, §vL0.

Let us summarize. At this point, we have shown that when 1 < 5 < p < «, then for all
A> 0,

lmShp) = Im, SA.p) =0,

hence for all A > 0, S(\,¢) admits at least a critical point; a maximum in (0,+21). Next, it was
proved that for all A > 0, there exist p;(\) and p,(\) such that 0 < p;(\) < po(A) and ‘g—‘g()\, p) >
0 on (0, p1 ()] and %—i(k, p) < 0on [po(N),+1). So, the critical point belongs necessarily to
(p1(A), po(N)). Also, it was proved that the function A A M(}\) = supy.,..q S(A p), is
continuous, strictly decreasing on (0, +21) and
lim M(A\))=+1, and |im M) =0.
AE0* AT+

Thus, to complete the proof of Assertion (C), it remains to prove that for all A > 0, S(),¢)
admits at most one critical point in (p,(\), po()). To this end we shall prove that S(A,¢) is
concave on (p;(A), p(A)) for all A > 0. Similar idea was previously used by the authors Addou
and Benmezar in [8, Lemma 7, (iii)].

The derivative of S(\,¢) is given by
Z,

HQp) i HAv)

o PPECD) 1 FOn oD

@ — il/p
5,00 = 0
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R 1 2
where F(\, p) = § f(A, t)dt = =u® + Euﬁ, and

pilp

H(\ p) = pF(Ap)-pf(Ap)—(p' Vi D e et =)

Easy computations show that for all p > 0and A >0

1o DO § HOOP
o, 2oE () § FOp0)@r T
LS 0) i 20 pDEQ ) § FOp8)
o PoEOwp) i FOnp)@r

(p°)1/f’a S0 =

dé,
where

2(\,p) = iplp+1FQX,p) +2ppf (N p) i A°f (A )
CiceiG+l) . \eifH@ike+D)

e B
Some manipulations yield
Z
PSy ot (1§ &Y PX©)
0\1/ i
OYTGZ A= FRXFOL 1 FOw )@

where X (1) = and X = 1 gﬂ Lil if £20,1), and P is the second degree polynomial function

Py = & i(f)pZ“Xz Qi B pat ) 208\ o+ x

of
(Bip,2 23
+_ﬁ Ap .

It can easily be veri.ed that X(£) 2 [1,a/p] for all £ 2 [0,1]. In fact, X(0) = 1 and
limew1 X(€) = /B and X is strictly increasing on (0,1) since, X'(¢) = £711(1 § €%)i2(5 j
&P+ (aj BEY) and B P > B a>0 forall £2(0,1). Thus X°(¢) > 0 for all
£2(0,1).

Therefore, we are interested in the sign of P(X) when X 2 [1, «/f]. Its discriminant is

P )\ZPZ(OC*L/B)
d=(Y"i 4Z)W,
where
Y = plai By +pla+p)i2p (5.17)
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= pa? +(i2(p +1)B+p)a+ps(B+1)
Z = aflaip@inp).

Notice that by our hypothesis 1 < 5 < p < «, it follows that Z < 0, so that d > 0. The roots of
P are given by

Yi Y247 Y+pY2i4Z

i pprr O A S G e

X1(A,p) = A

Notice that the function p ¥ X5 (), p) is strictly decreasing on (0, +1.). So, it would be perfect
if

Xo(\, p, (V) > % forall A > 0. (5.18)

In fact, it follows therefore that,

[1,%] 15 (X1(\, p), Xo(\, ), 8A> 0,802 (p1(N), po(M)).

Hence, P(X(£)) < 0, for all £ 2 [0, 1], so,

%S
a_pz(Avp) < 07 8\ > 078:0 2 (p1(>\)7:O2(>\))7

which will prove the uniqueness of the critical point of S(\,¢), and hence, Theorem 46.

Let us prove the estimates (5.18). Notice that

P———r P—
X\ o) = o > S O B Y2 142> 2050 1 0) i BY

By separing each side, we ..nd

(0}

5 O 426 i P)Y i 48%Z i 4’ i B >0.

Xa(A, p2(N)) >
Next, we substitute Y and Z as in (5.17) to get
20 pa(N) > 5 O 40 i HQsp(e) >0

where Qg () is the third degree polynomial function de..ned by

Qsp(@) = BB+ 1) i p) +2B(i 2(p+ 1B +p) + BB +1)+p) i p33.
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It remains to show that Qz,(e) > 0foralll < 8 < p < a. We can notice that 5 is a root
of Qsp(t) of multiplicity at least two. That is Qs,(8) = QO@p(ﬁ) = 0. Thus there exist two
constants A and B such that Qs ,(c) = (« i 8)*(Aa + B). Immediate identi..cation yields:
A=p(p+1) jpand B= jps. It remains to prove thatl < 5 <p < a =) Aa+B > 0. Notice
that 1 < 8 < p < a implies that (3 j 1)p+ 8 > 3 which implies that 3((8 i 1)p+3)il <1 and
then jBAil <pandby 1 < 3 <p < « it follows that Ao + B > 0, which completes the proof
of (5.18). Therefore, Theorem 46 is proved.

5.4 Proof of Theorem 47

This section is organized as the previous one.

5.4.1 Preliminary lemmas

Lemma 52 Consider the function de..ned on R* by
sEY N\ E, s):=EP j p"F(\,s),

where p, o, 3 > 1, A< 0and F 2 (0,+1), are real parameters and

Zs 1 1
FO\s)=  fO\0dt==s"+=5% s _ 0.
0 o} B

E3

Assume that (« §j B) > 0, then for all A <0and E > 0, the function N(\, E, t) admits a unique
positive zero, s(\, E), and is strictly positive on (0, s(\, E)).
Assume that (a j #) <0, then

@) If E> Ex:=(('(i A)a/(“iﬁ)(%iﬁﬂ))l/f’, N(\, E,¢) is strictly positive on (0,+1).

(b) If E = Ea, N(\, E,t) vanishes at s = (§ A\)Y i and is strictly positive on (0, (§ )Y@ i) [
(CRVRASHIRE S B

(©) If 0 < E < E,, N(\ E,t) admits a ..rst positive zero, s(\, F) > 0, and is strictly positive
on (0,s(\ E)).

Moreover, if (a j 5) > 0 (resp. (a i 5) < 0),
(i) the function E A s()\, E) is C* on (0,+1) (resp. (0, Ex()\))) and

(pi HEPit
f s(A, E))
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(resp. E 2 (0, Ex()\))).
(i) limpros(\, B) = (i \)3)Y @19, (resp. limpxos(), E) =0).
@ii) limgy+a s(\, E) =+, (resp. limgw g, s(\, E) = (j\)Y(@i5),
Proof The proof is the same as that of Lemma 48 and is omitted H
Assume that o j 8 > 0 (resp. « j 8 < 0) then for any p > 1 and £ 2 (0,+21) (resp.

E 2 (0, Ea()\)) we compute X (A, E) as de..ned in Section ??. We derive from Lemma 52, for
the case where o j 5 >0, X(\, E) = (0,s(\, F)) and for the case where o j 5 <0

8

Z (0,+1) if E> Ea())
XNE)=_ 0,(iNYCID) if E = Ea())

- 0,s(\E)) if0< F< Ex(N),

where s(\, E) is de..ned in Lemma 52. Then, fora j 5 >0

r(\,E) :=supX(\, E) =s(\E), forall \<Oand £ >0

and for o j 5 <0, s
S +1 if £ > Fa()\)
r(\ E) = _ (i V@B if E = E.())
- s(\\,E) if0 < E < Eq(N).

Hence, for p > 1 and A\ <0,

8

_ S E20,+1), ifaif>0,
0<r(\,E)<+1 ifand only if _
- 0<FE - Es()) ifajp<o.

Also, s

<E2(0,+1), ifaif>0
fO\r(\, E)) >0if and only if _ 0,+1), ifaifB>0,
" 0<E<Es(N) ifaip<o.

So, for all A <0, s
= (0,+1) ifajpB>0,

DY) = _
= (0, Ea(N)] ifaj B<0.

Before going further in the investigation, we deduce from Lemma 52 that for any p > 1 and
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A <0,

P = p'F(\r(\E)), forall E2 D()\) (5.19)
or _ @iHperil
E(A,E) = —é(kﬂ”(% ) >0, forall E2 D()\)
< ((; /@iB) if o i
lim rOLE) = (AN (@/BN ifajB>0
ERO* -0 ifajf<0.

El!il;r_llr()\,E) = +1ifajpf>0,
Jm L B) = (iNYCiRNifa <0,

At present, we de..ne for any p > 1, X\ <0 the time-map

Z ,(\E)
T(\ E) = . fEP i p'F(\,€)gilPde, E2 D(V).

