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Abstract

n this thesis, we focus on the study of classes of generalized fractional differential equa-

tions that may be subject to various types of conditions.

We first introduce the generalized Caputo-type fractional derivative, referred to as the p-Caputo
derivative, of order o € (1,2) with p > 0. This operator has the major advantage of unifying, within
a single analytical framework, the classical Riemann—Liouville and Hadamard fractional integrals

as well as the Caputo and Caputo—Hadamard fractional derivatives.

We then conduct a detailed analysis of the properties of the Green’s function associated with the
considered equations. This function plays a key role in deriving sharp estimates and enables the
rigorous construction of new integral inequalities. Based on these tools, we establish generalized
Lyapunov- and Hartman-type inequalities that are valid for both linear and nonlinear cases. The
application of these inequalities leads to significant results, thereby providing effective criteria for

the qualitative analysis of solutions.

The obtained results are not merely an extension of existing works; rather, they offer a genuine
theoretical consolidation by proposing a unified framework capable of encompassing several par-
ticular classes of fractional differential equations that had previously been treated separately in the

literature.

Keywords:  Generalized Caputo derivatives, Green’s Function, fractional differential equations, mixed

nonlinearities, generalized Hartman-type inequality, generalized Lyapunov-type inequality.



Resumeé

ans cette these, nous nous intéressons a 1’étude de classes d’équations différentielles

fractionnaires généralisées pouvant étre soumises a diverses conditions. Dans un

premier temps, nous présentons la dérivée fractionnaire généralisée de type Caputo,
dite p-Caputo, d’ordre « € (1,2) avec p > 0. Cet opérateur présente 1’intérét majeur d’unifier, au
sein d’un cadre analytique unique, les intégrales fractionnaires classiques de Riemann-Liouville
et de Hadamard, ainsi que les dérivées fractionnaires de Caputo et de Caputo—Hadamard. Nous
entamons ensuite une analyse détaillée des propriétés de la fonction de Green associée aux équa-
tions considérées. Celle-ci joue un rdle central dans 1’obtention d’estimations précises et permet
la construction de nouvelles inégalités intégrales. Sur la base de ces outils, nous établissons des
inégalités généralisées de type Lyapunov et Hartman, valables pour les équations en question, aussi
bien dans le cas linéaire que non linéaire. L’ application de ces inégalités conduit a des résultats sig-
nificatifs, offrant ainsi des criteres efficaces pour I’analyse qualitative des solutions. Les résultats
obtenus ne constituent pas une simple extension des travaux antérieurs ; ils apportent une véritable
consolidation théorique en proposant un cadre unifié capable d’englober plusieurs cas particuliers
d’équations différentielles fractionnaires qui, jusqu’a présent, étaient traités séparément dans la

littérature.

Les mots clés:  Dérivées de Caputo généralisées, Fonction de Green, Equations différentielles fraction-
naires, Non-linéarités mixtes, Inégalité généralisée de type Hartman, Inégalité généralisée de type Lya-

pUnov.
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JA W Introduction

he subject of fractional calculus is a generalization of ordinary differentiation and in-
tegration on an arbitrary order that can be noninteger. Very recently it was recognized
that the fractional calculus arise naturally in various fields of science. In consequence,
there are several contributions focusing on the different definitions of fractional derivatives such as
Riemann-Liouville, Hadamard, Griinwald-Letnikov, Riesz, Caputo, Marchaud, Weyl, Hilfer, Ca-
puto and Fabrizio, Atangana and Baleanu and others, see [1, 2, 3,4, 5, 6,7, 8,9, 10, 11] and the

references therein.

In [12], Kiryakova proposed a theory of a generalized fractional calculus and their applications.
One of the proposed generalizations of the fractional calculus operators which has wide applica-
tions is the p—fractional operator (generalized fractional operator). This notion is referred to as the
fractional integral which combines the Riemann-Liouville and the Hadamard integral into a single
form [5, 6, 7]. In 2015, D. Anderson et.al. [13] studied the properties of the Katugampola fractional

derivative with potential application in quantum mechanics.

Important property of fractional differential equations is that they are nonlocal : a function’s
fractional derivative at a particular point is not just influenced by the function’s behavior near that
point. This novelty arising in fractional but not classical calculus has led to many applications in

fields such as control theory and dynamical systems.

In recent contribution, the authors in [7, 2012], introduced a new definition of the fractional deriva-
tive. This new derivative has gained widely attention and attracted a large number of scientists in

different scientific fields for the exploration of diverse topics.

On the other hand, integral inequalities play a significant role in the study of differential and
integral equations. In particular, there has been a continuous interest in the generalized Lyapunov

inequality by several authors.

The classical inequality originally due to Lyaponov [14, 15, 1893] states that if a nontrivial solu-

tion x (t) of the Hill’s linear differential equation
X" (t)+p (t)x(t) =0, (1.1.1)

with
x(a) =x(b) =0, (1.1.2)

Generalized lyapunov and hartman type inequalities and their applications to linear and nonlinear fractional differential
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has two zeros a < b and x (t) # 0, for t € (a,b) then

b 4

where p is a real valued and continuous on a nontrivial interval of reals The constant 4 in the above

inequality is sharp so that it cannot be replaced by a larger number.

It is worth mentioning that inequality (1.1.3) has found many practical applications in differential
equations (oscillation theory, asymptotic theory, stability, disconjugacy, eigenvalue problems, etc.),

see [16, 17] and references therein.

It was first noticed by Wintner [18, 1951] and later by seperal other authors that (1.1.3) can be
improped by replacing p (t) by the non negative part t,

1
p" (1) =5 (Ip(t)1+p (1)) = max(p(t),0), (1.1.4)
to become
b N 4
Jap (T)dT>b_a. (1.1.5)

In particular, in [19, 1951], Hartman and Wintner proved that if (1.1.1-1.1.2) hape a non-trivial

solution, then

Jb(b—r) (t—a)pT (t)dTt > (b—a). (1.1.6)

a

In fact, for a <t < b, by the inequality

2
(b—1)(t1—a) < (b;a) , (1.1.7)

condition (1.1.7) is a generalization of condition (1.1.6). The classical result of Lyapunov is usually

connected with the disconjugacy of (1.1.1), i.e., the inequality

b 4
J p+(T)dT§b_a, (1.1.8)
a

implies that (1.1.1) is disconjugate in [a, b].

Generalized lyapunov and hartman type inequalities and their applications to linear and nonlinear fractional differential
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Hartman [20] generalized the classical Lyapunov inequality for the linear differential equation
(p(t)x' (1) +q(t)x(t) =0, (1.1.9)

as follows.
Theorem 1.1.1 ([20]). Let p(t) > 0. If x(t) is a nontrivial solution of (1.1.9) with x(a) = 0 =x(b),
where a,b € R with a < b and x(t) # 0 for t € (a,b), then the following Lyapunov-type inequality
holds:

b 4
| arwaes m—=—,
¢ p ' (t)dt

where q7 (t) := max{q(t),0}.

The results for equation (1.1.9) are worth mentioning due to their contribution to this subject. In
[19] it is shown that

to N 1 b N 1
t)dt t)dt
|Jawas | atmans g1

where tg € (a,b) is such that y’(ty) = 0. Hence,

qt(t)dt >

Ja 1 1 b—a 4
+ > .
b to—a b—ty (to—a)(b—ty) ~ b—a

In [19], the authors obtained

4
>

b
J q(t)dt r—

a

which implies inequality (1.1.3).

Recently, in [21, 2015] R. P. Agarwal, A. Ozbekler have extended the inequality (1.1.5) and (1.1.6)

for the second-order non-linear differential equations of the form
X" () +p()x () x(O)* T +q)x(t) x ()T =f(t), t € (a,b), (1.1.10)

where 0 <A <1< pn<2,p,q,f are real-valued functions.

Generalized lyapunov and hartman type inequalities and their applications to linear and nonlinear fractional differential
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Theorem 1.1.2 (Hartman type inequality). Let x (t) be a nontrivial solution of (1.1.10) satisfying
the Dirichlet boundary conditions (1.1.2). If x (t) # 0 in (a,b), then the inequality

Jb MGt MG Jbmp+(1)+xoq+(r)+_]|f(ﬂ|dT >(b—_a){ QLD
a (b—1) (1—a)) o ((b-7)(r—a)) 4

holds, where
o = (2— ) 22/ =2 WV I=2) 5 0 gnd Ay = (2—A) 22/ A2\ (A=2) 5 o, (1.1.12)

Theorem 1.1.3 (Lyapunov type inequality). Let x (t) be a nontrivial solution of (1.1.10) satisfying
the Dirichlet boundary conditions (1.1.2). If x (t) # 0 in (a,b), then the inequality

b b 4 2
(J (p+(’t)—|—q+(’r))d’t> (J (u0p+(T)+7\Oq+(’r)—|—|f(’t)|)d’t> > (ﬂ) . (1.1.13)

a a

holds, where the constants |y and Ay are the same as in (1.1.12).

There are several ways to introduce the fractional derivatives as a generalization of ordinary deriva-
tives, particularly, the Riemann-Liouville and Caputo ones. We also mention the Hadamard and
Caputo-Hadamard Here, we present two definitions of fractional derivatives, the so-called gener-
alized fractional derivatives and Caputo’s modification of the generalized fractional derivatives,

which we believe are the most appropriate to study fractional differential equations.

| WA Problem statement

Fractional integral inequalities and its generalizations have many applications in numerical quadra-
ture, transform theory, probability, and statistical problems, but the most useful ones are in the
study of various properties of solutions such as oscillation theory, disconjugacy and eigenvalue
problems.and in establishing uniqueness of solutions in fractional boundary value problems, see
[14, 15, 16, 17, 18, 19, 20].

In a recent papers, there are several generalizations and extensions of (1.1.5). This inequality is
generalized to fractional differential equation with Hadamard derivative and the Riemann-Liouville
fractional derivative which are presented in [22] and by [22, 23, 24] respectively. For other gen-

eralizations and extensions of the classical Lyapunov’s inequality, we refer to [22, 26, 27] and the

Generalized lyapunov and hartman type inequalities and their applications to linear and nonlinear fractional differential
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references therein.

In this thesis, we aim to obtain a Lyapunov and Hartman type inequality for a different problem
from those cited above. Indeed, we will consider the following generalization for linear fractional
differential equation,

“DaPx(t)+p(t)x(t) =0, t € (a,b), (1.2.1)

with the conditions (1.1.2). or
x(a)—Box'(a) =0=x(b) + 1% (b), B3+ B3 #0, (1.2.2)

where ¢ g‘f is Caputo’s modification of the generalized fractional derivative, with 1 < &« < 2,p >
0, p € C(la,b],R), with either Caputo-Riemann-Liouville or Caputo-Hadamard derivatives, in-
volving a generalized derivative operator. The advantage of considering the initial value problem
with the generalized derivative is that the obtained results allow us to give results for Riemann-

Liouville as well as Hadamard derivative initial value problems as its particular cases.

We also, consider the problem (1.2.1), with (°2.3°) (C@{f’f) is Caputo’s modification of the
generalized sequential fractional derivative, with T < oc+ 3 < 2. As an application, we obtain a

lower bound for the eigenvalues of corresponding equations.

We will consider the following generalization for nonlinear fractional differential equation,

“Dafx () +p(t)eu(x (1) +q(t) @a(x(g(t)) =f(t), te (a,b), (1.2.3)

with the conditions (1.1.2). or the conditions (1.2.2)
The innovations of this thesis can be shown in two points:

Firstly, comparing with the literature, we consider more general nonlinear fractional problems

involving the framework of a generalized Caputo fractional type derivative.

Secondly, using the theory of fractional calculus and Green’s functions, we study how Lyapunov-

and Hartman-type inequalities can be generalized to nonlinear fractional differential equations.

Generalized lyapunov and hartman type inequalities and their applications to linear and nonlinear fractional differential
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|IRE Research aim and objectives

The main objective of this thesis is to establish and apply generalized Lyapunov- and Hartman-type
inequalities to various classes of fractional differential equations, both linear and nonlinear, under

different types of boundary or initial conditions.

The specific objectives of this work are as follows:

(i) To introduce the fundamental concepts of fractional analysis, including the study of the frac-
tional operators involved, the associated special functions, and the construction of the correspond-
ing Green’s functions (Chapters 1 and 2).

(ii) To develop new Lyapunov-type inequalities for linear fractional differential equations, using
the Green’s function method to derive general representations of solutions.

(iii) To establish Lyapunov- and Hartman-type inequalities for nonlinear fractional differential
equations and investigate their applications. .

(iv) To extend these Lyapunov- and Hartman-type inequalities to broader classes of nonlinear frac-

tional differential equations, thereby enlarging their range of applicability.

The main results are presented in Chapters 4 and 5 and constitute a significant generalization of

several earlier works in the literature.

‘¥ Dissertation outline

This dissertation is devoted to several aspects of fractional calculus and its applications to qual-
itative analysis of fractional differential equations. The structure of this work has been carefully
designed so that it can be understood not only by experts in fractional calculus, but also by read-
ers with a standard background in analysis and differential equations. The thesis is organized as

follows:

Chapter 1: This chapter presents the motivation of the study, the problem statements, and the
objectives of the research. An overview of the adopted methodology is given, along with a list of

publications and submitted manuscripts. Finally, the general structure of the thesis is outlined.

Chapter 2: In this chapter, we introduce the basic concepts and tools employed throughout the
dissertation. It is divided into six sections: In section one, we present ’Introduction”, in section

two, we give some ~ Functions used”, in section three, we give “Fractional calculus”, in section

Generalized lyapunov and hartman type inequalities and their applications to linear and nonlinear fractional differential
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four, we give “Recent developments in Lyapunov inequalities for the fractional case”. Finally, in

the last section, we present some “Further reading”.

Chapter 3: In this chapter, we study a class of linear fractional differential equation of the form
(1.2.1) with the conditions (1.1.2), where (C.@(‘;ﬁ;p) is generalized Caputo—type fractional derivative
of order 1 < o« < 2.

The main objective of this chapter is to present generalized Lyapunov-type inequalities for linear
fractional differential equations involving the operator introduced in the previous chapter. These re-
sults, originally established by Jarad et al. [28], provide a unified framework that encompasses sev-
eral classical formulations, particularly those based on the Caputo and Caputo—Hadamard deriva-

tives.

