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Introduction

This thesis is devoted to the study of boundary value-problems of the type

8
<
:

¡(ϕ (u0))0 = g (λ, u) in (0,1)

u(0) = u (1) = 0
(0.1)

where λ is a real parameter, ϕ is an odd increasing homeomorphism of R and g is a continuous

function.

Note that the di¤erential operator u ! (ϕ (u0))0 is not linear, so the problems of the kind

of (0.1) are called strongly nonlinear B.V.P’s. Also, when ϕ (u) = u, (ϕ (u0))0 = u00 is the

classical one dimensional Laplacian and when ϕ (u) = ϕp (u) = jujp¡2 u with p > 1 , (ϕ (u0))0 =³
ju0jp¡2 u0

´0
is the one dimensional p-Laplacian which is linear if and only if p = 2.

The p-laplacian operator ¢pu = div
³
jrujp¡2ru

´
, p > 1, has been widely investigated

during the last two decades. Indeed, many physical phenomena are modeled by equations

involving this operator. For instance, the p-laplacian operator appears in the study of non-

Newtonian ‡uids. When studying the laws of motion of ‡uid media Newtonian ‡uids are those

for which the stress tensor τ is proprtional to the velocity gradient ∂u/∂x. But, this relation is

satis…ed for a limited actual ‡uid media . Themotions of such non-newtonian ‡uids are studied in

rheology (see Astarita and Marruci [28]). Usually the relation between the shear stress τ and the

gradient velocity ru is sbstitutied in the power rheological law τ = µ j∂u/∂xjp¡2 ∂u/∂x p > 1.

The constants µ and p are the rheological characteristics of the meduim. Media with p > 2 are

called dilatant ‡uids and those with p > 2 are called pseudo-plastic.

Also, the p-laplacian operator ¢p with p 6= 2 appears in many others context. It’s used in

some reaction di¤usion problems ( see Aris [25] ) as well as in ‡ow through porous media (for

instance in ‡ow through rock …lled dams, see Ahmed and Sunada [13] or Volquer [119]). Also,

¢p appears in nonlinear elasticity (see E.G. Oden [84]), glaceology (see Pelissier [89]), petrolum

extraction (see Schoenawer [101]), Some geometrical interest p ¸ 2 (see Uhlenbeck [112]).

In chapter 1, we present the quadrature method for the one dimensional p-Laplacian. This
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method allows us to study the the structure of the solution set of the problem (0.1) when

ϕ (u) = ϕp (u) = jujp¡2 u . Besides, this method well known in the litterature as the “ time-map

approach ” will be used in chapters 2, 3, 4 and 5.

In the second, chapter we consider problem (0.1) with ϕ = ϕp and g (λ,x) = λf (x) for all

x 2 R where f is a cubic-like nonlinearity. More precisely, f is odd and admits a positive simple

zero α such that f > 0 in (0,α) and f < 0 in (α,+1) .

In the chapter 3, we look for the exact number of positive solutions of problem (0.1) when

ϕ = ϕp and g (λ,x) = λf (x) for all x 2 R. We examine the cases f is positive in R+, f vanishes

once and f vanishes at least twice.

In the chapter 4, we investigate the case where ϕ = ϕp and g (λ, x) = jxjp ¡ λ for all x 2 R.

Note that in this case g is even and superlinear. In the case λ · 0 we give an exact description

of the solution set of problem (0.1) and in the case λ > 0 we give an uniqueness result for the

positive and negative solutions and a lower bound for the sign changing solutions.

The chapter 5 deals with the case ϕ = ϕp and g (λ,x) = ϕα (x)+λϕβ (x) for all x 2 R where

α, β > 1 are real parameters. This problem has been suggested by A. Ambrosetti, H. Brezis

and G. Cerami in [17].

In chapter 6, an uniqueness result is given when the inverse function of ϕ is Lipschitzian and

g (λ,x) = λf (x) for all x 2 R+ with f is C1 on R+ and its derivate is bounded . To prove this

result we make use of the Leray-Schauder continuation theorem.

In chapter 7, a complete description of the solution set to problem (0.1) is established when

g (λ,x) = f (x) for all x 2 R and, ϕ and f have opposite concavities. This result is obtained by

means of the bifurcation theory of P.H. Rabinowitz.

We end this thesis by some concluding remarks and open questions.
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Chapter 1

Quadrature method for the one

dimensional p-Laplacian and

applications

Annales de Mathématiques 6 (1998), pp. 13-21.

1.1 Introduction

In this chapter, we present a method which helps one to study the solution set of boundary-value

problems of the type 8
<
:

¡¡
ϕp (u0)

¢0
= g (u) in (α, β)

u(α) = u (β) = 0

where p > 1, ϕp (x) = jxjp¡2 x, for all x 2 R, and g is a real continuous function.

The operator u 7! ¡
ϕp (u0)

¢0 is called the p-Laplacaian and is linear if and only if p = 2. The

quadrature method is well known in the literature. It is also known as time maps approach.

At the begining of time map history, many authors used the one dimensional Laplacian

operator, that is, with the one dimensional p-Laplacian and p = 2. Starting from the 1960’s, we

can mention the works by Opial [85], [86], Urabe [113], [114], [115], [116], [117], Pimbley [90],

[91], Gavalas [68].

In the early 1970’s, Laetsch [76] used the time map to study positive solutions to a class of

boundary-value problems with Dirichlet boundary data. Since then many authors have referred

to his work. We also want to mention Chafee and Infante [43], and Chafee [44]. Brown and

7



Budin [34], [35] used the time map approach to study positive solutions to some boundary-value

problems. Independently and about the same time, De-Mottoni and Tesei [52] studied positive

solutions of some other class of boundary-value problems by means of the same method.

In the early 1980’s, Smoller and Wasserman [106] introduced a technique that, in some cir-

cumstances, can be used to prove uniqueness of the critical point of time maps. Subsequently

their technique has been used by many authors (see for instance, Ammar Khodja [20], Ra-

maswamy [96], S. H. Wang and Kazarino¤, [126], [127], S. H. Wang and F. P. Lee [128], S. H.

Wang [120], [121], [123], and recently by Addou and Benmezaï [9]).

The study of sign-changing solutions by means of time maps was initiated by De-Mottoni

and Tesei [53] and independently, some years later, by Shivaji [105].

During the last two decades, time maps have been used in many works. Further to the

above mentioned papers, we want to add the following ones: Addou and Ammar Khodja [5],

Anuradha, Shivaji and Zhu [22], [23], Anuradha and Shivaji [21], Anuradha, C. Brown and

Shivaji [24], K. Brown, Ibrahim and Shivaji [36], Brunovsky and Chow [37], Castro and Shivaji

[39], [41], Ding and Zanolin [56], [57], Fernandes [58], Fonda and Zanolin [59], Fonda, Gossez

and Zanolin [60], Schaaf [100], Shivaji [103], [104], [105], Smoller, Tromba and Wasserman [110],

Smoller and Wasserman [107], [108], [109]. Notice that this list is in alphabetical order, and

is not exhaustive. The di¤erential operator in the equations studied in these papers is the

p-Laplacian with p = 2.

The paper by Guedda and Veron [69] seems to be the …rst one dealing with time maps

approach when the di¤erential operator is the one dimensional p¡Laplacian with p > 1. Next,

we mention the papers by Del Pino and Manasevich [51], Manasevich and Zanolin [80] and

Manasevich et al. [81].

Notice that time maps were also used when the di¤erential operator generalizes the p-Laplacian:

see for instance Arrázola and Ubilla [27], Garcia-Huidobro et al. [62], [63], [64], [65], [66],

Garcia-Huidobro and Ubilla [67], and Ubilla [111]. (See also, Huang and Metzen [72]).

1.2 Notations

In order to state the main results let us de…ne for any k 2 N¤, the sets

S+k =

8
<
:

u 2 C1 ([α, β]) : u admits exactly (k ¡ 1) zero(s) in (α, β)

all simple, u(α) = u (β) = 0 and u0 (α) > 0

9
=
;

S¡k = ¡S+k and Sk = S+k [ S¡k .
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De…nition 1 Let u 2 C ([α, β]) and x1 < x2 are two consecutive zeros of u. We call I-hump

of u the restriction of u to the open interval I = (x1, x2) . When there is no confusion we say a

hump of u.

With this de…nition in mind, each function in S+k has exactly k humps such that the …rst

one is positive, the second is negative, and so on with alternations.

Let A+k (k ¸ 1) be the subset of S+k consisting of the functions u satisfying:

² Every hump of u is symmetrical about the center of the interval of its de…nition.

² Every positive (resp. negative) hump of u can be obtained by translating the …rst positive

(resp. negative) hump.

² The derivative of each hump of u vanishes once and only once.

Let A¡k = ¡A+k and Ak = A+k [ A¡k .

Let B+k (k ¸ 1) be the subset of C1 ([α, β]) consisting of the functions u satisfying:

² u (x) ¸ 0, 8x 2 [α, β] , and u(α) = u (β) = u0 (α) = 0.

² u admits exactly (k ¡ 1) zero(s), all double, in the open interval (α, β) .

² If k > 1, u is ((β ¡α)/k)¡periodic.

² Every hump of u (necessarily positive) is symmetrical about the center of the interval of

its de…nition.

² The derivative of each hump of u vanishes once and only once.

Let B¡k = ¡B+
k and Bk = B+

k [ B¡
k .

1.3 Description of the method

Consider the boundary value problem

8
<
:

¡ ¡
ϕp (u0)

¢0
= g (u) in (0, 1)

u (0) = u(1) = 0
(1.1)

9



where p is a real parameter and the nonlinearity g are such that

g 2 C (R, R) and 1 < p < +1 (1.2)

and ϕp (x) = jxjp¡2 x for all x 2 R.

By a solution to problem (1.1) we mean a function u 2 C ([0, 1]) satisfying ¡ ¡
ϕp (u0)

¢0
=

g (u) in (0,1) and u (0) = u (1) = 0.

Throughout this chapter p0 will designe the conjugate exponent of p
³
1
p + 1

p0 = 1
´

while

G (s) =
R s
0 g (t)dt.

The …rst result in this section which is the key of the method, is

Lemma 2 If u is solution to problem (1.1) then there exists a constant E ¸ 0such that for all

x 2 [0, 1] ,we have the energy equation

¯̄
u0 (x)

¯̄p
+ p0G (u (x)) = Ep (1.3)

Proof Observe that
¯̄
u0 (x)

¯̄p
= p0©p0

¡
ϕp

¡
u0 (x)

¢¢

where ©p0 (x) =
R x
0 ϕp0 (t)dt.

Thus,
¡¯̄

u0
¯̄p

+ p0G (u)
¢0

= p0
¡
ϕp

¡
u0

¢¢0
u0 + p0g (u)u0 = 0 in (0,1)

So the lemma follows.

For any E ¸ 0 and ν = §, let

»
Xν (E) =

©
s 2 R : νs > 0 , Ep ¡ p0G (s) = 0 and Ep ¡ p0G (ξ) ¸ 0 8ξ : 0 < νξ < νs

ª

Xν (E) =
©
s 2 R : νs > 0 , and Ep ¡ p0G (ξ) > 0 8ξ : 0 < νξ < νs

ª

rν (E) =

8
<
:

ν sup (νXν (E)) if Xν (E) 6= ;
0 otherwise.

We shall also make use of the following sets,

v
Dν=

½
E ¸ 0 :

»
Xν (E) 6= ;

¾

Dν = fE ¸ 0 : 0 < jrν (E)j < +1 and νg (rν (E)) ¸ 0g

10



D¤
ν = fE > 0 : 0 < jrν (E)j < +1 and νg (rν (E)) > 0g
v

Dν=
v

D+ \
v

D¡ , D = D+ \ D¡ and D¤ = D¤
+\ D¤

¡.

Proposition 3 Let u be a nontrivial solution to problem (1.1). If u0 (0) = νE ν = § and E ¸ 0

then, the real number E belongs to
v

D+ or
v

D¡ .

Proof Since u is a nontrivial solution, there exists x0 2 (0, 1) such that u (x0) 6= 0.Suppose

that u(x0) > 0 and let x1 2 (0,1) be the point at which u reach its maximum value. Thus, we

have

u (x1) = max
x2[0,1]

u (x) and u0 (x1) = 0

We deduce from (1.3) that p0G (u (x1)) = Ep and if ξ 2 (0, u (x1)] then there exists t 2 (0, x1]

such that ξ = u(t), Ep¡p0G(ξ) = Ep¡p0G (u(t)) = ju0 (t)jp . So, u (x1) 2
»

X+ (E) and E 2
»

D+ .

Proposition 4 Let u be a nontrivial solution to problem (1.1)

(a) If there exist k 2 N¤ such that u 2 Bk, then u0 (0) = 0 and 0 2 D+[ D¡.

(b) If there exist k 2 N¤ such that u 2 Ak, then ju0 (0)j 2 D+ [ D¡.

Proof (i)-Suppose that u 2 B+
k and let ρ = max

x2[0,1]
u (x) > 0. Then, one can veri…e easly that

X+ (0) =
©
s 2 R: s > 0 and ¡ p0G(ξ) > 0 8ξ 2 (0, s)

ª 6= ;

and

ρ = sup X+ (0)

Hence 0 2 D+.

(ii)-Let z1be the …rst strictly positive zero of u, and suppose that u > 0 in (0, z1) . Then if

ρ = max
x2[0,z1]

u(x) = max
x2[0,1]

u (x) , we have

¯̄
u0 (0)

¯̄p ¡ p0G(ρ) = 0,

X+

¡
u0 (0)

¢
=

©
s 2 R: s > 0 and

¯̄
u0 (0)

¯̄p ¡ p0G (ξ) > 0 8ξ 2 (0, s)
ª 6= ;

and

r+
¡
u0 (0)

¢
= ρ

11



Moreover g (ρ) ¸ 0 because if we suppose that g (ρ) < 0 then ρ will be a local minimum of

u.

Theorem 5 Let u be a solution to problem (1.1) such that u0 (0) = νE where ν = §. If E

belongs to D¤
+ or D¤

¡ then there exists an integer k ¸ 1 such that u 2 Aν
k.

This theorem is a consequence of the following four lemmas.

Let u be a solution to problem (1.1) such that u0 (0) = νE where ν = § and E belongs to

D¤
+ or D¤

¡; then

Lemma 6 u has a …nite number of zeros.

Proof Let Z (u) = fz 2 [0,1] / u (z) = 0g and suppose that Z (u) is in…nite. Since Z (u) is

contained in the compact set [0,1], there exists a sequence (zn) ½ Z (u) converging to z¤ 2 Z (u).

So,

u(z¤) = u0 (z¤) = lim
n!1

u (zn) ¡ u(z¤)
zn ¡ z¤

= 0.

Thus, putting x = z¤ in the energy equation (1.3) we get

0 =
¯̄
u0 (z¤)

¯̄p
+ p0G (u (z¤)) = Ep

which is impossible because E > 0.

Lemma 7 On each hump, u0 vanishes once and only once.

Proof Let z1 < z2 be two consecutive zeros of u and suppose that u > 0 in (z1, z2) . Let

c0 = inf fx 2 (z1, z2) : u0 (x) = 0g .

Then, c0 > z1 because if c0 = z1 there will exist a sequence (zn) ½ fx 2 (z1, z2) : u0 (x) = 0g
which converges to z1. Then we have

u0 (z1) = E = lim
n!1

u0 (zn) = 0

and this is impossible since E 2 D¤
+ or E 2 D¤

¡. Thus, u0 > 0 in (z1, c0) .

Let ξ 2 (0, u(c0)), then there exist xξ 2 (z1, c0) with u (xξ) = ξ.

It follows from the energy equation (1.3) that

0 <
¯̄
u0 (c0)

¯̄p
= Ep ¡ p0G (u (xξ)) = Ep ¡ p0G (ξ)

12



which yields u (c0) 2 X+ (E) .

Let s > u(c0) , s /2 X+ (E) because Ep ¡ p0G (u(c0)) = 0 and u (c0) < s.

So any s 2 X+ (E) is such that s · u(c0) , then u(c0) = r+ (E) .

Also, since g (u (c0)) = g (r+ (E)) > 0, u reachs at c0 a maximum value.

Now, let us prove that u (c0) is the maximum value of u on (z1, z2) . Supose the contrary and

let

c1 = inf
©
x 2 (c0, z2) : u0 (x) = 0

ª

Then, one has u0 < 0 in (c0,c1) and u (c1) < u (c0) ; so there exists x0 2 (z1, c0) such that

u (x0) = u (c1) . We deduce from the energy equation that

¯̄
u0

¡
x0

¢¯̄p
=

¯̄
u0

¡
x0

¢¯̄p ¡
¯̄
u0 (c1)

¯̄p
= p0

¡
G(u (c1)) ¡G

¡
u

¡
x0

¢¢¢
= 0

which contradicts the de…nition of c0.

Lemma 8 Each hump of u is symmetrical about the center of its interval of de…nition.

Proof Let z1 < z2 be two consecutive zeros of u and suppose that u > 0 in (z1, z2) . Let c1 the

unique critical point of u in (z1, z2) at which u reach its maximum value.

The energy equation yields

u0 (t) =
©
p0 (G (u(c1)) ¡ G (u (t)))

ª1
p for all t 2 [z1, c1]

u0 (t) = ¡©
p0 (G (u (c1)) ¡G (u (t)))

ª1
p for all t 2 [c1, z2] .

Then,

x¡ z1 =

u(x)Z

0

du (t)

u0 (t)
=

u(x)Z

0

du(t)

fp0 (G (u (c1)) ¡G (u (t)))g 1
p

for all x 2 [z1, c1] (1.4)

and

z2 ¡x = ¡
u(x)Z

0

du (t)

u0 (t)
=

u(x)Z

0

du (t)

fp0 (G (u (c1))¡ G (u(t)))g 1
p

for all x 2 [c1, z2] . (1.5)

Putting x = c1 in (1.4) and (1.5), he obtain

c1 ¡ z1 = z2¡ c1

13



then

c1 =
z1 + z2

2
.

Thus the (z1, z2)¡hump of u reachs its maximum value exactly at the center of (z1, z2) .

Now, if we observe that x ¡ z1 = z2 ¡ (z2 + z1 ¡x) for all x 2 [z1, z2] and replace in (1.4)

and (1.5) , we get

x ¡ z1 = z2¡ (z2 + z1 ¡x) =

u(x)Z

0

du(t)

fp0 (G (u (c1)) ¡G (u (t)))g 1
p

=

u(z2+z1¡x)Z

0

du (t)

fp0 (G (u (c1))¡ G (u(t)))g 1
p

.

So u (x) = u (z2 + z1 ¡x) for all x 2 [z1, z2] and u is symmetrical about z1+z2
2 . This completes

the proof of the lemma.

Lemma 9 Any positive (resp. negative) hump of u is the translation of the …rst positive (resp.

negative) hump of u.

Proof Let z1 < z2 < z3 < z4 be four zeros of u such that u > 0 in (z1, z2) and in (z3, z4) .

We begin by showing that the intervals (z1, z2) and (z3, z4) have the same lengh.

From the previous lemma we deduce that u
¡

z1+z2
2

¢
= max

x2[z1,z2]
u (x) and u

¡
z3+z4
2

¢
= max
x2[z3 ,z4]

u (x) .

We have u
¡

z1+z2
2

¢
= u

¡
z3+z4
2

¢
= u0, because if u

¡
z1+z2
2

¢
< u

¡
z3+z4
2

¢
, then it would exist

y 2 ¡
z3,

z3+z4
2

¢
such that u (y) = u

¡
z3+z4
2

¢
. We deduce from the energy equation that

¯̄
u0 (y)

¯̄p
= Ep ¡ p0G (u (y)) = Ep ¡ p0G

µ
u

µ
z1+ z2

2

¶¶

and this is a contradiction with lemma 7.

Also, we have

z2 ¡ z1
2

=
z1 + z2

2
¡ z1 =

u0Z

0

du (t)

fp0 (G (u0) ¡ G (u (t)))g 1
p

=
z4 ¡ z3

2
=

z3+ z4
2

¡ z3

so, z2¡ z1 = z4¡ z3.

14



Let v (x) = u(z1+ (x ¡ z3)) for all x 2 [z3, z4] . One can easly verify that

v (z3) = u (z4) = 0

v > 0 in (z3, z4) and is symmetrical about
z3+ z4

2

also v satisfy 8
<
:

¡ ¡
ϕp (v0)

¢0
= g (v) in (z3, z4)

v (z3) = v (z4) = 0

So, for any x 2 £
z3,

z3+z4
2

¤

x¡ z3 =

u(x)Z

0

du (t)

fp0 (G (u0) ¡ G(u (t)))g 1
p

=

v(x)Z

0

dv (t)

fp0 (G (u0)¡ G (v (t)))g 1
p

This leads to v (x) = u (x) for all x 2 £
z3,

z3+z4
2

¤
and using the symmetry of u and v we

deduce that v (x) = u (x) for all x 2 [z3, z4] and u[z3 ,z4 ] is the translation of u[z1,z2].

Now, we de…ne the time-maps by :

For ν = §,

Tν : Dν ! (0, +1]

E ! Tν (E) = ν

r+ (E)Z

0

du

fp0 (Ep ¡ p0G (u))g 1
p

.

For E 2 D = D+\ D¡ and k 2 N¤

T2k (E) = k (T+ (E) +T¡ (E))

Tν
2k+1 (E) = T2k (E) +Tν (E) .

Theorem 10 Assume that (1.2) holds and let E ¸ 0 and ν = §

(i) The problem (1.1) admits a solution uν 2 Aν
1 with u0ν (0) = νE if and only if E 2 Dν \

(0, +1) and Tν (E) = 1
2 ; in this case the solution is unique.

(ii) The problem (1.1) admits a solution uν 2 Aν
2n ( n ¸ 1 ) with u0ν (0) = νE if and only if

15



E 2 D \ (0, +1) and T2n (E) = 1
2; in this case the solution is unique.

(iii) The problem (1.1) admits a solution uν 2 Aν
2n+1 with u0ν (0) = νE if and only if E 2

D \ (0,+1) and T ν
2n+1 (E) = 1

2; in this case the solution is unique.

(iv) The problem (1.1) admits a solution uν 2 Bν
n ( n ¸ 1 ) if and only if 0 2 Dν and

nTν (0) = 1
2 ; in this case the solution is unique.

Proof Assume that u is a solution to problem (1.1) belonging to A+1 . Thus

u0 > 0 in
·
0,

1

2

¶
and u0

µ
1

2

¶
= 0. (1.6)

It follows that

sup
©
x 2 [0, 1) : u0 (t) > 0 8t 2 [0,x)

ª
=

1

2
.

By the energy equation we have

u0 (x) =
©¡

u0 (0) ¡G (u (x))
¢ª 1

p for all x 2
·
0,

1

2

¸
. (1.7)

Thus,

sup
©
x 2 [0,1) :

¡¡
u0 (0)

¢p ¡ p0G (u (t))
¢

> 0 8t 2 [0,x)
ª

=
1

2
;

or equivalently

sup
©
x 2 [0,1) :

¡¡
u0 (0)

¢p ¡ p0G(z)
¢

> 0 8z 2 [0, u(x))
ª

=
1

2

which implies that

sup
©
s ¸ 0 :

¡¡
u0 (0)

¢p ¡ p0G (ξ)
¢

> 0 8ξ 2 [0, s)
ª

=
1

2
.

Also, by (1.5) it follows that

x =

u(x)Z

0

du (t)

u0 (t)
=

u(x)Z

0

©¡
u0 (0)

¢p ¡ p0G(ξ)
ª¡ 1

p dξ for all x 2
·
0,

1

2

¸
. (1.8)

Thus, the improper integral in (1.8) is convergent for all x 2 £
0, 12

¤
and in particular, u0 (0)

16



is such that the integral
r+(E)Z

0

©¡
u0 (0)

¢p ¡ p0G (ξ)
ª¡1

p dξ

converges and is equal to 1
2, where for all E > 0

r+ (E) =

8
<
:

sup(X+ (E)) if X+ (E) 6= ;
0 otherwise

and

X+ (E) =
©
s 2 R : s > 0 , and Ep ¡ p0G (ξ) > 0 8ξ : 0 < ξ < s

ª
.

So, if u0 (0) = E, then E 2 D+ \ (0,+1) and T+ (E) = 1
2 .

Conversely, it is possible to assign to each root E¤ of the equation T+ (E) = 1
2 a unique

solution to problem (1.1) belonging to A+1 and satisfying u0 (0) = E¤, max
x2[0,1]

u (x) = u
¡
1
2

¢
=

r+ (E¤) .

In fact, if E¤ 2 D+\ (0, +1) is such that T+ (E¤) = 1
2 de…ne the function on [0, r+ (E¤)] by

h+ (u) =

uZ

0

©
Ep
¤ ¡ p0G (ξ)

ª¡1
p dξ.

Notice that h+ (r+ (E¤)) = T+ (E¤) = 1
2 and

h0+ (u) =
©
Ep
¤ ¡ p0G (u)

ª¡ 1
p > 0 for all u 2 (0, r+ (E¤)) .

Let u+ be the inverse function of h+ de…ned by

u+ (x) = h+ (x) 2 [0, r+ (E¤)] for all x 2
·
0,

1

2

¸

and de…ne u on [0,1] by

u(x) =

8
<
:

u+ (x) if x 2 £
0, 12

¤

u+ (1 ¡ x) if x 2 £
1
2 ,1

¤
.

It is easy to show that the function u is a solution to problem (1.1) belonging to A+1 and

satis…es u0 (0) = E¤, max
x2[0,1]

u (x) = u
¡
1
2

¢
= r+ (E¤) . Let us prove the uniqueness. Assume

that v is also a solution of the problem (1.1) belonging to A+1 and satisfying v0 (0) = E¤,

17



max
x2[0,1]

v (x) = v
¡
1
2

¢
= r+ (E¤) . By (1.6), it follows that for all x 2 £

0, 12
¤
, we have

x =

u(x)Z

0

©
Ep
¤ ¡ p0G (ξ)

ª¡1
p dξ =

v(x)Z

0

©
Ep
¤ ¡ p0G (ξ)

ª¡1
p dξ.

Thus
v(x)Z

u(x)

©
Ep
¤ ¡ p0G (ξ)

ª¡1
p dξ = 0 for all x 2

·
0,

1

2

¸
.

Then, u = v in
£
0, 12

¤
, and by symmetry it follows that u = v in [0,1]. Therefore the

theorem is proved.

Theorem 11 Assume that (1.2) holds true and g satis…es the following hypothesis

xg (x) > 0 for all x 2 R¤

Then, if S is the solution set of problem (1.1), S ½ f0g [
µ

[
k¸1

Ak

¶
.

Proof We deduce from the added hypothesis in the theorem that g < 0 in (¡1,0) and g > 0 in

(0,+1) . So, G de…ned by G (x) =
Rx
0 g (t)dt is strictly increasing on (0,+1), strictly decreasing

on (¡1,0) and G (0) = 0.

Thus, for E > 0 the equation in the variable s

Ep ¡ p0G (s) = 0

has a unique positive solution s+ (p,E) and a unique negative solution s¡ (p,E) such that

lim
E!0+

s+ (p, E) = 0, lim
E!+1

s+ (p, E) = +1

lim
E!0+

s¡ (p, E) = 0, lim
E!+1

s¡ (p,E) = ¡1.

Now for E > 0, straighforward computations yield

v
X+ (E) = fs+ (p,E)g ,

v
X¡ (E) = fs¡ (p,E)g

X+ (E) = (0, s+ (p,E)) , X¡ (E) = (s¡ (p,E) ,0) .

18



Hence, we deduce that
»

D§= D§ = D¤
§ = (0, +1)

It follows from Theorem 5 that any nontrivial solution of the problem (1.1) necesserily belongs

to
µ

[
k¸1

Ak

¶

1.4 The locally Lipshitzian case

Consider the boundary value problem

8
<
:

¡ ¡
ϕp (u0)

¢0
= g (u) in (0, 1)

u (0) = u(1) = 0
(1.9)

where p and g are such that

p 2 (1, 2] and g is locally Lipshitzian. (1.10)

In this section, we will prove the following result

Theorem 12 Assume that (1.10) holds and let S be the solution set of problem (1.9) , then

If g (0) = 0 then S ½ f0g [
µ

[
k¸1

Ak

¶

If g (0) 6= 0 then S ½
µ

[
k¸1

Bk

¶
[

µ
[

k¸1
Ak

¶

The proof of this theorem is based on a reduction of the equation ¡ ¡
ϕp (u0)

¢0
= g (u) into a

…rst order di¤erential equation . Taking v = ϕp (u0) the previous equation becomes

8
<
:

u0 = ϕp0 (v)

v0 = ¡g (u)
(1.11)

Note that the right-handside of system (1.11) is locally Lipshitzian

Proof of the theorem (12)

The proof is devided into several steps. Let u bea nontrivial solution of problem (1.9) :

Step 1: In this …rst step, we will prove that u has a …nite number of zeros. Suppose the

contrary and let (zn)n be a sequence of zeros of u converging to z¤. Then we have

u(z¤) = u0 (z¤) = lim
n!1

u (zn) ¡ u(z¤)
zn ¡ z¤

= 0.
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If g (0) = 0 then (0,0) is a solution to the initial value problem

8
>>><
>>>:

v0 = ϕp0 (w)

w0 = ¡g (v)

v (z¤) = w (z¤) = 0

as well as
¡
u,ϕp (u0)

¢
. Since the right-handside of the above system is locally Lipshitzian,

the uniqueness theorem of Cauchy leads to
¡
u, ϕp (u0)

¢
= (0, 0) . This is impossible since

u is a nontrivial solution.

If g (0) 6= 0, we can suppose that g (0) > 0 (the case g (0) < 0 will be treated in the same way).

Since g is continuous, there exists a neighboor V¤ of z¤ in which
¡
ϕp (u0)

¢0
= ¡g (u) < 0.

Thus, ϕp (u0) is strictly decreasing in V¤ and for all x 2 V¤, u0 (x) = 0 implies that x = z¤.

This means that z¤ is an isolated critical point of u. So it is impossible that u admits an

in…nite number of zeros.

Step 2: In this step we will prove that between two consecutive zeros of u there is a unique

critical point.

Let z1 < z2 two consecutive zeros of u and suppose that u > 0 in (z1, z2). De…ne the set

Z
¡
u0

¢
=

©
x 2 [0,1] : u0 (x) = 0

ª

and let

c¤ = inf
¡
Z

¡
u0

¢ \ (z1, z2)
¢
.

Note that c¤ > z1, because if c¤ = z1 it would exist a sequence (cn)n in (Z (u0) \ (z1, z2))

converging to z1 and

u (z1) = u0 (z1) = lim
n!1

u(cn) ¡u (z1)

cn ¡ z1
= 0.

So,
¡
u,ϕp (u0)

¢
is a solution to the initial value problem with a locally Lipshitzian second

member 8
>>><
>>>:

v0 = ϕp0 (w)

w0 = ¡g (v)

v (z1) = w (z1) = 0

as well as (0,0) . Thus, u = 0 in [z1, z2] which is impossible since u is a nontrivial solution.

Also, g (u (c¤)) 6= 0, this is due to the fact that if g (u (c¤)) = 0 then
¡
u, ϕp (u0)

¢
will be a
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solution to the initial value problem with a locally Lipshitzian right-handside

8
>>><
>>>:

v0 = ϕp0 (w)

w0 = ¡g (v)

v (c¤) = w (c¤) = 0

as well as (u (c¤) ,0) . Thus, u (x) = u (c¤) = u (z1) = 0 for all x 2 [z1, z2] which is impossible

since u > 0 in [z1, z2] . More precisely, g (u (c¤)) > 0 and reachs at c¤ a local maximum.

Now, suppose that (Z (u0) \ (c¤, z2)) 6= ; and let c1 = min (Z (u0) \ (c¤, z2)) .Then, there

exists c2 2 (z1, c¤) such that u (c2) = u (c1) . It follows from the energy equation that

¯̄
u0 (c2)

¯̄p
=

¯̄
u0 (c2)

¯̄p ¡ ¯̄
u0 (c1)

¯̄p
= p0 (G (u (c1)) ¡G (u (c2))) = 0.

This is impossible since c¤ = inf (Z (u0) \ (z1, z2)) .

Step 3: In this step, we will prove that each hump of u is symmetrical about the center of

its interval of de…nition. Let z1 and z2 be as in the above Step. So, it su¢ces to show that

u (x) = u(z1+ z2+ x) for all x 2 [z1, z2] .

Set for all x 2 [z1, z2] v (x) = u(z1+ z2¡ x) . One can easily verify that
¡
u, ϕp (u0)

¢
and

¡
v, ϕp (v0)

¢
are solutions to the initial value problem with a locally Lipshitzian right-handside

8
>>>>>><
>>>>>>:

v0 = ϕp0 (w)

w0 = ¡g (v)

v (z1) = 0

w (z1) = u0 (z1) .

Hence u = v in [z1, z2] .

Step 4: Let z1 < z2 < z3 < z4 be four zeros of u such that u > 0 in (z1, z2) and in (z3, z4) .

In this step we will prove that u[z1,z2 ] = u[z3,z4] ie: for all x 2 [z3, z4] u(x) = u (z1+ (x ¡ z3)) .

Denote by v the translation of u[z1,z2 ] to the interval J whose origin is z3. So, J =

[z3, z3 +(z2¡ z1)] and v(x) = u (z1 +(x ¡ z3)) for all x 2 J. Hence it su¢ces to prove that

J = [z3, z4] and u(x) = v (x) for all x 2 [z3, z4] .

Observe that
¡
v, ϕp (v0)

¢
and

¡
u,ϕp (u0)

¢
are solutions to the Cauchy problem with a locally
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Lipschitzian right-handside 8
>>>>>><
>>>>>>:

v0 = ϕp0 (w)

w0 = ¡g (v)

v (z3) = 0

w (z3) = u0 (z1) .

So, u(x) = v (x) for all x 2 J \ [z3, z4] .

Thus, let us prove that J = [z3, z4]. To do this, it su¢ces to show that z4 = z3 +(z2¡ z1) .

Suppose that z4 > z3 + (z2 ¡ z1), then v (z3+ (z2 ¡ z1)) = u (z2) = 0. In the other hand,

as z3 < z3+ (z2 ¡ z1) < z4, u (z3 +(z2¡ z1)) > 0 and this is impossible since z3+ (z2 ¡ z1) 2
[z3, z4] \ J and u (z3+ (z2 ¡ z1)) 6= v (z3 +(z2¡ z1)) . So z4 = z3 +(z2¡ z1) .

Step 5: conclusion

If u0 (0) 6= 0, let z1 < z2 < z3 be three consecutive zeros of u. It follows from the energy

equation (1.3)
¯̄
u0 (z1)

¯̄
=

¯̄
u0 (z2)

¯̄
=

¯̄
u0 (z3)

¯̄
6= 0.

Hence, if u0 (z1) > 0, u0 (2) < 0 and if u0 (z1) < 0, u0 (2) > 0. This means that if u > 0

in (z1, z2) then u < 0 in (z2, z3) and if u < 0 in (z1, z2) then u > 0 in (z2, z3). In this case

u 2
µ

[
k¸1

Ak

¶
.

If u0 (0) = 0 then g (0) 6= 0 otherwise u will be equal to 0 (
¡
u,ϕp (u0)

¢
and (0, 0) will be solution

to the system (1.11) with the initial conditions v (0) = w (0) = 0).

Let z1 < z2 < z3 be three consecutive zeros of u; again from the energy equation (1.3) we

deduce that

u0 (z1) = u(z1) = u0 (z2) = u (z2) = u0 (z3) = u (z3) = 0.

Proceeding as in step 4, weprove that the translation of u[z1,z2] to the interval J = [z2, z2 +(z2¡ z1)]

de…ned by v (x) = u (z1 +(x¡ z2)) are solutions to a Cauchy problem with a locally Lipschitzian

right-handside. So, u = v and u and v have the same sign. Thus, u 2
µ

[
k¸1

Bk

¶
.

22



1.5 Applications

1.5.1 Eigenvalues problem

For p > 1, consider the eigenvalues problem

8
<
:

¡¡
ϕp (u0)

¢0
= λϕp (u) in (0,1)

u(0) = u (1) = 0
(1.12)

where λ is a real parameter and ϕp (x) = jxjp¡2 x for all x 2 R.

Using the quadrature method we will prove the following result

Theorem 13 There exists a sequence (λk (p))k¸1 of pseudo-eigenvalues of (1.12) such that

0 < λ1 (p) < λ2 (p) < ....... < λk (p) < .........

and (1.12) admits a nontrivial solution (λ, uλ) if and only if there exist an integer k ¸ 1 such

that λ = λk (p) and in this case uλ 2 Ak. Moreover if S is the solution set to (1.12) then

S \ (R£Ak) = R£fuλg .

Proof Set gλ (x) = λϕp (x) . Observe that if λ · 0, Gλ de…ned by Gλ (x) =
R x
0 gλ (t)dt is

increasing on (¡1,0) , decreasing on (0,+1) and Gλ (0) = 0. So, ~D§ = D§ = D¤
§ = ;. In this

case S = f(λ, 0) : λ 2 Rg .

If λ > 0 then xgλ (x) > 0 for all x 2 R¤. We deduce from Theorem 11 that S ½ (R£f0g) [µ
[

k¸1
(R£Ak)

¶
.

Also, note that gλ is an odd function and Gλ is an even function; so, for all E > 0, r¡ (E) =

¡ r+ (E) and

T+ (E) = T¡ (E) =

r+ (E)Z

0

dξ

fp0 (Ep ¡ p0G (ξ))g 1
p

= [(p ¡ 1)λ]¡
1
p

1Z

0

ds

f1 ¡ spg 1
p

.

Hence, it follows from Theorem 10 that problem (11) admits a solution (λ,uλ) belonging to

R£Ak if and only if

λ = λk (p) = (p¡ 1)

0
@2k

1Z

0

ds

f1 ¡ spg 1
p

1
A

p

.
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1.5.2 The Fuçik spectrum

For p > 1 consider the boundary value problem

8
<
:

¡ ¡
ϕp (u0)

¢0
= βϕp (u+) ¡αϕp (u¡) in (0, 1)

u (0) = u (1) = 0
(1.13)

where α,β are real parameters, ϕp (x) = jxjp¡2 x for all x 2 R , u+ = max(u, 0) and u¡ =

max(¡u,0) .

Using the quadrature method we will prove

Theorem 14 Problem (1.13) admits a nontrivial solution uαβ if and only if

(i) β = λ1 (p) and α 2 R; in this case uαβ 2 A+1 .

(ii) α = λ1 (p) and β 2 R; in this case uαβ 2 A¡1 .

(iii)
·
λk (p)

β

¸1

p +

·
λk (p)

α

¸1

p = 1; in this case uαβ 2 A+2k orA¡2k .

(iv)
·
λk+1 (p)

β

¸1

p +

·
λk (p)

α

¸1

p = 1; in this case uαβ 2 A+2k+1.

(v)
·
λk (p)

β

¸1

p +

·
λk+1 (p)

α

¸1

p = 1; in this case uαβ 2 A¡2k+1.