By (5.19), it follows that

Z O\
T\ E) = @)itr ¢ E)fF(A,r(A,E» i FO\LgiYPde, E 2 D(Y).
0

Furthermore, a simple change of variable and a substitution yield

Z,
T(\ E) = ()17 f)\rﬁ'p()\ E)( 5 )+ PP, E)( )g'l/pdt

Let’s observe that
T\, E) =S\, r(\,E)), forall A <0and E2 D()),

where 7 1
S()‘vp) = (pO) i1/ ,3”)()\ E)(—) + p 'p()\ E)( )g Il/pdt
0

forall A < 0andall p 2 R(\) where, forall A < 0, R()) is the range of the function £ A r(\, E),
de..ned on D)), that is, for a j 8 >0, R(\) := (((§ M) (o/B))Y/ (@i +1), and for o j 5 <O,
RN = (0, (i VY @i and R()\) := (0, (i)Y i) otherwise.

Due to the fact that the function £ A& r()\, E)is an increasing and continuous function from

D()) onto R(}), it follows, that if we put

J1() =FE 2 D) : T\, E) = %g,)\ <0, and
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B\ =2 R : SO\, p) = %g,A <0,

then,
CardJy(\) = CardJ,()), for all A < 0.

Hence, from now on, we will focus our attention on counting the number of solution(s) of the
equation S(\,p) = 1/2 in the variable p 2 R()) instead of the equation T'(\, E) = 1/2 in the
variable £ 2 D()).

Lemma 53 Assume that A < 0. Then

@) fajp>0,
8
< Ap(a-ﬂ)J, ifl<pB<
im soupye | GV B<p
P (i N (/B ih - +1 ifp - 3.
where J(p,a, 5) is de..ned in (5.4).
) fajps>0, 8
%O ifp-p3
1Ayl ifp>pand o=
fip, 50, = _ 208" Tp=gando =y
pEFL §o if p>pBanda>p
+1 ifp>panda<p
@©) Ifajp<o, 8
%0 if p>a
SO0 =g 4G ifp =
-+ ifp<a
@ Ifaip<o,
i f1 g5 1§t .
lim SO\ p) =(iNwein  f(——) i (——)g /" dt
pE(INY @D 0 8
and
Zl
1§t 15¢°. .
K L0y 'ﬁt )Jgirdt < +1 O p>2.

Proof Assume that « j 5 > 0. Easy computation yields

lim S(A = Nil/p (ic)/p(aip) (Plﬂ)/p(a|5)£
p (i \)(a/B)L/ (i) (A p) @) ( )
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Z,
£ tiﬁ/p(l i toziﬁ)il/pdt.
0

It can be shown that for all p >1and 1 < 8 < «
Z, 8
tiﬁ/p(l i taiﬁ)il/pdt =

ifg_p
@if) pily ;
|6 (p(i' B),E'—) ifl<pg<p.

In fact, in the case where 3 _ p, we use the estimates
ti8/p(1 § ¢*iBYil/e 4iB/P for all ¢t 2 (0,1),

and in the case where 1 < 3 < p, we use the change of variable z = ¢t*i8 as in Lavrentiev and
Chabat [77, pp. 595-596]. Therefore Assertion (a) is proved.

Also, in the case wherea j 5 >0and S jp . O

lim ()\pﬁnp( )+ anp( ))nl/p

pV+1

pllirl] (pnﬁ)/p()\( 66)+ ou/a’( )).1/p = 0t0=0.

and an easy discussion shows that for o j 5 > 0,

I'lrpl(Apﬁ'p( 5 Ly prinil ))'1/”
%O if3_.p
0 ifg<pand a>p
+1 ifg<pand a<p

- (@ §it?)/p)iYr ifB<panda=p

Therefore, Assertion (b) is proved.
In the case where o j 8 <0and A\ <0,

Z
|' m 1()\pﬁ”’((1 i t79)/8) + piP((1 i 1) /) Pdt
0
Z
= Limp@ia)/iﬂ l()\pﬁia(l i t’B)/ﬁ*‘(l i ta)/a)il/pdt
L] ZO
= limp@io)/p 1((1 i t)/a)itPat .
p X0 0
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Notice that for all o > 1
Z
1 .
@)t =2pE Lily o 4q
0 ¢ o p
This follows by making use of the change of variable x = ¢, see Lavrentiev and Chabat [77, pp.
595-596]. Assertion (c) follows.

Also, in the case o j 8 < 0 and A < 0, easy computation shows

lim SO p) = @)V N@i/p@id) g
p Y (iNY@i® ’ .
1

C@it/a) i @it/
By making use of L’Hopital’s rule twice, we compute

im Lt /ai@ith)/B _Bia

Ui 1it)? 2 > 0.

R
So, the integral 01((1 i t)/0) i (( i t%)/B)1YPdt is convergent if and only if the integral
R
01(1 i 1)12/2dt is. Therefore, Assertion (d) follows from the well known fact that

Zl
(1jt)i?Pdt <+ ifand onlyifp > 2.
0

Therefore, Lemma 53 is proved B
Lemma 54 Assumethat p >1, A< 0, and a & 3, o, 3 > 1.

1. If one of the following conditions holds:

(@ B8<p-a
(b) B=p<a
(0 p<f<a

then, S(\,¢) is strictly decreasing on R(\).

2. If one of the following conditions holds:

(@ a-p<p
(b) a<p=45
(©) a<p<p
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then, S(\,¢) is strictly increasing on R()).
3. If one of the following conditions holds:
(@) p<a<p

(b) f<a<p<a+p

then, S(A,¢) is strictly decreasing on (inf R()), p4] and is strictly increasing on [p,,sup R()\)),
where pi(A)and po()) are de..ned in Lemma 50.

4. If B <a<pand a+ 3 - p, then S(A,¢0) is strictly increasing on [p,, +1.).

Proof This Lemma follows by a similar discussion as in the proof of Lemma 50. So,its proof
is omitted

Note that the third and the fourth assertions of Lemma 54 above do not provide the exact
variations of the map S(\,t) over its entire de..nition domain, which are necessary for the
process of showing the exactness part in the main result. They are the aim of the following

pioneer lemma.
Lemma 55 Assume that one of the following conditions holds:

(cl) 1<p-2,andp<a<p,

(€2 2<p<a<p,

(€3) 1< fB<a<p.

Then, for all A\ < 0, there exists an interior point p°(\) 2 int(R()\)) such that S(\,¢) is strictly

decreasing on (inf R()\), p®(A\)) and then strictly increasing on (p°()\),sup R()\)).

Proof We shall prove Lemma 55 in two steps.
Step 1. Existence
If
p<a<forl<f<a<p<a+f (5.20)

the existence of p°(\) follows immediatly from Lemma 54, Assertion 3.
Also, if
l<pf<a<a+f-p, (5.21)
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then, according to Lemma 54, Assertion 4, existence follows after proving that for all A < 0,
S(A,0) is strictly decreasing on a right neighborhood of inf R()\). (Notice that in this case
p1(A) - inf R(X)). In fact, we shall prove:

Lemma 56 Ifl<f<a<a+f - pand A <0 then
95\ (A2 1/(aify = -
5 O GV = .
Proof. The derivative of S(), ¢) is given by

du.

Z -
%()\, p) = (pO) il/p H(\ p) i HO\, pu)1+l
g 0 pp(F(A,p) i F(A,pu)) »

where

1 A i« i
FOup) =20+ 50" p>0 and HO\p) = oy +A(¥w,p> 0.

Simple computations yield

+q +

%(/\ (i/\g)l/(oziﬁ)) = (po)_il/p(ﬁ)—hp(am)a&p(gm)

op~” B P i

g (@i0iv)i@eifNlid),
U .

0 (uﬁ i ua)l_'_%

The improper integral has two singularities; at 0 and at 1. Then we write

_ Nil/p +o +
D (i1, (irgHein) = CL Ty 0w 1+ 1)
P B p i

where 7
= Poialiu)i@islid),
0 T+L U,
0 (W’ iu)"
Lo e i i A,
1= T+l U .
1/2 (uﬁ i ua) P

In what follows we shall prove that Ip = j 1L and I; 2 R.

First, we write I, as follows:

TN (RO T Py

0 (1§ ueiB) 7, /0
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Let us observe that in a right neighborhood of 0,

iciRilpidui@is . ileih)
(1§ i By 5, /0D LD

and by (5.21), it follows that 5(1 + 71)) >1land j(o i B) <0, so

z
ieif), _ .4
0 D) '
and therefore Ip = j .