Chapter 4: Motivated by the interesting works [28, 29, 30, 31], we consider the nonlinear frac-
tional differential equation given by (1.2.3) and subject to Dirichlet-type boundary conditions
(1.1.2).

We obtain generalized Lyapunov and Hartman type inequalities for both linear and nonlinear cases
and derive disconjugacy criteria. The obtained results extend and complement known results in the

literature.

Chapter S: In this chapter, we investigate various boundary value problems involving generalized
Caputo fractional derivatives under nonlocal two-point boundary conditions of the form (1.2.3) and
with the conditions (1.2.2).

We derive explicit expressions for the corresponding Green’s functions and study their qualitative
properties. Using these properties, we establish Lyapunov-type inequalities for certain fractional
boundary value problems in the generalized Caputo framework.

Conclusion and Perspectives: The dissertation concludes with a summary of the main contribu-

tions and possible directions for further research, followed by the bibliography.

|8 List of publication and manuscript

The work is presented as a series of one published paper and one manuscript in preparation:
(i) O. Cherikh, Y. Adjabi, H. Boulares and A. Moumen. Lyapunov- and Hartman-Type Inequalities

for Generalized Caputo Fractional Differential Equations Incorporating Forcing Terms. Mathe-
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matical Methods in the Applied Sciences, Volume 49, Issuel 15 January 2026, Pages 78-95. (First
published: 01 October 2025). https://doi.org/10.1002/mma.70135

(ii) Generalized Lyapunov type inequality for generalized fractional derivative and Caputo’s mod-
ification of the generalized fractional derivative and their applications to boundary value problems,
with F. Jarad, Y. Adjabi and T. Abdeljawad, To be submitted.
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pA W Introduction

n this chapter, we begin by presenting the functions used, such as the Gamma, Beta and
Mittag-Leffler functions. Secondly, we introduce fractional derivatives, for example gen-
eralized fractional derivatives and weighted fractional derivatives. Next, we present the

methods used in this thesis, for example the method of Green’s method.

pA Functions used

Here, we give some information, for example gamma function, beta function and Mittag—Leffler

functions which play the most important role in the theory of the differentiation of arbitrary order.

Gamma function

The Gamma function is considered as an extension to the factorial function to real and complex
numbers not only integers [2, 32]:

Definition 2.2.1. the Gamma function is given by
(o.0)
Mx) = J e 1 dt,
0

which converges in the right half of the complex plane PRe(x) > 0.
with T'(1) =1, T'(04) = 400, I'(x) is a monotone and strictly decreasing function for 0 < x < 1.

An important property of the Gamma function I'(x) is the following recurrence relation
MNx+1) =xI'(x),

that can be proved by integration by parts

o0

F(X—F]):J

(0.0
et dt = [e HMS° +xJ e ' T dt = xIN(x).
0

0

Euler’s Gamma function generalizes the factorial because '(n+1) =n!, Yyn € N.

Generalized lyapunov and hartman type inequalities and their applications to linear and nonlinear fractional differential

equations under different conditions



Chapter 2: Preliminaries on Fractional Calculus DOCTORATE THESIS

Beta function

The Beta function is useful function related to the Gamma functions. It is defined for x > 0 and
y > 0 by the two equivalent identities [32]:
Definition 2.2.2. The Beta function (or Eulerian integral of the first kind) is given by

1

B(x,y) = L (1 —t)v 4t

The Beta function is symmetric as will be shown in the next theorem:
Theorem 2.2.3. let Re(x) > 0 and Re(y) >0, Then

rxJriy)

Tty oo

B(X)y) =

Mittag-Leffler function

The Mittag-Leffler function is a generalization of the exponential function and it is one of the most
important functions that are related to fractional differential equations.

Definition 2.2.4. The exponential function e*, plays a very important role in the theory of differen-
tial equations of integer order. The generalization of the exponential function to a single parameter

has been introduced by G.M. Mittag-Leffler and designated by the following function :

o0 n
E = , x>0
() nz::O MNon+1) *

The two-parameter Mittag-Leffler function also plays a very important role in the fractional cal-
culus theory. The latter was introduced by Agarwal [33] and is defined by the following series

expansion [34]:
o0 n

X
Eoc,[S(X) = Z m, x>0, 3>0.

n=0

Also the function E g(z) has the integral representation

1 [ t*Pet
J € at,

Eqplz) = = . T,

where the path of integration % is a loop which starts and ends at —oo, and encircles the circles
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disc |t] < Izl]/B in the positive sense: |arg(t)| < 7ton &, we shortly write Ey 1(z) = Eq(z).

pAR Y Fractional calculus

Let recall some formulas from the classical fractional calculus [1, 4, 5, 6, 7].

History of fractional calculus

Definition 2.3.1. The left-sided RiemannLiouville integral operator of order « > 0, of a continuous

function f : [a,00) — R is given

1

t
1500 = s J (t—s)* " f(s)ds,

Definition 2.3.2. The left-sided Riemann-Liouville fractional derivative of order @ € (n—1,n], of

a continuous function f : [a,00) — R is given by

(D300 = (%)

Definition 2.3.3. The left-sided Caputo fractional derivative of order & € (n—1,n], of a continuous

th (t—s)" % ' (s)ds.

a

function f : [a,00) — R is given by

cTy & _ 1 t o n—a—T1 ¢(n)
(Da+f)(t)_—r(n—o¢) (t—s) ™ (s)ds.

J.Hadamard in 1892. The Hadamard type fractional integrals and derivatives were introduced in
[1] as the following:
Definition 2.3.4. The left—sided Hadamard fractional integral of order & € (n— 1,n] has the fol-

t o—1
( gﬁ)(t):Lj (mf) f(s) 3.

Mo Jq S S

Definition 2.3.5. The left—sided Hadamard fractional derivative of order € (n—1,n] is given by

n—o—1
(7%.5)(t) = 45"Jt (h{) (s) %2,

Nn—o) a S

lowing form
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where 6 = (t%) is the so-called d—derivative.

Definition 2.3.6. The left—sided Caputo Hadamard fractional of order «, fRe(«) > 0 is presented

n—1
0-L S (m2)]

= k!

as

(7801 = 78

Lemma 2.3.7. Let x € (n—1, n] and consider the space

d
ACl}a, b] = {f: [a, b] — C andy" 'f € ACla, b, y = x‘pa} , ACJ[a, b] =ACla, b].

Then, for all f € AC}la,bl, the Caputo Hadamard fractional derivative can be written in the

n—o—I1
(% 0)(t) = ;Jt (mf) 5ni(s) .

r(n—(x,) a S S

equivalent form

In this thesis, the definition of the integer n, given by n = || 4+ 1 is not entirely accurate. It

should be specified as follows

loe| +1, ifax¢{0,1,2,...}
n—
X, ifxe{0,1,2,...}.

Generalized fractional derivatives

Let0<a<b,ce€Rand 1 <p < +oo. We denote by XE(a,b) the space of complex valued

functions f defined on (a,b) such that

b
dt
J [tof ()P ~ < 400,

a

quotiented by the equivalence relation

f~g <= =g almosteverywhere on (a,b).
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The space X¥ (a,b) is endowed with the norm

1
b P
dt
Ifllxg = (j ErP —) .
a t

Ifllxee = ess sup [t°] () ].
a<t<b

For p = oo,

Definition 2.3.8. Let [a,b] be a finite interval, 0 < € < 1. Then, we define

d
‘5{}) la, bl = {f: [a, b] — C andy“f]fe Cla, b, Y"f € €., ola, b, v :x1pa}.

endowed with the norm |[fllgn = ZE;(; HkaHc—I-HY“fH%’ -

The convention ¢7[a, b] = €}'[a, b] endowed with the norm ||f[|¢n = N ollVEfllc is used.
Definition 2.3.9. [5] The left—sides generalized fractional integrals are defined by, «x € (n—1, nj

N 1 (/P —1P\*! d
=], (57) 0w

where I'(.) is the Euler gamma function.
Example 2.3.10. Let o« € (0,1],p > 0. Then we have

(Fa?) (=" o) =T (@)

In particular

—x

—X Tec X— d (o8
(i) 0= g | o= 5 = e e

Definition 2.3.11. [6] The leftt—sides generalized fractional derivatives of f of order o« > 0 are

defined b
y . ’Yn t tp o Tp TL*(X*] dT
) t — f I
(7)1 = 7 =53 L( p ) e

where vy = t]’p%.
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Definition 2.3.12. The left-sided generalized Caputo—type fractional derivative of f of order « is

defined by[7]
1 t /P — P\ () (1) dr
C P — - -
c2) 0= g ], () e

Definition 2.3.13. For o« > 0 and p > 0, we have [7]

n—1 k k—a
C %P o v*f(a) (E . a_p)
( ‘@aJr ) ( )= ‘@cﬁ f Z I( o) P ) :

Lemma 2.3.14. [7] (i) Let f € ACY[a,b] or €J'la, bl and oc € C. Then,

n— P P\ K
e

(@) Fora >0; >0; 1<p<oo;ac(0,00); p,ceR; p=>
FXP gBer— g%PPf £ e XP(a,b).
(iii) For all x € (n—1,n] and B > 0O the following relation holds
/cxﬂi,pf /fﬂn)p@n 6PE(t).

Example 2.3.15. For 3 > —1, one has

«, B —ocr( +B) B+o
TP [(Tp a) ] m(tp_ap) o

and

S T_P_a_p)ﬁ " PTO4B) p ppa
(%)[(p : ] M—arp) © %)

Lemma 2.3.16. [7]For any f € € [a,b], one has

—o
Pl <P (b — ey £, .

H/an H%— r(1+a)( a ) ” ||(tf

Lemma 2.3.17. [7] Let x >0, x € (n—1,n] and f € ACg}[a,b], where 0 < a <b < co. Then

) CZA)HE) (1 aP\ T
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Remark 2.3.18. Let x > 0,3 >0, p >0 and a > 0 then

b [0 [5 1
J (bp—Tp) (Tp—ap) C]l’_f _ p—(oc+[3+1)(bp_ap)°‘+f5+1j (1—2)*zFdz
a\ P PSP \

o) T+ DT B+T) © o o arp
Fatpiz 0 ) '

= P

In particular

a 0 p Tl-p P 0

M(x) (bP—af\2
F(Zoc)( p ) '

or equivalently,

Jb o dt _ a2 FZ((X) (bp_ap>20c—1
a (1P —aP) "% (bP — 1) F2e)\ p

Applying the substitution T = a® + z(b? — a) and invoking the definition of the Beta function
yields the evaluation of the inner integral.

Finally, we observe that the limiting case as p — 0 leads to the Hadamard and Caputo—-Hadamard

results by noting that

. xP—aP X . bP—xP b
lim = ln(—> , lim =In| —|.
p—0 P a p—0 P X

Moreover, the case p = 1 yields the classical Riemann-Liouville and Caputo fractional derivatives.

pX: B Recent developments in Lyapunov inequalities for the fractional

case

Lyapunov-type inequalities are useful tools for studying solutions to boundary value problems. In
particular, they can be applied to give nonexistence results for certain homogeneous boundary value

problems and to give existence-uniqueness results for corresponding nonhomogeneous boundary
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value problems. They can also be used to obtain bounds on eigenvalues in certain eigenvalue
problems and to consider oscillation and stability criteria of solutions. In addition, the zeros of the
solutions, and in particular the distance between consecutive zeros, may be analyzed by means of

Lyapunov-type inequalities.

Lyapunov inqualities have been extended and generalized in a variety of directions due to their
many applications. For example, see [22, 23, 16], in which Lyapunov inequalities for dierential
equations of higher order are considered. See also [36, 37] and [38, 39] for generalizations to
fractional BVPs involving the Riemann-Louiville derivative and extensions including fractional

BVPs with solutions defined on multivariate domains.

In [22, 23] and [24], Lyapunov inequalities for fractional differential equations involving the con-

tinuous Caputo fractional derivative are investigated.

In fractional-order differential equations, a number of recent developments have been made in-
volving Lyapunov inequalities, which are similar to the original Lyapunov inequality in equation
(1.1.5). We cite and name a few of these developments here. In [51], boundary value problems

involving the equation
Df x(t)+p(t)x(t) =0, for2<p <3,

are studied and several Lyapunov-type inequalities are derived. Here, DE . denotes the continuous
Riemann-Liouville fractional derivative of x. The same equation is also studied in [51] under

different boundary conditions.

Additional work on Lyapunov inequalities has been done for fractional differential equations in
[36, 37, 38, 39], which all involve the Caputo fractional derivative.Green’s Functions for Fractional

Boundary Value Problems:The Green’s function and its properties

pAN Further reading

For other related results, see [35, 40]. In particular, [3, 12] are general references on continuous
fractional calculus, while [1, 32] provide an introduction to fractional-order operators with ap-
plications in engineering. Moreover, [39, 16] offer a survey and historical account of Lyapunov
inequalities in the classical continuous setting, and recent developments are reviewed in [37]. For

Lyapunov inequalities in the framework of time scales, see [38], where nonlinear ordinary dif-
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ference equations are also investigated. Results concerning Lyapunov inequalities in continuous

fractional calculus can also be found in the literature.

Other works addressing boundary value problems in continuous fractional calculus are presented
in various studies. Discrete fractional boundary value problems are treated in [38], and Lyapunov
inequalities in the delta whole-order case are also considered there. For results involving the nabla
Riemann—Liouville fractional difference operator, see [37], while linear fractional nabla difference
equations are discussed in [39] and also see [27, 55, 56, 57, 58, 59, 60].
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RAW Introduction

n this chapter, we establish a Lyapunov-type inequality for a fractional boundary value
problem associated with equations (1.2.1)-(1.1.2). We note that the content presented

here is mainly based on Reference [28]. .

In Section 2, we focus on the Green’s function associated with the considered problem and es-
tablish upper and lower bounds for it. We then present a Lyapunov-type inequality for the linear
problem involving Caputo’s modification of the generalized fractional derivative, corresponding to
equations (1.2.1)-(1.1.2).

In Section 3 is devoted to the sequential case. we derive the Green’s function for the sequential
case and establish bounds for it. We then prove a Lyapunov-type inequality for the linear sequential

Caputo’s modification of the sequential generalized fractional derivative corresponding to problem
(1.2.1)-(1.1.2).

Finally, we conclude this chapter by presenting an application of the theoretical results obtained

for the considered linear problem.