Moreover if Sαβ is the set of solutions for a …xed α,β then in each case

Sαβ =
©
tuαβ, t 2 R+

ª

Proof We have

gαβ (x) =

8
<
:

¡α(¡x)p¡1 for x · 0

βxp¡1 for x ¸ 0

and

Gαβ (x) =

8
<
:

α
p jxjp for x · 0

β
pxp for x ¸ 0.

As in the proof of Theorem 13, if α, β · 0 then ~D§ = D§ = D¤
§ = ;; in this case Sαβ = f0g .

If α, β > 0 then ~D§ = D§ = D¤
§ = (0, +1) and Sαβ ½ f0g [

µ
[

k¸1
Ak

¶
.
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Straighforward computations leads to

T+ (E) = [(p¡ 1)β]¡
1
p

1Z

0

ds

f1 ¡ spg 1
p

T¡ (E) = [(p ¡ 1)α]
¡ 1

p

1Z

0

ds

f1 ¡ spg 1
p

.

A straighforward appllication of Theorem 10 implies (i), (ii), (iii), (iv) and (v) of the theorem

14.

Remark 1 Notice that if the nonlinearity g is odd, r+ = r¡ and D+ = D¡, so in some chapter

in this thesis, in which we use the quadrature method we will change the notations, r+, r¡ by r

and D+, D¡ by D.
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Chapter 2

Multiplicity of solutions for

p-Laplacian B.V.P. with cubic-like

nonlinearities

Annales de Mathématiques 7 (2000), pp. 1-13.

2.1 Introduction

Recently (1995), Ubilla [111] considered a boundary value problem involving the one-dimensional

generalized p-Laplacian, explicitly, he considered the problem,

¡
³
a

¡¯̄
u0

¯̄p¢ ¯̄
u0

¯̄p¡2
u0

´0
= f (u) in (0, 1) ; u (0) = u (1) = 0, (2.1)

where p > 1, a 2 C (R+, R) is not necessarily equal to 1, and the nonlinearity f is a continuous

and odd function such that,

there exist constants θ 2
³
0, 1

p

´
and t0 ¸ 0 such that

θtf (t) ¸ R t
0

f (τ) dτ > 0, 8 jtj ¸ t0.
(2.2)

Under some additional conditions on a, he showed that there exists k0 2 N such that Problem

(2.1) admits at least two weak solutions in Ak for each integer k ¸ k0. One may observe that

(2.2) implies that

tf (t) > 0, for jtj su¢ciently large. (2.3)

26



In this chapter, we restrict ourselves to a (t) ´ 1, 8t ¸ 0 and we consider an odd function f which

satis…es the reversed inequality in (2.3). Under some additional conditions we show (roughly

speaking) that the same conclusion as in Ubilla’s work still holds.

We consider the boundary value problem,

¡ ¡
ϕp

¡
u0

¢¢0
= λf (u) in (0, 1) ; u (0) = u(1) = 0,

where ϕp (y) = jyjp¡2 y, λ > 0, p > 1 are two real parameters and f 2 C (R, R) is an odd

cubic-like nonlinearity. That is, f has the same shape as the cubic polynomial function u 7!
u

¡
α2¡ u2

¢
for some positive α.

In order to study this problem, we make use of the quadrature method (time map approach)

as was used in the previous chapter. Section 2.2 is devoted to the statements of our main

results; before proving them in Section 2.4, we set in Section 2.3 some preliminary lemmas.

Some comments are the content of Section 2.5.

2.2 Notation and main results

Consider the boundary value problem,

¡ ¡
ϕp

¡
u0

¢¢0
= λf (u) in (0, 1) ; u (0) = u(1) = 0, (2.4)

where ϕp (y) = jyjp¡2 y, λ, p are two real parameters such that λ > 0 and p > 1. f 2 C (R, R)

is a function satisfying:

(H1) f is odd and there exists some constant α > 0 such that,

f (x) > 0, 8 x 2 (0, α) , f (α) = 0 and f (x) < 0, 8 x 2 (α, +1) .

(H2) There exist (m, M) 2 ¡
R¤+

¢2 and δ 2 (0, α) such that,

¡M · f (ξ)¡ f (α)

ξ ¡ α
· ¡m, 8ξ 2 (α ¡ δ, α) .

(H3) The function x 7! p
R x
0 f (t)dt ¡ xf (x) is strictly increasing in (0, α) .

(H4) lim
s!0

f (s)

ϕp (s)
= σ 2 R.
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An example of such a function is given by f (u) = ϕp (u)
¡
α2¡ u2

¢
. The method we use

(quadrature method) enable us to look for solutions of (2.4) in some prescribed subsets of

C1 ([0, 1]) de…ned in chapter 0.

Recall that the …rst eigenvalue of the problem,

¡ ¡
ϕp

¡
u0

¢¢0
= λϕp (u) in (0, 1) ; u (0) = u (1) = 0,

is given by λ1 (p) = (p ¡ 1)
h
2
R 1
0 f1 ¡ ξpg¡1

p dξ
ip

= (p ¡ 1)
³
2π/

³
p sin

³
π
p

´´´p
and the other

eigenvalues constitute the sequence λ1 (p) < λ2 (p) < ¢ ¢ ¢ < λk (p) < ¢ ¢ ¢ , λn (p) = npλ1 (p) . (see

Chapter 1, Theorem 13).

Denote Sλ the solution set of problem (2.4). The following theorems are the main results of

this chapter.

Theorem 15 Assume that 1 < p · 2 and f satis…es (H1)-(H4). If σ > 0, then for each integer

k ¸ 1 and λ > 0, Problem (2.4) admits at least a solution in Ak if and only if λ > σ¡1λk (p) and

in this case, Problem (2.4) admits exactly two solutions fui, ¡uig in Ai for all i 2 f1, ¢ ¢ ¢ , kg .

Moreover, there is no additional solution to (2.4) (further to the trivial one) provided f is locally

Lipschitzian, more explicitly:

Sλ = f0g [
Ã

k[

i=1

fui, ¡uig
!

, σ¡1λk (p) < λ · σ¡1λk+1 (p) .

Let F (s) =
R s
0

f (t) dt and for any p > 2, Jp =
Rα
0

(F (α) ¡ F (ξ))¡1/p dξ. Also, for each

integer k ¸ 1, let µk (p) := (p ¡ 1) (2kJp)
p /p.

Theorem 16 Assume that p > 2 and f satis…es (H1)-(H4). Then, for each integer k ¸ 1, if

σ > λk/µk and λ > 0, Problem (2.4) admits at least a solution in Ak if and only if σ¡1λk (p) <

λ · µk (p) , and in this case Sλ \ Ak = fuk, ¡ukg.

2.3 Some preliminary lemmas

This section is devoted to some preliminary lemmas.

Lemma 17 Consider the equation in s > 0,

Ep ¡ p0λF (s) = 0 (2.5)

where E > 0, λ > 0 are real parameters and F (s) =
R s
0 f (t)dt. Then,
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(i) If E > E¤ (p, λ) := (p0λF (α))1/p, equation (2.5) admits no (positive) zero.

(ii) If E = E¤ (p, λ), equation (2.5) admits a unique zero s¤ = α.

(iii) If E < E¤ (p, λ), equation (2.5) admits, in the open interval (0, α) , a unique zero s¤ =

s¤ (p, λ, E). Moreover,

(a) The function E 7! s¤ (p, λ, E) is C1 in (0, E¤ (p, λ)) , and

∂s¤
∂E

(p, λ, E) =
(p ¡ 1)Ep¡1

λf (s¤ (p, λ, E))
> 0, 8E 2 (0, E¤ (p, λ)) ,

(b) lim
E!0+

s¤ (p, λ, E) = 0 and lim
E!E¤

s¤ (p, λ, E) = α,

(c) lim
E!0+

(s¤ (p, λ, E)/E) = ((p¡ 1)/λσ)1/p and

lim
E!E¤

(s¤ (p, λ, E)/E) = α (p0λF (α))¡1/p .

Proof Assertions (i), (ii) and the uniqueness part of (iii) follow from a study of the vari-

ations of the function s 7! H (p, λ, E, s) := Ep ¡ p0λF (s) . In fact, its minimum value is

H (p, λ, E, α) = Ep ¡ p0λF (α) .

Now, consider the real valued function,

(p, λ, E, s) 7¡! H (p, λ, E, s)

de…ned in ­ = (1, +1) £ R2+ £ (0, α) . One has H 2 C1 (­) and

∂H

∂s
(p, λ, E, s) = ¡p0λf (s) < 0 in ­,

and one may observe that s¤ (p, λ, E) belongs to the open interval (0, α) and satis…es, from its

de…nition,

H (p, λ, E, s¤ (p, λ, E)) = 0. (2.6)

So, we can make use of the implicit functions theorem to show (in particular) that the function

E 7! s¤ (p, λ, E) is C1 ((0, E¤ (p, λ)) , R) and obtain the expression of
∂s¤
∂E

(p, λ, E) given

in (a). Hence, for any …xed p > 1 and λ > 0, the function de…ned in (0, E¤ (p, λ)) by E 7!
s¤ (p, λ, E) is strictly increasing and bounded (by 0 and α). Then, the limit lim

E!0+
s¤ (p, λ, E) =

l0 (resp. lim
E!E¤

s¤ (p, λ, E) = l¤) exists as real number and 0 · l0 < l¤ · α.
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One may observe that, for any …xed p > 1 and λ > 0, the function,

(E, s) 7¡! H (p, λ, E, s) ,

is continuous in [0, E¤ (p, λ)] £ [0, +1) and for any E 2 (0, E¤ (p, λ)) , s¤ (p, λ, E) satis…es

(2.6). So, by passing to the limit in (2.6) as E tends to 0+ (resp. E¤ (p, λ)) we get,

0 = lim
E!0+

H (p, λ, E, s¤ (p, λ, E)) = H (p, λ, 0, l0) ,

(resp. 0 = lim
E!E¤

H (p, λ, E, s¤ (p, λ, E)) = H (p, λ, E¤ (p, λ) , l¤) ).

Hence, l0 (resp. l¤) is a solution, belonging to [0, α], to the following equation in s,

H (p, λ, 0, s) = 0, (resp. H (p, λ, E¤, s) = 0).

The variations of the function s 7! H (p, λ, 0, s) (resp. s 7! H (p, λ, E¤, s)) show that l0 = 0

(resp. l¤ = α).

Now, dividing equation (2.6) by Ep yield

F (s¤ (p, λ, E))/Ep = 1/
¡
p0λ

¢
, (2.7)

with,

F (s¤ (p, λ, E)) =

Z s¤(p, λ, E)

0
f (t)dt = s¤ (p, λ, E)

Z 1

0
f (s¤ (p, λ, E) t)dt;

so,

(s¤ (p, λ, E)/E)p =

0
@p0λ

1Z

0

f (s¤ (p, λ, E) t)

(s¤ (p, λ, E) t)p¡1t
p¡1dt

1
A
¡1

;

then (according to (H4)),

lim
E!0+

(s¤ (p, λ, E)/E)p =

0
@p0λσ

1Z

0

tp¡1dt

1
A
¡1

= (p¡ 1)/ (λσ) .

Moreover, from (2.7),

(s¤ (p, λ, E)/E)p =
(s¤ (p, λ, E))p

p0λF (s¤ (p, λ, E))
,

then,

lim
E!E¤

(s¤ (p, λ, E)/E)p = αp
¡
p0λF (α)

¢¡1
,

30



which completes the proof of Lemma 17.

At present, we are ready to compute X (p, λ, E) for any E > 0 and λ > 0, as de…ned in

Chapter 1. In fact,

X (p, λ, E) =

8
>>><
>>>:

(0, +1) if E > E¤ (p, λ)

(0, α) if E = E¤ (p, λ)

(0, s¤ (p, λ, E)) if 0 < E < E¤ (p, λ) ,

where s¤ (p, λ, E) is de…ned in Lemma 17. Then,

r (p, λ, E) := supX (p, λ, E) =

8
>>><
>>>:

+1 if E > E¤ (p, λ)

α if E = E¤ (p, λ)

s¤ (p, λ, E) if 0 < E < E¤ (p, λ) ,

and from Lemma 17, one deduces the following limits,

lim
E!0+

r (p, λ, E) = 0 and lim
E!E¤

r (p, λ, E) = α (2.8)

lim
E!0+

r (p, λ, E)/E = ((p¡ 1)/λσ)1/p and,

lim
E!E¤

r (p, λ, E)/E = α(p0λF (α))¡1/p .
(2.9)

On the other hand,

0 < r (p, λ, E) < +1 if and only if 0 < E · E¤ (p, λ) ,

and from hypothesis (H1) and the range of E 7! r (p, λ, E) one deduces,

f (r (p, λ, E)) > 0 if and only if 0 < E < E¤ (p, λ) ,

then,

D := fE ¸ 0 : 0 < r (p, λ, E) < +1 and f (r (p, λ, E)) ¸ 0g
= (0, E¤ (p, λ)] .

De…ne, for E 2 D, the time map T by,

T (p, λ, E) :=

Z r(p, λ, E)

0

©
Ep ¡ p0λF (ξ)

ª¡1/p
dξ, E 2 D.
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A simple change of variables shows that,

T (p, λ, E) = r (p, λ, E)

Z 1

0

©
Ep ¡ p0λF (r (p, λ, E) ξ)

ª¡1/p
dξ, (2.10)

which can be written as:

T (p, λ, E) = (r (p, λ, E)/E)

Z 1

0

©
1 ¡ p0λF (r (p, λ, E) ξ)/Ep

ª¡1/p
dξ. (2.11)

Lemma 18

lim
E!0+

T (p, λ, E) =
1

2

µ
λ1
λσ

¶1/p
and lim

E!E¤
T (p, λ, E) = (p0λ)¡1/pJp,

where

Jp :=

Z α

0

fF (α) ¡F (ξ)g¡1/pdξ 2 (0, +1] .

Moreover,

Jp < +1 () p > 2.

Proof To compute the …rst limit, let us write,

F (r (p, λ, E) ξ)/Ep = (r (p, λ, E)/E)p ξp

Z 1

0

f (r (p, λ, E) ξt)

(r (p, λ, E) ξt)p¡1t
p¡1dt;

so,

lim
E!0

F (r (p, λ, E) ξ)/Ep = ((p¡ 1)/λσ) ξp

Z 1

0
σtp¡1dt = ξp/p0λ;

then,

lim
E!0+

1 ¡ p0λF (r (p, λ, E) ξ)/Ep = 1 ¡ ξp;

hence, from (2.11) we have,

lim
E!0+

T (p, λ, E) = ((p ¡ 1)/λσ)1/p
Z 1

0
(1 ¡ ξp)¡1/p dξ =

1

2

µ
λ1
λσ

¶1/p

.

To compute the second limit, one may pass to the limit as E tends to E¤ in (2.11) and make

use of (2.9) and the de…nition of E¤ together with (2.8). To prove the last assertion, let us

remark that,

Jp =

Z α¡δ

0
(F (α) ¡F (ξ))¡1/p dξ +

Z α

α¡δ
(F (α) ¡ F (ξ))¡1/pdξ.
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The …rst integral converges because the integrand function is continuous on the compact

interval [0, α ¡ δ] . To study the convergence of the second integral we claim that,

m

2
(α ¡ ξ)2 · F (α)¡ F (ξ) · M

2
(α¡ ξ)2 , 8ξ 2 (α ¡ δ, α) .

Proof of the claim: Let for any x > 0,

hx (ξ) = F (α)¡ F (ξ) ¡ x (α ¡ ξ)2 , ξ 2 (α¡ δ, α] .

We have, for any ξ 2 (α¡ δ, α) ,

dhx

dξ
(ξ) = (α ¡ ξ)

µ
2x+

f (ξ) ¡ f (α)

ξ ¡ α

¶
,

and from (H2), it follows that,

dhx

dξ
(ξ) ¸ 0, 8ξ 2 (α¡ δ, α) , if 2x = M,

and
dhx

dξ
(ξ) · 0, 8ξ 2 (α ¡ δ, α) , if 2x = m.

Hence hM/2 (resp. hm/2) is increasing (resp. decreasing) in (α ¡ δ, α) and because of,

hx (α) = 0, 8x 2 R,

it follows that hM/2 (ξ) · 0, 8ξ 2 (α ¡ δ, α) (resp. hm/2 (ξ) ¸ 0, 8ξ 2 (α ¡ δ, α)) which

completes the proof of the claim.

This claim implies that,

(M/2)¡
1
p

αZ

α¡δ

(α¡ ξ)¡
2
p dξ ·

αZ

α¡δ

(F (α) ¡ F (ξ))¡1/p dξ · (m/2)¡
1
p

αZ

α¡δ

(α¡ ξ)¡
2
p dξ

and from the fact,
αZ

α¡δ

(α ¡ ξ)¡2/p dξ < +1 () p > 2,

Lemma 18 follows.

Lemma 19 The function E 7! T (p, λ, E) is strictly increasing in D.
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Proof From (2.10), we have

∂T

∂E
(p, λ, E) =

∂r

∂E
(p, λ, E)

Z 1

0
f¢ ¢ ¢g¡ 1

p dξ + r (p, λ, E)

Z 1

0

∂

∂E
f¢ ¢ ¢g¡1

p dξ.

Simple computations yield,

∂T

∂E
(p, λ, E) =

Ep¡1

f (r (p, λ, E))

Z 1

0

K (r (p, λ, E)) ¡K (r (p, λ, E) ξ)

fEp ¡ p0λF (r (p, λ, E) ξ)g1+1
p

dξ (2.12)

whereK (x) = pF (x)¡xf (x) . According to hypothesis (H3) the proof of Lemma 19 is complete.

2.4 Proof of the main results

2.4.1 Case 1 < p · 2

In this case, for each …xed λ > 0, the function E 7! T (p, λ, E) is strictly increasing in D =

(0, E¤ (p, λ)) and

lim
E!0

T (p, λ, E) =
1

2

µ
λ1
λσ

¶1/p
, and lim

E!E¤
T (p, λ, E) = +1.

Then, for each integer k = 1, 2, ¢ ¢ ¢ , the equation in E 2 D

kT (p, λ, E) =
1

2

admits a (unique) solution in D if and only if,

inf
E2D

(kT (p, λ, E)) <
1

2
. (2.13)

We have

inf
E2D

(kT (p, λ, E)) =
k

2

µ
λ1
λσ

¶1/p
,

so, condition (2.13) is equivalent to the following

λ >
1

σ
λk (p) . (2.14)

One may observe that the sequence (λn (p))n¸1 is strictly increasing; so if (2.14) is satis…ed,
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then we necessarily have

λ > σ¡1λk (p) > σ¡1λk¡1 (p) > ¢ ¢ ¢ > σ¡1λ1 (p) .

Hence if (2.13) is satis…ed for k = k0 then it is also satis…ed for all k 2 f1, ¢ ¢ ¢ , k0g . This remark

completes the proof of Theorem 15.

2.4.2 Case p > 2

In this case, for each λ > 0 …xed, the function E 7! T (p, λ, E) is strictly increasing in D =

(0, E¤ (p, λ)] and,

lim
E!0

T (p, λ, E) =
1

2

µ
λ1
λσ

¶1/p

, and lim
E!E¤

T (p, λ, E) =
¡
p0λ

¢¡1/p
Jp < +1

where Jp is as de…ned in Lemma 18. Then, for each integer k = 1, 2, ¢ ¢ ¢ , the equation in

E 2 D,

kT (p, λ, E) =
1

2
,

admits a (unique) solution in D if and only if,

inf
E2D

(kT (p, λ, E)) <
1

2
·max

E2D
(kT (p, λ, E)) . (2.15)

We have,

inf
E2D

fkT (p, λ, E)g =
k

2

µ
λ1
λσ

¶1/p

max
E2D

(kT (p, λ, E)) = k
¡
p0λ

¢¡1/p
Jp,

so, condition (2.15) is equivalent to,

1

σ
λk (p) < λ · µk.

The proof of Theorem 16 is complete.

2.5 Comments

The nonlinearity f must be positive at the maximum value of any solution u to the problem if

u has at least a positive hump. That is, if we consider C ([0, 1] , R) endowed with the sup-norm

and u is a solution having at least a positive hump, then its norm must belong to the positivity
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domain of f. Hence, Ubilla in [111] was looking for the solutions with large norm, outside the

ball B (0, t0] . In contrast, we were looking for solutions in the ball B (0, α) . In that case, there

is no possibility to …nd solutions with positive hump outside B (0, α] since f is negative in

(α, +1) .
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Chapter 3

Exact number of positive solutions

for a class of quasilinear boundary

value problems

Dynamic Systems and Applications, 8 (1999), pp. 147-180.

3.1 Introduction

The study of positive solutions to classes of semilinear boundary value problems, known as

positone problems, has been undertaken by several authors over the last thirty years (see for

example Ambrosetti & Hess [16]; de-Figueiredo [48]; Korman & Ouyang [75]; Laetsch [76]; P.

L. Lions [78]; de-Mottoni & Tesei [52]; Njoku & Zanolin [83]; Rabinowitz [92]; Shivaji [103]; and

references therein). Such a study was initiated by Keller & Cohen [74].

Positive solutions for p-Laplace equations with Dirichlet boundary conditions were studied

by de-Coster [47]; Huang [71]; Kaper et al. [73]; Manásevich et al.[81].

In this chapter, we shall discuss the exact number of positive solutions for the one-dimensional

class of quasilinear boundary value problems of the form :

8
<
:

¡ ¡
ϕp (u0)

¢0
= λf (u) , in (0, 1)

u (0) = u (1) = 0,
(3.1)

where ϕp (x) := jxjp¡2x, p > 1, λ > 0 and f is a continuous function which vanishes at least

twice, vanishes only once or is strictly positive in (0, +1) .
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Throughout this chapter, the method used is the so-called time mapping approach (quadra-

ture method). This time mapping gives the time needed by a solution of (3.1) to reach its …rst

maximum starting from zero as a function of its initial slope E (as was used, for instance, by de-

Mottoni & Tesei [53]; Guedda & Veron [69]; Ubilla [111]; Addou & Ammar Khodja [5], Addou et

al. [12], among others) or as a function of its …rst maximum value ρ (as was used, for instance, by

Laetsch, [76]; Shivaji [103]; Manásevich et al. [81], among many others). This method consists

in resolving an equivalent scalar equation to (3.1); T (E) = 1/2. (or T (ρ) = 1/2). Since we are

interested in the exact number of positive solutions to (3.1), we need the exact variations of the

time-map E 7! T (E) (or ρ 7! T (ρ)) over its entire de…nition domain. In general, by making

use of Rolle’s theorem in a way or in an other, we can determine a lower bound of the number

of the derivative sign changes of the corresponding time map, but it is more di¢cult to obtain

the exact number, and some numerical calculations are usually necessary to. For example, when

encountering this di¢culty, de-Mottoni & Tesei [52], reported ,

¢ ¢ ¢ It seems to be rather di¢cult to improve the results obtained so far by analytical

considerations; hence, in order to …ll the gap mentioned before, we performed a

numerical evaluation of the function F (ν, g) ¢ ¢ ¢
¢ ¢ ¢ the result is shown in Fig. 5 : there is good evidence for the existence of ¢ ¢ ¢
¢ ¢ ¢ Taking into account this information, the diagram of the solutions of the

di¤erential problem takes on a complete aspect, which is shown in Fig. 6.

Also, concerning the same kind of di¢culty, the same authors de-Mottoni & Tesei [53] re-

ported

¢ ¢ ¢ Pursuing the analytical investigation of further properties of Zm is extremely

involved; thus numerical computations were performed to establish the following re-

sult: ¢ ¢ ¢

In her thesis, Ramaswamy [96], encountered the same di¢culties and reported,

¢ ¢ ¢ En ce point, on rencontre la même di¢culté, qu’ont eue de-Mottoni & Tesei

[53] : montrer que T (c, λ) a exactement un maximum. Du fait que les expres-

sions des dérivées deviennent de plus en plus compliquées ¢ ¢ ¢ il n’est pas claire de

voir comment celle-çi peuvent être simpli…ées. Les résultats numériques montrent de

toute façon, T (c, λ) en tant que fonction de c ne possède qu’un seul maximum. En

acceptant ceci, on a que¢ ¢ ¢
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Brown et al. [36], reported

¢ ¢ ¢ The numerical plots of bifurcation curves which we obtained for our various

examples were always smooth S-shaped having exactly two bends as shown in Fig 3.

We cannot prove, however, that the S-shaped curves discussed above have only two

bends. To do so would seem to require a careful analysis of d2λ/dρ2 and we are

unable to …nd a reasonably tractable formula for d2λ/dρ2. Smoller and Wasserman

discuss in [106], expressions equivalent to d2/dρ2 (λ (ρ))1/2 for the special case of

cubic nonlinearities.

The idea performed by Smoller and Wasserman can brie‡y be described as follows. To prove

uniqueness of the critical point of a C2 map S in an interval I , it su¢ces to show that S is

concave (or convex) in an neighborhood of each critical point in I. To this end, one try to …nd

a constant a such that S00 + aS0 < 0 (resp. S00 + aS0 > 0) on the interval I. So, if S0 (x¤) = 0,

S00 (x¤) < 0 (resp. S00 (x¤) > 0), then at each critical point in I, S attains a local maximum

(resp. minimum) value in I. So, S admits at most one maximum (resp. minimum) value in I.

Our …rst result (Theorem 20) gives su¢cient conditions to ensure uniqueness of the minimum

value of the corresponding time map. To this end we adapt Smoller and Wasserman’s idea to our

cases. Next, some applications will follow. To be more speci…c, the …rst application (Theorem

21) is concerned with a class of nonlinearities f having at least two successive zeros ρ1, ρ2 in

(0, +1) and being strictly positive between them. Since we make no sign assumption on f

before ρ1 and after ρ2, only positive solutions whose sup-norms are between these two zeros are

studied. However, we obtain the exact number of this kind of positive solutions for every value

of λ > 0. Some Ambrosetti-Prodi situations are obtained. Theorems 20 and 21 seem to be new

even when p = 2. The next result, Corollary 24, shows how changes in the sign of f lead to

multiple positive solutions of (3.1). This type of problems was much discussed in the particular

case p = 2, (see Brown & Budin [35]; Hess [70]; P. L. Lions [78], where the authors have got

a lower bound of the number of positive solutions). In contrast, Corollary 24 gives the exact

number of solutions.

The next result (Theorem 26) concerns a class of nonlinearities f vanishing only once in

(0, +1) and such that f (0) > 0. Existence and uniqueness of positive solution is obtained

for all λ in a sub-interval of (0, +1) . Depending on some cases, this sub-interval is bounded,

unbounded or equal to (0, +1) .

The following result (Theorem 27) is concerned by the nonlinearity f (u) = exp(u) . This

problem is well known when p = 2. The proof given by de-Mottoni & Tesei [52], (for p = 2) can
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be carried out with some obvious adaptations for all p : 1 < p · 2. But for p > 2 some deep

investigations are needed. In fact we adapt the arti…ce of Smoller and Wasserman described

above.

Finally, the last result (Theorem 28) is concerned with the nonlinearity f (u) =
¡
ϕq (u)

¢α

where q > 1 and α > 0 are real parameters. The proof given by de-Mottoni & Tesei [52] (for

p = q = 2) can be carried out with some appropriate adaptations. So, the proof of Theorem 28

is given for the sake of completeness.

3.2 Main results

In this section we con…ne ourselves to state the main results of this chapter. Proofs are postponed

to the next one.

Consider the boundary value problem :

8
<
:

¡ ¡
ϕp (u0)

¢0
= λf (u) , in (0, 1)

u (0) = u (1) = 0
(3.2)

where λ > 0, p > 1 are two real parameters and f is speci…ed below.

3.2.1 A time map result

Assume that f is such that

D := fE > 0 : 0 < r (E) < +1 and f (r (E)) > 0g 6= ;,

then r (E) := supX (E) (where X (E) is de…ned in chapter 1) satis…es,

Ep ¡ p0λF (r (E)) = 0, 8E 2 D. (3.3)

So, the time map,

T (E) =

Z r(E)

0

©
Ep ¡ p0λF (s)

ª¡1/p
ds, E 2 D,

may be written from (3.3) as follows,

T (E) =
¡
p0λ

¢¡1/p Z r(E)

0
fF (r (E)) ¡F (s)g¡1/pds, E 2 D,
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and one may observe that,

T (E) =
¡
p0λ

¢¡1/p
S (r (E)) , where S (ρ) =

Z ρ

0
fF (ρ) ¡F (s)g¡1/p ds.

Also, from (3.3), one deduce by implicit di¤erentiation that,

r0 (E) =
(p¡ 1)Ep¡1

λf (r (E))
> 0, 8E 2 D.

So, to study the variations of E 7! T (E), in D, it su¢ces to study those of the mapping

ρ 7! S (ρ) in ¡((0, +1)) where,

¡(I) := fρ 2 I : f (ρ) > 0 and F (ρ) > F (s) : 8s 2 [0, ρ)g ,

for any interval I ½ (0, +1) .

The following result shows that, under some suitable conditions, S admits a local minimum

value at each of its critical points. More precisely :

Theorem 20 Let f 2 C2 (R+) , p > 1 and A be an open interval of ¡ ((0, +1)) . Assume that

there exist two real numbers α and β such that :

(i) α (p ¡ 1) +β + (p ¡ 2) (p¡ 1) ¸ 0, and

(ii) 8ρ 2 A, 8s 2 (0, ρ) :
R ρ
s ψ (u)du < 0 where,

ψ (u) := u2f 00 (u) + αuf 0 (u) + βf (u) , in (0, sup A) .

Then, for all ¹ρ 2 A, S admits a local minimum value at ¹ρ if and only if S0 (¹ρ) = 0.

Theorem 20 will be used to prove Theorem 21.

Remark 2 a) In the particular case α = ¡ (p ¡ 1) and β = p (p ¡ 1) (equality in (i)), we show

that S is convex in A. If moreover we assume that p = 2, we …nd a result already proved by

Ammar-Khodja ([20] pp. 41-45).

b) It is possible to replace the strict inequality in (ii) by a large one, provided to the large

inequality in (i) is replaced by a strict one.

c) The real numbers α and β may depend on A. So, if one can apply this theorem to each

component of ¡, then S admits at most one critical point in each one of them (see Corollary

24).
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3.2.2 Case where the nonlinearity vanishes at least twice

Let f 2 C2 (R+) and assume that there exists (ρ1, ρ2) 2 R2 0 < ρ1 < ρ2 such that :

f (ρ1) = f (ρ2) = 0 · f (0) , (3.4)

f > 0 in (ρ1, ρ2) , (3.5)

and
Z ρ2

ρ
f (s)ds > 0, 8ρ 2 [0, ρ2) . (3.6)

From conditions (3.4)-(3.6), one can easily prove the following,

There exists a unique ρ¤ 2 [ρ1, ρ2) such that :

¡ ([ρ1, ρ2]) = (ρ¤, ρ2) .

Moreover, F (ρ¤) = max0·ρ·ρ1 F (ρ) ,

F (ρ2) > F (ρ¤) ¸ 0 and ρ¤ = ρ1 i¤ F (ρ1) = max
0·ρ·ρ1

F (ρ) .

The proof of this claim is postponed to Section 3.3.1. Now, assume that,

8
<
:

9 (α, β) 2 R2 such that conditions (i) and (ii) of Theorem 20

hold with A = ¡ ([ρ1, ρ2]) = (ρ¤, ρ2) .
(3.7)

No sign assumption is made on f before ρ1 and after ρ2. In fact, we are going to look for

positive solutions to problem (3.2) having their maximum values between ρ1 and ρ2.

Theorem 21 Assume that p 2 (1, 2] , f 2 C2 (R+) satis…es (3.4)-(3.6) and (3.7). Then, for

every λ > 0, all (possibly) positive solutions of (3.2) are in A+1 and there maximum values are

outside [ρ1, ρ¤] [ fρ2g. Moreover, there exists λ¤ > 0 such that :

1. If λ < λ¤, problem (3.2) admits no positive solution whose maximum value belongs to

(ρ1, ρ2) .

2. If λ = λ¤, problem (3.2) admits a unique positive solution u¤ satisfying ρ¤ < max
[0, 1]

u¤ < ρ2.

3. If λ > λ¤, problem (3.2) admits exactly two positive solutions u1 and u2 whose maximum

values belong to (ρ¤, ρ2) . Moreover ρ¤ < max
[0, 1]

u1 < max
[0, 1]

u2 < ρ2.
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Example 22 Let f satisfying (3.4)-(3.6) and p > 1. If there exists a real number

k 2 (¡1, (p¡ 2)) [ ((p ¡ 1) , +1) such that d2/dx2
¡
f (x) /xk

¢
< 0 in (0, ρ2) then f veri…es

(3.7) with α = ¡2k and β = k (k + 1) .

Example 23 Let f satisfying (3.4)-(3.6) and p 2 (1, 2] [ [3, +1) . If moreover f 2 C3 (R+) ,

such that f000 < 0 in (0, ρ2) and f (0) = 0, then f veri…es (3.7) with α = ¡β = ¡2.

The next result gives an example of a situation described in Assertion (c).on Remark 2.

Corollary 24 Let p 2 (1, 2] and suppose that f veri…es:

there exist 0 = ρ0 < ρ1 < ¢ ¢ ¢ < ρ2n such that f (ρi) = 0, 8i 2 f0, ¢ ¢ ¢ ,ng
f < 0 in

¡
ρ2i, ρ2i+1

¢
, 8i 2 f0, ¢ ¢ ¢ ,n ¡ 1g and

f > 0 in
¡
ρ2i¡1, ρ2i

¢
, 8i 2 f1, ¢ ¢ ¢ ,ngZ ρ2i

ρ
f (t)dt > 0, for all ρ, 0 · ρ < ρ2i and all i 2 f1, ¢ ¢ ¢ ,ng . Moreover,

for all i 2 f1, ¢ ¢ ¢ ,ng , there exists (αi, βi) 2 R2 such that :

αi (p ¡ 1) +βi + (p ¡ 2) (p ¡ 1) ¸ 0, and

8ρ 2 Ai,

Z ρ

s
ψi (u)du < 0, 8s 2 (0, ρ) where Ai = (ξi, ρ2i) and

ψi (u) := u2f 00 (u) +αiuf0 (u) + βif (u) , in (ρ0, ρ2i) .

Then, for all i 2 f1, ¢ ¢ ¢ , ng, there exists λ¤i such that for all λ > λ¤i , the ball B (0, ρ2i)

of C ([0, 1]) (with the sup-norm) contains exactly 2i positive solutions u1, û1, ¢ ¢ ¢ , ui, ûi, and

moreover ρ2j¡1 < kujkC < kûjkC < ρ2j , for all j = 1, ¢ ¢ ¢ , i.

The proof of Corollary 24 follows from an easy repeated application of Theorem 21 to each

Ai.

Example 25 The function de…ned in R by f (x) = x sin (x+ π) veri…es the hypothesis of corol-

lary 24 with ρi = iπ and αi = ¡βi = ¡2 for all i.

3.2.3 Case where the nonlinearity vanishes only once

We assume throughout this subsection the following conditions :

(H1) f (0) > 0 and there exists some constant α > 0 such that :

f (x) > 0, 8x 2 (0, α) , f (α) = 0 and f (x) < 0, 8x 2 (α, +1) .

(H2) There exists (m, M) 2 ¡
R¤+

¢2
, δ 2 (0, α] and q > 1 such that :

m · f (ξ)

ϕq (α¡ ξ)
· M, 8ξ 2 (α¡ δ, α) .
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Moreover, we need one of the following conditions :

(H3) There exists ε 2 (0, α] such that the function x 7¡! H (x) := pF (x) ¡xf (x) is strictly

increasing in the open interval (α¡ ε, α) , where F (x) :=
R x
0 f (t) dt.

(H4) There exists ε 2 (0, α] such that f is C1 in (α¡ ε, α) and

f 0 (x) < 0 in (α¡ ε, α).

(H5) There exists ε 2 (0, α] such that f is C1 in (α¡ ε, α) and

(p¡ 1)f (x) ¡ xf 0 (x) > 0, in (α ¡ ε, α) .

Theorem 26 Assume that f satis…es (H1), (H2) and at least one of conditions (H3), (H4)

or (H5).

Then, there exists ρ¤ 2 (α ¡ ε, α) such that :

(a) If 1 < p · q, there exists λ¤ = λ¤ (ε) ¸ 0 such that, for any λ > λ¤, problem (3.2)

admits a unique positive solution in A+1 whose sup-norm belongs to (ρ¤, α) . Moreover, if

ε = α, then, for any λ > 0, problem (3.2) admits a unique positive solution in A+1 (and its

sup-norm belongs to (0, α)).

(b) If 1 < q < p, there exist 0 < λ¡¤ = λ¡¤ (ε) < λ+¤ = λ+¤ (ε) such that, for any λ 2 ¡
λ¡¤ , λ+¤

¢
,

problem (3.2) admits a unique positive solution in A+1 whose sup-norm belongs to (ρ¤, α) .

Moreover, if ε = α, then, for any λ 2 ¡
0, λ+¤

¢
, problem (3.2) admits a unique positive

solution in A+1 (and its sup-norm belongs to (0, α)).

Before going further, let us mention some examples. Let α be a …xed positive number and

de…ne f1 (x) = ϕp (α¡ x) , f2 (x) = f1 (x) exp
³
(p ¡ 1)

x

α

´
and f3 (x) = f1 (x) exp

µ
(p ¡ 1)

x

β

¶

for some 0 < β < α. One can immediately verify that fi, i = 1, 2, 3, satis…es (H1), (H2) with

p = q. On the other hand f1 and f2 satisfy (H4) with any ε 2 (0, α], but f3 satis…es (H4) if

and only if ε 2 (0, β].

3.2.4 Case where the nonlinearity is strictly positive

Consider the following boundary value problem :

8
<
:

¡ ¡
ϕp (u0)

¢0
= λ exp (u) , in (0, 1)

u (0) = u (1) = 0
(3.8)
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where ϕy (x) = jxjy¡2 x, λ > 0, p > 1 are real parameters. We are interested in the positive

solutions of (3.8). This problem is very familiar when p = 2, even in higher dimensions (see for

example Amann [14]; Fujita [61]).

Theorem 27 There exists a real number λ¤ > 0 such that :

² If λ > λ¤, problem (3.8) admits no positive solution.

² If λ = λ¤, problem (3.8) admits a unique positive solution, u¤, and this solution is in A+1 .

² If 0 < λ < λ¤, problem (3.8) admits exactly two positive solutions, um and uM , and

these solutions are in A+1 . Moreover, the function λ 7¡! kumk0 (resp. λ 7¡! kuMk0) is

continuous and increasing (resp. decreasing) and lim
λ!0

kumk0 = 0 and lim
λ!λ¤

kumk0 = ku¤k0
(resp. lim

λ!0
kuMk0 = +1 and lim

λ!λ¤
kuMk0 = ku¤k0).