Next, we write I; as follows:

Zl@.wa.wo CifNiv),

I
1—= 1/2 u (1+—)( )l+— (1 u)l+_

Applying Taylor’s Theorem to the function NV, de..ned by
Nw=@ialiv)i@illiv),

we ..nd that

I, = £ [(Pia)ai(pnﬁ)ﬁl(l.u) "

1/2 4 pL++ )( |ua|5) 7’(1 i u)l+'1-

VM0 a0 (0d ARG DA L uP*ol@i )
1/2 uﬁ(l""},)(li uiO;EB)l+-;-(l i u)1+%

p&iB

Notice that lim, y1: iill—u =(a i /) 2 R then, in a left neighborhood of 1,

1+_

PA+E )( )1+F(1 i u)1+_ "(aiHAiu)

Next, we have to distinguish between two cases.

Case [(pia)ai(ip) & 0. Inthis case the integrand function in I is equivalent in

a left neighborhood of 1 to the function v & W and since p > 1 it follows that
R Dk (pi
01/2 WCZ“ 2 R and therefore I; 2 R.

Case[(pi )ai(piB)F] =0. Inthis case the integrand function in I is equivalent in a left
neighborhood of 1 to the function v & (i—%)(p i )a(lj u)liqp' which is a continuous function
R ]
on the compact interval [$,1] then 11/2(5 $)(p i @)l i u)'1¥du 2R. Then, in this case ; 2 R

too. Therefore Lemma 56 is proved.
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Step2: Uniqueness

First, we point out that Step 1 shows a little bit general result than the existence. In fact,
for all A < 0, it was proved that p”()\) exists and belongs necessarily to (p;(}), p,(V)) if (5.20)
holds and belongs to (inf R(\), p,(N)) if (5.21) holds. So, to prove uniqueness, we shall restrict
ourselves to (p1(A), po(N)) (resp. to (inf R(\), po(N))). That is, we shall prove that S(),¢)
admits at most one critical point in (p1(}), p2(})) (resp. in (inf R()), po(A))). To this end we
shall prove that for all A\ < 0, S(),¢) is convex in a neighborhood of each of its critical points
lying in (p1(A), p2(N)) (resp. in (inf R(\), po()\))). Similar idea was previously used in [4].

This step is followed by two lemmas. The ..rst one is technical but the second one is the key

step.

Lemma 57 Let p,a, 8 > 1. If a & 3, then (-5)1/(‘”5) < 1. If one of the following conditions
holds: (a) p < a < B or (b) B < a <p, then for all A < 0, the function de..ned on the interval
[0, (V] by p B 2\, p) == (p i @)p™ + A(p i B)p”, s strictly decreasing on [0, p(\)(2)Y/(*i 7]
and is strictly increasing on [pl()\)('g)l/(o‘iﬁ),pz(/\)]. Moreover, &(\, 0) = &(\, p1())) = 0, for
all A< 0.

Proof. The proofis very easy and therefore omitted. Forall A <0, let p,()\) := maxfp; (1), inf R()\)g.

Lemma 58 Let p,«, 8 > 1. Assume that one of the following conditions holds:
@p<a<pg, or
(b) 6<a<p.
Then for all A <0,

S p+1

8_p2(/\”0) +( > )g—i(&p) >0, forall p2 (pa(A), p2 (V) -

Proof. Notice that for all A < 0, (p,(N), po(N)) Y2 R(A\) =: domS(),¢). The second derivative
of S(\,¢) is given by

RS it o+ DEHN) § HO )’
DENMA) = O O 1 O\ pu) @i
+(p0)il/p ! ©()‘7 p) i ©()‘7 W) u,

o po(F(X\ p) i F(A pu))e*D/p

where

O\ p) = ip(+1FOp)+2ppf\p) i p°fa(\p)
_ (@i Oé)(Oéai G+1D) o, & /3)@; @*1) 5.
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It follows that

2
(p0>1/pppfp§75(x, )+ (+ 1>g—§u, M9

20 a0 ) i 200 "
o (FQ\.p) i F(\, &)+ /p

L@LT_HQP FHOOY
p 7o (FOLp) i FOL9)@+D/

where
a — — oH — - fe% - B
(A p) =O\ p) +(p+DH( p) = pa—p(k, P) =i )p®+A@ i Py
By Lemma 57, it follows that for all A < 0 and all p 2 (pa()), p2(N)),
20 i 28 >0, forall 2 (0,p).

Therefore

Lo Al ) i 200

o (F(\p) i F(\€)e+D/p

d¢ >0, forall A< 0 and all p 2 (pa(N), p2(R))
Lemma 58 is proved, which ends the proof of Lemma 55H

5.4.2 Completion of the proof of Theorem 47

Notice that if one of the hypothesis of Assertions A-F holds then S(,¢) is monotonic; the proofs
follow by an elementary discussion as in Assertion A or B of Theorem 46. Therefore the proofs
of Assertions A-F are omitted.

Concerning the remaining assertions, the same ideas performed for Assertion C of Theorem

46 still apply. For this, it su€ces to use Lemma 55 and the following
Lemma 59 By Lemma 55, let m(X) :=inf 2p0) S(A, p), 8A < 0. Then,
(a) m(t)is continuous on (j 1,0)

(b) m(¢) is strictly decreasing on (j 1,0)

©) Al!irin:L m(\) =+1 et Li!rr(l)m(A) =0

Lemma 60 The function A ¥ [()\) = l_lip}%(/\) S (p,A) is either in..nite on the whole set
pYin

(i ,0) or satis..es Assertions (a), (b), and (c) of Lemma 59.
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Lemma 61 The function A @ L()\) := _lim S(\, p) is (independently of 4())) either
pAsup R(N)

in..nite on the whole set (j A, 0) or satis..es Assertions (a), (b), and (c¢) of Lemma 59.

Proof of Lemma 59.
Recall that for all A <0 and p 2 R()),

Z,

- 408
SO =) apfinEit
0

)+ i g i v
«

For all A < 0andp 2 R(N), let » = 3\, p) := (i NYPiddp, Then, p = (§ )Y(@iPp and a

simple substitution yields

S\ p) = (i N)PIVPCIDG(1 B\, ).

Thus,
mQ\) = (GAPIOPCID inf S(il, BN )
pP2R(X)
= (iN@iIIP@ID jnf  S(j1,p)
p2R(i 1)
So,
m(\) = (i N)@T/PiNm (1) 8\ < 0
Therefore, the lemma isproved ¥

Proof of Lemma 60.

By Lemma 53, it follows in the case where 1 < 8 < a < a+f - pthat lim, s roy S(A, p) =
(iN@IIPCiB j(p o, B) < +1, where J(p,a, B) is de.ned in (5.4). Hence, Lemma 60 is
proved in this case. The other cases are similar or easier.

The proof of Lemma 61 is similar to that of Lemma 60.

5.5 Remarks

By the study of Problem (5.3) with A 2 R, we can deduce the structure of the solution set of a

quite general problem

i (0 () = (W) + Aps(u) in (0,1) (5.22)
w0 = u(l) =0,
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when p,a, 8 > 1, u > 0and A 2 R. In fact, if v is a solution of (5.3) for A = X 2 R and

a & p, then for all 145 > 0, the function v := g/ @1

\ = )\Oﬂ(()ﬁip)/(oz ip)

v is a solution to (5.22) with p = ug and
. (If a =p and g & p, similar change of variable works). Conversely, if u is
a solution of (5.22) with ;1 =y >0, A = X\g 2R and « & p, then v := ;2/“1P)y is a solution
to (5.3) with A = \gu 1P/ @ip),

The structure of the solution set of problem (5.22) when 1 < 0 and A 2 R can be deduced

from that of the problem

i (5@ = iwa(w) + App(u) in(0,1)

w0 = u(@)=0,

which is not treated here. However, upon completing our paper, the work [55] by Diaz and
Hernandez appeared. Positive solutions to problem (5.22) with y <0, A >0andl<a <f - p
are treated there.

After completing this work, e-mail correspondence between the ..rst author (I. Addou) and
Professor Pedro Ubilla from Chile, revels that simultaneously and independently of the present
authors, Professors J. Sanchez and P. Ubilla from Chile, were studying problem (5.3) with A > 0.
That is to say, they resolved the p-Laplacian version of the Ambrosetti-Brezis-Cerami problem.
To do so, they provide essentially the same proof as that of Theorem 46 above by making
use of the same idea performed in [8, Lemma 7, (iii)]. Their work was presented, under the
title: ”The exact number of positive solutions for an elliptic equation with concave and convex
nonlinearities” by Professor P. Ubilla at the "USA-Chile Workshop on Nonlinear Analysis”
meeting which held in Valparaiso in Chile on 17-21, January 2000. It was also published in a
volume of this journal (see [105]).