RWA A generalized Lyapunov inequality for some Caputo fractional

boundary value problems

In this section, we present new versions of Lyapunov-type integral inequalities, which extend

and generalize the results previously established in the literature.

We construct Green’s function for the linear boundary value problem (1.2.1)-(1.1.2). Esti-

mate bounds for Green’s function, which he used to prove the main theorem in this section.

13.2.1| The Green’s Function for Linear Equations

Definition 3.2.1 (Green’s function). [32] Let the continuous function G® : [a,b] — R satisfy the

following properties.

) (CZ%PGP(.,7)) (t) = —p (t) GP(t,7) for all t, T € [a, b].
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(i) im¢—_q (@3‘;“’@(.,1)) (t) =8y, forall t € [a,b], k=1,2,...,[ed].

(i) Tlim_, , (hmHt_a (C@Q‘;“*%W.,ﬂ) (t)) —0, forall t € [a,b], k=1,2,....[a] —1.
Then, G is called the Green’s function for the boundary value problem (1.2.1)-(1.1.2).

We begin by writing problem (1.2.1)-(1.1.2) in its equivalent integral form.
Theorem 3.2.2. [28]x(t) € Cla,b] is a solution of (1.2.1-1.1.2) if and only if

b
x(t) :J GP(t,T)p(T)x(T)dr, (3.2.1)

a

where GP(t,T) is the Green’s function given by

i ] GY(t,7), if a<t<t<b,
) G‘f(t,ﬂ—($)“—%"—1 if a<T<t<b, -
with o D ona
GP(t,1) = (;p:ip) (b ;T ) T, (3.2.3)
Proof. We will show that b
x(t) = J ) G®(t,7)h(7)dT, (3.2.4)
where GP given by (3.2.2) is a solution to the problem
DoPx (1) +p(t)x(t) =0, t € (a,b), (3.2.5)

with the conditions (1.1.2).

By applying Lemma 2.3.14-ii, we may reduce (3.2.5)-(1.1.2) to an equivalent integral equation

tP— P\ %! 1=t a dr tP—aP\ !
— cf:’_ph(t)-i-Co—f—C]( 0 ) — P J(tp—’tp)(x ]h(T)T—-I-C]( 0 ) .

(o) Jq
(3.2.6)
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From x (a) = 0 and (3.2.6), we have cy = 0. Consequently the solution of (3.2.5)-(1.1.2) is

P P\ *! T—a pt d P — P\ !
x(t):—f;‘fh(th( pa) =P J(tp—Tp)“1h(T)T—T+C1< pa) .

(o) Jo 1=
(3.2.7)
By (3.2.7), one has
-« (b b — P\ &
x(o) =P | B = T e ()
(o) Ja e p
And from x (b) = 0, then we have
bP — P\ "% pl-x (b 1 dt
= b? —1°)* " h(t) =—.
a=("57) Flwo e
So, the unique solution of problem (3.2.5)-(1.1.2) is
tP—aP \* T pl—« (b dt
_ oLpP p__pyo—1
x(t)=—_Z 7 h(t)+ (bp_ap) o) L (0P —")* " h (1) pl (3.2.8)

Hence, equality (3.2.8) becomes

_ a—1 11—« b
x(t) =—( (fj’rpq(rc)x('r))(t)+<;z_i2) ]‘f((x) L (bp—rp)cxlhm%)

which can be written as equation (3.2.4) with G®(t,T) given by (3.2.2) This concludes the proof.
]
Remark 3.2.3. If we take p = 1 in Theorem 3.2.2, then the Green function given by Theorem 3.2.2

reduces to the Green function for Caputo boundary value problem in [43].

Estimates of the Green’s function
Lemma 3.2.4. [28]The function G defined in Theorem 3.2.2 satisfies the following property:

max{|G(t,T)]:a <t <b} < G(T,7) forall T € [a,b],
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and G(T,7T) has a unique maximum Gpayx in [a,b], given by

L—a®\ /bP—L\*' o1 .
() (5w
e ((1—ocp)ap+(20cp—1)bp—NM)“]((1—(a+2)p)ap+(2p—112bp+M) N 20,
(o) (bP—aP) (2N)? ((ap—T1)aP+ (2p—1)bP+ M) »
(3.2.9)
forall T € [a,b], where
1
B (p—1)aPbf \r B _
L_((2p+1)bp_ap>  N=(x+1)p—1 (3.2.10)
and :
M = <((ocp—1)ap+(2p—1)bp)2—4(1 —(x+1)p)(1—p) apbp)j. (3.2.11)

Proof. Let us define two functions

tp_Tp
Y

GY(t,1) = GO (t,T) — ( )l g <t<t<b.

We start with the function Glz’. Obviously, Glz’ satisfies the following inequalities:
0<GY(t,T) < GY(1,1), a<t<T<D,

fora <t <t <b, we get

0GY (1,1
g :O:>T€{T])T2}
0T
where :
(Qc+(2bp+o§%\‘)’)p—(ap+bp))5 si 0> O,
T = ¢
and

2w,

1
(—1 )]5 (Qc—(2b9+oca")p+(ap+bp)> ° s p >0,
T =
0 si P = 1)
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when p > 0
1
. Qc+(2b° 4+ xal)p—(aP +bP)\ ¢
"[’C:"['~l: 2 ,
We
where :
Qe = (dzp?+ar)”,
with
dy = (xa®)*+4b% —4(ab)’,
d; = —2(a®—b°)(xa®—2b°)p+ (a —b°)?,
and
we = (a+T1)p—1,
bk (—1)*((L+ (a® —2b°) ap+b° —a®) (L+ (2b° — (x+2) a®) p+ aP — bP))*!
G’ (15,T) = .

we T—p
P

() (aP —bP) (2we) ¢ (L4 (2bP +xaP)p—aP —bP) ¢

This completes the proof of Lemma. m

3.2.2.0.1 Particular cases

Case 1. As above, in the case p =1 we get

—1 b
Ti:%, Qc=(x—1)a+b, we=2(ax—1).

The corresponding maximum Green’s function Gy,x can be written as

o e 2(a=D(b-a)\*"
T () 2 ‘
Case 2. Whenp=1,x=2
. a+b
Te = > , Qc =a+b, w,=2.

The corresponding maximum Green’s function Gpyax can be written as
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a well-known result.

Lyapunov-type inequality

Theorem 3.2.5. ( see [28]) If a nontrivial continuous solution of the problem (1.2.1)-(1.1.2) exists,
then for Lemma 3.2.4 the Lyapunov-type inequality is

we 1—
M (o) (a® —bP) (2we) # (Qc + (2b° + aP) p—aP —bP?) »

(—1)*((Qc+(aP —2bP) ap +bP —aP) (Qc + (2b°P — (a+2) aP) p+a® —bp))* ' |
(3.2.12)

b
J p (1)l dr>

a

In particular, for p =1 and o= 2 in (3.2.12) gives the standard Lyapunov inequality for problem
(1.2.1)-(1.1.2).

RRA A generalized Lyapunov inequality for some generalized sequen-

tial fractional boundary value problems

In this section, we consider a generalized sequential fractional differential equation subject
to Dirichlet-type boundary conditions and perform an analysis aimed at deriving a Lyapunov-type

inequality.

We adopt the definition of Caputo’s modification of the generalized fractional derivative given by
(“7e) (“78Px) (D +h()) =0, 1 <a+B <2, L€ (a,b). (3.3.1)

The corresponding Green’s function is also presented.

3.3.1| The Green’s Function for Linear Equations

Theorem 3.3.1. Ler 0 < o, 3 < 1 be such that 1 < «x+ 3 <2 and p € Cla,b] for some a < b.
Then, x € Cla,b] is a solution of the fractional boundary value problem (3.3.1) —(1.2.1) if, and
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only if, x satisfies the integral equation (3.2.2) where

Gh(t, 1) — (5=)* Pl a <t <t<b,

Gb(JE ) = (3.3.2)
T+ B) |
GJ(t,T), a<t<t<b,
where " 81
. _[tP—aP bP — P\ ¥Th— o
G;(t,T) = (bp—ap 5 ™

Proof. Taking the generalized fractional integral ( (filp) a to both side of the equation (3.3.1)
() (C720) (<788x) (0 == (A h(v), (3.33)
and using Lemma 2.3.14-ii, the fractional differential equation (3.4.1) can be written as

(<280%) (1) == (£ ) h (1) +co. (33.4)

Taking the generalized fractional integral ( f’ jrp) a to both side of the equation (3.4.2)
(/f"’) (C%f‘f’i’x) (t) = (/f"’) (co— (LZE°)h(b).
Consequently the general solution of (3.3.1) is
x(t) =cr+ (8 (co— (A h(V) =cr+ (FB) co— (FEP)R(Y.  (339)
Since x (a) =0 and (3.3.5), we get ¢; = 0. Consequently the solution of (3.3.1) is
x(t) = ( /f»?) (co— (LZEP) (L) (3.3.6)

And from x (b) = 0 and (3.3.6), we have

_T(R) (P/bP—sP\ " ds
CO_F(ochB)L( p ) hls) -
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Then for the function x(t) we get

1 t /e P\ BT b rpe g\ T ds dt
X(t):F(OchB)L( p ) L( p ) hs) e ©3.7)

This ends the proof. m

Estimates of the Green’s function

The remainder of this section is essentially devoted to determining the maximum of G®(t, )
for (t,7) € [a,b]*.
Lemma 3.3.2. The Green function G® defined in Theorem 3.3.1 satisfies the following property

—(—1)%(Qa)P (Qp) *FD

max ‘Gb(t,’t)‘ <

mrela MacB) (2we) # (Qe+ ((ov+ B)ap+bp(ﬁ+1))p—(ap+bp))1g3’8)
where
Qe+ (bP(B+1)+ (3 —a)a?)p+(aP —bP)
Qa= (@° —b7) y
and
Qp = Qc+((1—3B—20)bP + (ax+B) a®) p+ (b —a®)
p )
for all (t,7) € [a,b]z,with equality if and only if
e <Qc+((oc+B)ap+(ﬁ+1)bp)p—(ap+bp)>3’, 539)
2w,
where :
Q.= (dzpz+d1)7, (3.3.10)
with
d = (((a+B)a®) +((B+1)b)+2 B2+ (a—3)B—) (b)),
di = —2(a®—b°)((x+B)a’—(B+1)b°)p+(a®—bP)?,
and
we=(2B+ax—1)p—1. (3.3.11)
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Proof. Let us start by defining a function

_ B P__ P OH-B—] P__ P 0(+f5—1
b | [tP=a’ bP —1 tP—7 o—1
Gy (t,1) = [(bp—ap 5 — > ™ a<t<t<b, (3.3.12)

when a <71 <t<Db,wehave

oGy (t,T)  9GY(t,7)
— = 3.1
ot or O (3-3.13)

from which follows that
(et B)p—T)° =% (p— T+ Bp (! —bPr) 12 —a® (o B) p— 1)7° —b° (p— 1)) =0,

provided t <t <b.

Glz’ is obviously nonnegative. Moreover

T —aP\P /pp P ¥R
Gg(t’ﬂg(bp—ap)( 5 ) = GY(7,1), a <T <D,

Taking

T —aP\P /P p\ xR
9° (1) = :
bP —qaP p

So, we are left to find maxc(q v g° (T), we have

dg?(v) _ (=1 (Upt P —vpl e F)

drt (aP —bP)P (tp — ) B (xp —pp) 22 B’

where
u= [(2[3 +o) P2 ((a+B)aP+(B—T1)bP)T? 2 + apbpftp_z] ,

and
V= [13"_2 —(aP+bP) T2 4 apprp_z} ,

dg® (T)
dt

:O:>T€{T1)TZ})
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where ]
(QCH(MBMPHZE:H)bp)p_(ap+bp)>E si p>0,
T = ¢
—1
% si p=1,
and 1
(_1)‘5 (Qc—[((oc+f5)ap+(2[i\—)l—1]bp)p—(ap—i-bp)})B S 00,
Ty = ¢
0 si p= 1,

from which follows that % =0 if, and only if,

T

f=T = (Q°+((“+B)ap+(ﬁ+”bp)p_(ap+bp));,p>o, (33.14)

¢ 2w,
where
<0 if T>7g,
¢° (V) =4 =0 if T=r1,
>0 if T<Tg.

We conclude that,
max Gz(t ) =¢°(1}),

t,t€la,b]
where
g° (i) = _(_])‘X(Qa)ﬁ (Qb)(ocﬂs_]) |
c (ZWC)%(Qc+((0€+ﬁ)ap+bp(ﬁ+”) _ (aP+b0)) ;p
|

Lyapunov-type inequality

Theorem 3.3.3. If the fractional boundary value problem (3.3.1) — (1.2.1) has a nontrivial con-

tinuous solution, then

Wwe
P

Max+B) (2we)

(Qe+((+B)a®+1° (B+1))p—(aP+b°)) "
1

b
L plolde= —C1)%(Qa) (Qo) < F T

(3.3.15)
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Proof. By Lemma 3.3.2 and from (3.2.2), it follows that if x is a nontrivial continuous solution of
the (3.3.1)

b
x (1) gj 1GP (1, T)p (1) x ()] d. (33.16)

a

Let B = C[a,b] be a Banach space endowed a norm

x|l oo = Hfa)l()} Ix(t)l,x € B. (3.3.17)
t

)

Hence, from (3.3.16) and (3.3.17) we get

[P

b
J Gb(t,T)p (t)dt

or equivalently,

max > 1. (3.3.18)

b
J GP(t,T)p (1) dt
tela,b]

a

Using the properties of Green’s function G°(t,T) particularly, Ghay in Lemma 3.3.2 gives the

inequality

b

1

J Ip (T)|dT > S (3.3.19)
a max

called the Lyapunov-type inequality for (3.3.1). m

In the case p = 1 we have

= TP Q= (@b (1), W= 2 (1),

The corresponding maximum Green’s function Gy,x can be written as

G 1 b—a\%
T («) 4 '

In the integer case « = 2 and p = 1 we get the classical Lyapunov inequality.
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3.3.3.0.1 Particular cases The Lyapunov-type inequality obtained for p =1, obtained for p =1

and o« = 1 both considered as fractional versions, are presented in this section.

In the case p = 1 we have

o (x—1)a+pB(a+Db)
c 2B+ o—1

,Qc=(B+a—T1)a+bp, we=2p+o—2.