The second result of this subsection is related to the problem :

8
<
:

¡ ¡
ϕp (u0)

¢0
= λ

¡
ϕq (u)

¢α
, in (0, 1)

u(0) = u (1) = 0,
(3.9)

where ϕy (x) = jxjy¡2 x, p, q > 1 and α, λ > 0 are real parameters. We are interested in

positive solutions of problem (3.9).

Theorem 28

1. If (p¡ 1) ¡ (q ¡ 1)α > 0 (resp. < 0) then, for each …xed λ > 0, problem (3.9) admits a

unique positive solution uλ, and this solution is in A+1 . Moreover the function λ 7¡! u0λ (0)

is increasing (resp. decreasing) in (0, +1) and converges to zero (resp. to in…nity) when

λ tends to zero, and converges to in…nity (resp. to zero) when λ tends to in…nity.

2. If (p¡ 1) ¡ (q ¡ 1)α = 0, then problem (3.9) admits a positive solution if and only if

λ = λ1 := (p ¡ 1)
³
2π/p sin

³
π
p

´´p
. In this case, if ~u is a positive solution of (3.9), then

u is an other solution if and only if u = β~u, for some β 2 (0, +1) . Moreover, all these

solutions are in A+1 .

Remark 3 In the second case : (p¡ 1) ¡ (q ¡ 1)α = 0, one has
¡
ϕq (u)

¢α
= ϕp (u) , as far as

u > 0. So, the problem is an eigenvalue one.

When α = 1, we can state the following :
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Corollary 29

1. If p > q (resp. p < q) then, for each …xed λ > 0, problem (3.9) admits a unique positive

solution uλ, and this solution is in A+1 . Moreover, the function λ 7¡! u0λ (0) is increasing

(resp. decreasing) in (0, +1) and converges to zero (resp. to in…nity) when λ tends to

zero and converges to in…nity (resp. to zero) when λ tends to in…nity.

2. If p = q, then problem (3.9) admits a positive solution if and only if λ = λ1 :=

(p¡ 1)
³
2π/p sin

³
π
p

´´p
. In this case, if ~u is positive solution of (3.9), then u is an other

solution if and only if u = β~u, for some β 2 (0, +1) . Moreover, all of these solutions are

in A+1 .

3.3 Proofs

3.3.1 Proof of Claim 3.2.2.

Since F is continuous in [0, ρ1], there exists ρ0 2 [0, ρ1] such that F (ρ0) = max
0·ρ·ρ1

F (ρ) . From

(3.6) if follows that F (ρ2) > F (ρ0) ¸ F (ρ1) . Since F is strictly increasing and continuous in

[ρ1, ρ2] , there exists a unique ρ¤ 2 [ρ1, ρ2) such that F (ρ¤) = F (ρ0) . Moreover ρ¤ = ρ1 i¤

F (ρ1) = F (ρ0) . So, F (ρ¤) ¸ F (s) for all s 2 [0, ρ1] and since F is strictly increasing in [ρ1, ρ¤]

then F (ρ¤) > F (s) for all s 2 [ρ1, ρ¤) . It follows that,

F (ρ¤) ¸ F (s) , 8s 2 [0, ρ¤) . (3.10)

On the other hand, since F is strictly increasing in [ρ¤, ρ2] then

8ρ 2 (ρ¤, ρ2) : F (ρ) > F (s) , 8s 2 [ρ¤, ρ) . (3.11)

From (3.10) and (3.11), it follows that

8ρ 2 (ρ¤, ρ2) : F (ρ) > F (s) , 8s 2 [0, ρ) ,

then,

(ρ¤, ρ2) ½ ¡([ρ1, ρ2]) .

On the other hand, since F is strictly increasing in [ρ1, ρ¤] ,

8ρ 2 (ρ1, ρ¤] : F (ρ) · F (ρ¤) = F (ρ0) ,
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then,

(ρ1, ρ¤] \ ¡ ([ρ1, ρ2]) = ;,

and since f (ρ1) = 0 then,

[ρ1, ρ¤] \ ¡([ρ1, ρ2]) = ;.

On the other hand, one has F (ρ¤) = max0·ρ·ρ1 F (ρ) ¸ F (0) = 0 and (3.6) implies that

F (ρ2) > F (ρ¤) .

The claim 3.2.2 is completely proved.

3.3.2 Proof of Theorem 20

For every ρ 2 A, we get, after straightforward computations :

S (ρ) =

Z ρ

0

fF (ρ) ¡ F (s)g¡1
p ds, S0 (ρ) =

1

p

Z ρ

0

H (ρ) ¡H (s)

ρfF (ρ) ¡ F (s)gp+1
p

ds

and

S00 (ρ) =

µ
p+ 1

p2

¶Z ρ

0

(H (ρ) ¡ H (s))2 ds

ρ2 (F (ρ) ¡F (s))
2p+1

p

+
1

p

Z ρ

0

(© (ρ) ¡ ©(s))ds

ρ2 (F (ρ) ¡ F (s))
p+1

p

where H (x) := pF (x) ¡xf (x) and ©(x) = ¡p(p +1) F (x) + 2pxf (x) ¡x2f0 (x) .

Let K and L two real numbers and ρ 2 A. Some simple computations give

ρ2S00 (ρ)+ KρS0 (ρ) +LS (ρ) =

1

p

Z ρ

0

(ª (ρ) ¡ ª(s))

(F (ρ) ¡F (s))
p+1

p

ds +

µ
p +1

p2

¶Z ρ

0

(H (ρ) ¡H (s))2

(F (ρ) ¡F (s))
2p+1

p

ds

where ª(x) = ©(x)+ KH (x) + pLF (x) .

Let K = α +2 (p¡ 1) and L = ¡1
p ((p¡ 1)α +β ¡ (p¡ 1) (2 ¡ p)) . Then,

ª0 (x) = ¡ψ (x) , 8 x 2 (0, sup A) ,

and from (ii) it follows that ª(ρ)¡ª(s) > 0, 8ρ 2 A and 8s 2 (0, ρ) . So, ρ2S00 (ρ)+KρS0 (ρ)+

LS (ρ) > 0, for all ρ 2 A. If ¹ρ 2 A is such that S0 (¹ρ) = 0 then ¹ρ2S00 (¹ρ) + LS (¹ρ) > 0. Since

L · 0 (from (i)) then S00 (¹ρ) > 0, which implies that S attains a local minimum at ¹ρ. The proof

is complete.
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3.3.3 Proof of Theorem 21

In order to prove this theorem, we need some lemmas. From claim 3.2.2 we deduce that F (ρ2) >

F (ρ¤) ¸ 0. So, if we put E2 := (p0λF (ρ2))
1
p and E¤ := (p0λF (ρ¤))

1
p , for any p > 1 and λ > 0,

it follows that 0 · E¤ < E2.

In order to de…ne the time map, we need the following lemma which is concerned with the

zeros of the equation in s 2 [0, ρ2) :

Ep ¡ p0λF (s) = 0, (3.12)

with respect to the parameter E > 0.

Lemma 30 Assume that (3.4)-(3.6) hold. For p > 1 and λ > 0 …xed, we have :

(a) If E 2 (0, E¤] (with E¤ > 0), equation (3.12) admits at least one zero in (0, ρ1] .

(b) If E 2 (E¤, E2) , equation (3.12) admits no zero in [0, ρ1] and a unique zero

s¤ = s¤ (p, λ, E) in (ρ1, ρ2) . Moreover :

(i) The function E 7! s¤ (p, λ, E) is C1 in (E¤, E2) and,

∂s¤
∂E

(p, λ, E) =
(p¡ 1)Ep¡1

λf (s¤ (p, λ, E))
> 0, 8E 2 (E¤, E2) .

(ii) lim
E!E+

¤
s¤ (p, λ, E) = ρ¤ and lim

E!E2
s¤ (p, λ, E) = ρ2.

(c) If E = E2, equation (3.12) admits a unique zero s¤ in [0, ρ2] : s¤ = ρ2.

(d) If E > E2, equation (3.12) admits no zero in [0, ρ2] .

Proof Consider the function s 7¡! H (p, λ, E, s) := Ep¡p0λF (s) . So, H is strictly decreasing

in (ρ1, ρ2) and since F (0) = 0, then for any E > 0,

H (ρ¤) = H (0) () F (ρ¤) = 0 (, E¤ = 0) ,

H (ρ¤) < H (0) () F (ρ¤) > 0 (, E¤ > 0) .

Also, from claim 3.2.2 it follows that, for any E > 0,

H (ρ¤) · H (s) , 8s 2 [0, ρ¤) ,
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8ρ 2 (ρ¤, ρ2) : H (ρ) < H (s) , 8s 2 [0, ρ) .

Then, Assertions (a), (c) (d) and the part of non existence in [0, ρ1] as well as existence and

uniqueness in (ρ1, ρ2) of Assertion (b) follow.

Let us prove (i) and (ii) of (b). To this end, consider the real valued function

(p, λ, E, s) 7¡! H (p, λ, E, s)

de…ned in ­ = (1, +1) £ R2+ £ (ρ¤, ρ2) . Then H 2 C1 (­) and

∂H

∂s
(p, λ, E, s) = ¡p0λf (s) < 0 in ­,

and we notice that s¤ (p, λ, E) belongs to the open interval (ρ¤, ρ2) and satis…es (from its

de…nition)

H (p, λ, E, s¤ (p, λ, E)) = 0. (3.13)

So, we can make use of the implicit function theorem to show (in particular) that the function

E 7¡! s¤ (p, λ, E) is C1 ((E¤, E2) , R) and to obtain the expression of
∂s¤
∂E

(p, λ, E) given in

(i). Hence, for any …xed p > 1 and λ > 0, the function de…ned in (E¤, E2) by E 7¡! s¤ (p, λ, E)

is strictly increasing and bounded (by ρ¤ and ρ2). Then, the limit lim
E!E+

¤
s¤ (p, λ, E) = l¤ (resp.

lim
E!E¡

2

s¤ (p, λ, E) = l2) exists as real number and ρ¤ · l¤ < l2 · ρ2.

Also, let us observe that, for any …xed p > 1 and λ > 0, the function

(E, s) 7¡! H (p, λ, E, s)

is continuous in [E¤, E2]£ [ρ¤, ρ2] and the function E 7! s¤ (p, λ, E) is continuous in [E¤, E2] ,

(we set s¤ (p, λ, E¤) = l¤ and s¤ (p, λ, E2) = l2) and satis…es (3.13). So, by passing to the limit

in (3.13) as E tends to E¤ (resp. E2) one gets :

0 = lim
E!E+

¤
H (p, λ, E, s¤ (p, λ, E)) = H (p, λ, E¤, l¤) ,

(resp. 0 = lim
E!E¡2

H (p, λ, E, s¤ (p, λ, E)) = H (p, λ, E2, l2) ).

Hence, l¤ (resp. l2) is a solution, belonging to [ρ¤, ρ2], to the equation in s :

H (p, λ, E¤, s) = 0 (resp. H (p, λ, E2, s) = 0).
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But the variations, in [ρ¤, ρ2] , of the function s 7! H (p, λ, E¤, s) (resp. s 7! H (p, λ, E2, s))

show that l¤ = ρ¤ (resp. l2 = ρ2). The proof of Lemma 30 is complete.

With this lemma in mind, we have for any E and λ > 0, one has

supX (p, λ, E)

8
>>><
>>>:

· ρ1 if E 2 (0, E¤] (with E¤ > 0)

= s¤ (p, λ, E) if E 2 (E¤, E2)

¸ ρ2 if E 2 [E2, +1) ,

(3.14)

where

X (p, λ, E) :=
©
s > 0 : Ep ¡ p0λF (ξ) > 0, 8ξ, 0 < ξ < s

ª
.

and s¤ (p, λ, E) is given by Lemma 30.

Recall that we are interested in positive solutions to problem (3.2) having their maximum

values between ρ1, ρ2 : no sign assumption on f before ρ1 and after ρ2 are made. Moreover

r (p, λ, E) := sup X (p, λ, E) is the maximum value of the solution to (3.2) (when it exists)

with its initial slope E. So, informations on supX (p, λ, E) collected in (3.14) are su¢cient for

our purpose.

From (3.14) one deduces that

r (p, λ, E) 2 (ρ1, ρ2) implies that E 2 (E¤, E2)

and from the variations of E 7! r (p, λ, E) one deduces that :

E 2 (E¤, E2) implies that r (p, λ, E) 2 (ρ¤, ρ2) ,

lim
E!E+

¤
r (p, λ, E) = ρ¤ and lim

E!E¡
2

r (p, λ, E) = ρ2.

and from the de…nition of r (p, λ, E) := sup X (p, λ, E) one gets

Ep ¡ p0λF (r (p, λ, E)) = 0, 8E 2 (E¤, E2] . (3.15)

Then,

D1 := fE > 0 : r (p, λ, E) 2 [ρ1, ρ¤] [ fρ2g and f (r (p, λ, E)) > 0g
= ;.

Then, for every λ > 0, the maximum value of any positive solution of problem (3.2) is neither

in [ρ1, ρ¤] nor equal to ρ2. So, it remains to look for positive solutions to (3.2) whose maximum
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value belongs to (ρ¤, ρ2) . From the discussion above, we have,

D2 := fE > 0 : r (p, λ, E) 2 (ρ¤, ρ2) and f (r (p, λ, E)) > 0g
= (E¤, E2) .

Now we de…ne the time-map T on D2 by,

T (p, λ, E) :=

Z r(p, λ, E)

0

©
Ep ¡ p0λF (s)

ª¡1/p
ds, E 2 D2.

which can be written from (3.15) as follows,

T (p, λ, E) =
¡
p0λ

¢¡1/p
Z r(p, λ, E)

0
fF (r (p, λ, E)) ¡F (s)g¡1/p ds, E 2 D2.

One may observe that : T (p, λ, E) = (p0λ)¡1/p S (r (p, λ, E)) where,

S (ρ) =

Z ρ

0
fF (ρ) ¡ F (s)g¡1/p ds.

Then, since the function E 7! r (p, λ, E) is increasing and continuous from (E¤, E2) onto

(ρ¤, ρ2) , if we put,

J1 :=

½
E 2 (E¤, E2) : T (p, λ, E) =

1

2

¾

and,

J2 :=

½
ρ 2 (ρ¤, ρ2) :

¡
p0λ

¢¡1/p
S (p, λ, ρ) =

1

2

¾

it follows that,

Card (J1) = Card (J2) .

So, from now on, we will focus our attention on determining the number of solution(s) of equation

(p0λ)¡1/p S (ρ) = 1
2 in (ρ¤, ρ2) instead of T (E) = 1

2 in (E¤, E2) . To this end we study the

variations of S in (ρ¤, ρ2) . First one has :

Lemma 31 (i) lim
ρ!ρ+¤

S (ρ) = +1, (ii) lim
ρ!ρ¡2

S (ρ) = +1.

Proof This proof is nothing but an adaptation of Theorem 3.7 in Brown & Budin [35]. Let

N := maxfjf (x)j : x 2 [0, ρ2]g and M := maxfjf 0 (x)j : x 2 [0, ρ2]g .

Proof of (i). Suppose …rst that ρ¤ 2 (ρ1, ρ2) . Then there exists ρ0 2 [0, ρ1) such that

max[0, ρ1)
F = F (ρ0) = F (ρ¤) . If ρ0 2 (0, ρ1) , then ρ0 is a local maximum for F and so

f (ρ0) = 0. If ρ0 = 0, then necessarily f (ρ0 = 0) = 0. (In fact, f (0) > 0 implies that F is strictly
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increasing in a right neighborhood of 0, so that F (0) < max[0, ρ1]
F). Since f (ρ0) = 0 then

jf (x)j · M jx ¡ ρ0j , for every x 2 (0, ρ2) . So, if ρ 2 (ρ¤, ρ2) and s 2 (0, ρ) , one has,

0 < F (ρ)¡ F (s) · jF (ρ) ¡ F (ρ¤)j + jF (ρ0) ¡F (s)j .

On the one hand, one has,

jF (ρ)¡ F (ρ¤)j = (ρ ¡ ρ¤)f (η1) , where η1 2 (ρ¤, ρ) ,

and then,

jF (ρ) ¡ F (ρ¤)j · (ρ¡ ρ¤)N. (3.16)

On the other hand,

jF (ρ0) ¡F (s)j = jρ0 ¡ sj jf (η2)j where η2 is between ρ0 and s, that is jη2 ¡ ρ0j · jρ0 ¡ sj ,
then jF (ρ0) ¡ F (s)j = jρ0¡ sj jη2¡ ρ0jM · (ρ0¡ s)2M.

Hence,

F (ρ)¡ F (s) · (ρ ¡ ρ¤)N +(ρ0 ¡ s)2M, 8s 2 (0, ρ) .

Then, Z ρ

0
fF (ρ) ¡ F (s)g¡1

p ds ¸
Z ρ¤

0
fF (ρ) ¡F (s)g¡ 1

p ds

¸
Z ρ¤

0

n
jρ ¡ ρ¤j N + jρ0 ¡ sj2M

o¡ 1
p

ds.

That is,
ρZ

0

fF (ρ) ¡ F (s)g¡1
p ds ¸

ρ¤Z

0

Hρ (s)ds,

where Hρ (s) :=
n

(ρ ¡ ρ¤)N + jρ0 ¡ sj2M
o¡ 1

p
. But as ρ ! ρ+¤ , Hρ is a nondecreasing sequence

of measurable functions. Hence by the monotone convergence theorem :

lim
ρ!ρ+¤

Z ρ¤

0
Hρ (s)ds = M¡ 1

p

Z ρ¤

0
jρ0 ¡ sj¡ 2

p ds = +1 (p 2 (1, 2]) .

Suppose now that ρ¤ = ρ1. From (3.4), f (ρ1) = 0 that is to say F 0 (ρ1) = 0. So, it is easy to

show that
Z ρ1

0
fF (ρ1) ¡F (s)g¡1

p ds = +1 for p 2 (1, 2] . On the other hand,

ρZ

0

fF (ρ) ¡F (s)g¡1/p ds ¸
ρ1Z

0

fF (ρ) ¡ F (s)g¡1/p ds,
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and by the monotone convergence theorem one gets,

lim
ρ!ρ+1

ρ1Z

0

fF (ρ)¡ F (s)g¡1/p ds =

ρ1Z

0

fF (ρ1) ¡ F (s)g¡1/p ds = +1,

which completes the proof of (i).

Proof of (ii). Since f (ρ2) = 0 then jf (η)j · M jη ¡ ρ2j , for every η 2 (0, ρ2) . Moreover,

for any ρ 2 (ρ¤, ρ2) and any s : 0 · s · ρ we have,

0 < F (ρ) ¡F (s) = jF (ρ) ¡F (s)j
· jF (ρ) ¡F (ρ2)j + jF (ρ2)¡ F (s)j
· jρ ¡ ρ2j sup

[0, ρ2]
jfj + jρ2¡ sj jf (η)j : for some η 2 (s, ρ2)

· (ρ2 ¡ ρ)N + (ρ2 ¡ s)M jη ¡ ρ2j .

Then,

0 < F (ρ) ¡F (s) · (ρ2 ¡ ρ)N + (ρ2¡ s)2M,

so,

Z ρ

0
fF (ρ)¡ F (s)g¡1/p ds ¸

Z ρ

0

n
(ρ2 ¡ ρ)N + (ρ2 ¡ s)2M

o¡1/p
ds =

Z ρ2

0
Gρ (s)ds

where Gρ (s) :=
n

(ρ2 ¡ ρ)N + (ρ2 ¡ s)2M
o¡1/p

χ[0, ρ] and χ[0, ρ] denotes the characteristic func-

tion of [0, ρ] . One may observe that fGρg is a nondecreasing sequence of measurable functions,

then by making use of the monotone convergence theorem we get

lim
ρ!ρ¡2

Z ρ

0

fF (ρ) ¡ F (s)g¡1/p ds ¸ lim
ρ!ρ¡2

Z ρ2

0

Gρ (s)ds = M¡1/p

Z ρ2

0

(ρ2¡ s)¡2/p ds

= +1 : (1 < p · 2) .

Therefore, Lemma 31 is proved.

This lemma implies that the function ρ 7! S (ρ) admits at least one minimum value (in

(ρ¤, ρ2)). To show the uniqueness of this minimum it su¢ces to show that S attains a minimum

value at each of its critical points. This follows from (3.7) and Theorem 20.

Completion of the proof of Theorem 21: At this stage we have the following picture

of the function,

ρ 7! S (ρ) =

Z ρ

0
fF (ρ) ¡ F (s)g¡1/p ds,
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which is de…ned in (ρ¤, ρ2) : lim
ρ!ρ+¤

S (ρ) = lim
ρ!ρ¡2

S (ρ) = +1, and S (¢) admits a unique minimum

value S (¹ρ) =
R ¹ρ
0 fF (¹ρ) ¡F (s)g¡1/p ds. So,

² If (p0λ)¡1/p S (¹ρ) > 1/2, problem (3.2) admits no positive solution whose maximum is in

(ρ¤, ρ2) .

² If (p0λ)¡1/pS (¹ρ) = 1/2, problem (3.2) admits a unique positive solution whose maximum

is in (ρ¤, ρ2) .

² If (p0λ)¡1/p S (¹ρ) < 1/2, problem (3.2) admits exactly two positive solutions whose maxi-

mums are (ordered) in (ρ¤, ρ2) .

Theorem 21 is completely proved if we put λ¤ = (1/p0) (2S (¹ρ))p .

3.3.4 Proof of Theorem 26.

One may observe that if (H1) holds then (H4) ) (H5) ) (H3). So, to prove Theorem 26 it

su¢ces to assume that (H1), (H2) and (H3) hold.

As in the proof of Theorem 21, in order to de…ne the corresponding time map, we need the

following,

Lemma 32 Assume that f satis…es (H1) and consider the equation in s > 0,

Ep ¡ p0λF (s) = 0, (3.17)

where E > 0, λ > 0 are real parameters. Then,

(i) If E > E¤ (p, λ) := (p0λF (α))1/p, equation (3.17) admits no (positive) zero.

(ii) If E = E¤ (p, λ), equation (3.17) admits a unique zero s¤ = α.

(iii) If E < E¤ (p, λ), equation (3.17) admits, in the open interval (0, α) , a unique zero s¤ =

s¤ (p, λ, E). Moreover,

(a) The function E 7¡! s¤ (p, λ, E) is C1 in (0, E¤ (p, λ)) , and,

∂s¤
∂E

(p, λ, E) =
(p ¡ 1)Ep¡1

λf (s¤ (p, λ, E))
> 0, 8E 2 (0, E¤ (p, λ)) ,

(b) lim
E!0+

s¤ (p, λ, E) = 0 and lim
E!E¤

s¤ (p, λ, E) = α.
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The proof of this lemma is essentially the same as that of Lemma 30. So, we omit it.

Now, we are ready to compute for any E > 0 and λ > 0, X (p, λ, E) as de…ned in chapter

1. In fact,

X (p, λ, E) =

8
>>><
>>>:

(0, +1) if E > E¤ (p, λ)

(0, α) if E = E¤ (p, λ)

(0, s¤ (p, λ, E)) if E < E¤ (p, λ)

where s¤ (p, λ, E) is de…ned in Lemma 32. Then,

r (p, λ, E) := supX (p, λ, E) =

8
>>><
>>>:

+1 if E > E¤ (p, λ)

α if E = E¤ (p, λ)

s¤ (p, λ, E) if E < E¤ (p, λ)

and from Lemma 32, one deduce the following limits,

lim
E!0+

r (p, λ, E) = 0 and lim
E!E¤

r (p, λ, E) = α. (3.18)

On the other hand,

0 < r (p, λ, E) < +1 if and only if E · E¤ (p, λ) ,

and from hypothesis (H1) and the range of E 7¡! r (p, λ, E) one deduces

f (r (p, λ, E)) > 0 if and only if 0 < E < E¤ (p, λ) ,

then
D := fE > 0 : 0 < r (p, λ, E) < +1 and f (r (p, λ, E)) > 0g

= (0, E¤ (p, λ)) .

Now for E 2 D, we de…ne the time mapping T by,

T (p, λ, E) :=

Z r(p, λ, E)

0

©
Ep ¡ p0λF (ξ)

ª¡1
p dξ, E 2 D, (3.19)

which, due to the fact that r (p, λ, E) is a solution of (3.17), can be written as,

T (p, λ, E) =
¡
p0λ

¢¡1/p
Z r(p, λ, E)

0
fF (r (p, λ, E)) ¡F (ξ)g¡1/pdξ. (3.20)
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Moreover, a simple change of variables in (3.19) shows that,

T (p, λ, E) = r (p, λ, E)

Z 1

0

©
Ep ¡ p0λF (r (p, λ, E) ξ)

ª¡1/p
dξ,

which can be written as

T (p, λ, E) =
r (p, λ, E)

E

Z 1

0

½
1 ¡ p0λ

F (r (p, λ, E) ξ)

Ep

¾¡1/p
dξ. (3.21)

The limits of the time map T are given by,

Lemma 33

lim
E!0+

T (p, λ, E) = 0, lim
E!E¡

¤
T (p, λ, E) =

8
>>><
>>>:

+1 if 1 < p · q

(p0λ)¡1/p J if 1 < q < p

where

J =

Z α

0
fF (α) ¡F (ξ)g¡1/p dξ.

Proof To compute the …rst limit, we use expression (3.21) of T (p, λ, E) . By making use of

l’Hôspital’s rule we get :

lim
E!0

r (p, λ, E)

E
= lim

E!0
r0 (p, λ, E)

1
= lim

E!0
(p ¡ 1) Ep¡1

λf (r (p, λ, E))
=

0

f (0)
= 0.

In addition, we have :

F (r (p, λ, E) ξ)

Ep =
r (p, λ, E)

Ep ξ

Z 1

0
f (r (p, λ, E) ξt)dt,

so,

lim
E!0

F (r (p, λ, E) ξ)

Ep
= lim

E!0

µ
r0 (p, λ, E)

pEp¡1

¶
ξ

Z 1

0
f (r (p, λ, E) ξt)dt

= lim
E!0

(p ¡ 1) ξ

pλf (r (p, λ, E))

Z 1

0
f (r (p, λ, E) ξt)dt

=
(p ¡ 1) ξ

pλf (0)

Z 1

0
f (0)dt =

ξ

p0λ
.

Then,

lim
E!0

µ
1 ¡ p0λ

F (r (p, λ, E) ξ)

Ep

¶
= 1 ¡ p0λ ¢ ξ

p0λ
= 1 ¡ ξ.
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Hence,

lim
E!0

Z 1

0

µ
1 ¡ p0λ

F (r (p, λ, E) ξ)

Ep

¶¡1/p

dξ =

Z 1

0
(1 ¡ ξ)¡1/p dξ = p0.

So,

lim
E!0

T (p, λ, E) = 0 £ p0 = 0.

To compute the second limit, we use expression (3.20) of T (p, λ, E) . For any E near E¤,

we have : α ¡ δ < r (p, λ, E) < α, so that :

Z r(p, λ, E)

0
fF (r (p, λ, E)) ¡F (ξ)g¡1/p dξ =

Z α¡δ

0
f¢ ¢ ¢g¡1/p dξ +

Z r(p, λ, E)

α¡δ
f¢ ¢ ¢g¡1/pdξ.

From (H2) we have,

mϕq (α ¡ x) · f (x) · Mϕq (α ¡ x) , 8x 2 (α ¡ δ, α) ,

and, since for any E near E¤ we have r (p, λ, E) 2 (α¡ δ, α) , then

8ξ 2 (α ¡ δ, r (p, λ, E)) :

m

Z r(p, λ, E)

ξ
ϕq (α¡ x)dx ·

Z r(p, λ, E)

ξ
f (x)dx · M

Z r(p, λ, E)

ξ
ϕq (α¡ x)dx,

that is,

m

q
[(α ¡ ξ)q ¡ (α¡ r (p, λ, E))q ] · F (r (p, λ, E)) ¡F (ξ)

· M

q
[(α¡ ξ)q ¡ (α¡ r (p, λ, E))q] ;

then,

µ
M

q

¶¡ 1
p

Z r(E)

α¡δ

[(α¡ ξ)q ¡ (α ¡ r (E))q]¡
1
p dξ ·

Z r(E)

α¡δ

[F (r (E)) ¡ F (ξ)]¡
1
p dξ

·
µ

m

q

¶¡1
p

Z r(E)

α¡δ
[(α ¡ ξ)q ¡ (α ¡ r (E))q]¡

1
p dξ.
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By passing to the limit in these inequalities as E tends to E¤ we …nd,

µ
M

q

¶¡ 1
p
Z α

α¡δ
(α ¡ ξ)

¡q
p dξ · lim

E!E¤

Z r(E)

α¡δ
[F (r (E)) ¡ F (ξ)]

¡1
p dξ

·
µ

m

q

¶¡ 1
p

Z α

α¡δ
(α ¡ ξ)¡

q
p dξ,

and from the well-known fact,

Z α

α¡δ
(α ¡ ξ)¡

q
p dξ < +1 () q < p,

the computation of lim
E!E¤

T (p, λ, E) follows. Lemma 33 is completely proved.

From (3.20), one may observe that,

T (p, λ, E) =
¡
p0λ

¢¡1/p
S (r (p, λ, E)) (3.22)

where,

S (ρ) :=

Z ρ

0
fF (ρ) ¡ F (s)g¡1/p ds.

Since, for each …xed λ > 0, the function E 7! r (p, λ, E) is an increasing continuous function

from (0, E¤ (p, λ)) onto (0, α) , then if we put

J1 (p, λ) :=

½
E 2 (0, E¤ (p, λ)) : T (p, λ, E) =

1

2

¾

and

J2 (p, λ) :=

½
ρ 2 (0, α) :

¡
p0λ

¢¡1/p
S (ρ) =

1

2

¾
,

it follows that

CardJ1 (p, λ) = CardJ2 (p, λ) .

So, from now on, we will focus our attention on determining the number of solution(s) of equation

(p0λ)¡1/p S (ρ) = 1/2 in (0, α) instead of T (p, λ, E) = 1/2 in (0, E¤ (p, λ)) .

The key lemma used in the proof of Theorem 26 is the following :

Lemma 34 Assume that f satis…es (H1), (H2) and (H3). Then,

(a) If ε = α,
∂S

∂ρ
(ρ) > 0, 8ρ 2 (0, α) .
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(b) If ε 2 (0, α) there exists ρ¤, (ρ¤ independent of λ) such that,

∂S

∂ρ
(ρ) > 0, 8ρ 2 (ρ¤, α) .

Proof Some easy computations show that,

∂S

∂ρ
(p, ρ) =

1

p

Z 1

0

H (ρ) ¡H (ρξ)

fF (ρ) ¡ F (ρξ)g1+ 1
p

dξ,

where H is de…ned in (H3).

(a) If ε = α, then (from (H3)) H is strictly increasing in (0, α) . So,

H (ρ)¡ H (ρξ) > 0, 8ρ 2 (0, α) , 8ξ 2 (0, 1) .

(b) Assume that ε 2 (0, α) . From (H1), it follows that F is strictly increasing in [0, α] , then,

p (F (x) ¡ F (α)) < 0 < xf (x) , 8x 2 (0, α) , and 0 = F (0) < F (α)

then,

H (x) < H (α) , 8x 2 [0, α) . (3.23)

Let x0 2 [0, α ¡ ε] be such that H (x0) = sup fH (x) : 0 · x · α¡ εg . Then, from (3.23),

one gets H (α¡ ε) · H (x0) < H (α) , and then, there exists (a unique) ρ¤ 2 [α ¡ ε, α)

such that H (ρ¤) = H (x0) . Taking into account the fact that H is strictly increasing in

[α ¡ ε, ρ¤] , it follows that H (x) · H (ρ¤) , 8x 2 [0, ρ¤] , and since H is strictly increasing

in [ρ¤, α) , it follows that for any ρ 2 (ρ¤, α) , one has H (x) < H (ρ) , 8x 2 [0, ρ) , or

equivalently H (ρξ) < H (ρ) , 8ξ 2 (0, 1) . Lemma 34 is completely proved.

Now, we can proceed to the

Completion of the proof of Theorem 26:

Case 1 < p · q. Assume that ε = α; then for each …xed λ > 0, the function ρ 7! (p0λ)¡1/p S (ρ)

is strictly increasing in (0, α) (lemma 34) and lim
ρ!0

(p0λ)¡1/p S (ρ) = 0, lim
ρ!α

(p0λ)¡1/p S (ρ) =

+1. (These limits are obtained from Lemma 33, (3.22) and (3.18)). Then, the equation in

ρ 2 (0, α) : (p0λ)¡1/pS (ρ) = 1/2, admits a unique solution for any λ > 0.

Now, let us assume that ε 2 (0, α) . Then, for each …xed λ > 0, the function ρ 7!
(p0λ)¡1/p S (ρ) is strictly increasing in (ρ¤, α) (Lemma 34). So, the equation in ρ 2 (ρ¤, α) :
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(p0λ)¡1/p S (ρ) = 1/2, admits a (unique) solution in (ρ¤, α) if and only if : (p0λ)¡1/p S (ρ¤) < 1/2,

which is equivalent to λ > λ¤ with λ¤ = (1/p0) (2S (ρ¤))
p .

Remark 4 If ε 2 (0, α) and λ > λ¤, equation (p0λ)¡1/p S (ρ) = 1/2 admits a unique solution

in (ρ¤, α), but we don’t know if it admits, or not, any other solution in (0, ρ¤]!

Case 1 < q < p. Assume that ε 2 (0, α) (resp. ε = α). Then, for each …xed λ > 0,

the function ρ 7! (p0λ)¡1/pS (ρ) is strictly increasing in [ρ¤, α) (resp. in (0, α)) (Lemma

34) and lim
ρ!α

(p0λ)¡1/p S (ρ) = (p0λ)¡1/p J, and lim
ρ!ρ¤

(p0λ)¡1/p S (ρ) = (p0λ)¡1/p S (ρ¤) (resp.

lim
ρ!0

(p0λ)¡1/p S (ρ) = 0) (from Lemma 33, (3.22) and (3.18)). So, the equation in ρ 2 (ρ¤, α)

(resp. ρ 2 (0, α)): (p0λ)¡1/p S (ρ) = 1/2 admits a (unique) solution in (ρ¤, α) (resp. in (0, α))

if and only if (p0λ)¡1/p S (ρ¤) < 1/2 < (p0λ)¡1/pJ (resp. 1/2 < (p0λ)¡1/p J) which is equivalent

to,

λ¡¤ :=
1

p0
(2S (ρ¤))

p < λ <
1

p0
(2J)p =: λ+¤ ,

(resp. λ <
1

p0
(2J)p =: λ+¤ .)

One may observe that λ¡¤ < λ+¤ from the facts that

² J = S (α) ,

² The function ρ 7! S (ρ) is strictly increasing in [ρ¤, α) .

Remark 5 If ε 2 (0, α) and λ¡¤ < λ < λ+¤ , equation (p0λ)¡1/pS (ρ) = 1/2 admits a unique

solution in (ρ¤, α), but we don’t know if it admits, or not, any other solution in (0, ρ¤]!

The proof Theorem 26 is complete.

3.3.5 Proof of Theorem 27.

In this example, we have,

f (u) = exp(u) and F (u) =

Z u

0

f (s)ds = exp(u) ¡ 1.

For any E > 0, consider the equation in s,

Ep ¡ p0λF (s) = 0.
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This equation admits a unique solution s¤ = log (1 + (Ep/p0λ)) . So, we have

X (E) :=
©
s > 0 : Ep ¡ p0λF (ξ) > 0, 8ξ 2 (0, s)

ª
= (0, s¤) ,

and then,

r (E, λ) := supX (E) = s¤.

We can observe that,

r (E, λ) > 0, 8E > 0 and f (r (E, λ)) > 0, 8E > 0.

So,

D = fE > 0 : 0 < r (E, λ) < +1 and f (r (E, λ)) > 0g = (0, +1) .

The time-map T is de…ned on D = (0, +1) by,

T (E, λ) =

Z r(E, λ)

0
fEp ¡ p0λF (ξ)g¡1/pdξ

= (p0λ)¡1/p
Z r(E, λ)

0

½
Ep

p0λ
¡ F (ξ)

¾¡1/p

dξ.

Using the change of variables t = F (ξ) (which is admissible because of F 0 (ξ) = exp (ξ) > 0)

we get

T (E, λ) = (p0λ)¡
1
p

Z (Ep/p0λ)

0

½
Ep

p0λ
¡ t

¾¡1/p
(log (1 + t))0 dt

= (p0λ)¡
1
p

Z (Ep/p0λ)

0

½
Ep

p0λ
¡ t

¾¡1/p dt

1 + t
,

and using the change of variables t = (Ep/p0λ)y, we deduce that

T (E, λ) =
¡
p0λ

¢¡1/p
µ

Ep

p0λ

¶1¡ 1
p
1Z

0

µ
1 +

Ep

p0λ
y

¶¡1
(1 ¡ y)¡1/p dy.

At this stage, we may notice that,

T (E, λ) =
¡
p0λ

¢¡1/p
R (µ (E, λ)) ,
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where,

µ (E, λ) =
Ep

p0λ
, and R (µ) = (µ)1¡

1
p

1Z

0

dy

(1 + µy) (1 ¡ y)1/p
.

For each …xed λ > 0, the function E 7! µ (E, λ) is an increasing C1-di¤eomorphism of

(0, +1), and,
∂T

∂E
(E, λ) =

¡
p0λ

¢¡1/p dR

dµ
(µ (E, λ)) £ ∂µ

∂E
(E, λ) .

So, to study the variations of E 7¡! T (E, λ) , it su¢ces to study those of R, that is, for each

…xed λ > 0, R is strictly increasing (resp. decreasing) on the interval I, if and only if T (¢, λ)

is strictly increasing (resp. decreasing) on Jλ = µ¡1λ (I) , where µ¡1λ is the inverse function of

µ (¢, λ) , and then R admits a local maximum (resp. minimum) value at µ¤ if and only if T (¢, λ)

do so at µ¡1λ (µ¤) .

We may notice that for each …xed λ > 0,

lim
E!0

µ (E, λ) = 0 and lim
E!+1

µ (E, λ) = +1;

so, if lim
µ!0

R(µ) = lim
µ!+1

R (µ) = 0, then for each …xed λ > 0, the time-map E 7¡! T (E, λ) do

so, that is : lim
E!0

T (E, λ) = lim
E!+1

T (E, λ) = 0, and then admits at least one maximum value.

So, if further R admits a unique maximum value then T (¢, λ) do so, and then,

max
E>0

T (E, λ) =
¡
p0λ

¢¡1/p
max
µ>0

R (µ) =
¡
p0λ

¢¡1/p
R (µ¤)

for some µ¤ > 0. So, we can conclude that,

² If (p0λ)¡1/pR (µ¤) < 1/2, equation T (E, λ) = 1/2 admits no solution.

² If (p0λ)¡1/pR (µ¤) = 1/2, equation T (E, λ) = 1/2 admits a unique solution.

² If (p0λ)¡1/pR (µ¤) > 1/2, equation T (E, λ) = 1/2 admits exactly two solutions.