Also, after submitting this work for publication, e-mail correspondence between the ..rst
author (I. Addou) and Professor Shin-Hwa Wang from Taiwan (R. O. China) revels that he
wrote (independently of J. Sanchez and P. Ubilla and independently of the present authors) a
paper [122] in which he resolves (for p = 2) the Ambrosetti-Brezis-Cerami problem [17, Sect.
6, (d)] (among many other interesting things), by making use of the quadrature technique. To
deal with the di¢ cult step (uniqueness of the maximum of the time map), he used an interesting
argument which is comparable to that of [8, Lemma 7, (iii)] and used by him previously in [122,

Proof of Theorem 7]. (See, also [106]).
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5.6 Appendix

In the process of our proofs, we have used the fact that

ME)=0 i1 D7) > 18> 1

psm( 1)
In this appendix we shall prove the following:

(A1) \i(p) >1,8p 2 (1,2).

(A2) \(2) =72

(A3) \i(p) >4,8p2 (2,+1).

(A4) lim, g1+ A1(p) =2, and limyx +3 M (p) = +1.

Proof of (Al). Observe that for all p 2 (1, 2), A\1(p) can be written as

A(p) = (—)’”(p 1)(1”’)(3,ng,r D) - (5.23)
pil
The function p ® 0(p) ;= (%)P is strictly decreasing on (1, 2] and 6(2) = 1. Thus,
2
(E)p >1 8p2(1,2). (5.24)

The function p @ K(p) := (p i 1)21P) is strictly increasing on (1,1 +exp(j 1)] and is strictly
decreasing on [1 + exp(j 1),2). Thus, K(p) > minfK (2),
lim, s+ K(p)g =1, for all p 2 (1, 2). Therefore,

(i)W >18p2(1,2). (5.25)

Notice that for all ¢ 2 (1,2) : ¢ > 1 > jcos(m/c) > 0. Then, G /C)”COS(W/C) > 1, for all
c 2 (1,2). Therefore,

( Y > 1, 8(p,c) 2 (1,2)°. (5.26)

m
i (m2/c) cos(/c)
On the other hand, for all p 2 (1, 2), there exists ¢ =c, 2 (1,p) %2 (1, 2), such that

sin(/p) i sin(r/1) _
pil 2 c’
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Therefore, for all p 2 (1, 2), there exists ¢ = ¢, 2 (1,p) ¥ (1,2), such that

™ ™

SN Zp;:Sin(Tr (D)p =( i(72/c) COS(ﬂ'/C))p

and by (5.26), it follows that

T
(singw[mi sin(xr/1) ¥ >1,8p2(1,2)

pil
Now, by (5.24), (5.25), (5.27), and (5.23), Assertion (A1) follows.
Proof of (A2). Easy computation.
Proof of (A3). Observe that for all p > 2, A\1(p) can be written as

sin(/p) i sin(0)
(m/p) i O

M) =i De2Pe( ).
It is clear that for all p > 2
(il)y>land 2P >22 =4,

On the other hand, for all p > 2, there exists ¢ = ¢, such that

sin(r/p) i sin(0)

0= (7/p) i O

<cose<l.

Therefore,
sin(w/p) i sin(0)
(7/p) i 0

Now, by (5.29), (5.30), and (5.28), Assertion (A3) follows.
Proof of (A4). Itis clear that

( )ir > 1, 8p> 2.

limO(p)=2, lim K(p) =1, lim 7 ==, and
pu1l* pl1+ pu1*

sin(m/p) i sin(0)
pil

s T
Y = (tiosI)l =7.

lim

p¥1l

(5.27)

(5.28)

(5.29)

(5.30)

Therefore, using expression (5.23) of A\1(p), it follows that lim, s 1+ A1(p) = 2. The computation

of the second limit is straightforward, which completes the proof of Assertion (A4).
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Chapter 6

Uniqueness result for a strongly

nonlinear O.D.E’s

To appear in Maghreb Mathematical Revue.

6.1 Introduction :

During the last two decades, the study of the existence and the number of solutions to boundary
value problems of the type:

8
< i)' =FQz,u), x2(0,1)

- w(0)=u@)=0

where \ is a real parameter, ¢ is an odd strictly increasing homeomorphism of R, has been
the subject of several works. For most of them, the authors attempted to generalize some
results established for ¢ (u) = u to the case where ¢ is any odd strictly increasing home-
omorphism of R. Several3results have been obtained in the case ¢ (z) = jzj’ 122 p>1, in
which the operator u ¥ julj?i%4! : is called the one dimensional p-Laplacian (see [9], [8],

[33], [49], [50], [69] and [111]). However, in the general case, only few results are obtained.

In this paper, we give an existence and uniqueness result of positive solution to the boundary
value problem s
S i @) =M () in (0,1

- 6.1)
“u@=u@=0
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where A >0 is a real parameter; the functions ¢ and f satisfy the following assumptions:

@ is an odd strictly increasing homeomorphism of R, 6.2

there exists m,>0 such that :

(6.3)
(@) i W) .me(ziy) foral z_ yinRY,
i ¢
f2ct 'R*,(O, +1) and f is strictly increasing, 6.4)
there exists M;>0 such that £ (z) <My forall z 2R™ 6.5

By a solution of problem (7.2), we mean a pair (\,u) 2 (0, +1) £ C* ([0, 1]) such that :
i (0@)) =Af(w)in (0,1) and u (0) = u (1) = 0.

Let F(\¢6) : C([0,1]) ¥ L! be the Nemitski operator associated to \f and K : L' ¥
C ([0, 1]) be the operator de..ned in [64], where K (k) = wwith w is the unique solution of the
problem s

=i (@) =hin 0,1
- w(@)=u()=0.

Thus, problem (7.2) is equivalent to the nonlinear equation:
u="T(\u)

where T' = K + F' is completely continuous (for a detailed proof see G. Huidobro et al [64]).
Hence, it follows from the Leray-Schauder continuation theorem that there exists a compo-
nent & % [0,+1) £ C*([0, 1]) of solutions to problem (7.2) which is unbounded in [0,+1) £
C* ([0, 1]).
Let

a

©
Ao =sup A>0/ there exists v 2 C* ([0,1]) such that (\,u) is a solution of (7.2)

and u q

M
AL = J25) m_fa[oa 1]
©

where 11 (g, [0,1]) is the ..rst eigenvalue of the problem:

8

= ju® = pquin (0,1)

- w0 =u@)=0
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with ¢ measurable, bounded, positive in (0,1).
We recall that the above problem has an increasing sequence of eigenvalues (zx), 1 such
that limy,, = +1. Moreover the eigenfunction ¢, associated to y; has exactly (k£ j 1) simple
e+
Zeros.

Denote by \” = min (Ao, A1), then our purpose is to prove the following result :

Theorem 62 Assume that assumptions (6.2) j (6.5) hold true. Then for any X\ 2 (0, \%) , there
exists a unique v 2 C1([0, 1]), u>0 in (0, 1) such that (\,u) is a solution of problem (7.2).

Remark 8 We can replace hypothesis (6.3) by the following assumption:
02 C'(R) and ¢’ _ m, > 0.

Remark 9 A similar result have been obtained by A.Ambrosetti (see Theorem 1 in [15]) for the
semilinear problem s
< jCu=\f(z,uv) in -

- u=0o0nd-

where A > 0, — is an open bounded domain of R” and f 2 C1 (- £R*,(0,+1)).

6.2 Preliminary results:

In this section, we give some results we need in the sequel.
Consider the boundary value problem :

8
< i (@)’ =g@) in (0,1)

- (6.6)
“u@)=u@)=0

where ¢ satis..es assumption (6.2) and g is any function in C' (R*,(0,+1)).
We de..ne a solution of problem (6.6) to be a function « 2 C ([0, 1]) satisfying § (¢ (u%))’ =
g()in(0,1) and v (0) = u(1) =0.

Let « be a solution of problem (6.6), then there exists a real constant C' _ 0 such that:

aigoiuo (ac)¢¢+G(u(m)) =(Cforall x2[0,1] 6.7)
z z

S S

where G(s):= g()dt, &(s):= ¥ (s)dtand ¢ := il
0 0

Observe that = is even,2(0) = 0 and & (s) >0 for all s & 0.
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We now de..ne some subsets of C'1 ([0, 1]) which will be used in the rest of this paper.

Let S and A be the subsets de..ned in Chapter 1. Then

Lemma 63 Any solution of problem (6.6) is necessarily in A7

Proof Let u be a solution of problem (6.6). We begin our proof by showing that « vanishes
once and only once. To this end, we will prove that any critical point zz of « remains in (0, 1)
and at zg, v reaches a maximum value.