The corresponding maximum Green’s function Gpax can be written as

(a+p—1)
6o | (yyep lla=b)etBp—1) |
TP S TEY ST
with
_([3—|—oc—1)a+b[3+(b([S—H)—(3[3—Foc)a)—|—(a—b)__2B
Qa = ) —-28,
and

Qu=PR+a—1)a+bp+((1-3—-2a)b+(x+B)a)+(b—a)=2(a—Db) (x+p—1).

Inthe case x =1and p=1,
« a+b

T, = >

The corresponding maximum Green’s function Gp,x can be written as
(—] )H‘B b—a &
I'1+p) 4 )

Observe that when & = 3 = 1, then Theorem 3.4.2 reduces to Theorem of classical Lyapunov

Gmax -

inequality.
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RX: ¥ Application

First, we derive a Lyapunov-type inequality for boundary value problems of the form

cpoup (1P—af «(1-m)
(coze (=52)" ) @+ gyt =om >0,

y(a) :y(b) :O) te (Cl,b),OCE (1)2])

(3.4.1)

o(T—m)
> g(t) € C(la,bl]), q:la,b] — R is a continuous

where g (t) € C([a,b]) such that (%
function.
The boundary value prolems (3.4.1) can be reduced to (1.1.2) — (1.2.1) by a change of

o o(m—T1) . o(1—m)
y(t) = (tp pap> x(t) and q(t) = (tp pap> p(t). (3.4.2)

For x (t) and p(t) in (3.4.2), Theorem 3.2.5, yields to the following Corollary.

Corollary 3.4.1. If a nontrivial continuous solution of the problem

cpoup [ 1P—af «(1-m)
(s (=52)" ") @+ ayt =om >0,

(3.4.3)
Yy ((1) =y (b) :O) te ((l,b),OCE (])2])
exists, then )
b _ xX({m—
J (Tp ap) q(t)|dT >
a p
(o) (b? —aP) (Zwe) ° (Qc+(2bP+aP)p—aP —bP) o (3.4.4)

((2bP—af)ap+af —bP —Qc)* ' (Qc+ (2b° — (a+2) aP) p+af —bP)’

Secondly, we present explicit solutions to fractional differential equations involving the general-

ized fractional derivative.

™ _ qf o(1—m)
75 ( 5 ) y(o) | (t)=-My(t), «>0, m>0, A#O0. (3.4.5)
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Real zeros for generalized Mittag-Leffler function

We now turn our attention to the eigenvalue problem.

22 ((5)" ") (0 =r (), e (1,2m >0, A 20,

y(0)=y(1) =0, te[0,1].

(3.4.6)

Theorem 3.4.2. The fractional eigenvalue problem (3.4.6) has an infinite number of eigenvalues,

and they are roots of the Mittag-Leffler type equation

bamaa(1(1)) =

and the corresponding eigenfunctions are given by
(x(m—];) mx
Y (t) = (%) Eoc,m,mf1/oc <_)\ (%) > . (3.4.7)

Proof. Using Theorem 3.3.1, the solution of (3.4.6) can be obtained as

y (t) =C2 <%> (X(m_%) Eoc,m,m—Z/oc (—7\ (%)m(x) +cq (%) “(m—];) E(x,m,mf]/oc <—7\ (%)m(x) .

Since y (0) we have c; = 0. Now

v =1 ()" B (A (1)) =0,

where c7 is an arbitrary real constant, we get

Eamm v (A (3)™) =0

The eigenfunctions of the problem (3.4.6) then has the form

(0= ()" B (A (2)™),

mx
where —A ( %) are zeros of the generalized Mittag-Leffler function. m
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Corollary 3.4.3. In particular, if m =1, the fractional eigenvalue problem (3.4.6) has an infinite

number of eigenvalues, and they are roots of the Mittag-Leffler type equation

Eo11-1/a (—7\ (15) OC) =T () Egyex <—7\ (%) “> =0

and the corresponding eigenfunctions are given by

y(t) = (%) e Eo11-1/a (—7\ (%) (X) y

For [a,b] = [0,1] and q(t) = —Ain (3.3.5), Theorem 3.2.5, yields to the following Corollary.
Corollary 3.4.4. Let A be the smallest eigenvalue of (3.4.6). Then

‘ (m-1) m-n| T 1) (2wn) ()
J 7\(15>°‘m dr— '7\ <15)“m o M) Qe+ (ap—1)) » (2wr) ° (p) . (348)
0 [(Qr+ (ap—1)) (Qr + ((2—3a) p+1))]
Corollary 3.4.5. If (3.4.8) is does not hold then the eigenfunctions
am—1 mo
yO=(2)" Eammoa(-A (%)), teo,1, (3.4.9)
of the eigenvalue problem (3.4.6) has no real zeros.
Corollary 3.4.6. The generalized Mittag-Leffler function €y m g (z) has no real zeros for
1—p Wr
1N () ()]
e T Qe+ (ap—1) 7" (2w) ¥ (p) 5.4.10)

Qe+ (xp—IN(Qr 4+ (2—30) p+ 1)1
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"Nl Introduction

n this chapter, we establish generalized Hartman- and Lyapunov-type inequalities for
linear and nonlinear generalized Caputo fractional differential equations subject to Dirichlet-
type boundary conditions. These inequalities provide important results concerning the

disconjugacy of fractional differential equations.

The inequalities we propose extend and enrich existing results by systematically addressing par-
ticular cases of fractional differential equations. The problem defined by equations (1.2.3-1.1.2)
is more general than those previously studied in the literature. It is worth emphasizing that this
type of equation presents significant analytical challenges due to its complex structure. In particu-
lar, Lyapunov-type inequalities have not yet been fully developed for forced generalized nonlinear
Caputo fractional differential equations. This gap in the literature is mainly due to the complexity

introduced by the nonlinear terms and the presence of parameters in the fractional operators.

Moreover, by employing classical analytical techniques and following the approach used by Agar-
wal et al. [30], who studied a Riemann-Liouville fractional differential equation with Dirichlet

boundary conditions, we are able to construct suitable generalizations.

Recently, the authors in [30] obtained the following Hartman- and Lyapunov-type inequalities for
Riemann-Liouville fractional differential equations of the form (1.2.3-1.1.2).
Theorem 4.1.1 (Hartman type inequality). Let x (t) be a nontrivial solution of (1.2.3) satisfying
the Dirichlet boundary conditions (1.1.2). If x (t) # 0 in (a,b), then the inequality

(Ib Pt (0 +q" (1) dT) (IbMPJF(T)Jr?\oCI’L(T)Hf(T)I dT)
“(b—1)(t—a))™ © ((b—1)(t—a)™

2
> (@ (b—a)“—‘> :

holds, where the constants Wy and Ay are the same as in (1.1.12).

4.1.1)
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Theorem 4.1.2 (Lyapunov type inequality). Let x (t) be a nontrivial solution of (1.2.3) satisfying
the Dirichlet boundary conditions (1.1.2). If x (t) # 0 in (a,b), then the inequality

b b oa—1
(J P’ (T)+q+(T)dT) (J (Hop™ (1) +20q ™ (1) +If (1)) dT) > <¥ <b3a> > ’

4.1.2)

holds, where the constants |y and Ay are defined as before.

We remark that both inequalities (4.1.1) and (4.1.2) reduce to (1.1.5) and (1.1.6) respectively,

when « = 2.

For some other related results on Hartman and Lyapunov type inequalities were obtained for dif-
ferent fractional boundary value problems. In this direction, we refer in particular to, S.B. Eliason
[44], Ferreira [22, 23], R. P. Agarwal, A. Ozbekler [?, 2, 31, ?], Abdeljawad et al. [45], Jarad et al.

[28] and the references given therein.

The main objective of this work is to establish several generalizations of Hartman- and Lyapunov-
type inequalities for forced generalized Caputo fractional differential equations with mixed nonlin-
earities. In particular, we consider the following generalization of the Caputo fractional boundary
value problem (1.2.3)-(1.1.2).

For the continuous real valued functions, p,q,f and g, with p(t) > 0, q(t) > 0 and g strictly
increasing and g (t) < t on [a,+00) and p,A > O being reals, we will consider the following gen-

eralization for Caputo boundary value problem
“DoPx (1) +H(t,x) =f(t), t € (a,b), 4.1.3)
with the conditions (1.1.2), where
H(t,x) =p(t)x (W) x (D1 +a (t)x(g () k(g (L), (4.14)

whose special cases contain the well-known equations of Emden—Fowler-type and half-linear equa-

tions.

It is clear that the two special cases of (1.2.3) are the second order forced sub-linear equation

“ZePx (1) +q(t)x(g (1) x(g () =F(t), 0<A<Tte (a,b), (4.1.5)
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and the second order forced super-linear equation

CPPx (1) +p(t)x (V) [x ()] T =f(t), T<pn<2, te(a,b). (4.1.6)

Further, we note that letting p =1, A — 17 and © — 17 in (1.2.3) results in
‘DX x(t)+v(t)x(t)=f(t), I <a<2, te(a,b), (4.1.7)
where
v(t)=p(t)+q(t). (4.1.8)
and hence, our results extend the classical Lyapunov [15] and Hartman [20] results.

Using the generalized fractional integrals, an attempt is made to establish certain new fractional
integral inequalities, related to the nonlinear problem (1.2.3-1.1.2). The best fractional polynomial

inequalitie has powers (2, &) and is of the form
PiaBo) (W) =Ay® —By*+Ciapo >0, (4.1.9)

where A is positive, and B,y are nonnegative.

We will need to prove the following lemma for the next result.

Lemma 4.1.3. [30]If A is positive, and B, y are nonnegative, then for any « € (0,2) we have
PiaB.o (U) = Ay? —By* + O, AV (> 2B 2/(a72) > o (4.1.10)

where Oy = — (2— «) T2, Moreover, equality is attained for the B =y = 0.

Proof. Let
Fly)=Ay*—By%,  y>0, (4.1.11)

where A > 0 and B > 0. Clearly, wheny =0 or B =0, inequality (4.1.10) is obvious.

On the other hand, if B > 0, then F attains its minimum at

AT\
e ()"
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and the minimum value is

Fin = —(2— &) 258 252 A~ 7% B %,

Thus, inequality (4.1.10) follows immediately. Note that if B > 0, then inequality (4.1.10) is strict.
]

The chapter is organized as follows. Section 2, we prove a generalized Hartman and Lyapunov
type inequalities and related disconjugacy for the linear generalized Caputo fractional derivatives
problem (1.2.1-1.1.2). Section 3, we derive a generalized Hartman and Lyapunov type inequalities
and related disconjugacy for the nonlinear generalized Caputo fractional derivatives of problem
(4.2.17-1.1.2). The generalized Hartman and Lyapunov type inequalities for (4.3.25-1.1.2) are
stated and proved in Section 4. We will end this work by presenting an application of the theorems

obtained for the nonlinear problem (1.2.3-1.1.2).

WA Generalized Hartman and Lyapunov type inequalities (1.2.1-

1.1.2)

Lyapunov type inequality for the problem (1.2.1-1.1.2)

We establish a new some versions generalized Hartman and Lyapunov type integral inequality,
which generalize previous result. In [28], Lyapunov established the following striking inequality:
Theorem 4.2.1. [28]If a nontrivial continuous solution of the problem (1.2.1-1.1.2) exists, then the
Lyapunov-type inequality is

b 1
J Ip (T)]dt > c 4.2.1)

a max
where Gy is defined in (3.2.9) and in particular, for x =2 and p =1 in (1.2.1) gives the standard
Lyapunov inequality for (1.1.1-1.1.2).
Theorem 4.2.2. If a nontrivial continuous solution of the problem (1.2.1-1.1.2) exists, then the

Lyapunov-type inequality is

b 1
J pH(t)dt > , 4.2.2)

a G max

where Gy is defined in (3.2.9) and in particular, for x =2 and p =1 in (1.2.1) gives the standard
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Lyapunov inequality for (1.1.1-1.1.2).

Proof. By Theorem 3.2.2 and from (3.2.1), it follows that if x is a nontrivial continuous solution of

the (1.2.1)
b

x (1) sj (Gmax (£, TP (D)l x (1)) . 42.3)

a

Let 8 = C([a,b]) be a Banach space endowed a norm

IX|loo = max [x(t)[,x € B. (4.2.4)
tela,bl

)

Hence, from (4.2.3) and (4.2.4), we get

b
j Gunax (1, T)p () dT

a

[l o0 < max

X
max, [p /P

or equivalently,

>1. (4.2.5)

max

b
J Gunax (1, T)p (T) dT
tela,b]

a

Using the properties of Green’s function Gpax(t,T) particularly, Gyax in Lemma 3.2.4 gives the

inequality

b 1
J Ip (T)]dt > (4.2.6)

a Gmax’
By replacing |p (T)| by (1.1.4), the non negative part of p (T) becomes as in (4.2.1).

Using the fact that

b b
J nm)rdrzj p+(r)drzj pt(1)dT>

a a

for all k € [a,b] where GJ,,, := Gmax.

The key idea is to apply Sturm’s oscillation theory, which guarantees the existence of a nontrivial

solution to the problem

(‘25°x) (V) +pT(t)x (1) =0, with x(a) =x(k) =0, T € [a, k], for some a < k < b.
4.2.7)
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This solution vanishes at a point k < b, indicating that oscillatory behavior is induced by p™, even

though p (T) may be negative over a portion of the interval. Integrating over [a, b], we obtain

b K
J pr(t)dr ZJ pt(T)dr. (4.2.8)

a a

Now, since the solution vanishes at k, the Lyapunov inequality (4.2.1) applied on [a, K] yields

JKp+('t)dT> 1 . (4.2.9)

K
a G max

Combining the previous estimates gives

b b
j |p(T)|dej pt(1)dT>

K
a a G max

Now, we claim that

L
Gglax Gglax
In fact, from (3.2.9), we have
and
-1
Ghan _ (L) 7 (Li—a?)(bP—a?) / (kP —L)\*" 42,10
GE]aX B I—b (Lb_ap)(Kp_ap (bp_Lb) o
2p—

VAN
VRS
r—‘||—‘
[ 2 IV 3
~~
.
VR
Al o
~
kel
VRS
| =
ke] kel
|
—|
(ol IV 3

withO<a<k<b.
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‘We consider three cases.