Then, if we set λ¤ = (1/p0) (2R(µ¤))
p , Theorem 27 follows. So it remains to prove the

following,

Lemma 35 R admits a unique local maximum value and,

lim
µ!0

R (µ) = lim
µ!+1

R (µ) = 0.
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We write R(µ) as follows,

R(µ) = K (ν (µ)) , (3.24)

where,

ν (µ) =
1

1 +µ
; (3.25)

since ν0 (µ) = (¡1)/ (1 + µ)2 < 0, ν is a decreasing C1¡di¤eomorphism from (0, +1) onto

(0, 1) . So, to study the variations of R it su¢ces to study those of K . That is, R is strictly

increasing (resp. decreasing) on the interval I ½ (0, +1) if and only if K is strictly decreasing

(resp. increasing) on ν (I) = J ½ (0, 1) , and then R admits a local maximum (resp. minimum)

value at µ¤ if and only if K admits a local maximum (resp. minimum) value at ν (µ¤) . Then,

we have to prove that K admits at most one maximum value. To this end, we prove that each

critical value of K is a maximum one, that is,

(8ν¤ 2 (0, 1))
¡
K0 (ν¤) = 0 =) K 00 (ν¤) < 0

¢
.

We have

K (ν) =

Z 1
ν
¡1

0

dt

(1 + t)

µ
1

ν
¡ (1 + t)

¶1
p

,

and performing the change of variables x = 1 + t, we …nd

K (ν) = ν
1
p

Z 1

ν

dx

x(1 ¡x)
1
p

, (3.26)

while some simple computations yield necessiraly

K0 (ν) = ¡1

p
ν
1
p¡1

(
¡

Z 1

ν

dx

x (1 ¡ x)
1
p

+
p

(1 ¡ ν)
1
p

)
(3.27)

K 00 (ν) = ¡1

p

(µ
p ¡ 1

p

¶
ν
1
p¡2

Z 1

ν

dx

x (1 ¡x)
1
p

+
ν
1
p¡1

(1 ¡ ν)1+
1
p

+
(2 ¡ p)ν

1
p¡2

(1 ¡ ν)
1
p

)
(3.28)

At this stage, one can immediately concludes that for 1 < p · 2, K 00 (ν) < 0, 8ν 2 (0, 1) .

But, for p > 2 the sign of K00 (ν) is not known, that is why we perform the arti…ce of Smoller &

Wasserman [106] (described in the introduction of this chapter, page 39). That is, from (3.27)

we have the value of the integral,

Z 1

ν

dx

x(1 ¡x)
1
p

=
p

(1 ¡ ν)
1
p

+ pK0 (ν)ν1¡
1
p ,
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and then, substituting it in (3.28) we …nd after simple computations,

K00 (ν) =

µ
¡1

p

¶(
ν
1
p¡2

(1 ¡ ν)
1
p

+
ν
1
p¡1

(1 ¡ ν)
1+1

p

+(p¡ 1)ν¡1K 0 (ν)

)
.

So, if ν¤ 2 (0, 1) is such that K0 (ν¤) = 0 then,

K 00 (ν¤) =

µ¡1

p

¶8
<
:

ν
1
p¡2
¤

(1 ¡ ν¤)
1
p

+
ν
1
p¡1
¤

(1 ¡ ν¤)
1+ 1

p

9
=
; ,

which is obviously negative. Then, R admits at most one local maximum value. To show

existence, it su¢ces to show that lim
µ!0

R (µ) = lim
µ!+1R(µ) = 0.

(i) lim
µ!0

R(µ) = 0.

0 · R (µ) = µ1¡
1
p

Z 1

0

dy

(1 + µy) (1 ¡ y)
1
p

· µ1¡
1
p

Z 1

0

dy

(1 ¡ y)
1
p

= µ1¡
1
p p0,

then (i) follows.

(ii) lim
µ!+1

R (µ) = 0.

a)
µ
1¡1

p

(1 + µy) (1 ¡ y)1/p
· 1

y
1¡ 1

p (1 ¡ y)1/p
2 L1 (0, 1) , 8µ > 0

b) lim
µ!+1

µ1¡
1
p

(1 + µy) (1 ¡ y)1/p
= 0, 8y 2 (0, 1) ,

then

lim
µ!+1

R(µ) = lim
µ!+1

1Z

0

µ1¡
1
p

(1 + µy) (1 ¡ y)
1
p

dy =

1Z

0

lim
µ!+1

µ1¡
1
p

(1 +µy) (1 ¡ y)
1
p

dy = 0.

and (ii) follows.

The exact diagram: In order to study the variations of kuk0 with respect to λ it su¢ces

to study those of µ with respect to λ. In fact,

dr

dλ
(λ) =

d

dλ
log (1 +µ (λ)) =

µ
1

1 + µ (λ)

¶
dµ

dλ
(λ) and

1

1 +µ (λ)
> 0.
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Recall that there exists µ¤ > 0 and λ¤ > 0 such that,

¡
p0λ¤

¢¡1/p
R(µ) =

1

2
() µ = µ¤, (3.29)

and R is strictly increasing (resp. strictly decreasing) in (0, µ¤) (resp. (µ¤, +1)). Moreover,

for any …xed λ, 0 < λ < λ¤, there exist µm (λ) and µM (λ) such that,

µm (λ) < µ¤ < µM (λ) ,

and,
¡
p0λ

¢¡1/p
R (µm (λ)) =

¡
p0λ

¢¡1/p
R(µM (λ)) =

1

2
.

So,

R (µM (λ)) = R (µm (λ)) =
1

2

¡
p0λ

¢1/p
, (3.30)

then,
dR

dµ
(µm (λ))

dµm

dλ
(λ) =

dR

dµ
(µM (λ))

dµM

dλ
(λ) =

p0

2p

¡
p0λ

¢1
p¡1 > 0,

so,
dR

dµ
(µm (λ)) (resp.

dR

dµ
(µM (λ))) and

dµm

dλ
(λ) (resp.

dµM

dλ
(λ)) have the same sign, that is,

µm (λ) < µ¤ =) dR

dµ
(µm (λ)) > 0 =) dµm

dλ
(λ) > 0,

µM (λ) > µ¤ =) dR

dµ
(µM (λ)) < 0 =) dµM

dλ
(λ) < 0.

Moreover, since the function λ 7¡! µm (λ) (resp. µM (λ)) is increasing, (resp. decreasing), then

there exist l0m 2 [0, µ¤) and l¤m 2 (0, µ¤] (resp. l0M 2 (µ¤, +1] and l¤M 2 [µ¤, +1)) such that

lim
λ!0

µm (λ) = l0m and lim
λ!λ¤

µm (λ) = l¤m (resp. lim
λ!0

µM (λ) = l0M and lim
λ!λ¤

µM (λ) = l¤M ). By

passing to the limit as λ tends to 0 in (3.30) one gets : R
¡
l0m

¢
= 0, then l0m = 0. (Because µ = 0

is the unique solution of the equation R (µ) = 0). Furthermore, by passing to the limit as λ

tends to λ¤ in (3.30) we get : R(l¤m) = 1
2 (p0λ¤)

1/p, (resp. R(l¤M ) = 1
2 (p0λ¤)

1/p) then from (3.29)

it follows that l¤m = µ¤ = l¤M .

Now, assume that l0M 6= +1 then by passing to the limit as λ tends to 0 in (3.30) we have

that : R
¡
l0M

¢
= 0 then l0M = 0 which is impossible because l0M 2 (µ¤, +1] . Then, the exact

diagram of positive solutions is now clear.
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3.3.6 Proof of Theorem 28.

In this example, we have for u ¸ 0

f (u) =
¡
ϕq (u)

¢α
= u(q¡1)α, and F (u) =

Z u

0
f (t)dt =

u(q¡1)α+1

(q ¡ 1)α +1
.

For any E > 0, consider the equation in s

Ep ¡ p0λF (s) = 0, (3.31)

which is uniquely solvable, in fact : s satis…es (3.31) if and only if,

s = s¤ :=

µ
1

p0λ
((q ¡ 1)α+ 1)

¶1/((q¡1)α+1)
Ep/((q¡1)α+1).

So, we have,

X (E) :=
©
s > 0 : Ep ¡ p0λF (ξ) > 0, 8ξ 2 (0, s)

ª
= (0, s¤)

then,

r (E, λ) := supX (E) = s¤ =

µ
1

p0λ
((q ¡ 1)α +1)

¶1/((q¡1)α+1)
Ep/((q¡1)α+1).

Let us notice that,

r (E, λ) > 0, 8E > 0 and f (r (E, λ)) > 0, 8E > 0,

then D = (0, +1) . So, the time-map T is de…ned on (0, +1) by,

T (E) =

Z r(E, λ)

0

©
Ep ¡ p0λF (ξ)

ª¡1/p
dξ =

r (E, λ)

E

Z 1

0

½
1 ¡ p0λF (ξr)

Ep

¾¡1/p

dξ

T (E) =
r (E, λ)

E

Z 1

0

n
1 ¡ ξ(q¡1)α+1

o¡1/p
dξ.

The last above-mentioned integral may be calculated (see for instance Lavrentiev & Chabat,

[77], Chap. VII, pp. 595-596),

Z 1

0

n
1 ¡ ξ(q¡1)α+1

o¡1/p
dξ =

1

(q ¡ 1)α + 1
B

µ
1

(q ¡ 1)α+ 1
, 1 ¡ 1

p

¶
,
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then,

T (E) = B
³
1/((q ¡ 1)α+ 1) , 1 ¡ 1

p

´
((q ¡ 1)α +1)¡(q¡1)α/((q¡1)α+1) £

(p0λ)¡1/((q¡1)α+1) E((p¡1)¡(q¡1)α)/((q¡1)α+1).

One may observe that the sign of ∂T/∂E is the same as that of (p¡ 1) ¡ (q ¡ 1)α, so the

following holds :

Discussion:

1. If (p ¡ 1) ¡ (q ¡ 1)α > 0, (resp. < 0) then,

∂T

∂E
(E) > 0, (resp. < 0), 8E > 0, lim

E!0+
T (E) = 0, (resp. +1),

and lim
E!+1

T (E) = +1, (resp. 0),

in this case, for each …xed λ > 0, the equation T (λ, E) = 1/2 admits a unique solution,

E (λ) = Aλ1/((p¡1)¡(q¡1)α),

where A > 0 is a constant, and then,

∂E

∂λ
(λ) > 0, (resp. < 0) 8λ > 0.

Therefore, for each …xed λ > 0, problem (3.9) admits a unique positive solution uλ such

that u0λ (0) = E (λ) and the function λ 7¡! u0λ (0) is increasing (resp. decreasing) in

(0, +1) and converges to zero (resp. in…nity) when λ tends to zero and converges to

in…nity (zero) when λ tends to in…nity.

2. If (p ¡ 1) ¡ (q ¡ 1)α = 0, then the function E 7¡! T (E, λ) is constant, so,

T (E, λ) =
1

2
() λ = λ1 := (p ¡ 1)

0
@ 2π

p sin
³

π
p

´
1
A

p

;

if λ 6= λ1, then problem (3.9) admits no positive solution and if λ = λ1, then for each

E > 0, problem (3.9) admits a unique positive solution uE satisfying u0E (0) = E. Observe

that in this case it holds that
¡
ϕq (u)

¢α
= ϕp (u) , 8u > 0; so, we can show that any two

positive solutions are proportional. The proof is complete.
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Chapter 4

Boundary value problems for the one

dimensional p-Laplacian with even

superlinearity

Electronic Journal of Di¤erential Equations, 1999 (1999), No 9, pp.1-29.

4.1 Introduction

This chapter is devoted to a study of existence and multiplicity of solutions of the quasilinear

two-point boundary value problem

¡ ¡
ϕp (u0)

¢0
= f (λ, u) in (0, 1)

u (0) = u (1) = 0,
(4.1)

where ϕp (s) := jsjp¡2 s and f (λ, u) := jujp ¡ λ. Here,
¡
ϕp (u0)

¢0
is the one dimensional p-

Laplacian, and p > 1.

When the di¤erential operator is linear, i.e., p = 2, several existence and multiplicity results,

related to superlinear boundary value problems with Dirichlet boundary data, are available in

the literature. Let us recall some of them for the one dimensional case.

Lupo et al. [79] have studied the non-autonomous case

¡u00 (x) = u2 (x) ¡ tsin x, in (0, π) , u (0) = u(π) = 0. (4.2)
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Using a combination of shooting and topological arguments, they show that for any k 2 N there

exists tk > 0 such that for all t ¸ tk, problem (4.2) admits at least k solutions.

Castro and Shivaji [40], using phase-plane analysis, have considered the problem

¡u00 (x) = g (u (x)) ¡ ρ (x) ¡ t, in (0, 1) , u (0) = u(1) = 0, (4.3)

where ρ a continuous function in [0, 1] and g 2 C1 (R) satis…es

lim
s!¡1

g (s)

s
= M 2 R, and lim

s!+1
g (s)

s1+σ
= +1, with some σ > 0.

They show that for k 2 N there exists tk (M) such that limk!+1 tk (M) = +1, and for all

t > tk, problem (4.3) has at least two solutions with k nodes in (0, 1) .

The autonomous case has been studied by many authors. Let us mention some of them.

Independently of Castro and Shivaji, Ruf and Solimini [97] have considered the problem

¡u00 (x) = g (u (x)) ¡ t, in (0, π) , u (0) = u(π) = 0 (4.4)

where

g 2 C1 (R) , limsup
s!¡1

g0 (s) < +1, and lim
s!+1

g0 (s) = +1.

Using variational methods, they show that for any k 2 N there exists tk 2 R such that for t > tk

problem (4.4) has at least k distinct solutions.

Prior to the papers mentioned above, Scovel [102] obtained the same result as Ruf and

Solimini [97] in the special case where g (u) = 6u2. He has shown that for any integer k ¸ 1,

there exist values t1 < ¢ ¢ ¢ < tk such that for t > tk problem (4.4) (with g (u) = 6u2) admits at

least k distinct solutions.

Independently and prior to Scovel, Ammar Khodja [20] obtained in 1983, a complete de-

scription of the solution set of the problem

¡u00 (x) = u2 (x) ¡ λ, in (0, 1) , u (0) = u (1) = 0. (4.5)

He has detected all the solutions to (4.5) for any value of λ 2 R, and thus has obtained the exact
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number of solutions to (4.5) for all λ.. To state his result, denote for any integer k ¸ 1 the sets

S+k =
©
u 2 C20 [0, 1] : u0 (0) > 0, u admits k ¡ 1 nodes in (0, 1)

ª

S¡k = ¡S+k and Sk = S+k [ S¡k .

Theorem 36 [20] There exists a sequence (λk)k¸0 such that

¡1 < λ0 < 0 < λ1 < λ2 < ¢ ¢ ¢ < λk < ¢ ¢ ¢

and:

(i) If λ < λ0, problem (4.5) admits no solution.

If λ0 < λ < 0, problem (4.5) admits exactly two solutions and they are positive.

If λ = λ0 or 0 · λ < λ1, there exists a unique positive solution.

If λ > λ1, there is no positive solution.

(ii) If λ > 0, there exists a unique solution in S¡1 .

(iii) If (and only if ) λ > λk :

² there exist exactly 2 solutions in S2k

² there exists exactly one solution in S¡2k+1

(iv) There exists a sequence (µk)k¸1 such that

λ1 < µ1 < λ2 < µ2 < ¢ ¢ ¢ < µk < λk+1 < ¢ ¢ ¢

and such that:

if (and only if ) µk < λ < λk+1, there exist exactly two solutions in S+2k+1,

if (and only if ) λ = µk or λ > λk+1, there exists a unique solution in S+2k+1.

The objective of this chapter is to extend Ammar Khodja’s result to the general quasilinear

case p > 1. In particular, we will show that if λ · 0 the same result holds for all p > 1, but if
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λ > 0 and p > 2 the situation is di¤erent from that obtained in [20]. So, the behavior of the

solution set of problem (4.1) depends not only on the values of λ (as was shown in [20]) but also

on those of the parameter p.

These changes in the behavior of the solution set when the parameter p varies is not new in

the literature. Guedda and Veron [69] have considered the problem

8
<
:

¡ ¡
ϕp (u0)

¢0
= λϕp (u) ¡ f (u) , in (0, 1)

u (0) = u (1) = 0,
(4.6)

where f is a C1 odd function such that the function s 7! f (s)/sp¡1 is strictly increasing on

(0, +1) with limit 0 at 0 and lims!+1 f (s)/sp¡1 = +1. They denote by Eλ the solution set of

problem (4.6) and show, under some technical assumptions, that when 1 < p · 2 the structure

of Eλ is exactly the same as in the case p = 2, and strictly di¤erent in the cases p > 2.

This chapter is organized as follows. In Section 4.2 we recall notation introduced in Chapter

0, and state the main results (Theorems 37 and 38). In Section 4.3 we prove Theorem 37 and

in Section 4.4, we prove Theorem 38. Finally, we close this chapter by a remark in Section 4.5.

4.2 Main results

The …rst result is concerned with the case λ · 0 and gives the exact number of solutions to

Problem (4.1).

Theorem 37 (Cases λ · 0) There exists a number λ¤ < 0 such that:

(i) If λ < λ¤, problem (4.1) admits no solution.

(ii) If λ = λ¤, problem (4.1) admits a unique solution and it belongs to A+1 .

(iii) If λ¤ < λ < 0, problem (4.1) admits exactly two solutions and they belong to A+1 .

(iv) If λ = 0, beside the trivial solution, problem (4.1) admits a unique solution and it belongs

to A+1 .

The second result is concerned with the case λ > 0.
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Theorem 38 (Cases λ > 0) For any p > 1 there exist two real numbers J (p) > J+ (p) > 0

and for all p > 2 there exists a positive real number J¡ (p) < J (p) such that for all integer

n ¸ 1 :

(i) Problem (4.1) admits a solution in B+
n if and only if λ = (2nJ (p))p2 , and in this case, the

solution is unique.

(ii) Problem (4.1) admits no solution in
S

ņ 1

B¡
n .

(iii) Problem (4.1) (with λ > 0) admits a solution in A+1 if and only if 0 < λ < (2J (p))p
2

, and

in this case, the solution is unique.

(iv) Problem (4.1) admits a solution in A¡1 if and only if (1 < p · 2 and λ > 0) or (p > 2 and

0 < λ < (2J¡ (p))p2), and in this case, the solution is unique.

(v) Problem (4.1) admits a solution u§2n in A§2n provided 1 < p · 2 and λ > (2nJ (p))p2 or

p > 2 and

inf
n
(2nJ (p))p2 , (2n (J¡ (p)+ J+ (p)))p2

o

< λ < sup
n

(2nJ (p))p2 , (2n (J¡ (p) + J+ (p)))p2
o

(vi) Problem (4.1) admits a solution in A+2n+1 provided 1 < p · 2 and

λ > (2(n + 1)J (p))p
2
or p > 2 and

inf
n

(2(n +1)J (p))p2 , (2 ((n + 1)J+ (p) + nJ¡ (p)))p
2
o

< λ < sup
n

(2 (n +1)J (p))p2 , (2 ((n + 1)J+ (p) +nJ¡ (p)))p2
o

(vii) Problem (4.1) admits a solution in A¡2n+1 provided 1 < p · 2 and λ > (2nJ (p))p
2

or

p > 2 and

inf
n
(2nJ (p))p

2

, (2((n +1)J¡ (p)+ nJ+ (p)))p2
o

< λ < sup
n
(2nJ (p))p2 , (2((n+ 1)J¡ (p) + nJ+ (p)))p

2
o

Remark 6 According to Proposition ?? (Chapter 0), if λ > 0 and p 2 (1, 2] then

~S ½
0
@[

k¸1
Ak

1
A[

0
@[

k¸1
Bk

1
A, where ~S denotes the solution set of problem (4.1).
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Remark 7 The results obtained in [20], for p = 2, regarding solutions in A2n, A¡2n+1, and

A+2n+1, are more precise than those stated in Theorem 38, Assertions (v), (vi) and (vii) for

p 6= 2. In fact, these assertions do not provide the exact number of solutions in A2n, A¡2n+1, and

A+2n+1. The proof given in [20] uses strongly the fact that the nonlinearity u 7! u2¡λ is a second

degree polynomial function. We were not able to obtain the same degree of accuracy.

4.3 Proof of Theorem 37

Since λ · 0, any solution to (4.1) is positive. In fact, if u is a solution to (4.1) then

u0 (x) = ϕp0
¡
ϕp

¡
u0 (x)

¢¢
, 8x 2 (0, 1) .

Since x 7! ϕp (u0 (x)) is decreasing (from
¡
ϕp (u0)

¢0
(x) = ¡ju (x)jp + λ, for all x 2 (0, 1) and

λ · 0) and ϕp0 is increasing, it follows that u0 is decreasing. This shows that u is concave, and

since u(0) = u (1) = 0 it follows that u is positive.

Moreover, the nonlinear term f (λ, u) = jujp ¡λ, satis…es the condition of Theorem 11, so

any nontrivial solution is necessarily in A+1 . Hence, we have only to de…ne the time map T+. In

order to do this, we need the following technical lemma.

4.3.1 Technical Lemmas

Lemma 39 Consider the equation in s 2 R :

Ep ¡ p0F (λ, s) = 0, (4.7)

where p > 1, λ · 0 and E ¸ 0 are real parameters and F (λ, s) =
R s
0 f (λ, t)dt. Then for any

E > 0, (resp. E = 0) equation (4.7) admits a unique positive zero s+ = s+ (p, λ, E) (resp. a

unique zero s+ = s+ (p, λ, 0) = 0). Moreover:

(a) The function E 7¡! s+ (p, λ, E) is C1 on (0, +1) and

∂s+
∂E

(p, λ, E) =
(p ¡ 1)Ep¡1

f (λ, s+ (p, λ, E))
> 0
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for all p > 1, all λ · 0, and E > 0.

(b) lim
E!0+

s+ (p, λ, E) = 0.

(c) lim
E!+1

s+ (p, λ, E) = +1.

Proof For a …xed p > 1, λ · 0 and E ¸ 0, consider the function

s 7¡! M (p, λ, E, s) := Ep ¡ p0F (λ, s) = Ep ¡ p0s
µ jsjp

p+ 1
¡λ

¶
,

de…ned in R which is strictly decreasing and such that

M (p, λ, E, 0) = Ep ¸ 0, and lim
s!+1

M (s) = ¡1.

It is clear that (4.7) admits, for any E > 0, a unique positive zero, s+ = s+ (p, λ, E) ; and if

E = 0, it admits a unique zero s+ = 0.

Now, for any p > 1 and λ · 0, consider the real-valued function

(E, s) 7¡! M+ (E, s) := Ep ¡ p0s
µ

sp

p+ 1
¡λ

¶

de…ned on ­+ = (0, +1)2 . We have M+ 2 C1 (­+) and

∂M+

∂s
(E, s) = ¡p0f (λ, s) = ¡p0 (jsjp ¡ λ) in ­+,

hence
∂M+

∂s
(E, s) < 0, in ­+

and we can observe that s+ (p, λ, E) belongs to the open interval (0, +1) and satis…es from

its de…nition

M+ (E, s+ (p, λ, E)) = 0. (4.8)

So, we can make use of the implicit function theorem to show that the function E 7¡! s+ (p, λ, E)

is C1 ((0, +1) , R) and to obtain the expression for ∂s+
∂E (p, λ, E) given in (a). Hence, for any

…xed p > 1 and λ · 0, the function de…ned in (0, +1) by E 7¡! s+ (p, λ, E) is strictly increas-

ing and bounded from below by 0 and from above by +1. Thus the limit lim
E!0+

s+ (p, λ, E) = l+0

exists as a real number and the limit lim
E!+1

s+ (p, λ, E) = l+1 exists and belongs to (0, +1].
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Moreover

0 · l+0 < l+1 · +1.

Let’s notice that, for any …xed p > 1 and λ · 0, the function (E, s) 7¡! M+ (E, s) is

continuous in [0, +1)2 and the function E 7¡! s+ (p, λ, E) is continuous in (0, +1) and

satis…es (4.8). So, by passing to the limit in (4.8) as E tends to 0+ we get:

0 = lim
E!0+

M+ (E, s+ (p, λ, E)) = M+

¡
0, l+0

¢
.

Hence, l+0 is a zero, belonging to [0, +1), of the equation in s : M+ (0, s) = 0. By resolving

this equation in [0, +1) we …nd: l+0 = 0. Assertion (b) is proved.

Assume that l+1 < +1; then by passing to the limit in (4.8) as E tends to +1 we …nd:

+1 = p0l+1

µ
(l+1)p

p +1
¡λ

¶
< +1,

which is impossible. So, l+1 = +1 and Lemma 39 is proved.

Now, we are ready to compute X+ (p, λ, E) as de…ned in Chapter 1, for any p > 1, λ · 0

and E ¸ 0. In fact X+ (p, λ, E) = (0, s+ (p, λ, E)) if E > 0 and X+ (p, λ, 0) = ;. Thus

r+ (p, λ, E) := supX+ (p, λ, E) = s+ (p, λ, E) if E > 0 and r+ (p, λ, 0) = 0,

and since f (λ, s) = jsjp ¡λ > 0, 8 (λ, s) 2 (¡1, 0] £ R, (λ, s) 6= (0, 0) it follows that

D+ := fE ¸ 0 : 0 < r+ (p, λ, E) < +1 and f (λ, r+ (p, λ, E)) > 0g
= (0, +1) .

Before going further in the investigation, we deduce from Lemma 39 the following:

lim
E!0+

r+ (p, λ, E) = 0 and lim
E!+1

r+ (p, λ, E) = +1, (4.9)

∂r+
∂E

(p, λ, E) =
(p ¡ 1)Ep¡1

f (λ, r+ (p, λ, E))
> 0, 8E 2 D+ = (0, +1) , 8λ · 0. (4.10)

We de…ne, for any p > 1, λ · 0, and E 2 D+ = (0, +1) the time map

T+ (p, λ, E) :=

Z r+ (p, λ, E)

0

©
Ep ¡ p0F (λ, ξ)

ª¡ 1
p dξ, E 2 D+ (4.11)
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and a simple change of variables shows that

T+ (p, λ, E) = r+ (p, λ, E)

Z 1

0

©
Ep ¡ p0F (λ, r+ (p, λ, E) ξ)

ª¡ 1
p dξ. (4.12)

Observe that from the de…nition of s+ (p, λ, E) we have

Ep ¡ p0F (λ, s+ (p, λ, E)) = 0

and so, from the de…nition of r+ (p, λ, E) , we have Ep = p0F (λ, r+ (p, λ, E)) . So, (4.12) may

be written as

T+ (p, λ, E)

= r+ (p, λ, E) (p0)¡1/p
Z 1

0
fF (λ, r+ (p, λ, E)) ¡F (λ, r+ (p, λ, E) ξ)g¡1/p dξ

(4.13)

Equivalently

T+ (p, λ, E)

= r
1¡1

p
+ (p, λ, E) (p0)¡1/p

Z 1

0

(
rp
+ (p, λ, E)

¡
1 ¡ ξp+1

¢

p +1
¡ λ (1 ¡ ξ)

)¡1/p

dξ

(4.14)

Lemma 40 If λ · 0 then the following hold true

(i) lim
E!0+

T+ (p, λ, E) = 0, if λ < 0 and lim
E!0+

T+ (p, 0, E) = +1,

(ii) lim
E!+1

T+ (p, λ, E) = 0, 8λ · 0,

(iii) If λ < 0, T+ (p, λ, ¢) admits a unique critical point, E¤ (λ), at which it attains its global

maximum value. Moreover,

(a) The function λ 7! T+ (p, λ, E¤ (λ)) is strictly increasing in (¡1, 0) .

(b) lim
λ!¡1

T+ (p, λ, E¤ (λ)) = 0.

(c) lim
λ!0¡

T+ (p, λ, E¤ (λ)) = +1.

(iv) If λ = 0, (∂T+/∂E) (p, 0, ¢) < 0 in (0, +1) .
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Proof (i) If λ < 0, we deduce from (4.14)

0 · T+ (p, λ, E) · r
1¡ 1

p

+ (p, λ, E)
¡
p0

¢¡1
p

1Z

0

f¡λ (1 ¡ ξ)g¡ 1
p dξ.

So, by passing to the limit as E tends to 0, we …nd

0 · lim
E!0

T+ (p, λ, E) · lim
E!0

r
1¡ 1

p
+ (p, λ, E)

¡
p0

¢¡1
p

1Z

0

f¡λ(1 ¡ ξ)g¡ 1
p dξ = 0.

If λ = 0, then (4.14) yields

T+ (p, 0, E) =
¡
p0

¢¡1
p r

¡1
p

+ (p, 0, E)

1Z

0

µ
1 ¡ ξp+1

p+ 1

¶¡ 1
p

dξ,

and from (4.9) lim
E!0+

T+ (p, 0, E) = +1.

(ii) From (4.14) we have for any λ · 0,

0 · T+ (p, λ, E) · r¡1/p
+ (p, λ, E)

¡
p0

¢¡1/p

1Z

0

½
1 ¡ ξp+1

p + 1

¾¡1/p

dξ.

So, by passing to the limit as E tends to +1, we deduce

0 · lim
E!+1

T+ (p, λ, E)

· lim
E!+1

r¡1/p
+ (p, λ, E)

¡
p0

¢¡1/p
1Z

0

½
1 ¡ ξp+1

p +1

¾¡1/p
dξ = 0.

(iii) If λ < 0, then from (i) and (ii) we deduce that T+ (p, λ, ¢) admits at least one critical

point. Here, we are going to prove its uniqueness. From (4.13), let us notice that

T+ (p, λ, E) =
¡
p0

¢¡1/p
S (p, λ, ρ (p, λ, E))

where ρ (p, λ, E) = r+ (p, λ, E) and

S (p, λ, ρ) =

Z ρ

0
fF (p, λ, ρ)¡ F (p, λ, ξ)g¡1/p dξ.

On the other hand , observe that for each …xed λ < 0, the function E 7! ρ (p, λ, E) is an

increasing C1¡di¤eomorphism from (0, +1) onto itself (Lemma 39, Assertions (a), (b) and
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(c)), and

∂T+
∂E

(p, λ, E) =
¡
p0

¢¡1/p £ ∂S

∂ρ
(p, λ, ρ (p, λ, E)) £ ∂ρ

∂E
(p, λ, E) . (4.15)

So, to study the variations of E 7! T+ (p, λ, E) it su¢ces to study those of ρ 7! S (p, λ, ρ) . That

is, S (p, λ, ¢) attains a local maximum (resp. minimum) value at ρ¤ if and only if T+ (p, λ, ¢)
does so at ρ¡1p, λ (ρ¤) , where ρ¡1p, λ is the inverse function of ρ (p, λ, ¢) . From (i) and (ii), it

follows that lim
ρ!0

S (ρ) = lim
ρ!+1

S (ρ) = 0, that is, S admits at least a maximum value. To prove

uniqueness, we …rst show a priori estimates on the critical points of S (p, λ, ¢). That is, for

each λ < 0, we look for a compact interval J (λ) which contains all possible critical points of

S (p, λ, ¢) . Next, we prove that S (p, λ, ¢) is concave in J (λ) . We have

∂S

∂ρ
(p, λ, ρ) =

Z ρ

0

H (p, λ, ρ)¡ H (p, λ, u)

pρ (F (p, λ, ρ)¡ F (p, λ, u))
p+1

p

du (4.16)

where H (p, λ, u) = pF (p, λ, u) ¡ uf (p, λ, u) =
¡up+1

p +1
¡ λ (p ¡ 1)u, 8u > 0. The vari-

ations of u 7! H (p, λ, u) can be described as follows. H (p, λ, ¢) is strictly increasing in

(0, ρ1 (p, λ)) and strictly decreasing in (ρ1 (p, λ) , +1) where ρ1 (p, λ) = (¡λ (p¡ 1))1/p .

Moreover, H (p, λ, 0) = H (p, λ, ρ2 (p, λ)) = 0 where ρ2 (p, λ) =
¡¡λ

¡
p2¡ 1

¢¢1/p
> ρ1 (p, λ) .

So, it follows that:
∂S

∂ρ
(p, λ, ρ) > 0, 8ρ 2 (0, ρ1 (p, λ))

and
∂S

∂ρ
(p, λ, ρ) < 0, 8ρ 2 (ρ2 (p, λ) , +1) .

That is, we get a priori estimate as follows : 8p > 1, 8λ < 0, 8ρ¤ > 0,

∂S

∂ρ
(p, λ, ρ¤) = 0 =) ρ¤ 2 J (λ) := [ρ1 (p, λ) , ρ2 (p, λ)] .

Easy computations show that for any ρ > 0 and λ < 0, we have

∂2S

∂ρ2
(p, λ, ρ) =

Z 1

0

(p + 1) (H (p, λ, ρ) ¡ H (p, λ, ρξ))2

p2ρ (F (p, λ, ρ) ¡F (p, λ, ρξ))(2p+1)/p
dξ

+

Z 1

0

p(ª (p, λ, ρ) ¡ª(p, λ, ρξ)) (F (p, λ, ρ) ¡F (p, λ, ρξ))

p2ρ (F (p, λ, ρ) ¡F (p, λ, ρξ))(2p+1)/p
dξ
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where

ª(p, λ, u) := ¡p (p +1)F (p, λ, u) + 2puf (p, λ, u) ¡u2f0u (p, λ, u)

= λp (p¡ 1)u, 8u > 0.

After some substitutions we …nd

∂2S

∂ρ2
(p, λ, ρ) =

Z 1

0

ρ (1 ¡ ξ)2 P (X (ξ))

p2 (F (p, λ, ρ) ¡ F (p, λ, ρξ))
2p+1

p

dξ

where

X (ξ) =

8
><
>:

p+ 1 if ξ = 1

1 ¡ ξp+1

1 ¡ ξ
if ξ 2 [0, 1)

and P is the polynomial function

P (X) =

µ
ρ2p

p +1

¶
X2 +

(p¡ 1)
¡
p2 +2p+ 2

¢

(p +1)
λρpX ¡ (p ¡ 1) λ2.

It’s easy to check that X (ξ) 2 [1, p+ 1] , for all ξ 2 [0, 1] . In fact, the function ξ 7! h (ξ) := ξp+1

is convex in (0, +1) , and

X (ξ) =
h(1) ¡ h (ξ)

1 ¡ ξ
· h0 (1) = p +1, 8ξ 2 (0, 1) .

So, we are interested in the sign of P (X) when X 2 [1, p +1] . First, its discriminant is ¢ =³
µ (p)/ (p +1)2

´
λ2ρ2p > 0 where

µ (p) = (p ¡ 1)2
¡
p2+ 2p +2

¢2
+4

¡
p2¡ 1

¢
,

and its roots are, for each λ < 0 and ρ > 0,

X1 (p, λ, ρ) =
λ

2ρp

³p
µ (p)¡ (p¡ 1)

¡
p2 +2p + 2

¢´
< 0,

X2 (p, λ, ρ) =
¡λ

2ρp

³p
µ (p)+ (p¡ 1)

¡
p2 +2p + 2

¢´
> 0.

It can be veri…ed thatρ 7! X2 (p, λ, ρ) is decreasing in (0, +1) and we deduce, from H (p, λ, ρ2 (p, λ)) =

0, that

X2 (p, λ, ρ2 (p, λ)) =

p
µ (p) + (p¡ 1)

¡
p2 +2p+ 2

¢

2(p2 ¡ 1)
, 8λ < 0.
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Hence, one can deduce that X2 (p, λ, ρ2 (p, λ)) > p+1. (In fact, to prove this it su¢ces to show

that it follows
p

µ (p) + (p ¡ 1)
¡
p2+ 2p+ 2

¢
> 2 (p+ 1)

¡
p2 ¡ 1

¢

which is equivalent to proving that µ (p) > (p (p ¡ 1) (p+ 2))2 , and this is (after some simple

computations) equivalent to 4 (p +1)p2 > 0 which is true since p > 1). Then

[1, p + 1] ½ (X1 (p, λ, ρ) , X2 (p, λ, ρ)) : 8λ < 0, 8ρ 2 [ρ1 (p, λ) , ρ2 (p, λ)] ,

hence, P (X (ξ)) < 0, for all ξ 2 [0, 1] , so,

∂2S

∂ρ2
(p, λ, ρ) < 0, 8λ < 0, 8ρ 2 J (λ) := [ρ1 (p, λ) , ρ2 (p, λ)] ,

which proves the uniqueness of the critical point of S (p, λ, ¢) and of T+ (p, λ, ¢) .

(a) Some easy computations show that

∂T+
∂E

(p, λ, E)

= (p0)¡1/p
∂r+
∂E

(p, λ, E)

Z r+(p, λ, E)

0

H (p, λ, r+)¡ H (p, λ, ξ)

pr+ (F (p, λ, r+) ¡F (p, λ, ξ))
p+1

p

dξ

(4.17)

and that

∂T+
∂λ

(p, λ, E) = (p0)¡
1
p

∂r+
∂λ

(p, λ, E)£

£
Z r+(p, λ, E)

0

H (p, λ, r+) ¡ H (p, λ, ξ)

pr+ (F (p, λ, r+) ¡ F (p, λ, ξ))
p+1

p

dξ+

+(p0)¡
1
p

Z r+(p, λ, E)

0

r+ (p, λ, E) ¡ ξ

p (F (p, λ, r+) ¡F (p, λ, ξ))
p+1

p

dξ

(4.18)

and then combining (4.17) and (4.18) we get

¡∂r+
∂λ

∂T+
∂E

+
∂r+
∂E

∂T+
∂λ

= (p0)¡
1
p

∂r+
∂E

(p, λ, E) ££
Z r+(p, λ, E)

0

r+ (p, λ, E) ¡ ξ

p (F (p, λ, r+)¡ F (p, λ, ξ))
p+1

p

dξ
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so,

¡∂r+
∂λ

∂T+
∂E

+
∂r+
∂E

∂T+
∂λ

> 0, 8E > 0, λ < 0. (4.19)

Since, (∂T+/∂E) (p, λ, E¤ (λ)) = 0, using (4.19) and (4.10) one gets

∂T+
∂λ

(p, λ, E¤ (λ)) > 0, 8λ < 0.

(b) Since H (p, λ, ¢) is strictly increasing on (0, ρ1 (p, λ)) , it holds that

∂T+
∂E

(p, λ, E) > 0, 8E 2 (0, E1 (p, λ))

where E1 (p, λ) := (p0F (p, λ, ρ1 (p, λ)))1/p . Since (∂T+/∂E) (p, λ, E¤ (λ)) = 0, it fol-

lows that E¤ (λ) ¸ E1 (λ) , and since

F (r+ (E¤ (λ))) =
(E¤)p (λ)

p0
¸ Ep

1 (p, λ)

p0
= F (ρ1 (p, λ))

and F is continuous and strictly increasing (λ < 0) it follows that

r+ (p, λ, E¤ (λ)) ¸ ρ1 (p, λ) = r+ (p, λ, E1 (p, λ)) .