Suppose that «! (0) = 0, then for z = 0in (6.7), we get C = 0. So, forany = 2 [0, 1], G (u(z)) =
i2(e@!(x))) - 0. Since G is strictly increasing in R* and G (0) = 0, we have u (z) = 0 for
any z 2[0,1]. This is impossible because 0 is not a solution of problem (6.6) .

Using the same arguments, we get »’(1) & 0.

Now, let z, 2 (0,1) be a critical point of . It follows from (6.7) that (¢ («))) = ig (u) <0
in (0,1). This implies that ¢ (u') is strictly decreasing in (0,1).So, ¢ («') >0 in (0,z,) and
¢ ") <0 in (zs,1). As ¢ is odd strictly increasing, we get «'>0 in (0, zx) and «'<0 in (za, 1);
thus, u reaches a maximum value at z» and >0 in (0,1).

Let p=wu (xa) = maxwu (x).

From equation (6.7), it follows that:
ol (2) =9 a (G)iGu (:c)))¢ for any z 20, zo] (6.8)

d @)= iv'A(G0) i G(U(l’)))¢ forany = 2 [xa, 1] (6.9)

where 211 is the inverse of the function 2 on [0, +1.). Then:

du(t) _ . du (t) o
0 O TP RTOIONN for any x 2 [0, z4] (6.10)
) du (t) i du (t)
_ o u — . U ¢ !
lijz=i 0 T D) 0 AT G0 1 @) forany x 2 [xq,1] (6.11)
Putting = = zx in (6.10) and (6.11), we get
V4
Ly du (t) ¢ =1z

T UEG0) i G
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which yields
=21
Lo — 2

As for the symmetry of u about 12- it succes to show that v (1 j ) = u(x) for any = 2 [0, 1].
This becomes very easy if we observe that z =1 j (1 j z); then from (6.10) and (6.11), we get:

Z () du (t)
x=1j1j I)Z: w'aj_l(G(p) i G(U(t)))v
B u(ljz) ) du (t) ¢

o PELGRiGu®)

so, we obtain u (1 § ) = u (x) for any x 2 [0,1]. Therefore the lemma is proved. Bl

Lemma 64 If u; & u, are two solutions of problem (6.6), then u; & u, are ordered (u;<u, In

(0,1) or ui<uy in (0,1)).

Proof Let u; and up be two solutions of the lemma.
We have
2 gither 4} (0) = 4} (0)
2 or 4} (0) & 5 (0).
Assume that the ..rst situation holds. We deduce from equation (6.7) :

HoW T

cc MR
GulE

i i ¢e
=200 =G u 5 =2 pup(0)

. . . . . i.C i.¢
Since G is strictly increasing, we get u; '% = Uy '-% .

i.¢ ¢
Let p=uy I-% = up '% , then (6.10) written for w1 and up gives:

z

o= u1 (z) : du (t) .
S o 0PIG0)  Geam) .
_ £ du (1) 1-

— ¢ fi 2 0,z .
o TR i@y Y Te R

Hence, u1 () = up (x) for all z 2 £0,-%a. But uy and up are in A;"; then using the fact that
and up are symmetrical about 4, it follows us (x) = up () for all = 2 [0,1], which is impossible.
Now, suppose that « (0) <u} (0). Since us and u are symmetrical about 4 , we will prove
that w1 (z) = up (z) forall z 2 io,%u.

o] a
Let A= :c2'0,% yur (@) =wup (k) . Assume A& ; and let zp = inf A and u = w1 j up.

136



Then zo >0, because if o =0 and (z,,) is a sequence such that limz,, = xo, we get :
n¥+1

0 -0 — w2 () i u1 () _

which is impaossible.

Thus, let (y,) be a sequence in (0, zp) such that nlirpl Yn = xo. We get:

n¥+1 n 1 20 n®+1 Yy, § X0

and then,

0 - uz (xo) - w1 (x0).

Using again (6.7), we obtain:

2 (1 () i 2 (¥ (20))) = G (ua (20))
= G (u1 (20)) == (¢ (@3(0)) i = (v (15 (20)))

and then

ii0¢¢ ii0¢¢ i i ¢¢ i i ¢¢
0>2 "0 ui(0) i pu(0) == u(®o) 1= ¢ up(xo) .0

which is impossible, therefore A =; I

Now to any homeomorphism ¢ of R satisfying (6.2), we associate the operator :
Ag:CM([0,1]) ® C*([0,1])

de...ned as follows:

z
A, (w) () = ¢ o (t)¢dt for any « 2 C*([0,1]) and = 20, 1].
0

Then the following result holds true:

Lemma 65 If u 2 A then v = A, (u) 2 A7. Moreover if (\,u) is a solution of (7.2), then
(A, v) is a solution of the boundary value problem

8
= "= Af (A @) in (0,1)

- v0)=v(1)=0
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where ¢ = @il

Proof  Letwu?2 A} and v = A, (u). Itis clear that v’ (z) = ¢ (' (z)). So, +' vanishes only
once.

As u is symmetrical about 4, we deduce :
w(@jz)=u(z) and " j z) = ju’(z) for any = 2[0,1].
Since ¢ is odd, we get:
® iuo 1i m)¢ =iy iuo (m)d: forany x 2 [0,1].
So, for any = 2 [0, 1], we have

i, 8 i p,..¢ i g, ¢
puw(@ d= ¢u@)d+ ¢ u(t) dt.

x T

] =

Using the change of variables s = 1 j t, we get:

R z A A
o L) d = o W) dt+ jo d(1is) ds
T T 1
2
z z

_ it et
= o uw(t) dt+ ¢ u(s) ds=0.

x

Nl

Finally, we obtain:

Y £ yid hx
- — iU ¢ — i0 ¢ iO ¢
v(ljz) = pou () dt= @u@)d + o u(t) dt

0 0 T

V.

iy,
= o w @) dt =v(x).
0

The fact that v satis..es the equation in Lemma 65 can be checked by straighforward

computations. ll
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6.3 Proof of Theorem 62:

Suppose the contrary, and let A\ 2 (0, \%), ug,u2 2 C*([0,1]) such that (\,u1) and (), up) are
two solutions of problem (7.2).

Let v;y=A(u)fori=1,2and w=wvy j v1.

We deduce from Lemmas 63 and 65 that «; and v; lie in AI’ fori=12.

Moreover, from Lemma 64, we can suppose that u; <uy. Since f is strictly increasing and ¢
is odd strictly increasing, we have:

i | 0¢ _ i 0¢¢0_ _ _ -
pup i up = iA(f (w2 i f(u1))<0in (0,1)

and so,
[ ¢ i ¢ £ ¢
SOluoz(t) > |u[’l(t) forallt2 0,3 .
Then,
i p,.0 i, 0 i o
n@)= e ub®) dt> ¢ () d=vi(x) foralz2 0% .
0 0

Finally, since for ¢ = 1,2 v; is symmetrical about Jz': it follows that v,>wv; in (0,1) and
w =, ju liesin A7

Now observe that w is a solution of the problem

8
< juw'= N (@)win (0,1)
- w0 =w(@)=0
where s
B S q]:) () g, (x) ifx2(0,1)
Q(x)_? L, —01
UL
0 (2) = S (Ay (02) () i [ Ay (1) (@) _ fu2(@)) i f(u (@)
d Ay (02) (@) § Ay (01) () w2 (z) i u (z)
and

o (@) = Ay (v2) (1) § Ay (v1) (1) _ w2 (@) i wa (2)
v v2 () i v1 () v2(x) i v1(z)

On one hand, assumptions (6.4) and (6.5) lead to

qr (x) <My for all z 2 (0,1).
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On the other hand, assumption (6.3) gives

w@n¢@w;%@awmmng

Then Z,
@ 2(®) 1 v vy (1)) dt

— 20 —— ig 1"
gy () =) 1 o) -~ forallz2 0,5 .

As q, is symmetrical about % we get

4. (2) - — forallz 2 (0,1).
My
Finally, we get

q () <% for all z 2 [0,1].
My

Since w lies in A7, A = uq (g, [0,1]). Now, if we use Proposition 1.12A in [48], we obtain

Mo, T
A= 1 (g, [0,1]) >pq ;fi&ﬂ =\ . N
©

=

which is impossible, because A 2 (0, \”). Thus, the theorem is proved. B
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Chapter 7

Complete desciption of the set of
solutions to a strongly nonlinear
O.D.FE’s.

Electronic Journal of Qualitative Theory of Dicerential Equations, 2003 No. 9, pp.
1-18.