Case 1. N=0
(x+1)p—1=0. From (3.2.9),we have

Le  (p—1)aPk? (2p+1)b°P—a®
L_g  (2p+1)kP—afP (p—1)aPbe
kP (2p+1)bP—a®
bP (2p+1) kP —aP
(2p+ 1) kPbP —kPaP
(2p4+ 1) kPbP —bPaP

and

((20+1)b°—af) ((2p+1) kP —paP)\*"
bP (2p+ 1) kP —aP (20+1)bp—pa"))

(( )

(

bP ((2p+1)kP—aP

(
(
<Kpap— (2p0+1)kPb
(

o—1

)
) ((
20+1)bP—aP)
)
o
o

bPaP —(2p+1)kPb

By substituting into the inequality (4.2.10), we obtain
Ghax — (KP\*°

<\ )
Ghax ~ \bP

1 1
KP(2—a) GK = pP(2—) G

max max

or
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Case2. N=£0 (ax+1)p—1#0. From (3.2.11), we have

(MK)Z (((p=1) 0"+ (20— 1)kP)* =4 (1= (1) p) (1—p) a’? )
Mo/ (((wp—T) @+ (20— 1)bP)* 4 (1—(a+1)p) (1—p) avb? )

KP (2p—=1)°kP—4 (1= (a+1)p) (1—p) a®
b° (20— 1)2bP —4(1—(a+1)p) (1—p) aP

(&)
< — | .

and also from (3.2.10),we have

LY (axp—1)aP+(2p—1) kP + M,
L0 (ap—T1)aP+ (2p—1)bP + M,
bP (2p—1) kP + My

kP (2p—1)bP+ M,
(2p—1)kPbP +b°M,
(2p—T1)kPbP + kPMy,
bPMy

Kpr

IN

and

(R —L)\* 2Nk = ((ap—1)a’+ 20— 1)K+ M)\
((bp—Lb)) B (ZNbp—((ocp—Uap+(2p—1)bp+Mb))

2NKPHP — (20— 1) kPP + P M) \ &
2NKkPDP — ((2p— 1) kPbP + kP My,)

bpMK o—1
(Kpr) )

Replacing in the inequality (4.2.10), we get

GrKnax - K_p 2—x MK oa—1
Ghax — \bP "\ My ’

1 1
> .
K2 OMETGE, b2 OMETTGh,

max

or
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Dirichlet boundary conditions in (a,b) DOCTORATE THESIS

Case 3. N =0 with p=1. From (3.2.9), we have

Le—Ly= =P 0
x
and
(k—1Lg) “]_ ak—((x—T1)a+«) ol <K>0¢1
(b—Ly) ab—((x—1)a+Db) —\b
We obtain
Gha _ (D)
Grt;lax_ K ’
or

1 1
2 5 5
KZ_OCGIKHaX bz OCGRlaX

which completes the proof of the claim.
]

Corollary 4.2.3 (Disconjugacy). if

(4.2.11)

L
Gmax)

VR
%
=] o

o]
+
2
o
a
~__—
VAN

then (1.2.1) is disconjugate in [a,b].

Hartman type inequality for the problem (4.1.7-1.1.2)

Theorem 4.2.4. Let p : [a,b] — R be a real nontrivial Lebesgue integrable function. Assume
that f € C(RT,R") is a concave and nondecreasing function. If the fractional boundary value

problem (4.1.7-1.1.2) has a nontrivial solution X, then

Jb P ()t lde >(r(°‘)>2< P )zza. (4.2.12)

a (TP —aP)' "% (bp —p)I 2 bP —ar

Proof. By Theorem 3.2.2, a solution x € C ([a, b]) to (4.1.7-1.1.2) has the expression

x(t) < Jb Gmax (t, T)p (T) x (T) dT. (4.2.13)

a
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Dirichlet boundary conditions in (a,b) DOCTORATE THESIS

From this, for any a <t < b, we obtain

b
|x(t)|§J (Gmax (£, 1) [p () x () d. (4.2.14)
We get that
b
x(t)] < JGmax(T,T)lp(T)llx(rndr 4.2.15)
R er P (1) x ()| T
= F(oc)(p(b ') a(rp—ap)““(bp—Tp)1‘°‘dT'
Then we get

_ 1—«x
Jb pt (1)t (Xd’t>r(0£)( P ) .

a (TP —aP) =% (bp —10)' bP —aP

The proof is complete. m

Corollary 4.2.5 (Disconjugacy). if

b qP\ ¥ pe e\ ] . ) —o
<L( ) ) ( 5 ) ™ pT (T)dt Sr(a)(bp—w)) . (4.2.16)

Then (4.1.7) is disconjugate in [a,b].

Proof. Suppose, to the contrary, that (4.1.7) is not disconjugate on [a,b] Then, by definition,
there exists a real solution x of (4.1.7) with x which is nontrivial and such that x (a) = 0 and x
has a generalized zero b in [a,b]. We will have a < b and either x (b) =0 or x(a) x x(b) < 0.
Therefore, applying Theorems 4.2.2 and 3.2.1, we obtain

b ™ —aqP a—1 bP — P a—1 B 0 T—x
(L( p ) ( P ) v ]p+(T)dT>>rm(bp—ap) ’

which contradicts to the condition of the theorem. m

We note that the results obtained in this subsection generalize the results by R. P. Agarwal, A.
Ozbekler (see [30]).
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Dirichlet boundary conditions in (a,b) DOCTORATE THESIS

In the following section, we wish to consider the fractional differential equation

“PoPx () +v(t)h(x(t)) =f(t),t € (a,b), (4.2.17)
assuming that there exist nonnegative numbers A, B, and 1 € (0,2) such that
Ih(x(t))] < Alx* (t)]+ B, for all x. (4.2.18)

where A, B and p are positive constants

"% Generalized Hartman and Lyapunov type inequalities (4.2.17-1.1.2)

We establish a new some versions generalized Hartman and Lyapunov type integral inequality,

which generalize previous result.

m Hartman type inequality for the problem (4.2.17-1.1.2)

Theorem 4.3.1. Let h: [a,b] — R™ be a real nontrivial Lebesgue integrable function. If the
fractional boundary value problem (4.2.17-1.1.2) has a nontrivial solution x. Assume that there
exist nonnegative numbers A,B, and W such that (4.2.18) holds, if x(t) > 0 in (a,b) then the
inequality

(fz (Tp_ap)oc—l (bP_Tp)ocJ = Tp* (1) d’l’) <th P (1) (Aug+B)+f~ (T)Tp_1dT>

P P (1P —aP) =% (bp —P)'

. T ( p )‘“
)
2(A(B+Ap))? \bP—a?
(4.3.1)
holds, where the constant W is defined in (1.1.12).

Proof. Let x (t) be a positive solution of (4.2.17) with (1.1.2) where where a < b are consecutive

zeros. Then by using Theorem 3.2.2, x (t) can be expressed as

b
x (1) :J G(t,T) [p (1) h (x (1)) — f (1)) dr. 4.3.2)
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Dirichlet boundary conditions in (a,b) DOCTORATE THESIS

By (4.3.2), we get that

x (1) sj G(t,0)lp (1) h (x (1)) — (1) d, 433)

where
f~ (1) =max (_f(1),0). (4.3.4)

It follows from x (a) = 0 = x(b) and x is not identically zero on [a, b] one can choose ¢ € (a,b)
such that M = [x (¢)| = maxic(q,p) (X ()]).

By assumption, we have, M = |x (c)| = max;c(q ) (X (t)]), ¢ € (a,b). From (4.3.4), we observe
that

1 1o [P Pt (T [AIXM (T)|4+B] 4+ (T) T~
- P_ 4P
Ix(c)] < F(oc)(p(b af)) L (0 — ap) " (b0 —P) 1% dt (4.3.5)
< Palx*(c)|+Pp+Fo,

where

B A 0 a—T b ™ _ P a—1 bP 1P a—1 o1t

PA—F((X) (bp—ap) L( 0 ) ( . ) ™ pT (T)dT (4.3.6)

and

B
P = KPA’ (4.3.7)

B 1 ) a—T1 b ™ — qP o—1 bP 1P a—1 - .
Fo_r(oc)<bp_ap) L( 0 > ( 0 > (1) dr. (4.3.8)

On the other hand, (4.1.10) in Lemma 4.1.3 with A = B =1, implies that

X (c)] < % (c) + po, (4.3.9)
we have
x(c)l < ]—(p(bp—ap))]“Jb P (O|AX () + Aup+ B[ +17 (1) - (4.3.10)
~ T(e o (tP—af) " *(bp—1p)¥glp o
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Dirichlet boundary conditions in (a,b) DOCTORATE THESIS

Using these inequalities and (4.3.5), we find the following quadratic inequality

Pax?(c)—[x(c)|+ (Papo + Pg+Fo) > 0. (4.3.11)

But this is only possible when

|
Pa (Papo+Pg+Fo) > 7

which is the same as (4.3.1). This completes the proof of Theorem 4.3.1. m
Remark 4.3.2. For p € L' ([a,b],R"), if h(x(t)) = x (t) (linear case), A =u=1and B =0, we

obtain
(Ib pﬂmp—;pﬂ_a dT) (Ib Pt () o+ (1) 0 dT>

a (Tp—ap)]_(x (bp a (Tp_ap)1—a(bp_Tp)]—oc

T—o
> T () (bPEaP) .

The proof of the following theorem can be obtained easily by the same method used in above

theorem, with a slight modification. Hence it is omitted.

Theorem 4.3.3. Let h: [a,b] — R™ be a real nontrivial Lebesgue integrable function. If the
fractional boundary value problem (4.2.17-1.1.2) has a nontrivial solution x. Assume that there
exist nonnegative numbers A,B, and W such that (4.1.10) holds, if x(t) < 0 in (a,b) then the
inequality

(IZ (Tp_ap)cx—T (bP_Tp)fx—1 Tp—1p+ (1) dT) <J-2 p+ (t) (Ao +B)+f1 (1) Tp_1dT>

P P (1P —aP) =% (bp —p)'

(o) ( p )]_“
2(A(B+Ap))z \bP—a?/
(4.3.12)
holds, where the constant W is defined in (1.1.12).

Proof. Let x (t) be a negative solution of (4.2.17-1.1.2) where where a < b are consecutive zeros

In fact, if x (t) < 0 for t € (a,b), then we can consider —x (t) as a positive solution of (4.2.17-1.1.2)

Let M =[x (c)| = maxic(qp) (X (1)), ¢ € (a,b).
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Dirichlet boundary conditions in (a,b) DOCTORATE THESIS

Then by (4.2.17-4.2.18) and (4.3.2), we have

b
x(c) = J G(t, ) [p (1) h(x (1)) + F (1)] dt

a

e oni—a (PP (DA K (1) + Bl 4 £ (1) ]
< g b et e

< Palx*(c)|+Pg+Fo,

dt

where PA and Py are defined in (4.3.6) and (4.3.7) , and

- 1 p a—1 rb Tp . ap oa—1 bp _ Tp a—1 B
Fo= (1)t dT.
Y (b“’—a"> L ( p ) ( P ) R

Now repeating the same steps as in Theorem 4.3.1 , we obtain (4.3.12) which completes the proof
of Theorem 4.3.3 .

From Theorems 4.3.1 and 4.3.3 , the next result immediately follows. m

Theorem 4.3.4. Let h: [a,b] — R be a real nontrivial Lebesgue integrable function. If the
fractional boundary value problem (4.2.17-1.1.2) has a nontrivial solution x. Assume that there
exist nonnegative numbers A,B, and W such that (4.2.18) holds, if x(t) # 0 in (a,b) then the
inequality

(fz (rp—a">“_] (bp_T")““ it (T)d’f) (IE prln (A”°+B)+\f(T)!Tp‘dT)

P P (TP —aP) =% (bp —1p) 1

I (o) ( 0 )“‘
2(A(B+Apg))? \bP—a®
(4.3.13)

holds, where the constant . is defined in (1.1.12).
Corollary 4.3.5 (Disconjugacy). if

<f2 (Tp_a0>cx—1 (bp_Tp>oc—1 P Tp* (T)d’t) (IZ pt(T) (AHO+B)+|f(T)|Tp_1dT>

P P (1P —aP) =% (bp —1p)! %

1—x
< (o) 1 ( P )
2(A(B+Ap))z \bP—aP
(4.3.14)
then Eq. (4.2.17) is disconjugate in [a,b].
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Since (4.2.17) for all t € (a,b), Ineq.’s (4.3.1), (4.3.12) and (4.3.13) in Theorems 4.3.1-4.3.3 and
Theorem 4.3.4 immediately imply the following Lyapunov type inequalities for (4.2.17).

Lyapunov-type inequality for the problem (4.2.17-1.1.2)

Theorem 4.3.6. Let h: [a,b] — R™ be a real nontrivial Lebesgue integrable function. Assume
that there exist nonnegative numbers A, B, and u € (0,2) such that (4.2.18) holds. If the fractional

boundary value problem (4.2.17-1.1.2) has a nontrivial positive solution X, then

b b S
(J pt (T)d’t) (J P (1) (App+B)+f~ (T)Tp_]d’t> > (A(B+Awo)) , (4.3.15)

a a 2Gmax

holds.