From (4.14), we have

T+ (p, λ, E¤ (λ)) · (p0)¡1/p r
¡1/p
+ (p, λ, E¤ (λ))

Z 1

0

µ
1 ¡ ξp+1

p +1

¶¡1/p
dξ

· (p0)¡1/p fρ1 (p, λ)g¡1/p
Z 1

0

µ
1 ¡ ξp+1

p +1

¶¡1/p

dξ

and by passing to the limit as λ tends to ¡1, we …nd

0 · lim
λ!¡1

T+ (p, λ, E¤ (λ))

· ¡
p0

¢¡1/p

1Z

0

µ
1 ¡ ξp+1

p +1

¶¡1/p

dξ lim
λ!¡1

f¡λ (p ¡ 1)g¡1/p2 = 0.

(c) For each λ < 0, we have

T+ (p, λ, E¤ (λ)) = sup
E>0

T+ (p, λ, E) ¸ T+ (p, λ, E1 (λ))
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and from (4.14) and the fact ρ1 (p, λ) = r+ (p, λ, E1 (p, λ)) one has

T+ (p, λ, E1 (λ))

= (¡λ)¡1/p2 ¡
p0

¢¡1/p
(p¡ 1)(p¡1)/p

2

1Z

0

½
p ¡ 1

p +1

¡
1 ¡ ξp+1

¢
+(1 ¡ ξ)

¾¡1/p

dξ.

So,

lim
λ!0¡

T+ (p, λ, E¤ (λ)) ¸ lim
λ!0¡

T+ (p, λ, E1 (λ)) = +1.

(iv) If λ = 0, the function ρ 7! S (p, λ, ρ) is decreasesing strictly on (0, +1), since the

function u 7! H (p, 0, u) := ¡up+1/ (p+ 1) does so in (0, +1) (See (4.16)). Then, from (4.15)

and (4.10) it follows that (∂T+/∂E) (p, 0, ¢) < 0 in (0, +1) . Therefore, Lemma 40 is proved

4.3.2 Completion of the proof of Theorem 37

The proof is an easy consequence of the previous lemmas. In fact, there exists a unique

λ¤ < 0 which satis…es T+ (p, λ¤, E¤ (λ¤)) = 1
2 and the function λ 7! T+ (p, λ, E¤ (λ)) is strictly

increasing in (¡1, 0) . So, if λ < λ¤, for any E > 0 and λ < 0,

T+ (p, λ, E) · sup
E>0

T+ (p, λ, E) = T+ (p, λ, E¤ (λ)) < T+ (p, λ¤, E¤ (λ¤)) =
1

2
.

Thus equation T+ (p, λ, E) = 1
2 admits no solution. If λ = λ¤, then E¤ (λ¤) is the unique

solution of the equation T+ (p, λ¤, E) = 1
2. So, problem (4.1) admits a unique positive solution

which is in A+1 . Finally, if 0 > λ > λ¤, then T+ (p, λ, E¤ (λ)) > T+ (p, λ¤, E¤ (λ¤)) = 1
2 .

So, equation T+ (p, λ, E) = 1
2 admits exactly two solutions and problem (4.1) admits exactly

two positive solutions in A+1 . If λ = 0, then T+ (p, 0, ¢) is strictly decreasing in (0, +1) and

limE!0+ T+ (p, 0, E) = +1, limE!+1T+ (p, 0, E) = 0. So, equation T+ (p, 0, E) = (1/2)

admits a unique solution in (0, +1) . Theorem 37 is then proved.

4.4 Proof of Theorem 38

As for the proof of Theorem 37, we begin this section by giving some preliminary lemmas. In

order to de…ne the time-maps we need as usual the following technical lemma.

4.4.1 Technical lemmas
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Lemma 41 Consider the equation in the variable s 2 R¤,

Ep ¡ p0F (λ, s) = 0 (4.20)

where p > 1, λ > 0 and E ¸ 0 are real parameters. First, if E = 0, equation (4.20) admits a

unique positive zero s+ = s+ (p, λ, 0) and a unique negative zero s¡ = s¡ (p, λ, 0) such that

js§j = (λ (p +1))1/p . Moreover, for any E > 0, equation (4.20) admits a unique positive zero

s+ = s+ (p, λ, E) and this zero belongs to the open interval
³
(λ (p +1))1/p , +1

´
. On the other

hand,

(i) If E > E¤ (p, λ) :=
³³

pp0
p+1

´
λ
1+1

p

´1/p
, equation (4.20) admits no negative zero.

(ii) If E = E¤ (p, λ) , equation (4.20) admits a unique negative zero s¡ = s¡ (p, λ) = ¡λ1/p.

(iii) If 0 < E < E¤ (p, λ) , equation (4.20) admits, in the open interval
³
¡λ1/p, 0

´
, a unique

zero s¡ = s¡ (p, λ, E) .

Moreover,

(a) The function E 7¡! s§ (p, λ, E) is C1 in (0, +1) (resp. (0, E¤ (p, λ))) and

§∂s§
∂E

(p, λ, E) =
§ (p¡ 1)Ep¡1

f (λ, s§ (p, λ, E))
> 0,

for all p > 1, for all λ > 0, and for all E > 0 (resp. for all E 2 (0, E¤ (p, λ))).

(b) lim
E!0+

s+ (p, λ, E) = ((p+ 1)λ)1/p and lim
E!0+

s¡ (p, λ, E) = 0.

(c) lim
E!+1

s+ (p, λ, E) = +1 and lim
E!E¤

s¡ (p, λ, E) = ¡λ1/p.

Proof For any …xed p > 1, λ > 0 and E ¸ 0, consider the function

s 7¡! N (p, λ, E, s) := Ep ¡ p0F (λ, s) = Ep ¡ p0s
µ jsjp

p + 1
¡λ

¶
,

de…ned in R. From a study of its variations, it is clear that equation (4.20) admits, if E = 0,

a unique positive zero s+ and a unique negative zero s¡. Their values are obtained by solving

equation (4.20). Moreover, for any E > 0, equation (4.20) admits a unique positive zero,

s+ = s+ (p, λ, E) , and this zero belongs to the open interval
³
(λ (p +1))1/p , +1

´
(since

N
³
p, λ, E, (λ (p +1))

1
p

´
= N (p, λ, E, 0) = Ep > 0).
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Also, Assertions (i) (ii) and (iii) follow readily from the variations of N (p, λ, E, ¢).
Now, for any p > 1 and λ > 0, consider the real valued function

(E, s) 7¡! N§ (E, s) = Ep ¡ p0s
µ

(§s)p

p +1
¡ λ

¶

de…ned on ­+ = (0, +1) £
³
(λ (p+ 1))1/p , +1

´
(resp. ­¡ = (0, E¤ (p, λ)) £

³
¡λ1/p, 0

´
).

We have that N§ 2 C1 (­§) and

∂N§
∂s

(E, s) = ¡p0f (λ, s) = ¡p0 (jsjp ¡ λ) in ­§,

hence

¨∂N§
∂s

(E, s) > 0, in ­§

and we can notice that s§ (p, λ, E) belongs to the open interval
³
(λ (p+ 1))1/p , +1

´
(resp.³

¡λ1/p, 0
´
) and satis…es (from its de…nition)

N§ (E, s§ (p, λ, E)) = 0. (4.21)

So, we can make use of the implicit function theorem to show that the function E 7¡! s§ (p, λ, E)

is C1 ((0, +1) , R) (resp. C1 ((0, E¤ (p, λ)) , R)) and obtain the expression of ∂s§
∂E (p, λ, E)

given in (a). Hence, for any …xed p > 1 and λ > 0, the function de…ned in (0, +1) (resp.

(0, E¤ (p, λ))) by E 7¡! s§ (p, λ, E) is strictly increasing (resp. decreasing) and bounded

from below by (λ (p+ 1))1/p (resp. ¡λ1/p) and from above by +1 (resp. by 0). Then, the

limit lim
E!0+

s§ (p, λ, E) = l§0 exists as real number and the limit lim
E!+1

s+ (p, λ, E) = l+1

(resp. lim
E!E¤

s¡ (p, λ, E) = l¤) exists and belongs to
³
(λ (p+ 1))1/p , +1

i
(resp.

h
¡λ1/p, 0

i
).

Moreover

¡1 < ¡λ1/p · l¤ < l¡0 · 0 < (λ (p +1))1/p · l+0 < l+1 · +1.

Let us notice that, for any …xed p > 1 and λ > 0, the function

(E, s) 7¡! N§ (E, s)

is continuous in [0, +1)£
h
(λ (p +1))1/p , +1

´
(resp. [0, E¤ (p, λ)] £ (¡1, 0]) and the func-

tion E 7¡! s§ (p, λ, E) is continuous in (0, +1) (resp. (0, E¤ (p, λ))) and satis…es (4.21)§.
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So, by passing to the limit in (4.21)§ as E tends to 0+ one gets

0 = lim
E!0+

N§ (E, s§ (p, λ, E)) = N§
¡
0, l§0

¢
.

Hence, l§0 is a zero, belonging to
h
(λ (p + 1))1/p , +1

´
(resp.

h
¡λ1/p, 0

i
), to the equation in

the variable s :

N§ (0, s) = 0.

By solving this equation in the indicated interval we …nd : l+0 = ((p +1)λ)1/p (resp. l¡0 = 0).

Assertion (b) is proved.

Assume that l+1 < +1, then by passing to the limit in (4.21)+ as E tends to +1, we …nd

+1 = p0l+1
µ

(l+1)p

p +1
¡λ

¶
< +1,

which is impossible. So, l+1 = +1.

To prove that l¤ = ¡λ1/p, it su¢ces to pass to the limit in (4.21)¡ as E tends to E¤ (p, λ)

to get

N¡ (E¤ (p, λ) , l¤) = 0

and to solve this equation in the interval
h
¡λ1/p, 0

i
. (To this end, notice that the function

s 7¡! N¡ (E¤ (p, λ) , s) is strictly increasing in
h
¡λ1/p, 0

i
and

N¡
³
E¤ (p, λ) , ¡λ1/p

´
= 0).

Therefore, Lemma 41 is proved.

Now we are ready to compute X§ (p, λ, E) as de…ned in Chapter 1, for any p > 1, λ > 0

and E ¸ 0 . In fact X+ (p, λ, E) = (0, s+ (p, λ, E)) and

X¡ (p, λ, E) =

8
<
:

(¡1, 0) if E > E¤ (p, λ)

(s¡ (p, λ, E) , 0) if 0 · E · E¤ (p, λ) ,

where s§ (p, λ, E) is de…ned in Lemma 41. Then

r+ (p, λ, E) := sup X+ (p, λ, E) = s+ (p, λ, E)
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and

r¡ (p, λ, E) := inf X¡ (p, λ, E) =

8
<
:

¡1 if E > E¤ (p, λ)

s¡ (p, λ, E) if 0 · E · E¤ (p, λ) .

Recall that for any E ¸ 0, s+ (p, λ, E) belongs to
h
(λ (p +1))1/p , +1

´
. Thus

0 < r+ (p, λ, E) < +1 if and only if E > 0,

Also recall that, for any 0 < E · E¤ (p, λ) , s¡ (p, λ, E) belongs to
h
¡λ1/p, 0

´
and

s¡ (p, λ, 0) = ¡ ((p + 1)λ)1/p so

¡1 < r¡ (p, λ, E) < 0 if and only if 0 · E · E¤ (p, λ) .

We can notice that f (λ, r+ (p, λ, E)) = rp
+ (p, λ, E) ¡ λ > 0, 8E ¸ 0 and

f (λ, r¡ (p, λ, E)) = (¡r¡ (p, λ, E))p ¡λ < 0 () E 2 (0, E¤ (p, λ)) ,

so that

D+ := fE ¸ 0 j 0 < r+ (p, λ, E) < +1 and f (λ, r+ (p, λ, E)) > 0g
= [0, +1) .

and
D¡ := fE ¸ 0 j ¡1 < r¡ (p, λ, E) < 0 and f (λ, r¡ (p, λ, E)) < 0g

= (0, E¤ (p, λ)) .

So,

D := D+\ D¡ = (0, E¤ (p, λ)) .

Before going further in the investigation, we deduce from Lemma 41 that

lim
E!0+

r+ (p, λ, E) = ((p+ 1)λ)1/p and lim
E!0+

r¡ (p, λ, E) = 0, (4.22)

lim
E!+1

r+ (p, λ, E) = +1 and lim
E!E¤

r¡ (p, λ, E) = ¡λ1/p, (4.23)

∂r§
∂E

(p, λ, E) =
(p¡ 1)Ep¡1

f (λ, r§ (p, λ, E))
, 8E 2 int (D§) , (4.24)

86



§∂r§
∂E

(p, λ, E) > 0, 8E 2 int (D§) . (4.25)

At present, we de…ne, for any p > 1, λ > 0, and E 2 D§ the time map

T§ (p, λ, E) := §
Z r§(p, λ, E)

0

©
Ep ¡ p0F (λ, ξ)

ª¡1/p
dξ, E 2 D§, (4.26)

and a simple change of variables shows that

T§ (p, λ, E) = §r§ (p, λ, E)

Z 1

0

©
Ep ¡ p0F (λ, r§ (p, λ, E) ξ)

ª¡1/p
dξ. (4.27)

Observe that from the de…nition of s§ (p, λ, E) one has Ep ¡ p0F (λ, s§ (p, λ, E)) = 0, and

so, from the de…nition of r§ (p, λ, E) , one has Ep = p0F (λ, r§ (p, λ, E)) . So, (4.27) may be

written as

T§ (p, λ, E) = §r§ (p, λ, E) (p0)¡1/p £

Z 1

0
fF (λ, r§ (p, λ, E)) ¡ F (λ, r§ (p, λ, E) ξ)g¡1/pdξ

(4.28)

After some manipulations, we …nd that

T+ (p, λ, E) = (r+ (p, λ, E))¡1/p (p0)¡1/p£

Z 1

0

½
1 ¡ ξp+1

p +1
¡ λ

1 ¡ ξ

(r+ (p, λ, E))p

¾¡1/p
dξ, E 2 D+

(4.29)

and

T¡ (p, λ, E) = (¡r¡ (p, λ, E))1¡
1
p (p0)¡1/p £

Z 1

0

½
λ (1 ¡ ξ) ¡ (¡r¡ (p, λ, E))p

p+ 1

¡
1 ¡ ξp+1

¢¾¡1/p

dξ, E 2 D¡.

(4.30)

Also, let us de…ne for any E 2 D = D+ \ D¡ and n 2 N the time maps:

T2n (p, λ, E) := n (T+ (p, λ, E)+ T¡ (p, λ, E)) , E 2 D, (4.31)

T§2n+1 (p, λ, E) := T2n (p, λ, E) +T§ (p, λ, E) , E 2 D. (4.32)

The limits of these time maps are the aim of the following lemmas.
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Lemma 42 For any p > 1 and λ > 0, we have T+ (p, λ, E¤ (p, λ)) = λ¡1/p2 £ J+ (p) , where

J+ (p) :=
¡
p0

¢¡1/p
(p +1)1/p θ (p) £

Z 1

0

n
p ¡ (θ (p) ξ)p+1 +(p+ 1) θ (p) ξ

o¡1/p
dξ

and θ (p) > (p + 1)1/p is the unique positive zero of the equation

θp+1 ¡ (p +1) θ ¡ p = 0. (4.33)

Proof For any p > 1, let us consider the function £ de…ned in (0, +1) by £(θ) := θp+1 ¡
(p+ 1) θ ¡ p. A study of its variations implies that equation (4.33) admits a unique zero in

(0, +1) , denoted byθ (p) , and this zero belongs to
³
(p +1)1/p , +1

´
(Note that£

³
(p+ 1)1/p

´
=

¡p). Furthermore, recall (Lemma 41) that, for any λ > 0 and E > 0, r+ (p, λ, E) is the unique

positive solution of equation (4.20). In particular, if E = E¤ (p, λ) :=
³³

pp0
p+1

´
λ1+

1
p

´1/p
then

r+ (p, λ, E¤ (p, λ)) is the unique positive solution of the following equation in the variable s :

sp+1 ¡λ (p+ 1) s ¡ pλ1+
1
p = 0. (4.34)

Easy computations show that θ (p)λ1/p is also a positive solution of (??), and since (??)

admits a unique positive solution (which is r+ (p, λ, E¤ (p, λ))) it follows that

r+ (p, λ, E¤ (p, λ)) = θ (p)λ1/p, 8p > 1, 8λ > 0.

Now, from (4.29), simple computations show that T+ (p, λ, E¤ (p, λ)) = λ¡1/p
2 £ J+ (p) where

J+ (p) :=
¡
p0

¢¡1/p
(p +1)1/p θ (p)

Z 1

0

³
p¡ (θ (p) ξ)p+1 +(p +1) θ (p) ξ

´¡1/p
dξ.

Therefore, Lemma 42 is proved.

Lemma 43 For any p > 1 and λ > 0, let

J (p) :=
1

p

¡
p0

¢¡1/p
(p +1)

p¡1
p2 ¢

¡
³

p¡1
p2

´
¡

³
p¡1
p

´

¡
³
(p¡1)(p+1)

p2

´ .

and

J¡ (p) :=
¡
p0

¢¡1/p
(p+ 1)1/p

Z 1

0

©
p¡ (p + 1) ξ + ξp+1

ª¡1/p
dξ.
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Then it holds:

J¡ (p) < +1 () p > 2, (4.35)

(i) lim
E!0+

T+ (p, λ, E) = J (p)λ¡1/p
2
, (ii) lim

E!0+
T¡ (p, λ, E) = 0,

(iii) lim
E!+1

T+ (p, λ, E) = 0, (iv) lim
E!E¤

T¡ (p, λ, E) = J¡ (p)λ¡1/p
2
.

Proof In order to prove the …rst assertion we …rst claim that there exists ε0 > 0 (su¢ciently

small) such that for any ξ 2 (1 ¡ ε0, 1) ,

p (p+ 1)

4
(1 ¡ ξ)2 · p¡ (p + 1) ξ + ξp+1 · p (p +1) (1 ¡ ξ)2 .

To prove this claim, for any x > 0, let

hx (ξ) := p¡ (p +1) ξ + ξp+1 ¡x (1 ¡ ξ)2 , ξ 2 (0, 1] .

Simple computations lead to

dhx

dξ
(ξ) = 2 (1 ¡ ξ)

µ
x ¡

µ
p+ 1

2

¶
1 ¡ ξp

1 ¡ ξ

¶
, ξ 2 (0, 1) .

Using l’Hôpital’s rule, we get

lim
ξ!1¡

µ
x ¡

µ
p+ 1

2

¶
1 ¡ ξp

1 ¡ ξ

¶
=

µ
x ¡ p (p +1)

2

¶
.

So, thanks to the continuity properties, there exists ε1 > 0 (resp. ε2 > 0) su¢ciently small such

that
dhp(p+1)

dξ
(ξ) > 0, 8ξ 2 (1 ¡ ε1, 1)

(resp.
¡
dhp(p+1)/4/dξ

¢
(ξ) < 0, 8ξ 2 (1 ¡ ε2, 1)).

Notice that : hx (1) = 0, 8x > 0, so that

hp(p+1) (ξ) < 0, 8ξ 2 (1 ¡ ε0, 1)

(resp. hp(p+1)/4 (ξ) > 0, 8ξ 2 (1 ¡ ε0, 1)) where ε0 = min (ε1, ε2) . Then the claim is proved.

With this claim we are able to prove easily the …rst assertion of this lemma. In fact, the
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integral which appears in the de…nition of J¡ (p) may be rewritten as

Z 1¡ε0

0

¡
p¡ (p +1) ξ + ξp+1

¢¡1/p
dξ +

Z 1

1¡ε0

¡
p ¡ (p +1) ξ + ξp+1

¢¡1/p
dξ.

The …rst integral converges because the integrand function is continuous on the compact

[0, 1 ¡ ε0] . For the second integral, it follows from the claim

A(p)

Z 1

1¡ε0

dξ

(1 ¡ ξ)
2
p

·
Z 1

1¡ε0

¡
p ¡ (p +1) ξ + ξp+1

¢¡1/p
dξ · B (p)

Z 1

1¡ε0

dξ

(1 ¡ ξ)
2
p

where A(p) = (p (p +1))¡1/p and B (p) = (p (p+ 1)/4)¡1/p . So, from the well-known fact

Z 1

1¡ε0

dξ

(1 ¡ ξ)
2
p

< +1 () p > 2

the …rst assertion follows.

Proof of (i). From (4.27), we have

T+ (p, λ, E) = r+ (p, λ, E)

Z 1

0

¡
Ep ¡ p0F (λ, r+ (p, λ, E) ξ)

¢¡1/p
dξ.

Using (4.22) one gets:

lim
E!0+

Ep ¡ p0F (λ, r+ (p, λ, E) ξ) = ¡p0F
³
λ, ((p+ 1)λ)1/p ξ

´

= p0 ((p+ 1)λ)1/p λξ (1 ¡ ξp) ,

so, some simple computations yield

lim
E!0+

T+ (p, λ, E) = (p+ 1)
p¡1
p2

¡
p0

¢¡1/p
λ¡1/p2

Z 1

0

ξ¡1/p (1 ¡ ξp)¡1/p dξ.

To compute this integral, we can make use of the change of variables x = ξp as well as the

relationship between the Euler beta and gamma functions (see for instance [77, Chap. VII, no

90, example 2, pp. 595-596]), to obtain:

Z 1

0

ξ¡1/p (1 ¡ ξp)¡1/p dξ =
1

p

¡
³

p¡1
p2

´
¡

³
p¡1

p

´

¡
³
(p¡1)(p+1)

p2

´ .

This completes the proof of (i).
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Proof of (ii). Consider the expression of T¡ (p, λ, E) given by (4.30). From (4.22), we …nd

lim
E!0+

1Z

0

µ
λ (1 ¡ ξ) ¡ (¡r¡ (p, λ, E))p

p+ 1

¡
1 ¡ ξp+1

¢¶¡1/p
dξ

=

1Z

0

(λ (1 ¡ ξ))¡
1
p dξ = λ¡

1
p £ p0.

So, (4.22) and (4.30) yield

lim
E!0+

T¡ (p, λ, E) =
¡
p0

¢¡1/p £ (0)1¡
1
p £λ¡1/p £ p0 = 0.

This completes the proof of (ii).

Proof of (iii). Consider the expression for T+ (p, λ, E) given by (4.29). From (4.22) it

holds

lim
E!+1

Z 1

0

µ
1 ¡ ξp+1

p + 1
¡λ

1 ¡ ξ

rp
+ (p, λ, E)

¶¡1/p

dξ =
1

(p +1)¡1/p

Z 1

0

¡
1 ¡ ξp+1

¢¡1/p
dξ,

and this integral may be computed by making use of the change of variables x = ξp+1 to get

Z 1

0

¡
1 ¡ ξp+1

¢¡1/p
dξ =

1

p +1

¡
³

1
p+1

´
¡

³
p¡1
p

´

¡
³

p¡1
p(p+1)

´ .

So, (4.22) and (4.29) yield

lim
E!+1

T+ (p, λ, E) =
¡
p0

¢¡1/p £ 0 £ 1

(p +1)1¡
1
p

£
¡

³
1

p+1

´
¡

³
p¡1
p

´

¡
³

p¡1
p(p+1)

´ = 0,

completing the proof of (iii).

Proof of (iv). Consider the expression for T¡ (p, λ, E) given by (4.28). We have

lim
E!E¤

(F (λ, r¡ (p, λ, E)) ¡ F (λ, r¡ (p, λ, E) ξ)) = lim
x!¡λ1/p

(F (λ, x)¡ F (λ, xξ))

=
λ
1+1

p

p+ 1

¡
p¡ (p +1) ξ + ξp+1

¢

91



so that

lim
E!E¤

T¡ (p, λ, E) = λ1/p £ ¡
p0

¢¡1/p £
Ã

λ
1+1

p

p + 1

!¡1/p

£
1Z

0

¡
p¡ (p+ 1) ξ + ξp+1¢¡1/p dξ

which is the same as

lim
E!E¤

T¡ (p, λ, E) = λ¡1/p2 £ ¡
p0

¢¡1/p £ (p +1)1/p £
1Z

0

¡
p ¡ (p+ 1) ξ + ξp+1

¢¡1/p
dξ.

This completes the proof of (iv) and Lemma 43.

Lemma 44 For any p > 1 and λ > 0, it holds

(a) lim
E!0+

T2n (p, λ, E) = nJ (p) λ¡1/p2,

(b) lim
E!0+

T+2n+1 (p, λ, E) = (n + 1)J (p)λ¡1/p
2
,

(c) lim
E!0+

T¡2n+1 (p, λ, E) = nJ (p)λ¡1/p2 ,

(d) lim
E!E¤

T2n (p, λ, E) = n (J+ (p) +J¡ (p)) £λ¡1/p2,

(e) lim
E!E¤

T+2n+1 (p, λ, E) = ((n + 1)J+ (p) + nJ¡ (p)) £λ¡1/p2,

(f) lim
E!E¤

T¡2n+1 (p, λ, E) = (nJ+ (p) + (n + 1)J¡ (p)) £λ¡1/p2.

Proof This proof is an immediate consequence of the two preceding lemmas and the de…nitions

(4.31) and (4.32) of the time maps T2n, T§2n+1.

Lemma 45 For any p > 1, λ > 0, it holds:

§∂T§
∂E

(p, λ, E) < 0, 8E 2 D§.

Proof From (4.28) we …nd

§∂T§
∂E

(p, λ, E) = (p0)¡1/p £

£
½

∂r§
∂E

(p, λ, E)

Z 1

0
(F (λ, r§ (p, λ, E)) ¡F (λ, r§ (p, λ, E) ξ))¡1/p dξ+

+r§ (p, λ, E)

Z 1

0

∂

∂E
(F (λ, r§ (p, λ, E)) ¡ F (λ, r§ (p, λ, E) ξ))¡1/p dξ

¾
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= (p0)¡1/p £

£
(

∂r§
∂E

(p, λ, E)

Z 1

0

(F (λ, r§ (p, λ, E)) ¡F (λ, r§ (p, λ, E) ξ))

(F (λ, r§ (p, λ, E)) ¡ F (λ, r§ (p, λ, E) ξ))1+
1
p

dξ¡

¡1

p
r§ (p, λ, E)

∂r§
∂E

(p, λ, E)£

£
Z 1

0

f (λ, r§ (p, λ, E))¡ f (λ, r§ (p, λ, E) ξ) ξ

(F (λ, r§ (p, λ, E))¡ F (λ, r§ (p, λ, E) ξ))1+
1
p

dξ

)

then

§∂T§
∂E

(p, λ, E) =
1

p
(p0)¡1/p

µ§∂r§
∂E

(p, λ, E)

¶
£

£
Z 1

0

§ (H (λ, r§ (p, λ, E)) ¡ H (λ, r§ (p, λ, E) ξ))

(F (λ, r§ (p, λ, E)) ¡F (λ, r§ (p, λ, E) ξ))1+
1
p

dξ
(4.36)

where H (λ, x) = pF (λ, x) ¡ xf (λ, x) = ¡1
p+1 jxjpx ¡ (p¡ 1)λx. Because the function x 7¡!

H (λ, x) is decreasing for each …xed λ > 0 (in fact,
∂H

∂x
(λ, x) < 0), it follows that

§(H (λ, r§ (p, λ, E))¡ H (λ, r§ (p, λ, E) ξ)) < 0, 8λ > 0, 8ξ 2 (0, 1) .

Hence, the integral in (4.36) is negative. So, because of (4.25), the proof of Lemma 45 is

completed.

4.4.2 Completion of the proof of Theorem 38

The proof is carried out by making use of the quadrature method (Chapter 1). We have to

resolve equations of the type T (E) = 1
2, where T denotes, in each case, the appropriate time

map.

Solution in B+
n . Recall that r+ (p, λ, 0) = ((p+ 1)λ)1/p . Furthermore

T+ (p, λ, 0) =

Z r+(p, λ, 0)

0

¡¡p0F (p, λ, ξ)
¢¡1/p

dξ = J (p)λ¡1/p
2
,

where J (p) is as de…ned in Lemma 43. Then problem (4.1) admits a solution in B+
n if and only

if nJ (p)λ
¡ 1

p2 = (1/2) , that is, if and only if λ = (2nJ (p))p
2
.

Solution in B¡
n . Since 0 /2 D¡ = (0, E¤ (p, λ)) , problem (4.1) admits no solution in

S
n¸1

B¡n .

Solution in A+1 . Recall that for any p > 1 and λ > 0 the function E 7! T+ (p, λ, E) is
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de…ned in [0, +1), strictly decreasing (Lemma 45) and by Lemma 43,

lim
E!0+

T+ (p, λ, E) = J (p)λ
¡ 1

p2 , lim
E!+1

T+ (p, λ, E) = 0.

Then, equation T+ (p, λ, E) = (1/2) in the variable E 2 (0, +1) admits a solution in [0, +1)

if and only if J (p)λ¡1/p
2

> 1/2, that is, if and only if λ < (2J (p))p
2
, and in this case, the

solution is unique since the function T+ (p, λ, ¢) is strictly decreasing.

Solution in A¡1 . Case 1 < p · 2. In this case, for each λ > 0, the function E 7!
T¡ (p, λ, E) is de…ned in D¡ = (0, E¤ (p, λ)) , strictly increasing (Lemma 45) and

lim
E!0+

T¡ (p, λ, E) = 0, lim
E!E¤

T¡ (p, λ, E) = +1.

(Lemma 43, (ii) and Assertion (4.35)). So, the equation T¡ (p, λ, E) = (1/2) in the variable

E 2 D¡ admits a unique solution in D¡ for any λ > 0.

Case p > 2. In this case, for each λ > 0, the function E 7! T¡ (p, λ, E) is de…ned in

D¡ = (0, E¤ (p, λ)) , strictly increasing (Lemma 45) and

lim
E!0+

T¡ (p, λ, E) = 0, lim
E!E¤

T¡ (p, λ, E) = J¡ (p)λ¡1/p
2

< +1.

(Lemma 43). So, the equation T¡ (p, λ, E) = (1/2) in the variable E 2 D¡ admits a solution

in D¡ if and only if (1/2) < J¡ (p)λ¡1/p
2
, that is, if and only if λ < (2J¡ (p))p

2

, and in this

case the solution is unique since T¡ (p, λ, ¢) is strictly increasing.

Solution in A§2n. Case 1 < p · 2. In this case, for each λ > 0, the function E 7!
T2n (p, λ, E) is de…ned in D = (0, E¤ (p, λ)) , and

lim
E!0+

T2n (p, λ, E) = nJ (p)λ¡1/p2, lim
E!E¤

T2n (p, λ, E) = +1,

(Lemma 44 and Lemma 43, Assertion (4.35)). So, the equation T2n (p, λ, E) = (1/2) in the

variable E 2 D admits a solution in D provided that (1/2) > nJ (p)λ¡1/p
2
, that is, provided

that λ > (2nJ (p))p2 .

Case p > 2. In this case, for each λ > 0, the function E 7! T2n (p, λ, E) is de…ned in
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D = (0, E¤ (p, λ)) , and

lim
E!0+

T2n (p, λ, E) = nJ (p)λ¡1/p2,

lim
E!E¤

T2n (p, λ, E) = nλ¡1/p2 (J¡ (p) +J+ (p)) < +1

(Lemma 44 and Lemma 43, Assertion (4.35)). So, the equation T2n (p, λ, E) = (1/2) in the

variable E 2 D admits a solution in D provided that

nλ¡1/p
2
inf (J (p) , J¡ (p) +J+ (p)) <

1

2
< nλ¡1/p2 sup(J (p) , J¡ (p) + J+ (p)) ,

that is, provided that

f2n inf (J (p) , J¡ (p) + J+ (p))gp2 < λ < f2n sup (J (p) , J¡ (p)+ J+ (p))gp2 .

Solution in A+2n+1. Case 1 < p · 2. In this case, for each λ > 0, the function E 7!
T+2n+1 (p, λ, E) is de…ned in D = (0, E¤ (p, λ)) , and

lim
E!0+

T+2n+1 (p, λ, E) = (n + 1)J (p)λ¡1/p
2
, lim

E!E¤
T+2n+1 (p, λ, E) = +1,

(Lemma 44 and Lemma 43, Assertion (4.35)). So, the equation T+2n+1 (p, λ, E) = (1/2) in

the variable E 2 D admits a solution in D provided that (n +1)J (p)λ¡1/p
2

< (1/2) , that is,

provided that λ > (2(n + 1)J (p))p2 .

Case p > 2. In this case, for each λ > 0, the function E 7! T+2n+1 (p, λ, E) is de…ned in

D = (0, E¤ (p, λ)) , and

lim
E!0+

T+2n+1 (p, λ, E) = (n + 1)J (p)λ¡1/p2 ,

lim
E!E¤

T+2n+1 (p, λ, E) = λ¡1/p2 ((n + 1)J+ (p) +nJ¡ (p)) < +1,

(Lemma 44 and Lemma 43, Assertion (4.35)). So, the equation T+2n+1 (p, λ, E) = (1/2) in the

variable E 2 D admits a solution in D provided that

λ¡1/p2 inf ((n + 1)J (p) , (n + 1)J+ (p) +nJ¡ (p))

<
1

2
< λ¡1/p2 sup ((n +1)J (p) , (n +1)J+ (p) +nJ¡ (p)) ,
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that is, provided that

f2inf ((n +1)J (p) , (n +1)J+ (p)+ nJ¡ (p))gp2

< λ < f2 sup ((n + 1)J (p) , (n + 1)J+ (p) +nJ¡ (p))gp2 .

Solution in A¡2n+1. Case 1 < p · 2. In this case, for each λ > 0, the function E 7!
T¡2n+1 (p, λ, E) is de…ned in D = (0, E¤ (p, λ)) , and

lim
E!0+

T¡2n+1 (p, λ, E) = nJ (p)λ¡1/p2, lim
E!E¤

T¡2n+1 (p, λ, E) = +1,

(Lemma 44 and Lemma 43, Assertion (4.35)). So, the equation T¡2n+1 (p, λ, E) = (1/2) in the

variable E 2 D admits a solution in D provided that nJ (p)λ¡1/p2 < (1/2) , that is, provided

that λ > (2nJ (p))p2 .

Case p > 2. In this case, for each λ > 0, the function E 7! T¡2n+1 (p, λ, E) is de…ned in

D = (0, E¤ (p, λ)) , and

lim
E!0+

T¡2n+1 (p, λ, E) = nJ (p)λ¡1/p2,

lim
E!E¤

T¡2n+1 (p, λ, E) = λ¡1/p2 (nJ+ (p) + (n + 1)J¡ (p)) < +1,

(Lemma 44 and Lemma 43, Assertion (4.35)). So, the equation T¡2n+1 (p, λ, E) = (1/2) in the

variable E 2 D admits a solution in D provided that

λ¡1/p2 inf (nJ (p) , nJ+ (p) + (n + 1)J¡ (p))

<
1

2
< λ¡1/p

2
sup (nJ (p) , nJ+ (p) + (n + 1)J¡ (p)) ,

that is, provided that

f2 inf ((nJ (p) , nJ+ (p) + (n+ 1)J¡ (p)))gp2

< λ < f2sup ((nJ (p) , nJ+ (p) + (n +1)J¡ (p)))gp2 .

Then the proof of Theorem 38 is complete.

4.5 Remark

Theorem 38 shows that for 1 < p · 2 (resp. p > 2) solutions to (4.1) with k ¸ 1 interior nodes

exist for all λ belonging to an interval unbounded from above (resp. a bounded interval). Hence,
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for 1 < p · 2, if problem (4.1) admits a solution with a prescribed number k0 ¸ 1 of nodes for

a certain value λ0 of λ, it steel admits solutions with k0 nodes for all λ greater than λ0. In the

next chapter we show that this is not the case for p > 2 and these changes in the behavior of

the solution set as p varies depend strongly on the nonlinearity of the problem.
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Chapter 5

Exactness results for a generalized

Ambrosetti-Brezis-Cerami problem

related to one dimensional elliptic

equations

Electronic Journal of Di¤erential Equations, 2000 (2000),No 66, pp.1-34.

5.1 Introduction

The combined e¤ects of concave and convex nonlinearities were considered by Ambrosetti, Brezis

and Cerami in [17]. They consider the problem

8
>>><
>>>:

¡¢u = uα¡1+ λuβ¡1, x 2 ­

u > 0 x 2 ­

u = 0 x 2 ­

(5.1)

with 1 < β < 2 < α and λ > 0. They prove the existence of a constant ¤ > 0 such that a

solution uλ of (5.1) exists if and only if 0 < λ · ¤. Moreover, if the condition α · α¤ holds,

then for all λ 2 (0,¤) problem (5.1) has a second solution vλ > uλ, where α¤ := (2N )/(N ¡2) if

N ¸ 3 and α¤ = +1 if N = 1,2. Since then several papers appeared in which concave-convex

nonlinearities were involved. We refer the reader to [17]-[29], [88], [118].

At the end of their paper [17], Ambrosetti, Brezis and Cerami suggested the study of the

98



structure of the solution set of the one-dimensional problem

8
<
:

¡u00 = jujα¡2 u+ λ jujβ¡2u, a < x < b

u(a) = u(b) = 0
(5.2)

with 1 < β < 2 < α and λ > 0. This study was done by S. Villegas [118] by means of a

quadrature method. He has shown that there exist two monotone divergent sequences fεng and

fLng; εn · Ln satisfying:

i) If λ 2 (0, εn) then (5.2) has exactly two pairs of opposite solutions with n +1 zeros.

ii) If λ 2 [εn, Ln) then (5.2) has at least two pairs of opposite solutions with n + 1 zeros.

iii) If λ = Ln then (5.2) has at least one pair of opposite solutions with n +1 zeros.

iv) If λ > Ln then (5.2) has no solutions with n +1 zeros.

In the present paper, we consider the p-Laplacian version of problem (5.2), that is, we

consider the boundary-value problem

8
<
:

¡(ϕp(u
0))0 = f(λ,u) in (0,1)

u(0) = u(1) = 0
(5.3)

with ϕp(x) = jxjp¡2x and f(λ, u) = ϕα(u)+ λϕβ(u) and notice that when p = 2, problem (5.3)

is reduced to problem (5.2). We are mainly interested in the question: how does the solution

set of (5.3) look like when p 6= 2 and 1 < β < p < α, λ > 0 ? The interest in this question

comes from the fact that the structure of the solution set of problem (5.3) depends on p > 1

for some examples of second members f(λ,u) (see for instance, Guedda and Veron [69], Addou

[4]) and does not depend on p for some others (see for instance, Addou and Benmezaï [9], for

positive solutions when f(λ,u) = λ exp(u)). We shall prove that for f(λ, u) = ϕα(u) +λϕβ(u),

and 1 < β < p < α, Villegas’ result holds for problem (5.3) for all p > 1 (part of Theorem 46,

Assertion (C)).

Notice that Assertions (ii) and (iii), in Villegas’ result, do not provide the exact number

of solutions with n + 1 zeros. So, when λ belongs to the range [εn, Ln], the exact number of

solutions with n +1 zeros has yet to be studied.