7.1 Introduction

The purpose of this paper is to give a complete description of the set of solutions to the boundary
value problem s
G @)= f(w) in (0,1) 71
-u@=u(@)=0
where ¢ is an odd increasing homeomorphism of R and f is an odd function of C'(R, R).
By a solution of (7.1), we mean a function « 2 C([0, 1]) satisfying (p ("))’ = i f () in
(0,1) and the Dirichlet conditions « (0) = (1) =0.
Note that the dizerential operator v ¥ (¢ (")) is linear if and only the function z ¥ o ()
is linear, hence the ODE in (7.1) is said strongly nonlinear.
This work is motivated by the previous ones done in [64], [63], [65], [45] and essentially by
[67].
In [67] Garcia-Huidobro & Ubilla study problem (7.1) under the following hypothesis on the
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functions f and ¢

= o711 for some ¢ > 1 and for all ¢ 2 (0, 1),

. ¢ (o)
x I!I-Irpjl_ ©® (.CL')

lim 42 = 4 and 1im 28 = 4

210 @ () 20+1 ()

= ¢”11 for some p > 1 and for all 0 2 (0,1),

Using time-maps approach they give a multiplicity result when a and A lie in some resonance
intervals.

In this work we will replace the growing conditions on ¢ and f at 0 and +21 by global
conditions on the convexity of ¢ and f. These new conditions which will play signi..cant role in
the proof of existence of solutions as well as in the proof of uniqueness of these solutions in some
areas of C1([0,1]), can appear very restrictive. However we think that this condition is usual,
indeed this kind of assumption is often met in the literature when an exactitude result is aimed
(see [15], [42] and [76]).

Our strategy is as follows:

In a ..rst stage, we locate the possible solutions of problem (7.1) in some subsets AY, (where
for k2 N° and v =+, j AY is de..ned in section 2) of C* ([0,1]) and we give some properties of
these solutions. An immediate consequence of these results is: v 2 A; is solution to problem
(7.2) if and only if « is a positive solution to the problem

8 L
< i)’ =f() in o,k

- (7.2)
- u(0)=u0|2—1k =0.
Then we associate to problem (7.2) the auxiliary Sturm-Liouville problem
8 . .
>»> IR ¢ R 1 ¢
S t@= gu e in 04k 73

- v(O)Zvolz—lk =0.

such that u is positive solution to problem (7.2) if and only if v (z) = RO"’ o (W () dt is a positive
solution to the auxiliary Sturm-Liouville problem (7.3). Thus we are driven to investigate a
nonlinear Sturm-Liouville problem for which after addition of a linear part containing a real pa-
rameter existence of a positive solution will be proved by the use of Rabinowitz global bifurcation
theory (see [93], [94] and [95]).

At the end, we will use assumptions (7.5) and (7.7) to prove uniqueness of the solution in
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each subset A7.
The chapter is organized as follows: The section 7.2 is devoted to the statement of the main
results and some necessary notations. In section 7.3, we expose some preliminary results we

need in the proof of the principal results. In the last section, we give the proofs of main results.

7.2 Notations and main results

In the following we denote by E = C* ([a, b]) with its norm kuk; = kuk, + ku'k,
Let, for any integer & _ 1 Aj, A} and Ay the subsets de..ned in Chapter 1.
We recall that the boundary value problem:

8
< j® =Xuin (a,b)

- w(@) =4 @®)=0

. _ . 2k i )%
has an increasing sequence of eigenvalues (i, ([a, b])), 1 With uy ([a,b]) = m
- -
We will use in this work the so called Jensen inequality given by:
@) , » 1 , »
@—— A
F g w (t) dth g F (u(t))dt
where F': R ¥ R is a concave function and « is a function in C ([a,b]) .
Moreover if b j a < 1 and F' (0) =0 then
OZ 1 2
F@ yw@dA . Fu@)dt (7.4)

Let S be the set of solutions to problem (7.1), then our main results are :

Theorem 66 ( Superlinear case ) :

Suppose the functions ¢ and f satisfy the following conditions:

¢ is concave on R™, (7.5)
- fl@) . f(x) _
J!ILT(I) ol 0 and x|!lr_|T_11 _80 oN +1, (7.6)
. f(s) . . .
the function s ¥ — is increasing on (0,+1) 7.7)
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Then " q

S%tgl [ Ak

and for each integer k£ _ 1 there exists wu; 2 A;: such that

Theorem 67 ( Sublinear case ) :

Suppose the functions ¢ and f satisfy the following conditions:

@ is convex on R™, (7.8)
L f@) L f(@)
g!lm) o) +1 and x|!ll;lr’ll () =0, (7.9
f is increasing and concave in R™. (7.10)
Then m q

SYefogL L[ Ak

and for each integer k _ 1 there exists uz 2 A; such that
S\Ak =fuk , 1UL J.

Remark 10 The above theorems give a complete description of the solution set of the problem
(7.1), indeed the theorems state that there is no solution except the trivial solution and those

belonging to k[l Ak, and in each AE there is exactly one solution.

Remark 11 Hypothesis (7.7) is similar to (3-3) assumed in [32]. To obtain the exact number

of solutions to the boundary value problem

8
< .. .0 — ;
u’ = u+ f(u) in (0,1
L f () in (0,1) (7.11)
-u@=u@)=0
according A in a resonance interval, the author assumed that the function s ¥ 16) and s 1

S
# are increasingon (0, +1) .

Note that, hypothesis (7.7) implies that f is increasing, and if f is convex then hypothesis

(7.7) is satis..ed.
(s)

In the sublinear case, hypothesis (7.10) implies that the function s ¥ — IS decreasing on
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0,+1).

7.3 Some preliminary results:

In this section we give some lemmas which will be crucial for the proof of our main results.
Consider the boundary value problem

8
< i @)’ =g@) in (ab)

- (7.12)
- u(a)=u(®) =0

where ¢ is an odd increasing homeomorphism of R and g is a function in C (R, R) satisfying
xg (x) >0 forall z 2 R". (7.13)

We de..ne a solution of problem (7.12) to be a function u 2 E satisfying (¢ (uo))0 = jg(u)
in (a,b) and u(a) = u (b) = 0.

If w is a solution to problem (7.12), then there exists a real constant C' _ 0 such that

i i, 0 _
2w +GE)=Cforallz?2]la,b] (7.14)
Z Z

T T

where G(z)=  g()dt, &)= ¥ (t)dt withy = pil.
0 0 R
Note that & the Legendre transform of the convex function © where © (s) = 05 p@)dt, is
even , &(0)=0and &(s) >0 for all s &0.

Then, the ..rst result in this section is:

Lemma 68 Suppose that hypothesis (7.13) holds true. If « is a nontrivial solution to problem
(7.12), then there exists an integer k£ _ 1 such that u 2 Aj.

Proof Let u be a nontrivial solution to problem (7.12). We begin the proof by showing that
W (a) & 0.

Let us suppose the contrary. Then, if we put x = « in equation (7.14), we get C = 0.
Thus, for any = 2 [0,1], G (u(z)) = i 2 (e (<" (x))) - 0. Since G is strictly positive on R® and
G(0)=0, u(z) =0for all =2 [a,b]. This is impossible since  is a nontrivial solution.

Now, let us show that « has a ..nite number of zeros. Suppose the contrary and let (z,) be
the in..nite sequence of zeros of « and zx an accumulate point of (z,,) . Then we have

w(z) =l (z0) = lim L) U)o
n¥ 1 Zn 1 %
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Again, putting x = zs in equation (7.14) we get the same contradiction as above.

Let z1 and z; two consecutive zeros of u, and suppose that v > 0 in (21, z2) and y= is a
critical point of u in (21, z2). It follows from equation (7.12) that (p (uo))0 = jg@)in (z1, 22).
Since ¢ is an increasing odd homeomorphism of R, u! > 0 in (21, %), ! < 0 in (ya, 22) and
u (ya) = 0. Thus yo is the unique critical point of u at which « reach its maximum value.

Let

p=u(ys) = max wu(x).

x2(z1, 22)
It follows from equation (7.14) that
i ¢
u (@) = 'ail (G i G(u@®)) forall t 2[z1, ya] (7.15)
and
i ¢
W (1) = ¢ 2E(G () § Gu) forall t 2 [y, 2] (7.16)
where i1 s the inverse of 2 on R*. Then
) )
du(t) du (%)
iz= = — ¢ forall x 2 [21, 40 7.17
T WO T VREGO 1 Gem) 2l (D
and
HKx) 07.¢))
22 jr= du(®) _ i du (1) ¢ for all = 2 [y, 22]. (7.18)

ORI N CIOF R AN

Putting = = v« in equations (7.17) and (7.18), we get

o du (t)

VTGO 1 GEO)

i
N4

Yo I 21 = =21 Yo

which yields
_atz
Ya — > .
2tz .
For the symmetry of the (z1,22) § hump of u about > it su€ces to show that for all

x 2[z1,22] u( 21+ 2 ix)=u(x). This becomes very easy if we observe that z = (21 +22) i

(z1 + 22 i x) and make use of equations (7.17) and (7.18), then we get: in each of the cases
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2+t > g+
r2 =, 12 2 or x 2 %,zz
du(t)
riznn = nii+tnir)= ¢

CUEEGE) i GEm)

w(z1 Fz2i )

; du (£) .
¢ NG (p) i G ()

which leads to u( 21+ 22 § ) =u(x) for all 2 2 [ 21, 2]
I't remains to show that if z3 < 2z, are two consecutive zeros of uand v > 0 in [ z3, 24], then

Ul 23, 24 1 the translation of w .