Proof. By virtue of Theorem 3.2.2 and from (3.2.1), it follows that if x is a nontrivial continuous
solution of the Eq. (4.2.17)

b
x (t)] < J |Gmax (t,7) [P (7)1 (x (1)) + £~ (1) dr. (43.16)

a

Using the properties of Green’s function G(t,T) particularly, Gyax in Lemma 3.2.4, gives the

inequality
b
x(t) < GmaXJ Ip () AL (D) +Bl[+f (T)dT. (4.3.17)

a
By assumption, we have M = [x (c)| = maxc(qp) (X (t)]), ¢ € (a,b).
b
x(c)| < GmaxJ Ip (1) [A X" (c)|+ Bl +f~ (T)dT. (4.3.18)

a
From (4.3.18) we observe that
Ix(c)l < Palxt(c)l+Pp+Fo

where

B b
Pp=—2Pa, Pa= AGmaXJ pT(1)dr (4.3.19)
a
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Using the facts
x(e)* < x* () + no,

we have
Pax? (c) —Ix(c)|+ (PApo+ Pg +Fo) > 0 (4.3.20)
But this is only possible when
1
Pa (PA}J.O + Pg +F0) > Z

and

b 2 1
+
(Lp (1)&) >4(Gmax)2(A(B+Auo)) (4.321)

which is the same as (4.3.15). This completes the proof of Theorem 4.3.6. m
Theorem 4.3.7. Let h:[a,b] — R be a real nontrivial Lebesgue integrable function. Assume
that there exist nonnegative numbers A, B, and w € (0,2) such that (4.2.18) holds. If the fractional

boundary value problem (4.2.17-1.1.2) has a nontrivial negative solution X, then

b b %1
(J Pt (1) dT) (J (p* (1) (Apo+B)+f" (T))Tp_]d’t) > (A(B;GAHO)) (4.3.22)

holds.
Theorem 4.3.8. Let h: [a,b] — R™ be a real nontrivial Lebesgue integrable function. Assume
that there exist nonnegative numbers A, B, and 1 € (0,2) such that (4.2.18) holds. If x (t) # 0, then

b b %1
(J pT (1) dT) (J (p* (1) (Auo—i-B)—l—If(T”)Tp_]dT) > (A (B+Awo)) (4.3.23)

a a 2Gmax

holds.
Corollary 4.3.9 (Disconjugacy). if

<f2p+ (t) P! d’t) (fﬁp* (t) (Apo +B) +If (1) P! d’t)
r(«) 0 1—a (4.3.24)
: ()

T 2(A(B+Apg))Z \bP—a?

then (4.2.17) is disconjugate in [a, b].

In the third section, we shall present a new result for forced fractional differential equations
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with mixed non linearities
CPEPx (1) +p(t)x () I (W) +q(t)x (g (1) Ix (g ()" =F(t), t e (a,b),  (43.25)

withp (t) >0, q(t) >0, ,f € C([a,b],R) and g strictly increasing and ¢ (t) <t on [a,+0c0).

m Generalized Hartman and Lyapunov type inequalities for (4.3.25-
1.1.2)

We establish a some versions generalized Hartman and Lyapunov type integral inequality.

4.4.1| Hartman type inequality for the problem (4.3.25-1.1.2)

Theorem 4.4.1 (Hartman type inequality). Let x (t) be a nontrivial solution of (4.3.25) satisfying
the Dirichlet boundary conditions (1.1.2). If x(t) > 0 in (a,b), Let |x| be maximized at a point
c € (a,b), then the inequality

(Ib (" (T)+q+)(T)Tp_1dT> (fb (u0p++7\0q++f_)(T)Tp_]dT>

a (Tp_ap)1—0((bp_,_[,p)1—oc a (Tp_ap)l—cx (bp_Tp)]—Oc

o)) 2 o\
-(7) (+w)

holds, where the constants |y and Ay are defined in (1.1.12).

4.4.1)

Proof. First, we note that the solution of the generalized fractional differential equation (4.3.25) of
order « € (0, 2], satisfying the Dirichlet boundary conditions (1.1.2) can be represented by (3.2.2)
where G(t,T) is defined by (3.2.1).

Now let x (t) be a positive solution of (4.3.25-1.1.2), x (t) can be expressed as
b
x(t) = J G(t,7) [P(T)X” (1) +q ()% (g(1)—f(1)|dT (4.4.2)

By assumption, we have, |x (c)| = maxc(qp) (X (t)[),c € (a,b). Then letting t = c in (4.4.2).
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Since g (t) < T we have x (g (T)) < M and by Theorem 3.2.2, Theorem 3.2.2 and (4.4.2), we have

x(c) = 67) [P(eI (1) + q (1) X (g (1) — (1) dr (4.43)

IN

[erx” )+ qtx* (g (T))—I—f_(’t)] dt

Ja

ol 1 /P b — 7P\ !
| [r((x bp—ap) ( 5 ) 19_1] [P+x“+q+x7‘+f*]("c)d¢

b p__ AP oa—1 P__ P oa—1
P T a b T p—1 +ou + A _
(bp—ap) ) [( 5 ) ( > > T ] [p Xt qTxt ](T)d’t

Pox” + Q()X ‘|‘ Fo,

IN

IN

IN

where

Using the facts

where

and

_ ] o NP/ —aP\* T o\
Fo_r(oc) (bp_ap> L( 0 ) ( 5 ) ™ (1) dT. (4.4.6)

On the other hand, (4.1.10), with A = B =1, implies that

XM () <x2(c) 4 1o, XM (g (c)) <x%(c)+Ao

Using these inequalities and (4.4.3) we find the following quadratic inequality

(Po+ QO)XZ (c)—x(c)+moPo+A0Qo+Fo > 0.
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But this is only possible when

1
(Po+ Qo) (LoPo +2A0Qo+Fo) > 7 4.4.7)

which is the same as (4.4.1). This completes the proof of Theorem 4.4.1.
Theorem 4.4.2 (Hartman type inequality). Let x (t) be a nontrivial solution of (4.3.25) satisfying
the Dirichlet boundary conditions (1.1.2). If x (t) < 0 in (a,b), then the inequality

a (Tp_ap)1—oc(bp_Tp)]—O( a (Tp—ap)]_(x (bp_Tp)1—Oc

2
. (%“)) (0 (0" — aP))22,

(Ib (p* (1) +q") (1) 1P~ "dr > (Ib (kop* +A0q* +F1) (1) Tp]dT>
(4.4.8)

holds, where the constants |y and Ay are the same as in (1.1.12).
|

Proof. Let x (t) be a negative solution of (4.3.25). In fact, if x(t) < O for t € (a,b) then we can

consider —x (t) as a positive solution of

cPEPx (1) +p()x (1) x (O +q () x (D (W =—F(t). (4.4.9)
Then using Theorem 3.2.2 and (4.4.9), x (t) can be expressed as

b
x(t) =J G(t,1) [p(T)x(T)“vL q (1) x (TN +f(7)| d. (4.4.10)

Let [x(c)| be maximized at a point ¢ € (a,b), i.e., M = [x(c)| = maxic(qp) ([x (t)]) for some
€ (a,b). by (3.2.2) and (4.4.10), we have

rb

x(¢) = | Gle,7) [p(’t)x”(’t) +q ()X () +f(1)} dt
< ¥ G(T,7) [p*x” (1) 4+q™xM (1) ++ (T)] dt
rb oa—1 o—1
A ol A e B [ R R
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o—1
x(c) < ] < P ) Jb [(Tp—ap)“_] (bP — )] Tp*]} []f“x“(T)—Fqux)‘(T)—H“Jr (T)] dt

~ T'(x) \bP—aPr
< Pox* (1) + Qox* (t) + Fo,

a

where Py and Qg are defined in (4.4.4) and (4.4.5), and

b

o—1
Fo= F(]oc) <bp ﬁ ap> L (1° —aP)* T (bP —7°)* TP~ T¢t (1) d. 4.4.11)

With a similar argument to the proof of Theorem 4.4.1, we obtain (4.4.8) which completes the
proof of Theorem 4.4.2. From Theorems 4.4.1 and 4.4.2, the next result immediately follows. m
Theorem 4.4.3 (Hartman type inequality). Let x (t) be a nontrivial solution of (4.4.9) satisfying the
Dirichlet boundary conditions (1.1.2). If x (t) is not identically zero on (a,b), then the inequality

(fb (p+(T)+q+)(T)Tp_]dT> (fb(pOP++7\0q++|f|)(T)Tp_1dT>

a (Tp_ap)1—oc(bp_,_tp)]—oc a (Tp_ap)1—oc(bp_,_[_p)1—oc

M) \2 /bP — a2 2
-(%7) (55

holds, where the constants |y and Ay are the same as in (1.1.12).

(4.4.12)

Proof. Let x(t) be a nontrivial solution of (4.4.9-1.1.2). Since either x (t) < 0 or x(t) > 0 for
t € (a,b) and f* (t) < |f(t)| by Theorems 4.4.1 and 4.4.2, we obtain (4.4.12). m

Remark 4.4.4. When o« = 2 and p = 1, then Theorem 4.4.3 coincides with [?, Theorem 2.4].
Corollary 4.4.5 (Disconjugacy). If

<~rb LM (T)+q+)(T)Tp_1dT> ( ; (},LOP++7\OCI++|f|)(T)Tp_]dT>

a(Tp_apﬂf(X(bp_Tp)]f(x a (Tp_ap)]fo((bp_,tp)]foc

(F(oc))z(bp—a")m_z
<
—~ 2 p b}

then (4.4.9) is disconjugate in [a,b], where the constants |y and Ay are the same as in (1.1.12).

(4.4.13)
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Dirichlet boundary conditions in (a,b)
4.4.2| Lyapunov type inequality for the problem (4.4.9-1.1.2)

Theorem 4.4.6 (Lyapunov type inequality). Let x (t) be a nontrivial solution of (4.4.9) satisfying
the Dirichlet boundary conditions (1.1.2). If x (t) > 0 in (a,b), then the inequality

(Jom* (0+a* (mdr) ([2hop* (1) +hog" (1) + £ (x)]dr)

Mo\ 2 o\
(7)) (atw)

holds, where the constants |y and Ay are the same as in (1.1.12).

(4.4.14)

Proof. First, we note that the solution of the generalized fractional differential equation (4.4.9) of
order « € (0,2], satisfying the conditions (1.1.2) can be represented by (3.2.1) and (3.2.2).

Let x (¢) = maxye(q,p) (x (t)) . Then by (4.4.10) and (3.2.9), we have

b
x(c) = JG(C,T) [p(T)xH(THq(T)XA(T)—f(T)} dt (4.4.15)

a

b
< J G(t,7) [p (3 (1) + g (1) (1) £ (1) dr

a

< Gmax Jb [p+x“(’c) +q XM 1)+ (T)} drt

< Gmax Jb [p*x”(T) +qhxM 1)+ (T)} drt

a

< Pox* (1) + Qox* () + Fo,

where
f= (1) =max (_f(1),0)

and

b b

q+ (T) dT) F0 = Gmaxj f- (T) dr.

a

b
P0 = GJ P+ (T) dT) QO = GmaXJ

a a

On the other hand, (4.1.10) in Lemma 2.3.16 with A = B =1, implies that

XM () < %2 (c) + Ho, X () < X2 (c) + Ao.
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Using these inequalities and (4.4.15) we find the following quadratic inequality

(Po+ Qo) x%(¢) —x(c) + 1oPo+AoQo+ Fo > 0 (4.4.16)

But this is only possible when

1
(Po+ Qo) (oPo +2A0Qo + Fo) > 1

which is the same as (4.4.14). This completes the proof of Theorem 4.4.6. m
Theorem 4.4.7 (Lyapunov type inequality). Let x (t) be a nontrivial solution of (4.4.9) satisfying
the Dirichlet boundary conditions (1.1.2). If x (t) < 0 in (a,b), then the inequality

a a

b b G 2
(J v m+q+m]dw> (j [P (1) +A0q" (1) (1) dw) > (55

holds, where the constants |y and Ay are the same as in (1.1.12).
Theorem 4.4.8 (Lyapunov type inequality). Let x (t) be a nontrivial solution of (4.4.9) satisfying
the Dirichlet boundary conditions (1.1.2). If x (t) # 0 in (a,b), then the inequality

b b G 2
(J [p" (D) +q" (7] dT) (J [1op™ (T) +oq™ (1) + If (T)]] dT) >< 3‘) (4.4.17)

a a

holds, where the constants |y and Ay are the same as in (1.1.12).
Corollary 4.4.9 (Disconjugacy). If

G max

2
) (4.4.18)

a a

b b
(J Pt (1) +q* (r)]dr) (J [oP ™ (¥) +Aog* () +1F ()] dr) <(

then (4.4.9) is disconjugate in [a,b], where the constants |y and Ay are the same as in (1.1.12).

Next we present two new results where (4.4.9) has two special type of nonlinearities, namely
forced sub-linear or forced super-linear, i.e., p (t) = 0 or q (t) = 0, respectively.
Theorem 4.4.10. Let x (t) be a nontrivial solution of (4.4.9) satisfying the Dirichlet boundary
conditions (1.1.2). If x(t) # 0 in (a,b), then the following hold:
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(i) Hartman type inequality

(Ib g (1) dt ) (Ib (Aoq++|f|)mwp—‘dr>

Fla)\2 /bP — a2 2
-(57) (555

(ii) Lyapunov type inequality

b b G 2
(J q+(T)dT) (J P\Oq+(’t)—}—|f(’t)” dT) >( I;ax)

where N € (0,1) and the constant Ay is the same as in (1.1.12).
Theorem 4.4.11. Let x (t) be a nontrivial solution of (4.4.9) satisfying the Dirichlet boundary
conditions (1.1.2). If x (t) # 0 in (a,b), then the following hold:

(i) Hartman type inequality

(Ib p* (1)t dt ) (Ib (uop++|f|)(T)Tp_]dT>

a (Tp—ap)l_(x (bp_Tp)1—Oc a (Tp_ap)1—0c (bp_Tp)]—Oc

M) \2 /bP— a2 2
-(57) (555

(ii) Lyapunov type inequality

b b G 2
(J ot (’t)d’t) (J [pop™ (1) +1f (1)]] d’f) > (%)

where 1 € (1,2) and the constant | is the same as in (1.1.12).

When A — 17 (or p — 17), (4.1.5) (or (4.1.6) reduces to forced Riemann-Liouville linear frac-

tional differential equation of order « € (0,2)

CDaPx () +v(t)x(t) =f(t), (4.4.19)
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where v(t) =p(t) orv(t) = q(t) Since

1

lim = lim Ay=-
I"LO }\4)]7 O 4)

u—1+

we have the following result from Theorems 4.4.10 and 4.4.11.
Corollary 4.4.12. Let x (t) be a nontrivial solution of (4.4.19) satisfying the Dirichlet boundary
conditions (1.1.2). If x(t) # 0 in (a,b), then the following hold.

(i) Hartman type inequality

<Ib vt (1)t dr ) (Ib (uov++4|f|)(T)Tp_1dT>

a (Tp_apﬂfoc (bp_Tp)lfcx a (Tp_apﬂfo( (bp_Tp)]ftx

>F(oc)2< p“) .

(4.4.20)

(ii) Lyapunov type inequality

b b 5 4p 200—2
(L vt (1) dT) (L [HOVJF (T)—F‘Hf(’t)” dT) >T () <bp—ap) , (4.4.21)

where 1 € (1,2) and the constant | is the same as in (1.1.12).