The exact number of solutions for problem (5.1) when λ ranges over the whole interval

(0,+1), was given by Ouyang and Shi [88], but under two restrictions: ­ was taken to be the

unit ball in RN and the space dimension N ¸ 4. They proved the existence of some ¤ > 0 such
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that problem (5.1) has exactly two solutions for λ 2 (0,¤), exactly one solution for λ = ¤, and

no solution for λ > ¤. Actually their result concerns more general nonlinearities.

Next, the purpose of our investigation is to complete our study by providing the exact number

of solutions to (5.3) when 1 < β < p < α, for all p > 1 and all λ > 0. So, in the particular case

where p = 2, Theorem 46, Assertion (C), completes Villegas’ result and solves completely the

Ambrosetti-Brezis-Cerami problem [17, Section 6, (d)].

Going on with our study, we were led quite naturally to study what may happens if λ is not

necessarily positive or p is not necessarily between α and β. A precise description of the solution

set of problem (5.3) for various values of p,α, and β is given

As it is well known, exactness results are di¢cult to obtain. The di¢culties encountered in

our study for λ > 0 and for λ < 0 are of di¤erent kinds. For λ > 0, we used an idea performed

by the authors Addou and Benmezaï in [8], (see the proof of (iii) in [8, pp. 11-13]).

The chapter is organized as follows. The main results are stated in Section 5.2. To prove our

results we make use of a quadrature method which is described in Chapter 1. The main results

for the case λ > 0 are proved in Section 5.3, while those for λ < 0 are proved in Section 5.4.

5.2 Notation and main results

Let, for any integer k ¸ 1, S+k ,S¡k , ,Sk, A+k , A¡k , and Ak the subsets of C1 ([a, b]) de…ned in

chapter 1.

Denote by (λk)k¸1 the eigenvalues of the one dimensional p-Laplacian operator with Dirichlet

boundary conditions, 8
<
:

¡ ¡
ϕp (u0)

¢0
= λϕp (u) in (0,1)

u (0) = u (1) = 0

One has for each integer k ¸ 1 and p > 1, λk = kpλ1 and

λ1 = (p ¡ 1)(2

Z 1

0
(1 ¡ tp)¡1/pdt)p = (p¡ 1)(

2π

p sin(π/p)
)p.

Now we de…ne some constants we shall use in the statement of the main results. For all p,

α, β > 1, let

J(p,α,β) :=
(p0)¡1/p

(α ¡β)
(
α

β
)(p¡α)/p(α¡β)B(

(p ¡ β)

p(α ¡β)
,
p¡ 1

p
), (5.4)

where B(¢, ¢) is the Beta function. Also, for all β > α > 1, and p > 1, let

K(p,α, β) =

Z 1

0
f(1 ¡ tα

α
) ¡ (

1 ¡ tβ

β
)g¡1/pdt. (5.5)
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We shall prove (see Lemma 53) that : K(p, α, β) < +1 if and only if p > 2.

For all λ 2 R, denote Sλ the solution set of problem (5.3). The main results of this paper

read as follows:

Theorem 46 Let p, α, β > 1 and λ > 0.

(A) Assume that one of the following conditions holds:

(a) α > p and β > p, or

(b) α = p and β > p, or

(c) α < p and β < p, or

(d) α = p and β < p.

Then, for each integer k = 1, 2, ¢ ¢ ¢, there exists uk 2 A+k such that Sλ \ Ak = fuk, ¡ukg.

(B) Assume that one of the following conditions holds:

(a) α > p and β = p, or

(b) α < p and β = p.

Then, for each integer k = 1, 2, ¢ ¢ ¢,

(i) If λ ¸ λk, Sλ \ Ak = ;.

(ii) If 0 < λ < λk, there exists uk 2 A+k such that Sλ \ Ak = fuk,¡ukg.

(C) Assume that 1 < β < p < α. Then for each integer k = 1,2, ¢ ¢ ¢, there exist a real number

µk > 0 such that

(i) If λ > µk, Sλ \ Ak = ;.

(ii) If λ = µk, there exists uk 2 A+k such that (Sλ \ Ak) = fuk,¡ukg.

(iii) If λ 2 (0, µk), there exist uk, vk 2 A+k such that uk 6= vk and (Sλ\Ak) = fuk, vk,¡uk,¡vkg.

Theorem 47 Let p, α, β > 1 and λ < 0.

(A) Assume that one of the following conditions holds:

(a) p > 2,and 1 < α < p < β, or

(b) p > 2,and 1 < α < β = p, or
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(c) p > 2, and 1 < α < β < p.

Then, there exists an increasing sequence of positive real numbers (µk)k 1̧ such that for

each integer k = 1,2, ¢ ¢ ¢,

(i) If λ < ¡µk, Sλ \ Ak = ;.

(ii) If ¡µk · λ < 0, there exists uk 2 A+k such that Sλ \ Ak = fuk, ¡ukg.

(B) Assume that 1 < β < p < α. Then there exists an increasing sequence of positive real

numbers (µk)k¸1 such that for each integer k = 1,2, ¢ ¢ ¢,

(i) If λ · ¡µk, Sλ \ Ak = ;.

(ii) If ¡µk < λ < 0, there exists uk 2 A+k such that Sλ \ Ak = fuk, ¡ukg.

(C) Assume that 1 < p · 2, λ < 0 and one of the following conditions holds:

(a) 1 < α < p < β, or

(b) 1 < α < β = p, or

(c) 1 < α < β < p, or

(d) 1 < p · β < α.

Then, for each integer k = 1, 2, ¢ ¢ ¢, there exists uk 2 A+k such that Sλ \ Ak = fuk, ¡ukg.

(D) Assume that 1 < p · 2, 1 < α = p < β, and λ < 0. Then for each integer k = 1, 2, ¢ ¢ ¢,

(i) If k ¸ ( p2

λ1
)1/p, Sλ \ Ak = ;.

(ii) If k < (p2

λ1
)1/p, there exists uk 2 A+k such that Sλ \ Ak = fuk,¡ukg.

(E) Assume that 1 < β < α = p, then for each integer k = 1, 2, ¢ ¢ ¢,

(i) If k · (2J(p, α = p,β))¡1 or k ¸ (p2/λ1)1/p, Sλ \ Ak = ;.

(ii) If (2J(p, α = p,β))¡1 < k < (p2/λ1)
1/p, there exists uk 2 A+k such that Sλ \ Ak =

fuk,¡ukg.

(F) Assume that 2 < p = α < β, then for each integer k = 1,2, ¢ ¢ ¢,

(i) If k < (2K(p, α,β))¡1or k ¸ (p2/λ1)
1/p, Sλ \ Ak = ;.
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(ii) If (2K(p, α, β))¡1 · k < (p2/λ1)1/p, there exists uk 2 A+k such that Sλ \ Ak =

fuk,¡ukg.

(G) Assume that 1 < p · 2 and p < α < β. Then, there exists an increasing sequence (µk)k 1̧

such that limk!+1µk = 0 and

(i) If λ < µk, Sλ \ Ak = ;.

(ii) If λ = µk, there exists uk 2 A+k such that (Sλ \ Ak) = fuk,¡ukg.

(iii) If λ 2 (µk,0), there exist uk, vk 2 A+k such that uk 6= vk and (Sλ\Ak) = fuk, vk,¡uk,¡vkg.

(H) Assume that one of the following conditions holds:

(a) 2 < p < α < β or

(b) 1 < β < α < p.

Then, there exist two increasing sequences (µk)k¸1 and (νk)k¸1 such that for all k ¸ 1,

µk < νk < 0, limk!+1µk = 0 and

If λ < µk, Sλ \ Ak = ;.

If λ = µk, there exists uk 2 A+k such that (Sλ \ Ak) = fuk, ¡ukg.

If λ 2 (µk, νk], there exist uk, vk 2 A+k such that uk 6= vk and (Sλ\Ak) = fuk, vk,¡uk,¡vkg.

If λ 2 (νk,0), there exists uk 2 A+k such that (Sλ \ Ak) = fuk, ¡ukg.

5.3 Proof of Theorem 46

This section is organized as follows. We begin by some lemmas in the …rst subsection. The …rst

lemma (Lemma 48) is used in order to de…ne the time map, while in Lemma 49 we compute the

limits and in Lemma 50 we study the variations of the time map. Next we dedicate a separate

subsection to the proof of each assertion of Theorem 46.

5.3.1 Preliminary lemmas

We begin by the following technical Lemma.

Lemma 48 Consider the function de…ned on R+ by,

s 7¡! G(λ, E, s) := Ep ¡ p0F(λ, s),
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where p, α, β > 1, E > 0 and λ > 0 are real parameters, and

F(λ, s) :=

Z s

0
f(λ, t)dt =

1

α
sα +

λ

β
sβ , s ¸ 0.

For all λ > 0 and E > 0 there exists a unique s(λ, E) > 0 such that the function G(λ, E, ¢)
is strictly positive on (0, s(λ,E)), vanishes at s(λ, E) and is strictly negative on (s(λ, E), +1).

Moreover,

(i) The function E 7! s(λ,E) is C1 on (0, +1), and

∂s

∂E
(λ, E) =

(p ¡ 1)Ep¡1

f(λ,s(λ, E))
> 0, for all E > 0 and all λ > 0.

(ii) limE!0+ s(λ,E) = 0, limE!+1 s(λ,E) = +1.

Proof For any …xed p > 1, E > 0 and λ > 0, consider the function

s 7¡! G(λ, E, s) := Ep ¡ p0F(λ, s),

de…ned on [0, +1). One has
∂G

∂s
(λ,E,s) = ¡p0f(λ, s).

Notice that,

f(λ, s) = sα¡1+ λsβ¡1 > 0, for all s > 0 and all λ ¸ 0. (5.6)

Thus, the function G(λ, E, ¢) is strictly decreasing on (0, +1). On the other hand, one has

G(λ,E,0) = Ep > 0 and lim
s!+1

G(λ, E, s) = ¡1.

Therefore, G(λ,E, ¢) admits a unique positive zero, denoted by s(λ,E), and it is strictly positive

on (0, s(λ, E)) and is strictly negative on (s(λ,E), +1).

Proof of (i). For any p > 1 and λ ¸ 0, consider the real-valued function,

(E,s) 7! G(E, s) := Ep ¡ p0F (λ,s),

de…ned on ­ = (0,+1)2. One has G 2 C1(­) and,

∂G

∂s
(E, s) = ¡p0f(λ,s) in ­,
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hence, according to (5.6), it follows that

∂G

∂s
(E, s) < 0, in ­.

Observe that for all E > 0 and λ ¸ 0, the couple (E,s(λ, E)) belongs to ­ and one has

G(E,s(λ, E)) = 0. (5.7)

Thus, we can make use of the implicit function theorem to show that the function E 7! s(λ,E)

is C1(R+, R+) and to obtain the expression of (∂s/∂E)(λ, E) given in (i). Its sign is given by

(5.6) and the fact that s(λ, E) > 0 for all λ ¸ 0 and E > 0. Therefore, Assertion (i) is proved.

Proof of (ii). For any …xed p > 1 and λ ¸ 0, Assertion (i) of the current lemma implies that

the function de…ned on (0, +1) by E 7! s(λ,E) is strictly increasing. It is bounded from below

by 0 and from above by +1. Thus, the limits limE!0+ s(λ,E) = l0 and limE!+1 s(λ,E) = l+

exist and satisfy

0 · l0 < l+ · +1.

Let us observe that for any …xed p > 1 and λ ¸ 0, the function (E,s) 7! G(E,s) is continuous

on [0,+1)2 and the function E 7! s(λ,E) is continuous on [0, +1) and satis…es (5.7). Thus,

by passing to the limit in (5.7) as E tends to 0+, we get

0 = lim
E!0+

G(E, s(λ,E)) = G(0, l0).

Hence, l0 is a zero, belonging to [0,+1), to the equation in the variable s : G(0, s) = 0. By

solving this equation we …nd l0 = 0.

Assume that l+ < +1, then by passing to the limit in (5.7) as E tends to +1 we obtain

+1 = p0F(λ, l+) < +1,

which is impossible. So, l+ = +1. Therefore, Lemma 48 is proved

Now, for any p > 1, α,β > 1, λ > 0 and E > 0, we compute X(λ,E) as de…ned in Chapter

1. In fact, for all E > 0, X(λ, E) = (0, s(λ,E)), where s(λ, E) is de…ned in Lemma 48. Then,

r(λ,E) = s(λ, E) for all λ > 0 and E > 0. Hence, for any p > 1, λ > 0,

0 < r(λ,E) < +1 if and only if E > 0.
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Also, for all E > 0,

f(λ,r(λ, E)) = ϕα(r(λ, E)) +
λ

β
ϕβ(r(λ, E)) > 0.

So, D (λ) = (0, +1) for all λ > 0.

Before going further in the investigation, from Lemma 48, we deduce that for any …xed p > 1

and λ > 0

Ep = p0F(λ, r(λ,E)), for all E > 0 (5.8)

∂r

∂E
(λ, E) =

(p¡ 1)Ep¡1

f(λ,r(λ, E))
> 0, for all E > 0 and all λ > 0. (5.9)

lim
E!0+

r(λ,E) = 0, lim
E!+1

r(λ, E) = +1. (5.10)

At present we de…ne, for any p > 1,λ > 0 and E > 0, the time map

T(λ, E) =

Z r(λ,E)

0
fEp ¡ p0F (λ,ξ)g¡1/pdξ, E > 0.

By (5.8), it follows that

T(λ, E) = (p0)¡1/p

Z r(λ,E)

0
fF(λ, r(λ,E))¡ F(λ, ξ)g¡1/pdξ.

Furthermore, a simple change of variables and a substitution yield

T(λ, E) = (p0)¡1/p

Z 1

0
fλrβ¡p(λ, E)(

1 ¡ tβ

β
) + rα¡p(λ,E)(

1 ¡ tα

α
)g¡1/pdt.

Let’s observe that

T (λ,E) = S(λ,r(λ,E)), for all λ > 0, E > 0,

where

S(λ, ρ) = (p0)¡1/p
Z 1

0

fλρβ¡p(
1 ¡ tβ

β
) + ρα¡p(

1 ¡ tα

α
)g¡1/pdt,

for all λ > 0 and ρ > 0.

Beacuase the function E 7! r(λ, E) is an increasing C1-di¤eomorphism from (0, +1) onto

itself it follows that if we put, for all λ > 0,

J1(λ) := fE 2 (0, +1) : T (λ, E) = 1/2g,
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and

J2(λ) := fρ 2 (0,+1) : S(λ,ρ) = 1/2g,

then

Card(J1(λ)) = Card(J2(λ)), for all λ > 0.

Hence, from now on, we will focus our attention on the counting of the number of solution(s) of

the equation S(λ,ρ) = 1/2 in the variable ρ 2 (0, +1), instead of the equation T(λ, E) = 1/2 in

the variable E 2 (0, +1). In the next lemma we shall compute the limits of S(λ, ¢)when λ > 0.

Lemma 49 For all λ > 0, p > 1, it holds

lim
ρ!0+

S(λ,ρ) = 0, if α < p

lim
ρ!0+

S(λ,ρ) =

8
<
:

1
2λ
1/p
1 if α = p and β > p

0 if α = p and β < p

lim
ρ!0+

S(λ,ρ) =

8
>>><
>>>:

+1 if α > p and β > p

1
2
(λ1

λ
)1/p if α > p and β = p

0 if α > p and β < p

lim
ρ!+1

S(λ,ρ) =

8
>>><
>>>:

0 if α < p and β > p

1
2(

λ1
λ )1/p if α < p and β = p

+1 if α < p and β < p

lim
ρ!+1

S(λ,ρ) =

8
<
:

0 if α = p and β > p

1
2λ
1/p
1 if α = p and β < p

lim
ρ!+1

S(λ, ρ) = 0 if α > p .

Proof The proof of this lemma follows from easy computations

Lemma 50 For all p > 1, α, β > 1 and λ > 0,

1. S(λ, ¢) is strictly decreasing on (0, +1) provided that

(α > p and β ¸ p) or (α = p and β > p).
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2. S(λ, ¢) is strictly increasing on (0, +1) provided that

(α < p and β · p) or (α = p and β < p).

3. S(λ, ¢) is strictly increasing on (0, ρ1(λ)) and is strictly decreasing on

(ρ2(λ),+1), provided that

(α > p and β < p) or (α < p and β > p),

where

ρ1(λ) := ((¡λ)
(p ¡β)

(p ¡α)
)1/(α¡β) < ρ2(λ) := ((¡λ)

(p¡ β)α

(p¡ α)β
)1/(α¡β).

Proof For all p > 1, α,β > 1 and λ > 0, easy computation yields

∂S

∂ρ
(λ,ρ) = (p0)¡1/p

Z ρ

0

H(λ,ρ) ¡H(λ,u)

pρ(F (λ,ρ) ¡F (λ,u))1+(1/p)
du,

where

H(λ, ρ) = pF(λ, ρ) ¡ ρf(λ, ρ) = (
p ¡α

α
)ρα +λ(

p ¡β

β
)ρβ.

It follows that,
∂H

∂ρ
(λ,ρ) = (p¡ α)ρα¡1 +λ(p ¡ β)ρβ¡1.

Thus, if (α > p and β ¸ p) or (α = p and β > p), H(λ, ¢) is strictly decreasing on (0,+1)

and then, for all λ > 0 and ρ > 0

H(λ, ρ) ¡ H(λ,u) < 0, for all u 2 (0, ρ),

and therefore,
∂S

∂ρ
(λ, ρ) < 0, for all ρ > 0.

If (α < p and β · p) or (α = p and β < p), H(λ, ¢) is strictly increasing on (0,+1) and

then for all ρ > 0, λ > 0

H(λ,ρ) ¡H(λ,u) > 0, for all u 2 (0, ρ),

and therefore,
∂S

∂ρ
(λ, ρ) > 0, for all ρ > 0.
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If (α > p and β < p) or (α < p and β > p), H(λ, ¢) is strictly increasing on (0, ρ1(λ))

and strictly decreasing on (ρ1(λ),+1). Moreover, H(λ, ¢) is strictly positive on (0, ρ2(λ)) and

strictly negative on (ρ2(λ),+1) and vanishes at 0 and at ρ2(λ). Therefore, for all λ > 0 and

ρ 2 (0, ρ1(λ))

H(λ, ρ) ¡ H(λ,u) > 0 for all u 2 (0, ρ)

and for all ρ 2 (ρ2(λ), +1),

H(λ, ρ) ¡ H(λ,u) < 0 for all u 2 (0, ρ).

That is, S(λ, ¢) is strictly increasing on (0, ρ1(λ)) and is strictly decreasing on (ρ2(λ),+1).

5.3.2 Proof of Assertion A

Case (a). Assume that α > p and β > p. By Lemma 49, it follows that for all λ > 0,

lim
ρ!0+

S (λ,ρ) = +1, and lim
ρ!+1

S (λ,ρ) = 0,

and by Lemma 50, S (λ, ¢) is strictly decreasing on (0, +1). Thus, for each integer k = 1, 2, ¢ ¢ ¢,
the equation kS (λ, ρ) = 1/2, in the variable ρ > 0, admits a unique solution for all λ > 0.

Therefore, for each integer k = 1, 2, ¢ ¢ ¢, problem (5.3) admits a unique pair of solutions fuk, vkg
in Ak, for all λ > 0. Moreover vk = ¡uk.

Case (b). Assume that α = p and β > p. By Lemma 49, it follows that for all λ > 0,

lim
ρ!0+

S (λ,ρ) =
1

2
λ
1/p
1 (p), and lim

ρ!+1S (λ, ρ) = 0,

and by Lemma 50, S(λ, ¢) is strictly decreasing on (0, +1). Thus, for each integer k = 1, 2, ¢ ¢ ¢,
the equation kS(λ,ρ) = 1/2, in the variable ρ > 0, admits at least a solution in (0,+1) if and

only if (k/2)λ
1/p
1 (p) > 1/2, that is, if and only if,

λ1(p) > k¡p, (5.11)

and in this case, the solution is unique. Notice that for each integer k = 1,2, ¢ ¢ ¢, k¡p · 1. So,

(5.11) holds provided that

λ1(p) > 1, for all p > 1 . (5.12)

In the appendix, we shall prove that (5.12) holds true. Therefore, for each integer k = 1, 2, ¢ ¢ ¢,
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problem (5.3) admits a unique pair of solutions fuk, vkg in Ak, for all λ > 0. Moreover, vk = ¡uk.

The proofs of Cases (c) and (d) are similar and then omitted. Therefore, Assertion A is

proved.

5.3.3 Proof of Assertion B

Assume that α > p (resp. α < p) and β = p. By Lemma 49, it follows that for all λ > 0,

lim
!0

S(λ,ρ) =
1

2
(
λ1
λ

)1/p (resp. =0), and

lim
ρ!+1

S(λ,ρ) = 0 (resp. =
1

2
(
λ1
λ

)1/p),

and by Lemma 50, S(λ, ¢) is strictly decreasing (resp. increasing) on (0,+1). Thus, for each

integer k = 1,2, ¢ ¢ ¢, the equation kS(λ,ρ) = 1/2, in the variable ρ > 0, admits at least a solution

in (0,+1) if and only if (k/2)(λ1/λ)1/p > 1/2, that is, if and only if 0 < λ < kpλ1(p) = λk(p),

and in this case, the solution is unique. Therefore, for each integer k = 1, 2, ¢ ¢ ¢, problem (5.3)

admits a unique pair of solutions fuk, vkg (resp. admits no solution) in Ak, for all λ satisfying

0 < λ < λk(p) (resp. λ ¸ λk(p)). Moreover, uk = ¡vk.

5.3.4 Proof of Assertion C

Assume that 1 < β < p < α. By Lemma 49, it follows that for all λ > 0,

lim
ρ!0+

S(λ, ρ) = lim
ρ!+1

S(λ,ρ) = 0.

Thus, for all λ > 0, there exists a unique M(λ) > 0 such that M(λ) = supρ¸0S(λ, ρ).

Lemma 51 Assume that 1 < β < p < α. Then,

(a) M(¢) is continuous on (0, +1).

(b) M(¢) is strictly decreasing on (0, +1).

(c) limλ!0+ M(λ) = +1, and limλ!+1M(λ) = 0.

Proof Recall that for all λ > 0 and ρ > 0

S(λ,ρ) = (p0)¡1/p
Z 1

0
(λρβ¡p(

1 ¡ tβ

β
) + ρα¡p(

1 ¡ tα

α
))¡1/pdt.
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For all λ > 0 and ρ > 0, let ¹ρ = ¹ρ(λ, ρ) := λ1/(β¡α)ρ. Then, ρ = λ1/(α¡β)¹ρ and a simple

substitution yields:

S(λ, ρ) = λ(p¡α)/p(α¡β)S(1,¹ρ(λ,ρ)).

Thus,

M(λ) = λ(p¡α)/p(α¡β) sup
ρ¸0

S(1, ¹ρ(λ,ρ)) = λ(p¡α)/p(α¡β) sup
¹ρ¸0

S(1, ¹ρ).

Therefore,

M(λ) = λ(p¡α)/p(α¡β)M(1), for all λ > 0. (5.13)

Assertions (a), (b) and (c) are simple consequences of formula (5.13). Therefore, Lemma 51 is

proved

By Lemma 51 (or by formula (5.13)), it follows that the function M(¢) admits an inverse

function M¡1(¢) de…ned and strictly decreasing on (0,+1) and satis…es:

lim
y!0

M¡1(y) = +1, and lim
y!+1

M¡1(y) = 0 .

Therefore, for each integer k = 1,2, ¢ ¢ ¢, we de…ne Lk := M¡1(1/2k). Thus, (Lk)k¸1 is a strictly

increasing sequence and satis…es limk!+1 Lk = +1, and

² kM(λ) < 1/2, for all λ > Lk,

² kM(λ) = 1/2, for all λ = Lk

² kM(λ) > 1/2, for all λ 2 (0,Lk).

Therefore, the equation kS(λ,ρ) = 1/2, in the variable ρ > 0,

² admits no solution for all λ > Lk,

² admits at least a solution for λ = Lk,

² admits at least two solutions for all λ 2 (0,Lk).

Thus, for each integer k = 1, 2, ¢ ¢ ¢, problem (5.3),

² admits no solution in Ak, for all λ > Lk,

² admits at least one pair of solutions fuk, vkg in Ak, for λ = Lk. Moreover, uk = ¡vk.

² admits at least two pairs of solutions fuk,Ukg[fvk,Vkg in Ak, for all λ 2 (0,Lk). Moreover,

Uk = ¡uk and Vk = ¡vk.
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At present, let us prove that for each integer k = 1, 2, ¢ ¢ ¢, there exists εk 2 (0,Lk) such

that the equation kS(λ, ρ) = 1/2, in the variable ρ > 0, admits exactly two solutions for all

λ 2 (0, εk). To this end, it su¢ces to prove that for each integer k = 1, 2, ¢ ¢ ¢, there exists

εk 2 (0, Lk) such that for all λ 2 (0, εk) :

kS(λ,ρ) > 1/2, for all ρ 2 [ρ1(λ), ρ2(λ)], (5.14)

where ρi(λ), i = 1, 2, are de…ned in Lemma 50. In fact, assume that for all λ 2 (0, εk), (5.14)

holds, then kS(λ,ρ1(λ)) > 1/2 for all λ > 0, and by Lemma 49, limρ!0S(λ, ρ) = 0, and by

Lemma 50, kS(λ, ¢) is strictly increasing on (0, ρ1(λ)]. Thus, for all λ > 0 there is a unique

solution in (0, ρ1(λ)) to the equation kS(λ, ρ) = 1/2, in the variable ρ > 0. Also, by (5.14) it

follows that kS(λ, ρ2(λ)) > 1/2 for all λ > 0, and by Lemma 49, limρ!+1 kS(λ,ρ) = 0, and by

Lemma 50, kS(λ, ¢) is strictly decreasing on [ρ2(λ),+1). Thus, for all λ > 0 there is a unique

solution in (ρ2(λ), +1) to the equation kS(λ, ρ) = 1/2, in the variable ρ > 0. On the other

hand, (5.14) implies that kS(λ,ρ) 6= 1/2, for all λ > 0 and all ρ 2 [ρ1(λ), ρ2(λ)]. Thus, there is

no solution in [ρ1(λ), ρ2(λ)] to the equation kS(λ, ρ) = 1/2, in the variable ρ > 0.

Now, let us prove that for each integer k = 1, 2, ¢ ¢ ¢, there exists εk 2 (0,Lk) such that for all

λ > 0 (5.14) holds. Simple computation shows that for all λ > 0

S(λ,ρ1(λ)) = (p0)¡1/pλ(p¡α)/p(α¡β)

Z 1

0
f(p¡ β

α¡ p
)(β¡p)/(α¡β)(

1 ¡ tβ

β
)

+(
p ¡β

α¡ p
)(α¡p)/(α¡β)(

1 ¡ tα

α
)g¡1/pdt.

It follows that the function λ 7! S(λ,ρ1(λ)) is continuous and strictly decreasing on (0,+1),

and

lim
λ!0

S(λ,ρ1(λ)) = +1, and lim
λ!+1

S(λ,ρ1(λ)) = 0 .

Thus, for each integer k = 1,2, ¢ ¢ ¢, there exists a unique µk > 0 such that

kS(µk, ρ1(µk)) =
1

2
.

Furthermore, the sequence (µk)k¸1 is strictly increasing and limk!+1 µk = +1. It is easy to

prove that for each integer k = 1, 2, ¢ ¢ ¢

µk · Lk. (5.15)
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In fact, if the contrary holds, using the fact that the function λ 7! kS(λ,ρ1(λ)) is strictly

decreasing on (0, +1), it follows that

1

2
= kS(µk, ρ1(µk)) < kS(Lk, ρ1(Lk)) .

But, for each integer k = 1,2, ¢ ¢ ¢,

kS(Lk, ρ1(Lk)) · k sup
ρ¸0

S(Lk, ρ) = kM(Lk) =
1

2
,

a contradiction which proves (5.15).

On the other hand, the function λ 7! ρ2(λ) is continuous and strictly increasing on (0,+1)and

lim
λ!0

ρ2(λ) = 0, and lim
λ!+1

ρ2(λ) = +1,

then, for each integer k = 1,2, ¢ ¢ ¢, there exists a unique εk > 0 such that

ρ2(εk) = ρ1(µk) .

Using the fact that ρ1, ρ2 and (µk)k¸1 are strictly increasing it follows that (εk)k¸1 is also strictly

increasing. Also, using the fact that

lim
µ!+1

ρ1(µ) = lim
µ!+1

ρ2(µ) = lim
k!+1

µk = +1,

it follows that: limk!+1 εk = +1.

Furthermore, notice that using the fact that ρ1 is strictly increasing on (0,+1) and ρ1 <

ρ2 on (0, +1), it follows that for each integer k = 1,2, ¢ ¢ ¢, εk 2 (0,µk), and by (5.15), it follows

that

0 < εk < Lk, for each integer k = 1, 2, ¢ ¢ ¢ (5.16)

Now, we believe that for each integer k = 1, 2, ¢ ¢ ¢, and all λ 2 (0, εk), (5.14) holds. In fact, let

k = 1,2, ¢ ¢ ¢, be …xed and λ0 2 (0, εk) and ¹ρ 2 [ρ1(λ0), ρ2(λ0)].

The variations of ρ1 and ρ2and the fact that ρ1 < ρ2 on (0,+1) imply that there exists

¹λ 2 [λ0,µk) such that ρ1(
¹λ) = ¹ρ. Thus, kS(λ0, ¹ρ) = kS(λ0, ρ1(

¹λ)). But S(¢, ρ) is decreasing on

(0,+1). Thus, kS(λ0, ρ1(
¹λ)) ¸ kS(¹λ, ρ1(

¹λ)).
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On the other hand, the function λ 7! S(λ, ρ1(λ)) is strictly decreasing on (0,+1), thus,

kS(¹λ, ρ1(¹λ)) > kS(µk, ρ1(µk)) .

Therefore,

kS(λ0,¹ρ) = kS(λ0, ρ1(
¹λ)) ¸ kS(¹λ, ρ1(

¹λ)) > kS(µk, ρ1(µk)) =
1

2
,

and hence, (5.14) holds. Therefore, a p-laplacian version of Villegas result can be stated at this

point. In fact; we can state that if 1 < β < p < α. Then, for each integer k = 1, 2, ¢ ¢ ¢, there

exist two real numbers εk and Lk such that εk · Lk and

(i) If λ > Lk, Sλ \ Ak = ;.

(ii) If λ = Lk, there exists uk 2 A+k such that (Sλ \ Ak) ¾ fuk, ¡ukg.

(iii) If λ 2 [εk,Lk), there exist uk, vk 2 A+k such that uk 6= vk and (Sλ\Ak) ¾ fuk, vk, ¡uk, ¡vkg.

(iv) If λ 2 (0, εk), there exist uk, vk 2 A+k such that uk 6= vk and (Sλ\Ak) = fuk, vk,¡uk,¡vkg.

Let us summarize. At this point, we have shown that when 1 < β < p < α, then for all

λ > 0,

lim
ρ!0

S(λ, ρ) = lim
ρ!+1

S(λ,ρ) = 0,

hence for all λ > 0, S(λ, ¢) admits at least a critical point; a maximum in (0,+1). Next, it was

proved that for all λ > 0, there exist ρ1(λ) and ρ2(λ) such that 0 < ρ1(λ) < ρ2(λ) and ∂S
∂ρ (λ,ρ) >

0 on (0, ρ1(λ)] and ∂S
∂ρ (λ, ρ) < 0 on [ρ2(λ),+1). So, the critical point belongs necessarily to

(ρ1(λ), ρ2(λ)). Also, it was proved that the function λ 7! M(λ) := sup0<ρ<+1S(λ, ρ), is

continuous, strictly decreasing on (0, +1) and

lim
λ!0+

M(λ) = +1, and lim
λ!+1

M(λ) = 0 .

Thus, to complete the proof of Assertion (C), it remains to prove that for all λ > 0, S(λ, ¢)
admits at most one critical point in (ρ1(λ), ρ2(λ)). To this end we shall prove that S(λ, ¢) is

concave on (ρ1(λ), ρ2(λ)) for all λ > 0. Similar idea was previously used by the authors Addou

and Benmezaï in [8, Lemma 7, (iii)].

The derivative of S(λ, ¢) is given by

∂S

∂ρ
(λ,ρ) = (p0)¡1/p

Z 1

0

H(λ,ρ) ¡H(λ,u)

pρ(F (λ,ρ) ¡F (λ,u))(p+1)/p
du
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where F(λ, ρ) =
R ρ
0 f(λ, t)dt = 1

αuα + λ
βuβ , and

H(λ, ρ) = pF(λ, ρ) ¡ ρf(λ, ρ) = (
p ¡α

α
)ρα +λ(

p ¡β

β
)ρβ.

Easy computations show that for all ρ > 0 and λ > 0

(p0)1/p∂2S

∂ρ2
(λ,ρ) =

Z 1

0

(p +1)(H(λ, ρ) ¡ H(λ,ρξ))2

p2ρ(F (λ,ρ) ¡F (λ,ρξ))(2p+1)/p
dξ

+

Z 1

0

p(ª(λ,ρ)¡ ª(λ, ρξ))(F (λ,ρ) ¡F (λ,ρξ))

p2ρ(F(λ, ρ) ¡ F(λ, ρξ))(2p+1)/p
dξ,

where

ª(λ,ρ) = ¡p(p +1)F (λ,ρ) +2pρf(λ, ρ) ¡ ρ2f 0ρ(λ, ρ)

=
(p ¡α)(α ¡ (p+ 1))

α
ρa +λ

(p¡ β)(β ¡ (p+ 1))

β
ρβ .

Some manipulations yield

(p0)1/p∂2S

∂ρ2
(λ, ρ) =

Z 1

0

(1 ¡ ξβ)2P(X(ξ))

p2ρ(F(λ, ρ) ¡ F(λ, ρξ))(2p+1)/p
dξ,

where X(1) = α
β and X(ξ) = 1¡ξα

1¡ξβ if ξ 2 [0, 1), and P is the second degree polynomial function

P(X) =
(α¡ p)ρ2α

α
X2¡ (

p(α¡ β)2+ p(α+ β) ¡ 2αβ

αβ
)λρα+βX

+
(β ¡ p)

β
λ2ρ2β .

It can easily be veri…ed that X(ξ) 2 [1,α/β] for all ξ 2 [0,1]. In fact, X(0) = 1 and

limξ!1X(ξ) = α/β and X is strictly increasing on (0, 1) since, X0(ξ) = ξβ¡1(1 ¡ ξβ)¡2(β ¡
αξα¡β + (α ¡ β)ξα) and β ¡ αξα¡β > β ¡ α > 0, for all ξ 2 (0, 1). Thus X0(ξ) > 0 for all

ξ 2 (0,1).

Therefore, we are interested in the sign of P (X) when X 2 [1, α/β]. Its discriminant is

d = (Y 2 ¡ 4Z)
λ2ρ2(α+β)

(αβ)2
,

where

Y = p(α ¡ β)2 + p(α +β) ¡ 2αβ (5.17)
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= pα2 +(¡2(p +1)β + p)α+ pβ(β + 1)

Z = αβ(α ¡ p)(β ¡ p) .

Notice that by our hypothesis 1 < β < p < α, it follows that Z < 0, so that d > 0. The roots of

P are given by

X1(λ,ρ) = λ
Y ¡p

Y 2 ¡ 4Z

2β(α¡ p)ρα¡β
· 0, and X2(λ,ρ) = λ

Y +
p

Y 2 ¡ 4Z

2β(α ¡ p)ρα¡β
.

Notice that the function ρ ! X2(λ,ρ) is strictly decreasing on (0, +1). So, it would be perfect

if

X2(λ,ρ2(λ)) >
α

β
for all λ > 0 . (5.18)

In fact, it follows therefore that,

[1,
α

β
] ½ (X1(λ,ρ), X2(λ, ρ)), 8λ > 0,8ρ 2 (ρ1(λ), ρ2(λ)).

Hence, P (X(ξ)) < 0, for all ξ 2 [0, 1], so,

∂2S

∂ρ2
(λ,ρ) < 0, 8λ > 0,8ρ 2 (ρ1(λ), ρ2(λ)),

which will prove the uniqueness of the critical point of S(λ, ¢), and hence, Theorem 46.

Let us prove the estimates (5.18). Notice that

X2(λ, ρ2(λ)) =
Y +

p
Y 2 ¡ 4Z

2α(p¡ β)
>

α

β
() β

p
Y 2¡ 4Z > 2α2(p ¡β) ¡ βY .

By separing each side, we …nd

X2(λ, ρ2(λ)) >
α

β
() 4α2β(p ¡β)Y ¡ 4β2Z ¡ 4α4(p ¡ β)2 > 0 .

Next, we substitute Y and Z as in (5.17) to get

X2(λ,ρ2(λ)) >
α

β
() 4α(p ¡β)Qβ,p(α) > 0,

where Qβ,p(α) is the third degree polynomial function de…ned by

Qβ,p(α) = α3(β(p+ 1) ¡ p) +α2β(¡2(p+ 1)β + p) +αβ2(β(p +1)+ p) ¡ pβ3 .
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It remains to show that Qβ,p(α) > 0 for all 1 < β < p < α. We can notice that β is a root

of Qβ,p(¢) of multiplicity at least two. That is Qβ,p(β) = Q0
β,p(β) = 0. Thus there exist two

constants A and B such that Qβ,p(α) = (α ¡ β)2(Aα + B). Immediate identi…cation yields:

A = β(p+1)¡p and B = ¡pβ. It remains to prove that 1 < β < p < α =) Aα+B > 0. Notice

that 1 < β < p < α implies that (β ¡ 1)p+β > β which implies that β((β ¡ 1)p+β)¡1 < 1 and

then ¡BA¡1 < p and by 1 < β < p < α it follows that Aα +B > 0, which completes the proof

of (5.18). Therefore, Theorem 46 is proved.

5.4 Proof of Theorem 47

This section is organized as the previous one.

5.4.1 Preliminary lemmas

Lemma 52 Consider the function de…ned on R+ by

s 7¡! N(λ, E, s) := Ep ¡ p0F (λ,s),

where p, α, β > 1, λ < 0 and E 2 (0,+1), are real parameters and

F(λ,s) =

Z s

0
f(λ, t)dt =

1

α
sα +

1

β
sβ , s ¸ 0 .

Assume that (α¡ β) > 0, then for all λ < 0 and E > 0, the function N(λ, E, ¢) admits a unique

positive zero, s(λ, E), and is strictly positive on (0, s(λ,E)).

Assume that (α ¡β) < 0, then

(a) If E > E¤ := (p0(¡λ)α/(α¡β)(β¡α
αβ ))1/p, N (λ,E, ¢) is strictly positive on (0,+1).

(b) If E = E¤, N (λ,E, ¢) vanishes at s = (¡λ)1/(α¡β) and is strictly positive on (0, (¡λ)1/(α¡β))[
((¡λ)1/(α¡β),+1).

(c) If 0 < E < E¤, N(λ, E, ¢) admits a …rst positive zero, s(λ,E) > 0, and is strictly positive

on (0, s(λ, E)).