To do this it succes to prove that u (z3 +(z § z1)) = u(z) forall x 2[z1, 22].

+ +
Putting respectively = = = > 2 andz == > 2 in equation (7.14) we deduce
K H21+z2ﬂﬂ K uzg+z4‘ﬂﬂ
C=G u — = G u —

21+221T_ IJZ3+2’4
2 v T
Making use of equations (7.17) and (7.18), we get :

Since G is strictly increasing on (0, +1), u

3 tzy . Z4 i 23
Z4 i — = 5
u LAZ;Z
, v EEG AT G u@)
u3ZZ‘;22
_ ) . du(?)
= |ai1|G| lz +2 - G %
. ¢ al u B2 § G (u(t))
o Zl+22:2’2i2’1
2 i 5 5

which yields z3 + (Zz i 21) = z4.

Ifwesetv(x) =u(z+(z j=z1))forall x 2]z, 2], then we have

v (z1) u(z3) =0

v (22)

u (za) =0.

A a A b
'We have  f(f)dt=  f(@)dt with f>0.
0 0

147



Observe that » and v are solutions of the problem

8
< i (e@h) =g(w) in (21,22)

- w(z)=w(x)=0.

So, forany z 2 2z, Zl;ZZ , we have:
.
_ ) o _du(t')%
rihrs = T it T T+ N
R 0
%)
I /1 ) W "
- TGl T T+ ~
e I 0)
. s
which leads to v (z) = u(z) forall z 2 21, 2=—=2 .

2
Using the symmetry of the function « we deduce that v (x) = u (x) for all x 2 [21,22]. This

completes the proof of the lemma. W

Lemma 69 Suppose that hypothesis (7.13) holds true and ¢ is odd. If u 2 A; (resp. A}) is
solution to problem (7.12) with £ _ 2 then the ..rst negative (resp. positive) hump of « is a

translation of the ..rst negative (resp. positive) of (ju).

Proof Letwu 2 A} be a solution to problem (7.12) and (zi);iz’g the ..nite sequence of zeros of
uwsuch that 0 = zp < 21 < z2 <000 < 2z, = 1.
Since the positive ( resp. negative ) humps of « are translations of the ..rst positive ( resp.

negative ) hump one, it suCces to prove that vy, ., is a translation of jup .,3.

+
Let us prove that the two humps have the the same length.. Putting z = 2—21 and x = ZlTZZ
in (7.14) , we get s 3 -- 2 3 .
C=G u % =G u Zl;zzz

Since G is even and increasing in R™

3 - 3 -
u Z_]_ = ju Z1+22
2 2
3 - 3 -
Set p=u '22—1 = j 21*2'22 , as in the proof of Lemma 6
z1 z ds

= — &
2 R GEEiGe)
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and Z,

nin _ 2+ ) .. .ds L. "
? 2 M7 el G EE G
_ R l“(ﬂ;_za) . .. .ds od oo
- 5 Iaj_llGl’U/IzI%ZYY iG(S)YY
P ds 2

LG GE) 2
which leeds to

22 1 %1 = 21.
Setting v (z) = ju(z1+ x) for all x 2 [0, 21] and arguing as in the proof of Lemma 6, we get

u(x)=v(@)= ju(zy +x) forall x 2[0,z]. So the lemma is proved &

Lemma 70 Suppose that hypothesis (7.13) holds true. If v, & u, are two positives solutions of

problem (7.12), then u,and u, are ordered, namely wq<u, in (a, b) or uy<uy in (a,b).

Proof  See the proof of Lemma 64 I

7.4 Proof of the main results

Since the function f is odd and satis..es hypothesis (7.13), it leads from lemma 68 any non

trivial solution to problem (7.1) belongs to k[l Ay.

7.4.1 Existence of solutions :

From lemmas 68 and 69, to get a solution belonging to A; (resp. A} ) to problem (7.1) it su¢ces
to prove that the problem

8 0 g0
< i (@ @) = f(u(2) in 0%

- ¢ (7.19)
- u(O)ZuOI-Z%f =0.
admits a positive (resp. negative ) solution.?
Set f* =max (f,0) and consider the boundary value problem
8 . .
IRx ¢ | ¢
< i@ = S @)d in 0,4 (7.20)

- i. ¢
- v(O)Zvolz—lk =0.

2 Any positive solution of (7.19) is concave. to see that one can use (7.14).
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R
Observe that if v is a positive solution to problem (7.20) if and only if u (z) = § v (& (¥)) dt is
a positive solution to the problem (7.19)3.
Hence, we are driven to look for positive solutions to the problem

8 iR ¢
< i@ = Fe@E@@E)dt in 0,q)

) (7.22)
- v(0)=v"(a)=0
where ¢ 2 (0,1).
Consider the boundary value problem
8
= i d'(@) = @)+ (w@) in 0,a) (722)

- v(0)=¥(a)=0.

R
where X is a real parameter and « (z) = Oxw (° (1)) dt.

We mean by a solution of problem (7.22) a pair (\,v) 2 REC* ([0, a]) satisfying jo¥ (z) =

iR ¢
o (z) + o @' (#®)dt 2 (0,a) and the boundary conditions v (0) =+ (a) = 0.

Existence in the superlinear case:

Let ¢ > 0, we deduce from assumption (7.6) existence of 6 > 0 such that
for all x 2 R, jaj < § implies jf (x)] < ejp ()] =cp (xj) .
Since ¢ is an odd increasing function on R*, we have for v 2 C ([0, a]) and for all z 2 [0, a]

R, - R,. Ry i
o @ @)dt - Fip@@)idt =" ¥ o @)j)dt
- ¥ (keky).

Thus, if := ¢ () then for all v 2 C ([0, a])

z Z
S ¢ Z
kvk, < nimplies - Ivo (t) dt= - oforall x2][0,q]
0

% Any solution of (7.20) is concave.

150



then ~ R ¢ R - ¢
A O)ydt =1 g0 (@) dt
A IO
- e (¥ (kuky))
- ekvk; .
which means f (u) = £ (kvky) and f* (u) = £ (kvk,).
However, Rabinowitz global bifurcation theory (see [93] and [94]) states: the pair (A1, 0) is
»+

a bifurcation point for a component S” %2 RE §; of positive solutions to Problem (7.22) which
is unbounded in REC? ([0, a]) where A1 = y, ([0,a]) and
a

»+ © .
S = v2 CH([0,a]) :v(©0)=v"(a)=0and v >0in (0,a) .

Thus, to prove existence of a positive solution to problem (7.21) it su®ces to show the

following
Theorem 71 SI crosses fog £ C* ([0, a]).
Before proving theorem 5, we need the following lemma:

Lemma 72 If (A\,v) 2 S] then A < A;.

Proof Let © be the ..rst positive eigenfunction of

8
< j©%"= )\0in (0,0)

- ©0)=(a)=0.
Multiplying (7.22) by © and integrating on (0,a) we get:

Z Z Z
i Jo=) W+ [fY(wo.
0 0 0

Then, two integrations by parts give

& z
Mi) 0= fFw)©O©>0
0 0
so that
A< AL,
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Proof of theorem 71

Suppose the contrary, and let (\,,, v,) ¥ S; an unbounded sequence in REC ([0, a]) and set
un () = RO”” W (4%, (t)) dt. An immediate consequence of Lemma 72 is: 0 < )\, < A1 and (vy,) is
unbounded in C ([0, a]).

First Let us prove that v, is unbounded with the respect of the C° norm. Suppose the
contrary. Since jv¥ = \v, + f (u,) and +¥ is unbounded* with the respect of the C° norm, w,,
is unbounded with the respect of the C° norm on [0, ] .

Let forany R>0 J,=fz 2[0,a] : ¢ (u, (x)) . Rg.

We claim that there exist Ry > 0 such that [(J,,) - % . This is due to:

Denote by 6,, the real number belonging to [0, a] such that ¢ (u, (6)) = R and let ©,, and
A1,n be respectively the ..rst positive eigenfunction and the ..rst eigenvalue of the problem

8
< 0" =Xv in (0,,q)

- v(6,) =1 (a)=0.