Remark 4.4.13. In the case when x(t) > 0 or x(t) < 0 for t € (a,b) , Hartman and Lyapunov
type inequalities for forced sub-linear equations (4.1.5), forced super-linear equation (4.1.6) and
forced linear equation (4.4.19) can be formulated by replacing the term |f (t)| by f* (t) or f~ (t) in
Theorems 4.4.10 and 4.4.11 and Corollary 4.4.12.

Remark 4.4.14. When f (t) =0, Ineq. (4.4.21) in Corollary 4.4.12 reduces to

b o—1
Jv+(T)dT>F(oc)( 4o ) ,

a bf —af

which is sharper than (1.1.3) given by Ferreira [22]. Moreover, when f (t) =0 and @ = 2, Ineq.’s
(4.4.20) and (4.4.21) coincide with the classical Lyapunov and Hartman inequalities, i.e. Ineq.’s
(1.1.5) and (1.1.6).

We note that the results obtained in this subsection generalize the results by R. P. Agarwal, A.
Ozbekler, see [30].
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Example 4.4.15. For the fractional equation
Z3/7°x (1) + orx () [x (0" + opx (8) e ()] T2 = 03 = 0, t > 0, (4.4.22)

where 0j,j = 1,2, 3, are real constants with 07,0 > 0, if the solution x (t) has consecutive zeros at

0 and b > 0, then in view of (4.4.1) the following inequality must be satisfied

b 2 2 22«
1 a1 o1 () P

(014 02) [Moo2 +A002 + 03] (t°—aP)¥ " (bP =) 1P dT | > 3 o ,
. —

holds, where
o = (2— ) 22/ (=20 W =2) 5 0 Ny = (2—A) 2/ P=2\MV=2) 5 o) (4.4.23)

and

) s 2 2—2x
(61+02)[u002+}\002+|03”m(r(a+]))4(bp_ap)4a+2>(M) < : )

(@)2 o220

2044
(b°—af)™ > 028«

(01+02) ooz + Mooz + |03 55z (M (e -1))°

(200+2))?

when x =3/2, a=0

1024
b7p > In P
(o7 +02) [Hpo2 +A0g02 + 03]

()7 ()"

b> -
(01 + 02) [Mo02 + Moo + [o3)])
when p =1
b >

1
7

(1t(o1 + 02) [Moo2 +Ag02 +|03]])
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" %Y Conclusion

In this chapter, we have investigated generalized Lyapunov-type and Hartman-type inequalities
for boundary value problems involving mixed nonlinearities with a fractional order « € (1,2).
Furthermore, we have examined several related disconjugacy results derived from these inequalities
in the context of forced fractional differential equations. The theoretical developments presented
herein provide useful analytical tools that may be effectively applied to other fractional calculus

models and boundary value problems.
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N 8 Introduction

his chapter aims to establish key generalizations of Hartman-type and Lyapunov-type
inequalities for forced generalized Caputo fractional differential equations with mixed
nonlinearities, focusing in particular on the generalized Caputo fractional boundary
value problem (1.2.3-1.2.2). To the best of our knowledge, no existing work has considered equa-
tion (1.2.3) under Dirichlet boundary conditions (1.2.2) within the framework of generalized Ca-
puto fractional derivatives. For complementary contributions in related settings, we refer the inter-

ested reader to the references cited throughout this work.

The chapter is organized as follows. In Section 2, we derive the corresponding Green’s function
and establish upper bounds for it, thereby laying a rigorous foundation for the subsequent analysis.
We also prove generalized Hartman-type and Lyapunov-type inequalities, together with associated

disconjugacy results, for the linear generalized Caputo fractional differential problem (1.2.1-1.2.2).

Section 3 extends these results to the nonlinear setting by developing generalized Hartman-type
and Lyapunov-type inequalities, as well as disconjugacy criteria, for the nonlinear generalized Ca-
puto fractional differential problem (1.2.3—1.2.2). In Section 4, we present a comprehensive formu-
lation and proof of the generalized Hartman-type and Lyapunov-type inequalities for (1.2.3-1.2.2),

further highlighting their theoretical relevance.

Finally, we demonstrate the applicability of the developed results by applying our main theorems
to the nonlinear problem (1.2.3-1.2.2), illustrating the practical impact of our contributions beyond

purely theoretical considerations.

WA Generalized Hartman and Lyapunov type inequalities for (1.2.1-

1.2.2)

We begin by writing problem (1.2.1)-(1.2.2) in its equivalent integral form.
Theorem 5.2.1. Let x € € (la,bl]) is a solution of (1.2.1) and (1.2.2) if and only if

b
x(t) :J G(t,T)h(T)dT, (5.2.1)
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where G(t,T) is the Green’s function given by

T—o G1(t)T)» fast<t<hb,
Glt,t)= > (5.2.2)
TP () ,
Gi(t,T)—(tP—1°) f a<t<t<Dh,
with
p—1 (PP -1 —
G (t,7) = o lBpe e [ (0P =) By (= (0P —79)* 2] (5.23)
Proof. We reduce (1.2.1) to the equivalent integral equation given by
x(t) =— (e’ h(t) +co+c ( 5 ) (5.2.4)
A=t p__ P
p 1 dt t a
= t° —1°)% Th(1)—
o e
and
_p1—oc t dt
X (t) =————(x—1) J (t° — )% 2h(1) =— + 1 tP 7. (5.2.5)
M) a TI=p
X'(a) =c1a®!
Substituting (5.2.4) and (5.2.5) into the boundary condition x(a) — Box’(a) = 0, hence
x(a) =co L 1
implies ¢co = Bocia® . (5.2.6)

Co— [50(:1 ap_] =0

Combining (5.2.6) with the boundary condition x(b) + 31x’(b) = 0, this yields

_Al— b d bP —qaPf
x(b) == J(W—wW4Mﬂ7§+%+m( “),
T'!=P P

Mo Ja
_pl—oc b 5 dt :
¥(b) = (oc—])J (69 — )% 2h () 1o+ cyb*
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‘We then obtain 5 b
pr & dt
= R(t)h(t)—=—— 5.2.7
1= By | RO, (52
where
D =pBoa’ ' +pB1b° " + (b° —aP), (5.2.8)

R(T) =(b° —1°)* T+ By (x—1)(bP —1°)*2,

Therefore, the solution of (5.2.6), (5.2.7) is

x(t) =— (7237 hi(t) +c Boa® ! +c; tP—a?)

Consequently,
—p! = ' p_ pya—T dt | pBoaP”!(tP—aP) pl=« ° dt
X(t) = T(a) (t —T ) h(T) T—p + D T R(T)h(T)ﬂTp (529)
a a

The proof is finished. m
For p =1, we find the results of Meng and Stynes [60].

We will assume that ]
bP~
opoa? ! = (877 1) (b0 e

pb?~ " > 1 and By >0,

(5.2.10)

Lemma 5.2.2. The function G defined in Theorem 5.2.1 satisfies the following property
max{|G(t,T)|:a <t <b} < G(T,7)forall T € [a,b],

where G(T,T) given by

pioc[‘))O(pr1

Bra) (P —1P)* 2 (b =)+ B (a—1)) fora<T<b. (5.2.11)

G(t,T) =

Generalized lyapunov and hartman type inequalities and their applications to linear and nonlinear fractional differential
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Proof.
i. —Fora<t<t<b, G(t,t) >0.

e _Fora<t<t<b

Set
T—a
(1) =50t (5.2.12)
where
_ pBoaPH(tP—a?) [ (Pt o (bP—x0]* 2] (tPxf)o]
g1 (t,7) = 2Boa” 1 e — + B P | - (5.2.13)
pocf1
As p > 0 then g (t,T) > 0— G(t,T) >0.
We will prove that
g1 (t)T) > g1 (b)T) > g1 (b,(l) > 0.
First, fix T € [a,b], then, fort<t<b
097 o1 -(bp,Tp)cx—l (bp,rcp)cx—z- o(bP—gP)o—T )
2t b= | @ T ey | T e (T
tP=1 | (bP—gP)x—1 (bP—1P)—2 =1 1
<55 M TP e |~ e (BT
We obtain
0 - 5 [(bP—7P)
SH(67) < g (0P =) 2 | o B —
—1 _ b” °) _ —
< By (0P — )% ) By —pBoa® ! —pBib? ]—(bp—ap)]
1 o P_1P)
< gian (00 =) [ 4 By — pBoa® ! +B1 (1—pb" ).
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In the other hand

p—1
ooa® ! = (87 ~1) (b0 e
> (%—1> (b?—aP)

P_af

We deduce that g is a decreasing function so gi(t,T) > g;(b, 7).

_ PRoxe~" +(bP —aP)

91 (b)T) - D |:

(bp_Tp)aJ (bp_Tp)oc—Z (bp_,tp)cx—l
Mo P Ta—) }_ Mo

For T € [a,b]

iﬂ(b )_N pTP T (a—1)(bP—1P)* 2 By(a—2)ptP ! (bP—TP)* 3
it \OHT=p|— (o) - Ta—T)

P T (o—1)(bP —1P)*?

MNa)
with N = pBoa® ' ((b° —a®)).
d _ prt°! (bP—P)*—2 B1(a—2)(bP—1P)*3 | D(bP—1P)* 2
_dg”ri(b’T) - pTD —N F(;fl) —NEEE I"(ocfl)ﬁc I"(oczl) ]

D T(a—1) Tx—1)

pt®~ 1| D-N (bp_Tp)oc—Z_N[51(06—2) (bp_Tp)oc—Sl

:%[p&bp—l(bp_ﬂ)cx—z_]\] ﬁ](q_Z)(bp_Tp)cx—sl
61019_1 ) pyo—3 p—1(1.p 0
:m(b —1P) pbP 1 (bP —1°) + N (2— )

This implies that
d
2 (6,7) = 0,¥r € [a,bl.
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It follows that, g7 (b, T) is an increasing function. Then g;(b,T) > g;1(b,a),VT € [a,b],

g1(b,a) = r(;D :(bp—ap)“—1 +[31(oc—1)(bp—ap)°‘_2} _%
= r(:)D :N(bp—ap)“*‘ +N(51(oc—n(bp—ap)“*z—D(bp—ap)“*’}
~ o [N= D)0 —a?) T Ny (o= 1) 07— ) 2]
= % |—pB1b? " (b° — )+ NBy (1)
= PO 0oy (07— ¢ (1) (Boc !+ b))

By (bP—aP)x2 L (pbe]
T T(wD (‘"_”[pﬁ‘)ap _(cx—1 _1)}

By assumption (5.2.10), we deduce that g; (b, a) > 0. This completes the proof.

Fort € [a,b]whena <t<T

06 e = Pt (b0 ) By 1) (P — )2
ot MNo)t'—°D
Then
0G ) . . .
E(t’ﬂ > 0= G isan increasing function
= max G(t,7) =G(T,T)
tela,b]
Whent<t<b
0G p! ™« 1 1 2
—(t,1) = t,T) —pt? —1)(tP—1P)*
5 (b Ml | ot (t, ) —pt* (= 1) (t° — ")

Generalized lyapunov and hartman type inequalities and their applications to linear and nonlinear fractional differential
equations under different conditions

DOCTORATE THESIS



Chapter 5: Nonlinear generalized Caputo fractional differential equations incorporating forcing terms

with more general boundary conditions

DOCTORATE THESIS

So 6T = s |2 (07 =) 4+ B (= 1) (07 =) %) — ot (= 1) (£ —17)* 2]
2—ayp—1
= ap [P 4 Bl (b ) 2 Dl 1) (1 )]
P> P (@ —1) | (bP —1?)* o -
" T(a)T D ox—A +B1(b°—1?)** ~D(t° —) 2]'
2—x 4 p—1
We denote ¢ = P F(::)Jfﬂ(—:;”’we have
G | (P —1P)
a(t»T)_C(tp—Tp) _W‘FW—D
<e(t? )2 |y —ppioP + 0 9 ppiar T (op ap)]
< (b —7?)* 2| By(1—pbP )+ (—= —1)(b° —a®) —pBoa” 1]
: -2
<o) | By (1 pb? ) (1) (0P ) (1 B Nbp—ap)]
I ox—1 x—1
i —1
<e(bP ) | By (1 —pbP )+ 1P e ap)]
pP_qP
%(t,ﬂgc[m—pbp—‘w(m%)].

By assumption (5.2.5), we

dG
get that E(t’ﬂ <0, G is a decreasing function we deduce that

MaXte(q b G(t, 1) =G(T,7)

P pBoa’" 4 (1° —af) a1 a2
G(T,7) —TOC)TP [p50a0—1+pﬁ1bp_‘+(bp_ap) ((bp—Tp) +B1(ec—1)(b? —7°) )]
P o a2 PBoa® '+ (1 —a?)
_WTQ (b° —1P) pBoap*]-i-pB]bp*]-l-(bp—ap)((bp_Tp)+B1(“_1))
1—a 1
St O ()

pBoaP T+ (bP—aP)
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Hence ]
p —
()

G(t,1) < 1 (b —7°) (b —7P) + B1).

Next, we establish a new some versions generalized Lyapunov and Hartman type integral inequal-

ity, which generalize previous result.

Lyapunov type inequality for the problem (1.2.1-1.2.2)

Theorem 5.2.3. If a nontrivial continuous solution of the problem (1.2.1-1.2.2) exists, then the
Lyapunov-type inequality is

V

b _ M)
o—1 (1P pya—2. .+
LT (bP =) “p ™ (1)dT ST (0P —aP) 1 B (5.2.14)

where p* (T) = max (p (t),0) is the nonnegative part of p (t) and in particular, for x = 2 and
p=1in(1.2.1) gives the standard Lyapunov inequality for ( 1.1.1-1.2.2).

Proof. By Lemma 3.2.4, a solution x € C([a,b]) to (1.2.1) and (1.2.2) has the expression (5.2.2).
From this, for any a <t < b, we obtain

b
rx(t)rgj 1G(t,D)lIp (1) x (T)]dr. (52.15)
We get that
b
x(0) < ﬁ j G1(t, ) Ip (1)l x (1)l de (5.2.16)
1—x b
< PP —an)+p) | (0 =) p(lix (1) 55

we obtain - ) . b

1< 0 ((br(_(x;l SN L 71 (bP — 1) *2|p(1)|dT, (5.2.17)

or equivalently,

1 (bP — )% 2|p(1)|dT > .
P ) il >

Jb I(o)
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Then we get
Jb’tp_] (bP — 1) 2p*(1)|dT > Mex) (5.2.18)
a P =T (bP—a?)+ By -
The proof is complete. m
Corollary 5.2.4 (Disconjugacy). if
Jbs“ (b° — sP)%2|p(s)|ds < Mo (5.2.19)
. P P (P —a?) + -

Then (1.2.1) is disconjugate in [a,b].