Moreover, if (α¡ β) > 0 (resp. (α¡ β) < 0),

(i) the function E 7! s(λ, E) is C1 on (0,+1) (resp. (0, E¤(λ))) and

∂s

∂E
(λ,E) =

(p¡ 1)Ep¡1

f(λ, s(λ,E))
> 0, for all λ < 0 and E > 0
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(resp. E 2 (0, E¤(λ))).

(ii) limE!0 s(λ,E) = ((¡λ)α
β )1/(α¡β), (resp. limE!0 s(λ, E) = 0).

(iii) limE!+1 s(λ,E) = +1, (resp. limE!E¤ s(λ, E) = (¡λ)1/(α¡β)).

Proof The proof is the same as that of Lemma 48 and is omitted

Assume that α ¡ β > 0 (resp. α ¡ β < 0) then for any p > 1 and E 2 (0,+1) (resp.

E 2 (0,E¤(λ)) we compute X(λ,E) as de…ned in Section ??. We derive from Lemma 52, for

the case where α¡ β > 0, X(λ,E) = (0, s(λ, E)) and for the case where α¡ β < 0

X(λ,E) =

8
>>><
>>>:

(0,+1) if E > E¤(λ)

(0, (¡λ)1/(α¡β)) if E = E¤(λ)

(0, s(λ,E)) if 0 < E < E¤(λ),

where s(λ,E) is de…ned in Lemma 52. Then, for α ¡β > 0

r(λ,E) := supX(λ, E) = s(λ, E), for all λ < 0 and E > 0

and for α ¡ β < 0,

r(λ, E) =

8
>>><
>>>:

+1 if E > E¤(λ)

(¡λ)1/(α¡β) if E = E¤(λ)

s(λ,E) if 0 < E < E¤(λ) .

Hence, for p > 1 and λ < 0,

0 < r(λ,E) < +1 if and only if

8
<
:

E 2 (0,+1), if α ¡ β > 0,

0 < E · E¤(λ) if α ¡ β < 0.

Also,

f(λ,r(λ,E)) > 0 if and only if

8
<
:

E 2 (0,+1), if α ¡β > 0,

0 < E < E¤(λ) if α ¡β < 0.

So, for all λ < 0,

D(λ) =

8
<
:

(0,+1) if α¡ β > 0,

(0,E¤(λ)] if α¡ β < 0.

Before going further in the investigation, we deduce from Lemma 52 that for any p > 1 and

118



λ < 0,

Ep = p0F (λ,r(λ,E)), for all E 2 D(λ) (5.19)
∂r

∂E
(λ,E) =

(p ¡ 1)Ep¡1

f(λ,r(λ, E))
> 0, for all E 2 D(λ)

lim
E!0+

r(λ,E) =

8
<
:

((¡λ)(α/β))1/(α¡β) if α¡ β > 0

0 if α¡ β < 0 .

lim
E!+1

r(λ,E) = +1 if α ¡ β > 0 ,

lim
E!E¤

r(λ,E) = (¡λ)1/(α¡β) if α ¡β < 0 .

At present, we de…ne for any p > 1, λ < 0 the time-map

T(λ, E) =

Z r(λ,E)

0
fEp ¡ p0F (λ,ξ)g¡1/pdξ, E 2 D(λ) .

By (5.19), it follows that

T (λ,E) = (p0)¡1/p
Z r(λ,E)

0
fF (λ,r(λ,E)) ¡ F(λ, ξ)g¡1/pdξ, E 2 D(λ) .

Furthermore, a simple change of variable and a substitution yield

T(λ, E) = (p0)¡1/p

Z 1

0
fλrβ¡p(λ, E)(

1 ¡ tβ

β
) + rα¡p(λ,E)(

1 ¡ tα

α
)g¡1/pdt.

Let’s observe that

T (λ,E) = S(λ,r(λ,E)), for all λ < 0 and E 2 D(λ),

where

S(λ,ρ) = (p0)¡1/p
Z 1

0
fλρβ¡p(λ, E)(

1 ¡ tβ

β
) + ρα¡p(λ,E)(

1 ¡ tα

α
)g¡1/pdt,

for all λ < 0 and all ρ 2 R(λ) where, for all λ < 0, R(λ) is the range of the function E 7! r(λ,E),

de…ned on D(λ), that is, for α ¡ β > 0, R(λ) := (((¡λ)(α/β))1/(α¡β),+1), and for α ¡ β < 0,

R(λ) := (0, (¡λ)1/(α¡β)] and R(λ) := (0, (¡λ)1/(α¡β)) otherwise.

Due to the fact that the function E 7! r(λ,E) is an increasing and continuous function from

D(λ) onto R(λ), it follows, that if we put

J1(λ) := fE 2 D(λ) : T (λ,E) =
1

2
g,λ < 0, and
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J2(λ) := f2 R(λ) : S(λ,ρ) =
1

2
g,λ < 0,

then,

CardJ1(λ) = CardJ2(λ), for all λ < 0 .

Hence, from now on, we will focus our attention on counting the number of solution(s) of the

equation S(λ,ρ) = 1/2 in the variable ρ 2 R(λ) instead of the equation T (λ,E) = 1/2 in the

variable E 2 D(λ).

Lemma 53 Assume that λ < 0. Then

(a) If α¡ β > 0,

lim
ρ!((¡λ)(α/β))1/(α¡β)

S(λ, ρ) =

8
<
:

(¡λ)
(p¡α)

p(α¡β) J(p,α,β) if 1 < β < p

+1 if p · β.

where J(p,α,β) is de…ned in (5.4).

(b) If α¡ β > 0,

lim
ρ!+1

S(λ,ρ) =

8
>>>>>><
>>>>>>:

0 if p · β

1
2(

λ1
p2

)1/p if p > β and α = p

0 if p > β and α > p

+1 if p > β and α < p

(c) If α¡ β < 0,

lim
ρ!0

S(λ, ρ) =

8
>>><
>>>:

0 if p > α

1
2 (

λ1
p2

)1/p if p = α

+1 if p < α

(d) If α¡ β < 0,

lim
ρ!(¡λ)1/(α¡β)

S(λ,ρ) = (¡λ)
(p¡α)

p(α¡β)

Z 1

0

f( 1 ¡ tα

α
) ¡ (

1 ¡ tβ

β
)g¡1/pdt

and Z 1

0
f(1 ¡ tα

α
) ¡ (

1 ¡ tβ

β
)g¡1/pdt < +1 () p > 2.

Proof Assume that α ¡ β > 0. Easy computation yields

lim
ρ!((¡λ)(α/β))1/(α¡β)

S(λ,ρ) = (p0)¡1/p(
¡λ

β
)(p¡α)/p(α¡β)α(p¡β)/p(α¡β) £
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£
Z 1

0

t¡β/p(1 ¡ tα¡β)¡1/pdt.

It can be shown that for all p > 1 and 1 < β < α

Z 1

0
t¡β/p(1 ¡ tα¡β)¡1/pdt =

8
<
:

+1 if β ¸ p

1
α¡β B(

(p¡β)
p(α¡β) ,

p¡1
p ) if 1 < β < p.

In fact, in the case where β ¸ p, we use the estimates

t¡β/p(1 ¡ tα¡β)¡1/p ¸ t¡β/p, for all t 2 (0,1),

and in the case where 1 < β < p, we use the change of variable x = tα¡β , as in Lavrentiev and

Chabat [77, pp. 595-596]. Therefore Assertion (a) is proved.

Also, in the case where α ¡β > 0 and β ¡ p ¸ 0

lim
ρ!+1

(λρβ¡p(
1 ¡ tβ

β
) + ρα¡p(

1 ¡ tα

α
))¡1/p =

lim
ρ!+1

ρ(p¡β)/p(λ(
1 ¡ tβ

β
)+ ρα¡β(

1 ¡ tα

α
))¡1/p = 0 ¢ 0 = 0 .

and an easy discussion shows that for α ¡β > 0,

lim
ρ!+1

(λρβ¡p(
1 ¡ tβ

β
) + ρα¡p(

1 ¡ tα

α
))¡1/p

=

8
>>>>>><
>>>>>>:

0 if β ¸ p

0 if β < p and α > p

+1 if β < p and α < p

((1 ¡ tp)/p)¡1/p if β < p and α = p

Therefore, Assertion (b) is proved.

In the case where α¡ β < 0 and λ < 0,

lim
ρ!0

Z 1

0
(λρβ¡p((1 ¡ tβ)/β) + ρα¡p((1 ¡ tα)/α))¡1/pdt

= lim
ρ!0

ρ(p¡α)/p

Z 1

0
(λρβ¡α(1 ¡ tβ)/β +(1 ¡ tα)/α)¡1/pdt

= lim
ρ!0

ρ(p¡α)/p

Z 1

0
((1 ¡ tα)/α)¡1/pdt .
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Notice that for all α > 1

Z 1

0
(1 ¡ tα)¡1/pdt =

1

α
B(

1

α
,
p ¡ 1

p
) < +1 .

This follows by making use of the change of variable x = tα, see Lavrentiev and Chabat [77, pp.

595-596]. Assertion (c) follows.

Also, in the case α ¡β < 0 and λ < 0, easy computation shows

lim
ρ!(¡λ)1/(α¡β)

S(λ, ρ) = (p0)¡1/p(¡λ)(p¡α)/p(α¡β) £
Z 1

0
((1 ¡ tα)/α)¡ ((1 ¡ tβ)/β))¡1/pdt .

By making use of L’Hopital’s rule twice, we compute

lim
t!1¡

(1 ¡ tα)/α ¡ (1 ¡ tβ)/β

(1 ¡ t)2
=

β ¡α

2
> 0 .

So, the integral
R 1
0 ((1 ¡ tα)/α) ¡ ((1 ¡ tβ)/β))¡1/pdt is convergent if and only if the integral

R 1
0 (1 ¡ t)¡2/pdt is. Therefore, Assertion (d) follows from the well known fact that

Z 1

0
(1 ¡ t)¡2/pdt < +1 if and only if p > 2 .

Therefore, Lemma 53 is proved

Lemma 54 Assume that p > 1, λ < 0, and α 6= β, α,β > 1.

1. If one of the following conditions holds:

(a) β < p · α

(b) β = p < α

(c) p < β < α

then, S(λ, ¢) is strictly decreasing on R(λ).

2. If one of the following conditions holds:

(a) α · p < β

(b) α < p = β

(c) α < β < p
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then, S(λ, ¢) is strictly increasing on R(λ).

3. If one of the following conditions holds:

(a) p < α < β

(b) β < α < p < α+ β

then, S(λ, ¢) is strictly decreasing on (inf R(λ), ρ1] and is strictly increasing on [ρ2, supR(λ)),

where ρ1(λ)and ρ2(λ) are de…ned in Lemma 50.

4. If β < α < pand α+ β · p, then S(λ, ¢) is strictly increasing on [ρ2, +1).

Proof This Lemma follows by a similar discussion as in the proof of Lemma 50. So,its proof

is omitted

Note that the third and the fourth assertions of Lemma 54 above do not provide the exact

variations of the map S(λ, ¢) over its entire de…nition domain, which are necessary for the

process of showing the exactness part in the main result. They are the aim of the following

pioneer lemma.

Lemma 55 Assume that one of the following conditions holds:

(c1) 1 < p · 2, and p < α < β,

(c2) 2 < p < α < β,

(c3) 1 < β < α < p.

Then, for all λ < 0, there exists an interior point ρ¤(λ) 2 int(R(λ)) such that S(λ, ¢) is strictly

decreasing on (inf R(λ), ρ¤(λ)) and then strictly increasing on (ρ¤(λ), sup R(λ)).

Proof We shall prove Lemma 55 in two steps.

Step 1: Existence

If

p < α < β or 1 < β < α < p < α +β (5.20)

the existence of ρ¤(λ) follows immediatly from Lemma 54, Assertion 3.

Also, if

1 < β < α < α+ β · p, (5.21)
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then, according to Lemma 54, Assertion 4, existence follows after proving that for all λ < 0,

S(λ, ¢) is strictly decreasing on a right neighborhood of inf R(λ). (Notice that in this case

ρ1(λ) · inf R(λ)). In fact, we shall prove:

Lemma 56 If 1 < β < α < α +β · p and λ < 0 then

∂S

∂ρ
(λ, (

¡λα

β
)1/(α¡β)) = ¡1.

Proof. The derivative of S(λ, ¢) is given by

∂S

∂ρ
(λ,ρ) = (p0)¡1/p

Z 1

0

H(λ, ρ) ¡ H(λ,ρu)

pρ(F (λ,ρ) ¡F (λ,ρu))
1+ 1

p

du.

where

F(λ, ρ) =
1

α
ρα +

λ

β
ρβ, ρ > 0 and H(λ,ρ) = (

p ¡α

α
)ρα +λ(

p¡ β

β
)ρβ, ρ > 0.

Simple computations yield

∂S

∂ρ
(λ, (¡λ

α

β
)1/(α¡β)) =

(p0)¡1/p

p
(

β

¡λ
)

p+α
p(α¡β)α

p+β
p(β¡α)

£
Z 1

0

(p ¡α)(1 ¡ uα) ¡ (p ¡β)(1 ¡ uβ)

(uβ ¡uα)1+
1
p

du.

The improper integral has two singularities; at 0 and at 1. Then we write

∂S

∂ρ
(¡1, (¡λ

α

β
)1/(α¡β)) =

(p0)¡1/p

p
(

β

¡λ
)

p+α
p(α¡β)α

p+β
p(β¡α) (I0+ I1)

where

I0 =

Z 1/2

0

(p ¡α)(1 ¡uα) ¡ (p¡ β)(1 ¡ uβ)

(uβ ¡ uα)
1+ 1

p

du,

I1 =

Z 1

1/2

(p ¡α)(1 ¡ uα) ¡ (p ¡β)(1 ¡ uβ)

(uβ ¡uα)1+
1
p

du.

In what follows we shall prove that I0 = ¡1 and I1 2 R.

First, we write I0 as follows:

I0 =

Z 1/2

0

¡(α¡ β) ¡ [(p ¡α)uα ¡ (p¡ β)uβ]

(1 ¡ uα¡β)
1+ 1

p u
β(1+ 1

p )
du.
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Let us observe that in a right neighborhood of 0,

¡(α¡ β) ¡ [(p ¡α)uα ¡ (p¡ β)uβ]

(1 ¡ uα¡β)1+
1
p uβ(1+1

p )
' ¡(α ¡β)

uβ(1+1
p )

,

and by (5.21), it follows that β(1 + 1
p) > 1 and ¡(α ¡β) < 0, so

Z 1/2

0

¡(α¡ β)

uβ(1+ 1
p )

du = ¡1,

and therefore I0 = ¡1.

Next, we write I1 as follows:

I1 =

Z 1

1/2

(p¡ α)(1 ¡ uα) ¡ (p ¡β)(1 ¡ uβ)

uβ(1+1
p )(1¡uα¡β

1¡u )1+
1
p (1 ¡u)1+

1
p

du .

Applying Taylor’s Theorem to the function N, de…ned by

N(u) = (p ¡α)(1 ¡ uα) ¡ (p ¡β)(1 ¡ uβ),

we …nd that

I1 =

Z 1

1/2

[(p¡ α)α¡ (p ¡ β)β](1 ¡ u)

u
β(1+1

p )(1¡uα¡β

1¡u )
1+1

p (1 ¡u)
1+1

p

du

+

Z 1

1/2

¡1
2[(p ¡α)α(α ¡ 1)¡ (p¡ β)β(β ¡ 1)](1 ¡u)2 + o((1 ¡ u)2)

uβ(1+ 1
p)( 1¡uα¡β

1¡u )1+
1
p (1 ¡ u)1+

1
p

du.

Notice that limu!1¡
1¡uα¡β

1¡u = (α ¡β) 2 R then, in a left neighborhood of 1,

u
β(1+1

p
)
(
1 ¡uα¡β

1 ¡u
)
1+ 1

p (1 ¡ u)
1+ 1

p ' (α ¡β)(1 ¡u)
1+ 1

p .

Next, we have to distinguish between two cases.

Case [(p ¡ α)α ¡ (p ¡ β)β] 6= 0. In this case the integrand function in I1 is equivalent in

a left neighborhood of 1 to the function u 7! (p¡α)α¡(p¡β)β
(α¡β)(1¡u)1/p and since p > 1 it follows that

R 1/2
0

(p¡α)α¡(p¡β)β
(α¡β)(1¡u)1/p du 2 R and therefore I1 2 R.

Case [(p¡α)α¡(p¡β)β] = 0. In this case the integrand function in I1 is equivalent in a left

neighborhood of 1 to the function u 7! (¡1
2)(p ¡ α)α(1 ¡ u)1¡

1
p which is a continuous function

on the compact interval [ 12,1] then
R 1
1/2(¡1

2 )(p¡α)α(1¡u)1¡
1
p du 2 R. Then, in this case I1 2 R

too. Therefore Lemma 56 is proved.
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Step2: Uniqueness

First, we point out that Step 1 shows a little bit general result than the existence. In fact,

for all λ < 0, it was proved that ρ¤(λ) exists and belongs necessarily to (ρ1(λ), ρ2(λ)) if (5.20)

holds and belongs to (inf R(λ), ρ2(λ)) if (5.21) holds. So, to prove uniqueness, we shall restrict

ourselves to (ρ1(λ), ρ2(λ)) (resp. to (inf R(λ), ρ2(λ))). That is, we shall prove that S(λ, ¢)
admits at most one critical point in (ρ1(λ), ρ2(λ)) (resp. in (inf R(λ), ρ2(λ))). To this end we

shall prove that for all λ < 0, S(λ, ¢) is convex in a neighborhood of each of its critical points

lying in (ρ1(λ), ρ2(λ)) (resp. in (inf R(λ), ρ2(λ))). Similar idea was previously used in [4].

This step is followed by two lemmas. The …rst one is technical but the second one is the key

step.

Lemma 57 Let p, α,β > 1. If α 6= β, then ( β
α
)1/(α¡β) < 1. If one of the following conditions

holds: (a) p < α < β or (b) β < α < p, then for all λ < 0, the function de…ned on the interval

[0, ρ2(λ)] by ρ 7! ª(λ, ρ) := (p¡α)ρα +λ(p¡β)ρβ, is strictly decreasing on [0, ρ1(λ)( β
α)1/(α¡β)]

and is strictly increasing on [ρ1(λ)( β
α)1/(α¡β), ρ2(λ)]. Moreover, ª(λ, 0) = ª(λ,ρ1(λ)) = 0, for

all λ < 0.

Proof. The proof is very easy and therefore omitted. For all λ < 0, let ρ¤(λ) := maxfρ1(λ), inf R(λ)g.

Lemma 58 Let p,α, β > 1. Assume that one of the following conditions holds:

(a) p < α < β, or

(b) β < α < p.

Then for all λ < 0,

∂2S

∂ρ2
(λ,ρ) + (

p+ 1

ρ
)
∂S

∂ρ
(λ,ρ) > 0, for all ρ 2 (ρ¤(λ), ρ2(λ)) .

Proof. Notice that for all λ < 0, (ρ¤(λ), ρ2(λ)) ½ R(λ) =: domS(λ, ¢). The second derivative

of S(λ, ¢) is given by

∂2S

∂ρ2
(λ, ρ) = (p0)¡1/p

Z 1

0

(p + 1)(H(λ,ρ)¡ H(λ, ρu))2

p2ρ(F(λ, ρ) ¡ F(λ, ρu))(2p+1)/p
du

+(p0)¡1/p
Z 1

0

©(λ, ρ) ¡ ©(λ, ρu)

pρ(F(λ, ρ) ¡ F(λ, ρu))(p+1)/p
du,

where

©(λ, ρ) = ¡p(p+ 1)F(λ, ρ) + 2pρf(λ,ρ) ¡ ρ2f 0ρ(λ,ρ)

=
(p¡ α)(α¡ (p + 1))

α
ρa + λ

(p ¡ β)(β ¡ (p +1))

β
ρβ .
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It follows that

(p0)1/ppρfρ∂2S

∂ρ2
(λ,ρ)+ (p+ 1)

∂S

∂ρ
(λ, ρ)g

=

Z ρ

0

ª(λ, ρ) ¡ ª(λ, ξ)

(F (λ,ρ) ¡F (λ,ξ))(p+1)/p
dξ

+(
p +1

p
)

Z ρ

0

(H(λ,ρ)¡ H(λ, ξ))2

(F(λ, ρ) ¡ F(λ, ξ))(2p+1)/p
du

where

ª(λ, ρ) := ©(λ, ρ) + (p +1)H(λ,ρ) = ρ
∂H

∂ρ
(λ, ρ) = (p¡ α)ρα +λ(p ¡ β)ρβ

By Lemma 57, it follows that for all λ < 0 and all ρ 2 (ρ¤(λ), ρ2(λ)),

ª(λ,ρ) ¡ª(λ,ξ) > 0, for all ξ 2 (0, ρ) .

Therefore

Z ρ

0

ª(λ,ρ) ¡ª(λ,ξ)

(F(λ, ρ) ¡ F(λ, ξ))(p+1)/p
dξ > 0, for all λ < 0 and all ρ 2 (ρ¤(λ), ρ2(λ))

Lemma 58 is proved, which ends the proof of Lemma 55

5.4.2 Completion of the proof of Theorem 47

Notice that if one of the hypothesis of Assertions A-F holds then S(λ, ¢) is monotonic; the proofs

follow by an elementary discussion as in Assertion A or B of Theorem 46. Therefore the proofs

of Assertions A-F are omitted.

Concerning the remaining assertions, the same ideas performed for Assertion C of Theorem

46 still apply. For this, it su¢ces to use Lemma 55 and the following

Lemma 59 By Lemma 55, let m(λ) := infρ2R(λ)S(λ, ρ), 8λ < 0. Then,

(a) m(¢) is continuous on (¡1,0)

(b) m(¢) is strictly decreasing on (¡1,0)

(c) lim
λ!¡1

m (λ) = +1 et lim
λ!0

m (λ) = 0

Lemma 60 The function λ ! l (λ) := lim
ρ!infR(λ)

S (ρ,λ) is either in…nite on the whole set

(¡1, 0) or satis…es Assertions (a), (b), and (c) of Lemma 59.

127



Lemma 61 The function λ 7! L(λ) := lim
ρ 7!supR(λ)

S(λ,ρ) is (independently of `(λ)) either

in…nite on the whole set (¡1, 0) or satis…es Assertions (a), (b), and (c) of Lemma 59.

Proof of Lemma 59.

Recall that for all λ < 0 and ρ 2 R(λ),

S(λ, ρ) = (p0)¡1/p

Z 1

0
fλρβ¡p(

1 ¡ tβ

β
) + ρα¡p(

1 ¡ tα

α
)g¡1/pdt

For all λ < 0 and ρ 2 R(λ), let ¹ρ = ¹ρ(λ,ρ) := (¡λ)1/(β¡α)ρ. Then, ρ = (¡λ)1/(α¡β)¹ρ and a

simple substitution yields

S(λ, ρ) = (¡λ)(p¡α)/p(α¡β)S(¡1, ¹ρ(λ,ρ)) .

Thus,

m(λ) = (¡λ)(p¡α)/p(α¡β) inf
ρ2R(λ)

S(¡1, ¹ρ(λ,ρ))

= (¡λ)(p¡α)/p(α¡β) inf
ρ2R(¡1)

S(¡1, ρ)

So,

m(λ) = (¡λ)(p¡α)/p(α¡β)m(¡1), 8λ < 0

Therefore, the lemma isproved }
Proof of Lemma 60.

By Lemma 53, it follows in the case where 1 < β < α < α+β · p that limρ!infR(λ) S(λ,ρ) =

(¡λ)(p¡α)/p(α¡β)J(p,α, β) < +1, where J(p,α, β) is de…ned in (5.4). Hence, Lemma 60 is

proved in this case. The other cases are similar or easier.

The proof of Lemma 61 is similar to that of Lemma 60.

5.5 Remarks

By the study of Problem (5.3) with λ 2 R, we can deduce the structure of the solution set of a

quite general problem

¡(ϕp(u
0))0 = µϕα(u) +λϕβ(u) in (0,1) (5.22)

u(0) = u(1) = 0 ,
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when p, α, β > 1, µ > 0 and λ 2 R. In fact, if v is a solution of (5.3) for λ = λ0 2 R and

α 6= p, then for all µ0 > 0, the function u := µ
1/(p¡α)
0 v is a solution to (5.22) with µ = µ0 and

λ = λ0µ
(β¡p)/(α¡p)
0 . (If α = p and β 6= p, similar change of variable works). Conversely, if u is

a solution of (5.22) with µ = µ0 > 0, λ = λ0 2 R and α 6= p, then v := µ1/(α¡p)
0 u is a solution

to (5.3) with λ = λ0µ
(β¡p)/(α¡p)
0 .

The structure of the solution set of problem (5.22) when µ < 0 and λ 2 R can be deduced

from that of the problem

¡(ϕp(u
0))0 = ¡ϕα(u) + λϕβ(u) in (0, 1)

u(0) = u(1) = 0,

which is not treated here. However, upon completing our paper, the work [55] by Díaz and

Hernández appeared. Positive solutions to problem (5.22) with µ < 0, λ > 0 and 1 < α < β · p

are treated there.

After completing this work, e-mail correspondence between the …rst author (I. Addou) and

Professor Pedro Ubilla from Chile, revels that simultaneously and independently of the present

authors, Professors J. Sánchez and P. Ubilla from Chile, were studying problem (5.3) with λ > 0.

That is to say, they resolved the p-Laplacian version of the Ambrosetti-Brezis-Cerami problem.

To do so, they provide essentially the same proof as that of Theorem 46 above by making

use of the same idea performed in [8, Lemma 7, (iii)]. Their work was presented, under the

title: ”The exact number of positive solutions for an elliptic equation with concave and convex

nonlinearities” by Professor P. Ubilla at the ”USA-Chile Workshop on Nonlinear Analysis”

meeting which held in Valparaíso in Chile on 17-21, January 2000. It was also published in a

volume of this journal (see [105]).

Also, after submitting this work for publication, e-mail correspondence between the …rst

author (I. Addou) and Professor Shin-Hwa Wang from Taiwan (R. O. China) revels that he

wrote (independently of J. Sanchez and P. Ubilla and independently of the present authors) a

paper [122] in which he resolves (for p = 2) the Ambrosetti-Brezis-Cerami problem [17, Sect.

6, (d)] (among many other interesting things), by making use of the quadrature technique. To

deal with the di¢cult step (uniqueness of the maximum of the time map), he used an interesting

argument which is comparable to that of [8, Lemma 7, (iii)] and used by him previously in [122,

Proof of Theorem 7]. (See, also [106]).
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5.6 Appendix

In the process of our proofs, we have used the fact that

λ1(p) = (p ¡ 1)(
2π

psin(π/p)
)p > 1, 8p > 1.

In this appendix we shall prove the following:

(A1) λ1(p) > 1, 8p 2 (1,2).

(A2) λ1(2) = π2.

(A3) λ1(p) > 4, 8p 2 (2,+1).

(A4) limp!1+ λ1(p) = 2, and limp!+1 λ1(p) = +1.

Proof of (A1). Observe that for all p 2 (1, 2), λ1(p) can be written as

λ1(p) = (
2

p
)p(p ¡ 1)(1¡p)(

π
sin(π/p)¡sin(π/1)

p¡1
)p . (5.23)

The function p 7! θ(p) := (2p )p is strictly decreasing on (1, 2] and θ(2) = 1. Thus,

(
2

p
)p > 1, 8p 2 (1,2). (5.24)

The function p 7! K(p) := (p¡ 1)(1¡p) is strictly increasing on (1, 1 +exp(¡1)] and is strictly

decreasing on [1 + exp(¡1),2). Thus, K(p) > minfK(2),

limp!1+ K(p)g = 1, for all p 2 (1, 2). Therefore,

(p ¡ 1)(1¡p) > 1, 8p 2 (1,2). (5.25)

Notice that for all c 2 (1,2) : c2 > 1 > ¡ cos(π/c) > 0. Then, π
¡(π2/c)cos(π/c) > 1, for all

c 2 (1,2). Therefore,

(
π

¡(π2/c) cos(π/c)
)p > 1, 8(p,c) 2 (1,2)2 . (5.26)

On the other hand, for all p 2 (1, 2), there exists c = cp 2 (1, p) ½ (1, 2), such that

sin(π/p) ¡ sin(π/1)

p ¡ 1
= ¡ π

c2
cos

π

c
.
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Therefore, for all p 2 (1, 2), there exists c = cp 2 (1, p) ½ (1,2), such that

(
π

sin(π/p)¡sin(π/1)
p¡1

)p = (
π

¡(π2/c) cos(π/c)
)p

and by (5.26), it follows that

(
π

sin(π/p)¡sin(π/1)
p¡1

)p > 1, 8p 2 (1,2). (5.27)

Now, by (5.24), (5.25), (5.27), and (5.23), Assertion (A1) follows.

Proof of (A2). Easy computation.

Proof of (A3). Observe that for all p > 2, λ1(p) can be written as

λ1(p) = (p¡ 1) ¢ 2p ¢ ( sin(π/p)¡ sin(0)

(π/p) ¡ 0
)¡p . (5.28)

It is clear that for all p > 2

(p ¡ 1) > 1 and 2p > 22 = 4 . (5.29)

On the other hand, for all p > 2, there exists c = cp such that

0 <
sin(π/p) ¡ sin(0)

(π/p) ¡ 0
< cos c < 1 .

Therefore,

(
sin(π/p) ¡ sin(0)

(π/p) ¡ 0
)¡p > 1, 8p > 2 . (5.30)

Now, by (5.29), (5.30), and (5.28), Assertion (A3) follows.

Proof of (A4). It is clear that

lim
p!1+

θ(p) = 2, lim
p!1+

K(p) = 1, lim
p!1+

πp = π, and

lim
p!1

(
sin(π/p) ¡ sin(0)

p ¡ 1
)p = (¡ π

12
cos

π

1
)1 = π .

Therefore, using expression (5.23) of λ1(p), it follows that limp!1+ λ1(p) = 2. The computation

of the second limit is straightforward, which completes the proof of Assertion (A4).
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Chapter 6

Uniqueness result for a strongly

nonlinear O.D.E’s

To appear in Maghreb Mathematical Revue.

6.1 Introduction :

During the last two decades, the study of the existence and the number of solutions to boundary

value problems of the type:

8
<
:

¡ (ϕ (u0))0 = F (λ,x, u) , x 2 (0, 1)

u (0) = u (1) = 0

where λ is a real parameter, ϕ is an odd strictly increasing homeomorphism of R, has been

the subject of several works. For most of them, the authors attempted to generalize some

results established for ϕ (u) = u to the case where ϕ is any odd strictly increasing home-

omorphism of R. Several results have been obtained in the case ϕ (x) = jxjp¡2 x, p>1, in

which the operator u !
³
ju0jp¡2u0

´0
is called the one dimensional p-Laplacian (see [9], [8],

[33], [49], [50], [69] and [111]). However, in the general case, only few results are obtained.

In this paper, we give an existence and uniqueness result of positive solution to the boundary

value problem 8
<
:

¡ (ϕ (u0))0 = λf (u) in (0, 1)

u (0) = u (1) = 0
(6.1)
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where λ >0 is a real parameter; the functions ϕ and f satisfy the following assumptions:

ϕ is an odd strictly increasing homeomorphism of R, (6.2)

there exists mϕ>0 such that :

ϕ (x) ¡ ϕ (y) ¸ mϕ (x¡ y) for all x ¸ y in R+,
(6.3)

f 2 C1
¡
R+, (0, +1)

¢
and f is strictly increasing, (6.4)

there exists Mf>0 such that f0 (x)<Mf for all x 2 R+ (6.5)

By a solution of problem (7.2), we mean a pair (λ,u) 2 (0, +1) £ C1 ([0, 1]) such that :

¡ (ϕ (u0))0 = λf (u) in (0, 1) and u (0) = u (1) = 0.

Let F (λ, ¢) : C1 ([0,1]) ! L1 be the Nemitski operator associated to λf and K : L1 !
C1 ([0, 1]) be the operator de…ned in [64], where K (h) = uwith u is the unique solution of the

problem 8
<
:

¡ (ϕ(u0))0 = h in (0, 1)

u (0) = u (1) = 0.

Thus, problem (7.2) is equivalent to the nonlinear equation:

u = T (λ, u)

where T = K ± F is completely continuous (for a detailed proof see G. Huidobro et al [64]).

Hence, it follows from the Leray-Schauder continuation theorem that there exists a compo-

nent Ĉ ½ [0,+1) £ C1 ([0, 1]) of solutions to problem (7.2) which is unbounded in [0,+1) £
C1 ([0, 1]).

Let

λ0 = sup
©
λ>0 / there exists u 2 C1 ([0,1]) such that (λ,u) is a solution of (7.2)

ª

and

λ1 = µ1

µ
Mf

mϕ
, [0, 1]

¶

where µ1 (q, [0,1]) is the …rst eigenvalue of the problem:

8
<
:

¡u00 = µqu in (0, 1)

u (0) = u (1) = 0
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with q measurable, bounded, positive in (0, 1) .

We recall that the above problem has an increasing sequence of eigenvalues (µk)k¸1 such

that limµk
k!+1

= +1. Moreover the eigenfunction φk associated to µk has exactly (k ¡ 1) simple

zeros.

Denote by λ¤ = min(λ0,λ1), then our purpose is to prove the following result :

Theorem 62 Assume that assumptions (6.2)¡ (6.5) hold true. Then for any λ 2 (0, λ¤) , there

exists a unique u 2 C1 ([0, 1]), u>0 in (0, 1) such that (λ,u) is a solution of problem (7.2) .

Remark 8 We can replace hypothesis (6.3) by the following assumption:

ϕ 2 C1 (R) and ϕ0 ¸ mϕ > 0.

Remark 9 A similar result have been obtained by A.Ambrosetti (see Theorem 1 in [15]) for the

semilinear problem 8
<
:

¡¢u = λf (x, u) in ­

u = 0 on δ­

where λ > 0, ­ is an open bounded domain of Rn and f 2 C1 (­ £ R+, (0,+1)) .

6.2 Preliminary results:

In this section, we give some results we need in the sequel.

Consider the boundary value problem :

8
<
:

¡ (ϕ (u0))0 = g (u) in (0, 1)

u (0) = u (1) = 0
(6.6)

where ϕ satis…es assumption (6.2) and g is any function in C (R+, (0,+1)) .

We de…ne a solution of problem (6.6) to be a function u 2 C1 ([0, 1]) satisfying ¡ (ϕ (u0))0 =

g (u) in (0, 1) and u (0) = u(1) = 0.

Let u be a solution of problem (6.6), then there exists a real constant C ¸ 0 such that:

ª
¡
ϕ

¡
u0 (x)

¢¢
+ G (u (x)) = C for all x 2 [0,1] (6.7)

where G (s) :=

Z s

0
g (t) dt , ª(s) :=

Z s

0
ψ (s)dt and ψ := ϕ¡1.

Observe that ª is even,ª(0) = 0 and ª(s)>0 for all s 6= 0.
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We now de…ne some subsets of C1 ([0, 1]) which will be used in the rest of this paper.

Let S+1 and A+1 be the subsets de…ned in Chapter 1. Then

Lemma 63 Any solution of problem (6.6) is necessarily in A+1 .

Proof Let u be a solution of problem (6.6). We begin our proof by showing that u0 vanishes

once and only once. To this end, we will prove that any critical point x¤ of u remains in (0, 1)

and at x¤, u reaches a maximum value.

Suppose that u0 (0) = 0, then for x = 0 in (6.7), we get C = 0. So, for any x 2 [0, 1] , G (u(x)) =

¡ª(ϕ (u0 (x))) · 0. Since G is strictly increasing in R+ and G (0) = 0, we have u (x) = 0 for

any x 2 [0,1]. This is impossible because 0 is not a solution of problem (6.6) .

Using the same arguments, we get u0 (1) 6= 0.

Now, let x¤ 2 (0,1) be a critical point of u. It follows from (6.7) that (ϕ (u0)) = ¡g (u)<0

in (0,1) . This implies that ϕ (u0) is strictly decreasing in (0, 1) .So, ϕ (u0)>0 in (0,x¤) and

ϕ (u0)<0 in (x¤, 1) . As ϕ is odd strictly increasing, we get u0>0 in (0, x¤) and u0<0 in (x¤, 1);

thus, u reaches a maximum value at x¤ and u>0 in (0, 1) .

Let ρ = u (x¤) = maxu (x) .

From equation (6.7) , it follows that:

u0 (x) = ψ
¡
ª¡1
+ (G (ρ) ¡G (u (x)))

¢
for any x 2 [0,x¤] (6.8)

u0 (x) = ¡ψ
¡
ª¡1+ (G(ρ)¡ G (u(x)))

¢
for any x 2 [x¤,1] (6.9)

where ª¡1+ is the inverse of the function ª on [0, +1). Then:

x =

u(x)Z

0

du(t)

u0 (t)
=

u(x)Z

0

du (t)

ψ
¡
ª¡1+ (G (ρ) ¡ G(u (t)))

¢ for any x 2 [0,x¤] (6.10)

1 ¡x = ¡
u(x)Z

0

du (t)

u0 (t)
=

u(x)Z

0

du (t)

ψ
¡
ª¡1+ (G (ρ) ¡ G (u (t)))

¢ for any x 2 [x¤,1] (6.11)

Putting x = x¤ in (6.10) and (6.11), we get

x¤ =

ρZ

0

du (t)

ψ
¡
ª¡1
+ (G (ρ) ¡G (u (t)))

¢ = 1 ¡x¤
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which yields

x¤ =
1

2
.

As for the symmetry of u about 12, it su¢ces to show that u (1 ¡x) = u(x) for any x 2 [0,1].

This becomes very easy if we observe that x = 1 ¡ (1 ¡x); then from (6.10) and (6.11), we get:

x = 1 ¡ (1 ¡ x) =

Z u(x)

0

du (t)

ψ
¡
ª¡1+ (G (ρ)¡ G (u (t)))

¢

=

Z u(1¡x)

0

du (t)

ψ
¡
ª¡1+ (G (ρ) ¡ G (u (t)))

¢;

so, we obtain u (1 ¡ x) = u (x) for any x 2 [0,1]. Therefore the lemma is proved.

Lemma 64 If u1 6= u2 are two solutions of problem (6.6), then u1 6= u2 are ordered (u1<u2 in

(0,1) or u1<u2 in (0,1)).

Proof Let u1 and u2 be two solutions of the lemma.

We have

² either u01 (0) = u02 (0)

² or u01 (0) 6= u02 (0) .

Assume that the …rst situation holds. We deduce from equation (6.7) :

G

µ
u1

µ
1

2

¶¶
= ª

¡
ϕ

¡
u01 (0)

¢¢
= G

µ
u2

µ
1

2

¶¶
= ª

¡
ϕ

¡
u02 (0)

¢¢
.

Since G is strictly increasing, we get u1
¡
1
2

¢
= u2

¡
1
2

¢
.