Multiplying (7.22) by ©,, and integrating between 6,, and a we get

Z Z .
"0, =N Oy +  f(un)Oy.
(s 0r, (5

After two integrations by parts we obtain:

yij & Yl
>‘l,n Un©n - >‘n vn©n + f+ (Un) ©n' (723)

On On bn

+ 2
We deduce from hypothesis (7.6) that I.irfl w =+1,so0for M = Z—Z there exists

Ry > 0 such that
x . Ro implies f* (¢ (z)) . Mz.

Thus, we deduce from (7.23):
z z

a

Oind M) 0@ (FF£4) (0 () On
0 7 0,

n

a (7.24)
M © (uy) ©y.

n

=

4 Otherwise %, will be bounded on [0, a] with the respect of the C° norm, and then v, with the respect of the
C* norm.
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Since ¢ is concave, Jensen inequality (7.4) leads to

© (un, () o v (x) for all x 2 [0,,a].

Thus, we deduce from (7.24):

&
(/\1,n i (/\n +M)) vn©np, - 0;
On
then
2
— )\n +
(ai0n)° = (o D)
..nally
K 1
1 1
L(Jy) = 7 i 0, - > (7.25)

Now let us return to the equation satis..ed by w,. We have

i i, e¢
i o'l = A+ £ () i (0,0)

Multiplying by « and integrating over [z, a], we get
Z

- - ¢¢ a
2ol @ =F () i Fr @)+, vyl forall 22 [0, ]

R
where p, = u, (a) and F* (z) = ' f* (@) dt.
Then, as in the proof of Lemma 6 we obtain

_Z Ro dun(t) _Z Fo
0,= =

~ = ds . s
o () L 0w A F (o) i FT )+ M %l
Fo ds

o VERET ()i FTG)

(7.26)

) 1
o AL (F (p,) 1 F* (5))
Ro

Thus, on one hand, since
+1.

¢ is bounded in [0, Ro] and lim p,, =

_ ) ds
I|m Qn = Ilm i il - $
n¥+1 n¥+1 0 P 2L (F+ (pn) i I (S))
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and on the other hand it follows from (7.25) 6,, _ % which is impossible and v,, is unbounded
in C° ([0, a]).

Now arguing as abowve, let forany R > 0 J, =fz2[0,d]: v, (x) . Rg, Ry > 0 such that
1(Jpn) - 2—1a and 6,, the real number belonging to [0, a] such that v, (6,) = Ro.

Thus, in one hand

2n
Ro= ()t . 5=1h, 0,) (7.27)
0
and on the other hand,
91 1‘IT . Z» y.4
o5 = W @)dt= WL @)dt+ () dt (7.28)
0 0 On
1 0
RO + _vn (en)
2a

which is impossible because from (7.27) we deduce that ¥, (9,,) is bounded and (7.28) leads to

W (6,,) is unbounded. This completes the proof of theorem 5.l

Existence in the sublinear case:

Let ¢ > 0, we deduce from hypothesis (7.9) existence of x > 0 such that
x>y implies f (z) <ep(x).
Note that since v is concave and increasing, and f is increasing

iR ¢
U @) - @ @)
- [T (¥ (kuky)) for all z2[0,d].

Thus if n= ¢ (x), then for all v 2 C1 ([0, a]) and for all = 2 [0, a]

Mz : ¢ 11
kvk, > n implies f* Y () dt < ekuk
0

and f* iRO‘” ¥ (' (1)) dt¢ =+ (kvk,)

Therefore, Rabinowitz Global Bifurcation Theory states (see [95]): the pair (A1,+1) is a
bifurcation point for a component S % RE zs)*: of positive solutions to (7.22) such that:

If — is a neighborhood of (A1, +1.) whose projection on R is bounded and whose projection

on C1([0, a]) is bounded away from 0 then either
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1. S;8— is bounded in REC? ([0, a]) , in which a case S;8— meets RE f0g or

2. S} 8- is unbounded in REC" ([0,a]) . Moreover if S; 8- has a bounded pro jection on R then
S7 78— meets (i, ([0, a]) , +1) with k& _ 2.

Thus, to prove existence of a positive solution to problem (7.21) it su¢ces to show the

following
Theorem 73 S] crosses fog £ C* ([0, q]).

Proof of theorem 73:

To prove theorem 73, it suCces to prove that if — is as above, then S;8— dos not meet
(14 ([0,a]),+1) with £ _ 2 and does not meet R* £ f0g.

Let © be the ..rst positive eigenfunction of

8
< jO"=\0in (0,a)

- ©(0)=¢(a)=0.

and (), v) 2 S;". Arguing as in the proof of Lemma 72 we get
A< M

which means that S8— don’t meet (y, ([0,a]),+1) with k& _ 2.
Now suppose that (\,,,v,,) is a sequence in SI“ converging® to (\%,0) with ),, > 0. Multiplying
(7.22) by © and integrating on (0,a) we get

& Z
MiM) v©=  f"(uy)©
0 0
RI
where u,, () = ¢ @, (1)) dt.
Using the concavity of f we get
Yl yil OZ L. 1
Li i, 00
O1i M) vnO@d . @ 5yl (s) ©(s)dsAdt.
0 0 o
+ 2
We deduce from hypothesis (7.9) that Ii'rrg) @ =+1 and for M = %, there exist

*un, ¥ 0 with the respect of the C* norm.
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6 > 0 such that
0 - = <6 implies f* (v (x)) > M.

Hence, For n large enough
i i ¢¢
oo (s) . Moy (s)

and
&

Mi\i M) v,@®)O@)dt 0.
0
This is impossible since

MiMmiM<A i M<O.

which completes the proof of Theorem 73.

7.4.2 Uniqueness in A}

We will expose in this paragraph the proof of uniqueness in A,? in the superlinear case. The
other case will be treated similarly.
We deduce from Lemma 68 and Lemma 69 that: to show uniqueness of the solution to

problem (7.1) in each A,?, it su¢ces to show that the boundary value problem

8
< j = in (a,b
) i (p()) =f(w) in (a,0) (7.29)
- ula)=u®) =0
has a unique solution in A7 .
Now, if u and v are two solutions in A7 to problem (7.29), then we have
Yo Yo
i i 06 i i ¢
i oo lu= f@ui f@u
or
Zn T 2 p )l
0 0
) <p(106) : <p(;;) A= L@@ (7.30)
u v u (

First we deduce from Lemma 70 that » and v are ordered and from assumption (7.7)
that f is increasing in R*. Theg, if we suppose u < v in (§1) we get (p @) §o@)) =

+ +
i (f(w)if@)<0in a,“Tb , namely «® < ¥ in a,azb
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In one hand, it follows from assumption (7.7) that

2 il
LW [0, <o (7.31)
In the other hand, the concavity of ¢ involve that the function s ¥ SOS) is decreasing on
(0,+1), then
Zn 0 Nl
spgf) i 901(;’) ul? >0, (7.32)

Inequalities (7.31) and (7.32) contradict equation (7.32); so uniqueness of the solution to

problem (7.29) is proved. &
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Concluding remarks and open

questions

Through this thesis, we have attempted to give a complete description of the solution set of the

boundary value problem s
S i) =g\ in (0,1)

= w0 =u@) =0

(7.33)

where X is a real parameter, ¢ an odd increasing homeomorphism of R and g is a continuous
real function.

In the chapters 2, 3, 4 and 5 we used the quadrature method established in chapter 1, for
solving several of the type of (7.33) when for all z 2 R ¢ (z) = ¢,(z) = jzj?1? z. Therefore

through the application of this method we have noted the following two remarks :

The quadrature method is very descriptive in the sence that it detect solutions and their

qualitative proprieties (number of zeros, number of critical points, symmetry.....)

To get multiplicity (resp. exact multiplcity) of solutions, we are led to compute the a lower

bound (resp. the exact number ) of the critical points of the time maps.

Also, we have seen that the quadrature method allows us to detct solutions of (7.33) in the
subsets of C1 ([0,1]) : Ag, and By; this don’t means by any way that there isn’t other solutions
of (7.33) (see for instance Addou [4], Guedda and Veron [69]).

When ¢ isn't necessarily equal to ¢,,, few works have been done. So, the study of this kind of
boundary value problems remines an open question. For instance, the structure of the solution
set of the pseudo eigenvalue-problem

8
< i (@)Y =X (u) in (0,1)
- w(0)=u@) =0

is unknown.
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Observe also that in this work, the problems studied are autonomous; so the nonautonomous

case with other kinds of boundary value conditions remain open.
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