The special case 37 =0

An inspection of the formula for g; shows that

lim G(t,T) = li_1>1%)g1(’t,’t) =+4o00 &= 31 >0
T

T—b
Consequently, in this subsection, we assume that 31 = 0 with (yo = ppoa®™).
Let consider

_ pBoa® ! +(° —a)

T,T) = b° —af)* T,
_ ‘YO+ (Tp_ap) (bp_ap)(x—l
pBoa? 1+ (bP —a?)
We have
(pBoa® ' —aP+b°)*"if T<ppar! < g

max ¢(1,T) =

€la,b} o1 o i o
o Pﬁoagﬁ(‘)j—(bp—ap)(bp_ap)“ 1 if ppaP 1>%)
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where T = (p§i1' — 1) (bP —aP).
dg _ ptP! bP pyo—1 p—1 1 Yo+tP—aP bP pyx—2
E(T’T) —m( —1P) —pt (e — )m( —aP)

pTP] 2
= or e O T TV =) — (a1 (v + b —aP)].

Hence
dg P _1He p
E(T,T):(){:}(XT =bP—(ax—1)(xp—aP)
E=oat? =bP — (a—1)(yo—a® +bP)
—1
(E)Tp:bp—((x )(yo—ap+bp):'co
Then

d_g(T’T) >0 1P <19
1€ [a,b] = 1° € [a?,bP]

—1
T :bp—o‘T(yovap_ap) = 19 < bP

So, we have two cases: Ty € [a,b] or Ty € [—00,a]

1
Case 1. 19 € (a,bP) Then vy < ﬁ(bp—ap).

In this case, max.¢c(q b 9(T,T) = g(’ré/p,’cg)/p)
1o 1/py_ Yot+tTo—a® o 5o
g9(ty "7y ") = y—o+bp—ap(b )T,
By replacing tp, we get:

1\ %
max g(7,7) = (yo—a® +b°)*"! (oc_) o
te{a,b}

_ 1\ya—1
~ (o + o)t BT

“(x
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Case 2. 10 € [a,b] = vo > —(bP —aP)

In this case,

ngf;}g(T,T) =d(a,a)

_ Yo
Yo+ (0P —a?)(bP —aP)x T

Theorem 5.2.5. Suppose that the fractional boundary problem (1.2.1-1.2.2) has a nontrivial solu-

tion x. Then:
p* el TP ()
b
J pT(t)dt> ’

B p*TeP=T(pBoaP~T+bP—aP)
pRoa® T (bP—aP)x—1 )

: a—1 ~ bP—aP
if pPoa < oa—1

if pBoa’ ! > 247

ox—1

where (c=aif0<p<Tli;c=bifp<1)

Proof.

b
max_[x(t)] sj G(t,9)p* (Dh(7)ldr

TE{a,b} a

b p1foc
= x(t)] < J P ol Op (i (lde

T—x : b
oo < o™ | olm eI () o de

a

a, if0<p<]

c=<b, ifp>1

p1—cx : b N
1< ——cP™ J T,T T)dT
fae | etmor

Jb (o)

T()dr >
a P p1=%cP~T max (g p) 9(T,T)
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Remark 5.2.6. We note that the results obtained in this subsection generalize the results by R. P.
Agarwal, A. Ozbekler, see [30].

SR Hartman type inequality for the problem (1.2.3-1.2.2)

Theorem 5.3.1. Let h: [a,b] — R™ be a real nontrivial Lebesgue integrable function. If the
fractional boundary value problem (1.2.3) and (1.2.2) has a nontrivial solution x. Assume that
there exist nonnegative numbers A, B, and w such that (4.1.10) holds, if x (t) > 0 in (a,b) then the
inequality

(Joro " (o2 =" 2 (p* (v) +q" (1)) ) r(a)
>—‘ "2p7 25 (0P — a0 + B))?

(5.3.1)
(o0 (P —°) (1op™* (1) +voq* (1) + (7)) dr

holds, where the constant \ is defined in (1.1.12).

Proof. Let x (t) be a positive solution of (1.2.3) with ( 1.2.2) where where a < b are consecutive

zeros. Then by using Theorem 5.2.1, x (t) can be expressed as

b
x(t) = J G(t,T)[p(t)h(x(T))—f(7)]dT. (5.3.2)
By (5.3.2), we get that
b
x(0] < | GlmDp (I h(x(e) +1 (Dldr, (5.33)
where
f~ (1) =max (_f(1),0). (5.3.4)

It follows from x/(a) + Box/(a) = x(b) +B1x/(b) = 0 and x is not identically zero on [a,b] one

can choose ¢ € (a,b) such that

M =1x(c)|= max (|x(t)]). (5.3.5)

te(a,b)
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By assumption: From (5.3.3) and (5.3.4), we observe that

1 1o (PP (D) AIX* (¢)]+B]+f (1) dt
< —(p(bP—a® “J 5.3.6
Ix(c)l < r((x)(p( a®)) P —ar) (b o) T (5.3.6)
< Palx*(c)|+Pp+TFo,
where
p1—oc b
PA = (bp—ap+ﬁ1)J 1 (bP —1P)*2pT(1)dr, (5.3.7)
I(e) a
pl—oc b
Pp=—Pa = (bp—ap+B1)J 71 (bP —1P)* 2 q T (1) dT (5.3.8)
(o) a
and
p1—oc b
Fo = (bp—ap+B1)J 71 (0P — 1) * 2~ (1)dT. (5.3.9)
o) a
On the other hand, (4.1.10) in Lemma 4.1.3 with A =B =1, implies that
()] < %% () + o, (5.3.10)
we have
1 o [P (DI|AXE (¢) +Apg+B|+f(T) d
x(E) < = (p(bP—a?))’ J A ) AR BT [T (g
(o) a (1P —aP) =% (b —p)1 Tl-p
< Pa [ (c)+ ho| +Ps +Foy.
Using these inequalities (5.3.11), we find the following quadratic inequality
Pax? (c) —[x(c)|+ (Papo + Pg +Fo) > 0. (5.3.12)

The expression
A=1—4Pa (Pauo+Pg+Fo),

is called the discriminant. If A < O then the associated quadratic equation of the inequality (5.3.12)

has no real roots.
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Therefore, the inequality (5.3.12) 1s possible only when

|
Pa (Papo+Pp+Fo) > 7

This previous inequality gives

(1225 (2252) ot )

(r(=522) ™ (2252) ™ Ao B+ (1) 45

this is equivalent to (5.3.1). m

We establish a some versions generalized Hartman and Lyapunov type integral inequality.
Theorem 5.3.2 (Hartman type inequality). Assume that x (t) be a nontrivial solution of (1.2.3)
gratifying the Dirichlet boundary conditions (1.2.2). Whenever x (t) > 0 in (a,b), Let |x| be maxi-

mized at a point ¢ € (a,b), below mentioned inequality

(J‘Z p—1 (baiTa)ocfZ (p+(T)+q+(T))dT)

(J570 (0P —19) (op* () +v0q* ()~ (t))ax)

S (o)
5T T P p T (5.3.13)

holds, where the constants |y and Ay are defined in (1.1.12).

Proof. Besides that, we observe that (5.2.2) can be used to represent the solution of the generalised
fractional differential equation (1.2.3) of order o € (0,2], fulfilling the Dirichlet boundary condi-
tions (1.2.2); where G(t,T) is defined by (5.2.1 ). Now let x (t) be a positive solution of (1.2.3) and
(1.2.2)), x (t) can be expressed as

b
x(t):j G(t,) [pla)x* (1) + g (1) (g (1)) — F (1) de (53.14)

Now, since g (T) < T we have x(g (7)) < x(7) and by Theorem 5.2.1 , Lemma 3.2.4, (5.3.5) and
(5.3.14), we have

Ix(c)| = (5.3.15)

INA
_ﬁ
[ep
(D)
A
a
o
+
2
®
=
o
+
0
+
2
=
>
a
o
+
i
=)
L
o
A

(5.3.16)
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Mol < g () (52) [ meto e @ e @]

1 a—1 b o_ap ¥ T (po_co\ X!
Sm(bpgap) .fa [(T p(l ) < pT ) :| X

[P (D)X (c) +qT (1) XM () + - (1)] 55

where - b
Po = le(oc) (b? —af + Bﬂj ™ (0P —1P)*pT (1) d, (5.3.17)

1—« b
Qo= ?(“) (bp—ap+B1)J T (bP — 1) g (1)dT (5.3.18)

and - b
Fo = le(oc) (bP—a®+ B]JJ ™ (b —7P)* A (1)d. (5.3.19)

On the other hand, with (4.1.10), when A =B =1, thus

XM (c) < x?(c) +po and x* (g (c)) < x* (c) + A

Using these inequalities and (5.3.15) we find the following quadratic inequality

(Po+ Qo) x? () —Ix ()| + (1oPo+AoQo + Fo) > 0.

But this is possible only when

1
(Po+ Qo) (HoPo+20Qo+Fo) > 7. (5.3.20)
That implies
<b P (0+9q" (1) o )
“ (1P —aP) "% (bp — o)X M)\ 2 2-2
(T - ) ( N ) > ( (20()) (bPEaP) “)

(])4(()(—1)
P (Ib (1op™ (1) +A0q™ (1) + (1)) 4 )“

(Tp—apﬂ_“(bp—‘[pﬂ_“ tT—p
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or the following
I P (D+q" (1) dr
a (TP — ap)l—oc (bP _Tp)l—oc Ti=p

(Ib (Lop™ (D) +Aogq ™t (D) +17 (1) 4 )1

a (Tp_ap)‘lf(}((bp_ﬁcp)]ftx Tlfp

this is equivalent to (5.3.13) . This concludes the proof of Theorem 5.3.2. m
Theorem 5.3.3 (Hartman type inequality). Assume that x (t) be a nontrivial solution of (1.2.3)
gratifying the Dirichlet boundary conditions (1.2.2). Whenever x (t) < 0in (a,b), below mentioned

(IE 1 (b“fT“)"‘_z(p+(T)+q+(T))dT)

(1501 (6P P (op* (v} +yoq* (O (x)ax)

r (o)
> 4p2_2°‘(b9—ap+[31)2 (5321)

holds, where the constants Wy and Ay are the same as in ( 1.1.12).
Remark 5.3.4. When o =2 and p = 1, then Theorem 5.3.3 coincides with [?, Theorem 2.4].
Corollary 5.3.5 (Disconjugacy). If

(S~ (00 —7)* 2 (p* (1) 49" (1) ) (o)

(201 (b0 @) (wop* (1) +v0q* (D if(ar)  — 4p72X(bP—aP + By)?

(5.3.22)

then (1.2.1) is disconjugate in [a,b], where the constants Ly and Ay are the same as in (1.1.12).

X% Conclusion

In this study, we focused on generalized Lyapunov-type and Hartman-type inequalities for bound-
ary value problems with mixed nonlinearities, where « € (1,2). We also addressed the concept of
disconjugacy through these inequalities within the framework of forced differential equations. The
innovative formulas we propose contribute to advancing the theoretical understanding of various

models in fractional calculus and open new avenues for research and applications.
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CHAPTER 6

Conclusion and future work

Summary

This thesis is devoted to obtain generalized Lyapunov and Hartman type inequalities for gener-
alized Caputo boundary value problems characterized by mixed nonlinearities with delayed and
advanced arguments g , specifically with « in the range of (1,2). Moreover, we address the con-
cept of disconjugacy through these inequalities in the framework of forced differential equations,
employing the positive parts p™ and ™ of the functions p and g, respectively, and utilizing the
maximum of the associated Green’s function Gp,ax, we’ve achieved greater precision in our results
compared to what’s currently available in the expansive literature. The innovative formulas we
present are poised to significantly advance the theoretical understanding of various models in frac-

tional calculus, opening new avenues for research and application.

Finally, we conclude with a few remarks connecting our findings to previous results in the litera-

ture:

(i) This article addresses a significant gap in the literature concerning Lyapunov-type inequalities
for forced, generalized Caputo fractional differential equations with mixed nonlinearities and
deviating arguments. To the best of our knowledge, such a setting has not been previously

studied with the level of generality and rigor presented here.

(i1)) Compared to previous works such as [28, 27], which focused on linear, unforced fractional

differential equations under Dirichlet boundary conditions, the theorems presented in this ar-
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ticle extend the theory to forced and nonlinear problems involving generalized Caputo deriva-

tives.

(iii) Furthermore, our results yield new Lyapunov-type inequalities involving the Caputo Katugam-

pola fractional derivative, encompassing several previously studied models as special cases:
e If x € (1,2) and p — O, our results extend those in [37, 38, 39].

o If x € (1,2) and p — 1, the boundary value problems (??) and (??) recover the results pre-
sented in [36, 37].

e If x=2,p—1and g(t) =t, the boundary value problems (1.2.3) reduces to that of [21, 30].

(iv) The Caputo Katugampola fractional derivative employed in this work generalizes both the
Caputo with integral of Riemann Liouville and Caputo with Hadamard operators. As a re-
sult, it provides a unified framework that may help avoid the proliferation of separate studies

dedicated to individual fractional operators.
(v) This generalization is nontrivial due to two main factors:
— The nonlocal nature of the generalized Caputo derivative,
— The complexity introduced by the nonlinear and forcing terms.

(vi) The inequalities obtained in this work serve as effective analytical tools for studying the qual-
itative properties of solutions, particularly in establishing conditions that guarantee the nonex-

istence of nontrivial positive solutions.

(vii) This work opens a fruitful direction for future research, notably through the study variants
of fractional differential equations and the use of other generalizations of fractional integral

operators, particularly those defined with more general kernels.

(viii) It would be relevant to examine other types of inequalities related to our results, such as ,
Wirtinger-type or Opial-type inequalities in the fractional framework, which could contribute

to deepening the qualitative theory of such problems.
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