Let ρ = u1
¡
1
2

¢
= u2

¡
1
2

¢
, then (6.10) written for u1 and u2 gives:

x =

Z u1(x)

0

du (t)

ψ
¡
ª¡1+ (G (ρ) ¡ G (u1 (t)))

¢

=

Z u2(x)

0

du (t)

ψ
¡
ª¡1+ (G (ρ) ¡G (u2 (t)))

¢ for any x 2
·
0,

1

2

¸
.

Hence, u1 (x) = u2 (x) for all x 2 £
0, 12

¤
. But u1 and u2 are in A+1 ; then using the fact that u1

and u2 are symmetrical about 1
2, it follows u1 (x) = u2 (x) for all x 2 [0,1], which is impossible.

Now, suppose that u01 (0)<u02 (0). Since u1 and u2 are symmetrical about 1
2 , we will prove

that u1 (x) = u2 (x) for all x 2 ¡
0, 12

¤
.

Let A =
©
x 2 ¡

0, 12
¤
, u1 (x) = u2 (x)

ª
. Assume A 6= ; and let x0 = inf A and u = u1 ¡u2.
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Then x0 >0, because if x0 = 0 and (xn) is a sequence such that limxn = x0
n!+1

, we get :

0<u02 (0) ¡ u01 (0) = lim
n!+1

u2 (xn) ¡u1 (xn)

xn
= 0

which is impossible.

Thus, let (yn) be a sequence in (0, x0) such that lim
n!+1 yn = x0. We get:

u0 (x0) = lim
n!+1

u (yn) ¡ u (x0)

yn ¡ x0
= lim

n!+1
u(yn)

yn ¡ x0
· 0

and then,

0 · u2 (x0) · u1 (x0) .

Using again (6.7), we obtain:

ª(ϕ (u01 (0))) ¡ ª(ϕ (u01 (x0))) = G (u1 (x0))

= G (u1 (x0)) = ª(ϕ (u02 (0))) ¡ ª(ϕ (u02 (x0)))

and then

0>ª
¡
ϕ

¡
u01 (0)

¢¢ ¡ª
¡
ϕ

¡
u02 (0)

¢¢
= ª

¡
ϕ

¡
u01 (x0)

¢¢ ¡ ª
¡
ϕ

¡
u02 (x0)

¢¢ ¸ 0

which is impossible, therefore A = ; .

Now to any homeomorphism ϕ of R satisfying (6.2), we associate the operator :

Aϕ : C1 ([0, 1]) ! C1 ([0, 1])

de…ned as follows:

Aϕ (u) (x) =

xZ

0

ϕ
¡
u0 (t)

¢
dt for any u 2 C1 ([0, 1]) and x 2 [0,1] .

Then the following result holds true:

Lemma 65 If u 2 A+1 then v = Aϕ (u) 2 A+1 . Moreover if (λ,u) is a solution of (7.2) , then

(λ, v) is a solution of the boundary value problem

8
<
:

¡v00 = λf (Aψ (v)) in (0,1)

v (0) = v (1) = 0
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where ψ = ϕ¡1.

Proof Let u 2 A+1 and v = Aϕ (u) . It is clear that v0 (x) = ϕ (u0 (x)) . So, v0 vanishes only

once.

As u is symmetrical about 1
2, we deduce :

u(1 ¡ x) = u (x) and u0 (1 ¡ x) = ¡u0 (x) for any x 2 [0,1] .

Since ϕ is odd, we get:

ϕ
¡
u0 (1 ¡ x)

¢
= ¡ϕ

¡
u0 (x)

¢
for any x 2 [0,1] .

So, for any x 2 [0,1], we have

1¡xZ

x

ϕ
¡
u0 (t)

¢
dt =

1
2Z

x

ϕ
¡
u0 (t)

¢
dt +

1¡xZ

1
2

ϕ
¡
u0 (t)

¢
dt.

Using the change of variables s = 1 ¡ t, we get:

1¡xZ

x

ϕ
¡
u0 (t)

¢
dt =

1
2Z

x

ϕ
¡
u0 (t)

¢
dt +

xZ

1
2

¡ϕ
¡
u0 (1 ¡ s)

¢
ds

=

1
2Z

x

ϕ
¡
u0 (t)

¢
dt +

xZ

1
2

ϕ
¡
u0 (s)

¢
ds = 0.

Finally, we obtain:

v (1 ¡ x) =

1¡xZ

0

ϕ
¡
u0 (t)

¢
dt =

xZ

0

ϕ
¡
u0 (t)

¢
dt +

1¡xZ

x

ϕ
¡
u0 (t)

¢
dt

=

xZ

0

ϕ
¡
u0 (t)

¢
dt = v (x) .

The fact that v satis…es the equation in Lemma 65 can be checked by straighforward

computations.
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6.3 Proof of Theorem 62:

Suppose the contrary, and let λ 2 (0, λ¤) , u1,u2 2 C1 ([0,1]) such that (λ,u1) and (λ, u2) are

two solutions of problem (7.2) .

Let vi = A(ui) for i = 1, 2 and w = v2 ¡ v1.

We deduce from Lemmas 63 and 65 that ui and vi lie in A+1 for i = 1,2.

Moreover, from Lemma 64, we can suppose that u1<u2. Since f is strictly increasing and ϕ

is odd strictly increasing, we have:

¡
ϕ

¡
u02

¢ ¡ϕ
¡
u01

¢¢0
= ¡λ (f (u2) ¡ f (u1))<0 in (0, 1)

and so,

ϕ
¡
u02 (t)

¢
>ϕ

¡
u01 (t)

¢
for all t 2 £

0, 12
¢
.

Then,

v2 (x) =

xZ

0

ϕ
¡
u02 (t)

¢
dt >

xZ

0

ϕ
¡
u01 (t)

¢
dt = v1 (x) for all x 2 ¡

0, 12
¤
.

Finally, since for i = 1, 2 vi is symmetrical about 1
2, it follows that v2>v1 in (0, 1) and

w = v2 ¡ v1 lies in A+1 .

Now observe that w is a solution of the problem

8
<
:

¡w00 = λq (x)w in (0,1)

w (0) = w (1) = 0

where

q (x) =

8
><
>:

qf (x) qϕ (x) if x 2 (0, 1)

f 0 (0)
mϕ

if x = 0,1

qf (x) =
f (Aψ (v2) (x)) ¡ f (Aψ (v1) (x))

Aψ (v2) (x) ¡Aψ (v1) (x)
=

f (u2 (x)) ¡ f (u1 (x))

u2 (x) ¡ u1 (x)

and

qϕ (x) =
Aψ (v2) (x) ¡Aψ (v1) (x)

v2 (x) ¡ v1 (x)
=

u2 (x) ¡ u1 (x)

v2 (x) ¡ v1 (x)
.

On one hand, assumptions (6.4) and (6.5) lead to

qf (x)<Mf for all x 2 (0,1) .
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On the other hand, assumption (6.3) gives

ψ (x) ¡ψ (y) · 1

mϕ
(x ¡ y) for all x ¸ y.

Then

qϕ (x) =

Z x

0

(ψ (v2 (t)) ¡ψ (v1 (t)))dt

v2 (x) ¡ v1 (x)
· 1

mϕ
for all x 2 ¡

0, 12
¤
.

As qϕ is symmetrical about 1
2 , we get

qϕ (x) · 1

mϕ
for all x 2 (0, 1) .

Finally, we get

q (x)<
Mf

mϕ
for all x 2 [0, 1] .

Since w lies in A+1 , λ = µ1 (q, [0,1]). Now, if we use Proposition 1.12A in [48], we obtain

λ = µ1 (q, [0,1])>µ1

µ
Mf

mϕ
, [0,1]

¶
= λ1 ¸ λ¤

which is impossible, because λ 2 (0,λ¤). Thus, the theorem is proved.
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Chapter 7

Complete desciption of the set of

solutions to a strongly nonlinear

O.D.E’s.

Electronic Journal of Qualitative Theory of Di¤erential Equations, 2003 No. 9, pp.

1-18.

7.1 Introduction

The purpose of this paper is to give a complete description of the set of solutions to the boundary

value problem 8
<
:

¡ (ϕ (u0))0 = f (u) in (0, 1)

u (0) = u (1) = 0
(7.1)

where ϕ is an odd increasing homeomorphism of R and f is an odd function of C (R, R) .

By a solution of (7.1), we mean a function u 2 C1 ([0, 1]) satisfying (ϕ (u0))0 = ¡f (u) in

(0,1) and the Dirichlet conditions u (0) = u(1) = 0.

Note that the di¤erential operator u ! (ϕ (u0))0 is linear if and only the function x ! ϕ (x)

is linear, hence the ODE in (7.1) is said strongly nonlinear.

This work is motivated by the previous ones done in [64], [63], [65], [45] and essentially by

[67].

In [67] García-Huidobro & Ubilla study problem (7.1) under the following hypothesis on the

141



functions f and ϕ

lim
x!0

ϕ (σx)

ϕ (x)
= σq¡1 for some q > 1 and for all σ 2 (0, 1) ,

lim
x!+1

ϕ (σx)

ϕ (x)
= σp¡1 for some p > 1 and for all σ 2 (0,1) ,

lim
x!0

f (x)

ϕ (x)
= a and lim

x!+1
f (x)

ϕ (x)
= A.

Using time-maps approach they give a multiplicity result when a and A lie in some resonance

intervals.

In this work we will replace the growing conditions on ϕ and f at 0 and +1 by global

conditions on the convexity of ϕ and f. These new conditions which will play signi…cant role in

the proof of existence of solutions as well as in the proof of uniqueness of these solutions in some

areas of C1 ([0,1]) , can appear very restrictive. However we think that this condition is usual,

indeed this kind of assumption is often met in the literature when an exactitude result is aimed

(see [15], [42] and [76]).

Our strategy is as follows:

In a …rst stage, we locate the possible solutions of problem (7.1) in some subsets Aν
k, (where

for k 2 N¤ and ν = +, ¡ Aν
k is de…ned in section 2) of C1 ([0,1]) and we give some properties of

these solutions. An immediate consequence of these results is: u 2 A+k is solution to problem

(7.1) if and only if u is a positive solution to the problem

8
<
:

¡ (ϕ (u0))0 = f (u) in
¡
0, 12k

¢

u (0) = u0
¡
1
2k

¢
= 0.

(7.2)

Then we associate to problem (7.2) the auxiliary Sturm-Liouville problem

8
<
:

¡v00 (x) =
»
f

¡R x
0 ψ (v0 (t))dt

¢
in

¡
0, 12k

¢

v (0) = v0
¡
1
2k

¢
= 0.

(7.3)

such that u is positive solution to problem (7.2) if and only if v (x) =
R x
0 ϕ (u0 (t))dt is a positive

solution to the auxiliary Sturm-Liouville problem (7.3). Thus we are driven to investigate a

nonlinear Sturm-Liouville problem for which after addition of a linear part containing a real pa-

rameter existence of a positive solution will be proved by the use of Rabinowitz global bifurcation

theory (see [93], [94] and [95]).

At the end, we will use assumptions (7.5) and (7.7) to prove uniqueness of the solution in
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each subset Aν
k.

The chapter is organized as follows: The section 7.2 is devoted to the statement of the main

results and some necessary notations. In section 7.3, we expose some preliminary results we

need in the proof of the principal results. In the last section, we give the proofs of main results.

7.2 Notations and main results

In the following we denote by E = C1 ([a,b]) with its norm kuk1 = kuk0+ ku0k0
Let, for any integer k ¸ 1 A¡k , A+k and Ak the subsets de…ned in Chapter 1.

We recall that the boundary value problem:

8
<
:

¡u00 = λu in (a,b)

u (a) = u0 (b) = 0

has an increasing sequence of eigenvalues (µk ([a, b]))k¸1 with µk ([a,b]) =
(2k ¡ 1)2 π2

4 (b ¡ a)2
.

We will use in this work the so called Jensen inequality given by:

F

0
@ 1

b ¡ a

bZ

a

u (t)dt

1
A ¸ 1

b ¡ a

bZ

a

F (u (t))dt

where F : R ! R is a concave function and u is a function in C ([a,b]) .

Moreover if b ¡ a < 1 and F (0) = 0 then

F

0
@

bZ

a

u (t)dt

1
A ¸

bZ

a

F (u (t))dt (7.4)

Let S be the set of solutions to problem (7.1), then our main results are :

Theorem 66 ( Superlinear case ) :

Suppose the functions ϕ and f satisfy the following conditions:

ϕ is concave on R+, (7.5)

lim
x!0

f (x)

ϕ (x)
= 0 and lim

x!+1
f (x)

ϕ (x)
= +1, (7.6)

the function s ! f (s)

s
is increasing on (0,+1) (7.7)
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Then

S ½ f0g [
µ

[
k¸1

Ak

¶

and for each integer k ¸ 1 there exists uk 2 A+k such that

S \ Ak = f uk ,¡uk g .

Theorem 67 ( Sublinear case ) :

Suppose the functions ϕ and f satisfy the following conditions:

ϕ is convex on R+, (7.8)

lim
x!0

f (x)

ϕ (x)
= +1 and lim

x!+1
f (x)

ϕ (x)
= 0, (7.9)

f is increasing and concave in R+. (7.10)

Then

S ½ f0g [
µ

[
k¸1

Ak

¶

and for each integer k ¸ 1 there exists uk 2 A+k such that

S \ Ak = f uk ,¡uk g .

Remark 10 The above theorems give a complete description of the solution set of the problem

(7.1), indeed the theorems state that there is no solution except the trivial solution and those

belonging to [
k 1̧

Ak, and in each A§k there is exactly one solution.

Remark 11 Hypothesis (7.7) is similar to (3-3) assumed in [32]. To obtain the exact number

of solutions to the boundary value problem

8
<
:

¡u00 = λu+ f (u) in (0, 1)

u (0) = u (1) = 0
(7.11)

according λ in a resonance interval, the author assumed that the function s ! f (s)

s
and s !

¡f (¡s)

s
are increasing on (0, +1) .

Note that, hypothesis (7.7) implies that f is increasing, and if f is convex then hypothesis

(7.7) is satis…ed.

In the sublinear case, hypothesis (7.10) implies that the function s ! f (s)

s
is decreasing on

144



(0,+1) .

7.3 Some preliminary results:

In this section we give some lemmas which will be crucial for the proof of our main results.

Consider the boundary value problem

8
<
:

¡ (ϕ (u0))0 = g (u) in (a, b)

u (a) = u (b) = 0
(7.12)

where ϕ is an odd increasing homeomorphism of R and g is a function in C (R, R) satisfying

xg (x) > 0 for all x 2 R¤. (7.13)

We de…ne a solution of problem (7.12) to be a function u 2 E satisfying (ϕ (u0))0 = ¡g (u)

in (a, b) and u(a) = u (b) = 0.

If u is a solution to problem (7.12), then there exists a real constant C ¸ 0 such that

ª
¡
ϕ

¡
u0 (x)

¢¢
+G (u (x)) = C for all x 2 [a,b] (7.14)

where G (x) =

Z x

0
g (t)dt , ª(x) =

Z x

0
ψ (t)dt with ψ = ϕ¡1.

Note that ª the Legendre transform of the convex function © where ©(s) =
R s
0 ϕ (t)dt, is

even , ª(0) = 0 and ª(s) > 0 for all s 6= 0.

Then, the …rst result in this section is:

Lemma 68 Suppose that hypothesis (7.13) holds true. If u is a nontrivial solution to problem

(7.12), then there exists an integer k ¸ 1 such that u 2 Ak.

Proof Let u be a nontrivial solution to problem (7.12). We begin the proof by showing that

u0 (a) 6= 0.

Let us suppose the contrary. Then, if we put x = a in equation (7.14), we get C = 0.

Thus, for any x 2 [0,1], G(u (x)) = ¡ª(ϕ (u0 (x))) · 0. Since G is strictly positive on R¤ and

G (0) = 0, u(x) = 0 for all x 2 [a,b]. This is impossible since u is a nontrivial solution.

Now, let us show that u has a …nite number of zeros. Suppose the contrary and let (zn) be

the in…nite sequence of zeros of u and z¤ an accumulate point of (zn) . Then we have

u(z¤) = u0 (z¤) = lim
n!1

u (zn) ¡ u(z¤)
zn ¡ z¤

= 0.
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Again, putting x = z¤ in equation (7.14) we get the same contradiction as above.

Let z1 and z2 two consecutive zeros of u, and suppose that u > 0 in (z1, z2) and y¤ is a

critical point of u in (z1, z2) . It follows from equation (7.12) that (ϕ (u0))0 = ¡g (u) in (z1, z2).

Since ϕ is an increasing odd homeomorphism of R, u0 > 0 in (z1, y¤), u0 < 0 in (y¤, z2) and

u0 (y¤) = 0. Thus y¤ is the unique critical point of u at which u reach its maximum value.

Let

ρ = u(y¤) = max
x2(z1 , z2)

u (x) .

It follows from equation (7.14) that

u0 (t) = ψ
¡
ª¡1+ (G (ρ) ¡ G(u (t)))

¢
for all t 2 [z1, y¤] (7.15)

and

u0 (t) = ¡ψ
¡
ª¡1
+ (G (ρ) ¡G (u (t)))

¢
for all t 2 [y¤, z2] (7.16)

where ª¡1+ is the inverse of ª on R+. Then

x¡ z1 =

u(x)Z

0

du(t)

u0 (t)
=

u(x)Z

0

du (t)

ψ
¡
ª¡1+ (G (ρ) ¡ G (u (t)))

¢ for all x 2 [z1, y¤] (7.17)

and

z2 ¡x = ¡
u(x)Z

0

du (t)

u0 (t)
=

u(x)Z

0

du (t)

ψ
¡
ª¡1+ (G (ρ) ¡ G (u (t)))

¢ for all x 2 [y¤, z2] . (7.18)

Putting x = y¤ in equations (7.17) and (7.18) , we get

y¤¡ z1 =

ρZ

0

du (t)

ψ
¡
ª¡1+ (G (ρ) ¡ G (u (t)))

¢ = z2 ¡ y¤

which yields

y¤ =
z1 + z2

2
.

For the symmetry of the (z1, z2)¡hump of u about
z1 + z2

2
, it su¢ces to show that for all

x 2 [z1, z2] u ( z1 + z2 ¡x) = u (x) .This becomes very easy if we observe that x = (z1 + z2) ¡
(z1 + z2 ¡x) and make use of equations (7.17) and (7.18) , then we get: in each of the cases
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x 2
·
z1,

z1+ z2
2

¸
or x 2

·
z1+ z2

2
, z2

¸

x¡ z1 = z2¡ (z1 + z2 ¡x) =

u(x)Z

0

du(t)

ψ
¡
ª¡1
+ (G (ρ) ¡G (u (t)))

¢

=

u(z1+z2¡x)Z

0

du (t)

ψ
¡
ª¡1+ (G (ρ) ¡ G (u (t)))

¢

which leads to u( z1+ z2¡ x) = u (x) for all x 2 [ z1, z2]1.

It remains to show that if z3 < z4 are two consecutive zeros of u and u > 0 in [ z3, z4], then

u[ z3, z4] is the translation of u
[ z1, z2]

.

To do this it su¢ces to prove that u (z3 +(x¡ z1)) = u(x) for all x 2 [z1, z2].

Putting respectively x =
z1 + z2

2
and x =

z3 + z4
2

in equation (7.14) we deduce

C = G

µ
u

µ
z1+ z2

2

¶¶
= G

µ
u

µ
z3+ z4

2

¶¶
.

Since G is strictly increasing on (0, +1) , u

µ
z1 + z2

2

¶
= u

µ
z3 + z4

2

¶
.

Making use of equations (7.17) and (7.18), we get :

z4¡ z3 + z4
2

=
z4 ¡ z3

2

=

u
³

z3+z4
2

´
Z

0

du(t)

ψ
¡
ª¡1+

¡
G

¡
u

¡
z3+z4
2

¢¢ ¡G (u (t))
¢¢

=

u
³

z1+z2
2

´
Z

0

du (t)

ψ
¡
ª¡1+

¡
G

¡
u

¡z1+z2
2

¢¢ ¡G (u(t))
¢¢

= z2¡ z1 + z2
2

=
z2¡ z1

2

which yields z3 +(z2¡ z1) = z4.

If we set v (x) = u ( z3 +( x ¡ z1)) for all x 2 [z1, z2], then we have

v (z1) = u (z3) = 0

v (z2) = u (z4) = 0.

1 We have
Z a

0

f (t) dt=

Z b

0

f (t) dt with f > 0.
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Observe that u and v are solutions of the problem

8
<
:

¡(ϕ (w0))0 = g (w) in (z1, z2)

w (z1) = w (z2) = 0.

So, for any x 2
·
z1,

z1 + z2
2

¸
, we have:

x¡ z1 =

u(x)Z

0

du (t)

ψ
¡
ª¡1
+

¡
G

¡
u

¡
z1+z2
2

¢¢ ¡ G(u (t))
¢¢

=

v(x)Z

0

dv (t)

ψ
¡
ª¡1+

¡
G

¡
v

¡
z1+z2
2

¢¢ ¡G (v (t))
¢¢

which leads to v (x) = u(x) for all x 2
·
z1,

z1 + z2
2

¸
.

Using the symmetry of the function u we deduce that v (x) = u (x) for all x 2 [z1, z2]. This

completes the proof of the lemma.

Lemma 69 Suppose that hypothesis (7.13) holds true and g is odd. If u 2 A+k (resp. A¡k ) is

solution to problem (7.12) with k ¸ 2 then the …rst negative (resp. positive) hump of u is a

translation of the …rst negative (resp. positive) of (¡u) .

Proof Let u 2 A+k be a solution to problem (7.12) and (zi)
i=k
i=0 the …nite sequence of zeros of

u such that 0 = z0 < z1 < z2 < ¢ ¢ ¢ < zk = 1.

Since the positive ( resp. negative ) humps of u are translations of the …rst positive ( resp.

negative ) hump one, it su¢ces to prove that u[z1 ,z2 ] is a translation of ¡u[0,z1 ].

Let us prove that the two humps have the the same length.. Putting x =
z1
2

and x =
z1+ z2

2
in (7.14) , we get

C = G
³
u

³z1
2

´´
= G

³
u

³z1+z2
2

´´
.

Since G is even and increasing in R+

u
³z1

2

´
= ¡u

³z1+z2
2

´
.

Set ρ = u
³z1

2

´
= ¡u

³z1+z2
2

´
, as in the proof of Lemma 6

z1
2

=

ρZ

0

ds

ψ
¡
ª¡1
+ (G (ρ) ¡G (s))

¢
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and
z2 ¡ z1

2
=

z1 + z2
2

¡ z1 =

Z 0

u(
z1+z2
2 )

ds

ψ
¡
ª¡1
+

¡
G

¡
u

¡
z1+z2
2

¢¢ ¡G (s)
¢¢

=
R¡u(

z1+z2
2 )

0

ds

ψ
¡
ª¡1+

¡
G

¡
u

¡
z1+z2
2

¢¢ ¡G (s)
¢¢

=

Z ρ

0

ds

ψ
¡
ª¡1+ (G (ρ) ¡ G (s))

¢ =
z1
2

which leeds to

z2¡ z1 = z1.

Setting v (x) = ¡u (z1+ x) for all x 2 [0, z1] and arguing as in the proof of Lemma 6, we get

u (x) = v (x) = ¡u (z1 +x) for all x 2 [0, z1] . So the lemma is proved

Lemma 70 Suppose that hypothesis (7.13) holds true. If u1 6= u2 are two positives solutions of

problem (7.12), then u1and u2 are ordered, namely u1<u2 in (a, b) or u1<u2 in (a,b).

Proof See the proof of Lemma 64 .

7.4 Proof of the main results

Since the function f is odd and satis…es hypothesis (7.13) , it leads from lemma 68 any non

trivial solution to problem (7.1) belongs to [
k¸1

Ak.

7.4.1 Existence of solutions :

From lemmas 68 and 69, to get a solution belonging to A+k (resp. A¡k ) to problem (7.1) it su¢ces

to prove that the problem

8
<
:

¡ (ϕ (u0 (x)))0 = f (u(x)) in
¡
0, 12k

¢

u (0) = u0
¡
1
2k

¢
= 0.

(7.19)

admits a positive (resp. negative ) solution.2

Set f+ = max (f, 0) and consider the boundary value problem

8
<
:

¡v00 (x) = f+
¡R x
0 ψ (v0 (t))dt

¢
in

¡
0, 12k

¢

v (0) = v0
¡
1
2k

¢
= 0.

(7.20)

2 Any positive solution of (7.19) is concave. to see that one can use (7.14) .

149



Observe that if v is a positive solution to problem (7.20) if and only if u (x) =
Rx
0 ψ (u0 (t))dt is

a positive solution to the problem (7.19)3 .

Hence, we are driven to look for positive solutions to the problem

8
<
:

¡v00 (x) = f+
¡R x
0 ψ (v0 (t))dt

¢
in (0, a)

v (0) = v0 (a) = 0
(7.21)

where a 2 (0, 1) .

Consider the boundary value problem

8
<
:

¡v00 (x) = λv (x) + f+ (u (x)) in (0, a)

v (0) = v0 (a) = 0.
(7.22)

where λ is a real parameter and u (x) =
R x
0

ψ (v0 (t)) dt.

We mean by a solution of problem (7.22) a pair (λ,v) 2 R£C1 ([0, a]) satisfying ¡v00 (x) =

λv (x) + f+
¡R x
0 ψ (v0 (t))dt

¢
x 2 (0, a) and the boundary conditions v (0) = v0 (a) = 0.

Existence in the superlinear case:

Let ε > 0, we deduce from assumption (7.6) existence of δ > 0 such that

for all x 2 R, jxj < δ implies jf (x)j < ε jϕ (x)j = εϕ (jxj) .

Since ψ is an odd increasing function on R+, we have for v 2 C1 ([0, a]) and for all x 2 [0, a]

¯̄R x
0

ψ (v0 (t))dt
¯̄ · R x

0
jψ (v0 (t))jdt =

Rx
0

ψ (jv0 (t)j)dt

· ψ (kvk1) .

Thus, if η := ϕ (δ) then for all v 2 C1 ([0, a])

kvk1 < η implies
¯̄
¯̄
Z x

0
ψ

¡
v0 (t)

¢
dt

¯̄
¯̄ · δ for all x 2 [0, a]

3 Any solution of (7.20) is concave.
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then ¯̄
f

¡Rx
0

ψ (v0 (t))dt
¢¯̄

= f
¡¯̄Rx

0
ψ (v0 (t))

¯̄
dt

¢

· εϕ
¡¯̄R x

0
ψ (v0 (t))dt

¯̄¢

· εϕ (ψ (kvk1))
· εkvk1 .

which means f (u) = ± (kvk1) and f+ (u) = ± (kvk1) .

However, Rabinowitz global bifurcation theory (see [93] and [94]) states: the pair (λ1, 0) is

a bifurcation point for a component S+1 ½ R£ »
S
+

1 of positive solutions to Problem (7.22) which

is unbounded in R£C1 ([0, a]) where λ1 = µ1 ([0, a]) and

»
S
+

1=
©
v 2 C1 ([0, a]) : v (0) = v0 (a) = 0 and v > 0 in (0, a)

ª
.

Thus, to prove existence of a positive solution to problem (7.21) it su¢ces to show the

following

Theorem 71 S+1 crosses f0g £C1 ([0, a]) .

Before proving theorem 5, we need the following lemma:

Lemma 72 If (λ,v) 2 S+1 then λ < λ1.

Proof Let © be the …rst positive eigenfunction of

8
<
:

¡©00 = λ1© in (0, a)

© (0) = ©0 (a) = 0.

Multiplying (7.22) by © and integrating on (0, a) we get:

¡
aZ

0

v00© = λ

aZ

0

v© +

aZ

0

f+ (u)©.

Then, two integrations by parts give

(λ1 ¡λ)

aZ

0

v© =

aZ

0

f+ (u)© > 0

so that

λ < λ1.
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Proof of theorem 71

Suppose the contrary, and let (λn, vn) ½ S+1 an unbounded sequence in R£C1 ([0, a]) and set

un (x) =
Rx
0 ψ (v0n (t))dt. An immediate consequence of Lemma 72 is: 0 < λn < λ1 and (vn) is

unbounded in C1 ([0, a]).

First Let us prove that vn is unbounded with the respect of the C0 norm. Suppose the

contrary. Since ¡v00n = λnvn + f (un) and v00n is unbounded4 with the respect of the C0 norm, un

is unbounded with the respect of the C0 norm on [0, a] .

Let for any R > 0 Jn = fx 2 [0, a] : ϕ (un (x)) ¸ Rg .

We claim that there exist R0 > 0 such that l (Jn) · 1

2a
. This is due to:

Denote by θn the real number belonging to [0, a] such that ϕ (un (θn)) = R and let ©n and

λ1,n be respectively the …rst positive eigenfunction and the …rst eigenvalue of the problem

8
<
:

¡v00 = λv in (θn, a)

v (θn) = v0 (a) = 0.

Multiplying (7.22)by ©n and integrating between θn and a we get

aZ

θn

¡v00n©n = λn

aZ

θn

vn©n +

aZ

θn

f+ (un)©n.

After two integrations by parts we obtain:

λ1,n

aZ

θn

vn©n ¸ λn

aZ

θn

vn©n +

aZ

θn

f+ (un)©n. (7.23)

We deduce from hypothesis (7.6) that lim
x!+1

f+ (ψ (x))

x
= +1, so for M =

π2

a2
there exists

R0 > 0 such that

x ¸ R0 implies f+ (ψ (x)) ¸ Mx.

Thus, we deduce from (7.23):

(λ1,n ¡ λn)

Z a

θn

vn©n ¸
Z a

θn

(f+ ± ψ) (ϕ (un))©n

¸ M

Z a

θn

ϕ (un) ©n.
. (7.24)

4 Otherwise v0n will be bounded on [0, a] with the respect of the C0 norm, and then vn with the respect of the
C1 norm.
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Since ϕ is concave, Jensen inequality (7.4) leads to

ϕ (un (x)) ¸ vn (x) for all x 2 [θn, a] .

Thus, we deduce from (7.24):

(λ1,n ¡ (λn +M))

aZ

θn

vn©n ¸ 0;

then

π2

(a ¡ θn)
2 ¸ (λn + M)

…nally

l (Jn) =

µ
1

2
¡ θn

¶
· 1

2a
. (7.25)

Now let us return to the equation satis…ed by un. We have

¡ ¡
ϕ

¡
u0n

¢¢0
= λnvn + f+ (un) in (0, a)

Multiplying by u0 and integrating over [x, a] , we get

ª
¡
ϕ

¡
u0n (x)

¢¢
= F+ (ρn)¡ F+ (un (x)) +λn

Z a

x

vnu0n for all x 2 [0, a]

where ρn = un (a) and F+ (x) =
R x
0 f+ (t)dt.

Then, as in the proof of Lemma 6 we obtain

θn =

Z R0

0

dun (t)

u0n (t)
=

Z R0

0

ds

ψ
³
ª¡1+

³
F+ (ρn) ¡F+ (s) + λn

R 1
2

x vnu0n
´´

·
Z R0

0

ds

ψ
¡
ª¡1+ (F+ (ρn) ¡F+ (s))

¢ .

(7.26)

Thus, on one hand, since
1

ψ
¡
ª¡1+ (F+ (ρn)¡ F+ (s))

¢ is bounded in [0,R0] and lim
n!1

ρn =

+1.

lim
n!+1

θn = lim
n!+1

R0Z

0

ds

ψ
¡
ª¡1+ (F+ (ρn) ¡F+ (s))

¢ = 0
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and on the other hand it follows from (7.25) θn ¸ 1

2a
which is impossible and vn is unbounded

in C0 ([0, a]) .

Now arguing as above, let for any R > 0 Jn = fx 2 [0, a] : vn (x) ¸ Rg, R0 > 0 such that

l (Jn) · 1

2a
and θn the real number belonging to [0, a] such that vn (θn) = R0.

Thus, in one hand

R0 =

θnZ

0

v0n (t)dt ¸ 1

2a
v0n (θn) (7.27)

and on the other hand,

vn

µ
1

2

¶
=

aZ

0

v0n (t)dt =

θnZ

0

v0n (t)dt +

aZ

θn

v0n (t)dt (7.28)

· R0 +
1

2a
v0n (θn)

which is impossible because from (7.27) we deduce that v0n (θn) is bounded and (7.28) leads to

v0n (θn) is unbounded. This completes the proof of theorem 5.

Existence in the sublinear case:

Let ε > 0, we deduce from hypothesis (7.9) existence of χ > 0 such that

x > χ implies f+ (x) < εϕ (x) .

Note that since ψ is concave and increasing, and f is increasing

f+
¡R x
0 ψ (v0 (t))dt

¢ · f+ (ψ (v (x)))

· f+ (ψ (kvk1)) for all x 2 [0, a] .

Thus if η = ϕ (χ), then for all v 2 C1 ([0, a]) and for all x 2 [0, a]

kvk1 > η implies f+
µZ x

0
ψ

¡
v0 (t)

¢
dt

¶
< εkvk1

and f+
¡R x
0 ψ (v0 (t))dt

¢
= ± (kvk1)

Therefore, Rabinowitz Global Bifurcation Theory states (see [95]): the pair (λ1,+1) is a

bifurcation point for a component S+1 ½ R£ »
S
+

1 of positive solutions to (7.22) such that:

If ­ is a neighborhood of (λ1, +1) whose projection on R is bounded and whose projection

on C1 ([0, a]) is bounded away from 0 then either
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1. S+1 8­ is bounded in R£C1 ([0, a]) , in which a case S+1 8­ meets R£f0g or

2. S+1 8­ is unbounded in R£C1 ([0, a]) . Moreover if S+1 8­ has a bounded projection on R then

S+1 8­ meets (µk ([0, a]) , +1) with k ¸ 2.

Thus, to prove existence of a positive solution to problem (7.21) it su¢ces to show the

following

Theorem 73 S+1 crosses f0g £C1 ([0, a]) .

Proof of theorem 73:

To prove theorem 73, it su¢ces to prove that if ­ is as above, then S+1 8­ dos not meet

(µk ([0, a]) ,+1) with k ¸ 2 and does not meet R+ £ f0g .

Let © be the …rst positive eigenfunction of

8
<
:

¡©00 = λ1© in (0, a)

© (0) = ©0 (a) = 0.

and (λ, v) 2 S+1 . Arguing as in the proof of Lemma 72 we get

λ < λ1

which means that S+1 8­ don’t meet (µk ([0, a]) ,+1) with k ¸ 2.

Now suppose that (λn, vn) is a sequence in S+1 converging5 to (λ¤,0) with λn > 0. Multiplying

(7.22) by © and integrating on (0, a) we get

(λ1¡ λn)

aZ

0

vn© =

aZ

0

f+ (un)©

where un (x) =
R x
0 ψ (v0n (t))dt.

Using the concavity of f we get

(λ1¡ λn)

aZ

0

vn (t)© (t)dt ¸
aZ

0

0
@

tZ

0

f+
¡
ψ

¡
v0n (s)

¢¢
©(s)ds

1
Adt.

We deduce from hypothesis (7.9) that lim
x!0

f+ (ψ (x))

x
= +1 and for M =

π2

a2
, there exist

5 vn ! 0 with the respect of the C1 norm.
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δ > 0 such that

0 · x < δ implies f+ (ψ (x)) > Mx.

Hence, For n large enough

f+
¡
ψ

¡
v0n (s)

¢¢ ¸ Mv0n (s)

and

(λ1 ¡λn ¡M)

aZ

0

vn (t)© (t)dt ¸ 0.

This is impossible since

λ1¡ λn ¡M < λ1 ¡M < 0.

which completes the proof of Theorem 73.

7.4.2 Uniqueness in A§
k

We will expose in this paragraph the proof of uniqueness in A§k in the superlinear case. The

other case will be treated similarly.

We deduce from Lemma 68 and Lemma 69 that: to show uniqueness of the solution to

problem (7.1) in each A§k , it su¢ces to show that the boundary value problem

8
<
:

¡(ϕ (u0))0 = f (u) in (a,b)

u(a) = u (b) = 0
(7.29)

has a unique solution in A+1 .

Now, if u and v are two solutions in A+1 to problem (7.29) , then we have

bZ

a

¡ ¡
ϕ

¡
u0

¢¢0
v +

¡
ϕ

¡
v0

¢¢0
u =

bZ

a

f (u)v ¡ f (v)u

or

2

a+b
2Z

a

µ
ϕ (u0)

u0
¡ ϕ (v0)

v0

¶
u0v0 =

bZ

a

µ
f (u)

u
¡ f (v)

v

¶
uv. (7.30)

First we deduce from Lemma 70 that u and v are ordered and from assumption (7.7)

that f is increasing in R+. Then, if we suppose u < v in (0,1) we get (ϕ (u0) ¡ϕ (v0))
0

=

¡ (f (u) ¡ f (v)) < 0 in
·
a,

a + b

2

¶
, namely u0 < v0 in

·
a,

a + b

2

¶
.
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In one hand, it follows from assumption (7.7) that

bZ

a

µ
f (u)

u
¡ f (v)

v

¶
uv < 0. (7.31)

In the other hand, the concavity of ϕ involve that the function s ! ϕ (s)

s
is decreasing on

(0,+1) , then
a+b
2Z

a

µ
ϕ (u0)

u0
¡ ϕ (v0)

v0

¶
u0v0 > 0. (7.32)

Inequalities (7.31) and (7.32) contradict equation (7.32) ; so uniqueness of the solution to

problem (7.29) is proved.
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Concluding remarks and open

questions

Through this thesis, we have attempted to give a complete description of the solution set of the

boundary value problem 8
<
:

¡ (ϕ (u0))0 = g (λ, u) in (0,1)

u (0) = u(1) = 0
(7.33)

where λ is a real parameter, ϕ an odd increasing homeomorphism of R and g is a continuous

real function.

In the chapters 2, 3, 4 and 5 we used the quadrature method established in chapter 1, for

solving several of the type of (7.33) when for all x 2 R ϕ (x) = ϕp (x) = jxjp¡2 x. Therefore

through the application of this method we have noted the following two remarks :

The quadrature method is very descriptive in the sence that it detect solutions and their

qualitative proprieties (number of zeros, number of critical points, symmetry.....)

To get multiplicity (resp. exact multiplcity) of solutions, we are led to compute the a lower

bound (resp. the exact number ) of the critical points of the time maps.

Also, we have seen that the quadrature method allows us to detct solutions of (7.33) in the

subsets of C1 ([0,1]) : Ak, and Bk; this don’t means by any way that there isn’t other solutions

of (7.33) (see for instance Addou [4], Guedda and Veron [69]).

When ϕ isn’t necessarily equal to ϕp, few works have been done. So, the study of this kind of

boundary value problems remines an open question. For instance, the structure of the solution

set of the pseudo eigenvalue-problem

8
<
:

¡ (ϕ (u0))0 = λϕ (u) in (0, 1)

u (0) = u (1) = 0

is unknown.
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Observe also that in this work, the problems studied are autonomous; so the nonautonomous

case with other kinds of boundary value conditions remain open.
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